COMMUNICATIONS ON Website: http://AIMsciences.org PURE AND APPLIED ANALYSIS Volume 1, Number 1, 2001 pp. 1–28

ON THE MINIMUM TIME PROBLEM FOR DRIFTLESS LEFT-INVARIANT CONTROL SYSTEMS ON SO(3)

Ugo Boscain

Université de Bourgogne, Département de Mathématiques, Analyse Appliquée et Optimisation, 47870-21078 Dijon, France

Yacine Chitour

Université Paris XI, Département de Mathématiques, F-91405 Orsay, France

Abstract. In this paper, we investigate the structure of time-optimal trajectories for a driftless control system on SO(3) of the type ẋ =3D x(u_1f_1 + u_2f_2), |u_1|, |u_2| ≤ 1, where f_1, f_2 ∈ so(3) define two linearly independent leftinvariant vector fields on SO(3). We show that every time-optimal trajectory is a finite concatenation of at most five (bang or singular) arcs. More precisely, a time-optimal trajectory is, on the one hand, bang-bang with at most either two consecutive switchings relative to the same input or three switchings alternating between two inputs, or, on the other hand, a concatenation of at most two bangs followed by a singular arc and then two other bangs. We end up finding a finite number of three-parameters trajectory types that are sufficient for time-optimality.

1. Introduction and Statement of the Main Results. We consider the timeoptimal problem of the control system Σ given by: ẋ =3D x(u_1f_1 + u_2f_2), (1) where x ∈ SO(3), |u_i| ≤ 1 and f_i ∈ so(3) give rise to left invariant vector fields (acting on the right) on SO(3). The control system Σ can be seen as a model for reorienting a satellite: the vector fields f_i represent infinitesimal rotations of the satellite about two non collinear fixed axis and the inputs u_i are scale multiples of the angular velocities of the rotors rotations. The problem consists of orienting the satellite from a given position to another one in minimum time.

The control system Σ is given as ( SO(3), [−1, 1]^2, Ad(Σ), (f_1, f_2) ) where SO(3) is the state space, [−1, 1]^2 is the control set, Ad(Σ) is the control space (defined next) and f_1, f_2 are 3 × 3 skew-symmetric matrices, defining the dynamics of Σ by (1). The control space Ad(Σ) is the set of admissible controls u =3D (u_1, u_2) i.e. the set of measurable functions u =3D (u_1, u_2) : [a, b] → [−1, 1]^2, where a, b depend on u in general (see Jurdjevic [1] for a more general definition of control systems). A trajectory γ of Σ is an absolutely continuous curve γ : J → SO(3) with J =3D [a, b]

1991 Mathematics Subject Classification. 49K15, 49J15.

Key words and phrases. time-optimal problems, left-invariant control systems on SO(3), Pontryagin maximum principle, envelope theory.

1

2 UGO BOSCAIN AND YACINE CHITOUR

is a compact segment of R, such that there exists an admissible control u ∈ Ad(Σ) for which:

γ̇(t) =3D γ(t)(u_1(t)f_1 + u_2(t)f_2), (2) holds a.e. in J. We then say (γ, u) defined as before is an admissible pair for Σ. The initial and terminal states of γ are In(γ) :=3D γ(a) and F i(γ) :=3D γ(b). The time along γ, T (γ) =3D b − a, is the length of J. We use T j(Σ) and P a(Σ) resp. to denote the set of admissible trajectories and the set of admissible pairs of Σ.

Definition 1. A trajectory γ of Σ is time optimal if T (γ) ≤ T (γ^′) for every trajectory γ^′ ∈ T j(Σ) with initial and terminal state In(γ) and F i(γ).

Using the Lie isomorphism between (so(3), [·, ·]) and (R^3, ×), we can define the length ‖f‖ of an arbitrary f ∈ so(3). In the case where f_1 and f_2 are perpendicular and have the same length,Tang characterized in [7] the structure of time-optimal trajectories of Σ. He showed in particular that every time-optimal trajectory of Σ was either a concatenation of at most a bang, followed by a singular arc, and then another bang, or a bang-bang trajectory with at most three switchings alternating between u_1 and u_2. This results holds true when f_1 and f_2 have only the same length, case that was studied by Sussmann and Tang in an unpublished work [6].

In the present paper, the general case, i.e. f_1 and f_2 simply linearly independent, is completely solved. For this purpose, we use the techniques of modern geometric optimal control theory (see for instance the study of the shortest paths for the Reeds-Shepp car by Sussmann and Tang, [5]). We also develop a new technique (see Section 3.1), which mainly consists in a graphical visualization of the computations usually derived from the use of conjugate points (cf. [4]). After obvious normalizations (‖f_1‖ =3D 1 and a :=3D ‖f_2‖ ≥ 1), the description of our results depends on the parameter ρ :=3D f_1 · f_2 and it is decomposed in two cases ρ ≤ 1 and ρ > 1. However, there is a global result given next:

Theorem 1. For the system (2), assume that f_1 and f_2 are linearly independent. Then every time-optimal trajectory is a finite concatenation of at most four (bang or singular) arcs if ρ ≤ 1 and five arcs if ρ > 1: it is either a concatenation of at most two bangs followed by a singular arc and then two other bangs, or a bang-bang trajectory with at most either two consecutive switchings of u_1 or three switchings alternating between u_1 and u_2.

The strategy adopted here is standard: after showing the existence of timeoptimal trajectories for any given pair of points of SO(3), we consider the field of extremals given by the Pontryagin Maximum Principle. We only have to consider normal extremals and then certain periodic vector fields X_ε :=3D f_1 +εf_2, ε ∈ {−1, 1}, S_1 =3D −ρf_1 + f_2 and S_2 =3D f_1 −^ρ_{a2} f_2 corresponding to bang and singular arcs (see below the precise meaning of the word “singular” in this paper). Then, we progressively exclude certain types of bang and singular trajectories by applying three techniques briefly described below:

(T 1): Envelope theory (cf. [4, 5]): Let γ be a bang-bang trajectory corresponding to a normal extremal. We start by making a variation Γ of γ such that Γ =3D {γ_l, l ∈ [l_1, l_2]} is a one-parameter family of normal extremals starting at In(γ) at time 0 with γ_{l2} =3D γ. We next establish that the curve f defined on [l_1, l_2] by f(l) =3D F i(γ_l) is an envelope of Γ and the concatenation γ̄ of γ_{l1} from In(γ) to f(l_1) and f from f(l_1) to f(l_2) =3D F i(γ) steers In(γ) to F i(γ)

ON THE MINIMUM TIME PROBLEM ON SO(3) 3

in the same time as γ does. We finally try to show that the trajectory γ̄ is not optimal and so γ is not optimal either.

(T 2): Embedding of γ in a one-parameter family of trajectories steering In(γ) to F i(γ) (cf. [6]). Then we try to show that there exists a trajectory of the family steering In(γ) to F i(γ) in a smaller time than γ does.

(T 3): Replacing of some interior piece of γ by another one and then trying to show that the time duration along the new trajectory γ^′ is smaller than the one along γ.

The organization and presentation of the computations lead to consider two parameters c_+ and c_− defined by:

c_+ :=3D

1 + ρ a^2 + ρ c_− :=3D

1 − ρ a^2 − ρ

, (3)

where a =3D ‖f_2‖. The pair of parameters (c_+, c_− ) belongs to an open region R defined by 0 ≤ |c_− | < c_+ < 1 together with the boundary point P :=3D (1, 1). Note that for ‖f_1‖ =3D ‖f_2‖, the corresponding pair (c_+, c_− ) is equal to P , whatever α ∈ (0,^π_2 ]. In the sequel we refer to (c_+, c_− ) =3D P as the degenerate case and to (c_+, c_− ) ∈ R as the general case.

The most technical part of the work will focus on getting an upper bound on the number of switchings of an oscillatory bang-bang trajectory, i.e. with switchings alternating between u_1 and u_2. Depending on the values of those two parameters in R, we use alternatively just one of the techniques or a combination of them in order to exclude from optimality oscillatory bang-bang trajectories with four switchings. The region R is then divided in subregions where some technique (or a combination of them) provides the desired upper bound. We end up finding a finite number of three-parameters families of trajectories whose union is sufficient for optimality.

The paper is organized as follows: Section 2 covers the definitions and notations used throughout the paper. In addition, we provide the basic properties of optimal trajectories. In Section 3, we start the classification of optimal trajectories by characterizing the singular and bang optimal trajectories, the relations between the times of the interior bangs and finally by providing the structure of all optimal trajectories except the oscillatory optimal trajectories. Section 4 is devoted to the presentation and application of the techniques (T i), i =3D 1, 2, 3 in order to show that any oscillatory bang-bang trajectories with four switchings is not optimal. We gather in Section 5 all the results and provide the three-parameters families of trajectories whose union is sufficient for optimality.

2. Notations and Basic Properties of Optimal Trajectories. We recall that the Lie algebra (so(3), [., .]) is isomorphic to the Lie algebra (R^3, ×) where × denotes the vector product. This isomorphism is realized by the map:

ϕ : so(3) → R^3 (4) ϕ 0 c −b −c 0 a b −a 0 =3D a b c .

This isomorphism provides an inner product on so(3):

< Z_1, Z_2 >:=3D< ϕ(Z_1), ϕ(Z_2) >,

4 UGO BOSCAIN AND YACINE CHITOUR

where Z_1, Z_2 ∈ so(3) and the symbol < ., . > in the right hand side stands for the Euclidean inner product of R^3. With this definition it follows that:

< Z_1, Z_2 >:=3D 1 2 T r(Z_1Z^t_2),

where Z^t denotes the transposed of the matrix Z ∈ so(3). In the following, ‖Z‖ :=3D √ < Z, Z > and Id_3 is the 3 × 3 identity matrix. We will sometimes consider the 2 × 2 matrix corresponding to the planar rotation of angle β and we use R_β to denote it.

Here we consider the time-optimal problem of the control system Σ given by: ẋ =3D x(u_1f_1 + u_2f_2), (5) where x ∈ SO(3), |u_i| ≤ 1 and f_i ∈ so(3) are left invariant vector fields (acting on the right) on SO(3). In the sequel we always assume that f_1 and f_2 are linearly independent in the sense that ϕ(f_1) and ϕ(f_2) are not collinear.

Let us use h to denote the Lie bracket of f_1 and f_2: h :=3D [f_1, f_2] =3D f_1f_2 − f_2f_1. (6) Up to time-reparameterization, we can always assume that ‖f_1‖ =3D 1. Since the control problem is invariant by the transformation f_1 → −f_1, we can assume that the non-oriented angle between f_1 and f_2 is α ∈ (0, π/3D2]. Finally we orient R^3 so that the oriented (counterclockwise) angle between f_1 and f_2 is indeed α. Let a :=3D ‖f_2‖ and:

ρ :=3D f_1 · f_2 =3D a cos α. Define:

X_+ :=3D f_1 + f_2, X_− :=3D f_1 − f_2, Γ_+; =3D ‖X_+‖, Γ_− :=3D ‖X_− ‖. We have: Γ_ε =3D √ a^2 + 1 + 2ερ, where ε assumes the values +1 (or simply “+”) and −1 (or simply “−”). We will use this notation throughout all the paper.

