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A Tutorial on the Positive Realization Problem
Luca Benvenuti and Lorenzo Farina

Abstract— This paper is a tutorial on the positive realization
problem, that is the problem of finding a positive state–space
representation of a given transfer function and characterizing
existence and minimality of such representation. This problem
goes back to the 50’s and was first related to the identifiability
problem for Hidden Markov Models, then to the determination of
internal structures for compartmental systems and later embed-
ded in the more general framework of positive systems theory.
Within this framework, developing some ideas sprang in the 60’s,
during the 80’s, the positive realization problem was reformulated
in terms of a geometric condition which was recently exploited
as a tool for finding the solution to the existence problem and
providing partial answers to the minimality problem.

In this paper the reader is carried through the key ideas which
have proved to be useful in order to tackle this problem. In
order to illustrate main results, contributions and open problems,
several motivating examples and a comprehensive bibliography
on positive systems organized by topics are provided.

Index Terms— positive systems, realizations, nonnegative ma-
trices, polyhedral cones.

I. I NTRODUCTION

M ATHEMATICAL modelling is concerned with choo-
sing the relevant variables of the phenomenon at hand

and revealing the relationships among those.Positivity of the
variables often emerges as the immediate consequence of the
nature of the phenomenon itself. A huge number of evidences
are just before our eyes: any variable representing any possible
type of resource measured by a quantity such as time [14],
[35], money and goods [20], [21], buffer size and queues [31],
data packets flowing in a network [24], human, animal and
plant populations [22], [25], concentration of any conceivable
substance you may think of [18], [19], [32] and also – if you
haven’t conceived this - mRNAs, proteins and molecules [13],
electric charge [7], [9], [15] and light intensity levels [10],
[23]. Moreover, also probabilities are positive quantities, so
that one has to mention in this list also hidden Markov models
[6], [30] and phase–type distributions models [28], [29].

In this paper we focus on systems whose state variables
are positive (or at least nonnegative) in value for all times
and consider the class of models in which the relationships
among variables are described by difference equations. Such
systems, known aspositive systems(see for general references
[1]–[5]), have the peculiar property that any nonnegative input
and nonnegative initial state generates a nonnegative state
trajectory and output for all times.

For linear systems, positivity results in a specific sign
pattern on the entries of the system’s matrices. In particular,
a discrete–time system is described by nonnegative matrices
which have been the subject of study in the mathematical
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sciences from long ago (see for general references [82]–[91]).
The main results regard the characterization of the eigenvalue
location and are due to Perron [90], Frobenius [85] and
Karpelevich [84], [88].

The system theoretic approach to positive linear systems has
been initiated by Luenberger in his seminal work [5] during the
80’s. From that time on, an impressive number of theoretical
contributions to this field has appeared. Some of the topics
are: reachability and controllability [54], [56], [58], [59], [66],
[67], [71], [72], observability [41], realizability [92]–[127],
stability [38]–[40], [44], [50], [51] and stabilization [64], [65],
pole/zero pattern and pole assignment [45], [48], [49], [63],
identification [96], [97], 2D systems and behavioral approach
[73]–[80]. Moreover, there is an extensive literature on non-
linear positive systems, also known as monotone cooperative
systems [2],[33].

In this paper we focus on the realizability problem for
discrete–time SISO positive linear systems, that is, as descri-
bed in Section II, the problem of finding a triple{A+, b+, c+}
with nonnegative entries (calledpositive realization) realizing
a given transfer function. This problem goes back to the 50’s
and was first related to the identifiability problem for hidden
Markov models (known also as functions of finite Markov
chains) [12]. Moreover, during the 60’s, several publications
appeared that provide a necessary and sufficient condition
for the existence of a finite stochastic realization of a given
distribution (see the references given in [114]). In the 70’s
such problem arose in the context of the determination of
internal structure for compartmental systems [108] and later
was embedded in the more general framework of positive
systems theory [5]. More precisely [1], when a transfer func-
tion is given, the following issues appear to be fundamental:
find conditions on the transfer function for the existence of
a positive realization and provide an algorithm to construct
such a realization (existence problem), determine its minimal
allowed order (minimality problem) and find how all minimal
positive realizations are related to each other (generation
problem).

An important geometric interpretation of the positive rea-
lization problem is due to Furstenberg [104] and Picci [114]
and was recently exploited as a tool for finding a complete
solution to the existence problem [92], [101], [107] and for
providing partial answers to the minimality problem [119]–
[127]. Another geometrical interpretation is given in [16],
[115], [124], [125].

Moreover, in [114] a characterization of the positive reali-
zation problem is given in terms of positive factorizability of
the Hankel matrix. Finally, an extension of the results given in
[92], [101], [107] to the case of a positive realization having
the matrix A+ irreducible, strictly positive or primitive, is
given in [103].
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In this tutorial paper we review, by means of several
examples, the development of the key ideas leading to the
complete solution of the existence problem and giving new
insight into the minimality and generation problem. The main
difference of this work w.r.t. the tutorial references [1], [3] is
that only some sufficient conditions for the existence problem
are there considered; moreover, only few proofs are there
sketched as well examples. Finally, note that, all results herein
presented have a corresponding continuous–time formulation
which can be easily derived [92], [95], [101], [113], [124].
In this paper we will draw particularly from references [60],
[92], [101], [109], [110], [119] and [120].

The paper is organized as follows. In Section II the positive
realization problem is formally stated together with some basic
definitions and notations. Section III contains well known
basic results on the spectrum of nonnegative matrices useful
in the subsequent sections. Sections IV and VI are collections
of examples devoted to introduce and illustrate the key issues
related to the existence and minimality problem, respectively.
The complete solution of the existence problem is given in
Section V and some preliminary results on minimality are
illustrated in Section VII. The problem of finding how different
minimal positive realization are related each other is briefly
discussed in Section VIII and open problems and directions
are addressed in Section IX.

The bibliographic section does not contain only references
strictly related to the positive realization problem but to the
more general area of positive systems theory and applications.
In particular, the references have been grouped by topics
as follows: basics of positive systems theory (the absolute
beginner may start with reference [5] and [3]), applications in
different fields (economy, biology, electronics, ...), state–space
issues (stability, invariance, ...), control of positive systems and
that of general systems with a positive control (reachability,
controllability, ...), multidimensional positive systems and the
behavioral approach (asymptotic behavior, realization, ...),
basics of nonnegative matrix theory (the interested reader may
begin with [89]), positive realization problem (existence and
minimality).

II. PROBLEM FORMULATION

In this section we provide the formulation of the positive
realization problem together with some basic definitions. Mo-
reover, the geometric reformulation in terms of invariant cones,
mentioned in the Introduction, is given at the end of this
section.

We begin with some definitions:R+ denotes the set of
nonnegative real numbers; given a matrixA, σ(A) denotes its
spectrum anddeg λ, with λ ∈ σ(A), is the size of the largest
block containingλ in the Jordan canonical form ofA. A matrix
(or a vector)A is said to benonnegativeif all its entries are
nonnegative and at least one is positive (so to avoid the trivial
case of an all–zero matrix). Any eigenvalueλ of a nonnegative
matrix A such that|λ| = ρ(A) = max{|λ| : λ ∈ σ(A)}
will be called a dominant eigenvalueof A and ρ(A) will
be called thespectral radiusof A. Given a transfer function

H(z)1, any pole of maximal modulus will be called adominant
pole of H(z), and its modulus will be denoted byρ(H(z)).
Moreover ρ−(H(z)) denotes the maximal modulus of the
poles apart from the dominant ones, if any. Any pole of
modulusρ−(H(z)) will be called asubdominant poleof H(z).

