. . Construction of ergodic cocycles that are fundamental solutions to linear systems of special form

Mahesh G. Nerurkar^1and Hector J. Sussmann^2

Departiment of Mathematics, Rutgers University, Camden, NJ 08102. Departiment of Mathematics, Rutgers University, New Brunswick, NJ 08903.

Abstract.

Given a flow (Ω, T, m), a closed convex subset S ⊂ L of a Lie algebra L and a continuous map A : Ω → S consider the fundamental matrix solution X_A of the (time-dependent family) of linear system x^′ = A(T_tω)x, x ∈ G, ω ∈ Ω ;

where G is a connected Lie group with Lie algebra L. In this paper we develop a new technique to show that the set of continuous maps A : Ω → S for which cocycles X_A is ergodic is residual provided G is compact and S satisfies “strong accessibility property”. We remark that the dimension of S can be much smaller than that of L and thus our result proves typicality of ergodicity even within very “thin” classes of cocycles. Our result covers a number of differential equations arising in Mahthematical Physics, and in particular applies to the widely studied example of the Rabi oscillator. As a consequence of our ergodicity result, it follows that the spectrum of the quasi-energy operator associated with the cocycle X_A is purely continuous for a typical A. In the case of the Rabi oscillator, this contrasts recent spectral results obtained using the K.A.M. technique.

§1. Introduction.

In this paper we develop a new technique to construct ergodic cocycles that arise as the fundamental matrix solutions to linear differential equations of a given form. These constructions are motivated by questions regarding spectral and stability of forced quantum oscillator systems (in particular the so called “Rabi oscillator” which models forced oscillations of a spin 1/2 particle moving under an external stationary stochastic field [BJL,DGP]). These questions lead to problems about ergodic properties of certain skew-product flows (see [NJ]). In [NS1] we had established that the cocycle arising from a generic Rabi oscillator is “minimal”. In this paper we shall prove that in fact it is “ergodic”. This will help us establish that typically the spectrum of the “quasi-energy operator” associated with such

1The research was supported by the NSF grant DMS-9972132 2The research was supported by the NSF grant DMS-?????

Typeset by AMS-TEX Typeset by AMS-TEX 1

systems is only continuous. This result contrasts a result of [BJL] where the authors prove the existence of only discrete pure point spectrum using the KAM technique.

As in [NS1], our result will in fact be valid for a wide class of time dependent linear differential systems of “given specific form” where the time dependence is “recurrent” (in particular quasi-periodic). Such systems are given by specifying;

(1) a flow (Ω, T, m), where Ω is a compact metric space (with metric d) and T = {T_t}_{r∈R} is a one-parameter group of homeomorphisms of Ω that preserves a Borel probability measure m;

(2) a connected Lie group G with Lie algebra L; and (3) a subset S of L.

Given a continuous map A ∈ C(Ω, S)-the space of continuous S-valued maps on Ω, consider the family of linear differential equations (parametrized by points ω ∈ Ω),

(1.1) x^′ = A(T_tω)x, x ∈ G, ω ∈ Ω .

Here we identify L with the tangent space of G at the identity. Then the right hand side of (1.1) can be thought as the value at x of the right invariant vector field generated by A(T_tω). Let X_A(ω, t) denote the fundamental matrix solution to (1.1). So for each ω ∈ Ω, the function t → X_A(ω, t) is the solution of (1.1) such that X_A(ω, 0) = e_G- the identity of G. Then the map X_A : Ω × R → G is continuous and satisfies the following cocycle identity

(1.2) X_A(ω, t + s) = X_A(T_t(ω), s)X_A(ω, t) for all ω ∈ Ω, t, s ∈ R.

A proper analogue of the flow generated by a family of time dependent differential equations such as (1.1) is the skew-product flow define on G × Ω by

(1.3) T^A_t (g, ω) = (X_A(ω, t)g, T_t(ω)).

Notice that the product measure ν × m (where ν is a left Haar measure on G) is invariant under the skew-product flow. We shall denote this skew-product system by (G × Ω, {T^A_t }_{t∈R}, m). When G is compact, we shall assume that ν(G) = 1.

If G is a matrix Lie group, say G ⊆ GL(n, C), one defines a representation V^A = {V^A_t }_{t∈R} on L^2(Ω, C^n, m) by setting

(1.4) V^A_t f(ω) = X_A(ω, t)^{−1}f(T_t(ω)).

If G is a subgroup of the unitary group U(n), this representation is unitary. In the Physics literature the infinitisimal generator of this representation is called the quasienergy operator and the stability properties of evolution of such systems are studied through the spectral properties of this representation. Such a evolution is regarded stable if the spectrum of the quasi-energy operators is discrete pure point. In this paper we shall show that (Theorem B) within “very thin classes of linear differential systems of special form”, those for which the quasi-energy operator has only purely continuous spectrum are generic.

The absence of point spectrum for a quasi-energy operator is very closely related to a problem of “lifting ergodicity”. We recall that a flow (X, {T_t}_{t∈R}, λ) is ergodic if the λmeasure of any invariant Borel subset is either zero or one. The ergodicity lifting problem involves constructing ergodic skew-product flows (G × Ω, {T^A_t }_{t∈R}, m), where the map A is constrained by the special form of the underlying family of differential equations. Under suitable hypothesis on the “nature of constraints” we shall show (Theorem A) that for a generic map A ∈ C(Ω, S), the skew-product flow is ergodic. Then the spectral result (Theorem B) follows as a corollary.

Now we describe the assumption imposed on constraint conditions which give the system their special form. The special class of systems is described by specifying a fixed subset S of the Lie algebra L and then the special class results from the demand that the map A be S-valued. We illustrate this with the following example of a Rabi-oscillator.

Example Consider the system

(1.5) i dψ dt = ( λ f(t) f(t)^∗ −λ ) ψ, ψ ∈ C^2.

This is the Schrödinger equation which describes the dynamics of a “two level atom” or a spin 1/2 particle moving under external magnetic field f(t). The function f : R → C is a complex-valued potential, typically quasiperiodic in t, and λ ∈ R is a fixed parameter.

The class of cocycles X_A arising from linear differential systems of a specific form is described via a constraint on the values of the map A : Ω → L. Namely, one considers only those maps with values in a fixed compact convex subset Q of the Lie algebra L. We shall impose a certain Lie algebraic condition (the condition of strong accessibility) on the constraint set Q. With this condition, the set Q can still be very “thin” in L in the sense that dim(G)-the dimension of G-will in general be higher than dim(Q) which equals the number of free parameters that we are allowed to vary to generate a cocycle with the desired properties. For example, in the case of the Rabi oscillator the cocycle takes values in a three-dimensional Lie group, but we only have two real degrees of freedom, since the map f-which is our perturbation, takes values in a two-dimensional space of complex numbers.

To describe the condition “of strong accessibility”, first, let L(Q) be the Lie subalgebra of L generated by Q, and let L_0(Q) be the ideal of L(Q) generated by the difference set Q − Q = {x − y | x ∈ Q, y ∈ Q}.

1.1 Definition. A subset Q of the Lie algebra L has the accessibility property if L(Q) = L, and the strong accessibility property if L_0(Q) = L.

From now on, we choose an inner product ⟨·, ·⟩ on L and let || · || be the corresponding norm.