For a vector field Z ∈ so(3), we use the exponential e^{tZ} to denote the flow of Z, acting on the right, so that t → pe^{tZ} ∈ SO(3) is the integral curve of Z starting at p at time 0. Since Z is linear, we have e^{tZ} =3D

∑_∞

n=3D0

(Zt)^n

n! .

We use ad_Z to denote the operator W → [Z, W ], acting on vector fields. If Z, W are vector fields, we define e^t ad^Z (W ) :=3D e^{tZ} W e^{−tZ} . From the Lie bracket relations between f_1, f_2, h one gets:

e^t ad^{Xε} (f_1) =3D x_ε + c_ε 1 + c_ε f_1 + ε c_ε 1 + c_ε

(1 − x_ε)f_2 − ε sin Γ_εt Γ_ε h, (7)

e^t ad^{Xε} (f_2) =3D ε

1 − x_ε 1 + c_ε f_1 +

1 + c_εx_ε 1 + c_ε f_2 + sin Γ_εt Γ_ε h, (8)

e^t ad^{Xε} (h) =3D ε(a^2 + ερ) sin Γ_εt Γ_ε f_1 − (1 + ερ) sin Γ_εt

Γ_ε f_2 + (cos Γ_εt), h, (9)

e^t ad^{Xε} (X_{−ε} ) =3D (cos Γ_εt)X_{−ε} − (a^2 − 1)

1 − cos Γ_εt Γ^2_ε

X_ε − 2ε sin Γ_εt Γ_ε h, (10)

e^{tXε} =3D Id_3 + sin Γ_εt

Γ_ε

X_ε +

1 − cos Γ_εt Γ^2_ε

X^2_ε , (11)

ON THE MINIMUM TIME PROBLEM ON SO(3) 5

where we set x_ε :=3D cos Γ_εt. We will sometimes use the notations x =3D cos Γ_− t and y =3D cos Γ_+t. Recall that the parameters c_ε were defined in (3). We also introduce:

k :=3D

Γ_+(a^2 − ρ) Γ_− (a^2 + ρ) =3D Γ_− (1 + c_+) Γ_+(1 + c_− )

. (12)

Remark 1. To get relations (7) and (8), one can use the orthonormal generators of so(3) obtained in the following way. Define f̄_1 to be a unitary vector lying in the plane defined by f_1, and f_2, orthogonal to f_1 and such that f̄_1 · f_2 ≥ 0. Let h̄ :=3D [f_1, f̄_1]; we have:

[f̄_1, h̄] =3D f_1, [h̄, f_1] =3D̄f_1, h̄ =3D [f_1, f̄_1], (13) and (f_1, f̄_1, h̄) are orthonormal. Useful relations are:

h =3D [f_1, f_2] =3D a sin(α)h̄, [f_2, h] =3D a^2f_1 − ρf_2, [h, f_1] =3D −ρf_1 + f_2. To get (11) we used the relation X^3_ε =3D −Γ^2_εX_ε that one can prove as follows. By Cayley–Hamilton, we have X^3_ε =3D a_1X^2_ε + a_2X_ε + a_3Id_3. Since X^3_ε − a_2X_ε is skew symmetric and a_1X^2_ε + a_3Id is symmetric, the previous relation reduce to X^3_ε =3D a_2X_ε. Defining M :=3D X_εX^t_ε =3D −X^2_ε , we get M^2 + a_2M =3D 0. Since M is symmetric, positive semidefinite and rank(M) =3D 2 (rank(M) =3D rank(X_ε) and X_ε ≠3D 0), it is diagonalizable with eigenvalues (0, −a_2, −a_2), so we have −2a_2 =3D T r(M) =3D T r(XX^t). It follows a_2 =3D −Γ^2_ε.

Remark 2. As said previously, the parameters c_+ and c_− belong to the open region R given by 0 ≤ |c_− | < c_+ < 1 together with P =3D (1, 1). Note that, for every point (c_+, c_− ) of R, there exists a pair (a, α) ∈ (1, ∞) × (0, π/3D2] such that (3) holds.

2.1. The Pontryagin Maximum Principle and existence of optimal trajectories. In the rest of the paper, optimality means time-optimality. We say that a control system is complete, if for every measurable control function η : [a, b] → U and every initial state p there exists a trajectory γ for η which is defined on the whole interval [a, b] and satisfies γ(a) =3D p. Since SO(3) is compact and connected, the system (5) is complete. Note that (f_1, f_2) satisfies the Strong Bracket Generating Condition (cf. [3]) and the control set is compact and convex. Then, (cf. for instance [6]):

Proposition 1. For each pair of points p and q belonging to SO(3), there exists a time optimal trajectory joining p to q.

Moreover, thanks to the symmetries of the control set, the control system Σ is symmetric in the sense that every trajectory run backwards in time is also an admissible trajectory of Σ.

Define the following real-valued map on T^∗ SO(3) × [−1, 1]^2, called Hamiltonian, H(λ, x, u) :=3D< λ, x(u_1f_1 + u_2f_2) > .

Set:

H(p, x) =3D min

v∈[−1,1]^2

H(p, x, v). (14)

The Pontryagin Maximum Principle [2] asserts that, if γ : [a, b] → SO(3) is a time optimal trajectory corresponding to a control u : [a, b] → [−1, 1]^2, then there exist a nontrivial field of covectors along γ, that is an absolutely continuous function λ : t ∈ [a, b] → λ(t) ∈ T^∗_{γ(t)} SO(3) ∼ so(3) never vanishing, and a constant λ_0 ≥ 0 such that:

6 UGO BOSCAIN AND YACINE CHITOUR

i): λ̇(t) =3D −^{∂H}_{∂x} (λ(t), γ(t), u(t)), ii): H(γ(t), λ(t), u(t)) + λ_0 =3D 0 for a.e. t ∈ Dom(γ), iii): H(γ(t), λ(t), u(t)) =3D H(γ(t), λ(t)) for a.e. t ∈ Dom(γ). In this case we say that the pair (γ, λ) is extremal. Moreover, if λ_0 =3D 0 then we say that (γ, λ) is an abnormal extremal. If γ is optimal we say that the pair (γ, λ) is optimal.

Since the system (5) is subject to the Strong Bracket Generating Condition (cf. [3]), there is no nontrivial abnormal extremals i.e. for every nontrivial extremal trajectory we have λ_0 ≠3D 0. In the following we always normalize λ_0 =3D 1.

2.2. Notations for Trajectories and Switching functions. Let us introduce some notations to describe different types of controls. Let:

V :=3D {(−1, −1), (−1, 1), (1, −1), (1, 1)},

be the set of vertices of [−1, 1]^2. A control η : [a, b] → [−1, 1]^2 is said to be bangbang if η(t) ∈ V a. e. in [a, b]. Moreover if η(t) ∈ V and η(t) is constant for almost every t ∈ [a, b] then η is called a bang control. A switching time of η is a time t ∈ [a, b] such that for each for every ε > 0, η is not bang on (t − ε, t + ε) ∪ [a, b]. A control with a finite number of switchings is called regular bang-bang. A trajectory of Σ is a bang trajectory, bang-bang trajectory, regular bang-bang trajectory respectively, if it corresponds to a bang control, bang-bang control, regular bangbang control respectively. If η(.) =3D (u_1(.), u_2(.)), with Dom(η) =3D [a, b], then a u_i–switching time is a time t ∈ [a, b] for which u_i is neither a.e. equal to 1 nor a.e. equal to -1 on any interval of the form (t − ε, t + ε) ∩ [a, b] for each ε > 0.

We define the switching functions:

φ_1 :=3D < λ, xf_1 >, φ_2 :=3D < λ, xf_2 >, φ_3 :=3D < λ, xh >,

as the Hamiltonian functions associated to the vector fields f_i and h (cf. Jurdjevic [1]). The switching functions are important because they determine where the controls may switch. Using the PMP one easily gets that a necessary condition for a time t to be a u_i-switching is that φ_i(t) =3D 0, i =3D 1, 2. Therefore on any interval where both φ_1 and φ_2 have no zeros (respectively finitely many zeros) the corresponding control is bang (respectively bang-bang). On the other hand if φ_i has a zero at t and φ̇_i(t) exists and it is different from zero then t is an isolated u_i-switching.

A trajectory γ of Σ defined on [c, d] admitting an extremal lift Γ is said to be u_i-singular if the switching functions φ_i vanishes on [c, d]. From the fact that there are not nontrivial abnormal extremals one easily gets that there are no trajectories that are both u_1-singular and u_2-singular.

In the sequel we will use the following convention. We use the letter B to refer to a bang trajectory and the letter S to refer a u_i–singular extremal trajectory. A concatenation of bang and singular trajectories will be labelled by the corresponding letter sequence, written in order from left to right. Sometimes, it is desirable

ON THE MINIMUM TIME PROBLEM ON SO(3) 7

to specify which is the component of the control that switches. For instance a Bu_1Bu_1Bu_2-trajectory has its first and second switchings with u_1 and its third with u_2. Sometimes we will use a subscript to indicate the duration of a trajectory so that, we use B_t to refer to a bang trajectory defined on an interval of length t and similarly S_t for a singular trajectory defined on an interval of length t. A bang-bang trajectory is said to be oscillatory if the switchings alternate between u_1 and u_2.

Using relation (11) one gets:

Proposition 2. Periodicity of X_ε: If an optimal trajectory γ is a bang trajectory of the form (±X_ε)_t , then t ≤ π/3DΓ_ε.

2.3. The Adjoint System and Two Invariants. Using the Lie bracket relations between f_1, f_2 and h, one gets that φ_1, φ_2, φ_3 satisfy a system of differential equations called the adjoint system and given by:

φ̇_1 =3D −u_2φ_3, (15) φ̇_2 =3D u_1φ_3, (16) φ̇_3 =3D (u_1ρ + a^2u_2)φ_1 − (u_1 + u_2ρ)φ_2. (17)

From the fact that H is constant along the extremal trajectories one immediately gets:

|φ_1(t)| + |φ_2(t)| =3D 1. (18)

Moreover if (γ, u, λ) is an extremal lift of Σ, then there exists K > 0 such that for every t in the domain of γ:

(ρφ_1 − φ_2)^2 + (a^2 − ρ^2)φ^2_1 + φ^2_3 =3D K^2. (19)

From (18), it follows K^2 =3D K^2(|φ_1(t)| + |φ_2(t)|)^2 and, depending on the sign of a − K, one can define three types of curves as next,

Type-A a > K: we get:

|φ_2| ( (a^2 − 1)|φ_2| + 2|φ_1|(a^2 + ερ) ) > φ^2_3. (20)

As a consequence, φ_2 is never zero along a trajectory of type-A. Therefore, such a trajectory has no u_2-switching;

Type-B a =3D K: then:

|φ_2| ( (a^2 − 1)|φ_2| + 2|φ_1|(a^2 + ερ) ) =3D φ^2_3. (21)

Along such a trajectory, φ_2 and φ_3 have the same zeros; Type-C a < K: we have:

(a^2 − 1)φ^2 + 2|φ_1φ_2|(a^2 + ερ) < φ^2_3, (22)

which implies that φ_3 is never zero.