Definition 1: A discrete–time SISO linear system of the
form

xk+1 = Axk + buk (1)

yk = cxk k = 0, 1, . . .

is said to be apositive systemprovided that for any nonne-
gative input sequenceuk and nonnegative initial statex0, the
state trajectoryxk and the outputyk are always nonnegative.

The following theorem characterizes positive systems in
terms of the sign pattern of the system’s matrices:

Theorem 1:[3] A system of the form (1) is a positive
system if and only ifA, b andc are nonnegative. ¥

From Definition 1 immediately follows that the impulse
responsehk (h0 = 0) of a positive system is nonnegative
for all times k = 1, 2, . . .. Hence, in the sequel we will
consider only systems with a nonnegative impulse response.
We are now ready to give a formal statement of thepositive
realization problem, that is the realization problem for positive
systems [1], [93], [110]: given a strictly proper rational transfer
function H(z) with nonnegative impulse responsehk, the
triple {A+, b+, c+} is said to be apositive realizationif
H(z) =

∑
k≥1 hkz−k= c+(zI − A+)−1b+ with A+, b+, c+

nonnegative. The positive realization problem consists of pro-
viding answers to the questions:

• The existence problem: Is there a positive realization
{A+, b+, c+} of some finite dimensionN and how may
it be found?

• The minimality problem: What is the minimal value for
N?

• The generation problem: How can we generate all possi-
ble positive minimal realizations?

It is worth noting that when no specific sign pattern is
required for the system’s matrices, the above problems have
a well known solution: existence is always guaranteed, the
minimal order of a realization equals the order of the transfer
function and all minimal realizations can be generated by
using any invertible change of coordinates. It will be clear in
the sequel how positivity dramatically changes this situation
leading to an intriguing scenario where the solutions are far
from trivial. It is plain that, as stated in reference [94], we
consider the positive realization problemsolvedonly when an
algorithm for checking the existence of solutions or allowing
their construction is given.

The geometrical interpretation of the positive realization
problem provided in the sequel, requires some basic definitions
from cone theory. A setK ⊂ Rn is said to be aconeprovided
that αK ⊆ K for all α ≥ 0; if K contains an open ball of
Rn thenK is said to besolid; if K ∩ {−K} = {0} thenK
is said to bepointed. A cone which is closed, convex, solid

1Without loss of generality, we consider only strictly proper transfer
functions of finite order in which the numerator and denominator are coprime
polynomials.
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and pointed will be called aproper cone. A coneK is said to
be polyhedralif it is expressible as the intersection of a finite
family of closed half-spaces. The notationcone(v1, . . . , vM )
indicates the polyhedral closed convex cone consisting of all
nonnegative linear combinations of vectorsv1, . . . , vM , with
M possibly infinite.

The following is a reformulation presented in [109] of a
theorem due to Furstenberg [104] and Picci [114] which gives
a geometrical interpretation of the positive realization problem.

Theorem 2:Let H(z) be a strictly proper rational transfer
function of ordern and let {A, b, c}, with A ∈ Rn×n and
b, cT ∈ Rn be a minimal (i.e. jointly reachable and observable)
realization ofH(z). Then,H(z) has a positive realization if
and only if there exists a polyhedral proper coneK such that

1) AK ⊂ K, i.e.K is A-invariant;
2) K ⊂ O;
3) b ∈ K
whereO = {x ∈ Rn|cAk−1x ≥ 0, k = 1, 2, . . .} is called

the observability cone. ¥
It is worth noting that, onceK = cone (K) has been found2,

where the columns ofK are the extremal vectors (see [82])
of K, a positive realization{A+, b+, c+} can be obtained by
solving

AK = KA+ b = Kb+ c+ = cK (2)

Hence, the number of extremal vectors of the coneK equals
the dimension of the positive realization. This fact amounts
to saying that polyhedrality ofK corresponds to a finite
dimension of the positive realization. Moreover, the MIMO
case withm inputs andp outputs can be easily handled by
replacing conditions 2 and 3 of the above theorem by the
following:

2) K ⊂ Oj , ∀j = 1, . . . , p;
3) bi ∈ K, ∀i = 1, . . . ,m

where bi [ci] is the i–th column [row] ofB [C] and Oj =
{x ∈ Rn|cjA

k−1x ≥ 0, k = 1, 2, . . .}.
Another interesting geometric interpretation of the positive

realization problem can be found in [16], [115], [124], [125].
This interpretation refers to the impulse responsehk instead
of the transfer functionH(z) and relies on the concept ofshift
invarianceof a cone:

Theorem 3:[16] Consider a nonnegative impulse response
Hk : N→ Rp×m

+ . Then,Hk has a positive realization3 if and
only if there exists a polyhedral coneC ⊆ R∞+ such that

1) cone
(
(HT

1 HT
2 HT

3 . . . )T
) ⊆ C;

2) C is p–shift invariant;

where a coneC is said to bep–shift invariant if z =
(z1 . . . zp zp+1 . . . )T ∈ C implies (zp+1 zp+2 . . . )T ∈ C. ¥
Note that, the conditions of Theorem 2 are given in terms
of A–invariance of a coneK ⊆ Rn, where A is such that
{A, b, c} is a minimal realization ofH(z) while those of
Theorem 3 are given only in terms of the impulse response

2Obviously, the notationcone (K) indicates the cone generated by the
columns of the matrixK.

3A nonnegative impulse responseHk of a MIMO system is said to have a
positive realizationif there exists a nonnegative triple{A+, B+, C+} such
that Hk = C+Ak−1

+ B+.

Hk and of shift invariance of a coneC ⊆ R∞+ . The main
advantage of this last approach is that it provides a theoretical
framework for the positive realization problem which may
give new insights and new directions for the solution of those
problems which are currently unsolved, such as minimality and
generation. In fact, this approach leads naturally to the concept
of positive system rank[16] which allows the reformulation of
the minimality problem in terms of positive factorization (see
[115]). However, the evaluation of the positive system rank
involves an infinite test so that, at the moment, such result is
mainly theoretical.

In this paper, we will refer to the approach considered in
Theorem 2.

III. E IGENVALUE LOCATIONS FOR POSITIVE SYSTEMS

In this section we present those results related to nonnega-
tive matrices which can be used, in view of Theorem 1, to
characterize the eigenvalues location for positive systems.

