A sample of methods for the study of the controllability of nonlinear partial differential equations

Jean-Michel Coron Université de Paris-Sud and Institut universitaire de France Département de Mathématique 91405 Orsay, France

Jean-Michel.Coron@math.u-psud.fr

2

Contents

1 Introduction 5

2 Lie brackets and local controllability in finite dimension 7

3 Return method 13 3.1 Description of the method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.2 Stabilization of driftless systems in finite dimension . . . . . . . . . . . . . . . . . . . 17 3.3 Controllability of the Euler and Navier-Stokes equations . . . . . . . . . . . . . . . . 18 3.3.1 Controllability of the Euler equations . . . . . . . . . . . . . . . . . . . . . . 20 3.3.2 Controllability of the Navier-Stokes equations . . . . . . . . . . . . . . . . . . 23 3.4 Local controllability of a 1-D tank . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 3.5 Null asymptotic stabilizability of the 2-D Euler control system . . . . . . . . . . . . 42

4 Quasi-static deformations 47 4.1 Description of the method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 4.2 Application to a semilinear heat equation . . . . . . . . . . . . . . . . . . . . . . . . 48 4.2.1 Construction of an almost trajectory . . . . . . . . . . . . . . . . . . . . . . . 50 4.2.2 Stabilization procedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 4.2.3 Local controllability at the end-point . . . . . . . . . . . . . . . . . . . . . . . 55

5 Power series expansion 57 5.1 Description of the method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 5.2 Application to the Korteweg-de Vries equation . . . . . . . . . . . . . . . . . . . . . 58

4 CONTENTS

Chapter 1

Introduction

For finite dimensional systems, one knows many powerful sufficient conditions for local controllability of a nonlinear control system (see chapter 2 and the references therein). This is not the case in infinite dimension, where, roughly speaking, the only known general result is that, if the linearized control system at an equilibrium is controllable, then the nonlinear control system is locally controllable at the equilibrium. We present here three methods to get in some cases controllability results for some control systems modelled by partial differential equations even if the linearized control system around the equilibrium is not controllable. These methods are

1. the return method,

2. quasi-static deformations,

3. power series expansion.

Return method. The idea of the return method goes as follows: If one can find a trajectory of the nonlinear control system such that

• it starts and ends at the equilibrium,

• the linearized control system around this trajectory is controllable,

then, in general, the implicit function theorem implies that one can go from every state close to the equilibrium to every other state close to the equilibrium. In this paper, we sketch some results in flow control which have been obtained by that method, namely

• global controllability results for the Euler equations of incompressible fluids,

• global controllability results for the Navier-Stokes equations of incompressible fluids,

• local controllability of a 1-D tank containing a fluid modelled by the shallow water equations,

• null global asymptotic stabilizability by means of explicit boundary feedback laws for the 2-D inviscid incompressible fluids on simply connected domains.

Quasi-static deformations. The quasi-static deformation method allows one to prove in some cases that one can move from every equilibrium to every other equilibrium if these two equilibriums are connected in the set of equilibriums. The idea is just to move very slowly the control (quasistatic deformation) so that at each time the state is close to the curve of equilibriums connecting the

6 CHAPTER 1. INTRODUCTION

two given equilibriums. If some of these equilibriums are instable, one uses also suitable feedback laws in order to stabilize them: without these feedback laws the quasi-static deformation would not work. We present an application to a semilinear heat equation.

Power series expansion. In this method one does some power series expansion in order to see if the nonlinearity allows to move in the directions which are not controllable for the linearized control system around the equilibrium. We present an application to the Korteweg-de Vries equation.

Acknowledgment. I thank the Rutgers University Mathematics Department for inviting me to give the 2003 Dean Jacqueline B. Lewis Memorial Lectures. These notes are the written version of these lectures.

Chapter 2

Lie brackets and local controllability in finite dimension

Throughout out this chapter, by (C) we denote the nonlinear control system

ẋ = f(x, u), (C)

where x ∈ R^n is the state, u ∈ R^m is the control. We assume that

f(0, 0) = 0, (2.1)

and, unless otherwise specified, f ∈ C^∞(R^n × R^m; R^n).

Let us first give the definition we use in these notes for small time locally controllable –we should in fact say small time locally controllable with small controls at 0–

Definition 1 Control system (C) is small time locally controllable if, for every real number ϵ > 0, there exists a real number η > 0 such that, for every x_0 ∈ B_η := {x ∈ R^n; |x| < η} and for every x_1 ∈ B_η, there exists a measurable function u : [0, ϵ] → R^m such that

|u(t)| < ϵ, ∀t ∈ [0, T ], (ẋ = f(x, u(t)), x(0) = x_0) ⇒ (x(ε) = x_1).