8 UGO BOSCAIN AND YACINE CHITOUR

Fig. 2.1: curves of type A, B, C

There is a geometric interpretation of the above equations (see Figure 2.1). Let (γ, λ) be a normal extremal lift of the time-optimal control problem. Then the adjoint vector λ with coordinates (φ_i)_{i=3D1,2,3}is the intersection of the cylinder defined by equation (18) and the ellipsoid defined by equation (19).

We have the next lemma:

ON THE MINIMUM TIME PROBLEM ON SO(3) 9

Lemma 1. Assume that γ is a time-optimal bang-bang trajectory. If γ has two consecutive u_1-switchings, it is either of type-A and then there is no u_2-switching along γ or it is of type-B. In particular, a bang-bang normal extremal of type-A with three switchings u_1, u_1, u_2 or u_2, u_1, u_1 cannot be optimal.

Proof of Lemma 1. There exist t_0 < t_1 such that φ_1(t_0) =3D φ_1(t_1) =3D 0 and |φ_2| ≥ 0 on [t_0, t_1]. Since |u_2| =3D 1, there exists by Rolle’s theorem some t_2 ∈ [t_0, t_1] such that φ_3(t_2) =3D 0. Then type-C is excluded. If φ_2(t_2) ≠3D 0, γ has to be of type-A and, thanks to (20), |φ_2| > 0 along γ. If φ_2(t_2) =3D 0, γ is of type-B.

3. Classification of optimal trajectories. In this section, we investigate the structure of optimal trajectories by analyzing the normal extremal flow defined in (15)-(17) subject to (18) and (19). We will characterize the inputs corresponding to a singular arc in an optimal trajectory, determine when a bang-bang trajectory is oscillatory or not and establish basic relations between the interior bang times.

3.1. On the oscillation of switchings for optimal bang-bang trajectories. We need another proposition regarding bang-bang optimal trajectories.

Proposition 3. Assume that γ is an optimal bang-bang trajectory. Then, (i): if ρ ≤ 1, γ is oscillatory;

(ii): if ρ > 1, γ is either oscillatory or it has at most two consecutive u_1- switchings and on the bang arc between the two u_1-switchings, u_1u_2 =3D −1.

Proof of Proposition 3: Consider t_0 < t_1 such that φ_1(t_0)φ_2(t_0) =3D φ_1(t_1)φ_2(t_1) =3D 0, φ_1φ_2 keeps a constant sign on the interval (t_0, t_1) with the possibility of being equal to zero only at a finite number of points. Define ε as the constant value (1 or −1) of u_1u_2 on (t_0, t_1) and consider V_ε :=3D (ξ_ε, Γ_εφ_3)^T , where ξ_ε :=3D φ̇_3. According to Proposition 2 we may assume that 0 < t_1 − t_0 ≤^π_{Γ ε} . We also have:

ξ_ε(t) =3D ε(a^2 + ερ)|φ_1| − (ε + ρ)|φ_2|.

More generally, one can define ε :=3D u_1u_2 along a bang-bang trajectory as a piecewise constant function with values in {−1, 0, 1} and V_ε as a piecewise C^1 vector-valued function. On the complement of the switching times, we have:

V̇_ε =3D Γ_ε ( 0 −1 1 0 ) V_ε. (23)

Set V_{t0} :=3D lim_{t→t}+_0 V_ε(t) with first coordinate ξ_{t0} and V_{t1} =3D lim_{t→t}−_1 V_ε(t) with first coordinate ξ_{t1} . We have V_ε(t) =3D R_{Γ ε(t−t 0)}V_{t0} , φ_1φ̇_1 =3D −εφ_3|φ_1| and φ_2φ̇_2 =3D εφ_3|φ_2|. In particular V_{t1} =3D R_{Γ ε(t1−t 0)}V_{t0} .

Let us first show that γ cannot have two consecutive u_2-switchings at t_0 and t_1. Assume the contrary. Then, φ_2(t_0) =3D φ_2(t_1) =3D 0 and φ_1 has a constant sign on [t_0, t_1] with the possibility of being equal to zero only at a finite number of points. We also have:

ξ_{t0} =3D ξ_{t1} =3D ε(a^2 + ερ) ≠3D 0, lim_{t→t}+_0 φ_1φ̇_1 ≤ 0 and lim_{t→t}−_1 φ_1φ̇_1 ≥ 0, since |φ_1| admits a maximum in t_0 and t_1 and γ admits a bang arc on (t_0, t_1). Then V_{t0} and V_{t1} are symmetric with respect to the ξ-axis, the coordinates of V_{t0} have the same sign and the coordinates of V_{t1} have opposite sign. We then get that Γ_ε(t_1 − t_0) > π (see the following picture), which is impossible.

10 UGO BOSCAIN AND YACINE CHITOUR

Fig. 3.1 Next, we show that γ may have two consecutive u_1-switchings at t_0 and t_1, only if ρ > 1 and ε =3D −1. For that purpose, assume that φ_1(t_0) =3D φ_1(t_1) =3D 0, φ_2 has a constant sign on [t_0, t_1] with the possibility of being equal to zero only at a finite number of points. We also have:

ξ_{t0} =3D ξ_{t1} =3D −ε(1 + ρε),

lim_{t→t}+_0 φ_2φ̇_2 ≤ 0 and lim_{t→t}−_1 φ_2φ̇_2 ≥ 0, since |φ_2| admits a maximum in t_0 and t_1.

If ε =3D 1, the same reasoning as above works since 1 + ρε ≠3D 0 and the coordinates of V_{t0} have the same sign and the coordinates of V_{t1} have opposite sign. We again have that Γ_ε(t_1 − t_0) > π and then reach a contradiction. In this case, there cannot be two consecutive u_1-switchings.

Assume now that ε =3D −1. The discussion splits in three subcases ρ < 1: same reasoning as before, and we get that there cannot be two consecutive u_1-switchings;

ρ =3D 1: we have ξ_{t0} =3D ξ_{t1} =3D 0. Recall that V_{t1} cannot be identically equal to zero (otherwise φ_2 ≡ 0, impossible) and, since ‖V_{t0} ‖ =3D ‖V_{t1} ‖, φ_3(t_0) =3D φ_3(t_1) would imply that V_{t0} =3D V_{t1} and then Γ_− (t_1 − t_0) =3D 2π, which is again impossible. Therefore, φ_3(t_0) =3D −φ_3(t_1) ≠3D 0 and then Γ_− (t_1 − t_0) =3D π. The trajectory γ contains the piece γ^′ :=3D e^{s(±X +)}e^{πΓ − (∓X − )}e^{s′(±X +)} with s, s^′ ≥ 0, and from the relation e^{− πΓ − X−} =3D e^{πΓ − X−} , we have γ^′ =3D e^{s(±X +)}e^{πΓ − (±X − )}e^{s′(±X +)}. Since γ^′ has two u_2-switchings, it cannot be optimal and therefore γ is not optimal;

ρ > 1: γ has two u_1-switchings but not a third one thanks to lemma 1. Note that ξ_{t0} =3D ξ_{t1} =3D −(ρ − 1) < 0 and φ_3(t_0) =3D −φ_3(t_1). This implies that φ_3(t_0) ≠3D 0 otherwise Γ_− (t_1 − t_0) =3D 2π.

Proposition 4. Every optimal trajectory of Σ is a finite concatenation of bang and singular arcs.

Proof of Proposition 4: Let γ : [a, b] → SO(3) be an optimal trajectory of Σ. For i =3D 1, 2, let S(φ_i) be the set of zeros of φ_i such that if t ∈ S(φ_i), then φ_i does not vanish identically in some neighborhood of t. Clearly, S(φ_1) ∪ S(φ_2) is the set of times t such that γ(t) is the junction of two bang arcs or the the junction of

ON THE MINIMUM TIME PROBLEM ON SO(3) 11

a singular arc and a bang arc. The conclusion follows if S(φ_1) ∪ S(φ_2) is finite. Reasoning by contradiction, then either S(φ_1) or S(φ_2) is infinite. Let S_0 be that set and S^′_0 the other one. Similarly let φ_0 and φ^′_0 be respectively the switching functions to which S_0 and S^′_0 are associated to. Clearly, S_0 has a limit point t̄. If t̄ does not belong to S_0, then φ_0 would vanish identically in a neighborhood of t̄, which would contradict the fact that t̄ is a limit point of S_0. Then, t̄ ∈ S_0. From |φ_0| + |φ^′_0| =3D 1, we get |φ^′_0(t̄)| =3D 1 and then |φ^′_0| > 0 on some open (in [a, b]) neighborhood N of t̄. This implies that φ̇_0 is continuous in N. By definition of S_0 and t̄, there exists a sequence (t_n) in N converging to t̄ such that φ_0(t_n) ≠3D 0. Pick n large enough, so that, if [t^′_n, t^{′′}_n] ⊂ N is the maximal subinterval containing t_n with φ_0 ≠3D 0 on (t^′_n, t^{′′}_n). Then φ_0(t^′_n) =3D φ_0(t^{′′}_n) =3D 0 and we may assume that 0 < t^{′′}_n − t^′_n < min(^π_{Γ 1} ,^π_{Γ −} ). Then γ is a bang arc on [t^′_n, t^{′′}_n]. By Proposition 3, we have φ_0 =3D φ_1, ρ > 1 and ε =3D −1. Note that φ̇_1 is continuous at t^′_n and t^{′′}_n and φ̇_1(t^′_n) =3D −φ̇_1(t^{′′}_n) ≠3D 0. That implies that t^′_n and t^{′′}_n are isolated zeros of φ_1 and then γ admits a bang arc for t < t^′_n and another bang arc for t > t^{′′}_n. If t^′_n and t^{′′}_n are both different from t̄, there would be at least three consecutive u_1-switchings, two of them at t^′_n and t^{′′}_n, which is not possible. But if t^′_n or t^{′′}_n is equal to t̄, then t̄ would be an isolated zero of φ_1, which is also impossible. We finally reached a contradiction and then Proposition 4 is proved.

3.2. Relations between the time durations corresponding to interior bang arcs along oscillatory bang-bang trajectories. Let γ be an oscillatory bangbang trajectory of the type:

Fig. 3.2 We show later that the study of all the other types of oscillatory bang-bang trajectory reduces to the present one.

We have:

φ_1(t_0) =3D φ_2(t_0 + t_1) =3D φ_1(t_0 + t_1 + t_2) =3D φ_2(t_0 + t_1 + t_2 + t_3) =3D 0. (24)

The three first equalities of equation (24) can be written as:

< λ(t_0 + t_1), p_2e^{t1adX−} (f_1) > =3D < λ(t_0 + t_1), p_2f_2 >=3D =3D < λ(t_0 + t_1), p_2e^{−t 2adX+} (f_1) >=3D 0, (25)

and, proceeding similarly for the three last equalities, we get:

< λ(t_0 + t_1 + t_2), p_3f_1 > =3D < λ(t_0 + t_1 + t_2), p_3e^{t2adX+} (f_2) >=3D =3D < λ(t_0 + t_1 + t_2), p_3e^{t3adX−} (f_2) >=3D 0. (26)

We need the following definition. If Z_1, Z_2, Z_3 are (possibly time-varying) vector fields of SO(3), the application q → q(Z_1 ∧ Z_2 ∧ Z_3) is the field of 3-vectors associated to the Z_i’s, where q(Z_1 ∧ Z_2 ∧ Z_3) is an element of

⋀_3 T_qSO(3), the 3-fold exterior power of T_qSO(3).