We first state the celebrated Perron–Frobenius Theorem
[85], [86], [87], [89], [90] in a suitable reformulation:

Theorem 4:[Perron–Frobenius] The dominant eigenvalues
of a nonnegative matrixA of dimensionn are all the roots of
λk − ρ(A)k = 0 for some (possibly more than one) values of
k = 1, ..., n. In particular, one of the dominant eigenvalues is
positive real, i.e.ρ(A) ∈ σ(A). Moreover,deg ρ(A) ≥ deg λ
for any dominant eigenvalueλ. ¥

The following theorem (whose statement presented below
is due to Ito [84] and in view of Theorem 1.2 at page 168
in reference [89]) is the celebrated Karpelevich theorem [88],
[89] that completely characterizes the regionsΘρ

n of points in
the complex plane that are eigenvalues of nonnegativen× n
matrices with spectral radiusρ. In fact, Θρ

n = ρΘ1
n and the

following holds.
Theorem 5:[Karpelevich] The regionΘ1

n is symmetric
relative to the real axis, is included in the disc|z| ≤ 1, and
intersects the circle|z| = 1 at pointse2πia/b, wherea andb run
over the relatively prime integers satisfying0 ≤ a ≤ b ≤ n.
The boundary ofΘ1

n consists of these points and of curvilinear
arcs connecting them in circular order. Let the endpoints of an
arc bee2πia1/b1 and e2πia2/b2 (b1 ≤ b2). Each of these arcs
is given by the following parametric equation:

λb2(λb1 − s)[n/b1] = (1− s)[n/b1]λb1 [n/b1]

where the real parameters runs over the interval0 ≤ s ≤ 1
and [x] denotes the nearest integer tox. ¥

For the sake of illustration, the regionsΘρ
3 and Θρ

4 are
depicted in Figure 1.

We end this section with two technical lemmas which will
be used in the sequel.

Lemma 6: [92] Let H(z) be a strictly proper rational trans-
fer function and let{A+, b+, c+} be a positive realization of
H(z). If ρ(H(z)) < ρ(A+), then there exist another positive
realization of lesser dimension{Ā+, b̄+, c̄+} of H(z) such
that ρ(H(z)) = ρ(Ā+). ¥

Lemma 7:Let H(z) be a strictly proper rational transfer
function with nonnegative impulse response (hk ≥ 0, k =
0, 1, . . .). Thenρ(H(z)) is a pole ofH(z) and has maximal
multiplicity among all the dominant poles. ¥
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IV. EXISTENCE: A PROLOGUE VIA EXAMPLES

This section is devoted to introducing the key ideas and
pitfalls regarding the existence problem for positive systems
by means of several examples. First note that sinceO = {x ∈
Rn|cAk−1x ≥ 0, k = 1, 2, . . .}, then it is immediate to see by
direct substitution that nonnegativity of the impulse response
hk = cAk−1b is equivalent to the following cone condition

R := cone
(
b, Ab, A2b, . . .

) ⊂ O
which defines thereachability coneR. In view of the geo-
metrical interpretation of the positive realization problem,
i.e. Theorem 2, one needs to find a polyhedral proper cone
satisfying conditions1− 3. By construction and from Lemma
7 (see [113]), the reachability coneR fullfils these conditions
apart from polyhedrality, so that it is worth investigating
conditions for polyhedrality ofR. Let’s explore this possibility
by considering the following example.

Example 1: Consider the system with transfer function

H (z) =
2

z − 1
+

1
z + 0.4

+
1

z + 0.8

Its impulse response

hk = 2 + (−0.4)k−1 + (−0.8)k−1
k ≥ 1

is clearly nonnegative for allk. Consider then the minimal
realization in Jordan canonical form

A = diag (1,−0.4,−0.8), bT = (1 1 1), c = (2 1 1)

The reachability coneR, as shown on the left hand side of
Figure 2, is polyhedral with5 extremal vectors and, in fact,

R := cone
(
b, Ab, A2b, . . .

)
= cone

(
b, Ab, A2b, A3b, A4b

)

sinceA5b can be expressed as a nonnegative linear combina-
tion of vectorsb, Ab, A2b, A3b and A4b. For example,

A5b = 0.2304 · b + 0.5696 ·Ab + 0.2 ·A3b

A positive realization of order5 can then be found by
solving equations (2) withK = (b, Ab, A2b, A3b, A4b

)
thus

obtaining:

A+ =




0 0 0 0 0.2304
1 0 0 0 0.5696
0 1 0 0 0
0 0 1 0 0.2
0 0 0 1 0




, b+ =




1
0
0
0
0




c+ = (4 0.8 2.8 1.424 2.4352)

¥
The previous example shows that the reachability cone can
play the role of the coneK in Theorem 2 being polyhedral. Is
it always the case? That is, can one always use the reachability
cone in order to find a positive realization? The next two
examples illustrate this point.

Example 2: Consider the system with transfer function

H (z) =
1

z − 1
+

1
z − 0.8

+
1

z + 0.8
Its impulse response

hk = 1 + (0.8)k−1 + (−0.8)k−1
k ≥ 1

is clearly nonnegative for allk. Consider then the minimal
realization in Jordan canonical form

A = diag (1, 0.8,−0.8), bT = (1 1 1), c = (1 1 1)

The reachability coneR, as the picture in the middle of Fig.2
shows, is not polyhedral. In fact, for everyk > 0 one has

Akb 6∈ cone
(
b, Ab,A2b, . . . , Ak−1b

)

This implies that the vector

v∞ := lim
k→∞

Akb

||Akb|| =
(

1 0 0
)T

belongs to the boundary ofR but not toR. Accordingly, the
closureR of R is given by

R = cone
(
v∞, b, Ab,A2b, . . .

)

In particular, in this example,

R = cone (v∞, b, Ab)

is A–invariant and is polyhedral with3 extremal vectors. A
positive realization of order3 can then be found by solving
equations (2) withK = (v∞, b, Ab) thus obtaining:

A+ =




1 0 0.36
0 0 0.64
0 1 0


, b+ =




0
1
0


, cT

+ =




1
3
1




¥
The previous example makes clear that the reachability coneR
can be nonpolyhedral but its closureR may be such. Hence, a
positive realization can be found by using the coneR instead
of R. Unfortunately, this is not always the case as shown in
the next example.

Example 3: Consider the system with transfer function

H (z) =
1

z − 1
+

1
z − 0.9

+
1

z − 0.8
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Fig. 2. The reachability coneR considered in example 1 (left), in example 2 (center), and in examples 3 and 5 (right).

Its impulse response

hk = 1 + (0.9)k−1 + (0.8)k−1
k ≥ 1

is clearly nonnegative for allk. Consider then the minimal
realization in Jordan canonical form

A = diag (1, 0.9, 0.8), bT =
(

1 1 1
)
, c =

(
1 1 1

)

which, in this case, is a positive realization. Nevertheless, the
reachability cone and its closure as well, depicted at the right
hand side of Fig.2, are nonpolyhedral, i.e. they have an infinite
number of extremal vectors. Hence, neither the reachability
coneR nor its closure can function as the coneK in Theorem
2, while, in this case, the positive orthant can. ¥
The examples considered so far show that one cannot consider
only the reachability cone (or its closure) when searching for
the coneK of Theorem 2. Consequently, on one hand, one
has to find conditions assuring polyhedrality of the reachability
cone (or of its closure), while on the other hand it is necessary
to develop more general methods in order to find such a
coneK. However, it is worth noting that even if the impulse
response is nonnegative, a coneK satisfying the conditions
of Theorem 2 may not exist at all, that is nonnegativity of
the impulse response alone is not a sufficient condition for
a transfer function to have a positive realization. The next
example illustrates this situation.

