Math 250- Introductory Linear Algebra
Class notes

Tom Benhamou

Solutions of Linear Systems and Echlon Form

0.1 Systems of Linear Equations

Definition. * A Linear Equation in the variable x1, ..., X, is an equation
that can be written in the form:

a1x1+axxo + ...+ ayx, =b

where b, and the coefficients ay, ..., a,,b are either real or complex
numbers. 7 may be any positive integer.

* A Linear System in the variables x1, ..., x,, is a list of one or more linear
equations in the same variables x1, ..., x;,.

* Asolution to alinear system in the variables x1, ..., x, isalist (s1, ..., s,)
of numbers, such that when the values sy, .., s;, are substituted for
X1, ..., Xn, then equality holds in all the equations.

* The solution set of the system is the set of all possible solutions.

* Two linear systems are called equivalent if they have the same set of
solutions.

Remark. Given any linear equations, we can always add variables or
changes the variable names so that the equations are in the same vari-
ables.

Fact 1. A linear system of equations either have 0, 1 of co many solutions.
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A system with at least one solution is called consistent, and if it has no
solutions then it is called inconsistent. To determined how many solutions
does a linear system has, we will usually ask the two following questions
regarding existence and uniqueness:

Question 1. (1) Isthe consistent? namely, does atleast one solution exists?
(either 1 or co many solutions)

(2) If a solution exists, is it the only one? namely is the solution unique?
(either 0 or 1 solutions)

Definition. An m X n matrix is a rectangle of numbers, with m rows and n
columns. (The number of rows always comes first)

Given a linear system
ai X1+ ....ainXy = bl

az1x1 + ....ax Xy = bz

ﬂmllﬁ(fl + ....le/nxn = bm

The coefficient matrix of the sustem is defined as:

ai1 e A1m
az1 az n
amll e am’n

The augmented matrix of the system is defined as:

a1 ain bl

az1 e A2y bz
s D

Am,1 - Amn bm

Remark. Note that the rows always correspond to equations while the
columns correspond to variables.

Definition. The three basic Row/Equation operations are:
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(1) (Replacement) Replace one row by the sum of that of itself and a
multiple of another row. ("Add to row i the j row multiplied by a")

(2) (Interchange) Interchange two rows.
(3) (Scaling) Multiply all entries in a row by a nonzero constant.

Two matrices are called row equivalent if there is a (finite) sequence of
elementary operations which leads from one matrix to the other.

Remark. Row operation are reversible in the sense that every row operation
can be canceled by a (possibly) other operation:

(1) Interchange back the same rows.

(2) If we multiplies by the (nonzero) constant ¢, then we can multiply by
1

E .
(3) If we added the j" row multiplied by a to the i row, then we can add
the j* row multiplied by —a to the ih row.

Theorem. If two augmented matrices of two linear systems are row equiv-
alent, then the two systems are equivalent, that is, they have the same
solution set.

Proof. Checking one by one each operation, we see that if (s1,...s,) is a
solution to the first system, then any of the basic operations will not change
this fact. For example, if a;181 + ....a; 48y, = b; and a; 181 + ... + 4 48y = b},
and we add the j-th row multiplied by « to row i, then sy, ..., s, is still a
solution since

((11',1 + 0((1]',1)51 + ....(ai,n + aaj,n)sn = b,‘ + Oébj.

Since every operation is reversible, then the same argument shows that
if (51, ..., s») is a solution to the second system, it is a solution to the first.
O

0.2 Row Reduction and Echelon Form

Definition. A leading entry in a row (equation) is the first nonzero entry
(the first variable that appears).



Definition (echalon form). A rectangular matrix is in echalon form if it has
the following three properties:

(1) All zero rows are at the bottom.

(2) Eachleading entry in a nonzero row is in a column strictly to the right
to the column of the leading entry in the row above it. In particular,
all the entries in a column below a leading entry are 0.

It is moreover called reduced echalon form if:
(3) all the leading entries are 1.
(4) each leading 1 is the only nonzero entry in its column.

Theorem. Each matrix is row equivalent to one and only one reduced
echalon matrix

Remark. Teh echalon form is convenient to deduce how many solution are
there and the reduced echalon form is good to represent solutions

Solutions of linear system

(1) A pivotcolumnisa column in the echlon form where there is a leading
entry.

