Reduction of ControlledLagrangianandHamiltonian SystemsSymmetry

Dong Eui Chang ∗

C≀\ ⊔∇≀↕ ⊣\⌈ S†∫⊔⌉⇕∫ ∞′↖∀∞

C⊣↕⟩{≀∇\⟩⊣ I\∫⊔⟩⊔⊓⊔⌉ ≀{ T⌉⌋

⟨\≀↕≀}†

P ⊣∫⊣⌈⌉\⊣⇔ CA ∃∞∞∈▽

dchang@cds.caltech.edu

Jerrold E. Marsden

†

C≀\ ⊔∇≀↕ ⊣\⌈ D†\⊣⇕⟩⌋⊣↕ S†∫⊔⌉⇕∫ ∞′↖∀∞

C⊣↕⟩{≀∇\⟩⊣ I\∫⊔⟩⊔⊓⊔⌉ ≀{ T

⌉⌋⟨\≀↕≀}†

P⊣∫⊣⌈⌉\⊣⇔ CA ∃∞∞∈▽

marsden@cds.caltech.edu

May 8, 2001: this version:August 10, 2002Abstract

Wedevelop reduction theory for controlled Lagrangian and controlledHamiltonian systems with symmetry. Reduction theory for these systems is needed in many of the fundamental examples, such as a with rotors, a heavy top with rotors, and underwater vehicle dynamics. We also show the equiv-

alence of the method of reduced controlled Lagrangian systems and that of reduced controlled Hamiltonian systems simple mechanical systems with symmetry.

Conten

1 Introduction 2

2 Reduction of CL Systems with 4

3Reduction of Controlled Hamiltonian with Symmetry 11

4 Equivalence Between Reduced Simple Lagrangian and Hamiltonian Systems 17

5 Examples 19 5.1 SatellitewithaRotorandtheEuler–Poincar´e Matching . . . . . . 19

5.2 Heavy Top with . . . . . . . . . . . . . . . . . . . . . . . . .22∗

R⌉∫⌉⊣∇⌋⟨ √⊣∇⊔⟩⊣↕↕† ∫⊓√√≀∇⊔⌉⌈ ⌊† C⊣↕⊔⌉⌋⟨ ⊣\⌈ AFOSR }∇⊣\⊔ ASOSR F△∃∉′↖∃∃↖∞↖′∞∃′↙ † R⌉∫⌉⊣∇⌋⟨ √⊣∇⊔⟩⊣↕↕† ∫⊓√√≀∇⊔⌉⌈ ⌊† C⊣↕⊔⌉⌋⟨ ⊣\⌈ }∇⊣\⊔ ATM↖∃∀∋∞∋∋↙

∞

6 Conclusions 28

1 Introduction

We develop the theory symmetry reduction for the class of controlled Lagrangian

(CL) and controlled Hamiltonian (CH) systems with symmetry and show the equivalenceofthemethod of reduced CL systems that of reduced CH system for simplemechanical systems. The phrases “controlled Lagrangian” and “controlled Hamiltonian” systems werecoinedin Chang, Bloch, Leonard, Marsden and Woolsey [] and their technical definition recalled below. The concept of a controlled Hamiltonian system used here is the same as that of “port-controlled Hamiltonian system”in van der Schaft [2000].We prefer to use the term “controlled Hamiltonian” as it is to “controlled Lagrangian”. Thenotionofan“implicitHamiltonian system” is related to that of a CH system a type of reduction theory (different

from what is givenhere)inthatcontext wasdeveloped in Blankenstein and vander Schaft [2001].

ControlledLagrangianSystems. We will begin by describing the Lagrangian side. The CL method was developed to help stabilizing controllers for mechanical systems whose equations written in Euler–Lagrange form with control forces by a number of authors, Bloch, LeonardandMarsden[,

1998 1999, 2000, ], Bloch,Chang,Leonard and Marsden 2001], Chang, Bloch, Leonard,MarsdenandWoolsey 2002], Chang [], Hamb [1999]and Auckly, Kapitanski and White 2000]. In the study of CL systems, it is importanttotake into account external forces and controlforces, including gyroscopic forces.Some related ideas weregiven in Bloch, Krishnaprasad, Marsden and [1996] Wang and [1992].

The main idea of the CL method is to proceed in the following steps.

1.Define a (feedback-transformation)equivalence relation among CL

2. GivenaCLsystem, find an equivalent CL system such that energy of the second CL system has minimum at the equilibrium of interest and the system is forced controlled by a dissipative (plus gyroscopic) force.

3. Using the energy as a Lyapunov function, one obtains asymptotic stability of the equilibrium in the second system.

4. Sincethetwo systems are equivalent, the equivalencerelationgives an asymptotically stabilizing controllerforthefirstsystem.

Controlled Hamiltonian Systems. Asimilarapproach has beentaken on the Hamiltonianside, too, where the main governing equations are in Hamiltonian form (see Bloch, Krishnaprasad, Marsden and Alvarez [1992 Woolsey and [1999 van der Schaft [2000],andreferencestherein).

Equivalence. There have been some recentstudiesconcerningtheequivalenceof

both methods.First of all, Blankenstein, Ortega and van der Schaft [2001]showed that the CH method is more general than the CL method for simple mechanical systems and a limited definition of CL systems. Then Chang, Bloch, Leonard,

Marsden and Woolsey [] extended the theory of controlled Lagrangian systems andshowed the full equivalenceofthemethod of controlledLagrangiansystems with the method of controlled Hamiltonian systems simple mechanical systems.

Symmetry. The main goal of present paper is to include into the

discussion. We do so in a systematic and general way. In previous works,symmetry was considered in cases (see, for instance, Krishnaprasad [] and Bloch, Leonard and Marsden [2001]), but a comprehensive theory has been lacking. In this paper,we define the notion of invariant CL◁CH systems and develop a reduction theory for them▷In addition we trace through equivalence of the CLandCHsystemsunderthereduction▷ Reduction Theory▷ Reductiontheoryformechanical systems has been studied both on Lagrangian side and on the Hamiltonian side▷It has proven to bea powerful tool for studying the dynamics stability and control of manymechanical systems such as rigid body and spacecraft systems underwater vehicles heavy tops γuid systems etc▷ On the Lagrangian side onereducesvariational principlesan idea due to Mars den and Scheurle 1993a♯▷ A comprehensive account of this theory is givenin Cendra Marsden Ratiu ♭2001♯▷ On the Hamiltonian side onereducessymplecticandPoisson structures▷See for instance Abraham and Marsden ♭1978♯ ♭1992♯ Marsden and Ratiu ♭1999♯andreferencestherein▷ Usingtheseideaswe developthenotionsandbasicpropertiesofareducedCL and a reduced system▷ Equivalence and Reduction▷Having developed the theory we deβne an equivalence relation Ginvariant CL ↼resp▷CH↽ systems and then show that two reduced CL ↼resp▷CH↽ systems are equivalentifandonlytheirunreduced invariant CL ↼resp▷CH↽ systems are equivalent▷This is given in Theorem 2▷10 andTheorem 3▷9▷ We also show that this equivalence relation is a feedbacktransformequivalence relation ↼see 2▷10 and 3▷9↽▷ Basedontheseresultsandthe equivalence of the methods of CL and systems for simple mechanical systems proven in Chang Bloch Leonard MarsdenandWoolsey ♭2002♯ we prove that the methodofreducedCLsystemsandthatofreducedsystemsareequivalent for reduced simple mechanicalsystems↼thisisgiven in 4▷3↽▷

Example▷ In the βnal sectionwe review the example of a satellite controlled with

a spinning rotor and show that the EulerıPoincarιe matching conditions derived

2ReductionofCLSystemswithSymmetry4

inBloch, Chang, Leonard, MarsdenandWoolsey [2000] and Bloch, Leonard and Marsden [] can be obtained in a natural way in the framework of the present

paper. We also study the stabilization of the heavy top with using the reduced CL method.

2 Reduction of CL Systems Symmetry

We beginthissectionwithsomegeneralnotationsandthenwe introduce the notion of a CL system with symmetry and study the theory of reduction for such systems.

Wefirstsummarizesomegeneralnotationsthatwillbe used. We refer to Abraham, Marsden, and Ratiu [1988 Marsden and Ratiu [1999], Cendra, Marsden and Ratiu [2001] Kobayashi and [1963] for details and background information. Manifolds and Bundles. LetQbe the conβguration manifoldand τ . T Q → Q

and π

. T^∗ → Q be the tangent bundle projection and the cotangent bundle projection respectively▷ The second order tangent bundle τ^{(2)}

Q

. T^{(2)} Q → Q is deβnedasfollows▷ For μq ∈ Q elements of T^{(2)}

q

Q are equivalenceclassesofcurves Q, the equivalence relation being deβned as follows. two curves i ↼t↽ i/3D1, 2 q_1(

¯

t↽ /3D q 2 (¯ t↽ /3D μare equivalent bydeβnitionifandonlyifinany local chart wehave q^{(l)}_1 (

¯

t↽ /3D q (l) 2 ( ¯↽ for l /3D 1,2 where q^{(l)} (t↽ denotes the derivative of order l▷ The second order bundle has local coordinates givenby ↼q^i , ⌢q^i , ⁀i ↽ and may be thought of as a subbundle the second tangent bundle TTQ via the embedding ↼q^i,⌢q^i,⁀q^↽ → ⇐q^i , ⌢q^i , ⁀i ↽▷ As is explained Marsden and Ratiu ♭1999♯ the second order tangent bundle is the space on which the EulerıLagrange operator of mechanics is deβned, in fact given a L the associated EulerıLagrange operator EL ⟩\⌈⊓⌋⌉∫ ⌊⊓\⌈↕⌉ ⇕⊣√ EL⇐L↽.T^{(2)} →T^∗ ▷ For a manifold M F⇐M↽denotesthesetofsmooth realvalued functions on M▷

Symmetry Groups▷ Let be a Lie group acting ↼on the left↽ Q freely and

properlysothatπ_G

↼Q↽ . Q → Q/3DGbecomes a principal bundle▷The tangent ↼resp▷

cotangent↽ lifted action of G on TQ ↼resp▷ T^∗ Q↽ is automatically free and proper as well sothatthemapsτ_{/3DG} . T Q → TQ/3DG ↼resp▷ π_{/3DG} . T^∗

Q → T

∗

Q/3DG↽ also deβne

principalbundles▷ When M is a manifold which G acts welet♭m♯_G

todenote

an equivalenceclassofm ∈ M inthequotient space M▷ Even though we do not explicitly denote the manifold Min this notation it will be clear which manifold is meant from the context▷The space T Q/3DG becomesavector bundle with base Q/3DG by inheriting the vectorbundlestructureofT Q as follows. ♭u_q ♯ G ⇁λ♭v q

♯

G /3D uq ⇁ λv q ♯G where λ ∈ R∦u q, v q ∈ T

q

Q and ♭u q ♯G , ♭v_q ♯ G aretheirequivalence classes in the quotient space T ▷ The βber ↼TQ/3DG↽ x isisomorphicasavector space T qQ

2ReductionofCLSystemswithSymmetry5

for eachx /3D ♭q♯_G ∈ Q/3DG q ∈Q ↼see Lemma 2▷4▷1 in Cendra Marsden and Ratiu ♭2001♯↽▷In the same manner the space T ∗ Q/3DG becomesavector bundle with base Q/3DG▷

Vertical Lifts▷Let V be a vector bundle over a Q▷ The vertical liftof a vector w q ∈ q along the vectorv_q ∈ V q is the vectorvlift v_q

↼w

q↽∈T_{v q} V deβned by vlift_{v q} ↼w_{↽ /3D} d dt |

|

| |

t=3D0

(v

q

⇁ tw_q ↽. The vertical lift of a fiber-preservingmap F . V →V is a section F ↽ . V →T V deβned by vlift↼F ↽↼v

q

↽ /3D vlift v

q ↼F↼v_q. ↼2▷1↽ The vertical lift of a subbundle Wof V is the subbundle T V deβned by vlift↼W ↽ /3D ⊑↕⟩{⊔_{v q} ↼w_↽ | v ∈ V_q,w_q ∈ W q , q ∈Q}. ↼2▷2↽ CLSystems▷ We next recall deβnition of a CL system from Chang Bloch LeonardMarsdenandWoolsey 2002♯▷

Deβnition 2▷1▷ controlled Lagrangian(CL)system is a triple L, F, W where the function L T Q → R is the Lagrangian, the fiber-preservingmapF .

T Q→T^∗ Qisthe(external)forcemap, and the subbundleW of T^∗

Q is calledthe

control subbundle. When one choosesafeedback controllawu . T Q → W, the triple (L,F, u↽ will denote closed-loop CL system.

Euler–Lagrange Operator.The Euler–Lagrange opEL ⊣∫∫⟩}\∫ ⊔≀ ⊣ L⊣↖

}∇⊣\}⟩⊣\ L . T → R∦ ⅁ �≊⋉�⋖� ⋗⅁ EL⇐L↽ . T (2)

Q → T

∗

Q whichmay be written in local coordinates ↼and the index summation convention↽as

EL⇐Lq, ⌢q, ⁀q↽ /3D ( d dt

∂L

∂⌢q^i q, ⌢q↽ − ∂L ∂q i ↼q⌢q↽ ) ^q^i inwhich it is understoodthatoneregardstheβrsttermontheright hand side as a function on second order tangent bundle T (2) Q byformallyapplyingthe chainruleandreplacingeverywhere dq/3Ddt by ⌢q▷The equations of motionofa CL system (L,F, W ↽ with a choice of feedback controlu . T Q → Ware written as E⇐L↽↼q, ⌢q, ⁀q↽/3DF ↼q, ⌢q↽ ⇁ u↼q,⌢q↽. ↼2▷3↽ Of course these may be derived from the LagrangedφAlembert principle▷ CL systems Symmetry▷ We next deβne notion of a Ginvariant CL system on TQ and the associated notion of reduced CL system on T Q/3DGwhere G is a Lie group acting Q▷ Deβnition2▷2▷ Let G be a Lie group action Q. A G-invariant controlled Lagrangian(G-CL)system is a CL (L, F, W ↽where L is a G-invariant Lagrangian, F isaG-equivariant forcemap, and W is a -invariant subbundle T ∗ Q

2ReductionofCLSystemswithSymmetry6

Reduction of CL Systems Symmetry. Now wecandefinethenotionof areducedCLsystem.