Example 4: Consider the system with transfer function

H (z) =
1

z − 1
+

z − cos ϕ

z2 − (2 cos ϕ) z + 1

whose poles are1 and e±iϕ. Its impulse response

hk = 1 + cos[(k − 1) ϕ] k ≥ 1

is clearly nonnegative for allk. Consider then the minimal
realization in Jordan canonical form

A =




cos ϕ sin ϕ 0
− sin ϕ cos ϕ 0

0 0 1


, b =




1
1
1


, cT =




0.5
0.5
1




If ϕ/π is an irrational number, then neither the reachability
coneR nor its closure and, indeed, any otherA–invariant
proper cone, can be polyhedral. Hence, a positive realization
of finite order does not exist.

To show this, suppose there exists an invariant polyhedral
proper cone and consider any of its extremal vectorsv. Since
the third component ofv remains unchanged underA and the
first two components are rotated by an angleϕ in the x1–x2

plane, then it is easily seen that, ask goes to infinity, the cone

cone
(
v,Av, A2v, . . . , Akv

)

is an ice–cream cone (see [82] p. 2), thus contradicting the
polyhedrality hypothesis. This conclusion can also be derived
by using the Perron–Frobenius theorem and Lemma 6. In fact,
from Lemma 6 it follows that, without loss of generality, one
can consider a positive realization{A+, b+, c+} of H (z) with
spectral radiusρ(A+) = ρ(H(z)) which, in this case, equals
1. Hence, from the Perron–Frobenius theorem, the dominant
eigenvalues ofA+ would be roots ofλk − 1 = 0 for some
k > 0. This is obviously not the case since, whenϕ/π is
an irrational number, then there is no integerk such that
eikϕ−1 = 0 holds. Finally, observe that the above conclusion
does hold independently of the specific value for the input
and output vectorsb and c, since it relies only on the Perron–
Frobenius theorem. ¥

This last example reveals that the location of the domi-
nant poles plays an important role in the positive realization
problem. In fact, in view of Lemma 6, the Perron–Frobenius
theorem imposes a specific poles pattern on the dominant poles
of H (z) and defines a new necessary condition together with
nonnegativity of the impulse response. Are those conditions
sufficient? The next section provides a negative answer to this
intriguing question thus revealing that the situation is far more
complicated than one may expect.

V. EXISTENCE: THE EPILOGUE VIA THEOREMS

In this section we will provide necessary and sufficient
conditions for the existence of a positive realization of a
given transfer function with nonnegative impulse response.
In particular, we begin the section by giving necessary and
sufficient conditions for the reachability coneR (or its closure)
to be polyhedral (Theorems 8, 9 and 10). As mentioned
above, polyhedrality ofR, or of its closure, together with
nonnegativity of the impulse response allow to construct a
positive realization by usingK = R (or R) in Theorem
2. These results provide a complete answer to the questions
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raised by Examples 1, 2 and 3. Detailed proofs of Theorems
9 and 10 are not given here since they are straightforward
consequences of Theorems 1 and 2 in reference [60]4. In
fact, roughly speaking, these last theorems provide conditions
for polyhedrality in terms of the spectrum of a minimal
realization. Hence, in view of Lemma 7, Theorems 1 and 2 in
references [60] can be reformulated in terms of the poles of
H(z) and this is done in Theorems 9 and 10.

The remaining part of the section deals with necessary and
sufficient conditions for a transfer function to have a positive
realization when polyhedrality ofR, or of its closure, may not
be present. Moreover, the constructive procedure to obtain the
coneK is also sketched.

The following theorem considers the simple case ofH(z)
with all–zero poles.

Theorem 8:Let H(z) be a strictly proper rational transfer
function of ordern with nonnegative impulse response (hk ≥
0, k = 0, 1, ...) and ρ(H(z)) = 0. Then the reachability
cone of any minimal realization{A, b, c} of H(z) is R =
cone(b, Ab, ..., An−1b) and is polyhedral withn extremal
vectors. MoreoverH(z) has a positive realization of order
n. ¥
Sketch of proof.Condition ρ(H(z)) = 0 implies thatA is a
nilpotent matrix, so thatAkb = 0 ∈ R for every k ≥ n.
Moreover, it is immediate to see that the Markov canonical
realization (see [3] p. 83) is positive.4

In view of the above theorem, we will consider in the
sequelρ(H(z)) > 0 without loss of generality. This case
is considered in what follows wherelcm{r1, r2} denotes the
least common multiple between the numbersr1 andr2.

Theorem 9:Let H(z) be a strictly proper rational transfer
function of ordern with nonnegative impulse response (hk ≥
0, k = 0, 1, ...) andρ(H(z)) > 0. Then the reachability cone
R of any minimal realization ofH(z) is polyhedral if and
only if the poles ofH(z) satisfy the following conditions:

1) the dominant poles are simple;
2) the dominant poles are among ther–th roots of

ρ(H(z))r for some positive integerr. Moreover, taking
the minimal valuermin of r, no nonzero non dominant
pole can have an argument which is an integer multiple
of 2π/rmin.

Furthermore,H(z) has a positive realization of some finite
order N ≥ n whereN is the number of extremal vectors of
R. ¥

Applying the above theorem to Examples 1, 2 and 3 one
obtainsrmin = 1, so that polyhedrality is assured provided
that there are no positive real poles apart from the dominant
one. Hence, the reachability cone is polyhedral only in Exam-
ple 1. To deal with the situation illustrated by examples 2 and
3, one can resort to the following theorem.

Theorem 10:Let H(z) be a strictly proper rational transfer
function of ordern with nonnegative impulse response (hk ≥
0, k = 0, 1, ...) and ρ(H(z)) > 0. If the reachability cone
R of any minimal realization ofH(z) is nonpolyhedral, then
its closureR is polyhedral if and only if the poles ofH(z)
satisfy either the following:

4Detailed proofs of these theorems can be found in reference [61].

1a) the dominant and subdominant poles are simple;
2a) the dominant poles are among ther–th roots of

ρ(H(z))r for some positive integerr and the subdomi-
nant poles are among ther−–th roots ofρ−(H(z))r−

for some positive integerr−;
3a) taking the minimal valuesrmin, r−min of r and r−

respectively, then no nonzero non subdominant pole can
have an argument which is an integer multiple of2π/r̃,
with r̃ := lcm{rmin, r−min};

or

1b) ρ(H(z)) has multiplicity 2;
2b) the dominant poles are among ther–th roots of

ρ(H(z))r for some positive integerr. Moreover, taking
the minimal valuermin of r, no nonzero non dominant
pole can have an argument which is an integer multiple
of 2π/rmin.

Furthermore,H(z) has a positive realization of some finite
order N ≥ n whereN is the number of extremal vectors of
R. ¥

As an example of application of the above theorem, consider
Examples 2 and 3 where case (a) applies withrmin = r−min =
r̃ = 1. Then polyhedrality of the closure ofR is assured
provided that there are no positive real eigenvalues apart from
the dominant and the subdominant ones. Therefore, the closure
of the reachability cone is polyhedral only in Example 2.