One does not know any interesting necessary and sufficient condition for small time local controllability, even for analytic control systems. However, one knows powerful necessary conditions and powerful sufficient conditions. Let us recall some of these conditions. Both rely on Lie brackets. Before giving these conditions let us mention that it is quite natural that Lie brackets appear for controllability conditions:

• for necessary conditions of controllability because of the Frobenius theorem,

• for sufficient conditions because of the following observation. Let us assume that m = 2 and that f(x, u) = u_1f_1(x) + u_2f_2(x). Then one knows how to move in the direction of ±f_1(0) even with small control: just take u_1 = η ≠ 0 and u_2 = 0. Similarly, one knows how to move in the directions of ±f_2(0). Let us explain how to move in the direction of the Lie bracket [f_1, f_2](0), defined by

[f_1, f_2]^j(0) =

(_n ∑ k=1 f^k_2

∂f^j_1 ∂x_k

− f^k_1

∂f^j_2 ∂x_k ) (0), ∀j ∈ {1, · · · , n}.

8CHAPTER 2. LIE BRACKETS AND LOCAL CONTROLLABILITY IN FINITE DIMENSION

Let Ψ_i : R × R^n, (t, x) → Ψ^t_i(x) be the flow associated to f_i (for i ∈ {1, 2}), that is ∂Ψ_i ∂t = f_i(Ψ_i), Ψ^0_i (x) = x.

Then lim_{δ→0}

(Ψ^{−δ}_2 (Ψ^{−δ}_1 (Ψ^δ_2(Ψ^δ_1(0)))))

δ^2

= [f_1, f_2](0). (2.2)

Hence, if one starts at 0, that is if x(0) = 0, and if one takes

• (u_1(t), u_2(t)) = (η_1, 0), for t ∈ (0, ϵ), • (u_1(t), u_2(t)) = (0, η_2), for t ∈ (ϵ, 2ϵ), • (u_1(t), u_2(t)) = (−η_1, 0), for t ∈ (2ϵ, 3ϵ), • (u_1(t), u_2(t)) = (0, −η_2), for t ∈ (3ϵ, 4ϵ), with (η_1, η_2) ∈ R^2 then, as ϵ → 0, x(4ϵ) = η_1η_2ϵ^2[f_1, f_2](0) + o(ϵ^2). (2.3) Hence we have indeed succeeded in moving in the directions of ±[f_1, f_2](0).

Even in the case with a drift term, Lie brackets appear also naturally. Let us consider for example the case where m = 1 and f(x, u) = f_0(x) + uf_1(x). (2.4) Clearly one can move in the directions of ±f_1(0) -recall that, by (2.1), f_0(0) = 0-. Let η ≠ 0 be fixed and let us consider, for ϵ > 0, the control defined on [0, 2ϵ] by u(t) = η for ∈ (0, ϵ), u(t) = −η for ∈ (ϵ, 2ϵ).

Let x : [0, 2ϵ] → R^n be the solution of ẋ = f_0(x) + u(t)f_1(x), x(0) = 0.

Then, straightforward computations show that, as ϵ → 0, x(2(ϵ)) = −2ϵ^2η[f_0, f_1](0) + o(ϵ^2). (2.5) Hence we have succeeded to move in the directions of ±[f_0, f_1](0). Of course the case of a system with a drift term is more complicated than the case of a driftless. For example, in the previous driftless case, one can keep going and for example move in the direction of [[f_1, [f_1, f_2]](0). However, in the case with the drift term, one cannot always move in the direction of [[f_1, [f_1, f_0]](0).

In order to first give a necessary condition, let us provide new definitions. Definition 2 [19]. The strong jet accessibility subspace of (C) at (x̄, ū) ∈ R^n × R^m is the subspace of R^n, denoted by a (x̄, ū), spanned by {g(x̄); g ∈ {∂^{|α|}f/∂u^α(·, ū), α ∈ N^m, |α| ≥ 1} ∪ Br_2(f, ū), (2.6) where Br_2(f, ū) denotes the set of iterated Lie brackets of length at least 2 of vector fields in {∂^{|α|}f/∂u^α(·, ū); α ∈ N^m}.