12 UGO BOSCAIN AND YACINE CHITOUR

We now rewrite equations (25) and (26) by using fields of 3-vectors. We firstly obtain:

f_2 ∧ e^{t1adX−} (f_1) ∧ e^{−t 2adX+} (f_1) =3D 0, (27) and secondly:

f_1 ∧ e^{t2adX+} (f_2) ∧ e^{t3adX−} (f_2) =3D 0. (28) Thanks to equations (7) and (8), (27) and (28) are equivalent to r(t_1, t_2, t_3)f_1 ∧f_2 ∧ h =3D 0 for appropriate real-valued functions r(t_1, t_2, t_3). We thus get r(t_1, t_2, t_3) =3D 0 and we transform these equalities to get the following relations between t_1, t_2 and t_3: k sin Γ_+t_2 sin Γ_− t_1 =3D cos Γ_+t_2 + c_+ cos Γ_− t_1 + c_−

, (29)

and: k sin Γ_+t_2 sin Γ_− t_3 =3D 1 + c_+ cos Γ_+t_2 1 + c_− cos Γ_− t_3

, (30)

where k was defined in (12). Define, for ε =3D −1, 1:

t̄_ε :=3Darccos(−c^ε) Γ_ε . Using the implicit function theorem, one can see that equations (29) and (30) are equivalent to t_2 :=3D δ(t_1) and t_3 :=3D η(t_2), where:

δ : [0, π Γ_−

] → [0, π Γ_+

], η : [0, π Γ_+

] → [0, π Γ_− ]. These functions are continuously differentiable, strictly increasing and satisfy: δ(t̄_− ) =3D̄t_+, η(t̄_+) =3D̄t_− .

The functions δ and η satisfy respectively the following o.d.e. obtained by differentiating equations (29) and (30):

δ̇(t) =3DΓ^{2−} (a^2 + ρ)

Γ^2_+(a^2 − ρ)

1 + c_− cos Γ_− t 1 + c_+ cos Γ_+δ(t)

( cos Γ_+δ(t) + c_+ cos Γ_− t + c_−

)_2

, (31)

and:

η̇(t) =3D k

Γ_+ Γ_− cos Γ_+t + c_+ cos Γ_− η(t) + c_−

( 1 + c_− cos Γ_− η(t) 1 + c_+ cos Γ_+t

)_2 . (32)

They realize bijections between their domains and their ranges. The following lemma establishes a key relation between δ and η, which will considerably simplifies all the subsequent computations, Lemma 2. With the notations above, we have η =3D δ^{−1} .

Proof of Lemma 2: It is enough to show that t_1 =3D t_3. First notice that since φ_2 has zeros, γ cannot be of type-A. We have φ_2(t_0) =3D 1 and simple computations show that:

φ_3(t_0) =3D φ_3(t_0 + t_1 + t_2) =3D √ K^2 − 1 > 0, φ_3(t_0 + t_1) =3D φ_3(t_0 + t_1 + t_2 + t_3) =3D √ K^2 − a^2 ≥ 0, and:

λ(t_0) =3D 0 1 √ K^2 − 1

, λ(t_0 + t_1) =3D −1 0 √ K^2 − a^2 ,

ON THE MINIMUM TIME PROBLEM ON SO(3) 13

λ(t_0 + t_1 + t_2) =3D 0 −1 √ K^2 − 1

, λ(t_0 + t_1 + t_2 + t_3) =3D 1 0 √ K^2 − a^2 . Let S be the symmetry of R^3 transforming (x_1, x_2, x_3) to (−x_1, −x_2, x_3). For t ∈ [0, t_1], define: ψ(t) :=3D S(λ(t_0 + t)).

Note that ψ(0) =3D λ(t_0 +t_1 +t_2). Then, on [0, min(t_1, t_3)], ψ(·) and λ(t_0 +t_1 +t_2 +·) satisfy the same Cauchy problem:

Ẏ =3D

0 0 −1 0 0 −1 a^2 − ρ 1 − ρ 0

Y, Y (0) =3D 0 −1 √ K^2 − 1 . Therefore they are identically equal on the whole interval [0, min(t_1, t_3)]. Since ψ(t_1) =3D λ(t_0 + t_1 + t_2 + t_3), it is easy to conclude that t_1 =3D t_3.

Corollary 1. For t ∈ [0,^π_{Γ −} ], we have:

(1 + c_− x_− )(x_+ + c_+) =3D (1 + c_+x_+)(x_− + c_− ), (33)

where x_− =3D cos(Γ_− t) and x_+ =3D cos(Γ_+δ(t)).

Proof of Corollary 1: By Lemma 2, we have η̇δ̇ =3D 1. Then the conclusion follows by multiplying equations (31) and (32). This leads to the following useful expression of x_− in terms of x_+, which is valid only when (c_+, c_− ) ∈ R:

x_− =3D c_+ − c_− + (1 − c_+c_− )x_+ 1 − c_+c_− + (c_+ − c_− )x_+

. (34)

In the case where (c_+, c_− ) =3D (1, 1), Lemma 2 is immediate since η̇δ̇ =3D 1 from (31) and (32), and equation (34) is a tautology. However, one gets a relation between x_+ and x_− directly from (29) by taking its square and simplifying. We get

k^2

1 − x_+ 1 − x_− =3D 1 + x_+ 1 + x_−

, (35) and x_− =3D

1 − k^2 + (1 + k^2)x_+ 1 + k^2 + (1 − k^2)x_+ . Remark 3. We can extend the functions δ and η as odd functions on [− t̄_− , t̄_− ] and [− t̄_+, t̄_+] respectively with the equations (31), (32) and (33) still holding. That procedure extends all the results of this section to oscillatory optimal trajectories with the same sequence of switchings as γ but starting with an (−X_+). Moreover, the cases where the first bang arc is (±X_− ) are actually treated previously since the trajectory obtained by reversing time can be seen as a piece of a trajectory starting with a (±X_+). The case where the sequence of switchings starts with a u_2-switching is also treated similarly since trajectories run backwards are still admissible.

We can refine Proposition 3 to show that:

Proposition 5. Along an optimal oscillatory trajectory, the time durations along an interior X_− arc and an interior X_+ arc respectively are less or equal than t̄_− and less or equal than t̄_+ respectively. In addition, along a Bu_1Bu_1Bu_2 trajectory, the time duration between the two consecutive u_1-switchings is equal to 2t̄_− and the time duration between the u_1-switching and the u_2-switchings is equal to t̄_+.

14 UGO BOSCAIN AND YACINE CHITOUR

Proof of Proposition 5: All the possible situations reduce to the study of two cases:

Case 1: we have an (X_− )_t arc with the sequence of switchings u_2, u_1; Case 2: we have an (X_− )_t arc with the sequence of switchings u_1, u_2.

We start with Case 1. Then we easily get:

λ(0) =3D 1 0 − √ K^2 − a^2

, λ(t) =3D 0 −1 − √ K^2 − 1 ,

and deduce that:

V_{t0} =3D ( −(a^2 − ρ) −Γ_− √ K^2 − a^2 ) , V_{t1} =3D ( 1 − ρ −Γ_− √ K^2 − 1 ) , V_{t1} =3D R_{Γ − t}V_{t0} .

Then 1 − ρ =3D −x(a^2 − ρ) + sin(Γ_− t)Γ_− √ K^2 − a^2, which implies that x + c_− =3D

sin(Γ_− t)Γ_− √ K^2−a^2 a^2−ρ ≥ 0.

We treat Case 2 similarly. We have then:

λ(0) =3D 0 −1 √ K^2 − 1

, λ(t) =3D 1 0 √ K^2 − a^2 ,

and deduce that:

V_{t0} =3D ( 1 − ρ Γ_− √ K^2 − 1 ) , V_{t1} =3D ( −(a^2 − ρ) Γ_− √ K^2 − a^2 ) , V_{t1} =3D R_{Γ − t}V_{t0} .

We multiply the first component of V_{t1} by x, the second one by sin(Γ_− t) and add the two equations. We again end up with x + c_− =3D^{sin(Γ − t)Γ −} √ K^2−a^2 a^2−ρ ≥ 0. Note

that equality can occur only along trajectories of type-B.

Assume now that we have a Bu_1Bu_1Bu_2 trajectory, let say γ =3D (−X_− )_{t1} (X_+)_{t2} . By lemma 1, γ is of type-B and then there exists t^′_1 ∈ (0, t_1) such that φ_2(t^′_1) =3D φ_3(t^′_1) =3D 0. The piece γ^′ of γ given by γ^′ =3D (−X_− )_{t1−t} ′_1 (X_+)_{t2} can be embedded into an oscillatory extremal trajectory Bu_2Bu_1Bu_2 that has to be of type-B. Then, by what preceds, we get t_1 − t^′_1 =3D̄t_− and t_2 =3D̄t_+. By proceeding similarly with (−X_− )_t′_1 , we get t^′_1 =3D̄t_− and conclude. Note also that if γ is a bang optimal trajectory of the type (±X_ε)_t, then it follows from the previous computations on conjugate points that t ≤ t̄_ε).

3.3. Optimal singular trajectories.

Proposition 6. Assume that an optimal trajectory contains a singular arc S_t, t > 0. Then,

(i): if S_t is u_1-singular, then S_t is the integral curve corresponding to the vector field ±S_1, where S_1 :=3D −ρf_1 + f_2. Note that S_t is admissible if and only if ρ ≤ 1;

(ii): if S_t is u_2-singular, then S_t is the integral curve corresponding to the vector field ±S_2, where S_2 :=3D f_1 −^ρ_{a2} f_2, which is always admissible.

We also have ‖S_1‖ =3D a sin α and ‖S_2‖ =3D sin α.

ON THE MINIMUM TIME PROBLEM ON SO(3) 15

Note that, for (i), K has to be equal to 1 and then this is a trajectory of type-A and for (ii), K =3D a, i.e. this is a trajectory of type-B.

Proof of Proposition 6. Assume that S_t is u_1-singular. Then φ_1 ≡ 0 along S_t and φ_2 =3D u_2 ≡ ε. From (16), we get φ_3 ≡ 0 and from (17), we obtain u_1 + ρu_2 =3D 0. Then (i) follows at once and similarly for (ii).

Lemma 3. Assume that an optimal trajectory contains the piece γ^′ :=3D S_sB_t, s, t > 0, with B_t an interior bang arc corresponding to X_ε. Then (c_+, c_− ) ∈ R, S has to be u_2-singular and t =3D̄t_ε.