As a final comment to the previous theorems of this section,
we note that the observability coneO shares the same poly-
hedrality properties of the reachability coneR since a duality
property holds, as shown in [109]. Moreover, polyhedrality of
R can be interpreted as the property of finite–time reachability.
Finally, when usingR for finding a positive realization, the
resulting realization has the positive orthant as the reachability
cone [121]. This property of positive systems is calledpositive
reachabilityand has been studied by several authors (see [55],
[56], [58], [59], [66], [67], [71]).

When the easily testable conditions of the previous theorems
do not hold, then one cannot use the reachability cone in order
to find a positive realization, so that this scenario calls for a
more general methodology for finding the coneK satisfying
the conditions of Theorem 2. As discussed at the end of
the previous section, besides nonnegativity of the impulse
response, the dominant pole pattern must be consistent with
the Perron–Frobenius theorem for a given transfer function
H(z) to have a positive realization, that is the dominant poles
must have an argumentφ such thatφ/π is a rational number.

We begin our discussion by considering the case in which
the dominant pole is unique in order to check whether non-
negativity of the impulse response is a sufficient condition
when the dominant pole pattern doesn’t play any role. The
answer is affirmative and is provided by the following result.
Moreover, the proof is constructive, so that a methodology for
finding a positive realization is also briefly illustrated. Finally,
the following result is the “building block” for the general
case, as it will clearly appear in the sequel.

Theorem 11:[92] Let H(z) be a strictly proper rational
transfer function of ordern with nonnegative impulse response
(hk ≥ 0, k = 0, 1, ...) andρ(H(z)) > 0. If H(z) has a unique
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(possibly multiple) dominant pole, thenH(z) has a positive
realization of some finite orderN ≥ n. ¥

The proof of the above theorem relies on the property that
whenever nonpolyhedrality of the reachability coneR occurs,
then its extremal vectors accumulate on the vector

v∞ := lim
k→∞

Akb

||Akb||
Roughly speaking, nonpolyhedrality shows up in the fact that
coneR has infinitely many extremal vectors approachingv∞.
Then, the key idea of the constructive proof of the previous
theorem is:

1) surroundv∞ with an appropriate cone
2) add the vectorb to such a cone
3) add appropriate vectors so that the overall cone is

invariant underA.
To be more precise, consider any polyhedral proper cone
Q = cone(v1, . . . , vn) strictly containingv∞ and contained
in O. Such cone surely exists becausev∞ is strictly contained
in the observability coneO. In fact, since the realization is
observable, thencAk−1v∞ > 0 for any k ≥ 1. Consider then
the cone

K̃ = cone(b, v1, . . . , vn) =: cone(K̃)

which is proper, polyhedral, contained inO and containingb
by construction. Hence, only invariance is required in order to
fulfill all the conditions of Theorem 2. To obtain invariance,
one can take the cone

K = cone(K̃, AK̃,A2K̃, . . .) (3)

which is by construction invariant, is contained5 in O and
maintains polyhedrality since all the extremal vectors accumu-
late onv∞ that isstrictly contained in the interior of̃K ⊂ K.

For the sake of illustration, such methodology is applied to
the system considered in Example 3 even if, in this case, the
Jordan canonical form is already a positive realization:

Example 5: Consider the system as in Example 3 for
which the reachability cone and its closure are not polyhedral
cones, as shown in Figure 2 on the right. Then, choose
Q = cone(v1, v2, v3) as follows:

Q := cone







1
0.48
0


 ,




1
0

0.1


 ,




1
−0.1
−0.1







It easy to verify that with this choicev∞ ∈ int(Q) andQ ⊂ O.
The coneQ is depicted in white on the left hand side of Figure
3 together with the coneR. One has

K̃ = cone(b, v1, v2, v3)

K = cone(K̃, AK̃, A2K̃, . . .) = cone(b, v1, v2, v3, Ab)

since, in this case, the vectorsAv1, Av2, Av3 and A2b are
contained inK. The coneK is depicted on the right hand side
of Figure 3. It is worth noting that, in this case, the coneQ
is invariant but in general this is not the case; nevertheless
this methodology always produces a coneK that is invariant.
A positive realization can then be found using equations (2)

5Note that the observability coneO is A–invariant by definition.

b b

v
1

v
2

v
3

v
1

Ab

…
A b
2 Ab

A b
3

v
1

v
2

v
1

v
3

Fig. 3. The reachability coneR and the coneQ depicted in white (left) and
the final coneK (right)

thus obtaining:

A+ =




0 0.0091 0.0182 0 0.6405
0 0.9 0 0 0.3542
0 0 0.8 0.1 0
0 0.0909 0.1818 0.9 0.0053
1 0 0 0 0




, b+ =




1
0
0
0
0




c+ = (3 1.48 1.1 0.8 2.7)

¥
When the dominant pole is not unique but the dominant pole

pattern is consistent with the Perron–Frobenius theorem, then
one can try to extend the previous result. First of all consider
the case of simple dominant poles and note that there is a finite
set of vectorsv1

∞, . . . , vr
∞ such that in the limit ask → ∞,

Akb/||Akb|| cycles through them. Moreover,r is equal tormin

as defined in condition 2 of Theorem 9 and

vi
∞ := lim

k→∞
Ar(k−1)+ib

||Ar(k−1)+ib|| i = 1, . . . , r (4)

In order to extend Theorem 11, one has to consider that
in this case, even if the realization{A, b, c} is minimal and
consequently observable, one may havecvi

∞ = 0 for some
but not all i’s. Hence in order to extend in a straightforward
manner the proof of Theorem 11 to the case of nonuniqueness
of the dominant pole, one needs the additional assumption that

cvi
∞ > 0 i = 1, . . . , r (5)

which is equivalent to condition 2 of the following theorem
as it will be clear in the sequel:

Theorem 12:[92] Let H(z) be a strictly proper rational
transfer function of ordern with nonnegative impulse response
(hk ≥ 0, k = 0, 1, ...) andρ(H(z)) > 0. If the poles ofH(z)
satisfy the following conditions:

1) the dominant poles are simple and are among ther–
roots ofρ(H(z))r for some positive integerr;

2) limk→∞ inf ρ(H(z))−khk > 0
then H(z) has a positive realization of some finite order

N ≥ n. ¥
It is plain that the proof of the previous theorem goes in the

same way of that of Theorem 11 by choosing an appropriate
polyhedral coneQ contained inO and strictly containing all
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the vectorsvi
∞. The casecvi

∞ = 0, i.e.when condition 2 of the
above theorem does not hold, implies that the corresponding
vi
∞ belongs to the boundary of the observability coneO.

