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We present a generalization of the Pontryagin Maximum Principle, in which
the usual adjoint equation, which contains derivatives of the system vector
fields with respect to the state, is replaced by an integrated form, containing
only differentials of the reference flow maps. In this form, the conditions of the
maximum principle make sense for a number of control dynamical laws whose
right-hand side can be nonsmooth, nonlipschitz, and even discontinuous. The
“adjoint vectors” that are solutions of the “adjoint equation” no longer need
to be absolutely continuous, and may be discontinuous and unbounded. We
illustrate this with two examples: the “reflected brachistochrone problem”
(RBP), and the derivation of Snell’s law of refraction from Fermat’s minimum
time principle. In the RBP, where the dynamical law is Holder continuous with
exponent 1/2, the adjoint vector turns out to have a singularity, in which one
of the components goes to infinity from both sides, at an interior point of the
interval of definition of the reference trajectory. In the refraction problem,
where the dynamical law is discontinuous, the adjoint vector is bounded but
has a jump discontinuity.

1 Introduction

It is well known that the minimum time problem whose solution is Snell’s law
of refraction was the first link of a long chain of mathematical developments
that eventually led to the Pontryagin Maximum Principle (PMP) of optimal
control theory: Snell’s law was used by Johann Bernoulli’s in his solution of
the brachistochrone problem; this in turn was a decisive step towards the
formulation of the general necessary condition of Euler and Lagrange for
the classical Calculus of Variations; the Euler-Lagrange conditions were then
strengthened by Legendre, whose second-order condition was later strength-
ened by Weierstrass; and, finally, Weierstrass’ excess function condition led to
the Pontryagin Maximum Principle (PMP), stated and proved in [1].
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In the approximately 50 years since the formulation of the PMP, the
result has been generalized in many directions, incorporating high-order
conditions(cf. [8], [9]) and various types of nonsmoothness (cf. [2], [3], [4],
[5], [6], [7], [10], [16]), and producing intrinsic coordinate-free formulations on
manifolds (cf. [12]). It is remarkable and somewhat disappointing, however,
that the refraction problem that leads to Snell’s law does not fit within
the framework of any of these generalizations, because even the non-smooth
versions of the PMP require Lipschitz conditions on the system vector fields,
and for the refraction problem the vector fields are actually discontinuous.
A similar phenomenon occurs with the “reflected brachistochrone problem”
(RBP), a very natural optimization problem with a Holder continuous right-
hand side.

The purpose of this note is to present a generalization of the PMP that
applies to problems such as refraction! and the RBP. This result—of which
a preliminary announcement was made in 2004 in [14]—is a special case of
several far-reaching extensions of the PMP proved by us in other papers (cf.
[11, 13, 14, 15]) that are much longer and more technical. We choose to isolate
this particular aspect of the general results and present it separately because
it lends itself to a relatively simple and self-contained treatment.

In our version of the PMP, the usual adjoint equation, which contains
derivatives with respect to the state, is replaced by an integrated form,
containing only differentials of the reference flow maps. In this form, the
conditions of the maximum principle make sense for a number of control
dynamical laws whose right-hand side can be nonsmooth, nonlipschitz, and
even discontinuous. The “adjoint vectors” that are solutions of the “adjoint
equation” no longer need to be absolutely continuous, and could even be
discontinuous and unbounded. In both the refraction problem and the RBP,
the state space is R?, and the system vector fields are smooth everywhere,
except along the z axis. For the refraction problem, the system vector fields
are discontinuous, and the adjoint vector turns out to be discontinuous as well,
but bounded, having a jump discontinuity at the point where the trajectory
crosses the x axis. axis. For the RBP, the system vector fields are Holder
continuous with exponent 1/2, and—somehwat surprisingly, considering that
the RBP vector fields are less irregular than those of the refraction problem—
the adjoint vector turns out to be discontinuous with a worse singularity:
at the point where the trajectory crosses the x axis, the adjoint vector

! Some readers may object to our inclusion of the refraction example here, on
the grounds that the solution can easily be found by elementary means. Our
motivation is identical to that of many authors of calculus of variations textbooks,
who choose to include, as an application of the Euler-Lagrange equations, the
derivation of the fact that the shortest path joining two points is a straight line
segment, even though this can also be proved by completely trivial arguments
that do not use any calculus of variations at all. In both cases, the purpose is to
show that the new general necessary condition for a minimum does apply to the
very old problem that played a role in the history of the subject.
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becomes infinite. For both problems, the adjoint vector cannot possibly be
characterized in terms of a differential equation, because for solutions of such
an equation there is no natural way to connect two different solutions and
say that they are part of the same solution unless the function obtained by
connecting the two solutions is continuous.

2 Preliminaries on sets, maps, and flows

Sets and maps. If S is a set, then [g will denote the identity map of S. If A, B
are sets, then the notations f : A — B, f: A — B will indicate, respectively,
that f is a possibly partially defined (abbr. “ppd”) map from A to B and that
f is an everywhere defined map from A to B. If A C B and f: B — C, then
fTA denotes the restriction of f to A, so f[A: A— C,and f[A: A Cif
f:B—C.

Totally ordered sets. If E is a totally ordered set, with ordering =<, we use
E=2 to denote the set of all ordered pairs (s,t) € E x E such that s < ¢, and
write £=3 to denote the set of all ordered triples (r,s,t) € E x E x E such
that r < s < t. A subinterval of E is a subset I of E such that, whenever
r=y=xz,x€l zel,andy € E, it follows that y € [. If a € E, b € E, and

a < b, then the E-interval from a to b is the set [a, b]Edéf{x €FE:a=z=b}.

Manifolds, tangent and cotangent spaces. In this paper, “manifold” means
“smooth manifold”, and “smooth” means “of class C*°.” We use T, M, T M
to denote, respectively, the tangent and cotangent spaces to a manifold M at
a point x of M.

Set separation. Let S; and Sy be subsets of a Hausdorff topological space
T, and let p be a point of T. We say that S; and Sy are separated at p if
S1 NSy C {p}, i.e. if S1 and So have no common point other than p. We say
that S; and Sy are locally separated at p if there exists a neighborhood V' of
p such that SNV and S, NV are separated.

Flows and their trajectories. Every sufficiently well-behaved vector field gives
rise to a flow, but flows are typically less well-behaved than the vector fields
that generate them. This is a reason for studying flows independently from
their generators, as we now do.

Definition 1. Let E be a totally ordered set with ordering <, and let {2 be
a set. A flow on (2 with time set £ (or, more simply, a flow on (2, E)) is a
family @ = {®; s} (5.+)ep=> of ppd maps? from 2 to 2 such that

(F1) &, 0@, = Dy, whenever (r,s,t) € E=3,

2 Tt is also possible to consider more general flows, in which the maps ®;  are
allowed to be set-valued. One can then study flow systems and augmented flow
systems as in §3, but with set-valued flow maps. This would, however, require the
use of differentials of set-valued maps, which are beyond the scope of this paper.
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(F2) &, =1 whenevert € E.

A trajectory of a flow @ on (£2,F) is a map £ : I — (2, defined on a
subinterval I of E, such that £(t) = &, (£(s)) whenever (s,t) € 152 O

Real augmentaition of sets. If £2 is a set, then we will write 2% = R x 2. If
2 is a smooth manifold, then 2% is obviously a smooth manifold as well. In
that case, if 7 = (2, ) € £27, the tangent space T, (2% and the cotangent
space 17, 2% will be identified with the products R x T,.§2 and R x T3 (2 using
the canonical identification maps.