(2) Each variable corresponding to a pivot column is called a basic variable.
(3) The other variables are called free variables.

That means that choosing any value for the free variables determines
uniquely the basic variables and yield a solution.
This gives a description of the solution set in parametric representation.

Theorem. Alinear system is consistent if and only if the right-most columns
of any echlon form of the augmented matrix is not a pivot row. Namely,
there is not a "contradictory line".

If a linear system is consistent, then there is a unique solution if and
only if there are no free variables.



1 Vectore in R"”
1.1 The palne R?

. . - ui
A verctor in R? is a pair i1 = ( ) where u1, up are real numbers. R? =

Uz

Ui
{(142) | Ui, Uz € R}
Remark. R? can be identified with the plane.

Remark. We add the bar in ‘%" to remind ourselves that the variable rep-
resents a vector (rather than a number)

Vector Equality: (Z) = (2) iffa=cand b =d.

Ve a c\ (a+c
Vector addition: (b) + (d) = (b N d)

Remark. Vector addition corresponds geometrically to the parallelogram
rule.

Multiplication by scalar: A scalar is just a number in R. For a scalar «
we define: a- [?] = ¢ @
edefine: a- | f=|{ |
Remark. scalar multiplication corresponds geometrically to:
(1) If a > 1- stratch.
(2) If 0 < a < 1- shrink.
(3) If a < 0- reverse direction.

a

We identify ( b

) with a 2 X 1-matrix and (a b) with 1 X 2 matrix.



1.2 Vectors in R”

Similarily we can idemtify R3 with the space.

251 251

. ey ) _ Uz Uz
Definition. n-tuples are n X 1-matrices it =| . |R" ={| . || u1,...,un €

Up Uy

R}=the set of all possible n-tuples.

Remark. For n = 3 R3 can be idetified eith the space. For n > 3 the is no
(clear) geometry associated.

0
. . . = O
Definition. 0 =
0
75} 01 U1+ 01
. up 02 Uz
Addition: | _ |+]| . | =
Uy Uy Uy + 0y
u auq
U aUn

Multiplicationby scalars: a-| . | =
Uy aly,

Claim. Forallii, v, w € R" and all a, B scalars we have

(i) 2+ (@ +m)=(0+1il)+w.
(iii) 7 +0 = 2.

(iv) @ + (=i1) = 0.

.Qﬂl

V) a-(i+?9)=a-i+a-

;l

(Vi) (@+B)-ii=a-u+p-

(vii) @~ (B-11) = (ap) - &



Il
;l

(viii) 1-@

Il
QI

(ix) 0-u

Definition. A linear combination of o1, ..., D, is a vector 7 € R" that can be
written as

n
Yy=c01+..+c,0y = Z Ci0;.
i=1

Vector equation A vector equation is an equation of the form
xlz_]:[ + ...x;/lz_]n = E.

Theorem. The vector equation x101 + ...x,0,, = b. has exactly the same
solutions as the augmented matrix

7_)1 e e ’(_]n b

Definition. Given vectors 71, ..., 7, € R", define Span{?y, ..., U, } as the set
of all linear combinations of 71, ..., ;.

Remark. b € Span{?1, ..., 0, } iff X101 + ...x, 0 = b has a solution iff

Z_)]_ o e ’(_]n b

has a solution.

2 The Matrix Equation Ax = b.

Compactifying our notations even more, we write the vector equation
x]_z_)]_ + ...xHZ_)n = E

in matrix form as



Definition. An equation of the form A - ¥ denoted the linear combinations
of the columns of A with weights .

Theorem. Let A be an M X n-matrix with columns a1, ..., d, and b € R™.
The following have the same solutions:

(1) The matrix equation: AX = b.
(2) the vector equation x141 + ... + x4, = b.

(3) The linear system whose augmented matrix is:

2.1 Existence of solutions

Corollary. The following are eequivalent:
(1) b € Span(ay, .., @)
(2) AX = b has a solution.
Corollary. The following are equivalent
(1) The columns of A span R™.
(2) for every b, Ax = b is consistent.
(3) In the Echlon form of A, every row has a leading entry.
Corollary. If n < m, then no n-vectors in R™ can span R™.
Matric-vector product:
Definition. (A - %); = (A)i1x1 + ...(A)i nXy.
Theorem. (1) A(ii +?) = Aui + A.
(2) A(ai) = a(Ai).