Hence, it is not possible anymore to find a polyhedral cone
Q contained inO and strictly containing all the vectorsvi

∞.
Because conditionsvi

∞ ∈ int(Q) ensure that the associated
coneK, defined by (3), is polyhedral and conditionQ ⊂ O
ensuresK ⊂ O, then the reasoning used to prove Theorems
11 and 12 cannot be “relaxed” to consider the casecvi

∞ = 0.
In order to gain insight into the casecvi

∞ = 0, note that if
cvi
∞ = 0 for somei, then using (4), one has that there exists

a valuei such that

cvi
∞ = lim

k→∞
cAr(k−1)+ib

||Ar(k−1)+ib|| = lim
k→∞

hr(k−1)+i

||Ar(k−1)+ib|| =

lim
k→∞

hr(k−1)+i

ρ((H(z))r(k−1)+i
= 0 (6)

In other words, there exists a subsequencehr(k−1)+i of the
impulse responsehk for which equation (6) holds so that
condition 2 of Theorem 12 rules out this case. This lead us
to try to tackle this situation by changing the focus on the
properties of subsequences. Therefore, consider the following
procedureP which can be used in order to decompose the
impulse responsehk of a given transfer functionH(z) in
appropriate subsequences:
ProcedureP(H0,i1,i2,...,ij (z))

begin
if H0,i1,i2,...,ij (z) has a unique dominant pole or has at

least one of the dominant polespi with an argumentφ such
that φ/π is not a rational number

then let Hm(z) := H0,i1,i2,...,ij (z) and m = m + 1.
otherwiselet r the minimal positive integer for which the

dominant poles ofH0,i1,i2,...,ij (z) are among ther–th roots of
ρ(H0,i1,i2,...,ij (z))r. Hence, decompose the impulse response
h

0,i1,i2,...,ij

k in the r > 1 subsequences

h
0,i1,i2,...,ij ,ij+1
k = h

0,i1,i2,...,ij

r(k−1)+ij+1

with corresponding transfer functions

H0,i1,i2,...,ij ,ij+1(z) = Z[h0,i1,i2,...,ij

r(k−1)+ij+1
]

whereij+1 = 1, . . . , r.
end
To decomposehk, let H0(z) = H(z), h0

k = hk and perform
the procedureP(H0(z)), starting withm = 1. Then repeat
it iteratively for each new transfer function produced by the
procedure itself until onlyHm(z)’s are produced.

The transfer functionsHm(z) with m = 1, . . . , nm obtained
at the end of this decomposition procedure will have, by
construction, either a unique dominant pole or at least a
dominant pole having an argumentφ such thatφ/π is not
a rational number. Moreover, as shown in [101],nm is finite.

The following example illustrates such decomposition pro-
cedure:

Example 6: Consider the system with transfer function

H(z) =
1

z − 1
+

1
z + 1

+
1

z − 0.9
+

z − 0.9 cos ϕ

z2 − (2 · 0.9 cos ϕ)z + (0.9)2
+

1
z − 0.4

whose impulse response

hk = 1 + (−1)k−1 + (0.9)k−1(1 + cos[(k − 1)ϕ]) + (0.4)k−1

is nonnegative for everyk ≥ 1. Note moreover that,

lim
k→∞

inf ρ(H(z))−khk = lim
k→∞

inf hk = 0

so that Theorem 12 does not apply.
The dominant poles ofH0(z) = H(z) are p1 = 1 and p2 =
−1. Sincer = 2, then the procedureP(H0(z)) produces the
two subsequencesh0,1

k = h2k−1 and h0,2
k = h2k whoseZ–

transforms are

H0,1(z) := Z[h2k−1] =
2

z − 1
+

1
z − (0.9)2

+

z − (0.9)2 cos 2ϕ

z2 − (2 · (0.9)2 cos 2ϕ)z + (0.9)4
+

1
z − (0.4)2

H0,2(z) := Z[h2k] =
0.9

z − (0.9)2
+

0.9 cos ϕ
(
z − (0.9)2

)

z2 − (2 · (0.9)2 cos 2ϕ)z + (0.9)4
+

0.4
z − (0.4)2

First note that H0,1(z) has one unique dominant pole. If
ϕ/π is not a rational number, sayϕ = 1, thenH0,2(z) has
dominant poles (which are not dominant poles ofH(z)!) with
argument2ϕ such that2ϕ/π is not a rational number. In this
case, by performing the decomposition proceduresP(H0,1(z))
and thenP(H0,2(z)), the decomposition ends withnm = 2
and H1(z) = H0,1(z), H2(z) = H0,2(z).
Otherwise, that is ifϕ/π is a rational number, sayϕ = π/3,
then H0,2(z) has three dominant poles, namelyp1 = 0.81,
p2 = 0.81e2πi/3 and p3 = 0.81e−2πi/3. Since r = 3,
then the procedureP(H0,2(z)) decomposes the subsequence
h0,2

k = h2k in 3 more subsequences

h0,2,i2
k = h0,2

3(k−1)+i2
= h2(3(k−1)+i2)

with i2 = 1, 2, 3, i.e.

h0,2,1
k = h6k−4, h0,2,2

k = h6k−2, h0,2,3
k = h6k,

whoseZ–transforms are

H0,2,1(z) := Z[h6k−4] =
3
2

0.9
z − (0.9)6

+
0.4

z − (0.4)6

H0,2,2(z) := Z[h6k−2] =
(0.4)3

z − (0.4)6

H0,2,3(z) := Z[h6k] =
3
2

(0.9)5

z − (0.9)6
+

(0.4)5

z − (0.4)6

The dominant poles of the above transfer functions are unique.
Hence, the decomposition procedure stops withnm = 4 and

H1(z) = H0,1(z), H2(z) = H0,2,1(z)

H3(z) = H0,2,2(z), H4(z) = H0,2,3(z)

¥
We are now ready to state the necessary and sufficient condi-
tions for a transfer functionH(z) to have a positive realization.
Note that, as shown in [101], also the case of multiple poles
is encompassed.
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Theorem 13:[101] Let H(z) be a strictly proper rational
transfer function of ordern with nonnegative impulse response
(hk ≥ 0, k = 0, 1, ...) and ρ(H(z)) > 0. Then H(z)
has a positive realization of some finite orderN ≥ n if
and only if all theHm(z)’s, m = 1, . . . , nm, obtained by
iteratively applying the decomposition procedureP, have a
unique (possibly multiple) dominant pole. ¥

A simple procedure to obtain a positive realization from the
positive realizations of theHm(z)’s is not reported here for the
sake of brevity and can be found in reference [101] and [107].
The previous theorem states that, in general, nonnegativity
of the impulse response together with a specific pole pattern
for the dominant poles, as required by the Perron–Frobenius
theorem, are necessary but not sufficient conditions for a
transfer functionH(z) to have a positive realization. For
example, the transfer function considered in Example 6 has
dominant poles consistent with the Perron–Frobenius theorem
but, from Theorem 13, has not a positive realization in the
caseϕ/π is not a rational number.

An example considering a transfer function for which the
conditions of Theorems 8, 9, 10, 11 and 12 are not fulfilled
but having a positive realization, that is conditions of Theorem
13 are satisfied, is Example 6 in the caseϕ = π/3.

In order to check positive realizability one can also resort
to the following corollary:

Corollary 14: [101] Let H(z) be a strictly proper rational
transfer function of ordern with nonnegative impulse response
(hk ≥ 0, k = 0, 1, ...) and ρ(H(z)) > 0. Then H(z) has a
positive realization of some finite orderN ≥ n if every pole
pi has the property thatpi/ |pi| is a root of unity. ¥

VI. M INIMALITY : A PROLOGUE VIA EXAMPLES

This section deals with the minimality problem for positive
systems as defined in Section II. Hereafter it will be shown
that the minimal dimension of a positive realization of a
given transfer function may be much “larger” than its order
and how this can be related to different mechanisms. First
note that the poles of a given transfer function are a subset
of the eigenvalues of any of its positive realizations. Then,
the poles must be a subset of eigenvalues consistent with a
nonnegative matrix. Basing on this consideration, the next
example considers the mechanism related to the rotational
symmetry of the dominant eigenvalues of a nonnegative matrix
required by the Perron–Frobenius theorem.