Theorem A. Let (Ω, {T_t}_{t∈R}, m) be a flow on a compact metric space Ω, where m is a flow invariant Borel probability measure on Ω. Let G be a compact connected Lie group with Lie algebra L and let S be a subset of L. Let C(Ω, S) denote the metric space of all continuous maps from Ω to S with the supremum metric. Assume that

(1) the flow (Ω, {T_t}_{t∈R}, m) is ergodic and aperiodic, (2) S is closed and convex, (3) S has the strong accessibility property.

Then the set (1.6) C_{erg}(Ω, S) = {A ∈ C(Ω, S) : (G × Ω, T^A, ν × m) is ergodic}, is a residual subset of C(Ω, S).

Next, we state a consequence of Theorem A.

Theorem B. In addition to the hypothesis of Theorem A, suppose that

(4) G is a closed subgroup of the unitary group U(n) and (5) G does not fix any ray in the complex projective n-space P (C^n). Let C_{cont}(Ω, S)

= {A ∈ C(Ω, S) : the representation {V^A_t }_{t∈R} has only continuous spectrum}. Then C_{cont}(Ω, S) is a residual subset of C(Ω, S).

First, we show that Theorem B can be deduced from Theorem A via the following lemma. 1.2 Lemma. Suppose that the group G satisfies conditions (4) and (5) of Theorem B and suppose that the skew-product flow (G × Ω, {T^A_t }_{t∈R}, m) is ergodic. Then the representation V^A does not admit any point spectrum.

Proof. Suppose f ∈ L^2(Ω, C^n, μ) is an eigenvector of V^A. Since the representation is unitary, our supposition implies existence of λ ∈ R such that (V^A_t f)(ω) = e^{iλt}f(ω), a.e. ω ∈ Ω and for all t ∈ R.

Consider the map ρ : U(n) × Ω → P (C^n), defined by ρ(g, ω) = π(g^{−1}f(ω)), where π : C^n → P (C^n) is the canonical projection onto the projective space. Then, ρ(T^A_t (g, ω)) = ρ ( X_A(ω, t)g, T_tω ) = π ( g^{−1}X_A(ω, t)^{−1}f(T_tω) ) = π ( g^{−1}f(ω) ) = ρ(g, ω).

Thus ρ is T^A invariant and hence by the ergodicity assumption, it is constant a.e. (g, ω). Thus there is a non-zero vector v ∈ C^n such that

π(g^{−1}f(ω)) = π(v) a.e. (g, ω).

In particular, this means that almost all g ∈ G, map the ray π(v) into a fixed ray. This implies that the stabilizer of this fixed ray is a closed subgroup with full Haar measure and hence must be all of G. This contradicts assumption (5) of Theorem B.

§2. PROOF OF THEOREM A.

To prove this result, first we introduce some notation. If f ∈ L^2(G, ν), we use ⟨f⟩ to denote the average of f over G with respect to ν, so ⟨f⟩ = ∫ G f(g) dν(g). If f belongs to L^2(G × Ω, ν × m) and ω ∈ Ω, we use f^ω to denote the function G ∋ g → f(g, ω) ∈ C. Then f^ω ∈ L^2(G, ν) for almost all ω ∈ Ω and ∫ Ω ‖f^ω ‖^2_L2 dm(ω) ≤ ‖f‖^2_L2 .

For f ∈ L^2(G × Ω, ν × m) set

f̂(g, ω) = ⟨f⟩^{def}= ∫ G f(g, ω)dν(g).

Then f̂ is in fact the orthogonal projection of f on the space of square-integrable functions on G × Ω that are functions of ω only.

We use

H = L^2(G × Ω, ν × m) ,

H_0 = {f ∈ H : ∫ G×Ω f d(ν × m) = 0} ,

H_{0,av} = {f ∈ H : f̂ ≡ 0} .

Given A ∈ C(Ω, L) and t ∈ R define a unitary operator U^A_t on H by setting

(2.1) U^A_t f = f ∘ T^A_t .

Next, given a positive real number M, define the averaging operator W_{M,A} on H by setting

(2.2) W_{M,A}f = 1 M ∫_M 0 U^A_t fdt.

We will then prove the following.

Theorem 2.1. Let (Ω, {T_t}_{t∈R}, m) be a flow on a compact metric space Ω, where m is a flow invariant Borel probability measure on Ω. Let G be a compact connected Lie group with Lie algebra L and let S be a subset of L. Assume that

(1) the flow (Ω, {T_t}_{t∈R}, m) is ergodic and aperiodic, (2) S is closed and convex, (3) S has the strong accessibility property.

Then the set

C_{erg,av}(Ω, S) = {A ∈ C(Ω, S) : lim_{M→∞} W_{M,A}f = 0 for all f ∈ H_{0,av}},

is a residual subset of C(Ω, S).

PROOF THAT THEOREM 2.1 IMPLIES THEOREM A.

Assume that the conditions of Theorem A hold, so we can apply Theorem 2.1 as well. Let A ∈ C_{erg,av}(Ω, S). If f ∈ H_0, then f̃^{def}= f − f̂ ∈ H_{0,av}, so W_{M,A}f̃ → 0 as M → ∞. Moreover, since the flow (Ω, {T_t}_{t∈R}, m) is ergodic, the ergodic average W_M h^{def}=^1_M

∫_M 0 (h ∘ T_t)dt converge to 0, where we let h(ω)^{def}= ⟨f^ω ⟩, because ∫ Ω h(ω) dm(ω) = 0. Observe that

W_M h = W_{M,A}f̂.

Therefore W_{M,A}f = W_{M,A}f̃ + W_{M,A}f̂ → 0 as M → ∞. Since this is true for all f ∈ H_0, we have shown that (G × Ω, {T^A_t }_{t∈R}, m) is ergodic and subsequently C_{erg}(Y, G) is residual.

PROOF OF THEOREM 2.1.

Given f ∈ H_{0,av}, ε > 0 and n̄ ∈ N, define a set E(f, ε, n̄) as follows:

(2.3) E(f, ε, n̄) = {A ∈ C(Ω, S) : ||W_{n,A}f||_2 < ε for some n ∈ N such that n > n̄} .

Lemma 2.2. Let A ∈ C(Ω, S), and let F be a dense subset of H_{0,av}. If A ∈ E(f,^1_n , n) for all f ∈ F, n ∈ N, n ∈ N, then A ∈ C_{erg,av}(Ω, S).

Proof. Fix an f ∈ F. By the L^2 ergodic theorem, the sequence W_{n,A}f converges in H as n → ∞ to some f^∗ ∈ H. Since A ∈ E(f,^1_n , n) for all n, n ∈ N, f^∗ must be the zero function. So W_{n,A}f → 0 for every f ∈ F. Since F is dense in H_{0,av}, and ‖W_{n,A}‖ ≤ 1 for all n, it follows that W_{n,A}f → 0 as n → ∞ for all f ∈ H_{0,av}, so A ∈ C_{erg,av}(Ω, S).

In view of Lemma 2.2, Theorem 2.1 will follow from the Baire category theorem—together with the facts that (a) C(Ω, S) is a complete metric space, because G is a compact metric group, (b) C(G × Ω) ∩ H_{0,av} is dense in H_{0,av}, and (c) C(G × Ω) is separable— if we prove

Lemma 2.3. Let f ∈ C(G × Ω) ∩ H_{0,av}. Then E(f,^1_n , n) is open and dense in C(Ω, S).

