Controllability of solvable Lie algebras

Dirk Mittenhuber

February 28, 2000

Abstract

We call a Lie-algebra g SID-controllable if there exist A, B ∈ g such that the invariant control system on the simply connected group G given by ġ = g(A + uB), u ∈ R is controllable. This is tantamount to saying that the semigroup S(A, ±B) = ⟨exp(R^+A + RB)⟩ ⊆ G is all of G.

In his papers [7, 4, 5, 6] Sachkov analyzed and characterized solvable SID-controllable Lie algebras. In this paper we improve on his results by proving the following simple reduction criterion: a solvable Lie algebra g is SID-controllable iff the factor algebra g/D^2g is SID-controllable.

For solvable g this reduces the whole problem to metabelian algebras (D^2g = 0), a case which is completely solved in Sachkov’s work.

Our result also generalizes immediately to systems with multiple inputs.

AMS Subject Classification: 22E15, 22E25, 93B05

1 Introduction

Let G be a group and M ⊆ G an arbitrary subset. We denote by ⟨M⟩ the subsemigroup of G generated by M. We use the following definition which is due to Sachkov, cf. [7, Definition 16.1, p. 76]

Definition 1.1 A Lie group G is called SID-controllable, if there exist A, B ∈ g such that ⟨exp(R^+A + RB)⟩ = G.

Similarly, a Lie algebra g is called SID-controllable, if the associated simply connected group is SID-controllable.

Remark 1.2 We prefer to say SID-controllable (Single Input plus Drift) rather than just controllable. Similarly, one may then speak of MID_k-controllability if one can find A, B_1, . . . , B_k ∈ g such that R^+A+RB_1+· · ·+RB_k generates G. Finally, we say that G is I_nD_m-controllable if there exist n “inputs” B_1, . . . , B_n and m “drifts” A_1, . . . , A_m such that ⟨exp(R^+A_1 + · · · + R^+A_m + RB_1 + · · · + RB_n)⟩ is all of G.

A characterization of solvable SID-controllable Lie algebras was given by Sachkov, cf. [6, 7]. But the conditions are still quite technical. An important observation of his is that for solvable g SID-controllability is an intrinsic property of the Lie algebra, and it is generic. So if there exists one controllable pair A, B ∈ g, then the set of controllable pairs is open and dense. Sachkov also derives an exhaustive list of low-dimensional solvable SID-controllable Lie algebras, cf. [7, 4].

Dealing with the question whether a solvable Lie algebra g is SID-controllable our main result is a purely algebraic reduction criterion:

Theorem 1.3 Let g be a solvable Lie algebra. Then the following statements are equivalent:

(1) g is SID-controllable,

(2) Every factor algebra g/i is SID-controllable where i ⊲ g is an ideal.

(3) g/D^2g is SID-controllable.

Moreover, if g is SID-controllable, then the following statements are true:

(4) g has no ideals of codimension 2.

(5) The derived algebra g^′ is a hyperplane, and it is the only hyperplane subalgebra of g.

This reduces the controllability problem to metabelian algebras (D^2g = 0), a particularly simple case that was completely treated by Sachkov, see also Lemma 3.1.

An essential tool in the solution of our problem is the classification of maximal subsemigroups with nonempty interior in solvable Lie groups which is due to Lawson, cf. [3], or [1, V.5.42]. An abridged version that suffices for our purposes is: Theorem 1.4 Let g be a solvable Lie algebra, G the corresponding simply connected group, and U ⊆ g an arbitrary subset. Then the following statements are equivalent:

(i) ⟨exp(R^+U)⟩ = G,

(ii) U generates g as a Lie algebra, and U is not contained in a halfspace h^+ ⊆ g whose bounding hyperplane h is a subalgebra.

Since hyperplane subalgebras of real Lie algebras are quite well understood and classified, cf. [2], this theorem provides a testing device for controllability.

2 Auxiliary results

Before we prove Theorem 1.3, we need two auxiliary Lemmas. We use the following notation: for an arbitrary subset U of a Lie algebra g we let ⟨⟨U⟩⟩ denote the smallest Lie subalgebra of g containing U.

Lemma 2.1 Let n be a nilpotent Lie algebra and V ⊆ n a vector subspace such that n = V + n^′. Then ⟨⟨V ⟩⟩ = n, i.e., the smallest subalgebra containing V is n itself.

Proof. Consider the central descending series: C^0n = n, C^kn = span([n, C^{k−1}n]) for k ∈ N. Since n is nilpotent, there exists an N ∈ N such that C^N n = 0.