Definition2.3. A reducedcontrolled Lagrangian(RCL) system is a triple (l, f, U↽ where the l . T Q/3DG → Riscalled the reduced Lagrangian,the

fiber-preserving f . T Q/3DG → T

∗ Q/3DG is called the reducedforce map, and the subbundle U ofT

∗ Q/3DGiscalled the reducedcontrol subbundle.A feedback controlforanRCL system is a fiber-preserving map of T Q/3DGintoU. Supposethatwe are given GCL system ↼L, F,W ↽▷ The Ginvariance of L inducesthereducedLagrangianl T Q/3DG satisfying l∘ τ_{/3DG}

/3D L. ↼2▷4↽

Theequivariance of F inducesthereducedforcemap♭F ♯ G . T Q/3DG→T^∗ Q/3DG satisfying ♭F ♯ G ∘ τ /3DG /3D π /3DG ∘ F.↼2▷5↽ Similarly aGinvariant control subbundle W induces a reduced control subbundle W/3DGinanaturalway, namely we have W π^{−1}_{/3DG} ↼W/3DG↽▷ Theseconsiderationsleadtothefollowingdeβnition. Deβnition2▷4▷ TheRCL system of G-CL system (L, F,W ↽ is the triple l, ♭F ♯

G

, W/3DG↽ where l is the reduced Lagrangian satisfying 2.4), [F ♯_G is the reduced force sat-

isfying (2.5). Onemay ask a question if there exists GCL system on T Q when one given a RCL system T Q/3DG▷ The followingproposition proves its existence▷ Proposition2▷5▷ Given a RCLsystem(l, f, U↽, there is a G-CL system (L,F, W ↽ whose RCL system is (l, f, U↽. Proof. Define L by ↼2▷4↽▷Deβne a force map F onT Q as follow. forv_q, w q ∈ T

q

Q F ↼v_q

↽, w

q

⟩ ℑ∋D ⟨f ∘ τ

/3DG ↼v q

↽, τ

/3DG

↼w_q ↽⟩. ↼2▷6↽

One can check the equivariance of F ▷One can also check that relation 2▷6↽

deβnestheuniquefiber-preservingmapF of T to T^∗ ▷ Let W ./3D π −1 /3DG

↼U↽▷ By

construction↼L, F, W ↽ is unique GCL system whose RCLsystemis↼l, f, U↽▷ ■ ▷⌟≖®≫⌜≫Ⓢ⋌⋔⋌≫≪ ≜ ⋍⋒ ⋑⌢≪ ⋍®⋌⋔⋒ ⌢≪ ⌢®⋐⋌⋔®⌢®⌟ ⋛◁ ⋌≪ ⋔⋋⋒ ⋏≫®≎ ≫⋏ ⋔⋋⋒ ⋛◁≫⋏ ⌢ GCL without loss generality▷ Besides the proof of Proposition 2▷5 establishes thefollowing assertion. Givenaβberpreserving map . T Q/3DG → T

∗

Q/3DG there exists the unique βberpreservingmapF . T Q T^∗ Q satisfying f ∘ τ_{/3DG} /3D π_{/3DG} ∘ F.

2ReductionofCLSystemswithSymmetry7

Reduced Equations of Motion.Given a GCL system L, F, W ↽ theGinvariance ofLimpliestheGequivarianceofthebundlemapEL⇐↽ . T^{(2)} Q → T ∗ Q which

inducesaquotient map REL⇐l↽ ./3D ♭EL⇐L↽♯_G

. T

Q/3DG → T∗

Q/3DG,

which dependsonlyonthereducedLagrangianon T Q/3DG induced L▷ The operatorREL ⟩∫ ⌋⊣↕↕⌉⌈ ⊔⟨⌉ reduced Euler–Lagrangeoperator. The equations of motion of a RCL (l, ♭F ♯ G , W/3DG↽withachoice of control♭u♯_G .T Q/3DG → W/3DG are given by REL⇐l↽↼♭q, ⌢q, ⁀q♯

G↽/3D♭F ♯ G

↼♭q, ⌢q♯

G ↽ ⇁ ♭♯ G↼♭q, ⌢q♯G ↽. To computable equations of REL⇔≀\⌉ \≀∇⇕⊣↕↕† ⌋⟨≀≀∫⌉∫ ⊣ ⌋≀\\⌉⌋⊔⟩≀\ ≀\ ⊔⟨⌉ √∇⟩\⌋⟩√⊣↕ Q → Q/3DG to identifythequotient T Q/3DG with T ↼↽ ⊕ g T^{(2)} Q/3DG with T^{(2)} (Q/3DG↽ ×

Q/3DG

2 ⃗

g

and T

∗

Q/3DG with T ∗ ⇐Q/3DG↽⊕♥g ∗ , where ⃗ g :=3D ×_G g is the asso ciated adjoint bundle, ~

g

∗

¬ℑ∋D Q G g

∗

⟩∫ ⊔⟨⌉ ⊣∫∫≀ ⌋⟩⊣⊔⌉⌈

⌋≀⊣⌈|≀⟩\⊔ ⌊⊓\⌈↕⌉⇔ T (2) (Q/3DG↽ ×

Q/3DG

2 ⃗

g is the pro duct bundle over Q/3DG 2

⃗ g :=3D

~

g ⊕

g, and ⊕ ⟩∫ ⊔⟨⌉ ∫⊓⇕⇐∫⌉⌉ L⌉⇕⇕⊣ ∈↙△↙∈ ⊣\⌈ L⌉⇕⇕⊣ ∋↙∈↙∈ C⌉\⌈∇⊣⇔ M⊣∇∫⌈⌉\

⊣\⌈ R⊣⊔⟩⊓ ∪⊎⇒↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⊣√∇⟩\⌋⟩√⊣↕⌋≀\\⌉⌋⊔⟩≀\A . TQ → g on the principal

bundle π . Q Q/3DG induces the bundle α A . TQ/3DG → T ↼Q/3DG↽⊕♥g

as follo ws: α A ↼♭q⌢q♯ G

↽ /3D T π↼q,⌢q↽ ⊕ q, A↼q, ⌢q↽♯

G.↼2▷7↽ With these identiβcations REL ⟩\⌈⊓⌋⌉∫ Lagrange–Poincaréoperator LP ⊣∫

{≀↕↕≀⊒∫¬ {≀∇ ⊣ ∇⌉⌈⊓⌋⌉⌈ l

LP⇐l↽ . T^{(2)}

(Q/3DG↽ Q/3DG

2 ⃗

g → T

∗ ⇐Q/3DG↽ ⊕

♥

g

∗ . ↼2▷8↽ Hencethe reduced EulerıLagrange operatorREL ⇕⊣† ⌊⌉∇⌉√↕⊣⌋⌉⌈⌊† ⊔⟨⌉ L⊣}∇⊣\}⌉¶

P≀⟩\⌋⊣∇⊇⌉ ≀√⌉∇⊣⊔≀∇LP ⟩\ ⊔⟨⟩∫ √⊣√⌉∇ ⊣∫ {⊣∇ ⊣∫ ≀\⌉ ⌋⟨≀≀∫⌉ ⊣ ⌋≀\\⌉⌋⊔⟩≀\ ≀\ Q→Q/3DG▷

More detail may be found in Cendra Marsden and Ratiu 2001♯▷ Letusgive the local coordinate expression of the LagrangeıPoincarιe operator

LP ⟩\⌈⊓⌋⌉⌈ {∇≀⇕ ⊣ A on the principal bundle → Q/3DG▷ This will be used in § ▽↙ W⌉ ⌋⟨≀≀∫⌉ ⊣ ↕≀⌋⊣↕ ⊔∇⟩⊑⟩⊣↕⟩‡⊣⊔⟩≀\ ≀{ ⊔⟨⌉ Q → Q/3DG to be

X × G → Xwhere X is an opensubsetof R^{with}r/3D dim↼Q/3DG↽▷Then at any tangentvector ↼x, g⌢x, ⌢g↽∈T_{(x,g)} (X × G↽we have ↼x, g, ⌢x,⌢g↽ /3D Ad

g

↼A_e ↼x↽ · ∨x ⇁ ξ↽ whereA_e isthe -valued 1-form on X deβnedby A_e

↼x↽ · ∨x /3D A↼x, e,⌢x, 0↽ and ξ /3D g

1 ġ▷ Thebundleisomorphismα_A inthiscasebecomes

α

A↼♭x,g, ⌢x, ⌢g♯_G↽/3D↼x, ⌢x⊕⇐x, Ω↽

2ReductionofCLSystemswithSymmetry8

where Ω A_e ↼x↽· ∨x ⇁ ξand we choosealocal trivialization of the associated bundle ⃗gto b e X × g→X▷ The LagrangeıPoincarιe operator LP{≀∇ ⊣ ∇⌉⌈⊓⌋⌉⌈ L⊣}∇⊣\}⟩⊣\ lon T Q/3DG /3D ↼Q/3DG↽ ⊕♥ g giv es LP⇐l↽ /3D ( d dt ∂l ∂ẋ −^{∂l} ∂x^{α ⇁}

Ω^{a ↼}B a β⌢x^{β ⇁}C^aΩ^dA

b

α ↽ d

dt

∂l

∂Ω b −^∂_{∂Ω}

a

↼C^a db Ω d − C^a

db

A^d_α ⌢x^α

↽

) {/} [~√~ B^a

βα

is the curvature of the connection A a

α C a bd arethestructureconstants oftheLiealgebragandwhere�=3D(� a↽andx /3D ↼x α ↽ with a /3D 1,...,dimg, and α /3D 1, . . . dim↼Q/3DG↽▷ More details of the derivation of ↼↽ may be found § ∋↙∋ ⊣\⌈ § △↙∈ C⌉\⌈∇⊣⇔ M⊣∇∫⌈⌉\ ⊣\⌈ ∪∈′′∞⊎↙I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ ⊒⟨⌉\ ⊔⟨⌉ ⌋≀\\⌉⌋⊔⟩≀\ ⟩∫ ◯⊣⊔⇔ ⊔⟨⌉ L⊣}∇⊣\}⌉¶P≀⟩\⌋⊣∇⊇⌉ ⌉∐⊓⊣⊔⟩≀\ ⟩\ ⇐⇒ ⟩∫ }⟩⊑⌉\ ⌊†

LP⇐l↽ /3D(

d dt ∂l ∂ẋ

α

−^{∂l}_{∂α} d dt ∂l ∂ξ^b

− C

a db ξ^{d ∂l}_{∂ξ} a ) {/} ⨂{~ ^∐{ ∐⌈∐√ ^[}}√~ ∐ ‖∐ ^}{{~^]}{ [~{ [~ ^{^⌈~ ]√ √]]∐⌈/ ]/~// Q /3D × G▷ Westudytherelationbetweentrajectories of GCL systems and trajectories of RCL systems▷Let ↼L, F, W ↽be a GCL system and l, ♭F ♯

G

, W/3DG↽itsRCL system▷ Choose an arbitrary G-equivariantfeedback control law u . T Q W for ↼L, F,W ↽▷ The controluinducesareducedmap♭♯_G . TQ/3DG → W/3DG▷ Thenif ↼q↼t↽,⌢q↼t∈ T Q is a trajectory of the closedloop system L, F, u↽ then τ /3DG ↼qt↽, ⌢qt↽↽ ∈ T Q/3DG

is the trajectory of the closedloop system ↼l, ♭F♯

G, u♯_G↽▷ Simple CL Systems▷ We deβne simple CL systems which include most mechan ical systems in engineering

Deβnition 2▷6▷ A CL system (L, F, W ↽ on T Qiscalled if its Lagrangian

L.T Q → R is of the kinetic minus potential energyasfollows: L↼q, ⌢q↽ /3D

1

2 m

q↼ ⌢q, ⌢q−V↼q↽ ↼2▷11↽ where m is a (generalized) mass tensor, i.e., anondegenerate symmetric , 2↽- tensor. Areduced CL system l, ♭F ♯

G

, W/3DG↽iscalled if the reduced Lagrangian l is induced by a G-invariant simple Lagrangian L on T Q.The acronym, (R)SCL,will denote “(reduced)simplecontrolled Lagrangian”. When a Ginvariant L is given by 2▷11↽ its reduced simple Lagrangian l . TQ/3DG → R ℶ∼ ðℶ≿�⋉�↷ l↼♭q, ⌢q♯_G ↽ /3D 1 2 ♭m♯

G

↼♭q, ⌢q♯_G,♭q, ⌢q♯ G ↽ − V ♯_Gq♯_G↽ where ♭m♯ G ∈ −⇐Q/3DG, T ∗ Q/3DG T^∗ Q/3DG↽isthereducedmasstensorinducedfrom the Ginvarianceofthemasstensorm ∈ Q, T^∗ Q⊗T Q↽ and ♭V ♯

G

. Q/3DG → Rℶ∼ ≈≂� ∖�≊�

⋊≈�⋉≈ℶ⅁⋖ �⋉�∖ð↷

2ReductionofCLSystemswithSymmetry9

SCL-equivalence.We now recall the fundamental definition of CL-equivalence from Chang, Bloch, Leonard, Marsden and Woolsey [] as follows:

Definition 2.7. TwoSCLsystems(L

1 , F_1, W 1 ) and L_2, F

2 , W_2

) are said to be

CL-equivalent, orsimply, (L_1 , F_1, W 1 ) L ∼ ⇐L_2 , F_2, W 2 ) if the following Euler– Lagrangematchingconditions hold; ELM-1 : W

1 =3D m

1

m^{−1}

2 (W_2 ), ELM-2: Im[EL⇐L

1 ) − F

1 − m

1

m^{−1}

2 (ELL_2) F_2)] W_1, where m

i

is the mass tensor of L i

and Im meansthepointwise image of the map in brackets.