Augmented flows and their trajectories. In optimal control theory, it is often
customary to “add the cost variable to the state of a system,” thus trans-
forming the optimization problem into a set separation problem in one higher
dimension. This augmentation procedure can be carried out directly for flows.

Definition 2. If ¢ is a flow on (2, E), a real augmentation of @ is a family
¢ ={¢t,s}(s,t)ep=> of ppd functions from 2 to R such that

(RA) ¢t r(2) = s () + c1,5(Ps () whenever x € 2 and (r,s,t) € E=3.

A flow-augmentation pair (abbr. F-A pair) on (£2, E) is a pair (&, ¢) such
that @ is a flow on {2 with time set E and c is a real augmentation of . ¢

(Notice that (RA) implies, in particular, that ¢; ((x) = 0, since we can always
take r = s = ¢ and use the fact that &, ,(z) = x.)

To any F-A pair (§,¢) on ({2, F) we can associate a family of mappings
7 0% — QF, by letting

@fs’c(:vo,x):(xo + e s(2), P s(x)) for each (s,t) € E=2,

It is then clear that ¢#+¢ = {@zﬂc}(&t)eEjg is a flow on 27. A flow ¥ such that
U = &#:¢ for some P, ¢ is called a real-augmented flow. It is easy to see that a
flow ¥ = {¥; s} (5.1)cp=2 on R x 2 is a real-augmented flow if and only if—if
we write ¥y s (20, ) = (Yo.¢,5(T0, ), Yrs(x0, ) )—the maps ¥g 1 s, 1, are such
that the point ¢ s(zo,z) € 2 and the number ¢ ¢ s(x0, ) — 0 € R do not
depend on x¢. In that case, the pair (&, ¢) such that ¥ = &#¢ is uniquely de-
termined by ¥ as follows: @, (z) = 9 s(z0, ) and ¢; s(x) = Yo,1,5(z0, ) — 0
if (wg,2) € 7.

Definition 3. An augmented trajectory of a flow-augmentation pair (9, ¢) on
a pair (£2, F) is a trajectory of the flow 7€ i. e., a map

I3t £7(t) = (&(t), () € 27,

defined on a subinterval I of E, such that {(t) = &, 5(&(s)) and &(t) =
&o(s) + cr,5(€(s)) whenever (s,t) € 152, O
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Differentiability of flows. Given a trajectory £ of a flow @, it makes sense to
talk about differentiability of ¢ along &.

Definition 4. Assume that {2 is a manifold, @ = {®; s} (s s)cp=.2 is a flow on
(£2,E), I is a subinterval of E, and £ : I — {2 is a trajectory of &. We say
that @ is

(1) continuous near & if for each (s,t) € I=2? the map P, ; is continuous
on a neighbourhood of £(s).

(2) differentiable along ¢ if for each (s,t) € =2 the map @, , is differen-
tiable at £(s). O

The above definition can be applied to an augmented flow $#°. If
@#:¢ is differentiable along an augmented trajectory % = (&,¢), then the
differentials Ddﬁ‘ié 2°(€7(s)) have a special structure, reflecting the special
structure of the maps @fj. Indeed, if we write Mfs = D@#S’C(f#(s)) (so that
Mfs is a linear map from Tf#(S)Q# to Tg#(t)Q# ), then it is easy to see that
the result Mfsl .
vector (vg,v) € Tg#(s)ﬂ# ~ R x T¢(5) 12 is the vector (vo 4+ mys - v, My s - v),
which belongs to Tg#(t)ﬁ# ~ R X Te)$2, where

(vo, v) of applying the linear map D@i’c(f# (s)) to a tangent

mes = Dct,s(g(s)) ) Mt,s = D(I)t,s(g(s)) ) (]-)
so that m; s € Tg(s)() and M; s is a linear map from Tp ()2 to Te()S2.

Variational fields. The differentials D@, ;(£(s)), D@fs(f# (s)), can be used to
propagate tangent vectors forwards and cotangent vectors backwards.

Definition 5. A field of tangent vectors I > s +— v(s) € T¢(4)f2 such that
v(t) = My s - v(s) whenever (s,t) € I=>—where M, s is defined by (1)—is
called a wvariational vector field of (®,¢) along &. O

Definition 6. A field of tangent vectors
I3 s v7(s) = (vo(s),0(s)) € Tg#(s)()#
such that
vo(t) = vo(s) + mys-v(s) and wv(t) = My, -v(s) (2)

whenever (s,t) € I=2—where m; 5, M, are defined by (1)—is called an
augmented variational vector field of (P, c) along &. O

o T
Adjoint fields. The dual maps Af;d:f (D@Zﬁ,c(f(s))) Ty (t)_(?# — Tg#(s)ﬂ#
(where, naturally, we use the canonical identification Tg#(r)ﬂ# ~ R x Tg(r)Q

for every r) are given (if we write the maps as acting on the right on augmented
covectors) by
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(@WH (1) - AL - v (s) = w® (1) - (M 0% (9))
so that, if we write w? (t) = (wo(t),w(t)), we see that
(w0(s).(5)) - (v0(). () = ((@oB).(®) - 4L, - (vo(s). v(s))

= (wo(t),w(t)) - (vo(s) +mys - v(s), Mes - v(s))
wo (t)vo(8)+wo(t)my s- v(s)+(w(t) o M) - v(s),

and then

wo(s) = wo(t),
w(s) = womy,s +w(t) o My s.
Definition 7. A field of covectors
I3 s w?(s) = (wo(s),w(s)) € Tg#(s)!?#

such that wqg is a constant function, and w satisfies

w(s) = womy s +w(t) o My s whenever (s,t) € =2 (3)
is called an augmented adjoint field of covectors (or augmented adjoint vector)
of (@,c) along &. O
The constant —wy is the abnormal multiplier, and the identity (3) is the adjoint
equation.

Remark 1. It might be even better to call (3) the “integrated adjoint equation.”
Indeed, in the classical case, when [ is a subinterval of R, {2 is an open subset
of R"—so that each map M, can simply be represented by an n x n matrix,
and each m; s by a 1 X n matrix—and the augmented flow &€ is obtained
by solving a pair of differential equations

ioif*,o(l"’t), jj:f*(xat) (4)

(where the reference vector field (z,t) — f*(x,t)déff(a:,n*(t),t) is a time-

varying vector field, the reference Lagrangian (z,t) — f. o(x, t)déffo (x,1(¢),t)
is a time-varying scalar function, and 7, is the reference control), Equation
(3) is equivalent to the differential equation

: Of Ofx
o(s) = ~(s) - 2 (Euls),5) —wo - B2, )
which is the usual adjoint equation? O

3 As will be seen below, in the Maximum Principle the number wo is non-

positive. Equation (5) is often written in terms of the abnormal multiplier

J)od:ef — wp rather than its negative wy. It then takes the much more familiar form
. o - o . . OHg

w(s) = 70‘}(8) : %(6*(8)7 S) + wo - %7 1e., w(s) = T oz (5* (5)701(3)»77* (8)7 S):
where the Hamiltonian H is given by the familiar optimal control theory formula

Hpo(%}% u, t) =P f(x,u,t) _pofo(xzuzt)'
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Approximating cones. A cone in a real linear space X is a nonempty sub-
set of X which is closed under multiplication by nonnegative scalars, i.e.,
such that if ¢ € C, r € R, and r > 0, it follows that r¢ € C. (It then
follows automatically that 0 € C.) The polar of a cone C' in X is the set
Ct={\ € XT: A(c) <0 whenever ¢ € C}, where XT is the dual space?