Let V_1 = V and define inductively V_{k+1} = V_k + [V_k, V_k ]. Then it is clear that ⟨⟨V ⟩⟩ ⊃ V_k for all k ∈ N. We use induction to prove that V_N = n. Indeed, n = V_1 + C^1n by assumption. Now suppose that n = V_k + C^kn. Then every X ∈ n can be written as X = Y + Z with Y ∈ V_k , Z ∈ C^k n. By definition of C^k n Z may be written as Z = ∑ i [X_i, X^′_i ], with X_i ∈ n, X^′_i ∈ C^{k−1}n.

Now decompose X_i = Y_i + Z_i, X^′_i = Y^′_i + Z^′_i with Y_i, Y^′_i ∈ V_k and Z_i, Z^′_i ∈ C^kn. Then Z = ∑ i [Y_i, Y^′_i ] ∈V_{k+1} + [Y_i, Z^′_i] + [Z_i, X^′_i ]

∈C^{k+1}n . Hence n = V_{k+1} + C^{k+1}n follows. This proves our claim. □

Corollary 2.2 For a nilpotent Lie algebra n the following statements are equivalent:

(i) n is I_nD_m-controllable,

(ii) n/n^′ is I_nD_m-controllable,

(iii) n ≥ dim(n) − dim(n^′) or n + m > dim(n) − dim(n^′).

In particular, there are no SID-controllable nilpotent Lie algebras of dim > 1, and the following statements are equivalent:

(iv) n is MID_k -controllable,

(v) n is I_kD_0-controllable,

(vi) n ≥ dim(n) − dim(n^′).

In particular, I_nD_m-controllability is generic iff I_nD_0-controllability is generic, i.e., iff n ≥ dim(n) − dim(n^′).

Proof. The implication (i)⇒(ii) is trivial, and (ii)⇒(iii) is obvious because n/n^′ is abelian, i.e., a vector space. In order to prove (iii)⇒(i) we pick A_1, . . . , A_m, B_1, . . . , B_n such that R^+A_1 +· · ·+R^+A_m +RB_1+· · ·+RB_n is a vector subspace V of n satisfying V + n^′ = n. By Lemma 2.1 ⟨⟨V ⟩⟩ = n. So n is I_nD_m-controllable.

Now the remaining statements follow immediately. □

Now we turn to solvable Lie algebras.

Lemma 2.3 Let g be a solvable Lie algebra and V ⊆ g a vector subspace such that g = V + D^2g. Then ⟨⟨V ⟩⟩ = g.

Proof. Since g is solvable, g^′ =: n is nilpotent, and D^2g = n^′. As g = V + n^′, n = (V ∩ n) + n^′ follows. By Lemma 2.1 ⟨⟨V ∩ n⟩⟩ = n, hence ⟨⟨V ⟩⟩ ⊇ V + n = g. Thus our claim is proved. □

We call a subset U of a Lie algebra g controllable if ⟨exp(R^+U)⟩ = G where G is the simply connected group associated with g.

Lemma 2.4 Let g be solvable and let π: g → g/D^2g denote the canonical projection. Then the following statements are equivalent:

(1) U ⊆ g is controllable,

(2) π(U) is controllable.

Proof. The implication (1)⇒(2) is trivial since π (⟨exp(R^+U)⟩) = ⟨exp(R^+π(U))⟩.

Conversely, suppose that π(U) is controllable. Let ⟨⟨U⟩⟩ denote the subalgebra of g generated by U. Since π(U) is controllable, π(g) = ⟨⟨π(U)⟩⟩ = π(⟨⟨U⟩⟩), hence ⟨⟨U⟩⟩ + D^2g = g, whence ⟨⟨U⟩⟩ = g by Lemma 2.3.

If U were not controllable, then by Theorem 1.4 there would exist a halfspace h^+ ⊆ g whose bounding hyperplane h is a subalgebra such that U ⊆ h^+.

Let Δ(g) denote the intersection of all hyperplane subalgebras of g, (this is the so-called Δ-radical, cf. [2, Definition 3]). Note that Δ(g) is an ideal, and that Δ(g) ⊇ D^2g, cf. [2, Remark 7(i)].

Hence h ⊇ ker π, whence π(h) is a hyperplane subalgebra of g/D^2g. Thus π(U) ⊆ π(h^+), a halfspace in g/D^2g bounded by a hyperplane subalgebra. So π(U) is not controllable. This contradiction proves that U must be controllable. □

3 Proof of the main theorem

Now we are ready to prove Theorem 1.3.

Proof. First we show (1) ⇒ (2) ⇒ (3) ⇒ (1), then (2) ⇒ (4) ⇒ (5).

(1) ⇒ (2) Immediate. Let i ⊲ g be an ideal. If A, ±B ∈ g is a controllable pair, then so is π(A), ±π(B) in g/i where π: g → g/i is the canonical projection.

(2) ⇒ (3) Trivial since D^2g is an ideal.