Proof of Lemma 3: Let γ be the trajectory under consideration. It steers some point p_0 to p_0e^{sS} e^{tXε} . Assume that S =3D ±S_1. By optimality, we can associate a nontrivial covector λ to γ subject to the conclusion of the Pontryagin Maximum Principle, and then at the time s, we have φ_1(s) =3D φ_3(s) =3D 0, which can be written: < λ(s), p_1f_1 >=3D< λ(s), p_1h >=3D 0, where p_1 :=3D p_0e^{sS} . There is another switching occurring at time s + t. If it were a u_1-switching, we would have two consecutive u_1-switchings with φ_3 =3D 0 at the switching times. That would imply that Γ_− t =3D 2π, which is not possible (cf. the proof of Proposition 3). Then the switching occurring at time s+t is a u_2-switching. Therefore φ_2(t + s) =3D 0, which can be written < λ(s), p_1e^{tadXε} f_2 >=3D 0. Since λ(s) is not zero:

e^{tadXε} f_2 ∧ f_1 ∧ h =3D 0.

Using (8), one is left with 1 ± c_ε cos(Γ_εt) =3D 0, which is impossible unless (c_+, c_− ) =3D (1, 1) and t =3D^π_{Γ ε} . But, we have

e^{πΓ} ε^{ad(Xε)}(S_1) =3D εS_2.

Then γ^′ =3D S_sB π_{Γ ε} =3D Bπ_{Γ ε} (±εS_2). If ε =3D −1, γ^′ admits a covector with a switching time at^π_{Γ ε} where φ_1 and φ_2 are both zero, which is impossible. If ε =3D 1, γ^′ is also equal to B_− π_{Γ ε} (±εS_2) and again it admits a covector with a switching time where φ_1 and φ_2 are both zero. Therefore γ^′ and thus γ are not optimal. Since

e^{πΓ} ε^{ad(Xε)}(S_2) =3D S_1, the same conclusion holds if (c_+, c_− ) =3D (1, 1) and S =3D ±S_2.

Therefore (c_+, c_− ) ∈ R, S =3D ±S_2 and the switching occurring at time s + t is a u_1-switching. From the fact that φ_2(s) =3D φ_3(s) =3D 0 and φ_1(t + s) =3D 0, one gets as above that cos(Γ_+t) =3D −c_+ or cos(Γ_− t) =3D −c_− , i.e. t =3D̄t_ε.

Lemma 4. We assume that (c_+, c_− ) ∈ R. For every t > 0, t_1, t_2 ≥ 0, the trajectory γ_+ :=3D (X_+)_{t1} (S_2)_t(X_+)_{t2} is not optimal if t_1 + t_2 ≥^π_{Γ +} and the trajectory γ_− :=3D (X_− )_{t1} (S_2)_t(X_− )_{t2} is not optimal either if t_1 + t_2 ≥^π_{Γ −} .

Proof of Lemma 4: We start with γ_+. The terminal point of γ_+ can also be reached by the trajectory γ^′_+ defined by:

γ^′_+ :=3D (−X_+) π_{Γ + −t 1} ( ~S_2)_t(−X_+) π_{Γ + −t 2} ,

where ~S_2 :=3D e^{πΓ + ad(X+)}(S_2) =3D a_1f_1 + a_2f_2, with:

a_1 =3D 1 −

4(c_+ − c_− ) (1 + c_+)(2 − c_− − c_+)

< 1 and a_2 =3D 1 −

2(1 − c_+)(1 − c_− ) (1 + c_+)(2 − c_− − c_+)

< 1.

16 UGO BOSCAIN AND YACINE CHITOUR

Note that:

a_1 + 1 =3D

2(1 − c_+)(2 + c_+ + c_− ) (1 + c_+)(2 − c_− − c_+)

> 0 and a_2 + 1 =3D

2(1 − c^2_+ + 2c_+(1 − c_− )) (1 + c_+)(2 − c_− − c_+)

> 0.

Then A :=3D max(|a_1|, |a_2|) < 1. The time duration T (γ_+) along γ_+ is equal to t_1 + t_2 + t and the time duration T (γ^′_+) along γ^′_+ is equal to 2(^π_{Γ +} −^{t1+t2}_2 ) + At. We have:

T (γ_+) − T (γ^′_+) =3D (1 − A)t + 2(t_1 + t_2 − π Γ_+

) > 0.

Then γ_+ is not optimal.

We proceed similarly. Let ~S^′_2 the vector defined by: ~S^′_2 :=3D e^πΓ −^{ad(X− )}(S_2).

We have ~S^′_2 =3D a^′_1f_1 + a^′_2f_2, with:

a^′_1 =3D 1 −

4(1 − c_+) (1 + c_− )(2 − c_− − c_+)

< 1 and a^′_2 =3D 1 −

2(1 − c_+)(1 − c_− ) (1 + c_− )(2 − c_− − c_+)

< 1.

Note that

a^′_1 + 1 =3D

2(1 − c_− )(c_+ + c_− ) (1 + c_− )(2 − c_− − c_+)

> 0 and a^′_2 + 1 =3D

2(1 + 2c_− − c^2_− − 2c_− c_+) (1 + c_− )(2 − c_− − c_+)

> 0.

Note that A^′_2 :=3D 1+2c_− −c^2_− −2c_− c_+ =3D 1−c^2_− +2c_− (1−c_+) =3D 1+2c_− −c_− (2c_+ +c_− ). Then A^′_2 > 0 if c_− ≥ −^1_2 . If c_− < −^1_2 , A^′_2 > 1 − c^2_− + 2c_− (1 + c_− ) =3D (1 + c_− )^2 > 0. Therefore, A^′ :=3D max(|a^′_1|, |a^′_2|) < 1. From that and t_1 + t_2 ≥^π_{Γ −} , we conclude as before that the time duration along: (X_− ) π_{Γ − −t 1} ( ~S^′_2)_t(X_− ) π_{Γ − −t 2} ,

is less than T (γ_− ) and then γ_− is not optimal. Lemma 5. For every t ≥ 0, we have:

e^{tS2} e^{t̄+X+} e^{− t̄− X−} =3D e^{t̄+X+} e^{− t̄− X−} e^{−tS 2} . (36)

Proof of Lemma 5: Let γ(t) :=3D e^{tS2} e^{t̄+X+} e^{− t̄− X−} e^{tS2} . It is enough to show that dγ dt =3D 0. Indeed: dγ dt =3D e^{tS2} e^{t̄+X+} R(t)e^{− t̄− X−} e^{tS2} ,

where R(t) :=3D e^{− t̄+ad(X+)}(S_2) + e^{− t̄− ad(X− )}(S_2). Using equations (7) and (8), one immediately gets that R(t) ≡ 0 and the lemma is proved.

3.4. Useful expressions. We need to consider relations useful for the next section. Here x =3D cos(Γ_− t) and y =3D cos(Γ_+t). Equation (27) says that, at the point p_2, the vector fields f_2, e^{tadX−} (f_1) and e^{−δ(t)adX +} (f_1) are linearly dependent. Then there exist μ, ν ∈ R such that:

p_2e^{−δ(t)adX +} (f_1) =3D μp_2e^{tadX−} (f_1) + νp_2f_2. One gets, for t ∈ (−^π_{Γ +} ,^π_{Γ +} ], that:

μ =3D e^{−δ(t)adX +} (f_1) ∧ f_2 ∧ h

e^{tadX−} (f_1) ∧ f_2 ∧ h

, ν =3D e^{−δ(t)adX +} (f_1) ∧ e^{tadX−} (f_1) ∧ h f_2 ∧ e^{tadX−} (f_1) ∧ h .

ON THE MINIMUM TIME PROBLEM ON SO(3) 17

One deduces that:

μ =3Ḋδ =3D

1 + c_− 1 + c_+ y + c_+ x + c_−

, ν =3D c_+ 1 + c_+

(1 − y) + c_− 1 + c_−

(1 − x)μ. (37)

Similarly, from equation (28), we get: p_3e^{tadX−} (f_2) =3D βp_3e^{δ(t)adX+} (f_2) + σp_3f_1, with: β =3D 1 μ , σ =3D −

( 1 − x 1 + c_− + 1 − y 1 + c_+ β ) . (38)

Finally in terms of x and y, formula (34) becomes, when (c_+, c_− ) ∈ R:

x =3D c_+ − c_− + (1 − c_+c_− )y 1 − c_+c_− + (c_+ − c_− )y

, (39)

and, when (c_+, c_− ) =3D (1, 1):

x =3D

1 − k^2 + (1 + k^2)y 1 + k^2 + (1 − k^2)y . 4. Bound on the Number of Bang Arc for Oscillatory Trajectories. The purpose of this section is to prove the following theorem and proposition: Theorem 2. A time-optimal oscillatory trajectory has at most three switchings. Proposition 7. Assume that (c_+, c_− ) ∈ R. The trajectory of type-B (∓X_− )_2¯_{t−} (±X_+)¯_{t+} is not time-optimal.

We will prove the theorem considering an oscillatory trajectory of the type: (X_+)_s(−X_− )_t(−X_+)_{δ(t)}(X_− )_t.

All the other cases are either equivalent or similar.

The theorem will follow if we show that the trajectory γ given by: p =3D p_0e^{sX+} e^{−tX −} e^{−δ(t)X +} e^{tX−} , (40) is not time-optimal (see Fig. 4.1 ).

Fig. 4.1 Here s ≥ 0 and, by Proposition 5, it is enough to assume t ∈ (0, t̄_− ].

In subsection 4.1 we apply the envelope theory to an oscillatory trajectory with 4 bangs. We find a condition between c_+, c_− and t (the time of the second bang arc) under which a trajectory of this type cannot be optimal (see Lemma 6).

In subsection 4.2, using a one parameter variation technique, we find another condition for the same trajectory not to be optimal (see Lemma 7).

In subsection 4.3, using conditions given by Lemmas 6, 7, and Proposition 5, we prove Theorem 2 and all these results are illustrated in Figure 4.3.

Finally, in subsection 4.4, we prove proposition 7

18 UGO BOSCAIN AND YACINE CHITOUR

4.1. Envelope Theory for 4 Bangs. Let γ be defined in (40). Let us describe briefly the technique of envelope. We begin with a “variation” of γ by constructing a one-parameter family Γ =3D {γ_τ : τ ∈ [c, d]} of normal extremals starting at p_0 at time 0 such that γ_d =3D γ. We then show that the curve ξ : τ ∈ [c, d] → T erm(γ_τ ) is an envelope of Γ such that ξ(d) =3D p, so that the concatenation γ̄ of γ_c from p_0 to ξ(c) and from ξ(c) to p reaches p̄ from p_0 in the same time as γ does. We finally manage to prove that such a γ̄ is not optimal, so γ is not optimal either. We give the details of the proof in the following. First we want to construct a family of normal extremals with the fixed initial state p_0 and the fixed initial time 0 such that γ is embedded in this family. Recall that we have only to treat the case t ∈]0, t̄_− ]. If (c_+, c_− ) =3D (1, 1), we may even assume that t <t̄_− =3D^π_{Γ −} since, using e^{t̄εadXε} (X_{−ε} =3D −X_{−ε} , we can prove that γ is not optimal.

Let D ⊂ R^2 be a small disc centered at (s, t) such that if (a, b) ∈ D, then 0 < a <^π_{Γ +} , 0 < b < t̄_− and consider the following family of extremal trajectories: T =3D {γ_{a,b} : (a, b) ∈ D, γ is a trajectory of the form (X_+)_a(−X_− )_b(−X_+)_{δ(b)}(X_− )_b starting from p_0}.