Definition 8. If M is a smooth manifold, S C M, and s € S, a Boltyanskii
approximating cone to S at s is a convex cone C in Tx M having the property
that there exist m, U, D,F, L, such that

(1) m € N, U is a neighborhood of 0 in R™, and D is a convex cone in
R™,

(2) F:UNDw— M is a continuous map such that F(UND) C S,

(3) L:R™ — T, M is a linear map,

(4) F(v) —s—L-v=o(||v]]) as v — 0 via values in U N D,

(5)L-D=C.

3 The optimal control problem

We consider optimal control problems arising from an augmented flow system
¥ = {,¥},cu, indexed® by a “class of admissible controls” /. We assume that
a fixed totally ordered set F is specified, such that the time set F,, of each ,¥
is equal to F.

The state space of the system is a smooth manifold {2. Each ,¥ is a flow
on the real-augmented space 2% = R x {2, given by ¥ :né#’ﬂc, where the
pair (,9, ,c) is a real-augmented flow on 2 with time set E. We use =< to
denote the ordering of E. We assume we are given an initial state £ € 2, a
terminal set S, which is a subset of (2, and initial and terminal times a € E,
be E, such that a < b.

The objective is to minimize the cost ,c; ,(2) in the class A of all n € U
such that the terminal point n@i),a(‘i) belongs to S. Equivalently, we want to
minimize the cost & (b) — &(a) in the class A of all pairs (n,&#) such that
n €U, = (&,€) is an augmented trajectory of (,®, ,c), £(a) = #,.and
£(b) € S.

4 The main theorem

To state our generalization of the maximum principle, we need some additions
definitions and notational conventions. We assume that we are given data

4 In all cases occuring in this paper, X is finite-dimensional, so we do not need to
distinguish between algebraic and topological duals.

5 We put the subscript 7 on the left because we will want to write formulas such
as g W =, @7 m¢, W = {nq/ts}(s,t)eEﬁ»z and @7 1¢ = {"@fsmc}sﬂeEn'
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D= (n,2,E,=,U, b c,¥,a,b, i, 68) (6)
as in the previous section, so that ¥ = {,¥},cu, € = {,P}neu, ¢ = {nctyeu,
and ¥ :ndi#’nc for every n e Y. We define I = {t € E:a <t < b}.
Precisely, we will assume that D satisfies

U = {,W},cu is an augmented flow system on §2 with time set E;
Z¥ =, ®% ¢ where (,®, ,c) is a flow-augmentation pair on 2 with
time set E; R
(A6) €, acE, bek, anda < b;
(A7) a€ E,be E, anda = b.
We let A be the class of all pairs (1, #) such that 7 € U, £# = (&, £) is
an augmented trajectory of (,P, ,c), £(a) = Z, and £(b) € S.
We assume that we are given a candidate control 7, and candidate
augmented trajectory &7 = (&40, &), such that

(A8) (ns, (6x0,6)) = (., €F) € A.

Clearly, then, the three maps &, : I—0 (the “reference trajectory”),
&, : I — R (the “reference running cost”), & 1 — Q# (the “reference

(A

(A2)

(A3) U is a set;
(A4)

(A5)

augmented trajectory”), satisty, for all ¢ € I ,
E0) =Prald.), o) =geraldn),  F(8) =@ "(0,4.)

as well as €7 (1) = (£0.. (1), &.(1)).
Our key assumption is that the pair (7., §f& ) is a solution of our optimal
control problem, that is, that

(A9) &e0(b) — Ex(@) < &o(b) — €0(@) for all (n, (§0,€)) € A.
In addition, we make the crucial technical assumption that

(A10) The reference flow ,,, ¥ is continuous near the reference trajectory ff,
and differentiable along §f£

We define an impulse vector for the data 12-tuple D and the reference
control-augmented trajectory pair (7., ff) to be a pair (v*,t) such that t € [
and v¥ € Tz ) 2%. We use Vinaz (D, (1, 7)) to denote the set of all impulse
vectors for D, (1), ff)

Let v# = ((v¥,t1),...,(v#, tn)) be a finite sequence of members of
Vinaz (D, (0., €F)), and assume that (A10) holds. We then define linear maps
LDJI*vffvv# R™ D 5# v# m

o : X T3 02— R, L&Zm50v7 R XT:@QHT&(B)Q, and
L#EDEEVT Rm o T 0 Tgf(i))(l#, by first writing v;% = (vo,5,v;), with
vo,; € R, v; € Tg*(t).Q, and then letting
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m
D &8 v
Ly" M (51,...,5m,w):ml;,&-w—i—ZEj(vo,j + My, i)

=1
m
LD T v — M M .
(sla"'ag’rnaw)— b,d.w+ €j b,t; YR
=1

L#,D,’q*,fft»v# (517 ce s Emy w) =

D, ¥ v# LT
(LYY (g, ey w), LD Y (e e, w))

In the following definition, R"" denotes the nonnegative orthant of R™,
that is, the set {(h1,...,hm) € R™ : hy > 0,...,hy > 0}. Furthermore, for
any a,b € E such that a < b, and any = € (2, Rﬁb(x) denotes the “reachable
set from z for the augmented system over the interval from a to b,” so that

Rfib(a:) def {(r, y): (Inel) (y =, Ppa(x), and r =, cb@(x)) } .

Definition 9. A set V of impulse vectors is variational for D, 1, §f& if for
every finite sequence v# = ((v7,#1), ..., (v¥#,tm)) of members of V it follows
that there exist neighborhoods P, @ of 0, £, in R, {2, respectively, and a
continuous map F : P x Q — 2%, such that

(1) F is differentiable at (0,%) with differential L# D £E v (in the
precise sense of Remark 2 below). %
(2) F(P x {z}) C R?i,(x) for every z € Q.

Remark 2. The precise meaning of the assertion that “F' is differentiable at
(0, &) with differential L#P1=¢7v* » i ag follows. Let § = &, (), flo = &o.» (),
% = (4o,9), so §% = F(0,%). Let P, Q, R, J be open neighborhoods
of 0, Z, go, ¥, in R™, 2, R, 2, respectively, such that P C P, @ C Q,

F((PNRT) x Q) C J x R, Q is the domain of a coordinate chart # : Q ~— R"
for which x(&) = 0, and R is the domain of a coordinate chart ¢ : R — R™ for
which {(§) = 0. Use x and ( to identify the sets Q and R with their images
H(Q), ¢(R), so Q and R are now open subsets of R”. Then

Fle1,...,em,w) = L#va’l*vEfv"#(gh...,sm,w)—i—o(el—i—...+6m+||w||) (7)
as (1,...,6m,w) goes to 0 via values in (P NRT) x Q.

Our last two assumptions are

(A11l) V is a variational set of impulse vectors for D, n., 53?.
(A12) C is a Boltyanskii approximating cone to S at &.(b).