The openness of the sets E(f, ε, n̄) is easily checked. We shall establish their density in the next section. The proof of density involves a series of constructions involving application of two general results. In the remainder of this section we shall state these results. The first result is about approximating the integral of a function over a compact group by the average of its translates and the second is a version of Rokhlin’s lemma (due to D. Lind [L]) for flows. We begin by introducing the necessary notation.

Let C(G) be the space of all continuous (complex valued) maps on G with the supremum metric. If h ∈ C(G) and g ∈ G, we define functions τ_gh by setting

(τ_g h)(x) = h(g^{−1}x), for x ∈ G.

Clearly, each τ_g is an isometric linear maps from C(G) onto C(G).

Proposition 2.4. Let G be a compact metric group. If K ⊆ C(G) is compact and η > 0, then there exists a positive integer P , and members γ_1, . . . , γ_P of G, such that

(2.4) ‖ ‖⟨h⟩ − 1 P P∑ r=1 τ_γ−1_r h ‖ ‖_{sup} ≤ η for all h ∈ K .

Proof. Since K is a compact subset of C(G), it is bounded and equicontinuous. Hence there exist (a) a constant C such that |h(x)| ≤ C whenever x ∈ G and h ∈ K, and (b) a neighborhood W of e_G such that |h(x) − h(y)| <^η_2 whenever xy^{−1} ∈ W and h ∈ K. Partition G into measurable subsets G_1, . . . , G_R such that each G_r is contained in a left translate ξ_rW of W . Let p̃_r = ν(G_r).

If h ∈ K and x ∈ G, then

⟨h⟩ = ∫ G h(gx) dν(g) = R∑ r=1 ∫ G_r

h(gx) dν(g)

= R∑ r=1 ∫ G_r

(h(gx) − h(ξ_rx)) dν(g) + R∑ r=1 p̃_r(τ_ξ−1_r h)(x) .

If g ∈ G_r, then (gx)(ξ_r x)^{−1} = gξ^{−1}_r ∈ W , so |h(gx) − h(ξ_rx)| ≤^η_2 . Therefore | |⟨h⟩ − R∑ r=1 p̃_rτ_ξ−1_r h(x) | | ≤ η 2 for all h ∈ K, x ∈ G. Now, let M be a positive integer, and write

p̃_r = p_r M + p̂_r , where 0 ≤ p̂_r <^1_M . Let P = p_1 + . . . + p_R. Then 1 −^R_M ≤^P_M ≤ 1. Moreover, | | R∑ r=1 p̂_rτ_ξ−1_r h(x) | | ≤ CR M .

So | |⟨h⟩ −^R∑ r=1 p_r M τ_ξ−1_r h(x) | | ≤ η 2 + CR M . Therefore | |⟨h⟩ − R∑ r=1 p_r P τ_ξ−1_r h(x) | | ≤ η 2 + 2CR M . Now choose M such that 4CR < Mη. Then ‖ ‖⟨h⟩ − R∑ r=1 p_r P τ_ξ−1_r h ‖ ‖_{sup} ≤ η for all h ∈ K .

If we now define

γ_1 = γ_2 = · · · = γ_{p1} = ξ_1 , γ_{p1+1} = γ_{p1+2} = · · · = γ_{p1+p2} = ξ_2 , · · · γ_{p1+p2+···+pR−1+1} = γ_{p1+p2+·+pR−1+2} = · · · = γ_P = ξ_R ,

then ‖ ‖⟨h⟩ − 1 P P∑ r=1 τ_γ−1_r h ‖ ‖_{sup} ≤ η for all h ∈ K .

Next, we recall a result of D. Lind (see [L]) which extends the classical Rokhlin’s lemma for aperiodic measure preserving transformations to aperiodic, measure preserving R actions. First we introduce some notation. Let (X, B, m) be a Lebesgue space and let (x, t) → T_t(x) : X × R → X be a jointly measurable, m preserving flow (i.e. R action) on X. The flow (X, B, {T_t}_{t∈R}, m) is aperiodic if there exists a null set N ⊂ X such that if x /∈ N and t ≠ 0, then T_tx ≠ x.

Theorem 2.5. Let (X, B, T, m) be an aperiodic measure preserving flow on a Lebesgue space. Then, given N ∈ N and ε > 0 there exists a set F ⊂ X such that

(1) F and T_N (F )^{def}= ∪ {T_t(F ) : 0 ≤ t ≤ N} are measurable; (2) T_tF ∩ T_sF = ∅ for all t ≠ s, t, s ∈ [0, N]; (3) m(T_N (F )) > 1 − ε;

(4) the map φ : F × [0, N] → T_N (F ) defined by φ(x, t) = T_t(x) is bijective, measurable and its inverse is measurable (i.e. a measurable isomorphism). Furthermore there exists a probability measure m̃ defined on (the measurable subsets) of F such that φ^∗(m|_{TN (F )}) = m̃ ×^{dlN}_N , where m|_{TN (F )} is the normalized restriction of m to the set T_N (F ) and dl_N is the usual Lebesgue measure on [0, N].

The set F in the above theorem is a “transversal” to the flow and m̃ is a “transversal measure” induced by m on F . Also notice that if the flow (X, B, {T_t}_{t∈R}, m) is ergodic and aperiodic, then m̃ is non-atomic.

In our set-up the underlying flow is actually a jointly continuous flow on a compact metric space. Since the measure space obtained from the completion of the Borel σ-algebra with respect to a given non-atomic Borel measure on compact spaces is a Lebesgue space [R], we can apply Lind’s theorem in our setting. Furthermore, since the set T_N (F ) in above theorem can be approximated from inside by compact sets and since our flow is jointly continuous, without loss of generality in our setting, we can assume that the transversal F is compact.

§3. Density of E(f, ε, n̄).

Now we turn to the proof of the density of E(f, ε, n̄). For this purpose, we fix the following objects:

(1) f ∈ C(G × Ω) ∩ H_{0,av}; (2) A_0 ∈ C(Ω, S);

(3) a positive number ε; (4) a positive number δ and (5) a positive integer n̄.

To prove the density of E(f, ε, n̄) we shall construct a map A ∈ C(Ω, S) such that (1) ||A_0 − A|| < δ and (2) A ∈ E(f, ε, n̄).

First we sketch-in general terms-the idea underlying the construction of map A. This map will be first defined on a “strip” or the Rokhlin tower T_N (E) which is identified with the set E × [0, N] (see the notation in Theorem 2.5). Here E is the “base of the tower” and N is suitably chosen large positive integer (height of the tower). The existence of such a tower is guaranteed by D. Lind’s theorm. Let n be a suitably chosen integer that is large but much smaller than N. The aperiodicity of the flow allows us to identify the piece of the orbit {T_t(ω) : t ∈ [0, n]} with the interval [0, n] via the map t → T_t(ω), for “most ω’s” in the strip. Let γ_{0,ω}(t)^{def}= A_0(T_t(ω)). Then we want to construct an ε-perturbation γ_ω of γ_{0,ω} in the space C([0, n], S) of continuous S valued functions so that the solution Γ_ω(t) of the Cauchy problem g^′_ω(t) = γ_ω(t)g(t), g_ω(0) = e_G,

has the property that the ergodic (time) average on the time interval [0, n] of the given function f ∈ C(G × Ω) ∩ H_{0,av} along the curve (Γ_ω (t), T_tω) is close to zero for “most of ω”s in the strip.