The terminal state of γ_{a,b} is:

q(a, b) =3D p_0e^{aX+} e^{−bX −} e^{−δ(b)X +} e^{bX−} =3D p̃e^{−δ(b)X +} e^{bX−} , (41) where we have defined p̃ :=3D p_0e^{aX+} e^{−bX −} . We would like to construct a nowhere vanishing smooth vector field E on D such that if ζ : [c, d] → D is an integral curve of E, then q(ζ(.)) is a trajectory of (5). This is equivalent to finding two smooth functions e_1 and e_2 such that:

E(a, b) =3D e_1(a, b) ∂ ∂a + e_2(a, b) ∂ ∂b , (42)

and dq(E)(a, b), the differential dq of q acting at the tangent vector E(a, b) is a linear combination of the vectors q(a, b)X_+ and q(a, b)X_− . We have:

dq(E)(a, b) =3D e_1(a, b) ∂q ∂a + e_2(a, b) ∂q ∂b =3D p̃C(e_1, e_2)e^{−δ(b)X +} e^{bX−} , (43)

where:

C(e_1, e_2) =3D (e_1 + e_2μ)e^b ad^{X−} (X_+) + e_2(μ − ν − 1)X_− + (ν − 1 − δ̇)e_2X_+. (44) Assume that dq(E)(a, b) =3D q(a, b)(A_+X_+ + A_− X_− ). Then we have the relation:

dq(E)(a, b) =3D p̃D(A_+, A_− )e^{−δ(b)X +} e^{bX−} , (45) where one easily checks that:

D(A_+, A_− ) =3D [A_+μ(1 + σ) + A_− μ] e^b ad^{X+} (X_− ) + [A_+((1 + σ)(μ − ν) − β) + A_− (μ − ν)] X_− + [A_+((1 + σ)ν + (β − 1)) + A_− (ν − 1)] X_+. (46)

Since Γ_− b < π, we have that e^b ad^{X−} (X_+) ∧ X_− ∧ X_+ =3D −2^{sin Γ − b}_{Γ −} h ∧ X_− ∧ X_+ ≠3D 0 and we get:

e_1 + e_2μ =3D A_+[μ(1 + σ)] + A_− μ, e_2(μ − ν − 1) =3D A_+[(1 + σ)(μ − ν) − β] + A_− (μ − ν), e_2[ν − 1 − δ̇] =3D A_+[(1 + σ)ν + (β − 1)] + A_− (ν − 1).

ON THE MINIMUM TIME PROBLEM ON SO(3) 19

If we take A_+ =3D 1 and we use the relatioṅδ =3D μ (see formula (37)), then we obtain the system of linear equations:

M U =3D μ(1 + σ) (1 + σ)(μ − ν) − β (1 + σ)ν + (β − 1) , where:

M =3D

1 μ −μ 0 μ − ν − 1 −(μ − ν) 0 ν − 1 − μ −(ν − 1) and U =3D e_1 e_2 A_− . (47) The determinant of M is:

Δ =3D ν − 1 − (μ − ν)μ =3D 2μ 1 + c_−

[c_− (1 − x_− ) − (1 + c_− x_− )μ], (48)

where to get the last expression we have used formulas (37). We have then:

A_− =3D N Δ where:

N =3D (μ − ν + 1)[(1 + σ)(μ − ν) − β] + (μ − ν − 1)[(1 + σ)ν + β − 1]. (49) We recall that x =3D cos(Γ_− t) and y =3D cos(Γ_+δ(t)). We first assume that (c_+, c_− ) ∈ R. Expressing μ, ν, β, σ with formulas (37), (38) and x as a function of y with formula (39) we have that:

Δ =3D −2 (1 + c_+)^2(1 − c_− )

P_Δ (y),

N =3D

−4(1 − y) (1 + c^2_+)(1 − c_+c_− + (c_+ − c_− )y)

P_N (y),

where:

P_Δ (y) =3D 1 − c_− − c_+c_− + c^2_+c_− + y (2c_+(1 − c_+c_− )) + y^2c_+(c_+ − c_− ), (50) P_N (y) =3D 1 + c^2_+ + c^3_+ − c_− − c_+c_− − c^3_+c_− + yc_+(3 + c_+ − c_− − 3c_+c_− ) + y^2c_+(c_+ − c_− ). (51) Finally:

A_− =3D

2(1 − y)(1 − c_− ) 1 − c_+c_− + (c_+ − c_− )y

P_N (y) P_Δ (y)

. (52)

Notice that since^{1−c +c−}_{c+−c −} > 1 we have:

1 − c_+c_− + (c_+ − c_− )y =3D (c_+ − c_− )[y +

1 − c_+c_− c_+ − c_−

] > 0 for y ∈ [−1, 1]. (53)

We now assume that (c_+, c_− ) =3D (1, 1). Then equations (48) and (49) become by using (37), (38),

Δ =3D −2

1 + y 1 + x

(x + y) and N =3D −(1 − y)(1 + 2x + y).

20 UGO BOSCAIN AND YACINE CHITOUR

Then A_− =3D^{(1−y)(1+x)}_{2(1+y)}^{1+2x+y}_{x+y} . Assume now that A_− > 0 (i.e.^{1+2x+y}_{x+y} > 0 if (c_+, c_− ) =3D (1, 1) and^{PN (y)}_{PΔ (y)} > 0 if (c_+, c_− ) ∈ R). We have then A_− (b) > 0. Set:

Ā_− =3DA^−

1 + A_−

, Ā_+ =3D 1 1 + A_− . Then Ā_− + Ā_+ =3D 1 and̄A_+ − Ā_− =3D^{1−A −}_{1+A−} ∈ (−1, 1). Thus we can write:

dq(E)(a, b) =3D q(a, b)(Ā_− X_− + Ā_+X_+) =3D q(a, b)[f_1 + (Ā_+ − Ā_− )f_2] =3D q(a, b)Z,

that is for any integral curve ζ : [c, d] → D of the vector field E, q(ζ(.)) is an integral curve of the vector field:

Z :=3D f_1 + (Ā_+ − Ā_− )f_2, (54)

and it is an admissible curve with inputs (1, Ā_+ − Ā_− ). For a small ε > 0, let ζ : [−ε, 0] → D be the integral curve of E such that ζ(0) =3D (s, t). For each τ ∈ [−ε, 0], we write ζ(τ) =3D (a(τ), b(τ)), and let γ_{a(τ),b(τ)} be the extremal trajectory starting at p_0 at time 0, of the following type:

(X_+)_{a(τ)}(−X_− )_{b(τ)}(−X_+)_{δ(b(τ))}(X_− )_{b(τ)}.

We now want to construct an envelope of the family of extremals Γ. Let ξ : [−ε, 0] → SO(3) be defined by ξ(τ) =3D q(ζ(τ)) for all τ ∈ [−ε, 0]. Then ξ(0) =3D q(s, t) =3D p, the terminal state of the trajectory γ. Let γ_τ be the concatenation of γ_{a(τ),b(τ)} which goes from p_0 to q(ζ(τ)) and ξ from q(ζ(τ)) to p in time a(τ) + 2b(τ) + δ(b(τ)) − τ. It is easily seen that ξ : τ ∈ [−ε, 0] → q(ζ(τ)) =3D γ_{a(τ),b(τ)} (T_τ ) where T_τ =3D a(τ) + 2b(τ) + δ(b(τ)), is an envelope of the family of extremals Γ, because:

(i): Γ is differentiable on [−ε, 0], (ii): ξ is a trajectory of the system Σ corresponding to the control η̄ =3D (1,Ā_+ − Ā_− ), (iii): the identity:

H(λ_τ (T_τ ), γ_{a(τ),b(τ)} (T_τ ), η_τ (T_τ )) =3D φ_1(T_τ ) =3D H(λ_τ (T_τ ), γ_{a(τ),b(τ)} (T_τ ),η̄(τ)),

holds for all τ ∈ [−ε, 0], where η_τ is the corresponding control for γ_{a(τ),b(τ)} . Therefore by the general result of the theory of Envelopes (cf. [4]), the time along the trajectory γ_{−ε} is exactly the same as the time along γ =3D γ_{s,t}.

We now want to prove non-optimality of γ. It is clear that the trajectory γ_{−ε} steers p_0 to p in time T (γ) =3D s + 2t + δ(t). Thus γ_{−ε} is optimal as γ is. Notice that since ξ̇(τ) =3D ξ(τ)(f_1 + (Ā_+(b(τ)) − Ā_− (b(τ)))f_2) it follows that ξ is a trajectory of Σ corresponding to the u_2-singular control (1, Ā_+(b(τ)) − Ā_− (b(τ))). Thus γ_{−ε} is a concatenation of a bang-bang trajectory with three switchings and a u_2-singular extremal.

By Lemma 3 we reach a contradiction in the case x ≠3D −c_− (that is b ≠3D̄t_− where t̄_− is defined by cos Γ_− t̄_− =3D −c_− ). In the case b =3D̄t_− , it is enough to assume that (c_+, c_− ) ∈ R. Then A_− (t̄_− ) (A_− is a function of b through y, cf. formula (52)) is always positive since P_N (−c_+) =3D P_Δ (−c_+):

A_− (t̄_− ) =3D

2(1 + c_+)(1 − c_− ) 1 − c_+c_− + (c_+ − c_− )(−c_+)

=3D 2

1 − c_− 1 − c_+

. (55)

ON THE MINIMUM TIME PROBLEM ON SO(3) 21

It follows:

Ā_+ − Ā_− =3D1 − A^− 1 + A_−

=3D −

2 −^{1−c +}_{1−c −} 2 +^{1−c +}_{1−c −} . But we know that the control corresponding to a u_2-singular must be: − ρ a^2

=3D −

1 −^{1−c +}_{1−c −} 1 +^{1−c +}_{1−c −}

and:

(Ā_+ − Ā_− ) − (− ρ a^2

) =3D −2ω (2 + ω)(1 + ω)

≠3D 0, with ω :=3D

1 − c_+ 1 − c_− . Then Z defined in formula (54) is not an extremal arc. So we have proved the following:

Lemma 6. For each s, t > 0, if^{PN (y)}_{PΔ (y)} > 0 for (c_+, c_− ) ∈ R and x + y > 0 for (c_+, c_− ) =3D (1, 1), then an oscillatory trajectory of the form (B)_s(B)_t(B)_{δ(t)}(B)_t is not optimal.