One can check by coordinatecomputationthatthemap [EL⇐L_1)−F_1 m_1m

−1

2 EL⇐L_2

) − F_2 )] in ELM-2 can be regarded as a map defined T Q because the acceleration terms from the two expressions cancel▷ The following proposition from Chang Bloch Leonard MarsdenandWoolsey 2002♯ explains the signiβcance of the CLequivalence property▷ It shows that in a very natural sense the two control systems can be made to correspond byusingan appropriate choiceofcontrol▷ Proposition 2▷8▷ SupposethattwoSCLsystems(L

i

, F_i , W_i, i /3D 1, 2are CL- equivalent.Then, for an arbitrary control law for one system, there exists a control lawfortheothersystemsuchthatthetwoclosed-loop systems producethesame equations of motion.The explicit relation betweenthetwocontrol laws u i , i /3D , 2 is given by u_1 =3DEL⇐L_1

) − F_1

− m_1 m

−1 2 (EL⇐L

2

) − F

2 ) + m

1

m^{−1}

2 u_2

(2.12)

wherem_i isthemasstensorofL_i,i/3D1, 2.

Proof. Recall that Euler–Lagrange operator is givenby

EL⇐↽↼q, ⌢q,⁀q↽_j /3D m_{ij}

⁀q

i

⇁

∂m ∂q

k

⌢q^i ⌢q − ∞ ∈ ∂m ∂q

j

⌢q^i ⌢q^⇁ ∂V ∂q^{where the Lagrangian} L is given by

L /3D 1 2 m_{ij} ⌢q^i ⌢q j − V q↽. One can solve ↼2▷3↽ for⁀q▷ Denote by ⁀q_L

i

the expression of the acceleration ⁀q obtained fromtheclosedloop SCL system ↼L i , i , u_i ↽ i /3D 12▷ Then m_1

(q̈_L

1 − ♠q_{L2}

) =3D u

1

− m

m^{−1}_2 u_2 − [ {E⇐L_1)−F_1−m_1m −1 (EL⇐L^2

) − F_2 ) ] ⋂[~^}{^]]}{√⟩⨁⨁\∐{^⟩⨁⨁\]⌉√⌈[∐/}[}⌈^√]~∐{^}{⌈]~q_{L1} =3Dq̈ L 2 if and only if they produce the same equations of motion.Notice that the term

EL⇐L_1)−m_1m −1 EL⇐L^2 ) in () can be regarded as a map on T Q because the acceleration⁀q cancels out▷■

2ReductionofCLSystemswithSymmetry10

RSCL-equivalenceWe now define an equivalence relation among RSCL systems on T Q/3DG▷ Deβnition 2▷9▷ Two RSCL (l

i,♭F_i♯ G ,W_i /3DG↽, i /3D 1,2 are said to bereduced-

CL-equivalent(RCL-equivalent),or simply, (l_1 , ♭F_1 ] G, W 1 /3DG↽^L ∼ ⇐l_2 , ♭F_2 2 /3DG↽ ifthefollowing reducedEuler–Lagrange matching conditionshold:

RELM-1 : W_1/3DG/3D♭m_1]

G ♭2 ]^− 1 G ↼2 /3DG↽, RELM-2 : Im REL⇐l_1

) − ∪F

1

]G

− ∪m

1

]

G♭m 2 ] 1 G ↼REL⇐l_2)−∪F_2

]

G⊂W_1/3DG where [m

i

♯G

is the reduced mass tensor l

i, i/3D1, 2 and Im means the pointwise imageofthemapinbrEquivalence Commutes with Reduction. The following theorem explains the

relationship betweentheCL-equivalence relation GSCL systems and the RCLequivalence relation among RSCL Theorem 2▷10▷Two G-SCL systems areCL-equivalent if and only if their associated RSCL systems are RCL-equivalent. Proof. Let L, F, W ↽ beaGSCLsystemand↼l,♭F ♯_G

, W/3DG↽ its associatedRSCL

system▷ Then thetheoremfollows from the invariance of W andthefollowing relations. REL⇐l∘τ^{(2)}

/3DG

/3D π

/3DG

∘ ELL↽, ♭F ♯

G

∘ τ

/3DG

/3D π

/3DG

∘ where τ (2)

/3DG

. T^{(2)}

Q → T^{(2)} Q/3DG is the Gquotient map▷ ■ ▼⋒≪⋑⋒≜≫≪⋒ ⋑⌢≪ ⋑⋋⋒⋑⫆ ⋔⋋⋒ ⋛◁≾⋒⌝∔⋌∽⌢≏⋒≪⋑⋒ ≫⋏ ⋔⋍≫ ⋛⪋◁ Ⓢ⌟Ⓢ⋔⋒≎Ⓢ ⋌≪ ⋔⋍≫ ⋍⌢⌟Ⓢ≒ ≫≪⋒ ⋌Ⓢ ⋓⋌®⋒⋑⋔≏⌟ ⋑⋋⋒⋑⫆ ⋌⋔≜ ⌢≪⋓ ⋔⋋⋒ ≫⋔⋋⋒® ⋌Ⓢ ⋔≫ ⋑⋋⋒⋑⫆ ⋔⋋⋒ ◁≾⋒⌝∔⋌∽⌢≏⋒≪⋑⋒≫⋏⋔⋋⋒⋌® ⌢ⓈⓈ≫⋑⋌⌢⋔⋒⋓ unreduced GSCL systems▷In practice it is more convenienttocheck it directlyatthereducedlevel, weshallseeanexampleofthisin▽↙ T⟨⌉{≀↕↕≀⊒⟩\} ⊔⟨⌉≀∇⌉⇕ ⌉§√↕⊣⟩\∫ ⊔⟨⌉ √∇≀√⌉∇⊔† ≀{ ⊔⟨⌉ RCL↖⌉∐⊓⟩⊑⊣↕⌉\⌋⌉∇⌉↕⊣⊔⟩≀\¬

T⟨⌉≀∇⌉⇕ Suppose that two RSCL (l_i,♭F_i♯ G ,W_i /3DG↽, i /3D , 2 are RCL-equivalent. Then, for an arbitrary control law for one system,there exists a controllawfortheothersystemsuchthatthetwoclosed-loop systems producethe same equations of motion.The explicit relation betweenthetwofeedback control laws [u_i ♯ G, i/3D1, 2 is given by [u_{] G} /3D REL⇐l_1)−∪F_1

]

G −m_1]

G

♭m_2 ]^−1

G

↼RELl_2) ∪F_2] G ↽ ⇁ m_1]

G

♭m_2 ]^−1

G

♭u_2 ] G ↼2▷13↽ where [m

i

♯G i, i/3D1, 2.

Proof. Let [u

i ♯G be a control for l i, F i♯

G

, W_i /3DG↽ i /3D 1,2▷ Let ↼L_i , F , W_i↽ be the unreduced GCL system of ↼l i,♭F i♯ G ,W_i /3DG↽ i /3D 1,2▷ By Theorem 2▷10 the two GSCL systems are CLequivalent▷ By Proposition 2▷8 the twoclosedloop GSCL systems(L_i, F i , u_i ↽ i /3D 12 produce the same equations of when u_1 u_2 satisfy 2.12). Hence,the two closed-loopRSCLsystems(l i , ♭F_i ♯ G, u_iG ↽ i /3D , 2 produce the same equations of motion when ♭u_1 ] G and u 2G satisfy ↼↽ because eachtermin↼2▷12↽Gequivariant▷ Alsonoticethatforany choiceof♭u i♯ G one canchoose the other ♭u j ♯G such that ↼↽ holds▷ ■ ▽≪⋒⋑⌢≪⌜®≫∽⋒ ⪌⋋⋒≫®⋒≎ ⋞≲⪖⪖ ⋐⌟ ⋑≫≎⌜⌢®⋌≪⋎ ⋔⋋⋒ ⋒⌞⌜®⋒ⓈⓈ⋌≫≪Ⓢ ≫⋏ ∠⌢⋑⋑⋒≏⋒®⌢⋔⋌≫≪Ⓢ↫ ≫⋏ ⋐≫⋔⋋⋒⌝∔⌢⋔⋌≫≪Ⓢ∔Ⓢ⋌≪⋎⊸∴≜ ⌢Ⓢ ⋌≪ ⋔⋋⋒ ⌜®≫≫⋏ ≫⋏ ≖®≫⌜≫Ⓢ⋌⋔⋌≫≪ ⋞≲‵≲⋆≫® ⋔⋋⋌Ⓢ ⌜∔®⌜≫Ⓢ⋒≜ ≫≪⋒ ≪⋒⋒⋓Ⓢ ⋔≫ ⋑⋋≫≫Ⓢ⋒ ⌢ ⋑≫≪≪⋒⋑⋔⋌≫≪ ≫≪ Q → Q/3DG becauseonehastosplitthevariations to write down the equations motion in coordinates becausetheEulerlagrange equations come from variational principles ↼see ↼2▷9↽ of this paperandChapter 3 of Cendra Marsden and Ratiu ♭2001♯ for more detail↽▷In the current proofof Theorem2▷11 we wereabletobypass this route by Theorem ▷ 3 Reduction of Controlled Hamiltonian Systems with

Symmetry

There is a Hamiltonian counterpart to controlled Lagrangian called con-

trolled Hamiltonian systems. We study the reduction of controlledHamiltonian systems with symmetry in section.

CH Systems. We first recall the definition of controlled Hamiltonian systems Chang, Bloch,Leonard,MarsdenandWo [2002].

Definition 3.1.A controlled Hamiltonian (CH) system is a quadruple (H, B, F, W ↽ where the function H. T Q →^R is called the Hamiltonian, B ∈−⇐∧^2TT^∗ Q↽is called the Poisson tensor on T^∗

Q, the fiber-preservingmapF . T^∗

Q → T^∗ Q is called the (external) force map,andthesubbundle W ofT^∗ Qiscalled the control subbundle. When a feedback control law u.T^∗ →W is chosen, the quadruple (H, B, F, u↽ denotes the closed-loop CH system. Thevector field X_{H,B,F,u)} ofaCHsystem(H, B,F, W ↽ with a control law u is given by

X (H,B,F,u) =3D B^♯ dH ⇁ vlift↼F↽ ⇁ vlift↼u↽ where vlift↼F ↽ and u↽ are the vertical lifts in ↼2▷1↽▷

Reduction of Ginvariant CH Systems▷ We deβne Ginvariant CH systems on T

∗

Q and reduced CH systems on T^∗ Q/3DQ as follows▷ Deβnition Let G beaLiegroup action on Q.A G-invariant controlled Hamiltonian (G-CH) systemisaCHsystem, (H,B, F, W ↽ where H, B, Fand W are all G-invariant.Definition 3.3. A reduced controlled Hamiltonian (RCH) systemisaquadru-

ple h, b, f, U↽ where the function h . T

∗ Q/3DG → Riscalled the reduced Hamil- , b ∈ −⇐∧

2

T ↼T

∗

Q/3DG↽↽ is called the reducedalmostPoissontensor, the fiber-preserving map f T^∗ Q/3DG T^∗ Q/3DG is called the reducedforce map, and the subbundle U ofT ∗ Q/3DGiscalled the reducedcontrol subbundle. Suppose that we are given a GCH system ↼H, B, F, W ↽onT^∗ ▷ The Ginvariant H . T

∗

Q → R ℶ⋉�≊�∼ ∖�≊� H⅁⋗ℶ⋖≈⋊⋉ℶ⅁⋉ h . T

∗ Q/3DG → R⅁∼℧⋊⋖⋖⋊≾∼⇍ H /3Dh ∘ π_{/3DG} . ↼3▷1↽ Ginvariance of the almost Poisson tensor B ∈ ∧^2T T ∗ Q↽ induces a reduced almost Poisson tensor B♯_G ∈−⇐∧^2T↼T^∗ ↽↽ as follows. for f 1 , 2 ∈ F⇐T ∗ Q/3DG↽

♭B♯

[q,p]_G

↼df

1

, df

2

) =3D B

(q,p) (π

∗

/3DGdf 1 , π

∗

/3DGdf 2 ). ↼3▷2↽ This is welldeβned since B_{g(q)} (d(f

1 ∘ π /3DG ↽, ↼f 2 ∘π /3DG↽↽/3DB (q,p) (g^∗

⌈⇐f

1

∘ π

/3DG

↽, g

∗

⌈⇐f

2

∘ π

/3DG

↽↽

/3D B_{q,p)} (df_1 ∘ π /3DG ∘ g, d↼f 2 ∘ π_{/3DG} ∘ g↽↽ /3DB_{(q,p)} (d(f_1 ∘ π_{/3DG} ↽, d↼f 2 ∘ π /3DG ↽↽ forany g ∈ G where we used the GinvarianceofB in the βrst equality▷ One can easily check that ♭B♯

G

is skewsymmetric▷The Ginvariance F induces the reducedforce♭F ♯_G . T^∗

Q/3DG → T

∗

Q/3DG satisfying

♭F♯_G π_{/3DG}π_{/3DG}∘F. ↼3▷3↽ Thisdiscussionmotivates the following deβnition. Deβnition3▷4▷ The RCH system of G-CH system (H,B, F, W ↽ is quadru- ple (h, B♯_G,♭F ♯_G

, W/3DG↽ wherehisthereduced defined in (), [B♯

G is the reducedalmostPoissontensordefined in 3.2), and [F♯_G is the reduced force definedin(3.3).