Example 7: Consider the system with transfer function

H(z) =
1

(z − 1) (z2 + 1)

Its impulse responsehk = {0, 0, 1, 1, 0, 0, 1, 1, . . .} is clearly
nonnegative for allk. Note that sincei, −i and 1 are the
dominant poles ofH(z), then from the Perron–Frobenius
theorem, all the4–th roots of unity must belong to the spectrum
of the matrixA+ of any positive realization. Consequently, the
minimal dimension for a positive realization ofH(z) is not

smaller than4 so that the following realization

A+ =




0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0


, b+ =




1
0
0
0


, cT

+ =




0
0
1
1




is minimal as a positive linear system. A more general case
is the following one parameter family of transfer functions of
order n(m) = 2m + 1

H(z, m) =
1

(z − 1) (z2m + 1)

It has been shown (see [119]) that for anym, the minimal
positive realization ofH(z, m) is of dimensionN(m) =
2m+1. Hence, the differenceN(m)−n(m) = 2m−1 between
the dimension of any minimal positive realization and the
order of the transfer function goes to infinity asm increases.
¥
The rotational symmetry of the dominant spectrum of a
nonnegative matrix, due to the specific dominant poles pattern,
is not the only reason for the dimension of any minimal
positive realization to be greater than the order of the transfer
function. This is illustrated by the following example in which
the dominant eigenvalue is unique so that no symmetry of
the dominant spectrum is required by the Perron–Frobenius
theorem:

Example 8: Consider the system with transfer function

H (z) =
1.9z − 0.09

(z − 1) (z2 + 0.81)

Its impulse response

hk = 1− 0.9k−1

[
cos

kπ

2
+ sin

kπ

2

]
k ≥ 1

is clearly nonnegative for allk. Since the poles ofH (z) are 1,
±0.9 i and, as one can easily check from Figure 1, lie outside
Θ1

3, then the matrixA+ of any minimal positive realization
must be of dimension greater than3. Therefore the following
fourth order positive realization

A+ =




0 0.95 0 0.05
0.05 0 0.95 0
0 0.05 0 0.95

0.95 0 0.05 0


, b+ =




2
0
0
0




c+ = (0 0 1 1)

is minimal as a positive system. ¥
This last mechanism, related to a specific poles pattern, is –
again – not the only reason for the dimension of any minimal
positive realization to be greater than the order of the transfer
function even when the dominant eigenvalue is unique. This
should be not surprising since positivity of the system implies
restrictions not only on the dynamic matrix but on the input
and output vectors also. The next example is based on the
geometrical point of view given by Theorem 2.

Example 9: Consider the system with transfer function

H (z) =
1

z − 1
− 25

z − 0.4
+

75
z − 0.2
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Its impulse response

hk = 1− 25 (0.4)k−1 + 75 (0.2)k−1
k ≥ 1

is such thath1 = 51, h2 = 6, h3 = h4 = 0, and for k > 4

hk =
5k−3 − 2k−1 + 3

5k−3
>

2k−2
(
2k−4 − 2

)
+ 3

5k−3
> 0

Then it is nonnegative for allk. Since the impulse response
of the system is such thath3 = h4 = 0, then for any minimal
realization{A, b, c} we have

cA2b = cA3b = 0 (7)

Suppose then that there exists a third order positive realization
{A+, b+, c+} of H(z). Hence, the coneK = cone(T ), where
T is the similarity transformation between{A+, b+, c+} and
{A, b, c}, has three extremal vectors and satisfies the con-
ditions of Theorem 2. From conditions 1 and 3, it follows
that Akb ∈ K for k = 0, 1, . . .. Moreover, in view of (7) the
following hold:

c(b) > 0
cA(b) > 0

cA2(b) = 0
cA3(b) = 0
cAk(b) > 0

c(Ab) > 0
cA(Ab) = 0

cA2(Ab) = 0
cA3(Ab) > 0
cAk(Ab) > 0

c(A2b) = 0
cA(A2b) = 0

cA2(A2b) > 0
cA3(A2b) > 0
cAk(A2b) > 0

for k = 4, 5, . . .. Consequently, the three vectorsb, Ab and
A2b lie on different extremal vectors of the observability cone
O. Then, from condition 2 of Theorem 2, i.e.K ⊂ O, the
vectorsb, Ab and A2b are necessarily extremal vectors ofK
so thatK is the polyhedral closed convex cone consisting of
all finite nonnegative linear combinations of vectorsb, Ab and
A2b, i.e.

K = cone(b, Ab,A2b)

SinceA3b 6∈ K, thenK is not A-invariant, thus arriving at
a contradiction. Therefore the following fourth order positive
realization

A+ =




0 0 0 1
1 63+4

√
26

85 0 0
0 22−4

√
26

85
63−4

√
26

85 0
0 0 22+4

√
26

85 0


, b+ =




0
0
0
1


 (8)

c+ = (6 0 0 51)

is minimal as a positive system. This example has been
generalized in reference [126] using a digraph approach. In
particular, a family of transfer functionsH(z,m) with four
fixed real simple poles is there considered and it is shown that
for any m ≥ 4, the order of any minimal positive realization
of the fourth order transfer functionH(z,m) is not less than
m+1. This is quite surprising since the valuem can be chosen
arbitrarily large. ¥
The examples considered in this section reveal that the location
of the poles plays an important role in the minimal dimension
of a positive realization. In fact, the Perron–Frobenius theorem
imposes a specific pattern on the dominant poles ofH (z) and
the Karpelevich regions on the remaining poles. Moreover the
geometric characterization of the realization problem given

by Theorem 2 and the digraph approach lead to a different
mechanism enforcing the order of a positive realization to
be greater than the order of the transfer functionH(z).
The next section provides partial answers to the minimality
problem that, differently from the realization problem, is still
an essentially open problem.

VII. M INIMALITY : A PARTIAL EPILOGUE VIA THEOREMS

In this section some results on the minimality problem
are presented. First, a lower bound to the minimal order
of a positive realization is given basing on the Karpelevich
theorem. Then, necessary and sufficient conditions are given
for a third order transfer function with distinct real positive
poles and nonnegative impulse response to have a (minimal)
positive realization of order three.