4.2. A One-Parameter Variation for 4 Bangs. Let γ be an extremal trajectory of type (X_+)_s(−X_− )_t(−X_+)_{δ(t)}(X_− )_t, with initial state p_0 and terminal state p:

p =3D p_0e^{sX+} e^{−tX −} e^{−δ(t)X +} e^{tX−} . (56) Let us consider a variation of γ in such a way the terminal point is fixed and can be expressed as:

q(ς) =3D p_0e^{t1(ς)X+} e^{−t 2(ς)X−} e^{−t 3(ς)X+} e^{t4(ς)X−} , where t_1(ς), t_2(ς), t_3(ς), t_4(ς)) are four functions defined in a neighborhood I of 0 and satisfying:

(t_1(0), t_2(0), t_3(0), t_4(0)) =3D (s, t, δ(t), t), (that is for ς =3D 0 the variated trajectory coincides with the reference trajectory γ). These functions will be determined in such a way that q(ς) =3D q(0) =3D p for every ς in I (that is the terminal point is fixed). We have: q̇ =3D p_0e^{t1X+} e^{−t 2X−} Re^{−t 3X+} e^{t4X−} ,

where R =3Ḋt_1e^{t2} ad^{X−} (X_+) − ṫ_2X_− − ṫ_3X_+ + ṫ_4e^{−t 3} ad^{X+} (X_− ). Now setting: ṫ_1 =3D −^{Γ −}_{Γ +}^{sin Γ +t3}

sin Γ_− t_2 ,

ṫ_2 =3D cos Γ_+t_3 +^{1−c −}_{1+c−} (1 − cos Γ_− t_2)^{Γ −}_{Γ +}^{sin Γ +t3}_{sin Γ − t2} , ṫ_3 =3D −(cos Γ_− t_2)^{Γ −}_{Γ +}^{sin Γ +t3}_{sin Γ − t2} −^{1−c +}_{1+c+} (1 − cos Γ_+t_3), ṫ_4 =3D 1,

(57)

one easily checks that R =3D 0 (that is q̇ =3D 0) in I. Therefore we have constructed a family {γ_ς }_{ς∈I} of trajectories steering p_0 to p in which γ =3D γ_0 is embedded. In the following we prove that, under suitable assumptions on c_+, c_− , t, the time in which γ_ς steers p_0 to p, T (ς) =3D

∑_4

i=3D1ti(ς), has a strict local maximum at the reference

trajectory γ. We have:

Ṫ =3DdT dς =3D 2 ( cos Γ_+t_3 + c_+

1 + c_+ − Γ_− Γ_+ sin Γ_+t_3 sin Γ_− t_2 cos Γ_− t_2 + c_−

1 + c_− ) . (58)

22 UGO BOSCAIN AND YACINE CHITOUR

Notice that from the relations: ṫ_1(0) =3D −^{1+c−}_{1+c+}^{y+c+}_{x+c−} , ṫ_2(0) =3D y +^{1−c −}_{1+c+} (1 − x)^{y+c+}_{x+c−} , ṫ_3(0) =3D −^{1+c−}_{1+c+} x^{y+c+}_{x+c−} −^{1−c +}_{1+c+} (1 − y), ṫ_4(0) =3D 1,

one gets Ṫ (0) =3D 0, that is obvious since the reference trajectory γ is extremal. From (58) we have:

T̈ =3Dd^2T dς^2

=3D −2Γ_+ṫ_3 ( sin Γ_+t_3 1 + c_+ + Γ_− Γ_+(1 + c_− ) cos Γ_+t_3 sin Γ_− t_2

(cos Γ_− t_2 + c_− ) ) . (59)

So the second derivative of T at zero is:

T̈ (0) =3D 2Γ^+(1 + c^+y) (1 + c_+) sin Γ_+δ(t) ( − ṫ_3(0) +

1 + c_− 1 + c_+ y + c_+ x + c_− ṫ_2(0) ) . (60)

We deduce that, if (c_+, c_− ) =3D (1, 1), we havëT (0) =3D^{Γ +(1+y)}_{sin Γ +δ(t)} (x + y), and if (c_+, c_− ) ∈ R, we get

T̈ (0) =3D 4Γ^+(1 + c^+y) (1 + c_+)^3(1 − c_− ) sin Γ_+δ(t)

P_Δ (y), (61)

where P_Δ (y) is defined in (50). Since: 4Γ_+(1 + c_+y) (1 + c_+)^3(1 − c_− ) sin Γ_+δ(t)

> 0,

we have that T (ς) has a local maximum at ς =3D 0 if x + y < 0 when (c_+, c_− ) =3D (1, 1) and if P_Δ (y) < 0 when (c_+, c_− ) ∈ R.

In the case where T̈ (0) =3D 0, we must compute the third derivative at 0, i.e. when x+y =3D 0 or at the roots of P_Δ belonging to (−1, −c_+], depending on (c_+, c_− ). When (c_+, c_− ) =3D (1, 1),^{d3T}_{dς3} (0) =3D −2Γ^2_+x(1 + x). Then, if T̈ (0) =3D 0 and^{d3T}_{dς3} (0) =3D 0, we must have x =3D y =3D 0, which implies that k =3D 1, i.e. Γ_− =3D Γ_+ by equation (29). When (c_+, c_− ) ∈ R, we have

d^3T dς^3

(0) =3D

−2 (1 + y c_+) (−1 + y)^2 (1 + y)^2 (−1 + c_− )^2 (1 + c_+)^5

P_3(y), (62)

where:

P_3(y) :=3D (c_− − c_+) ( −1 + c_− + 5 c_+ − 2 c_− c_+ − 6 c_− c_+^2 + 3 c_− c_+^3 ) + 2 ( 1 − c_−^2 − 2 c_+ − 4 c_− c_+ + c_−^2 c_+ + 4 c_+^2 + 8 c_− c_+^2 + 5 c_−^2 c_+^2− 5 c_+^3 − 6 c_− c_+^3 − 8 c_−^2 c_+^3 + 6 c_− c_+^4 + c_−^2 c_+^4 ) y + ( 3 c_− + 3 c_−^2 + 11 c_+ − 4 c_− c_+ + 5 c_−^2 c_+ − 7 c_+^2 − 34 c_− c_+^2− 7 c_−^2 c_+^2 + 13 c_+^3 + 28 c_− c_+^3 + 19 c_−^2 c_+^3 − 5 c_+^4+ −11 c_− c_+^4 − 8 c_−^2 c_+^4 ) y^2 + 2 c_+ ( −4 c_− + c_−^2 + 8 c_+ + 7 c_−^2 c_+ − c_+^2 − 18 c_− c_+^2 − 2 c_−^2 c_+^2+ 3 c_+^3 + 2 c_− c_+^3 + 4 c_−^2 c_+^3 ) y^3 + (c_− − c_+) c_+ ( c_− − 7 c_+ + c_− c_+ − c_+^2 + 6 c_− c_+^2 ) y^4.

ON THE MINIMUM TIME PROBLEM ON SO(3) 23

The resultant between P_3(y) and P_Δ (y) is equal to:

−4 (−1 + c_− )^3 c_−^2 (c_− − c_+)^2 (−1 + c_+)^3 c_+^2 (1 + c_+)^8 (−1 + c_− + c_+ + 3 c_− c_+) , and is equal to zero in the region R, if and only if: Res :=3D c_− + c_+ − 1 + 3c_− c_+, (63) is zero. We have proved the following:

Lemma 7. For each s, t > 0, an oscillatory trajectory of the form: (B)_s(B)_t(B)_{δ(t)}(B)_t, is not optimal when

(c_+, c_− ) =3D (1, 1): if x + y > 0, or if x + y =3D 0 and Γ_− < Γ_+; (c_+, c_− ) ∈ R: if P_Δ (y) < 0 or if P_Δ (y) =3D 0 and Res ≠3D 0.

4.3. Proof of Theorem 2. We first prove Theorem 2 when (c_+, c_− ) ∈ R. Let us study in more details the polynomial P_N (y) and P_Δ (y) in the region in which we are interested in, that is:

R̄ :=3D {(c_+, c_− , y) ∈ R^3 : 0 ≤ |c_− | < c_+ < 1, y ∈ [−c_+, 1]}, (cf. Proposition 5). Let us recall the expressions of P_N (y) and P_Δ (y):

P_N (y) =3D 1 + c^2_+ + c^3_+ − c_− − c_+c_− − c^3_+c_− + yc_+(3 + c_+ − c_− − 3c_+c_− ) + y^2c_+(c_+ − c_− ), P_Δ (y) =3D 1 − c_− − c_+c_− + c^2_+c_− + y (2c_+(1 − c_+c_− )) + y^2c_+(c_+ − c_− ).

P_N (y) and P_Δ (y) satisfy the following properties:

(P1): The two polynomials have the same coefficient of y^2 that is bigger than zero. Moreover P_N (0) > 0 and P_Δ (0) > 0.

(P2): We have:

P_N (y) =3D P_Δ (y) + c_+(1 + c_+)(1 − c_− )(y + c_+). This means that in R̄, we have: P_N > P_Δ if y > −c_+, P_N =3D P_Δ if y =3D −c_+.

(P3): We have:

Ṗ_N (y) =3D c_+ (3 − c_− − 2 y c_− + c_+ + 2 y c_+ − 3 c_− c_+) > 0, where we have used condition (53). Similarly: Ṗ_Δ (y) =3D 2c_+(1 − c_+c_− + (c_+ − c_− )y) > 0.

This means that both P_N (y) and P_Δ (y) are strictly increasing and have at most one root in the interval y ∈ [−c_+, 1). From P1 it follows that if these roots exist, then they lye in the interval y ∈ [−c_+, 0). Call these roots respectively y^+_N and y^+_Δ .

24 UGO BOSCAIN AND YACINE CHITOUR

Now using the properties (P1)-(P3), Lemmas 6, 7 and Proposition 5, we prove Theorem 2. Set:

P̄ :=3D P_N (−c_+) =3D P_Δ (−c_+) =3D (c_+ + 1)^2(1 − c_+)(1 − c_+ − c_− ).

We have the three cases (illustrated in the following picture): P̄ > 0 (c_− < 1 − c_+), P̄ =3D 0 (c_− =3D 1 − c_+) and P̄ < 0 (c_− > 1 − c_+).

Fig. 4.2

In the first case, from (P3) we have P_N (y), P_Δ (y) > 0 in R̄, so from Lemma 6, the conclusion of Theorem 2 follows.

In the second case, we have y^+_N =3D y^+_Δ and from (P3) we have P_N (y), P_Δ (y) > 0 for y ∈ (−c_+, 1) (subcase A) and P_N (y) =3D P_Δ (y) =3D 0 for y =3D −c_+ (subcase B). In subcase A the conclusion follows from Lemma 6 while in subcase B, R_{is} =3D 3c_+c_− > 0 and the conclusion follows from Lemma 7.

In the third case, from (P2) and (P3) we have y^+_N < y^+_Δ . The conclusion follows from Lemma 6 for in y ∈ (y^+_Δ , 1) and from Lemma7 for y ∈ [−c_+, y^+_Δ ]. This concludes the proof when (c_+, c_− ) ∈ R.

The case where (c_+, c_− ) =3D (1, 1) actually reduces to assume that Γ_− =3D Γ_+ =3D √ 2. But then, the statement of the theorem follows by taking into account the next equation:

e^{π2Γ − ad(X−ε )}e^{π2Γ − ad(Xε)}(X_{−ε} ) =3D X_ε.

The following picture shows the projection of the region R̄ on the (c_+, c_− )-plane.