Similarly to Proposition 2.5, the following proposition explains the relations between GCH systems RCH systems▷ Proposition 3▷5▷ Given a RCH system (h, b, f,U↽, there is a (not necessarily unique) G-CH (H, B, F,W ↽ whose RCH system (h, b, f, U. Proof.Define H by H/3D h ∘ π

/3DG

▷ Deβne a force F on T^∗ Q as follows. for α_q ∈T^∗_q

Q v

q

∈ T

qQ ⟨F ↼α

q

↽, v

q

⟩ ℑ∋D ⟨f∘ π_{/3DG}

↼α

q, τ_{/3DG}v_q↽. Choose a connection on principal bundle τ_{/3DG} . T Q → TQ/3DG ↼see Chapter 2 Theorem2▷1in KobayashiandNomizu ♭♯fortheproof of the existence↽▷Then we can split TT^∗ Q into the vertical space Vand the horizontal space H T T^∗ Q/3D V ⊕ H↙ T⟨⟩∫⟩\⌈⊓⌋⌉∫⊔⟨⌉⌈⌉⌋≀⇕√≀∫⟩⊔⟩≀\ ≀{ T

∗ T^∗ Q as T^∗ T^∗ Q/3DH^∘ ⊕V^∘ ⊒⟨⌉∇⌉H^∘

⊣\⌈ V

∘

⊣∇⌉ ⊔⟨⌉ ⊣\\⟩⟨⟩↕⊣⊔≀∇∫ ≀{ ⊣\⌈ V ⇔ ∇⌉∫√ ⌉⌋⊔⟩⊑

⌉↕†↙ L⌉⊔ ⟨≀∇ ¬ T T ∗ Q/3DG↽→H ⌊⌉ ⊔⟨⌉ ⟨≀∇⟩‡≀\⊔⊣↕ ↕⟩{⊔↙ T⟨⌉\⇔ ⟩⊔∫ ⌈⊓⊣↕ ⇕⊣√ ⟨≀∇ ∗

¬ V

∘

→ T^∗

⇐T^∗

Q/3DG↽ is an isomorphism▷

For simplicity, weuseH^∘ ⇐∇⌉∫√↙V^∘ ⇒ ⊣∫ ⊔⟨⌉ √∇≀|⌉⌋⊔⟩≀\ ≀{ T^∗

T_∗

Q onto H^∘ ⇐∇⌉∫√↙V^∘ ⇒↙

D⌉⊙\⌉ ⊣\ ⊣↕⇕≀∫⊔ P

≀⟩∫∫≀\ B on T

∗ Q as follows. α, β ∈ T ∗ p T ∗ Q Bα, β↽ ./3D b↼hor ∗

V

∘ α, hor^∗ V ∘ β↽. One can checkthatthisalmostPoisson tensor Ginvariant▷ We now show that π_{/3DG}.T^∗ QT^∗ Q/3DG is the Poisson map i▷e▷ b /3D B♯_G▷Let h_1,h_2 be two functions on T ∗ Q/3DG▷ Thend↼h_i

∘ π

/3DG

↽ ∈ V

∘ ⇔ i /3D 1, 2▷So hor^∗ ⇐h_i ∘π_{/3DG}↽/3Ddh_ii /3D 1, 2▷ Hence ♭B♯_G

↼dh

1

, dh

2

) =3D B↼d↼h

1 ∘ π /3DG ↽, ↼h 2 ∘π /3DG↽↽ /3D b↼dh

1

, dh

2

). Itfollows that ♭B♯ G /3D b▷Let W /3D π

−1

/3DGU↽▷ Then one can see that H, B, F, W↽ is a GCH system its RCH system coincides with h, b, f, U↽▷ Thiscompletesthe proof▷ ■ ▲≫⋔⋌⋑⋒ ⋌≪ ≖®≫⌜≫Ⓢ⋌⋔⋌≫≪ ⋟≲≦ ⋔⋋⌢⋔ ⋔⋋⋒®⋒ ⋑⌢≪ ⋐⋒ ≎≫®⋒ ⋔⋋⌢≪ ≫≪⋒ B satisfying♭B♯_{/3D} b whichisthesourceofthenonuniquenessofGCHsystems↼H, B, F, W ↽ in Proposition3▷5▷ By Proposition 3▷5 wecanwriteanarbitraryRCH system in the form of the RCH system of GCH system without loss of generality▷ Reduced CH Dynamics▷Given a GCH system H, B, F, W↽ let ↼h, ♭B♯_G, F ♯_G,W/3DG↽ be its RCH system▷ The ↼reduced↽ Hamiltonian vector βeld X_{([B] G}

,[F ]

G ,[u]_G

) of (h,♭B♯_G

, ♭F ♯

G , W/3DG↽ with a control ♭u♯_G ∈ W/3DG is given by (h,[B]_G ,[F ]_G

,[u]_G

) =3D [♯ ♯ dh ⇁ vlift↼♭F ♯ G ↽ ⇁ u♯ G↽ where vlift↼♭F ♯ G ↽ and u♯ G↽ are the vertical lifts deβned in ↼2▷1↽▷ Let X (H,B,F,u) be the vector field of H, B, F, W↽ with control ∈ W ▷ Then wehave X_{h,[B] G} ,[F ]_G

,[u]_G

) ∘ π /3DG /3D T π /3DG · X (H,B,F,u) . ↼3▷4↽ TheCHequivalence Relation▷ We shall βrst recall the CHequivalence relation among CH systems T^∗ Q Chang BlochLeonardMarsden and Wo ♭2002 Deβnition 3▷6▷ Two CH systems (H i , i , F_i , W_i, i /3D 1, 2,are said to be CHequivalent, or simply, (H , B_1, F 1 , W_1 ) H∼⇐H_2,B_2,F

2

,W_2 ) if the followingHamiltonian matching conditionshold;

HM-1 : W_1 =3DW_2,

HM-2 : ImB^♯dH

1 + vlift(F

1 ) − B

♯ d2 − ⊑↕⟩{⊔⇐F 2 )] ⊂ W 1)

where vlift(W_1

) is the vertical lift W 1 definedin(2.2).

The following propositionexplainsthesignificanceoftheCH-equivalence relation.

Proposition 3.7. Suppose that two CH systems (H

i , B_i , F_i, W i ↽, i/3D1, 2, areCH- equivalent. Then,foranarbitrary controllawforonesystem,there exists a control law for the other system that the two closed-loop systems produce the same equationsofmotion. The explicit relationbetween the two controllawsu_ii /3D 1, 2, is given by

vlift(u

1 ) =3D B ♯ 1

dH

1 −⊑↕⟩{⊔⇐F_{)+}B^♯_2 dH_{+vlift(}F_2

)+vlift(u

2 ). Pro Just compare X

(H

1,B 1 ,F_1

,u_1)

and X_{(H}

2 ,B_2 ,F_2,u 2 ) with controls u 1 :T^∗ QW 1

and u

2 : T

∗

Q → W

2

. ■

⋛◁▼≾⋒⌝∔⋌∽⌢≏⋒≪⋑⋒≲ ⇚⋒ ≪≫⋍ ⋌≪⋔®≫⋓∔⋑⋒⌢≪⋒⌝∔⋌∽⌢≏⋒≪⋑⋒ ®⋒≏⌢⋔⋌≫≪ ⌢≎≫≪⋎ ⋛◁▼ Ⓢ⌟Ⓢ≾

⋔⋒≎Ⓢ ≫≪ T ∗ Q/3DG as follows▷ Deβnition Two RCH systems,(h_i,♭B_i♯ G ,♭F

i

♯G

,W

i/3DG, i /3D 1, 2,are said to breduced-CH-equivalent RCH-equivalent), or simply,

(h , ♭B_1

]

G, F_1]

G

, W_2 /3DG↽^H

∼ ⇐h

2 , ♭B_2 ] G♭F_2] G , W_2 /3DG↽ if the following reduced Hamiltonian matching conditions hold:

RHM-1 : W

1 /3DG /3D W_2 /3DG, RHM-2: Im[[B_1 ] ♯ G dh_{+ vlift([}F_1

]

G↽ ∪B_2] ♯ Gdh 2 − ⊑↕⟩{⊔⇐∪F

2 ]G

↽♯ ⊂ ⊑↕⟩{⊔⇐W

1 /3DGwhere vlift(1

/3DG↽ is the vertical lift of the subbundle W

1 /3DG definedin(2.2).

Reduction Commutes with Equivalence. The following explains the

relation between the reduced-CH-equivalencerelationamongRCH systems T^∗ Q/3DG and the CHequivalencerelationamongGCHsystemsonT ∗ Q▷ Theorem 3▷9▷ TwoG-CHsystemsare CH-equivalent if and only if their associated

RCH systems are RCH-equivalent.

Proof. Use 3.6 and 3.8 as well as the relation (). ■

⪌⋋⋒≫®⋒≎⋟≲⪖⪕≲ Suppose that two RCH systems (h_i , ♭B_i ♯ G♭F_i♯ G , W_i /3DG↽, i /3D , 2, are RCH-equivalent. Then, for an arbitrary control law for one system,there exists a controllawfortheothersystemsuchthatthetwoclosed-loop RCH systems produce the same equationsofmotion. The explicit relationbetween the two controllaws [u_i ♯ G,i /3D 1, 2, is given by vlift([u_1 ] G↽/3D−∪B 1 ] ♯ G dh − ⊑↕⟩{⊔⇐∪F_1 ] G↽ ⇁ B 2]

♯

Gdh 2 + vlift([F

2 ]G ↽ ⇁ vlift↼♭u 2 ] G. Proof▷Mimic the proof of 2▷11 and use Proposition 3▷7and Theorem instead▷ ■

SimpleCHSystems. Let us review the of simple controlled Hamiltonian systems from Chang, Bloch, Leonard, Marsden and Woolsey [].

Definition A CH system (H, B, F, W ↽onT^∗ iscalled if the Hamiltonian Hhas the form kinetic plus potentialenergy: H↼q, p↽ /3D 1 2 ⟨p,m^{−1}_q p⟩ ⇓ V ↼q↽ and its almost Poisson B is nondegenerate and is the form B↼q,p↽ /3D [

K↼q↽

T −Kq↽ J↼q,p↽ ] {/} in cotangent coordinates(q, p↽ on T

∗ Q whereK↼q↽, J↼q, p↽ are n × n matrices with n /3D dimQ. We calH the simple Hamiltonian B the simple almost Poisson tensor. The acrSCH denotes “simple controlled Hamiltonian”. One can check the statement that B has the form 3▷5↽ is independent of the choice of cotangent bundle coordinates on T ∗ Q▷

Let B be a simple almost Poisson tensor▷ Then the relation

vlift↼ψ_B

↽ /3D B ∘ ×⇐∋↙⇏

⌈⌉⊙\⌉∫ ⊣ ⊓\⟩∐⊓⌉ ψ B ∈ T^∗ Q↽↽where Θ is the canonical one^1 T^∗ Q and B is regarded as a bundle map B . T

∗ T^∗ → T T^∗

Q▷ In other wordsthere

exists a unique ψ B ∈ −⇐A⊓⊔T^∗ Q↽↽such that the followingdiagramcommutes▷ T ∗ T^∗

Q^B−−−−→ T T ∗ Q Θ

vlift

T^∗

Q^{ψ B}

−−−→T^∗ Q See Chang Bloch Leonard Marsden and Woolsey ♭♯ for the proof of the exis tence of ψ_B ▷ When B is given in coordinates as in 3▷5↽ the ψ B is given in coordinates by ψ_B

↼q, p↽ /3D q, K↼q↽↽.

Now we make the followingdeβnitionofthereducedsimpleCH Deβnition 3▷12▷ A RCH system (h,♭B♯_G

, ♭F ♯

G , W/3DG↽ is called a reducedsimple

CH system (or, RSCHsystem)ifitisthereducedCHsystemofaG-invariant simple CH system.

1

The canonical one form Θ on T

∗ Q is given by Θ /3D p

i di in cotangent bundle coordinates

↼q^i

, p j ↽∈T^∗ ▷

SimpleAlmostPoisson Tensors and Reductions. Recall that wedefined simple almost Poisson tensors on T^∗ Q using local coordinatesinDeβnition ▷ Here we characterize the reduced simple almost Poisson tensors using local coor dinates so wemay assume that Q G × X where is a Lie group acting on the manifold X trivially▷Recall the following identiβcations by left translation G.

T^∗ G /3D G × g ∗ , T T ∗ G /3D ↼G×g^∗ ×⇐g×∗ ⇒, T

∗

T^∗ G /3D ↼G × g ∗ ⇒ × g^∗ × ). We use g_a, μ a , x_i , p_i↽aslocal coordinates T^∗ Q G × g^∗ × T^∗

X and ↼μ a

, x_i , p_i↽ for T^∗

Q/3DG /3D g

∗ × T^∗ X where a /3D , . . . , dim G andi/3D1, . . . , X▷ We will use {e

a

} ⊣∫ ⊣ ⌊⊣∫⟩∫ {≀∇ g, and{e

∗ a }⊣∫⟩⊔∫⌈⊓⊣↕⌊⊣∫⟩∫↙ L⌉⊔B ∈ −⇐∧

2

T T^∗ Q↽ be a

Ginvariant simple almost Poisson tensor▷ Then it is of following form.