() A(XiL; aiti) = Xi_y ai - (AD)).



2.2 Homogeneous Linear Systems

Definition. A linear system is said to be homogeneous if it can be written
in the form Ax = 0. In other words if it is equivalent to the form:

a11x1+....a1nXy = 0

az1x1 +....a2 Xy = 0

ApaX1+ .o Xy =0
Proposition. (1) An homogeneous system always has a solution.
(2) The set of solutions of a linear system can always be written as a span.

If the set of solutions of Ax = 0 is Span(?y, ..., Ux), then the general
solution or parametric vector form of the solution is

X =101+ ...+ 10k

2.3 Solution to non-homogeneous systems

Definition. If Ax = b is a non homogeneous linear equation, the corre-
sponding homogeneous system is Ax = 0.

Any specific solution to Ax = b is called a private solution.

Theorem. Suppose that AX = b is a consistent linear system. Then the
general solution for Ax = b, has the form:

X=p+0y

where p is any fixed private solution for Ax = b and 7j, is the general
solution for the corresponding homogeneous system Ax = 0.

Corollary. If Ax = b is consistent then Ax = b has the same number of
solutions as Ax = 0.



3 Linear Independence

Definition. A sequence of vectors {71, ...0,} € R" is called linearly inde-
pendent(LI) if the vector equation

(*) X17_Jl + ...XnZ_)n = O

has only the trivial solution. It is called linearly dependent (LD) otherwise,
that is, if there are coeficients a7, .., a,, not all 0, such that

(*)a151 + ...+ an?}n = O

Any solution to (%) (including the trivial one) is called a linear depen-
dence of {01, ...0,,}.

Remark. Note that 0 cannot be a part of a linearly independent sequence
since we can always put a non-zero coefficient to it to produce a non-zero
linear dependence.

Claim. A single non-zero vector is linearly independence.
Corollary. TFAE:

(1) the sequence {71, ...0,} is linearly independent.
(2) x101 + ...x,0, = 0 has a unique solution.

(3) In (any) reduced form of A, evey column has a leading entry, where

Corollary. more than m vectors in R” are LD.

This is not very useful in abstract settings (but very useful for specific
examples). To prove that a sequence of vector {71, ...0,}, you can use the
following: "Suppose that a1701 + ... + @, 0, = 0, let us prove that a1 = ap =
e an = Ou
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Example 1. Show that if {91, ...0, } is linearly independent, then also
{01+ 01, ...0, + 01}
is linearly independent.
Proof. Suppose that
(*) a1(01+01) + ... + an(0, +01) =0
we want to prove that a; = ... = a, = 0. rearranging () we have
Rar+ap+ ...+ ay)o1+ a0y + ... + a0, =0

By our assumption, 71, ...0, are linearly independent, and therefore
21+ ar+ ...+ a, =0
ar=a3=..=a,=0

Thenrefore 2a; = 0 and thus a7 = 0. O

Proposition. Let 91, 7, be any two vectors, then {01, 72} is linearly inde-
pendent iff nither of them is a scalar multiplicity of the other. For example,
in Ry and R3, this means that they do not lay on the same line.

Proof. If 71 = a - U for example, then (1, —«) is a non-zero linear depen-
dence, sop the vectors are LD. If («, §) is a non-zero lineare dependence,
then a?1 + 7, = 0, suppose for example that a # 0, then 77 = gz‘)z. m|

In general we have the following (which is not very convenient in prac-
tice but good for the intuition):

Theorem. TFAE:
(1) A sequence {01, ...,0,} is LD.

(2) 51 =0or thereis 1 < j < n such that 9; € Span(?y, ..., 0j-1) (i.e. 9jis a
linear combination of the previous ones.).

(3) Thereis 1 < j < n such that 0; € Span(?1, ..., 0j-1, 0j+1, ..., On)-

Problem 1. Prove that o1, ..., 0, is LI if and only if every be Span(d1, ..., Un)
can be represented uniquely as a linear combination of 71, ..., U,.
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Definition. A sequenc of vector 71, ..., 7, is called a base for R™ if it is
spanning and LI.