The following is then our main result.
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Theorem 1. Assume that we are given a data 12-tuple D as in (6), as well
as My, &, Vv, C, such that Assumptions (A1) to (A12) hold. Write

ézs = 77*@75,5 ’ c:,s = U*ct’s ’ Mt;S = Dé:,s(f* (8))7 mt75 = DC;S(f*(S)),

(so that my s = Vi ((§«(s))). Then there exist a map I3t—w(t)eR, and
a real constant wy such that

(1) wo=0,

(2)  (wo,w(t)) # (0,0) forallt €1,

(3) w(s) =w(t) Ms—womy s whenever s,t € E and s <t,
(4)  (w(t),v) —wovg < 0 whenever (v¥,t) = ((vo,v),t) €V,
(5)  the transversality condition —w(b) € C' holds.

Proof. Fix a norm || - || on the tangent space Ty, 2. Let K be the set of all
pairs (@, w) € R x Ty ;) 62 such that @y < 0, |@o| + [|@] =1, and —w € Ct.
Then K is clearly compact. For each subset W of V, let (W) be the subset
of K consisting of all (g, &) € K such that

<‘D “ Dy, Dy (&4(1)) + Do Ve, (&4 (t))vv> +wovg < 0

for all ((vo,v),t) € W.
It clearly suffices to prove that the set (V) is nonempty. Indeed, if a pair
(o, @) belongs to € K(V), we may define wy = —&y and then let

w(t) =@ My, +om,,

(that is, w(t) = @ - M;, — womy ) for ¢t € I, and then set w# = (wo,w). A
simple calculation shows that w# is an augmented adjoint vector that satisfies
all our conclusions.

Furthermore, it is evident from the definition of the sets (W) that if a
subset W of V is the union Uxcsg W, of a family of subsets V, then

KW) = NxcaK(Wy) .

Hence it suffices to prove that (W) is nonempty whenever W is a finite
subset of V.

So let W be a finite subset of V. Let v# = ((v7*,t1),..., (v#,tn)) be a
finite sequence that contains all the members of W, and write vf = (vo,5, ;)
for 57 = 1,...,m. Since V is variational, Definition 4 enables us to pick
neighborhoods P, @, R of 0, Z(= &.(a)), ff(l;), in R, £2, 0% respectively,
and a continuous map F : P x Q — R, which is differentiable at (0,%) with
differential L#Pm+€7 V¥ g0 that I satisfies—relative to coordinate charts
near 2, &, (b) for which # = 0 and &, (b) = 0 the condition

Fle, ... emw) = LEPEEV% e o w) +o(er, ... em+ |w]) (8)
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as (€1,...,&m,w) goes to (0,0) via values in R x @, as well as the property
that F(P x {z}) C ij(x) for every = € Q.
In particular, if we let G : P — 2% be the map given by

G(e1y - vem) = Fle1,...,em;0),

then G is a continuous map into Ra#b(a?) which is differentiable at 0 with

differential [v/#vpvn*’f*#"’#, where L#Dm-& v ig the map

m m
(61,...,Em) — ( Zé‘j(vo,j —‘rmg’tj -Uj), Zngi):tj ~Uj) 5
j=1

=1
and M, 5, my s, are defined by
M, s =D& (€.(5)), mys = Ve s(E(s)) for s,t €I, s=<t.

Let w;# = [#Dm gl v e, where €]’ = ((5},...,(5}”), and the (5;? are the
Kronecker symbols. Then

# _ . -
wi = (vo,; + Mg, Vi My “v5)

and

m
[ # D 8 v# — #
L#DmEEYT (o em) = E gjwy .
j=1

It is then clear (by applying Definition 8, with D = R, L = ﬁ#’Dvn*’ffvv#)
#
J

(so that C = [# Dl v (R?)), then C is a Boltyanskii approximating cone
to the augmented reachable set Rd#i)(fc) at €7 (b).

Now, let §# = {(xg,2) € 2% : x € S and xy < & .. (b) — £0..(a) — ¥(x)},
where 1 is a smooth function on {2 that vanishes at 5*(13) and is strictly
positive everywhere else. Let C# =] — 00,0] x C. Then C# is a Boltyanskii
approximating cone to S# at ffé (I;) Furthermore, it is easy to see that the
optimality of (1,&7) implies that be(:i) at & (b) and S# are separated at

that, if we write C to denote the convex cone C generated by the vectors w

ff (l;) Then standard set separation theorems tells us that the cones C and
C# are not strongly transversal. Since C7 is not a linear subspace, the cones
C and C7 are in fact not transversal. This implies that there exists a nonzero
covector @ = (@, w) € TE*#(B)Q# such that (0%, z) > 0 whenever z € C#,
and (0%, 2) < 0 whenever z € C.

It follows that —@ € CT, and also that @y < 0. Define

w(t) = @ - D, Py, (§(1)) + @0 Veg , (§4(1))

fortel. If j=1,...,m, then
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0> (G#,wf) = <((I}0,L:}), (’Uo)j + My V55 Ml;,tj . Uj))>
= Wovo,j +Womyg, - vj +w- M, -v;
= L:}()UO,j + (L:JO mi),tj +w- Miz,t_,-) - Vj
= Wovo,; +w(t;) - v;.

This shows that @# € K(W), establishing that (W) # ), and completing
our proof. O

5 Variable time problems

A minimum time problem is, by its very nature, a variable time-interval
problem. Hence such a problem does not fit the framework of our main
theorem, if we require that the time set E be a subset of R, and that the time
from s to t be precisely ¢t — s. It is possible, however, to apply Theorem 1 to
minimum time problems, and to more general variable time-interval problems,
by means of a simple device. Assume that we start with a situation in which
E is a subset of R and our flow-augmentation pairs (,&, ,c) are such that
that ,c; s(x) = t — s whenever (s,t) € E=?. We want to change our point and
think of F as representing a “pseudotime” which is no longer physical time,
although it will correspond to physical time along the reference trajectory—
for example, in the form of a clock that displays at each t € F the value t. For
this purpose, we allow “insertion variations” in which the reference augmented
flow map ,, @ZZ”*C is replaced by the map m@it’ =€ n@ﬁ’;’; m@f{;"*c still re-

garded as a transition map from “time” a to “time” l;, even though the true
physical time &y(b) — &y(a) during which this transition occurs is b — G + .

We also allow “deletion variations” in which the reference augmented flow
#,"*C

map ,, @Z}l"’*c is replaced by the map ,, 45;2’ K n®@;_ % again regarded as a

transition map from “time” a to “time” 13, even though the true physical time
{0(3) —&o(a) of this transition is b—a—e. (Naturally, for this to be possible,
H> i€
bt '
b+e” map. The key condition needed for all this to work is to have a time-
translation invariant system, that is, a system for which ,@; s = ,Pi4a,s+a
for all & € R.)