↼g, μ, x, p↽/3DA_{ab}x↽↼e_a

⊗ e

∗

b

− e^∗ b ⊗ e

a

↽ ⇁ E_{ia} ↼x↽↼∂x

i

⊗ ∗_b − e ∗ b ∂x_i↽ ⇁ C_{ai}

↼x↽↼e

a ⊗ ∂p_i − ∂p_i ⊗ e_a

↽ ⇁ D

↼x↽↼∂ x i ⊗ ∂

p

j − ∂

p_j ∂ x_i

↽

⇁ R_{ab} ↼μ, x, p↽e ∗ a ⊗e^∗_b ⇁S_↼μ, x, p↽↼e ∗ a ⊗∂p_i −∂p_i ⊗e^∗_a ↽ ⇁U_{ij} ↼μ, x, p↽∂ p_i ⊗∂ p_j

. ↼3▷7↽

In the matrix B is given by

B /3D OO A↼x↽ ↼x↽ O OE↼x↽ Dx↽ −A↼↽^T −E↼x↽^T

R↼μ, x, p↽S↼μ, x, p↽

−C↼x↽ T −Dx↽^T S↼μ, x, p↽ T U↼μ,x,p↽ [~√~ ~ √~^ [~ ^∐√]√ ~}√ T

z

T^∗ Q in the following order. e_a,∂_{xi}

,e

∗ a ,∂_{pi} . The nondegeneracy for B is given by rank [

A C

E D ] ⟨ ^]⌉ Q. ThereducedsimplePoisson tensor B♯_G isgiven by ♭B♯_G↼μ,x,p↽ /3D E_{ia} ↼x↽↼∂x

i

⊗ ∗_b − e ∗ b ∂x_i↽⇁D_{ij}x↽↼∂_x

i

⊗∂_p j −∂

p

j ⊗∂

x_i^↽ ⇁R_{ab}μ, x, p↽e^∗ a ⊗ e

∗

b ⇁ S ai ↼μ, x, ↽↼e^∗a ⊗ ∂p_i − ∂p_i ⊗ e^∗ a ↽ ⇁ U ij ↼μ, x, ↽∂ p_i ⊗ ∂_p

j

. ↼3▷8↽

In a matrix form

♭B♯_G /3D Rμ, x, p↽ −E↼x↽^T

S↼μ, x, p↽

E↼x↽ OD↼x↽ S↼μ, x, p↽ T −Dx↽^T U↼μ, x, p [~√~ ~ √~^ [~ ^∐√]√ ~}√ T

[z]

(T ∗ Q/3DG↽ in the following order. ∗ a, ∂ x_i , ∂ p_i . The nondegeneracy condition B induces the followingrankconditionfor♭B♯

G

. rank♭ED♯ /3D dim X↼3▷9↽

4Equivalence Between Reduced Lagrangian and Hamiltonian Systems

Remark. One could argue it might be betterifwe could characterizeallthe tensors b∈−⇐∧^2

T ↼T ∗ Q/3DG↽↽ for which there exists a Ginvariant simple almost PoissontensorB such that b/3D ♭B♯_G ▷ Then we can reduced simple CH systems without reference G invariantsimpleCHsystems▷ This point has to be studied more and we think that the use of is crucial, see Montgomery Marsden and ♭1984♯and Cendra Marsden Ratiu ♭2001♯▷ 4 Equivalence Between Reduced Simple Lagrangian and Hamiltonian Systems

Inthissectionwe show the equivalence between the method of RSCL systems on TQ/3DG and that of RSCH systems T^∗ Q/3DG▷ The CLCH Equivalence Theorem▷In Chang Bloch Leonard Marsden and

Woolsey ♭♯ and Chang ♭2002♯ theequivalence betweenthemethod of SCL

systemsonT Q and that of SCH systems T^∗ Q was shown▷ It is summarized in the following Theorem^2 Theorem 4.1.The method of controlled Lagrangian systems is equivalent to that

of controlled Hamiltonian systems for simple mechanical systems in the following sense.

1. For any two simple CL systems L_i, F L i , W L i ↽,i /3D 1, 2, there exist two associated simple CH systems3 (H

i

, B_i , F^H_i , W^H_i ↽, i /3D 1,2,such that (L 1 , L_1 , W L 1 ) L ∼ ⇐L 2 , L_2 , W L 2 ) ⇐⇒ ⇐H

1

, B_1 , F^H_1

, W^H_1 ) H∼⇐H_2,B_2,F

H

2 ,W H 2 . ↼4▷1↽ 2. For any two simple CH systems H_i, B i , F^H i , W^H i ↽, /3D 1, 2, thereexisttwo associated simple systems, (L_i

, F

L i , W^L_i ↽, i /3D 1,2, such that H_1, B 1 , F^H 1 , W^H 1 ) H ∼ ⇐H_2 , B , F^H_2 , W^H_2 ) ⇐⇒ L_1, F L 1 , W L 1 ) L ∼ ⇐L 2 , L_2 , W L 2 )andψ_{B2}

∘ ψ^1_{B1}

=3D m

H_2

(m_1 )^{−1}

with m_H

i

the mass tensor of H i and ψ

B

i defined in (3.6) i /3D 1, 2.

In statement 1, one doesnotneed the conditionψ

B_2

∘ ψ^1_{B1}

=3D m

H_2

(m_1 )^{−1} along

with the CL equivalence condition for the two systems because it automatically holds for the associated CH systems. 2

The statement of 4.1 above is slightly different from that of Corollary 4.1 in Chang,

Bloch, Leonard, Marsden and Woolsey [2002]inthatthereappears an additional term,ψ B2

∘ψ^1_{B1}

/3D

mH

2

↼m H 1 ↽ 1 in statement 2.However, one can still prove Theorem of this paper using △

≀{ C⟨⊣\}⇔B↕≀⌋⟨⇔ L⌉≀\⊣∇⌈⇔ M⊣∇∫⌈⌉\ ⊣\⌈ W≀≀↕∫⌉† ∪⊎↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ C⟨⊣\} ∪∈′′∈⊎ {≀∇ ⊔⟨⌉

√∇≀≀{↙

3 Refer to § △ ≀{ C⟨⊣\}⇔ B↕≀⌋⟨⇔L⌉≀\⊣∇⌈⇔M⊣∇∫⌈⌉\ ⊣\⌈ W≀ ∪∈′′∈⊎⊔≀↕⌉⊣∇\⟨≀⊒ ⊔≀ ⊙\⌈ ⊔⟨⌉

⊣∫∫≀⌋⟩⊣⊔⌉⌈ CH ∫†∫⊔⌉⇕∫↙

4Equivalence Between Reduced Lagrangian and Hamiltonian Systems

This result implies the following: Suppose we want to find all SCL systems which is equivalenttoagiven SCL system. Onecandirectlysearch for them on the Lagrangian side using the CL equivalence relation. Alternatively, one firstly find aSCHsystemwhich is associatedwiththegiven SCL system, secondlysearch for all SCH systems which are CH-equivalent to this system, and finally transform those SCH systems to SCL systems.Those SCL systems are all SCL systems

CL-equivalent to the original system. In the similar way, one can find all the

SCH systems which is CH-equivalent to a given SCH system,directly or with CL-

equivalence relation. (refer to Chang, Bloch,Leonard,Marsden and Wo [2002] and Chang[2002] for more detail).Hence, one can describe a given simple mechanicalsystemasaSCLsystemorasaSCHsystemthenapplytheCLmethod or the CH method, correspondingly. Both proceduresareequivalent. We now restrict Theorem 4.1 to Ginvariant systems▷

Theorem 4▷2▷ The method of G-invariant simple controlled Lagrangiansystems

and that of Gsimple controlled systems are equivalent. In other words, Theor 4.1 restrictedtoG-invariantsimpleCLandCHsystems holds. Pro Keep track of Ginvariance in the proof of Theorem 4▷1 in Chang Bloch LeonardMarsden and Woolsey♭2002♯ and the proof of Theorem 3▷2▷1 in Chang ♭♯▷ ■ ⪌⋋⋒ ⋏≫≏≏≫⋍⋌≪⋎ ⋔⋋⋒≫®⋒≎ ⋒⌞⌜≏⌢⋌≪Ⓢ ⋔⋋⋒ ⋒⌝∔⋌∽⌢≏⋒≪⋑⋒⋐⋒⋔⋍⋒⋒≪ ⋔⋋⋒ ≎⋒⋔⋋≫⋓≫⋏⋛⪋◁ Ⓢ⌟Ⓢ⋔⋒≎Ⓢ ≫≪ TQ/3DG and that of RSCH systems T^∗ Q/3DG Theorem 4▷3▷The method of RSCL systems is equivalent to that of RSCH systems in the following sense.

1. For two given RSCL (l_i,♭F^L_i ♯ G,W L i /3DG, i /3D 1, 2,there exist two associated RSCH systems (h i , ♭B i ♯G , ♭F^H

i

♯G

, W

H i

/3DG↽, i /3D 1,2 such that

(l 1 , ♭F L 1 ] G , W^L 1 /3DG↽

L

∼ ⇐l 2 , ♭F L 2 ] 2 /3DG⇐⇒ ⇐h 1 , ♭B_1 ] G♭F^H_1 ] G, W H 1 ↽^H⇐h_2,♭B_2] G ,♭F

H

2 ]

G

,W^H 2 /3DG↽.↼4▷2↽ 2. FortwogivenRSCHsystems(h

i

, ♭B

i

♯G

, ♭F

H i ♯ G, W H i /3DG, i /3D 1, 2,there exist two associated RSCL systems (l i , ♭F L i ♯ G , W^L i /3DG↽, i/3D1, 2 such that (h_1,♭B_1] G ,♭F

H

1 ]

G

,W^H 1 /3DG↽

H

∼ ⇐h 2 , ♭B 2 ]G , ♭F^H

2

]G

, W

H 2 /3DG↽ ⇐⇒⇐l_1,♭F^L_1 ] G,W L 1 ↽^L⇐l_2,♭F^L_2 L 2 ↽ and [ψ_B

2 ∘ ψ −1 B

1

] G

/3D ♭m

H

2

] G

♭m

H_1

]^−1

G

where [m

H_i^♯

G is the reducedmasstensorofh_i . Proof. Let us prove statement 1. For giventwo RSCL systems (l i , ♭F L i ♯ G , W^L i /3DG↽ i/3D1, 2 consider their GSCL systems ↼L_i , F^L_i , W^L_i ↽ i /3D 12 with L_i /3D l_i

∘ τ

/3DG

↼see Proposition 2▷5↽▷ By Theorem 4▷2 there are two GSCH systems

H_i, B i , F^H i , W^H i ↽ i /3D , 2 such that 4▷1↽ holds▷ Let↼h_i,♭B_i♯ G ,♭F

H

i ♯

G

,W^H i /3DG↽ b

5Examples 19

the RSCH of (H_i,B_i,F H i ,W H i ↽ i /3D 1, 2▷ Then↼4▷2↽ follows from The orem 2▷10 Theorem 3▷9 and ↼↽▷ Now we prove statement 2▷ Inthiscase use Prop 3▷5 insteadofProposition and then proceed in a manner▷ ■ ▼⋒≪⋑⋒≜ ≫≪⋒⋑⌢≪⋓⋒Ⓢ⋑®⋌⋐⋒ ⌢ ⋎⋌∽⋒≪ Ⓢ⋌≎⌜≏⋒ ≎⋒⋑⋋⌢≪⋌⋑⌢≏ Ⓢ⌟Ⓢ⋔⋒≎ ⌢Ⓢ ⌢ ⪋◁⪅⪋◁▼ Ⓢ⌟Ⓢ≾ ⋔⋒≎≜ ⌢⌜⌜≏⌟ ⋔⋋⋒ ◁⪅◁▼ ®⋒⋓∔⋑⋔⋌≫≪ ⌢≪⋓ ⌢⌜⌜≏⌟ ⋔⋋⋒ ®⋒⋓∔⋑⋒⋓ ◁⪅◁▼ ≎⋒⋔⋋≫⋓≜

⋑≫®®⋒Ⓢ⌜≫≪⋓⋌≪⋎≏⌟≲ ▷≫⋔⋋ ⌜®≫⋑⋒⋓∔®⋒Ⓢ ⌢®⋒ ⋒⌝∔⋌∽⌢≏⋒≪⋔≲

⋛⋒≎⌢®⫆≲ ▲≫⋔⋌⋑⋒ ⋌≪ ⊸≼≲⋞∴ ⋔⋋⌢⋔ ψ

B

2 ψ^{−1}_B 1 is Gequivariant even though each of ψ_B i may not be▷ This equivariance is a of the following commutative

diagram. T T

∗

Q^B 1 ←−−−− T Q^∗ Q

B

2 −−−−→ T T ∗ Q vlift

Θ

vlift T

∗

Q^ψ B 1 ←−−− T

∗ Q^ψ B 2 −−−−→ T ∗ Q Itfollows that for α ∈T^∗ Q B_2B −1 (vlilft(α↽↽/3Dvlift↼ψ B_2 ∘ψ^− B 1 (↽↽. One can easily check that vlift is Gequivariant i▷e▷ vlift↼g↽ /3D g vlift↼α↽forg ∈ G▷

Then the Gequivarianceofψ

B_2

∘ ψ^1_{B1}

follows from the Gequivariance of B

1

, B

2 andvlift,andtheinjectivity of vlift.

5 Examples

WereviewtheexampleofasatellitewitharotorandtheEuler–Poincaré matching conditions presentedin Bloch,Leonard and Marsden [2001] in the frameworkof the current paper. We also apply the reduced CL method to the stabilization of the heavy top with rotors.This will show the application of systems only.