Corollary. 71, ..., 0, isabase forR™ iffevery b € R canbe written uniquely
as a linear combination of 71, ..., 7.

Corollary. Any base of R" consisted of exactly m vectors.

4 Linear Transformations

Definition. A transformation/function/mapping from R" to R" is an as-
sigment f, such that:

1. f assigns to every a € A, an element b € B.

2. theelement b € B which is assigned to a € A, is uniquely determined
by a and is denoted by f(a).

We denote it we f : R" — R™. R" is the domain f the function f which
is denoted by dom(f) and R™ is the co-domain of the function f which we
denote by codom(f).

Further notations: f(a) is called the image if a under f and if b = f(a)
then a is call a preimage of b. The image/range of f is the set of all elements
in B which are images of elements of A under f. Namely ran(f) = {f(a) |
aeA}.

Example 2. (1) Given an m X n matrix A, we define the matrix tranforma-
tion, Ty : R" — R™ defined by T4(X) = A - X. For example if

12 0
B‘(1 1 —1)

Then Tp : R3 — R2.

1
wfo)=(1 % )

_ O =
1]

o
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1
dom(Tp) = R?, codom(f) = R2. The vector ((1)) is the image of [ 0 | under

1
Tp. At this point it is not clear what is the range of Tp, but we will see later
that it is R.
Example 1 p.68
1 00
Recall that the identity matrix is defined by I = [0 1 0. Then Tf, is what
0 01

we call the identity map.

Definition. A transformation f : R” — R™ is called linear if for every
0,4 € R"and a € R:

(1) f(@+a)=f@)+ f(@).
@ fla-2)=a-f(0)

Example 3. [Exmaple4 p.71] Letr € Rbe a scalar. Define f, : R" — R”
be the function f,(¥) = r - x.

Example 5
Corollary. If T is a linear transformation then T(0) = 0
Proof. T(0) = T(0-9) =0T () = 0. O

Example 4. The above corollary is a simple way to rule out certain function
from being linear. For example f(x) = x + 1 is not linear since f(0) # 0.

Corollary. If T : R" — R is a linear transformation, then T moves a linear
combination to a linear combination. Formally, for every o1, ..., 0x €]R",

and any a1, ..., ax € R scalars, f(Zi-‘zl a;v;) = Zle a;f(0;); that is:

f(aﬂ_h + ... 0g) = alf(z')l) + azf(l_)z) + ...+ Oékf(ﬁk)

Proof. Do it for 2, and the general case is clear. O
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4.1 The matrix of a linear transformation

We denote the unit vectors by &; = | 1| « ih place. Note that the identity

0
01
. _ _ _ U2 _
matrix [, = |e1 ... &, | Hence for every vector o = | . | we have 0 =
On

1,0 = vie; + ... + v,0, (by the definition of multiplication A? as the linear
combinations of the columns).

Theorem. Every matrix transformation Ty is linear. Moreover T4(é;) =
Ci(A), where C;(A) is the ith-column of A.

Proof. For linearity, use the properties we proved regarding he product A-x.
To see that Ta(é;) = Ci(A), recall that by the definition of multiplication
A - X as a linear combination of the columns we have:

Ta(;))=A-2i=0-C1(A)+0-Co(A)+...+41-Ci(A)+...+40-C,,(A) = C;(A)
O

Theorem. Every linear map T : R" — R" is a matrix transformation.
Namely, there is a unique m X n matrix A such that T = T4 (hence C;(A) =

T(e;))
Proof. Let
| |
A=|T(1) .. T(&,)
| |
Note that since dom(T) = R", there are n unit vectors éy, .., &, to plugin T.
Since codom(T) = R™, the matrix A is an m X n matrix. To see that T = T4
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we will show that for every vector 9, T(0) = A -0 = Tx(?). To see this, note
that

01

02
o=| . |=0v1-€1+0v2e0+ ...+ 0,6,

On

For example

2 1 0 0
4 1=2-10+4-[1|+(-1D-|0O
-1 0 0 1

Since T is linear it preserves linear combinations and therefore:
T(@)=T(v1-81 +v28) + ... +vuey) =01 -T(€1) + 02T (82) + ... + v, T(e,) =

01

o o
=|T@) .. T@)|-|.|=40

On
O

The matrix A is called the standard matrix for the linear transformation T.