The variatonal impulses (v#,t) that occur in our main theorem are, in
general, of a special form. First of all, for each ¢ € F that occurs in one of the
members (v¥,t) € V, there exists a vector vfel (t), depending on ¢ but not on
v#, that corresponds to the “deletion of the reference control on intervals of
legth £.” Second, for each v# € V[t}—where V[t] = {v¥ : (v#,t) € V}—the
vector v# corresponds to the “deletion of the reference control on intervals
of legth ¢ followed by an insertion of some other control on an interval of
# o def o o F

ins del

we need, for example, to be able to regard ,, & as a “time t + € to time

K (t) corresponds to an insertion without

lentgh €, 7 so that v
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deletion, and then v# = v 4 v% (t). If we allow the insertions to be carried
out without a corresponding deletion we get, in addition to the inequalities
(w#(t),v#) < 0 that occur in (4) of the statement of Theorem 1, the new

inequalities (w# (t), v

7o) < 0. If we also allow deletions to be carried out
without a corresponding insertion, we get the inequalities (w# (¢), v, (t)) < 0.
On the other hand, one of the controls that can be used in an insertion is the
reference control itself, and this insertion corresponds to the vector fvffel(t),
yielding the inequality (w#(t), —Uil(t» < 0. So {w# (1), Uthl (t)) = 0. and

(w? (1), —vzlil (t)) = 0. In other words,

(%) for a variable time interval problem where the impulses (v¥,t) admit
the decomposition v# = vzis + vil(t) as above, the conclusion of
Theorem 1, that (w*(t),v*) < 0—which is equivalent to the inequality
(W (), v ) < (w#(t), fvjil(t))—can be strengthened to

) Vins

(W (1), 0,) < (W (1), —, (1)) = 0. (9)

) Vins

6 The reflected brachistochrone

“

As an example of a nontrivial application of Theorem 1, we study the “re-
flected brachistochrone problem” (RBP), that is, the minimum time problem
for the dynamical law

d=ulyl, 9=Vl

with state (z,y) € R? and control (u,v) € R? subject to the control constraint
u? + 02 < 1. Given points 4, B € R?, we want to characterize the minimum-
time trajectory from A to B.

To solve the RBP, we use Theorem 1, together with the remarks of §5
and the classical (1696-7) results about the solutions of the brachistochrone
problem (BP) of Johann Bernoulli. Define closed half-planes H, H~, by

HJr:{(xvy):yZO}v H™ ={(z,y) : y <0}.

Let P, resp. P~, be the minimum time problems for curves entirely contained
in H* (resp. H~) with endpoints in H* (resp. H™). Define a “v-cycloid” to
be an arc which is entirely contained in H* or H~ and is either (a) a vertical
line segment or (b) a smooth subarc® of a maximal cycloid generated by a
point P on a circle I' that is tangent to the = axis and rolls without slipping.
(In particular, if H = HT or H = H~, and &, : [0,T] — H is a v-cycloid,
then &,.(t) ¢ H™ N H~ whenever 0 < t < T.) Then it is well known that the
solutions of P* and P~ are v-cycloids.

6 Recall that a maximal cycloid has cusp points, located on the z axis at points of
the form a+2knw R, k € Z, where R is the radius of the rolling circle I'. A “smooth
subarc” is one that does not contain any cusp points other than the endpoints.
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We now solve the RBP. Let &, : [0, T] — R? be a solution of the RBP with
endpoints A, B. If £, is entirely contained in H or H~, then &, is a solution of
P orof P, s0 &, is a v-cycloid. So all we need is to determine the minimum-
time trajectories &, that are not entirely contained in H™ or H ™. Fix one such
&.. Then there must exist a time 7 such that 0 <7 < T and &.(7) € HT N H ™.
It is then easy to show that 7 is unique. (If 7 was not unique, let 71 be
the smallest ¢ such that &.(t) € HF N H~, and let 75 be the largest. Then
0<7 <1 <T, &) € H-NH™ fori = 1,2, and &(t) ¢ HF N H™ for
0<t<T1orm<t<T. Assume, without loss of generality, that £, (t) € HT
for 0 <t < 7. Then the set S = {t € [11,72] : &.(t) ¢ HTY N H ™} is open, so it
is a union of a finite or countable set Z of pairwise disjoint open intervals, each
one of which is of the form |, 8], with 1y <a <3< 7, &(a) e HTNH™,
and &.(8) € HTNH . If I is one of those intervals, then either &, (¢t) € HT\H~
forallt € T or &(t) € H-\H™ for all ¢ € I. In the latter case, we may replace
the restriction of £, to I by its reflection with respect to the x axis without
changing the time. If we do this for all I € Z, we obtain a new trajectory 5*
that goes from A to B in the same time as &, and is such that &,(¢t) € HT\H~
for all t € I for all I € Z. Then the restriction &, of &, to the interval [0, 7] is
a time-optimal trajectory that goes from A to £,(72) and is entirely contained
in H*. Hence é* is a v-cycloid, and é*(t) can only belong to the x axis when
t is one of the endpoints of [0, 72]. Since f*(ﬁ) € H"NH,and 1, < 7o, it
follows that 71 = 0. A similar argument shows that 7 = T. Hence both A
and B belong to H* N H~. It then follows that £ is a solution of Pt with
endpoints A, B. So é(t) ¢ H* N H~ whenever 0 < t < T, and this implies,
given our construction of £ from £ by reflections, that £ is either £ itself or its
reflection with respect to the z axis. In either case, £ is entirely contained in
one of the half-planes H™, H~, which is a contradiction.)

Let 7 be the unique 7 such that 0 < 7 < T and &.(7) € HT N H™. Then
0 < 7 < T, and the points A and B belong to different sides of the x axis.
(Indeed, if 7 = 0 then &, (¢) would belong to one of H*, H~ whenever 0 < ¢ <
T, so &, would be entirely contained in HT or H~. A similar contradiction
would arise if 7 = T. So 0 < 7 < T. If A and B were both in HT, then
&(t) € HY for 0 <t < 7 and also for 7 < t < T, so once again &, would
be entirely contained in HT. A similar contradiction arises if A € H~ and
B € H~.) So without loss of generality we may assume that A € H™\H~ and
Be H \H". Then &.(t) € HY\H~ whenever 0 <t < 7 and & (t) € H-\H™*
whenever T <t <T. So &, is the concatenation of two time-optimal curves
EF[0,7)— HY, &7 [7,T) — H~. Then & and &, are v-cycloids contained
in H* and H~.

Let us assume that £ and £, are both arcs of cycloids. Let C, be the
point where &, crosses the x axis, so C, = £,(7). Then the necessary conditions
of the classical maximum principle do not determine C,, because they only
apply on the intervals {t: 0 <t < 7}, {t: 7 <t < T}, and say nothing about
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what happens at time 7, where our controlled dynamics is not of class C'. We
will now show how Theorem 1 yields an extra condition that determines C.,.

Our first step is to embed &, in a flow arising from a feedback control law.
The arcs &, £, are parts of full cycloid arcs =, =, , such that =} goes
from a point QT on the z axis to the point C, and has the property that
all the other points of = belong to HT\H~, while = goes from C, to a
point @~ on the z axis and is such that all the other points of = belong to
H-\H*. Write Q* = (a*,0), Q= = (a=,0), C, = (a°,0).

The arcs =, =, are the loci of points P, P~, attached to rolling circles
I't, ', of radii R, R~, and then |[a®—a*|=27R* and |’ —a~|=27R".
Parametric equations for =1 can be written using as parameter the abscissa

*

« of the point where the rolling circle I'" intersects the x axis H+ N H™.

Then «a takes values in the interval T = [min(a?, a™), max(a®, a™)], which

has length 27 R*. If we let 0 %' (R*)~1(o — vy ), then the position of P+ for

a given value of a is £ (a) = (o« — RTsinf, RT(1 — cosf)). (The circle I'*
rolls from left to right if a™ < a®, and from right to left if a® < a™.)