To solve this problem let us examine the Cauchy problem

g^′ = γ_ω(t)g,

where γ_ω is a S-valued curve. This system can be regarded as a right invariant control system on the Lie group G (see [NS1] for a detailed discussion on this point view). The desired perturbation is then thought as a “control” function that stears the original trajectory (the one corresponding to γ_{0,ω}) to suitable “targets”. The demand that “the time average of the given f along the integral curves of this system is close to zero for most the ω’s” can be translated into a “description of the targets”. The approximation result - Proposition 2.4 - plays a role in this description. The general strategy of stearing trajectories to these targets involve “Property A^∗” of the fiber group G. We refer the reader to the discussion on page 316 of [NS1] for a review of this strategy.

The crucial point in implementing this strategy is the existence of a neighbourhood W of e_G such that the “time 1 reachable set” of the control process g^′(t) = γ_ω(t)g, g(0) = e_G contains some right translate of W . It is crucial that this W be independent of ω ∈ Ω. In the following (Theorem 3.1) we state this crucial fact precisely We begin by introducing the necessary notation.

Given a closed interval [a, b], let C^{pc}([a, b], S) denote the set of piecewise continuous maps A : [a, b] → S (i.e. continuous S-valued maps with a finite number of jump discontinuities). If 0 ∈ [a, b], A ∈ C^{pc}([a, b], S), let Γ_A denote the unique G-valued absolutly continuous solution curve of the initial value problem

g^′ = A(t)g(t), t ∈ [a, b], g(0) = e_G.

If A ∈ C^{pc}([a, b], S) and δ > 0, define the set N_S(A, δ) as follows:

N_S (A, δ) = {B ∈ C^{pc}([a, b], S) : sup_{t∈[a,b]} ||A(t) − B(t)|| < δ}.

The following result is proved in [NS1, Proposition 2.1].

Proposition 3.1. Let G be a Lie group with Lie algebra L. Let S ⊆ L be as in Theorem 1.1. Let τ > 0 and F ⊆ C([0, τ], S) be a compact subset. Then given δ > 0 there exist a neighbourhood W of the identity of G, depending on δ but independent of A ∈ F such that the set {Γ_B (τ) : B ∈ N_S (A, δ)} contains some right translate of W .

Now we begin with the construction of the desired map.

Step 1 : Let K to be the closed convex hull of the set of all functions given by

{τ_g(f^ω ) : ω ∈ Ω} ⊂ C(G).

Then K is a compact convex subset of C(G) that is also invariant under τ_g for all g ∈ G. Furthermore ⟨h⟩ = 0 for every h ∈ K.

Next, we fix a finite subset K_0 of K such that every h ∈ K satisfies the inequality

(3.1) ‖h − h_0‖_{sup} < ε 16 for some h_0 ∈ K_0. We let κ̂ be the cardinality of K_0. We let

(3.2) β = ε 8κ̂ . Next, let δ_1 > 0 be such that

(3.3) if d(g_1, g_2) < δ_1, then |H(g_1) − H(g_2)| < β 2 , g_1, g_2 ∈ G and

for all H ∈ K.

Step 2 : Now applying Proposition 2.4 to the above set K and with η = β, we get a positive integer P and γ_1, · · ·, γ_P ∈ G such that

(3.4) ‖ ‖ 1 P P∑ r=1 τ_γ−1_r h ‖ ‖_{sup} ≤ β for all h ∈ K .

Step 3 : Corresponding to the given δ pick a neighbourhood W of e_G according to Proposition 3.1. (We apply Proposition 3.1 by taking τ = 1 and F = {(A_0)_ω : ω ∈ Ω} ⊆ C([0, 1], S), where (A_0)_ω (t) = A_0(T_t(ω)), t ∈ [0, 1].) Hence for each ω ∈ Ω there exists some h(ω) ∈ G satisfying

(3.5) W h(ω) ⊆ {Γ_B(1) : B ∈ N_S ((A_0)_ω, δ/3)}.

Step 4 : Corresponding to W , pick κ ∈ N according to Property A^∗.

Step 5 : Next, we choose N = (κ+μ)λ where μ and λ are large positive integers, the precise choice of which will be described later. Then using Theorem 2.5 pick a subset Ê of Ω with the following properties:

(1) Ê and T_N (Ê)^{def}= ∪ {T_t(Ê) : t ∈ [0, N]} are Borel sets; (2) T_s(Ê) ∩ T_t(Ê) = ∅ for all t ≠ s, t, s ∈ [0, N];

(3) m(T_N (Ê)) ≥ 1 − c_1 where c_1 is a positive constant whose choice will be described later.

Let m̃ denote the induced measure on the transversal Ê as in Theorem (2.5). Step 6 : Using uniformly continuity of f on G × Ω, choose

(1) a positive number c_2 such that |f(g, y) − f(g, z)| ≤^ε_8 whenever g ∈ G, y, z ∈ Ω, and d(y, z) ≤ c_2;

(2) a neighborhood V of the identity e_G in G such that |f(g, ω) − f(h, ω)| ≤^ε_8 whenever g, h ∈ G, ω ∈ Ω, and gh^{−1} ∈ V .

Step 7 : Let c_3 be a positive constant such that

||A_0(T_t(ω_1)) − A_0(T_t(ω_2))|| < δ 3 if d(ω_1, ω_2) < c_3 and t ∈ [0, N].

Step 8 : Using continuity of the map T_t (t ∈ [0, N]), pick a positive c_4 such that (1) d(T_ty, T_tz) ≤ c_2 whenever d(y, z) ≤ c_4 and t ∈ [0, N], (2) c_4 < c_3.

Step 9 : We partition Ω into finitely many Borel-measurable sets Ω_1, . . . , Ω_s of diameter less than c_3, and let Ê_i = Ê ∩ Ω_i for i = 1, . . . , s. Write I = {1, . . . , s}. Using the fact that m is regular, for each i ∈ I pick compact sets E_i such that E_i ⊆ Ê_i and m(Ê_i\E_i) <^{c1}_{sN} . Note that {T_tE_i : i ∈ I, t ∈ [0, N]} is a family of mutually disjoint compact sets and

(3.6) m ( ⋃ i∈I ⋃ t∈[0,N−1]

T_t(E_i) ) ≥ m ( ⋃ t∈[0,N−1]

T_t(Ê) ) (1 − c_1) ≥ (1 − c_1)^2 ≥ 1 − 2c_1 .

We discard any E_i’s that have m̃-measure zero, so m̃(E_i) > 0, for all i ∈ I. Step 10 : Let J = [0, 1, · · ··, N − 1]. We pick points ω_i ∈ E_i for each i ∈ I, and then set ω_{ij} = T_j (ω_i) for j ∈ J.

Step 11 : Now we are going to define the desired map A. For this purpose, we begin by dividing the integer interval J = [0, 1, · · ··, N − 1] into λ blocks J_1, . . . , J_λ of length κ + μ, given by

J_ℓ = {(ℓ − 1)(κ + μ), (ℓ − 1)(κ + μ) + 1, . . . , ℓ(κ + μ) − 1} for ℓ ∈ L ,

where L = {1, 2, . . . , λ}. We then split each block J_ℓ into two blocks J^1_ℓ , J^2_ℓ , of lengths κ and μ, by letting

J^1_ℓ = {(ℓ − 1)(κ + μ), (ℓ − 1)(κ + μ) + 1, . . . , ℓκ + (ℓ − 1)μ − 1} , J^2_ℓ = {ℓκ + (ℓ − 1)μ, ℓκ + (ℓ − 1)μ + 1, . . . , ℓ(κ + μ) − 1} .