X+ 2y

Example 5. Define T : R> — R® by T((;)) = [ x -2y | Show that T is
2y +3x

linear and find the standard matrix for the linear transformation T.

Example 6. Define Tz : R* — R?, the rotation matrix by Z-radian (90°).
It is not hard to see geometrically that Tz is linear. Hence by the above
theorem it is suppose to be a matrix transformation T4. To find the matrix

A we need to compute T%((é)) = (%) and T%(((l))) = (). Hence A = ((1) _01)

The general formula for rotation matrix by 0-radians is:

cos(0) —sin(0)
sin(0) cos(0)
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4.2 surjective and injective transformations

Definition. A transformation T : R" — R™ is called onto/surjective if
any b € R™ is the image of some @ € R" under f. Namely, f(a) = b.
Equivalently, if ran(f) = R™.

Problem 2. Formulate what does it mean that T is not onto.
Problem 3. Prove that in general ran(T) = Span(T'(é1), ..., T(e,)).

Definition. A mapping T : R" — R™ is called one-to-one/injective if for
each b € R™ there is at most one @ € R" such that T(a) = b. In other words,
if a # a’ then T(a) # T(a’).

Example 7 (Exmple 4 p. 81).

Theorem. Let F : R” — R, and let A be the standard matrix of T. TFAE:
(1) T is onto.
(2) For every b € R™, the equation A% = b has a solution.
(3) The columns of A span R™.

Proof. (2) and (3) are equivalent from previous theorems regarding span-
ning sequences (Theorem 4 p.39 of the textbook).

To that (1) is equivalent to (2), given any b € R™, since T4 = T, we have
that, for any @ € R" , T(a@) = Ta(a@) = A - @, hence a is a solution to A¥ = b
iff T(@) = b. That means that for every b AX = b has a solution iff for every
b there is a such that T(a) = b, namely, T is onto.

For (2) implies (1), O

Theorem. T is one-to-one the only X € R" such that T(x) = 0is ¥ = 0 (i.e.
T(x) = 0 has only the trivial solution).

Proof. 1f T is one-to-one, and supposed that T(¥) = 0. Then & = 0 since if
x # 0, then T(¥) = 0 = T(0), which is in contradiction to T being one-to-one.
In the other direction, suppose that the only solution to T(x) = 0is ¥ = 0,
and let us prove that T is one-to-one. Suppose that T(7) = T(ii), and let
us prove that 0 = ii. Indeed, T(¢ — i) = T(9) — T(i1) = 0. Hence & — i is
a solution to T(x) = 0. Since the only solution to T(%) = 0, it follows that
o — i1 = 0 and therefore 7 = ii. O
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Corollary. Let F : R” — R", and let A be the standard matrix of T. TFAE:

(1) T is one-to-one.
(2) the equation Ax = 0 has a unique solution.

(3) the columns of A are linearly independent.

Proof. (2),(3) are equivalent as we have already seen in previous theorems
(in the textbook this is green remark on p.61)

To see that (1), (2) are equivalent, by the previous theorem T is one-to-
one iff T(¥) = 0 has a unique solution. Since T(¥) = A - %, this is the same
equation as Ax = 0. Hence (1) and (2) are equivalent.

O

Example 8 (Example 5 p.82).

5 Matrix Altgebra

Let A be the m X n matrix

a1 e A
az1 az n
am/]_ e amln

To access the (i, j)-cell in A we denote A; ; = a; ;.

Definition. Let A, B be two matrices of the same m X n dimension and
r € R be a scalar. Define:

(1) A+ Bisamatrix of dimension m X n defined by (A + B); j = A; j + B; |.

(2) rAis a matrix of dimension m X n defined by (rA); ; = r(A; )
Theorem. (1) A+B =B+ A.

2 (A+B)+C=A+(B+C).

(3) A+0 = A, where 0 is the zero matrix defined by 0; ; = 0.
4) r(A+B)=rA+rB.