Remark 3 One easily checks that the usual strong accessibility subspace of (C) at x̄ (i.e. the space denoted F_0D(x̄) in [110, p. 109]) contains a(x̄, ū) for all ū in R^m and that, if f is analytic with respect to x and u or is a polynomial with respect to u, these inclusions are all equalities.

Definition 4 The control system (C) satisfies the strong Lie algebra rank condition at (x̄, ū) if

a(x̄, ū) = R^n. (2.7)

Remark 5 It follows from Remark 3 that, if (C) satisfies the strong Lie algebra rank condition at (x̄, ū) (2.7), then it satisfies the usual strong accessibility rank condition at x̄ (i.e. dim F_0D(x̄) = n with the notations of [110]) and the converse holds if f is analytic with respect to x and u or is a polynomial with respect to u.

With these definitions, one has the following well-known necessary condition for small time local controllability of analytic control system due to Hermann [55] and Nagano [83] (see also Sussmann [104])

Theorem 6 Assume that the control system (C) is locally controllable and that f is analytic. Then the control system (C) satisfies the strong Lie algebra rank condition at (0, 0).

This necessary condition is sufficient for important control systems such as, for example,

• Linear control system ẋ = Ax + Bu. This follows from the Kalman condition [100, Theorem 2 p. 88] and the fact that

a(0, 0) = Span {A^iBu; i ∈ {0, · · · , n − 1}, u ∈ R^m}.

• Driftless control system ẋ =

∑_m

i=1 u_if_i(x). This is the classical Rashevski-Chow theorem [87, 14]. (For an explicit method to produce trajectories joining two given points for driftless systems satisfying the strong Lie algebra condition at every (x, u), see the paper [108] by Sussmann and Liu.)

However, this necessary condition is not, in general, sufficient, as the two following simple control systems show

(n = 1, m = 1), ẋ = u^2, (n = 2, m = 1), ẋ_1 = x^2, ẋ_2 = u.

Let us now give sufficient conditions for small time local controllability. Let us assume, for the time being, that

f(x, u) = f_0(x) + m∑ i=1 u_if_i(x).

Let L(f_0, . . . , f_m) be the free Lie algebra generated by f_0, . . . , f_m and let us denote by Br(f) ⊂ L(f_0, . . . , f_m) the set of formal iterated Lie brackets of {f_0, f_1, ..., f_m}; see [107] for more details and precise definitions. For example

h = [[[f_0, [f_1, f_0]], f_1], f_0] ∈ Br(f). (2.8)

For h ∈ L(f_0, . . . , f_m), let h(0) ∈ R^n be the “evaluation” of h at 0. For h in Br(f) and i ∈ [0, m], let δ_i(h) be the number of times that f_i appears in h. For example, with h given by (2.8), δ_0(h) = 3,

10CHAPTER 2. LIE BRACKETS AND LOCAL CONTROLLABILITY IN FINITE DIMENSION

δ_1(h) = 2 and δ_i(h) = 0, for any i ∈ [2, m]. Let S_m be the group of permutations of {1, . . . , m}. For π in S_m, let π̃ the automorphism of L(f_0, . . . , f_m) which sends f_0 to f_0 and f_i to f_{π(i)} for i ∈ [1, m]. For h ∈ Br(f), we let σ(h) = ∑ π∈S_m

π̃(h) ∈ L(f_0, . . . , f_m).

For example, if h is given by (2.8) and m = 2, one has

σ(h) = [[[f_0, [f_1, f_0]], f_1], f_0] + [[[f_0, [f_2, f_0]], f_2], f_0].

For θ ∈ [0, +∞], ẋ = f_0(x) +

∑_m i=1 u_if_i(x) satisfies the Sussmann condition S(θ) [107, Section 7] if it satisfies the strong Lie algebra rank condition (2.7) at (0, 0) and, if, for every h ∈ Br(f) with δ_0(h) odd and δ_i(h) even for all i in [1, m], σ(h)(0) is in the span of the g(0)’s where the g’s are in Br(f) and satisfy

θδ_0(g) + m∑ i=1 δ_i(g) < θδ_0(h) + m∑ i=1 δ_i(h). (2.9)

with the convention that, when θ = +∞, (2.9) is replaced by δ_0(g) < δ_0(h). H. Sussmann has proved in [107]

Theorem 7 [107, Thm. 7.3] If, for some θ in [0,1], ẋ = f_0(x)+

∑_m

i=1 u_if_i(x) satisfies the condition S(θ), then the control system (C) is small time locally controllable.