For each i ∈ {1, · · ·, s} and j ∈ J^1_ℓ , where ℓ ∈ {1, · · ·, λ}, consider the map A_{ij} ∈ F defined by A_{i,j} (t) = A_0(T_t(ω_{ij} )), t ∈ [0, 1].

Letting h_{i,j} = h(ω_{ij} ), (3.5) yields (3.7) W h_{ij} ⊆ {Γ_B (1) : B ∈ N_S (A_{ij} , δ/3)}.

For each (i, j) ∈ I × J a choice of g_{ij} ∈ G is made. This choice will be described later in detail. Then, using (3.7), select Â_{ij} ∈ N_S (A_{ij} , δ), (for each (i, j) ∈ I × J) such that (3.8) g_{ij} = Γ_{Âij} (1).

Next, for each ω ∈ ∪^s_{i=1}E_i define Ã_ω : R → S by setting

Ã_ω(t) = A_{ij} (t − j) if j ≤ t ≤ j + 1, j ∈ J^1_ℓ , l ∈ {1, · · ·, λ} and ω ∈ E_i, = A_0(T_tω) otherwise .

Note that the map Ã_ω remains the same as ω varies over E_i, (for each 1 ≤ i ≤ s) and hence we shall also write Ã_ω = Ã_i if ω ∈ E_i. Clearly for each ω ∈ ∪^s_{i=1}E_i, Ã_ω ∈ C^{ps}(R, S) and

(3.9) ||Ã_ω(t) − A_0(T_tω)|| < δ 3 ω ∈ ∪^s_{i=1}E_i and t ∈ [0, N] .

Step 12 : Now we construct a continuous approximation to the map Ã_ω. A general approximation procedure involves defining the following family of maps (parametrized by a positive real parameter ν).

(3.10) Ã^ν_ω(t) = ν

∫_{t+} 1_ν t Ã_ω(s)ds, ω ∈ ∪^s_{i=1}E_i .

We claim that (see [NS1] for full details) by considering large enough values of ν, we can find a ν̄ such that (3.11) ||Ã^{ν̄}_ω(t) − A_0(T_tω)|| < δ, for all t ∈ [0, N], ω ∈ ∪^s_{i=1}E_i , and

(3.12) Γ~_{Aω} (t)Γ~_Aν̄_ω (t)^{−1} ∈ V^∗, for all t ∈ [0, N], ω ∈ ∪^s_{i=1}E_i ,

where V^∗ is a neighbourhood of e_G such that V^∗ · V^∗ ⊆ V and gV^∗g^{−1} ⊆ V^∗ for all g ∈ G. Step 13 : Set A^∗_ω = Ã^{ν̄}_ω. Then the map A^∗(ω, t) → A^∗_ω (t) is continuous on ∪^s_{i=1}E_i × [0, N]. (In fact A^∗_ω ≡ Ã^{ν̄}_i if ω ∈ E_i). We may regard A^∗ as a (continuous) map defined on the compact subset ∪{T_t(ω) : ω ∈ E_i, 1 ≤ i ≤ s, t ∈ [0, N]}; and then extend it continuously to a map A : Ω → L satisfying

(1) A(ω) ∈ S for all ω ∈ Ω and (2) ||A(ω) − A_0(ω)|| < δ for all ω ∈ Ω.

We refer to page 320 of [NS1] for the details regarding the construction of this extension. Step 14 : Now we are now going to estimate the norm ‖W_{n,A}f‖_{L2} for large n. We will choose n = (κ + μ)ρ such that 2 n ‖f‖_{sup} < ε 8 , where ρ is a large positive integer whose precise choice will be described later, but it is such that^λ_ρ is still a large positive integer. In fact the choice of μ, ρ and then λ (and N) will be made in this order.

Now we begin estimating ‖W_{n,A}f‖_{L2} . We let C = ⋃ t∈[0,N−n−1] s⋃ i=1 T_t(E_i) .

Since m ( ⋃ t∈[N−n−1,N] s⋃ i=1 T_t(E_i) ) ≤ m̃(∪^s_{i=1}E) · n + 1 N ≤ n + 1 N = ρ λ + 1 N < ρ + 1 λ ,

the set C satisfies m(C) ≥ 1 − c_1 − ρ + 1 λ . Outside G × C, the function W_{n,A}f is bounded pointwise by ‖f‖_{sup}, so

(3.13) ∫ G×(Ω\C)

|W_{n,A}f(g, ω)|^2dν(g) × m(ω) ≤ ‖f‖^2_{sup} ( c_1 + ρ + 1 λ ) . Now let (g, ω) ∈ G × C. Then ω is of the form ω = T_{j+t}′ω̃ for some ω̃ ∈ E_i where i ∈ {1, · · ·, s}, j ∈ J ≡ {0, · · ·, N − 1} such that j ≤ N − n − 1 and t^′ ∈ [0, 1] are uniquely determined by ω. Note that

W_{n,A}f(g, ω) = 1 n ∫_n 0 f(X_A(ω, s)g, T_sω)ds = 1 n ∫_n 0 f(X_A(ω, s)g, T_{s+j+t}′ω̃)ds ε 8≈ 1 n ∫_n 0 f(X_A(ω, s)g, T_{s+j+t}′ ω_i)ds, by (1) of Step 6 and Step 8 ;

where we write a^ε≈ b to mean |a − b| < ε. Thus, writing w_{ij}^{def}= T_j ω_i we get

W_{n,A}f(g, ω) ε 8 ≈ 1 n ∫_n 0 f(X_A(ω, s)g, T_{s+t}′ ω_{ij} )ds = 1 n ∫_{n+t}′

t^′

f(X_A(ω, s^′ − t^′)g, T_s′ ω_{ij} )ds^′ .

The choice of n in Step 14 yields^{2t′}_n ‖f‖_{sup} ≤^2_n ‖f‖_{sup} <^ε_8 and hence 1 n ∫_{n+t}′

t^′

f(X_A(ω, s^′ − t^′)g, T_s′ ω_{ij} )ds^′ ε 8≈ 1 n ∫_n 0 f(X_A(ω, s^′ − t^′)g, T_s′ ω_{ij} )ds^′ .

Thus, using cocycle identity we obtain W_{n,A}f(g, ω) ε 4≈ 1 n ∫_n 0 f(X_A(ω, s^′ − t^′)g, T_s′ ω_{ij} )ds^′ ε 4≈ 1 n ∫_n 0 f(X_A(T_jω̃, s)X_A(T_jω̃, t^′)^{−1}g, T_sω_{ij} )ds .

Now we claim that for any ω̃ ∈ E_i and j ∈ J such that j ≤ N − n − 1, X_A(T_jω̃, s) = X_A(ω_{ij} , s) for all s ∈ [0, n] .

