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Theorem: A general conic
Ax* +2Bxy + CY + Dx+ Ey+ F=0

(where not all of A, B, and C are zero) represents one of the following ei
Iypes of loci: an ellipse, a hyperbola, a parabola, a pair of m:;:f:a?n?
s:r::ught lines, a pair of parallel straight lines, a single siraight line “counted
twice’ (like a double root of an equation), a single point, or the empty set.

Moreover the cases that can occur are governed by the sign of AC — B,
as follows:

* IfAC — B* > 0, the possibilities are an ellipse, a single point, or the
empiy sel.

» le" AC — B? = (), the possibilities are a parabola, two parallel straight
lines, a single straight line, or the emply set.

¢ IfAC — B? < (, the possibilities are a hyperbola or twe intersecting
straight lines.

Remark: The first three cases (ellipse, parabola, or hyperbola) are referred
to as nondegenerate conics; the others are degenerate.
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Example: Suppose we are faced with the following problem: Reduce the
conic

3l — 24xy + 21y° + 4x + 6y = 25
NAIT



To solve the problem, the first step is to write the equation as x'Mx +
Nx + F = 0, where
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We need first to find a rotation matrix Rg such that R_gMR; is diagonal. By
the calculations in theorem 7.3.3, we must take
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This gives a quadratic equation for tan 8,
6tan’@ — S5tanB — 6 =0

that is
(2tan® — 3){31anB8 + 2) = 0

sotan® = 3/2 or tan® = —2/3. We may choose either value (the two
corresponding values of 8 will differ by a right angle, so the only difference
it makes is to which axis gets called the x' axis and which gets called the y/
axis). We take tan® = —2/3; then
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So in new coordinates x” and y' related to the old by Rg, the equation becomes
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30?4+ 13y2 + =y - 25 =0.
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We may complete the square o get
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where ¥ = ¥" and y' = ¥ — 1/4/13. We find therefore that the equation is
that of an ellipse of eccentricity
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