ON THE MINIMUM TIME PROBLEM ON SO(3) 25

Fig. 4.3

4.4. Proof of Proposition 7. Recall that c_− < 0 since ρ > 1. We consider a one-parameter variation of:

γ :=3D (−X_− )_2¯_{t−} (X_+)¯_{t+} ,

keeping fixed the initial and terminal points. We embed γ in such a way that the terminal point of the variation can be expressed as:

q(ς) =3D p_0e^{t1(ς)X+} e^{−t 2(ς)X−} e^{t3(ς)X+} e^{t4(ς)X−} ,

where t_1(ς), t_2(ς), t_3(ς), t_4(ς)) are four functions defined in a neighborhood I of 0 and satisfying:

(t_1(0), t_2(0), t_3(0), t_4(0)) =3D (0, 2t̄_− , t̄_+, 0).

Keeping the end-point fixed leads to have R =3D 0 where R =3Ḋt_1e^{t2} ad^{X−} (X_+) − ṫ_2X_− − ṫ_3X_+ + ṫ_4e^t3 ad^X+ (X_− ). We set:

ṫ_1 =3D^{Γ −}_{Γ +}^{sin Γ +t3}

sin Γ_− t_2 ,

ṫ_2 =3D cos Γ_+t_3 −^{1−c −}_{1+c−} (1 − cos Γ_− t_2)^{Γ −}_{Γ +}^{sin Γ +t3}_{sin Γ − t2} , ṫ_3 =3D −(cos Γ_− t_2)^{Γ −}_{Γ +}^{sin Γ +t3}_{sin Γ − t2} +^{1−c +}_{1+c+} (1 − cos Γ_+t_3), ṫ_4 =3D 1.

(64)

Let T (ς) :=3D

∑_4

i=3D1ti(ς) and T (0) =3D 2t̄− + t̄+. We have:

Ṫ =3DdT dς =3D 2 ( 1 + c_+ cos Γ_+t_3

1 + c_+ + Γ_− Γ_+ sin Γ_+t_3 sin Γ_− t_2 c_− (1 − cos Γ_− t_2) 1 + c_− ) .

26 UGO BOSCAIN AND YACINE CHITOUR

Notice that from the relations, cos Γ_+t_3(0) =3D −c_+ and cos Γ_− t_2(0) =3D 2c^2_− − 1, one gets Ṫ (0) =3D 0 and:

T̈ (0) =3D(1 − c^+)(1 − 2c^− ) 2c^2_− (1 − c_− )(1 + c_+)

(2c^2_− + 4c_− c_+ − c_− + c_+ − 1). (65)

It is clear that the sign of d^2T/3DdT^2(0) depends on that of: E :=3D 2c^2_− + 4c_− c_+ − c_− + c_+ − 1.

The conclusion of the proposition follows if we show that E < 0. Recall that 0 < −c_− < c_+ < 1. We have: E =3D Ac_+ + B, with A :=3D 1 + 4c_+ and B :=3D 2c^2_− − c_− − 1. If A > 0, then E ≥ 0 would imply that c_+ ≥^{−B}_A . But: −B A − 1 =3D

−c_− (5 + 2c_− ) A > 0, and we would have c_+ > 1, which is impossible. If A =3D 0, then E < 0. If A < 0, then E ≥ 0 would imply that c_+ ≤^{−B}_A . Finally: −B A + c_− =3D −2 c^2_− + c_− + 1/3D2 −A < 0,

implying that c_+ < −c_− , which is impossible.

5. The structure of optimal trajectories. In this section, we collect all the results obtained in the previous sections. Let γ be an optimal trajectory. Then, by Proposition 4, γ is a finite concatenation of bang and singular arcs. The discussion splits in two cases, whether γ has a singular arc or not.

In the case where γ does not contain a singular arc, there are two subcases whether γ is oscillatory or not. If γ is not oscillatory then, (c_+, c_− ) ∈ R and thanks to Proposition 7, it has at most two consecutive u_1-switchings. Then γ is either equal to: (±X_+)_s(∓X_− )_2¯_{t−} (±X_+)_t, (66) with 0 ≤ s, t < t̄_+, or any piece of the previous trajectory. If γ is oscillatory, then thanks to Theorem 2, it has at most three switchings. Then γ (run in positive or negative time) is of the type:

B_sB_tB_{δ(t)}B_t′ , (67) with 0 ≤ |δ^{−1} (s)|, |t^′| < |t| ≤ t̄_− , or any piece of the previous concatenation. Note that, if a bang arc B_t =3D (±X_ε)_t is optimal, then 0 ≤ t ≤ t̄_ε.

Assume that γ has a singular arc. If (c_+, c_− ) =3D (1, 1), then γ is of the type B_sS_tB_t′ with s, t^′ < π/3DΓ_ε and t <^π_{sin(α)} . Next we assume that (c_+, c_− ) ∈ R. If that singular arc is an S_1-arc, then it cannot be preceded or followed by an interior bang arc. Therefore, an optimal trajectory γ containing a S_1-arc is of the type: (±X_ε)_s(±S_1)_t(±X_ε)_t′ , (68) with s + t^′ < π/3DΓ_ε and t <^π_{a sin(α)} .

Assume now that the singular arc contained in γ is an S_2-arc. Suppose first that the singular arc is preceded and (or) followed by a (±X_+) bang arc. Then γ contains a piece of the type (±X_+)_{t1} (±S_2)_t(±X_+)_{t2} . By Lemma 4, t_1 + t_2 <^π_{Γ +} . Assume that γ contains another arc. It has to be a (∓X_− )_s and t_2 =3D̄t_+. Then t_1 < t̄_+ and

ON THE MINIMUM TIME PROBLEM ON SO(3) 27

there is no arc before (±X_+)_{t1} We can assume that it follows the (±X_+)_{t2} arc. We claim that if t_1 > 0, then s < t̄_+. Otherwise, by Lemma 5, we can replace γ by (±X_+)_{t1+}¯_{t+} (∓X_− )¯_{t−} (∓S_2)_t, which is not optimal since it contains (±X_+)_{t1+}¯_{t+} . If t_1 =3D 0, then s may be equal tōt_+. The next arc can be either a singular (∓S_2)_t′ arc or a (∓X_+)_s′ arc. The first option is possible only if t + t^′ <^π_{sin α} because:

(±S_2)_t(±X_+)¯_{t+} (∓X_− )¯_{t−} (∓S_2)_t′ =3D (±S_2)_{t+t}′ (±X_+)¯_{t+} (∓X_− )¯_{t−} . Note that (∓S_2)_t′ cannot be followed by a (∓X_− ) thanks to Lemma 5, the above equation and the fact that a (∓X_− )_t arc with t > t̄_− , is not optimal. The second option is that γ contains a piece: (±S_2)_t(±X_+)¯_{t+} (∓X_− )¯_{t−} (∓X_+)_s′ .

But it is then equal to (±X_+)¯_{t+} (∓X_− )¯_{t−} (∓S_2)_t(∓X_+)_s′ , which is not an extremal. In conclusion, if γ has a S_2-arc preceded and (or) followed by a (±X_+) arc, it is of the type:

(±X_+)_{t1} (±S_2)_t(±X_+)¯_{t+} (∓X_− )_s, (69) with t <^π_{sin α} , t_1 + t̄_+ <^π_{Γ +} and s ≤ t̄_− , the inequality being strict if t_1 > 0.

The last case to examine is when γ contains a S_2-arc, preceded and (or) followed by a (±X_− ) bang arc. We have a piece of the type: (±X_− )_{t1} (∓S_2)_t(±X_− )_{t2} . The situation is similar to the previous one if t̄_− ≥^π_{2Γ −} , i.e. c_− ≥ 0, i.e. ρ ≤ 1. We thus assume that c_− < 0. Then γ can contain a piece of the type (±X_− )¯_{t−} (∓S_2)_t(±X_− )¯_{t−} . In this case, we claim that γ is necessarily of the type: (∓X_+)_s′ (±X_− )¯_{t−} (∓S_2)_t(±X_− )¯_{t−} (∓X_+)_s, (70) with s, s^′ < t̄_+ and t ≤^π_{sin α} . Indeed, if s (or s^′) is equal to t̄_+, then we use:

(±X_− )¯_{t−} (∓S_2)_t(±X_− )¯_{t−} (∓X_+)¯_{t+} =3D (±X_− )_2¯_{t−} (∓X_+)¯_{t+} (±S_2)_t, to show that γ is not optimal. The last possibility is that γ contains a piece: (±X_− )_{t1} (∓S_2)_t(±X_− )¯_{t−} (∓X_+)_s, with t_1 < t̄_− . Then s ≤ t̄_+ with possible equality if t_1 =3D 0. In this case and for the reasons as above, no other arc follows (∓X_+)¯_{t+} .

In conclusion, we have:

Theorem 3. An optimal trajectory γ is equal or included in one of the following:

1.: (±X_+)_s(∓X_− )_2¯_{t−} (±X_+)_t, with 0 ≤ s, t < t̄_+; 2.: B_sB_tB_{δ(t)}B_t′ , with 0 ≤ |δ^{−1} (s)|, |t^′| < |t| ≤ t̄_− ; 3.: (±X_ε)_s(±S_1)_t(±X_ε)_t′ , with s + t^′ < π/3DΓ_ε and t <^π_{a sin(α)} ; 4.: (±X_+)_{t1} (±S_2)_t(±X_+)¯_{t+} (∓X_− )_s, with t <^π_{sin α} , t_1 + t̄_+ <^π_{Γ +} and s ≤ t̄_− , the inequality being strict if t_1 > 0;

5.: (∓X_+)_s′ (±X_− )¯_{t−} (∓S_2)_t(±X_− )¯_{t−} (∓X_+)_s, with s, s^′ < t̄_+ and t ≤^π_{sin α} .

REFERENCES .

[1] Jurdjevic V., “Geometric Control Theory,” Cambridge Studies in Adv. Math., Cam. Univ.

Press, 1997.

[2] L.S. Pontryagin, V. Boltianski, R. Gamkrelidze and E. Mitchenko, “The Mathematical Theory of Optimal Processes”, John Wiley and Sons, Inc (1961).

[3] Strichartz, R., “Sub-Riemannian Geometry,” in J. Diff. Geom., 24, pp.221-263, 1983.

28 UGO BOSCAIN AND YACINE CHITOUR

[4] Sussmann H.J., “Envelopes, Conjugate Points, and Optimal Bang-Bang Extremals,” M.

Fliess and M. Hazewinkel Eds., Reidel Pub. Co., Dordrecht, the Netherlands, 1986, pp. 325-346.

[5] Sussmann H.J. and Tang G., “Shortest Paths for the Reeds-Shepp Car: a Worked Out Example of the Use of Geometric Techniques in Non Linear Optimal Control,” Rutgers Center for Systems and Control Technical Report 91-10, September 1991.

[6] Sussmann H.J. and Tang G., “Time-optimal Control of a Satellite with Two Rotors Attached Along Its Two Fixed Axes,” preprint, 1995.

[7] Tang G., “Regularity Properties of Time Optimal-Trajectories for Certain Classes of Multy- Input Systems in Low Dimensions,” Ph.D. Thesis, Rutgers University, 1992.

Acknowledgments. The authors are grateful to Jacques Peyrière for helpful discussions and to Mario Sigalotti for his careful and accurate reading of the manuscript and for many suggestions. A final thanks to Don^† Benedetto Piccoli for being a constant source of inspiration.

E-mail address: uboscain@u-bourgogne.fr
E-mail address: Yacine.Chitour@math.u-psud.fr