To prove this claim first notice that A(T_tω̃) = A^∗_{ω̃}(t) = Ã^{ν̄}_{ω̃}(t) = Ã^{ν̄}_{ωi} (t) = A^∗_{ωi} (t) = A(T_tω_i) , for all t ∈ [0, N]. Thus, X_A(ω̃, t) = X_A(ω_i, t) for all t ∈ [0, N]. Now the claim follows by using the cocycle identity as follows; X_A(T_jω̃, s) = X_A(ω̃, s + j)X_A(ω̃, j)^{−1} = X_A(ω_i, s + j)X_A(ω_i, j)^{−1} (since s + j ∈ [0, N]) = X_A(ω_{ij} , s) .

Thus, W_{n,A}f(g, ω) ε 4≈ 1 n ∫_n 0 f(X_A(ω_{ij} , s)X_A(ω_{ij} , t^′)^{−1}g, T_sω_{ij} )ds.

(3.14)

Now fix i ∈ I = {1, · · ·, s} and j ∈ J such that j ≤ N − n − 1. Set W_{n,A;i,j,t}′ f(g)^{def}=

∫_n 0 f(X_A(ω_{ij} , s)X_A(ω_{ij} , t^′)^{−1}g, T_sω_{ij} )ds = n−1∑ k=0 ∫_{k+1} k f(X_A(ω_{ij} , s)X_A(ω_{ij} , t^′)^{−1}g, T_sω_{ij} )ds

= n−1∑ k=0 ∫_1 0 f(X_A(ω_{ij} , s^′ + k)X_A(ω_{ij} , t^′)^{−1}g, T_s′ ω_{i(j+k)})ds^′.

As k varies from 0 to n − 1, the index j + k takes values in the integer interval Γ_n(j) = {j, j + 1, · · ·, j + n − 1}, which is a subset of J because j ≤ N − n − 1. We can then write Γ_n(j) = Γ^c_n(j) ∪ Γ^b_n(j), where the “central part” Γ^c_n(j) is a disjoint union of intervals J_ℓ and the “bad part” Γ^b_n(j) has at most 2(κ+μ) members. Let Δ_n(j) be the set of indices ℓ such that J_ℓ ⊂ Γ_n(j). Then (3.15) W_{n,A;i,j,t}′ f(g) = W^c_{n,A;i,j,t}′ f(g) + W^b_{n,A;i,j,t}′ f(g) , where W^c_{n,A;i,j,t}′ f(g), W^b_{n,A;i,j,t}′ f(g) are respectively the contributions to the right-hand side of (3.14) of the terms for which k + j ∈ Γ^c_n(j) and those for which k + j ∈ Γ^b_n(j). Thus, in particular,

W^c_{n,A;i,j,t}′ f(g) = ∑ k+j∈Γ^c_n(j)

∫_1 0 f(X_A(ω_{ij} , k + s)X_A(ω_{ij} , t^′)^{−1}g, T_sω_{i(j+k)})ds

= ∑ ℓ∈Δ_n(j) ∑ k+j∈J_ℓ

∫_1 0 f(X_A(ω_{ij} , k + s)X_A(ω_{ij} , t^′)^{−1}g, T_sω_{i(j+k)})ds, and W^b_{n,A;i,j,t}′ f(g) = ∑ k+j∈Γ^b_n(j)

∫_1 0 f(X_A(ω_{ij} , k + s)X_A(ω_{ij} , t^′)^{−1}g, T_sω_{i(j+k)})ds.

Since Γ^b_n(j) has at most 2(κ + μ) indices, we get the bound (3.16) 1 n | |W^b_{n,A;i,j,t}′ f(g) | | ≤ 2(κ + μ)‖f‖_{sup} n = 2‖f‖_{sup} ρ . Now let us analyze the contribution to W^c_{n,A;i,j,t}′ f(g) by terms such as following.

W^c_{n,A;i,j,t}′_{;ℓ}f(g)^{def}= ∑ k+j∈J_ℓ

∫_1 0 f(X_A(ω_{ij} , k + s)X_A(ω_{ij} , t^′)^{−1}g, T_sω_{i(j+k)})ds

= ∑ u∈J_ℓ

∫_1 0 f(X_A(ω_{ij} , u − j + s)X_A(ω_{ij} , t^′)^{−1}g, T_sω_{iu})ds .

Let J_ℓ = {a_ℓ, a_ℓ +1, . . . , a_ℓ +κ+μ−1}. Rewriting the summation with u = a_ℓ +v and using the cocycle identity we get

W^c_{n,A;i,j,t}′_{;ℓ}f(g) =

κ+μ−1 ∑ v=0 ∫_1 0 f(X_A(ω_{ij} , a_ℓ + v − j + s)X_A(ω_{ij} , t^′)^{−1}g, T_sω_{i(aℓ+v)})ds

= κ+μ−1 ∑ v=0 ∫_1 0 f(X_A(T_{aℓ−j} ω_{ij} , v + s)X_A(ω_{ij} , a_ℓ − j)X_A(ω_{ij} , t^′)^{−1}g, T_sω_{i(aℓ+v)})ds

= κ+μ−1 ∑ v=0 ∫_1 0 f(X_A(ω_{iaℓ} , v + s)X_A(ω_{ij} , a_ℓ − j)X_A(ω_{ij} , t^′)^{−1}g, T_sω_{i(aℓ+v)})ds .

Now we split the above sum once more, by separating out the first κ terms from the remaining μ ones. We get

W^c_{n,A;i,j;t}′_{;ℓ}f(g) = W^{c,−}_{n,A;i,j,t}′_{;ℓ}f(g) + W^{c,+}_{n,A;i,j,t}′_{;ℓ}f(g) ,

where

W^{c,−}_{n,A;i,j,t}′_{;ℓ}f(g) = κ−1∑ v=0 ∫_1 0 f(X_A(ω_{iaℓ} , v + s)X_A(ω_{ij} , a_ℓ − j)X_A(ω_{ij} , t^′)^{−1}g, T_sω_{i(aℓ+v)})ds

and W^{c,+}_{n,A;i,j,t}′_{;ℓ}f(g) = μ−1∑ q=0 ∫_1 0 f(X_A(ω_{iaℓ} , κ + q + s)X_A(ω_{ij} , a_ℓ − j)X_A(ω_{ij} , t^′)^{−1}g, T_sω_{i(aℓ+κ+q)})ds .

Note that each function W^{c,−}_{n,A;i,j,t}′_{;ℓ}f is pointwise bounded by κ‖f‖_{sup}. Since the number of members of Δ_n(j) is at most ρ, we have the estimate

(3.17) 1 n | | ∑ ℓ∈Δ_n(j)

W^{c,−}_{n;A,i,j,t}′_{;ℓ}f(g) | | ≤ ρκ‖f‖_{sup} n = κ‖f‖_{sup} κ + μ .