(3) ⇒ (1) Let π: g → g/D^2g denote the canonical projection. Now suppose that g/D^2g is SID-controllable. Then we can find A, B ∈ g such that {π(A), ±π(B)} is controllable. Now Lemma 2.4 implies that {A, ±B} ⊆ g is controllable, hence g is SID-controllable.

(2) ⇒ (4) Two-dimensional Lie algebras are almost abelian. It is well-known that this implies that every proper wedge is a Lie wedge and noncontrollable, cf.[1, Thm. II.2.30]. Hence g must not contain ideals of codimension 2.

(4) ⇒ (5) Since g^′ is an ideal, so is every subspace containing g^′, whence dim(g)− dim(g^′) = 1 follows from (4).

Suppose that h is another hyperplane subalgebra. The classification of hyperplane subalgebras [2, Proposition 2] tells us that there are only two possibilities.

First, if h is not an ideal, then g has an ideal i ⊲ g of codimension 2. This contradicts (4).

Second, if h is an ideal, then h ∩ g^′ is an ideal, too. But this implies h = g^′, for otherwise h ∩ g^′ would be an ideal of codimension 2 in g, again a contradiction to (4). □ Controllability of metabelian Lie algebras is easily characterized, cf. [7, Theorem 15.1]. Recall, that g is metabelian iff D^2g = {0}. This means that g^′ is abelian and g is a semidirect product V ⋊a of a vector space V and an abelian subalgebra a ⊆ gl(V ).

Lemma 3.1 Let g be a metabelian Lie algebra. Then the following statements are equivalent:

(1) g is SID-controllable,

(2) g ∼= R^k⋊_AR where A ∈ gl(k) has nonreal spectrum and every eigenvalue of A has geometric multiplicity 1, i.e., spec(A) ∩ R = Ø and for all λ ∈ C rank(A − λI) ≥ k − 1.

Remark 3.2 The multiplicity condition shows that SID-controllability of g/Δ(g) does not imply that g itself is SID-controllable. Simply take g = R^4⋊_ϕR where

ϕ = a −b 0 0 b a 0 0 0 0 a −b 0 0 b a , b ≠ 0.

Then Δ(g) = g^′, and g/Δ(g) ∼= R is SID-controllable. But since spec(ϕ) = {a ± ib} = {λ, λ̄}, we have 0 = (ϕ − λI)(ϕ − λ̄I) = ϕ^2 − 2ℜ(λ)ϕ + |λ|^2I. Hence one needs at least three elements in order to generate g (as a Lie algebra). In fact, a system of the form RB + R^+A_1 + R^+A_2 would generate all of g, so g is I_1D_2-controllable.

Thus we can conclude our characterization of SID-controllable solvable Lie algebras with:

Corollary 3.3 A solvable Lie algebra g is SID-controllable iff

(6) g ∼= n⋊_δR, where n is a nilpotent Lie algebra and δ a derivation of n with the following property: if ϕ denotes the endomorphism on n/n^′ induced by δ, then spec(ϕ) ⊆ C \R, and every eigenvalue of ϕ has geometric multiplicity 1.

In particular, if g is SID-controllable, then dim(g^′) − dim(D^2g) ≡ 0 (mod 2).

We conclude with a statement about I_nD_m-controllability. The first statement is an immediate consequence of Lemma 2.4 while the last statement follows directly from Lemma 2.3.

Corollary 3.4 For a solvable Lie algebra g the following statements are equivalent:

(1) g is I_nD_m-controllable,

(2) g/D^2g is I_nD_m-controllable.

In particular, if n ≥ dim(g/D^2g) or n + m > dim(g/D^2g), then g is I_nD_mcontrollable.

Acknowledgement. The author would like to thank Yuri Sachkov for bringing this set of problems to his attention, for fruitful discussions, and for pointing out a gap in a preliminary version of this paper.

References

[1] Joachim Hilgert, Karl Heinrich Hofmann, and Jimmie D. Lawson. Lie Groups, Convex Cones and Semigroups. Oxford University Press, 1989.

[2] Karl Heinrich Hofmann. Hyperplane-subalgebras of real Lie-algebras. Geometriae Dedicata, 36:207–224, 1990.

[3] Jimmie D. Lawson. Maximal semigroups of Lie groups that are total. Proc.

Edinburgh Math. Soc., 30:479–501, 1987.

[4] Yu. L. Sachkov. Classification of controllable systems on low-dimensional solvable Lie groups. submitted.

[5] Yu. L. Sachkov. Controllability of hypersurface and solvable invariant systems.

J. Dyn. Contr. Systems, 2(1):55–67, 1996.

[6] Yu. L. Sachkov. Controllability of right-invariant systems on solvable Lie groups. J. Dyn. Contr. Systems, 3(4):531–564, 1997.

[7] Yu. L. Sachkov. Controllability of invariant systems on Lie groups and homogeneous spaces. Technical Report 18/99/M, ISAS Trieste, February 1999.