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o GLg(C)z{(i Z) :a,b,c,de@,ad—bc;éo}
° SLg(C)z{(i Z) :a,b,c,de(C,ad—bc:1}

° 5[2((3):{(? 2) :a,b,c,de(C,aer:O}

@ Consider the conjugation action of GL(C) on slx(C).

Any X € slp(C) is similar to either (0 1) or (A 0 ) for

0 0 0 -\

some \ € C.

@ The proof follows from the Jordan normal forms of X.
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) 0 1 is nilpotent
00 potent.
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Definition

Let V be a finite-dimensional complex vector space and let
X € End(V).

e X is nilpotent if X" = 0 for some r > 0.

e X is semisimple if X is diagonalizable.

@ For sl>(C), the lemma gives a complete description of
conjugacy classes of nilpotent and semisimple elements.
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Motivating example

@ PSL,(C) = SLy(C)/Z where Z = {I, -1} is the center of
SL,(C).
@ GLy(C), SLy(C) and PSL,(C)-conjugacy classes of slx(C)

—1
. -1 _ A A
coincide because AXA™' = ( \/det(A)> X ( \/det(A)> .
@ More generally, the conjugacy classes of sl,(C) under the
actions of GL,(C), SL,(C) and PSL,(C) coincide, which
can be seen by replacing /det(A) by n' root of det(A).
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Type A

@ sl,(C) is the set of n x n matrices with trace 0.

@ PSL,(C) is the adjoint group given by SL,(C)/Z where Z
is the center of SL,(C).
@ Let G be any connected semisimple Lie group with Lie

algebra g. Then the adjoint group G,y (defined by Aut(g)°)
is isomorphic to G/Z where Z is the (finite) center of G.

Problem

What are the conjugacy classes of nilpotent (and semisimple)
elements of g under the adjoint action of G54 ?
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Type A

@ The set of semisimple orbits in slx(C) is in bijective

correspondence with { <3 _O)\> TAE C} /So.
@ The set of semisimple orbits in sl,(C) is in bijective
correspondence with /S, where | is the set of diagonal

matrices in s(,(C).

Let g be a semisimple Lie algebra, i a Cartan subalgebra and
W the associated Weyl group. Then the set of semisimple
orbits is in bijective correspondence with / W.
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Type A

@ In sl,(C), there is a one-to-one correspondence between
the set of nilpotent orbits and the set of partitions of n.

@ The correspondence sends a nilpotent element to the
partition determined by the block sizes in its Jordan normal
form.

In sl>(C), there are two nilpotent orbits given by

° chorresponding to (0 1)

0 0

. 0 0
° Hcorrespondmg to (O 0)
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Classical complex groups:

SLn(C), SO21+1(C), Sp2n(C), SO2n(C)

Type g Gad w
An 5[n+1 ((C) PSLn_H ((C) Sn+1
Bn | 502p41(C) | SO2p41(C) (Z/2Z)" x Sp
Cn | spon(C) | PSpon(C) | (2/22)" % S,
Dy | s025(C) | PSOun(C) | (Z/2Z)" ' % Sy
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Classical cases

@ Nilpotent orbits in s02,,1(C) are in one-to-one
correspondence with the set of partitions of 2n -+ 1 in which
even parts occur with even multiplicity (example: [2, 2, 1]).

@ Nilpotent orbits in sp,,(C) are in one-to-one
correspondence with the set of partitions of 2n in which
odd parts occur with even multiplicity (example: 2,1, 1]).

@ Nilpotent orbits in s02,(C) are in one-to-one
correspondence with the set of partitions of 2n in which
even parts occur with even multiplicity except that “very
even” partitions correspond to two nilpotent orbits.
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In sp,(C), the nilpotent orbits are ordered as follows:
< < <LLIT]
[1,1,1,1] [2,1,1] [2,2] [4]
dim=0 4 6 8
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Real nilpotent orbits

@ Nilpotent orbits in sl,(R) are parametrized by partitions of
n except that “even” partitions having only even terms
correspond to two orbits.

The real nilpotent orbits of sl(R) are parametrized by the
following partitions of 2:

_ _ . 0 1 0 —1
e [2;/] and [2; Il] corresponding to (0 O) and (0 0 )

0 0

e [1,1] corresponding to (O 0>
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Real nilpotent orbits

@ Nilpotent orbits in sp,,(R) are parametrized by signed
Young diagrams of size 2n (up to equivalence) in which the
number of boxes labelled + is equal to the number of
boxes labelled —.

The real nilpotent orbits of slo(R) are parametrized by the
following signed Young diagrams:

° , corresponding to (8 8) and (8 _01)
° corresponding to (8 8)
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Here are some signed Young diagrams that parametrize some
real nilpotent orbits of sp,(R):

= [+ -]+
—[=1+[|-|+

DEREEE
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Wave front sets

@ Let G be a reductive Lie group with Lie algebra g.

@ Let p be a (unitary) representation of G on Hilbert space H.

@ For any trace class operator T, we get a distribution from
tr,(T) by integration.

@ WF(tr,(T)) is the usual wave front set of (tr,(T)) in T*(G).

@ By identifying T*(G) with G x g*, and projecting to g*, we
get a subset of g*.

@ g can be identified with g*.
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Wave front sets

@ Given an irreducible (g, K)—module, the wave front set of
the representation is a nilpotent orbit in g.

@ The description of the wave front set as a nilpotent orbit is
a combinatorial invariant.

@ Application: For an induced module for G (from a parabolic
subgroup P) with a fixed infinitesimal character, the wave
front set imposes a constraint on the factors in the
composition series.



Nilpotent orbits in semisimple Lie algebras
Wave front sets

G = GLop(R), P is the maximal parabolic subgroup whose Levi
factor is GLn(R) x GLn(R). The wave front set of the induced
module IndS(x) from one dimensional character y corresponds

to the closure of the nilpotent orbit [2,2,- - - , 2].
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