Next, we estimate W^{c,+}_{n,A;i,j,t}′_{;ℓ}f(g). Recall that

W^{c,+}_{n,A;i,j,t}′_{;ℓ}f(g) = μ−1∑ q=0 ∫_1 0 f(X_A(ω_{iaℓ} , κ + q + s)X_A(ω_{ij} , a_ℓ − j)X_A(ω_{ij} , t^′)^{−1}g, T_sω_{i(aℓ+κ+q)})ds ,

First we compute the following expression using the cocycle identity,

X_A(ω_{iaℓ} , κ+q + s)X_A(ω_{ij} , a_ℓ − j)X_A(ω_{ij} , t^′)^{−1} = X_A(ω_{i(aℓ+κ)}, q + s)X_A(ω_{iaℓ} , κ)X_A(ω_{ij} , a_ℓ − j)X_A(ω_{ij} , t^′)^{−1} = X_A(ω_{i(aℓ+κ)}, q + s)X_A(ω_{iaℓ} , κ)X_A(ω_{ij} , a_ℓ − j)X_A(ω_{ij} , t^′)^{−1} = X_A(ω_{i(aℓ+κ)}, q + s)X_A(ω_{iaℓ} , κ)X_A(ω_i, a_ℓ)X_A(ω_i, j)^{−1}X_A(ω_{ij} , t^′)^{−1} = X_A(ω_{i(aℓ+κ)}, q + s)X_A(ω_{iaℓ} , κ)X_A(ω_i, a_ℓ) ( X_A(ω_{ij} , t^′)X_A(ω_i, j)

)_{−1}

= X_A(ω_{i(aℓ+κ)}, q + s)X_A(ω_{iaℓ} , κ)X_A(ω_i, a_ℓ)X_A(ω_i, j + t^′)^{−1} .

Thus,

W^{c,+}_{n,A;i,j,t}′_{;ℓ}f(g) = μ−1∑ q=0 ∫_1 0 f(X_A(ω_{i(aℓ+κ)}, q + s)X_A(ω_{iaℓ} , κ)X_A(ω_i, a_ℓ)X_A(ω_i, j + t^′)^{−1}g, T_sω_{i(aℓ+κ+q)})ds .

We now turn to the crucial estimate, namely, the bound for the functions W^{c,+}_{n,A;i,j,t}′_{;ℓ}f. It is at this point that we will choose the g_{ij} . For this purpose, we will want to assign to each index i ∈ I and each ℓ ∈ L an integer r(i, ℓ) ∈ {1, . . . , P }. We let F_{i,ℓ} and F^∗_{i,ℓ} be the functions on G defined by

F_{i,ℓ}(g) = 1 μ μ−1∑ q=0 ∫_1 0 f(X_A(ω_{i(aℓ+κ)}, q + s)g, T_sω_{i(aℓ+κ+q)})ds and

F^∗_{i,ℓ}(g) = 1 μ μ−1∑ q=0 ∫_1 0 f(X_{A0} (ω_{i(aℓ+κ)}, q + s)g, T_sω_{i(aℓ+κ+q)})ds and

Notice that the function F^∗_{i,ℓ} does not depend at all on the choice of g_{ij} . Now (3.12), Step 6, along with the choice of V^∗ and the definition of A implies that

||F^∗_{i,ℓ} − F_{i,ℓ}||_{sup} < ε 8 . Next, observe that

W^{c,+}_{n,A;i,j,t}′_{;ℓ}f(g) = μF_{i,ℓ} ( X_A(ω_{iaℓ} , κ)X_A(ω_i, a_ℓ)X_A(ω_i, j + t^′)^{−1}g ) . Note that for each q ∈ {0, 1, · · ·, μ − 1} the map g → ∫_1 0 f(X_{A0} (ω_{i(aℓ+κ)}, q + s)g, T_sω_{i(aℓ+κ+q)})ds

belongs to K-the closed convex hull of the set {τ_g(f^ω )}. Subsequently each F^∗_{i,ℓ} also belongs to K. Thus, or each i, ℓ we can choose H_{i,ℓ} ∈ K_0 such that

‖F^∗_{i,ℓ} − H_{i,ℓ}‖_{sup} ≤ ε 8 . Thus,

(3.18) ‖F_{i,ℓ} − H_{i,ℓ}‖_{sup} ≤ ε 4 .

For each i ∈ I, H ∈ K_0, let A(i, H) be the set of those indices ℓ ∈ L such that H_{i,ℓ} = H. Enumerate the members of A(i, H), from left to right, so

A(i, H) = {α_{i,H,1}, . . . , α_{i,H,Λ(i,H)}} ,

with α_{i,H,1} < α_{i,H,2} < . . . < α_{i,H,Λ(i,H)}. Then for each i ∈ I, ℓ ∈ L, there exists a unique k = k(i, ℓ) ∈ {1, . . . , Λ(i, H_{i,ℓ})} such that ℓ = α_{i,Hi,ℓ ,k}. We then define r(i, ℓ) to be the remainder of k(i, ℓ) modulo P , so k(i, ℓ) = k̂(i, ℓ)P + r(i, ℓ), where k̂(i, ℓ) and r(i, ℓ) are non-negative integers and 0 ≤ r(i, ℓ) < P .

We now define the g_{ij} for i ∈ I, j ∈ J. As explained above, we let g_{ij} = e_G if j ∈ ∪_ℓJ^2_ℓ . We then define the family {g_{ij} }_{i∈I,j∈J} 1_ℓ for each j ∈ J^1_ℓ , inductively with respect to ℓ.

Fix an ℓ, and assume that the g_{ij} have already been chosen for j ∈ J^1_ℓ′ for all ℓ^′ such that ℓ^′ < ℓ, but not yet for j ∈J^1_ℓ . Then the g_{ij} are in fact determined for all j such that j < a_ℓ. For any i ∈ I, we have

X_A(ω_{i,aℓ} , κ)X_A(ω_i, a_ℓ)X_A(ω_i, j + t^′)^{−1}

= X_A(ω_{i,aℓ+κ−1}, 1)X_A(ω_{i,aℓ+κ−2}, 1) · · · X_A(ω_{i,aℓ} , 1)X_A(ω_i, a_ℓ)X_A(ω_i, j + t^′)^{−1}

= g_{i,aℓ+κ−1} · z_{κ−1} · g_{i,aℓ+κ−2} · z_{κ−2} · · · ·g_{i,aℓ} z_0 ,

(3.19)

where z_k = X_{A0} (ω_{i,aℓ +k}, 1) for 0 < k < κ, and z_0 = X_{A0} (ω_{i,aℓ} , 1)X_A(ω_i, a_ℓ)X_A(ω_i, j +t^′)^{−1}. Note that z_0 is determined, because the g_{ij} have already been selected for j < a_ℓ. Now, our choice of κ in Step 4 guarantees that W z_{κ−1} · z_{κ−2} · · · ·W z_0 = G. Thus we can choose g_{i0}, g_{i1}, · · ·, g_{i(κ−1)} such that

(3.20) X_A(ω_{i,aℓ} , κ)X_A(ω_i, a_ℓ)X_A(ω_i, j + t^′)^{−1} = γ_{r(i,ℓ)} .

Then, for any i, j, ∑ ℓ∈Δ_n(j)

W^{c,+}_{n,A;i,j,t}′_{;ℓ}f(g) = μ ∑ ℓ∈Δ_n(j)

F_{i,ℓ} ( γ_{r(i,ℓ)XA(ωi,j+t}′_)−1 g )

= μ ∑ H∈K_0 ∑ ℓ∈A(i,H)∩Δ_n(j)

τ_γ−1_{r(i,ℓ)} F_{i,ℓ} ( X_A(ω_i, j + t^′)^{−1}g ) .

Let W_{n,A;i,j} (g) = μ ∑ H∈K_0 ∑ ℓ∈A(i,H)∩Δ_n(j)

τ_γ−1_{r(i,ℓ)} H(g).