(B) (r+s)A=rA+sA.

(6) r(sA) = (rs)A.
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5.1 Matrix multiplication
Definition. Let f : R” — R” and g : R” — RF be function. Define the
composition of ¢ on f, denoted by g o f : R" — R¥ by

g o f(¥)=g(f(x))

Claim. IfT : R" — R™ and S : R™ — R¥ are linear transformations then S o T
is a linear transformation.

IfT =T4 and S = Tp, then
T o S(x) =T(5(x)) = B(Ax) = B(x1C1(A) + ... + x,Cy,(A)) =

| | |
=x1BC1(A)+...+anCn(A)= BC1(A) BCz(A) BCH(A) - X

Definition. Let B be k X m and A be m X n matrices, define

I | |
B-A=|BCi(A) BCy(A) ... BC,(A)

Remark. Matrix multiplication is only defined when the number of columns
of the left metrix is the same as the number of rows of the right matrix.

Theorem. If T : R” — R™ and S : R"™ — RX are linear transformations,
T=Tsand S =Tg,thenT o S = Tg.4.

Corollary. The columns of B - A are linear combinations of the columns of
B.

Fast Computation: (B - A); ; = b;1a1,j + ... + bj mam,.

Corollary. The rows of B - A are linear combinations of the rows of A.

Theorem. Whenever the products below are defined, we have the follow-
ing:

(1) (A-B)-C=A-(B-C).
(2) A(B+C)=AB+ AC.
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(B) (B+C)A=BA+CA.

(4) r(AB) = (rA)B = A(rB).

6) InA = A = Al, (given that A is m X n)
Remark. (1) In general AB # BA.

(2) No cancellation law: AB = AC =» B =C.
B) AB=0=A=00rB=0.

(4) A - x is a spectial case of matrix multiplication when we think of ¥ as
an X 1 matrix.

Definition. Let A be a square matrix. Define A™ = A-A....- A. Also let
—_———

m-times

A% =1, and A! = A.

Definition. Let A be an m X n matrix. The transpose of A is an n X m matrix
defined by (AT)Z',]‘ = Aj,z'-

Theorem. (1) (AT)T = A.
(2) (A+B)T = AT + BT,
(3) (rA)T = rAT.

(4) (AB)T = BTAT.

5.2 Inverse of Matrix

Definition. A square matrix A of dimension n X n is invertible if there is
an n X n matrix C such that

AC=CA=1I,
Claim. If A is invertible then C is unique. We denote C = A~

Remark. We are only allowed to write A~! after we proved (somehopw)
that A is invertible.

non-invertible matrices are sometimes called singular matrices.
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a b

Theorem. Let A = [c dl. If ad — be # 0, then A is invertible and A™! =

—adlbc [_dc _abl' If ad — bc = 0, then A is singular.

Theorem. If A is invertible then for every b € R", Ax = b has a unique
solution given by ¥ = A~1b.

Theorem. (1) If A is invertible then A~! is invertible and (A™1)~! = A.
(2) If A is invertible then AT is invertible and (A7)~ = (A~1)T.
(3) If A, B are invertible then AB is invertible and (AB)~! = B~1A~L.

Definition. An elementary matrix is a matrix obtained by performing a
basic row operation on I,.

Theorem. Let E be an elementary matrix. EA is the matrix obtained by
performing the basic operation of E on A.

Corollary. Each elementary matrix is invertible and the inverse matrix is
the elementary matrix of the inverse operation.

Theorem. If A is reducible to I, then A is invertible. Moreover, any se-
quence Ej....E, of basic operations that reduces A to I also reduces I to
A—l

Remark. We can view [A|I] and trying to solve n-many equations simoul-
tanuiously Ax = e;. Then the columns of A™! would exactly be those
solutions.

5.3 Characterization of invertible matrix
Theorem. TFAE for any n X n matrix A:
(1) A isinvertible.
(2) Aisreducible to I.
(3) in any Eachelon form of A every column has a leading entry.