The midpoint p* of the interval IT is given by u* = (a™ +a?). We
let Q+ be the point where I't intersects the = axis when a = p¥t, so that
Q+ = (u",0). We define parametrized trajectories Z57, for each ¢ in a
neighborhood N* = [1 —&},1+¢5] of 1 (where £],e] are chosen so that
0<ef <land0<ef), by letting 557 (o) = QT +0(5H () — Q) whenever
a €IT. Then each =,77 is an arc of cycloid, generated exactly like ZF, with
R* replaced by o Rt, and having contact points Q1+, CT7 with the z axis,
where Q7 = QF +0(5H (o) — Q) and CT7 = QT +0(5} (o) — Q")
so that Q% and CT7 are given by Q7 = ((1 —o)pt + aoz“‘,()),

Cto = ((1 —o)pt + Jao,()) . (10)

Then, if we let St ={Z7(a):0 € N*, a €T}, the set S* is clearly

the homeomorphic image of the rectangle RN+ x It under the map

Ut Rt — HT given by ¥t (0, ) & Z17(a) . Furthermore, the two images

UH(NT x {at}), H(NT x {a®}), are subintervals of the z axis, while the
images of all the points of R* that do not belong to N* x {a*,a’} lie in
the open half-plane HT\H . The map ¥ is real analytic, and the par-

. . . + + . + —
tial derivatives %%, %, are given by the formulas %% = o5f (a),

%i+ = ZH(a) — QF, where (o) = (1 — cos 6, sin ).
If J* is the Jacobian determinant of ¥+ with respect to o and « then if
we write 0 = %, we have

Jt = asin@(a —ut - Rt sin@) —cr(l —cos@)R*(l —cos@)

=o(a—pt)sing — UR+(sin2 6+ (1 — cos 9)2)
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_ 7t
:0R+<a sin@—(?—QcosG))
—_ 7t - - o
:aR+<2aR+ sin0c05974sin20)
. — T - -
= 20RT sinﬂ(a cosf — 2sin 9)

If ot < a° then @ varies in the interval [0, 7] when « varies in IT. Hence
sinf=0ifd=0orf=m,ic,ifa=at ora=a’ Ifat <a<p", then
0<6< 5, SO cosf >0, “Ef < 0, and sin @ > 0, from which it follows that
J* #0. A similar argument shows that J* # 0 when pu* < a < a°). a simple
calculation shows that J* =0 iff « = a* or a = a?. So

(x) Ut is a real analytic diffeomorphism on the set N x Interior(1™).

We now analyze the time parameter along the curves =77 Let 6+ = +1

if at < a® (i.e., if I't rolls from left to right, so time increases as a increases,
ie., dt/da > 0),and 6T = —1if a® > a? (i.e., if I'" rolls from right to left, in
which case dt/da < 0). If 57 (o) = (z(e), y(a)), then dz = (0 — o cosb) da,
dy = osinfda,

da?® + dy? = 02((1 — cosf)? + sin? 0) da® = 20%(1 — cos 0) do?

and dr? + dy? = ydt?, so ydt? = 20%(1 — cosf)da?, while on the other
hand y = R*(1 — cosf), so dt? = %{Lf do? and then it is easy to see that
dt = 20(R*)~ 267 da. It follows that

+,0

=he ay) to 257 (ag) is equal to

(#) the time along the curve =77 from =
206 (RT) "2 (ag — o).

o

A similar construction works for = . In this case, the parametric equations
turn out to be =, (a)=(a— R~ sinf,—R~(1—cosf)), where the variable «
now takes values in the interval I~ = [min(a”, a~), max(a®,a~)] (which
has length 27 R™), and § = 22—,

The circle I'~ rolls from left to right if a® < o=, and from right to left if
a~ < a®. (Notice that I'~ rolls from left to right iff it rotates counterclockwise,
whereas 't rolls from left to right iff it rotates clockwise.)

The midpoint of I~ is = = (™ +a’). We let Q~ = (u~,0). We then de-
fine parametrized arcs =, 7, for o in a neighborhood N~ =[1—¢e7,1+¢e5]of 1
(where 0 < e7 < 1 and 0 < £5), by letting 257 (a) = Q~ + o(Z; (a) — Q™)
for a€I~. Then each Z,°7 is an arc of cycloid, having contact points
Q~°, C—° with the z axis, where Q=7 = Q~ +o(E (a)— Q‘) and
C7=Q +0(5 - (a®) —Q7), so that Q—° and C~° are given by

Q7 = ((1 —o)u” + UOF,()) , c™7 = ((1 —o)u” + UaO,O) . (11)
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Then, if we let ST ={=Z."7(a):0 € N7, a €I}, it is clear that the set

S~ is the homeomorphic image of R-YN- x I~ under the smooth map

U~ : R~ — H~ given by ¥~ (o, ) Ll (). The Jacobian determinant of
W~ vanishes iff « = a~ or a = o°. Hence

(%) U~ is a diffeomorphism on N~ X Interior(I™).

If we let 0= = +1 if o < a~ (i.e., if '~ rolls from left to right, in which
case dt/da > 0), and 6~ = —1 if a= < o (i.e., if '™ rolls from right to left,
in which case dt/da < 0), then dt = 266~ (R™)™ 2 da, from which it follows
that

(#+4) the time along Z.°7 from E.7(aq) to E.7(ag) is equal to
206 (R™) "2 (ag—av).

We now combine the two constructions by letting =% be, for each o € I,
the concatenation of Z;7 and =, ' where & is chosen so that C—% = O+
In view of (10) and (11), it follows that & is given in terms of o by & = ((o),

where

C(0) = (@ =) Mt —p” Fo(a®—pih). (12)
(We guarantee that the map I™ >0+ &€l is bijective by choosing the sf
so that ((IT) =1".)

We now study the flow maps @, s associated to this family of trajectories.
Let S = ST US~. Given any point ¢ € S, g belongs to the curve =7 for a
unique o € I'". If s,t € R, and ¢ > s, then we can follow Z¢ in the direction
of increasing time, starting at g at time s, until we exit S. If ¢ does not exceed
the exiting time from S, then @, ;(q) is defined, and equal to the point of =7
attained in this way at time ¢. We also define the augmentations ¢; s by letting
cs(q) =t —s.

In order to apply Theorem 1, we take F to be the set [0,T]\{7}. In ad-
dition, it will also be convenient to embed our reference trajectory £, in the
“extended reference trajectory” =, = Z!, that we parametrize by time in such
a way that =,(7) = C,, so that Z.(t) = & (t) for t € [0,T], and = is defined
on the interval [ry, 2], where 71 = 7 — 47V R+ and 75 = 7 + 47v/R—. Then

(&) If m < s <t < T, and s # T # t, then D5 is a real analytic
diffeomorphism near Z.(s).

To prove (&), we will consider separately three cases, namely, (i) t < 7,
(ii) s > 7, and (iii) s <7 < t. In Case (i), Z.(s) clearly belongs to the set
Ut (N x Interior(IT)), so for ¢ near Z.(s) we can find &, s(¢) by in-
verting the diffeomorphism ¥, letting (0,a) = (¥1)71(q), defining & by
a=aoa+ %5*’\/@@ — s), and, finally, writing ®; s(¢) = ¥*(0,a). The con-
clusion then follows because the map (o,a)+— (o, o+ % Rt(t—s)) is a
diffeomorphism. The proof for Case (ii) is similar. Finally, in Case (iii) we can
find @ ;(g) by first inverting ¥ near ¢ to find (o, ), as in Case (i), and then
going from time s to time ¢ by letting v+ = §*vR+, v~ = 6~/ R—, writing
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6=((0), a=ao+o=(t—s)— 2 —(ag—a), (13)
and then defining @, s(¢) = ¥~ (6,&). The map (0,a) — (6,&) defined by
(13) is a diffeomorphism since % = g # 0 (in view of (12)), g— = 0, and
% = 22+ # 0 (because of (13)). So the conclusion follows in Case (iii) as

well, and (&) is proved.