Since ‖H − F_{i,ℓ}‖_{sup} ≤^ε_4 whenever ℓ ∈ A(i, H), we have the bound | |Wn,A;i,j(XA(ωi, j + t^′)^{−1}g) − ∑ ℓ∈Δ_n(j)

W^{c,+}_{n,A;i,j,t}′_{;ℓ}f(g) | | ≤ μρε 4 , using the fact that Δ_n(j) has at most ρ members. Observing that^{μρ}_n ≤ 1, we get

(3.21) 1 n | |Wn,A;i,j(XA(ωi, j + t^′)^{−1}g) − ∑ ℓ∈Δ_n(j)

W^{c,+}_{n,A;i,j,t}′_{;ℓ}f(g) | | ≤ ε 4 .

We now turn to the task of estimating W_{n,A;i,j} . We write

W_{n,A;i,j} (g) = μ ∑ H∈K_0

W_{n,A;i,j;H} (g),

where

(3.22) W_{n,A;i,j;H} (g) = ∑ ℓ∈A(i,H)∩Δ_n(j)

τ_γ−1_{r(i,ℓ)} H(g).

Now suppose that A(i, H) ∩ Δ_n(j) has q_{i,j,H} P + p_{i,j,H} members, where q_{i,j,H} and p_{i,j,H} are integers such that q_{i,j,H} ≥ 0 and 0 ≤ p_{i,j,H} < P . Then the sum of the first q_{i,j,H} P terms of (3.22) is equal to q_{i,j,H}

∑_P

r=1 τ_γ−1_r H(g), whose absolute value is bounded by P βq_{i,j,H} , because ⟨H⟩ = 0. The sum of the remaining p_{i,j,H} terms is bounded by p_{i,j,H} ‖f‖_{sup}. Thus | |Wn,A;i,j;H (g) | | ≤ P βqi,j,H + pi,j,H ‖f‖sup .

Each number q_{i,j,H} is bounded by^ρ_P , and p_{i,j,H} ≤ P . So | |Wn,A;i,j;H (g) | | ≤ ρβ + P ‖f‖sup .

Therefore

(3.23) ‖W_{n,A;i,j} ‖_{sup} ≤ μκ̂ρβ + μκ̂P ‖f‖_{sup} .

If we combine (3.21) and (3.23), we find

(3.24) 1 n ‖ ‖ ‖ ∑ ℓ∈Δ_n(j)

W^{c,+}_{n,A;i,j,t}′_{;ℓ}f(g) ‖ ‖ ‖_{sup} ≤ ε 4 + μκ̂ρβ n + μκ̂P n ‖f‖_{sup} ,

We now use (3.17) and get 1 n | |W^c_{n,A;i,j,t}′ | |_{sup} = 1 n | | ∑ ℓ∈Δ_n(j)

W^c_{n,A;i,j,t}′_{;ℓ} | |_{sup} ≤ κ‖f‖_{sup} κ + μ + ε 4 + μκ̂ρβ n + μκ̂P n ‖f‖_{sup} .

Then (3.15) and (3.16) implies

(3.25) |W_{n,A,i,j,t}′ (g)| ≤

2‖f‖_{sup} ρ + κ‖f‖_{sup} κ + μ + ε 4 + μκ̂ρβ n + μκ̂P n ‖f‖_{sup} .

Finally, we use (3.14) and get the pointwise estimate

(3.26) |W_{n,A}f(g, y)| ≤ ε 4 + 2‖f‖_{sup} ρ + κ‖f‖_{sup} κ + μ + ε 4 + μκ̂ρβ n + μκ̂P n ‖f‖_{sup} ,

valid whenever ḡ ∈ G and y ∈ C. Now note that depending on the initial given data (i.e. A_0, f, ε, δ and n̄ we have so far chosen κ, κ̂ and P . Next, we choose ρ and μ such that

n = (κ + μ)ρ > n̄ ,

‖f‖_{sup} ρ ≤ ε 16 , κ‖f‖_{sup} μ ≤ ε 16 , and

P κ̂‖f‖_{sup} ρ ≤ ε 16 . Then (3.26) and (3.2) implies that

(3.27) |W_{n,A}f(ḡ, y)| ≤ 7ε 8 whenever g ∈ G and y ∈ C .

This, together with (3.13), gives ∫ G×Y |W_{n,A}f|^2 ≤

49ε^2 64 + ( 2c_1 + ρ λ ) ‖f‖^2_{sup} .

Finally we choose λ and c_1 so that (2c_1 +^ρ_λ )‖f‖^2_{sup} ≤^{14ε2}_{64} , and conclude that ‖W_{n,A}f‖_L2 <ε.

Since n > n̄, we have proved that ψ ∈ E(f, ε, n̄). By construction, ||A − A_0|| < δ and A_0 ∈ E(f, ε, n̄), concluding the proof of Lemma 2.3 and subsequently the proof of Theorem 2.1 as well.

REFERENCES [AK] D. Anosov and A. Katok : New examples in smooth ergodic theory, Trans. Moscow Math. Soc. 23 (1970), 1-35.

[BM] R. Badii, P. Meier : Comment on chaotic Rabi oscillation under quasiperiodic perturbation, Physical Review Letters 58, no. 10 (1987), 1045.

[B] J. Bellisard : Stability and instability in quantum mechanics, Trends and developements in the eighties, edited by S. Albeverio and P. Blanchard, World Scientific (1985). [BJL] P. Bleher, H. Jauslin, J. Lebowitz : Floquet spectrum for two-level systems in quasiperiodic time dependent fields, preprint (1992).

[C] G. Casati : Chaotic behaviour in quantum mechanics, Plenum Press, New York (1984). [DGP] B. Dorizzi, B. Grammaticos, Y. Pomeau : Chaotic Rabi oscillator under quasiperiodic perturbations, Physica Review Letters 56, no. 7 (1986), 681-684.

[EV] V. Enss, K. Veselic : Bound states and propagating states for time dependent Hamiltonians, Annals of the Inst. H. Poincaré A 39 (1983), 159.

[JL] H. Jauslin, J. Lebowitz : Spectral and stability aspects of quantum chaos, Chaos 1, no. 1(1991), 114-121.

[JS] V. Jurdjevic, H. Sussmann : Control systems on Lie groups, Journal of Differential Equations 12 (1972), 95-116.

[L] D. Lind : Locally compact measure preserving flows, Advances in Math. 15 (1975) 175-193.

[N1] M. Nerurkar : Ergodic skew product actions of amenable groups, Pacific Journal of Mathematics 119, No. 2 (1985).

[N2] M. Nerurkar : On the construction of smooth ergodic skew products, Journal of ergodic Theory and Dynamical Systems 8 (1988), 311-326.

[N] M. Nerurkar, H. Jauslin : Stability of oscillators driven by ergodic processes, Journal of Mathematical Physics 35 (2) (1994), 628-645.

[NS1] M. Nerurkar, H. Sussmann : Construction of minimal cocycles arising from specific differential equations, Israel Journal of Mathematics 100 (1997) 309-326. [R] V. Rokhlin : On the fundamental ideas of measure theory, AMS Transactions 10, 1-54. [SK] J. Sakai and T. Kimura : Birefringence and polarization characteristics of single mode optical fibers under elastic deformation, IEEE Journal of Quantum Electronics 17 no.6 (1981), 1041-1051.

[SJ] H. Sussmann, V. Jurdjevic : Controllability of nonlinear systems, Journal of Differential Equations, vol. 12 (1972), 313-329.