(4) AX = 0 has a unique solution.
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(5) the columns of A are linearly independent.
(6) T4 is one-to-one.
(7) there is an n X n matrix C such that CA = I (left invertible)
(8) in any Eachelon form of A there are no zero lines.
(9) for every b, AX = b has at least one solution.
(10) the columns of A span R".
(11) the map T4 is onto.
(12) thereis an n X n matrix C such that AC = I (right invertible)
(13) AT is invertible.

Corollary. If AB = I e then A, B have to be both invertible with A = B~}
and B=A"L.

Corollary. If AB is invertible then A, B are both invertible.
Proof. ABC =1 and A(BC) = I and therefore A is invertible. CAB = I and
therefore B is invertible. O

5.4 invertible linear transformations

T : R"™ — R" is called invertible if there is D : R” — R" such that T(S(x)) =
x and S(T(x)) = x. In which case we denote S = T~

Theorem. T is invertible iff T is one to one and onto.
Theorem. T = Ty is invertible iff A is invertible in which case T~! = T,-1.

Corollary. For a linear transformation T : R” — R", T is invertible iff T is
one-to-one or onto.
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6 Determinants

The following is a recursive definition:

Definition (/Theorem). Let A be an n X n square matrix, then

n n

d_et(A) = Z ik det(Aik) = Z Akj det(Akj)

Where ajj is the element in the i"-row and the jth-column of A, and Ajj is

the (n — 1) X (n — 1)-matrix obtained from A by erasing the i"-row and the

jh-column.

If A = [a11] is a 1 X 1 matrix then det(A) = ay1. If A = [an 6112], then
ax 4axn

det(A) = a11a2 — axarn.

a1 * . *
arp ... *
Theorem. If A = | i is a triangular matrix then det(A) =
L
0 0 ... au

ai1- a2 - nn.
Theorem. Let A be a square matrix.

(a) If B is the outcome of multiplying a row of A by a # 0 then det(A) =
L det(B).
o

(b) If B is the outcome of interchanging rows of A then det(A) = — det(B).

(c) If B is the outcome of adding a row of A multiplied by a scalar ¢ to
another row then det(A) = det(B).

Theorem. A is invertible iff det(A) # 0
Theorem. det(A) = det(AT)
Theorem. det(A - B) = det(A) det(B)

22



Theorem (Cramer’s rule). Let A be an invertable matrix then for every
b € R", Ax = b has a unique solution given by

 det(A;(b))
Y Z T det(A)

where A;(b) is the matrix obtained from A by replacing the i column by
b.

Definition. The adjugate matrix of A, is defined by
(adj(A))ij = (-1)"*! det(A;)

Theorem. If A is invertible then A~ = ﬁw -adj(A)

23



Appendix: Complex numbers

A complex number is a number of the form a + bi, where a,b € R are real

numbers, and i is an new number which satisfies V-1 = i, that is, i = —1.
a is called the real part and b the imaginary part.

Example 9. 2 + 2i, i — 1, 5i, 7t are all complex numbers. The real part of
i —11is —1 and the imaginary part if 1.

Complex numbers equality:

a+bi=c+diifandonlyifa=c, b=d

We denote by C = {a + bi | a,b € R} the set of all complex numbers. So
C can be identified with pairs (a4, b) and therefore can be thought of as a
plane- called the Complex/Gauss Plane.

(include graphics of Gauss plane)

We add and subtract complex numbers as follows:

(a+ib)+(c+id)=(a+c)+i(b+4d)
(a+ib)—(c+id)=(a—-c)+i(b-d)
We multiply them as follows:
(a +ib)(c + id) = (ac — bd) + i(ad + bc)
To divide them we need something called the complex conjugate:

Definition. Given a complex number z = a + ib, the complex conjugate of
z, denoted by Z is the complex number z = a — ib.

Claim. z - Z = a® + b? € R is a non-negative real number. Moreover, if z # 0,
then a? + b% > 0.

Proof. For the first part
z-Z=(a+ib)(a —ib) =a® - (=b%) +i(ab — ba) = a® + b>

For the second part, if z # 0, then either 4 # 0 and then a2>0o0rb #0in
which case b? > 0. In any case a® + b> > 0. u|
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So in order to divide %, where w # 0 we can do the following:

ZwW

Z —
w o ww
Example 10.

Together with those operations, C is what we call a field, which similar
to R, gives meaning to equations with complex variables.
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