For m < s <t <o, s#7T#t, let D, be the Jacobian matrix of ¢; 5 at
Z.(s). Then we can apply Theorem 1 to each of the three curves =, ; : J* —
R? i =1,2,3, where =, ; and =, 5 are the restrictions of =, to intervals J;,
Jo of the form [ +6,7—¢] and [T + J, 72 — d], for some small §, and =, 3 = &,
so J3 = [0,T]. (We are assuming that =, 3 is time-optimal, and the curves
Z,1 and Z, 5 are also optimal because they are solutions of the classical
BP.) If we let Ji = Ji, Jo = Js, j3 = F, then our theorem implies that there
exists nontrivial solutions .J; 3 t — 7;(t) € Ry, of the IAE n(s) = 7(t). Dy
such that the HMC holds for every t € Jt and the values of the maximized
Hamiltonian are nonnegative constants 7o ;. The HMC at =, ;(t) says that
(a) the control 7, (t) = (u.(t),v.(t)) must maximize the product 7;(t) - (u,v)?
(where “I” denotes transpose) for (u,v) in the unit disc of Ry, from which it
follows that ||7; (¢)||n.(t) = 7?2( ), and in addition (b) the maximum value 7 ;
of the Hamiltonian is /|y« (t)] ||7: (¢)|], if we write =, ;(t) = (@« (t),ys(¢)). This
implies, in particular, that 7o ; >0, because if 7 ;=0 then ||7;(¢)|| =0 (since
Z.,i(t) ¢ Hy N H_ whenever t 6 j ), and then 7;(t) = 0, contradicting the

NTC. It then follows that =, ,(t = /1y (t) H:lEgH for te jf’ so (7(t)-w) =0

whenever w € R? is orthogonal to Z.:(t). Now, if t,s € J;, s < t, w € R?,

and @ = Dy sw, then 7;(t)-w = 7;(t)- Dy s (w) = (74(t) 0 Dy s)(w), so

7i(t) - =7;(s)-w. Therefore (Z, ;(t), Dy sw) =0 iff (Z,,(s),w) =0, and we

have obtained the geometric condition

(Gl) Ifi e {1,2,3}, s,t € Ji, and s < t, then the linear map D, s is such

that a vector w € R? is orthogonal to E*Z(s) if and only if Dy sw is
orthogonal to =, ;(t).

Now, for i = 1, we can let s; be the time corresponding to the midpoint of

. — st
the a-interval IT, s0 s1 = 7— W(ao —a™). Then we can choose t; to be any

point in J1NJs, i.e., in Jy NE. Similarly, we can choose t, = 7"+%(0¢* —aY),
i.e. the time corresponding to the midpoint of the a-interval I—. Then we can
choose s, to be any point in J, N J3, ie., in Jo N E. If we then apply (G1)
successively with s = s; and t = 1, with s = t; and t = s9, and with s = s
and t = ty, and observe that the vectors orthogonal to =, 1(s;) and those
orthogonal to 5*’3(752) are just the vertical vectors, we find

(G2) The linear map Dy, 5, sends vertical vectors to vertical vectors.

The segments o +— =7 (ut), o = Sl )( ~) are vertical and go
through =} (pu*) and = (u), respectlvely7 when o = 1. Since it is clear
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that
Dty (Ej(#+)) = E;(ﬂi)v
Condition (G2) holds if and only if p(c) =t3 —s1 +0(lo —1]) as ¢ — 1,

—+,0

where p(o) is the time to go from =7 (u*) to E;’C(U)(u_) along the
curve Z7. On the other hand, (#) and (##) easily imply that p(c) is
equal to 2067 (R)2(a® — pt) 4 2¢(0)6 (R™)2 (™ — ). Then (G2) holds
iff /(1) =0. But

p/(1) =201 (RY)2 (o — pt) +2¢' (1)~ (R7)? (u™ — a),

and (12) implies ¢'(0) = % So

(1) =201 (RY)2(a” — ) =207 (R7)2(a” — piF),
and then (G2) holds if and only if *(R*)2 =6~ (R™)?, that is, if and only if
(G3) 6+ =0d_ and R+ =R_.

In other words,

($) the additional necessary condition for optimality is that the rolling
circles that generate the upper and lower parts of &, should roll in the
same direction (i.e., both from left to right or both from right to left)
and have equal radii.

Remark 3. The above result has been proved, of course, under the assumption
that both £ and &, are cycloid arcs. There remain to consider the degenerate
cases when one or both are vertical segments. If both are vertical segments,
then it is easy to see that &, is optimal. Finally, if one of £F, £ is a cycloid
arc, and the other one is a vertical segment, then an argument similar to the
one we used for the case of two cycloid arcs (but much simpler) shows that &,
is not optimal, concluding the analysis of all possible cases. O

7 Snell’s law of refraction
We consider the minimum time problem for the two-dimensional system
& =clz,yu,  y=cyv,
where the control (u,v) takes values in the unit circle
St = {(u,v) € R? : u® +v? = 1},
and the function ¢ (the “speed of light”) is given by

clx,y)=cy if y>0, clz,y) =c_ if y<O0.
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Here c; and c_ are two fixed positive constants such that c. > c_. We
will focus on the problem of finding a time-minimizing arc from a point
A= (xa,ya) such that y4 > 0 to a point B = (zp,yp) such that yg < 0.

The solution of this problem—Snell’s law of refraction—is well known, and
can be derived by very elementary means: first, one shows that the solution
must consist of a straight segment from A to a point C' lying on the z axis,
followed by the segment from C' to B; finding C' then becomes a rather simple
first-year calculus exercise. Here we will show how our version of the Maximum
Principle applies to this problem, and leads to Snell’s law.

We take our control set U to be the product S' x S!, and then define,
for each z = (uq,vy,u_.v_) € U, a discontinuous vector field X, by letting
X.(x,y) = (cruq,cevy) if y > 0, and X, (z,y) = (c_u_,c_v_) if y < 0. We
let G be the subset of U consisting of those (u4,v4,u_.v_) € U such that
vy < 0 and v— < 0. We use L to denote the x axis.

An elementary argument shows that an optimal trajectory £, must consist
of a segment from A to C followed by a segment from C' to B, where C € L.
That is, we can confine ourselves to a trajectory &, : [0,T] — R? such that
(i) £&.(0) = A, (ii) &T) = B, (iii) &«(7) € L for some 7 such that 0 < 7 < T,
(iv) if &.(t) = (24 (t),y«(t)) for £ € [0,T], then y.(t) > 0 for 0 < ¢ < 7 and
y«(t) < 0for 7 <t < T, and (v) the curve &, is a trajectory of a constant
control z, € U.

All that is left now is to find a condition that will determine C. With our
choice of U, constant controls have two degrees of freedom, but one is removed
when we stipulate that &, starting at A, has to go through B, so we need to
find an extra constraint on z..

Let us compute the flow of X, for a z € G. It suffices to compute the maps
@fg, since @t{(; = @f(_z&o.