For an excellent application of CH systems to the problem underwater vehicle stabilizationby internal rotors, referto WoolseyandLeonard []and Bloch, Leonard and Marsden [2001].

5.1 Satellite with a Rotor and the Euler–Poincaré Matching

We review the satellite with rotor and the Euler–Poincar´e matching conditions presented in Bloch, Leonard and Marsden [2001] in the framework of the current

paper.

Satellite with a Rotor.We review the example of a with a rotor aligned along the principal axis of the body (see 5.1). Theconfigurationspace is Q/3DG × X /3D SO↼3↽×S^1 withthefirstfactorbeing the attitude and

the second factor being the rotor angle. The Lie G /3D SO↼3↽ acts on the βrst factor of Q only▷We take a trivial connection on Q such T Q/3DG ≃ g ×TX▷

5.1SatellitewithaRotorandtheEuler–Poincaré Matching20

Figure The satellite with a rotor the third body axis.

Use ((Ω_1

, Ω_2

, Ω

3, ↼ϕ, ⌢ ϕ↽↽ as coordinatesfor so(3) × T S

1 ≃ R

3

× T S 1 . This system

is described bytheRSCLsystem(l 1 , ♭F_1 ] G /3D0, W1↽ given by

l

1(Ω, ⌢ ϕ↽ /3D 1 2 ( λ_1

Ω 21

+ λ_2

Ω

2 2

+ (I

3 J_3)Ω 3 3 + J_3Ω

3

ϕ̇ J_3^˙ ϕ

2)

∐{^ W_1 /3DG /3D span{⌈} ℑ∋D ∫√⊣\{⇐′, , 0, 1↽} ⊒⟨⌉∇⌉λ_1 > λ

2 > 3 :=3D J_3

+ I_3

. Notice that l

1 does not depend ϕ▷ Recall that the

reduced EulerıLagrange opREL ⟩\⌈⊓⌋⌉∫ ⊔⟨⌉ L⊣}∇⊣\}⌉¶P≀⟩\⌋⊣∇⊇⌉ ≀√⌉∇⊣⊔≀∇ LP

⟩\ ⇐∈↙∀⇒ ∇⌉∫√⌉⌋⊔ ⊔≀ ⊔⟨⌉ ⊔∇⟩⊑⟩⊣↕ ⌋≀\\⌉⌋⊔⟩≀\ Q → X▷ By 2▷10↽ thisLagrangeı Poincarιeoperator LP⇐l 1 ) is givenby

LP⇐l

1 ) =3D

[

d dt ∂l ∂Ω −^{∂1}_{∂Ω}

× ⊗_d dt ∂l 1 ∂ ˙ ϕ − ∂l_1 ∂ϕ {/}

[~√~ ~ √]^[~^ [~ |√√ ∐{^ √~^}{^ ^}⌉√}{~{√ }~ {/}/ }{√]^~√ ∐{}[~√ ∫⋃⨁ √√~⌉ {l 2 , 0, W 2 /3DG↽ W_2 =3D W 1 and l 2 (Ω,

⌢

ϕ↽ /3D

1

2

(

λ_1

Ω 21

+ λ_2

Ω

2 2

+ (I

3 J_3)Ω 3 3 + J_3Ω

3

ϕ̇ ρJ_3^˙ ϕ^2 )

][ ρ ∈ RH�∖� ≾� ⅁⋖⋖⋊≾ ⋊⋉⋖↷ ⋊⋉� ⅁∖⅁⋗�≈�∖ ρ as in Bloch Leonard and Mars den ♭♯ but one can consider a more general of CL systems▷ By deβnition of W_{, RELM-1 is automatically satisfied one can check that also}

holds for the twoRSCLsystems. Since these twoCLsystemsareequivalent,one

has only to design a controller for the second system, which will give an asymptoti-

cally stabilizing controllerforthefirstsystemby 2.11. Bloch, Chang,

Leonard, Marsden and Woolsey [2000]forthediscussiononasymptoticstabilization

of the rotation about the axis in the body-fixed frame.There, it is shown how to choose and the dissipative input for stability of the equivalent system

↼l_2,0,W_2↽▷ This leads to an asymptotically stabilizing controller for the original system ↼l

1

, 0, W

1 /3DG↽▷

5.1SatellitewithaRotorandtheEuler–Poincaré Matching21

Euler–Poincaré Matching. Herewe briefly sketch the proof that the set of Euler–Poincaré matching conditions Bloch, LeonardandMarsden []and Bloch, Leonard and Marsden [2001] is a special case of the reduced Euler–Lagrange matching conditions in this paper. This set of matchingconditionscanhandlesuch examplesasasatellitewitharotorandunderwater vehicles with internalrotors. Let Q /3D G×X be the conβguration space where G is a Lie group acting trivially on the manifold X▷We choose the ↼γat↽ connection on Q → Xto write down the LagrangeıPoincarιe equation on TQ/3DG ≃ g × T Hwith the Lie algebra g

of the Lie group G▷ We use η /3D ↼η

α ↽ as coordinates for_{g and (}θ, ⌢θ↽/3D↼θa, ⌢ θa ↽ as coordinatesforT H▷ By ↼2▷10↽ the LagrangeıPoincarιe operator LP⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ ⊔⟨⌉trivialconnectionisgivenby LP⇐l↽ /3D ( dt ∂l ∂η α − C β γα

η

γ ∂ ∂η

β

d dt ∂l ∂θ̇ a −^∂_{∂θa} ) {/}

~}√∐{ √~^^~^ ⨁∐~√∐{~]∐{ l /3Dl↼η^α , ⌢θ a , θ↽whereC^β_{γα} are the structure constants of the Lie g. In () we wrote the verticalpart of LP⇐l↽βrstwhilein↼↽ the vertical part was written in the second component▷ Let ↼l, , T^∗ H↽ be the given RSCL with the reduced Lagrangian l↼η, ⌢θ

a

↽ /3D 2 g αβ η

α

η^β ⇁ g_{αa} η^{α ⌢} θ^a ⇁ 1 2

g

ab ⌢

θ

a ⌢ θ^b whereg αβ ,g αa ,g ab are constant functions on T Q/3DG▷Notice that this Lagrangian iscyclicinthevariables θ a and the controlsactonlyonthecyclicvariables▷Let ↼l_{τ,σ,ρ} , 0, T ∗ H↽ be another RCL system with the Lagrangian of the following form.

l_{τ,σ,ρ} /3D l↼η α , ⌢ θ^a ⇁τ^a_α η^α ↽⇁ 1 2

σ

abτ a α τ b β η α η^β ⇁ 1

2

↼ρ_{ab} −g_{ab}

↽↼

⌢θ a ⇁ac g cα η^α τ^a_α η

α ↽↼ ⌢ θ^b ⇁g g_{cβ} η β ⇁τ

b

β η β ↽ ↼5▷3↽

which is exactly the equation ↼11↽ in Bloch Leonard Marsden ♭2001♯▷See also Bloch Leonard and Marsden♭2000♯ for the motivation of this choice of the form in ↼5▷3↽▷ Bloch LeonardandMarsden ♭♯proposes the followingsocalledEulerı Poincarιe matching conditions. EP1. τ a α /3D −σ ab g_{bα} EP2.σ ab ρ ab g ab▷

Then one can show that the two assumptions of EP1 EP2 imply the RCL

equivalence of the two RSCL systems l, 0, T^∗ H↽ and ↼l

τ,σ,ρ

,0,T H↽▷ Hence one canequivalently work with second system to design controllers▷Refer to Bloch Leonard and Marsden ♭2001♯ for the method of constructing a Lyapunovfunction using the energy and functions▷

5.2Heavy Top with Rotors22

5.2 HeavyTop with Rotors

Itiswell known that the upright spinning top is unstable if the angular velocity is small.The motion of the heavy top and stability of the Lagrange top are well studied in Marsden and Ratiu [] and Holm, Marsden and [1998].We use the controlled Lagrangian method to stabilize the upright spinning motion of the heavy top with angular velocity,including zero velocity. See Figure 5.2 for the heavytopsystem. One can notice that the dynamics are not SO(3)-invariant because the gravitational force breaks the SO(3) symmetry, so we cannot perform the usual reduction of the system by the SO(3) group. However, there is a way of doing SO(3)-reduction of this system byconsideringthissystem as a system depending on a parameter in R

3

.

Figure 5.2: Heavy top with tworotors,each consisting of two rigidly coupled disks.

Thecenter of mass is at CM.

In this section, wewillfirstreviewthegeneraltheoryofofsystems

depending on a and then apply this reduction theory to the of

a controller for the heavy top system. We will not develop the whole theory of

CLsystemsdepending on a parameterandthereductiontheoryforthosesystems with symmetry because it is straightforward modificationofthetheoryin§ ∈ ≀{ ⊔⟨⟩∫√⊣√⌉∇↙ M≀∇⌉≀⊑⌉∇⇔ ⊔⟨⌉ ⌋≀⇕√↕⌉⊔⌉ ⊔⟨⌉≀∇† ≀{ ∇⌉⌈⊓⌋⊔⟩≀\ {≀∇ ⇐⊓\⌋≀\⊔∇≀↕↕⌉⌈⇒ ∫†∫⊔⌉⇕∫ ⌈⌉√⌉\⌈⟩\} ≀\ ⊣ √⊣∇⊣⇕⌉⊔⌉∇ ⟩∫ C⌉\⌈∇⊣⇔ M⊣∇∫⌈⌉\ ⊣\⌈ ∪∈′′∞⊎↙

S†∫⊔⌉⇕∫ D⌉√⌉\⌈⟩\} ≀\ ⊣ P⊣∇⊣⇕⌉⊔⌉∇↙ W⌉ ⟨⌉∇⌉ ∇⌉⊑⟩⌉⊒ ⊔⟨⌉ ∇⌉⌈⊓⌋⊔⟩≀\ ⊔⟨⌉≀∇† {≀∇ ∫†∫⊔⌉⇕∫ ⌈⌉√⌉\⌈⟩\}≀\⊣√⊣∇⊣⇕⌉⊔⌉∇√∇⌉∫⌉\⊔⌉⌈ ⟩\ C⌉\⌈∇⊣⇔ M⊣∇∫⌈⌉\ ⊣\⌈ ∪∈′′∞⊎↙ C≀\∫⟩⌈⌉∇ ⊣ L⊣}∇⊣\}⟩⊣\ L.T ↼G × X↽ × V^∗ → R ≾≂�∖� is a Lie group X is a manifoldand V

⟩∫ ⊔⟨⌉ ⌈⊓⊣↕ ∫√⊣⌋⌉ ≀{ ⊔⟨⌉ ⊑

⌉⌋⊔≀∇

∫√⊣⌋⌉ V ▷ The value of L at the point ↼g, x, g, ⌢x, a

0

) ∈ T G×X↽V^∗ ⊒⟩↕↕⌊ ⌉ ⌈⌉\≀⊔⌉⌈ ⌊L↼g, x, g, ⌢x, a 0 ), as usual,and we will think of a

0 as a parameter that remains fixed along the evolutionofthesystem. Assume that there is action of G on V

5.2Heavy Top with Rotors23

so there is an action on V^{∫⊓⌋⟨ ⊔⟨⊣⊔} ⟨ga 0 , gb 0 ⟩ ℑ∋D ⟨a

0 , b_0

⟩ {≀∇ ⊣↕↕ a_0

∈ V^∗ ⇔ b∈ V g ∈G▷ Assume that G acts on X and that L is invariant i▷e▷ L↼hg, x, ⌢g, ⌢x,ha_0) =3D ↼g, x, ⌢g, ⌢x, a_0 ) for h G ↼g, x, ⌢g, ⌢x, a

0

) ∈ T G × X↽ V^∗ ↙ D⌉⊙\⌉⊔⟨⌉∇⌉⌈⊓⌋⌉⌈L⊣}∇⊣\}⟩⊣\l .

g × T X ×V

∗ → R�↷ l↼ξ, x, ⌢x, a↽/3DL↼e, x, ξ,⌢x, a↽ ↼5▷4↽ for ξ ∈ g,(x, ⌢x↽ T X a ∈ V ∗

⊒⟨⌉∇⌉ ξ/3D g −1 ġ and a/3Dg^{−1} a

0.

Fix a

0 ∈V^∗ ↙ L⌉⊔L_{a0}

: T ↼GX↽ → R � �≈≂� ∖�∼≈∖ℶ�≈ℶ⋊⋉⋊℧ Lto↼G×X↽×a

0}↙ T⟨⌉\⇔ ⊔⟨⌉ E⊓↕⌉∇↖L⊣}∇⊣\}⌉ ≀√⌉∇⊣⊔≀∇ EL⇐L

a

0 ) induces reduced Euler-Lagrange

operatorREL⇐l↽ . 2

⃗ g × T (2) X ×T V^∗ →R ⅁⋉� ≈≂� �≊⅁≈ℶ⋊⋉ ℶ⋉ ⊊⋬⋪⊋ ⅁∼ ℧⋊⋖⋖⋊≾∼⇍ REL⇐l↽ /3D (_d dt ∂l ∂ξ −⊣⌈^∗_ξ ∂l ∂ξ −^{∂l}_{∂a} ⋄a d dt ∂l ∂ẋ

−

∂l ∂x ) {/} ∐{^ ⋁a −ξa ↼5▷6↽ where the map ⋄ ¬ V× V

∗

→ g

⟩∫ ⌈⌉⊙\⌉⌈ ⌊ † b ⋄ a, ηℑ∋D−⟨ηa, b⟩ {≀∇ η ∈ , a ∈ V^∗ ⇔ b ∈ V ▷One may βnd the derivation of ↼5▷5↽ and ↼5▷6↽ in § ↙△ C⌉\⌈∇⊣⇔ M⊣∇∫⌈⌉\ ⊣\⌈ ∪∈′′∞⊎↙ T⟨⌉ ⌉∐⊓⊣⊔⟩≀\∫ ≀{ ⇕≀⊔⟩≀\ ≀{ ⊔⟨⌉ L⊣}∇⊣\}⟩⊣\ l with a ↼g×T X↽valued ↼reduced↽forcef are givenby REL⇐l↽ /3D f, and ⌢a /3D −ξ↼5▷7↽ where f includesexternalforcesandcontrol forces▷ Heavy Top with Two Pairs of Rotors▷ We βrst describe the heavy top with twopairsofrotors▷ We mount two pairs of rotors within the top so that each pairφs rotationaxisisparalleltotheβrstandtheprincipalaxesofthetop, see

Figure 5▷2▷Let I

1,I_2,I

3

be the moments of inertia of the top in the body fixed frame.