As examples 7 and 8 make clear, since the set of the
eigenvalues of any positive realization of a given transfer
function contains the poles of the transfer function itself, then
the poles pattern must be consistent with the Karpelevich
and Perron–Frobenius theorems. This is formally stated in the
following theorem:

Theorem 15:Let H(z) be a strictly proper rational transfer
function of ordern with nonnegative impulse response (hk ≥
0, k = 0, 1, ...) and ρ(H(z)) > 0. Let pi, with i = 1, . . . , n,
be the poles ofH(z), then the minimal order of a positive
realization ofH(z) is not less thanmax{n,N} whereN is
the minimal value such that

pi ∈ Θρ(H(z))
N for any i = 1, . . . , n

¥
Other interesting lower and upper bounds for the order of a

minimal positive realization can be found in [123] and [126].
On the other hand, as Example 9 shows, the minimal order

of a positive realization may be much larger than the lower
bound given by Theorem 15. This may happen, as in Example
9, when all the poles ofH(z) are real and the Karpelevich
theorem does not play any role in the determination of the
minimal order of a positive realization. In order to gain partial
insight into the positive minimality problem, we state hereafter
necessary and sufficient conditions for a third order transfer
functions with distinct positive real poles to have a third order
(minimal) positive realization.

Theorem 16:[120] Let

H(z) =
R1

z − p1
+

R2

z − p2
+

R3

z − p3

be a third order transfer function (i.e. R1, R2, R3 6= 0) with
distinct positive real polesp1 > p2 > p3 > 0. Then,H(z) has
a third order positive realization if and only if the following
conditions hold:

1) R1 > 0
2) R1 + R2 + R3 ≥ 0
3) (p1 − η)R1 + (p2 − η) R2 + (p3 − η)R3 ≥ 0
4) (p1 − η)2 R1 +(p2 − η)2 R2 +(p3 − η)2 R3 ≥ 0 for all

η such thatη ≤ η ≤ p3 where

η = max

{
0,

p1 + p2 + p3 − 2
√

f(p1, p2, p3)
3

}
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with f(p1, p2, p3) = (p2 − p3)
2 + (p1 − p2) (p1 − p3).

¥
It is worth noting that thea priori knowledge about nonne-

gativity of the impulse response is not required by the previous
theorem so that there is no need to check such condition on
hk before applying the theorem.

Conditions for a positive realization to be minimal have
been given for a special class of positive systems such as the
tree–compartmental systems considered in reference [108] and
the positive reachable systems in reference [121].

Moreover, as previously stated, a reformulation of the
minimality of a positive realization in terms of the factorization
of the Hankel matrix into two nonnegative matrices (called
positive factorization) can be found in [114], [115], [16],
[125]. However, in this context, a procedure to evaluate the
minimal order of a positive realization is not available so far.

Finally, in reference [122], the connections between the
McMillan degreen of a given transfer function, the sizeN
of any minimal positive realization and the minimum of the
numberr of extremal vectors of cones satisfying the conditions
of Theorem 2, are discussed. It is there shown that, in general
N ≤ r and examples are given, for the MIMO case, for which
this inequality is strict.

VIII. T HE GENERATION PROBLEM

This section deals with the generation problem, that is the
problem of finding how all the minimal positive realizations
of a given transfer function are related one to the other. To the
best of our knowledge there are few results on this problem
[110], [125]; to have a glimpse on the difficulties encountered
when tackling it, hereafter we provide a very simple example
showing that a change of coordinates consisting of positive
linear combinations of the state variables of a positive system,
may destroy the positivity of the representation in the new
coordinates:

Example 10: Consider the positive system described by the
triple {A+, b+, c+} with nonnegative entries

A+ =
(

a+
11 a+

12

a+
21 a+

22

)
, b+ =

(
b+
1

b+
2

)
, cT

+ =
(

c+
1

c+
2

)

Consider then the change of coordinatesz1 = x1+x2, z2 = x2

so that the system representation becomes

A =
(

a+
12 + a+

22 a+
11 − a+

12 + a+
21 − a+

22

a+
12 a+

11 − a+
12

)

b =
(
b+
1 + b+

2 b+
2

)
, c =

(
c+
2 c+

1 − c+
2

)

It is straightforward to notice that positivity is generally lost,
since it may be well the case thata+

11 < a+
12, a+

11 + a+
21 <

a+
12 + a+

22 or c+
1 < c+

2 . ¥
In general, positivity is certainly maintained only when the
change of coordinates reduces to a simple positive rescaling
and reordering (i.e. when using a nonnegative generalized
permutation matrix6) of the state variables, as stated by the
following theorem:

6A nonnegative generalized permutation matrix is a permutation matrix in
which the1’s are replaced by positive real numbers.

Theorem 17:Given a change of coordinatesz = Tx
with T ∈ Rn×n full rank, then every positive system
{A+, b+, c+} of dimensionn is transformed into a positive
system {TA+T−1, Tb+, c+T−1} if and only if T is a
nonnegative generalized permutation matrix.
Sketch of proof.The if part is obvious so that we consider
only theonly if part. SinceTb+ must be nonnegative for any
nonnegativeb+, thenT is a nonnegative matrix. Analogously,
T−1 is also a nonnegative matrix when considering nonne-
gativity of c+T−1. Hence, from Lemma 1.1 in [89],T is a
generalized permutation matrix.4

IX. OPEN PROBLEMS AND NEW DIRECTIONS

As it is clear from the issues so far discussed, there is a
considerable number of open issues related to the minimality
and generation problems for positive systems. For example, it
is not clear what kind of mathematical “instruments” should
be used to effectively tackle these problems. In fact, the
geometrical approach (i.e. that of considered in Theorem 2)
has proved to be a fundamental tool for determining the
existence of a positive realization. By contrast, such approach,
has led so far to the determination of necessary and sufficient
conditions for the existence of a minimal positive realization
for the third order case only. Nevertheless, several different
promising reformulations of the positive realization problem
have been proposed in the literature and are mainly related
to the positive factorization approach and to the concept of
positive system rankproposed by Picci, van den Hof and van
Schuppen in references [115], [125], to the factorization of the
transfer function inZRC functions as proposed by Maedaet
al. in reference [108] or to the Tarski–Seidenberg theory as
proposed by Anderson in reference [1].

An important issue related to minimality of positive systems
is the study of “hidden” eigenvalues,i.e. of the eigenvalues
which are not poles and that possibly one has to add in order
to obtain a minimal positive realization. A full characterization
of this property may lead to a deeper and valuable insight into
the problem. For instance, in examples 7 and 8, the eigenvalue
of the minimal order matrixA+ which is not a pole ofH(z)
is one of the dominant eigenvalues. Consequently, its value is
related to the Perron–Frobenius Theorem; on the other hand
the situation is in general far more complicated as Example 9
clearly has shown.

Moreover, in the case of SISO systems, it is worth investiga-
ting whether the inequalityN ≤ r between the sizeN of any
minimal positive realization and the minimum of the number
r of extremal vectors of cones satisfying the conditions of
Theorem 2, reduces toN = r.

Further, among all possible minimal realizations, it would
be very interesting to define a canonical minimal positive
realization. Some preliminary results are provided in reference
[120] for the case of third order transfer functions with distinct
positive real poles, and by Commault in [2].

Another important issue related to minimality [1] is the
determination of “tight” lower and upper bounds to the mini-
mal order of a positive realization. Some results are presented
in references [123] and [126]. Moreover, it would be very
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interesting [1] to determine directly from the system’s para-
meters (say, residues and eigenvalues), the minimum number
of samples of the impulse response to be checked in order to
infer nonnegativity of the whole impulse response. In reference
[111] an upper estimate of this number is provided.

Finally, it would be very useful for applications [1] to
approximate a positive realization by a lower dimension one.
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