Ify >0,¢t >0, and we let (Z,9) = @fg(m,y), then y > ¢ and, in
addition, § > 0 as long as t < 7,(x,y), where 7,(x,y) is the time for which

fzz(x ) o(z,y) € L. It is clear that
Y
TZ(I7y) - crusp 5

X (x,y) = (x+tesuy , y+tepvy) if 0<t <7.(,y),

XZ

@Tz(x’y)+t70(m,y) = (x4 m(x,y)cqusr +te_u_, te_v_) if t>0.

In particular, given a ¢ such that ¢ # 7,(xa,ya), the flow map @fg is of class
C! near A, and is given, for (z,y) in some neighborhood N(t) of A, by

@fg(m,y) = (z+tejup,y+teqoy) if 0<t<7(ra,ya),
and

D5 (,y) = (@ + T2, y)esus + (¢ —7a(e,y))eus, (8 —7a(z,y))e-v-)
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= (m - ;y—+u+ + (t+ Je_u_, (t+ —2 )CJL)

C4 U4 C4 U4

C_U_ — CiUy c_v_
= (ﬂc—l— —y +ilc_u_, y—&—tc,v,)
C4H U4 C4HU4

ift>7.(za,y4).
It follows from this that the differential D*(t) of @fg at A is given by

10 : a
[01} if t<__c+v+
D*(t) = e, . (14)
[ i 1 if t> -2
0 CrU4
CH V4

We now let D(t) denote the differential of the flow map @?Zt* at & (t),
where &, : [0,7] —€ R? is our reference trajectory z. = (U 4, Vs 4, Us — Vs )
is our constant reference control, and It is then clear that

D(t) = D*(T)D* ()",

and then (14) implies

{10} if t>—-Y4A

01 C4 Vs +

D(t) =

Co U, = —Cp U,

G Ut if t<—-Ya

0 C o C Vs,
C Vs, 4

Notice that we have not written explicit formulas for the flow maps @fg

near A, and we have not given formulas for the differentials D (¢), D(t),
when t = 7, (A). This is so for the simple reason that the map 4555 is not
differentiable at A when ¢t = 7,_. So, in order to apply our flow version of the
Maximum Principle, we take the time set E to be [0, T|\{7., (4)}. Then each
flow map @f;* is of class C! (and, in fact, real analytic) on a neighborhood
of £.(s), as long as s,t € F and s < t.

Let w be the adjoint vector given by the Maximum Principle. Then

1 .
w(T) - {0(1)} if t>_0+y1:+
w(t) =
( ) 1 C_ Uy, — —CypUy 4
w(T) - 0 St if t< fchf‘*&
C+’U*’+

If we write w(T') = (Wg, wy), we see that
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W~ ift>—cfj*+
w(t) = ot if t< ——ya ,

C Vs 4
where @~ = (05, @), @ = (0y,wy), and
A 1 ) n
Oy = ((c,u*,, — Cp Uy 4 )Wy + CJ)*,*Wy) :
C+ Vs +

The Hamiltonian maximization condition of the Maximum Principle implies
that w™ must be a scalar multiple of (u. _, v, _), and w™ has to be a scalar
multiple of (u« t,vs 1 ). This means that

Wy =k_uy, - = kjus 1, Wy =k_ve _, and &, = kv, 4

for some positive constants k_, k.
It follows that

k_ Usx +
A 15
o (15)
Let wg be the abnormal multiplier. Then
0= <‘D—7 C*(u*,*vv*,*» —Wo = <‘D+7C+(u*,+7v*,+)> —Wo,
50 <w_’07(u*577v*77)> = <‘D+7C+(u*,+’v*,+)>'

Furthermore, @~ = k_(us«_,vs_), @7 = ky(us4,vs+), and both
(Us,—, Vs, ), and (w4, 4) are unit vectors. It follows that k_c_ = kycy.
Hence L

_ Cy
Ml 16
e (16)
Comnining (15) and (16), we get
Bt _ &t (17)

U~ C_

Let 6; be the “angle of incidence,” that is, the angle between the line AC and
the y axis. Let 6, be the “angle of refraction,” that is, the angle between the
line CB and the y axis. It is then clear that u, y = sin; and u, _ = sin0,.
Then (17) says that

sinf; ¢y

= 1
sinf, c_’ (18)

which is precisely Snell’s law.

References

1. Pontryagin L S, Boltyanskii V G, Gamkrelidze R V, Mischenko E F (1962) The
Mathematical Theory of Optimal Processes. Wiley, New York.



10.

11.

12.

13.

14.

15.

16.

Maximum Principle 23

Clarke F H (1976) The Maximum Principle under minimal hypotheses. STAM
J. Control Optim. 14:1078-1091.

Clarke F H (1983) Optimization and Nonsmooth Analysis. Wiley Interscience,
New York.

Clarke F H, Ledyaev Yu S, Stern R J, Wolenski P R (1998) Nonsmooth Analysis
and Control Theory. Springer Verlag, Graduate Texts in Mathematics No. 178;
New York.

Clarke F H (2005) Necessary conditions in dynamic optimization. Memoirs
Amer. Math. Soc. 816, vol. 173.

Toffe A (1997) Euler-Lagrange and Hamiltonian formalisms in dynamic opti-
mization. Trans. Amer. Math. Soc. 349:2871-2900

Toffe A, Rockafellar R T (1996) The Euler and Weierstrass conditions for nons-
mooth variational problems. Calc. Var. Partial Differential Equations 4:59-87.
Knobloch H W (1975) High Order Necessary Conditions in Optimal Control.
Springer, Berlin.

Krener A J (1977) The High Order Maximal Principle and Its Application to
Singular Extremals. STAM J. Contrl. Optim. 15:256-293.

Mordukhovich B (2006) Variational Analysis and Generalized Differentiation,
I: Basic Theory; II: Applications. Grundlehren Series (Fundamental Principles
of Mathematical Sciences), Vols. 330 and 331. Springer, Berlin.

Sussmann H J (1994) A strong version of the Lojasiewicz Maximum Principle.
In: Pavel N H (ed) Optimal Control of Differential Equations, (Athens, OH,
1993). Lect. Notes in Pure and Applied Math. 160:293-309; Marcel Dekker,
New York.

Sussmann H J (1997) An introduction to the coordinate-free maximum princi-
ple. In: Jakubczy B, Respondek W (eds) Geometry of Feedback and Optimal
Control, 463-557. Marcel Dekker, New York.

Sussmann H J (2000) New theories of set-valued differentials and new versions
of the maximum principle of optimal control theory. In: Isidori A, Lamnabhi-
Lagarrigue F, Respondek W (eds), Nonlinear Control in the year 2000, 487-526.
Springer, London, 2000.

Sussmann H J (2004) Optimal control of nonsmooth systems with classi-
cally differentiable flow maps. In: Proc. 6th IFAC Symposium on Nonlinear
Control Systems (NOLCOS 2004), Stuttgart, Germany, September 1-3, 2004.
Vol. 2:pp. 609-704.

Sussmann H J (2005) Set transversality, approximating multicones, Warga
derivate containers and Mordukhovich cones. In: Proc, 44th IEEE 2005 Con-
ference on Decision and Control, Sevilla, Spain, December 12-15, 2005. IEEE
Publications, New York.

Vinter R B (2000) Optimal Control. Birkh&duser, Boston.