LetJ_1, J

2 be the moments of inertia of the rotors around rotation axes. Let J

i1

, i2 , J_3 be the moments of inertia of the ith rotor i /3D 1, 2 around the βrst the second and the third principal respectively▷ Let μ

I_1

=3D I

1 +J_{11} +J 21 , μ I_2 =3D I_2 +J 12 +22 , and μ I_3 =3DI_3 + J

13 + 23 . Let λ

1 =3D̄

I_1 +J_1 λ_2 =3D

¯

I_2

+ J

2.Let M be the total of the system g the magnitude of the gravitational acceleration and h the distance from the O to the center of mass of system▷

Let G /3D SO↼3↽X /3D S^1 × S^1

, V

ℑ∋D R 3.We use the following notations for

coordinates:

R∈SO⇐∋⇒, θ /3D↼θ_1,θ_2) S^1 × S

1 , a R^3.

5.2Heavy Top with Rotors24

We will use Ω=3D(Ω_1,Ω_2,Ω

3 ) ∈ R

3 as coordinatesfortheLiealgebra_{so(3) under}

the Lie algebra isomorphism, ∨¬⇐so(3), ♭♯↽ → ⇐R 3

, ×⇒ −zy z 0 −x −y x 0 ∨ ℑ∋D x, y, z↽.

Let L . T ↼G×X↽ × V

∗ → R � ≈≂� L⅁ð∖⅁⋉ðℶ⅁⋉ �⪇⋉� �↷

L↼R, θ, ⌢ R⌢θ, a↽ /3D 1 2

⟨ 1 Ω 2 Ω 3 ˙ θ_1 θ 2

T λ_1

0 0 J_1 0 0 λ

2

0 0 J 2 0 0

¯

I_3

0 0

J_1

0 0 J_1 0 0 J

2

0 0 J 2

⟨

1 Ω 2 Ω 3 ˙ θ_1 θ_2 − MghR^{−1} a · χ

whereΩ /3D ↼Ω_1

, Ω

, Ω 3^{)=3D(R −1}

˙

R)^∨

⟩∫ ⊔⟨⌉ ⌊ ≀ ⌈†↖⊙§⌉⌈ ⊣\}⊓↕⊣∇ ⇕≀⇕⌉\

⊔⊓⇕ ⊣\⌈ χ is thebodyβxed unit vectoronthelineofsegment connecting origin O with the bodyφs center of mass χ /3D ↼0, 0, 1↽inthebodyβxed frame▷ Fix k ./3D ↼00, 1↽ ∈ 3 . Let L

k

be the restriction L to T ↼G X↽ × {‖⊣∫

{≀↕↕≀⊒∫¬ L k (R, θ, ⌢R, ⌢ θ↽ L↼R, θ,

⌢

R, ⌢ θ, k↽.

Then one can checkthatL

k isLagrangianoftheheavy top system in Figure 5.2.

The actuation is exerted on eachpairofrotors,sothecontrolbundleU is given by

U /3D T

∗

X▷ By↼5▷4↽theLagrangianl . so(3)×T X × R 3 → R ℶ∼ ðℶ≿�⋉ �↷ l, θ, ⌢ θ, Γ↽ /3D

2 ↼λ 1 Ω 2 1 + λ

2

Ω 2 2 + ¯ I_3Ω 2 3 + J_1Ω

1

θ̇ 1 + 2J

2

Ω 2 ˙ θ_2 )

+ 1 2 (J 1 θ̇ 2 1 + J 2 θ̇ 2 2) MghΓ · χ where Γ /3D ↼Γ 1 , Γ

2

, Γ_3

) =3D R 1 k. Physically the vectorΓrepresents the motion of unit vector with the opposite direction of gravity as seen from the body. Recall that the reduced equations of motion are derived from 5.7) and (5.5).

Let us consider new reduced Lagrangian~ l deβned by ⃗

l↼Ω, θ, ⌢θ,Γ↽ /3D 1 2 ↼λ_1 Ω 21

+ λ_2

Ω

2 2

+

Ī

3

Ω 2 3 + 21 Ω 1

˙

θ_1

+ 2J_2

Ω

2˙ θ_2) + 1

2

(ρ_1

J_1^˙ θ^2_1

+ ρ_2

J

2˙

θ

2 2

) − MghΓ·χ ↼5▷8↽

whereρ_1, ρ 2 ∈ R ⅁∖� ⅁∖⅁⋗�≈�∖∼ ≈⋊ � � �≂⋊∼�⋉ ⋖⅁≈�∖S� C≂⅁⋉ð ⅁⋉�

^⊭⊬⊬⊬~℧⋊∖≈≂�⋗⋊≈ℶ≿

⅁≈ℶ⋊⋉ ⋊℧ ≈≂ℶ∼ �≂⋊ℶ� ⋊℧ ≈≂� ℧⋊∖⋗ ℶ⋉ ⊊⊋

E≿ �⋉ ≈≂⋊≊ð≂ ≾� ≂⅁ ≿ � ⋉⋊≈ �≿

�⋖⋊� ≈≂� ð�⋉�∖⅁⋖ ≈≂�⋊∖↷ ⋊℧ CL ∼↷∼≈�⋗∼ �⋉�ℶ⋉ð

⋊⋉ ⅁ ⅁∖⅁⋗�≈�∖ ⅁⋉� ∖�≊�≈ℶ⋊⋉∦ ⋊⋉� �⅁⋉ � ≂� ℸ≈≂⅁≈ D�⪇⋉ℶ≈ℶ⋊⋉ ⅁⋉� T≂�⋊∤

∖�⋗ ⊭⊮⊮ ≂⋊⋖� ℧⋊∖ ∖�≊� CL ∼↷∼≈�⋗∼ � �⋉�ℶ⋉ð ⋊⋉ ⅁ ⅁∖⅁⋗�≈�∖ ≾≂�∖� ⋊⋉�

5.2Heavy Top with Rotors25

use the reduced operator in () instead of () or (2.10).Notice that the equation in 5.6) is common for reduced CL systems depending on a parameter. With these modificationsinmind,onecancheck that (l, 0, T

∗

X↽^L ∼ ⇐ ♥ l, 0, T

∗ X↽. By 2▷11 we can work with the RCL system ↼ ⃗ l, 0, T

∗ X↽ to design a con troller▷ Let us deβne the momentum Π /3D ↼Π

1

, 2 , Π_2

), and the controlmomentum,~

J /3D ↼

⃗

J

1,

⃗

J_2

), as follows:

Π=3D ∂⃗ l

∂Ω /3D ↼λ_1 Ω 1 +J 1˙

θ

1, λ 2 Ω 2

+ J_2

˙

θ_2 , μI 3 Ω 3 ), ↼5▷9↽ ⃗ J /3D ∂

⃗

l ∂ ⌢θ /3D ↼J_1 Ω 1 +J 1ρ 1 θ̇ 1 , 2 Ω_2

+ J

2ρ 2 θ̇ 2 ). ↼5▷10↽ One can check that Π is same as the angular momentum

∂l

Ω , of the original reduced Lagrangian l▷By ↼5▷7↽ and 5▷5↽ the equations motion of the system ↼

⃗

l, 0, T ∗ X↽ with a choice of control v /3D↼v_1,v_2), are given as follows: ˙ Π =3D Π × ⊗ MghΓ × χ,↼5▷11↽ ⌢⃗

J /3D v, ↼5▷12↽

⌢ Γ /3D Γ ⊗. ↼5▷13↽ Thesedynamicshave two constants of motion Π −, and ‖‖ ℑ∋D ∞

⊒⟨⌉∇⌉ ⋄·− ⟩∫ ⊔⟨⌉ ⊑⌉∇⊔⟩⌋⊣↕⌋≀⇕√≀\⌉\⊔ ≀{ ⊔⟨⌉ ∫√⊣⌋⌉↖⊙§⌉⌈ ⇕≀⇕⌉\⊔⊓⇕⇔ ⊣\⌈ ‖‖ ℑ∋D ‖R^1 k‖ ℑ∋D ‖‖ ℑ∋D ∞↙ S⟩\⌋⌉ ⊔⟨⌉ ∇⌉⌈⊓⌋⌉⌈ L⊣}∇⊣\}⟩⊣\ ♥l ↼or l↽ does not dependontherotorangle θ and we are not interested in the angle of rotors but in angular velocity of rotors we will removX from the phase space for the sake of simplicity. Hence, we will regard so(3) R^2 × R

3 as a new phase space where_R 2 is the velocity componentof T X /3D R 2 × R

2

. Let Ω(0), ˙ θ↼0↽ and with ||−⇐′⇒||^2 =3D 1 be an initial with

Ω^∘ 3 :=3D Π(0)·−⇐′⇒/3Dμ

I_3 < √ Mgh/3D μI 3 . ↼5▷14↽ We are interestedintheequilibriume /3D ↼Ω e , ⌢ θ_e ,Γ_e ↽. Ω e /3D↼0, 0, Ω

∘

3), ⌢ θ_e /3D ↼0, 0↽,Γ e /3D , 0, 1↽, ↼5▷15↽ or Ω_e /3D ↼0, 0, Ω ∘ 3, ⃗J

e

/3D ↼0, , Γ e /3D↼0, 0, 1↽,

which corresponds to the upright spinning top with the rotors at rest▷Notice that

this equilibrium lies the same level set of ↼Π·−, ||−|| 2 ) as the initial condition.

5.2Heavy Top with Rotors26

We construct a Lyapunov function using the energy-Casimir method (see Bloch, Chang, Leonard, MarsdenandWoolsey [2000] for more detail of method). Set E

~

Φ =3D K⇁ U ⇁ Φ↼Π −, ||−||

2

) + Ψ(

~

J, ⃗2 ) (5.16) wherethepotential energy Uis given by U↼Γ↽ /3D MghΓ·χ /3D MgΓ 3, andthe kinetic energy K isgiven by K/3D 1

2

( λ 1 − J 1 ρ 1 ) ⟨ 2 1 + 1 2 ( λ_2 − J ρ

2

) ⟨ 2 2 + 1 2 ¯ I_3

Ω 23 + J̃ 2 1 2J_1 ρ

1 + ~ J^2 2 2J 2 ρ_2 , in the new coordinates ↼Ω, ⃗ J, Γ↽▷ ChoosethefunctionΨasfollows

Ψ↼

⃗J

1

, ⃗

J

2) =3D

~ J^2 1 ϵ_1J

1

+ ~

J

2 2 2ϵ_2

J_2 ,↼5▷17↽ where coeδcients ϵ_i will be determined later▷ ChoosethefunctionΦoftheform

Φ↼x, y↽ /3D ⊗

∘ 3 (x − ⪯

I_3Ω ∘ 3) + 1 2 ( ⌊ I 3 (Ω^∘ 3 ) 2 − Mgh ) {y − ∞⇒ ⇓ ∞

∈

a_1

(x −

⪯ I_3Ω ∘ 3) 2 + 1 2 a

2

(y ∞⇒^2, where the constants a

1 and a

2

are chosen such that

a_1 < −∞/3D μ

I_3 and 4a_2

+ a_1

(

Ī

3

Ω^∘ 3 ) 2 + Ī 3 (Ω^∘ 2 − Mgh < μ

I_3

(a_¯ I_3

Ω

∘ 3 − ⊗^∘ 3 ) 1 + a 1 Ī 3 . Onecancheck that the e is a critical pointofE_{Φ̃} . We now conditions

under whichthiscriticalpoint is a local maximum. First, choose ρ i satisfying μ

I

3(Ω ∘ 3) 2 − Mgh ↼Ω ∘ 3) 2 < λ

i

− J i ρ i < 0 ↼5▷18↽ for i /3D 1, 2and then we can choose ϵ_{and} ϵ_2 such that the second derivative of E_{Φ̃} becomes negative definite e which implies E Φ̃ has a local maximum e▷

For later use we impose an additional condition ρ_i and ϵ i as follows. J_i↼Ω ∘ 3) 2 + (ϵ i ⇁ ρ

i

↽ ( {⟨^3)^2

(

Ī

3

− i ↽ − Mgh ) ℑ̸∋D′. ↼5▷19↽ With 5▷19↽ it is still possible to βnd ρ_i and ϵ_i

to ensure negative deβniteness of the

second derivative E Φ̃

at e▷

The followingchoice of v /3D v_1, v 2 ) v i /3D c i

( ⋁ θ_i ⇁ ⃗ J_i ϵ_i J_i ) {/}

5.2Heavy Top with Rotors27

with c i > 0 for i/3D1, 2 implies d

dt

E

~=3D

2i=3D1 c_i ( ⋁θ i ⇁ ⃗

J

i ϵ_iJ i )_2 ≥ ′, ↼5▷21↽ which proves the Lyapunov stability of the e in the closedloop system▷ The complete control law u for the original system l, 0, T^∗ X↽ can be obtained from Proposition2▷11▷ Asymptotic stabilization now be shown by using LaSalleφs theorem▷ Since E_{Φ̃} has a local maximum at e it is nondecreasing time and Π · − ||−|| 2 are

conserved, thereisanumber c such that the set S /3D x ∈ so(3) × R

2 × R

3

|E_~ Φ ≥ c,Π·− ℑ∋D ⋄ e ·− e , ||||^2 =3D } ⟩∫ \≀\↖⌉⇕√⊔†⇔ ⌋≀⇕√⊣⌋⊔⇔ ⊣\⌈√≀∫⟩⊔⟩⊑⌉↕† ⟩\⊑⊣∇⟩⊣\⊔↙ D⌉⊙\⌉ E ℑ∋D{x∈S| ∨

E_{Φ̃}

=3D 0} ℑ∋D {x S|v /3D 0}↙L⌉⊔ M ⌊⌉ ⊔⟨⌉ ↕⊣∇}⌉∫⊔ ⟩\⊑⊣∇⟩⊣\⊔ ∫⊓⌊∫⌉⊔ ≀{ E↙

O\⌉ ⌋⊣\ ∫⟨≀M ℑ∋D {e} ⌊†⇐▽↙∞∃⇒⊣{⊔⌉∇∫⟨∇⟩\‖⟩\}∫⌉⊔S if necessary▷Thus by LaSalleφstheoremeisasymptoticallystable▷ Here is a brief proof of showing M ℑ∋D {e}↙L⌉⊔ ⇐⊗⇐t↽,

⌢

θ↼t, Γ↼t↽↽ beatrajectory in M↙T⟨⌉ ⌋≀\⌈⟩⊔⟩≀\ v /3D 0 and 5▷12↽ imply that ⃗ J↼t↽isconstant▷ Hence θ i ↼t↽ and Ω_i↼↽ are constant for /3D 1, 2▷ By ↼5▷9↽ i ↼t↽ /3D 1, 2 are constant▷Then the third component of ↼5▷11↽ becomes λ_3

˙

Ω 3

(t↽ /3D constant▷By the Lyapunov stability of the

equilibrium itfollows ⌢Ω 3 (t≡′↙ H⌉\⌋⌉⇔ 3 (t↽ is constant▷ The βrst and second component of ↼↽ implies that Γ

1 (t↽ and Γ

2

(t↽ are constant▷ Then the third component of ↼↽ implies that Γ_3 (t↽ is constant▷So far we have shown that the trajectory↼Ω↼t↽, ⌢ θ↼t↽,Γ↼t↽↽ or t↽, θ↼t↽, t↽↽ is constant for t ≥ ′↙ C≀\∫⟩⌈⌉∇

⊔⟨⌉ ⇕⊣√ f . R 8

→ R^{10}

defined by

f↼Ω, ⌢θ, Γ↽ /3D ⌋ × ⊗ ⇓ MghΓ × χ

Γ × ⊗

J 1 Ω 1

+ (ϵ_1

+ J ρ_1)

˙ θ_1 J_2Ω

2 + (ϵ

2 + 2 ρ2

)

θ̇

2

Π · − ⋄_e · − e ‖−‖ 2 − ∞ ⟨

⋁

⌋ ⋁

(

ϵ_1 v_1 ϵ 2 v_2 Π · − − ⋄ e · −

e

‖−‖

2

− ∞ [~√~ ⌋ ]√ ~√√~√√~^ ]{ ~√⌉√ {⟨, ⌢θ↽ as in ↼↽▷ Then one can see that all the trajectories lying in ⊣∇⌉ ⌋≀\⊔⊣⟩\⌉⌈ ⟩\ ⊔⟨⌉ ∫⌉⊔ f −1 (O↽▷ In particular the

equilibrium ↼Ω

e

,

⌢θ e , Γ

e

↽ in ↼↽ is also contained in f −1 (O↽▷ One can check that the rank of the Jacobian Df at the equilibrium is the rank 8 by ↼↽▷ Thus is locally onetoone around equilibrium by Theorem 4▷12 Boothby ♭1986♯▷Therefore the only possible trajectory totally lying in M ⟩∫ ⌉∐⊓⟩↕⟩⌊∇⟩⊓⇕ ≀\↕†↙ I⊔{≀↕↕≀⊒∫ {∇≀⇕ L⊣S⊣↕↕⌉≃∫ ⊔⟨⌉≀∇⌉⇕ ⊔⟨⊣⊔ ⌉∐⊓⟩↕⟩⌊∇⟩⊓⇕ ⟩∫ ⊣∫†⇕√⊔≀⊔⟩⌋⊣↕↕† ∫⊔⊣⌊↕⌉↙

R⌉⇕⊣∇‖∫↙ ∞ ↙ T⟨⌉ ⊣⌊≀⊑⌉ √∇≀⌋⌉⌈⊓∇⌉ ∫⟨≀⊒∫⊔⟨⊣⊔⊔⟨⌉⌋⟨≀⟩⌋⌉ ≀{ ⌋≀\⊔∇≀↕}⊣⟩\∫⌈⌉√⌉\⌈∫

≀\ ⊔⟨⌉ ⌋≀\⌈⟩⊔⟩≀\↙ T⟨⟩∫ ⟩∫ ⊓\⊣⊑≀⟩⌈⊣⌊↕⌉⌊⌉⌋⊣⊓∫⌉ ⊒⌉ \⌉⌉⌈ ⊔≀ ‖\≀⊒ ⊔⟨⌉ ⊑⊣↕⊓⌉ ≀{ ⊔⟨⌉⌋≀\∫⊔⊣\⊔ ≀{ ⇕≀⊔⟩≀\ ⋄ −⇔ ⊒⟨⟩⌋⟨ ⊔⟨⌉ ⟩\⊔⌉∇\⊣↕⊣⌋⊔⊓⊣⊔⟩≀\⌋⊣\\≀⊔⌋⟨⊣\}⌉∅ ⟨≀⊒⌉⊑⌉∇⇔ ≀⊓∇ ∫⊓}}⌉∫⊔⌉⌈ ⌋≀\⊔∇≀↕↕⌉∇ ⟩∫ ∇≀⌊⊓∫⊔ ⊔≀ ∫⇕⊣↕↕ ⌉∇∇≀∇∫ ⟩\ ⊔⟨⌉ ⇕⌉⊣∫⊓∇⌉⇕⌉\⊔≀{⊔⟨⌉⟩\⟩⊔⟩⊣↕ ⌋≀\⌈⟩⊔⟩≀\↙ L⌉⊔♥e be the equilibrium of form ↼5▷15↽ with ⃗ Ω ∘ 3 instead of Ω ∘ 3.Suppose

6Conclusions 28

theΩ^∘_3

usedinconstructingthecontrollaw is very close to the value Ω̃^∘ 3 . Let ~ E_{Φ̃} be the function of the (5.16), withΩ^∘3 replacedby Ω̃ ∘ 3.Then ẽ is a critical point of ⃗

E

~. By continuity,the second derivative of

~ E_~

Φ

at ẽ will negative deβnite proving Lyapunov stabilityof ⃗e▷ 2▷ Thesameformofcontroller worksfortheasymptoticstabilizationofthe upright spinning top with Ω ∘ 3 > √ Mgh/3D μI

3

, which is the opposite of (5.14).All

that needs to bedoneistochoose ρ i and ϵ i

to make E ~ Φ have a local minimumat the equilibrium and to choose negative c i such E Φ̃ decreases in time. LaSalle’s theorem argument guaranteesasymptoticstability6 Conclusions

In this paper we have studied reduction of controlled Lagrangian (CL) and controlled Hamiltonian (CH) systems. We have shownthatthenotionofequivalence of controlled systems is preserved by the reduction procedure.This leads to a natural derivation of the Bloch-Leonard-MarsdenEuler–Poincaré matching conditions and showsinaprecisesensehow they are to the unreduced Euler–Lagrange matching conditions. The theory also shows how to do the equivalent matching ontheHamiltonianside. We studied examples of a rigid body with rotors (a spacecraft) as wellastheheavy top with rotors to the theory.

In the future we will study more examples and also see what extent this theory applies to controlled nonholonomic following Cendra,Marsden,andRatiu

[2001a].

Abraham, R. and J. Marsden [1978], Foundations of Mechanics, Addison-Wesley,Second edition.

Abraham,R.,J. E. Marsden, and T. S. [1988], Manifolds, TensorAnalysis, and Applic, Applied Mathematics 75, Springer Verlag, New York, Second Edition.

Auckly, D., L. Kapitanski and White [2000], Control of underactuated systems, Comm.

Pure Appl. Math., 53,

Blankenstein, G., R.OrtegaandA.van Der Schaft[2002], The matching conditions of controlled Lagrangians and interconnection and damping assignmentpassivity based control,Int. J. Cont. 75,645–665.

Blankenstein,G. and A. J. van der Schaft [2001], Symmetry and reduction in generalized Hamiltonian Rep. Math. Phys. 47,

Bloch, A. M., Chang, N.E. Leonard and J. E. Marsden [2001], Controlled Lagrangians and the stabilizationofmechanical systems II:Potential shaping, Trans IEEE on Auto. Control, 46,

Bloch, A.M., D. Chang, N.E. Leonard,J. E. Marsden and C. Woolsey[2000], Asymptotic stabilizationofEuler-Poincaré mechanical systems, in LagrangianandHamiltonianMethods for

Nonlinear Control: AProc. Volume fromtheIFAC Workshop (N.E.LeonardandR.Ortega

eds.),Pergamon, 51–56.

REFERENCES29

Bloch, A. M., P. S. Krishnaprasad, J. Marsden and G. SánchezDeAlvarez [1992], Stabilization of rigid body dynamics by internal and external Automatica, 28,

Bloch, A. M., P. S. Krishnaprasad, J. E. Marsden and T. [1996], The Euler-Poincar´e Equations and Double Bracket Dissipation, Comm. Math. , 175, 1–42.

Bloch A. M.,, N.E. Leonard J.E. Marsden, Stabilization of mechanical systems using controlled

Lagrangians, in Proc.CDC 36 (1997) 2356–2361.

Bloch, A. M.,N.E. Leonard and J. E. Marsden [1998],Matching and stabilization bythemethod of controlledLagrangians,Proc. CDC ,37,1446–1451.

Bloch, A. M., N.E.LeonardandJ.E.Marsden[1999], Stabilizationofthependulum on a rotor

arm by the methodofcontrolled Lagrangians, Proc. of the International Conference on Robotics andAutomation 1999, IEEE,500–505.

Bloch, A. M., N.E. Leonard and J. Marsden [2000], Controlled Lagrangians the stabilization of mechanicalsystemsI:Thefirstmatchingtheorem, IEEE Trans.Automat. Control,45,2253– 2270.

Bloch, A. M.,N.E. Leonard and J. E. Marsden [2001],Controlled Lagrangians and the stabilization of Euler-Poincarémechanical systems, Int. J. of Robust and Nonlinear Control, 11, 191–214.

Boothby,W. M. [1986] An Introduction to DifferentiableManifoldsandRiemannian Ge, Academic Press.

Cendra, H., J. E. Marsden and T. S. Ratiu [2001], Lagrangian reductionbystages, Memoirs of the

Amer. Math. Soc., 152.

Cendra, H., J. E. Marsden,and T. S. Ratiu [2001a], Geometricmechanics, Lagrangian reduction and nonholonomic systems. InEnquist, B. and W. Schmid,editors,Mathematics Unlimited-2001 and Beyond, pages 221–273. Springer-Verlag, New York.

Chang, D. E. [2002], Controlled Lagrangian Hamiltonian Systems, PhD Thesis,California Institute of Technology.

Chang,D.E., A. M. Bloch,N. E. Leonard, J. E. Marsden and C. Woolsey [2002], Equivalence of controlled Lagrangian and controlled Hamiltonian systems, 8, 393–422.

Chang, D. and J. E. Marsden [2000] Asymptotic stabilization the heavy top using controlled Lagrangians, Proc. CDC39,269–273.

Hamberg, J. [1999], Generalmatching conditions in thetheory of controlled Lagrangians, in Proc.

CDC ,

Holm, D.D., J.E.MarsdenandT.S.Ratiu[1998]TheEuler-Poincare equations and semidirect products with applications to continuum theories, Adv. in Math.137,1–81

Kobayashi, S. and K. Nomizu [1963],Foundations of DifferentialGeometry, John Wiley & Sons, Inc..

Krishnaprasad,P. S. [1985], Lie–Poisson structures, dual-spin spacecraft and asymptotic stability, Nonl. Anal. Th. Meth. Appl. 9, 1011–1035.

Marsden, J. E. [1992], Lectures on Mechanics,London Math. Soc. Lecture Note Ser.,174,Cambridge University Press.

Marsden,J. E. and T.S. Ratiu [1999], Introduction to Mechanics and Symmetry, Springer-Verlag, TextsinAppliedMathematics,vol. 17; Edition.

REFERENCES30

Marsden,J.E.andJ.Scheurle [1993a], reduction and the double spherical pendulum, ZAMP, 44, Marsden, J. E. and J. Scheurle [1993b], The reduced Euler–Lagrange Fields Inst. Commun.,1,139–164.

Montgomery, R., J. E. Marsden, and T. Ratiu [1984], Gauged Lie-Poisson Contemp.

Math., 28, van der Schaft, A. [2000], L

2

-Gain and Passivity Techniques in Nonlinear Control, Springer-Verlag,

Communication & Control Series.

Wang,L. S. and P. S. Krishnaprasad [1992],Gyroscopic control and stabilization,J. Nonlinear Sci.

2, 367–415.

Woolsey, C.A. and N.E. [1999], Underwater vehiclestabilizationby internalrotors, in Proc.

of ACC.