Let us notice that one can easily check that

Proposition 8 Let θ be in [0,1]. Then ẋ = f_0(x) +

∑_m i=1 u_if_i(x) satisfies the condition S(θ) if and only if ẋ = f_0(x) +

∑_m

i=1 y_if_i(x), ẏ = u, where the state is (x, y) ∈ R^n × R^m and the control is u ∈ R^m, satisfies S (θ/(1 − θ)) (with the convention 1/0 = +∞).

This proposition allows us to extend the condition S(θ) to ẋ = f(x, u) in the following way

Definition 9 Let θ ∈ [0, 1]. The control system ẋ = f(x, u) satisfies the condition S(θ) if the control system ẋ = f(x, y), ẏ = u satisfies S (θ/(1 − θ)).

What is called the Hermes condition is S(0) ([59] and [106]). It follows from [107] that

Theorem 10 If, for some θ in [0, 1], the control system ẋ = f(x, u) satisfies the condition S(θ) then it is small time locally controllable.

Proof: Apply [107] to ẋ = f(x, y), ẏ = u with the constraint

∫_t 0 |u(s)| ds ⩽ r (instead of |u| ⩽ 1).

One can find other sufficient conditions for small time local controllability in Agrachev [3], Bianchini-Stefani [8], Kawski [66], Tret’yak [111] and the references therein.

Example 11 If f(x, u) =

∑_m

i=1 u_if_i(x) or if f(x, u) = Ax + Bu (i.e. for driftless control systems and linear control systems), the control system (C) satisfies the Hermes condition if and only if it satisfies the strong Lie algebra rank condition at (0, 0). Hence, by Sussmann’ Theorem 7, one recovers Rashevski-Chow’s theorem (i.e. that for driftless control systems, small time local controllability is implied by the strong Lie algebra rank condition at (0, 0)) and that the Kalman condition Span {A^iBu; i ∈ [0, n − 1], u ∈ R^m} = R^n

implies the controllability of the linear control system ẋ = Ax + Bu).

Example 12 We take n = 2, m = 1 and

ẋ_1 = x^3_2, ẋ_2 = u.

In other words, our system is ẋ = f_0(x) + uf_1(x),

with

f_0 ( x_1 x_2 ) = ( x^3_2 0 ) , f_0 ( x_1 x_2 ) = ( 0 1 ) . Then

f_1 ( 0 0 ) = ( 0 1 ) , [f_1, [f_1, [f_1, f_0]]] ( 0 0 ) = ( 6 0 )

span R^2. Hence our system satisfies the strong Lie algebra rank condition at(0, 0). Moreover, if h ∈ Br(f) with δ_0(h) even and δ_1(h) odd, then h(0) = 0. Hence our system satisfies the Hermes condition at 0 and so is small time locally controllable.

Example 13 Let us consider the following classical model for rigid spacecraft with control torques provided by thruster jets. Let η = (ϕ, θ, ψ) be the Euler angles of a frame attached to the spacecraft representing rotations with respect to a fixed reference frame. Let ω = (ω_1, ω_2, ω_3) be the angular velocity of the frame attached to the spacecraft with respect to the reference frame, expressed in the frame attached to the spacecraft and let J be the inertia matrix of the satellite. The evolution of the spacecraft is governed by the equations

Jω̇ = S(ω)Jω + m∑ i=1 u_ib_i, η̇ = A(η)ω, (2.10)

where the u_i ∈ R, 1 ⩽ i ⩽ m, are the controls (u_ib_i ∈ R^3, 1 ⩽ i ⩽ m are the torques applied to the spacecraft), S(ω) is the matrix representation of the wedge-product, i.e.

S(ω) =

0 ω_3 −ω_2 −ω_3 0 ω_1 ω_2 −ω_1 0

, (2.11)

and A(η) = cos θ 0 sin θ sin θ tan ϕ 1 − cos θ tan ϕ − sin θ/ cos ϕ 0 cos θ/ cos ϕ

. (2.12)

Without loss of generality, we assume that the vectors b_1, . . . , b_m are linearly independent. Then the following results hold.

• If m = 3, the control system (2.10) is small time locally controllable and globally controllable in large time (that is given two states, there exists a time T > 0 and an open loop control u ∈ L^∞(0, T ) steering the first state to the second one). This result is due to Bonnard [11] (see also [33]).

12CHAPTER 2. LIE BRACKETS AND LOCAL CONTROLLABILITY IN FINITE DIMENSION

• If m = 2, the control system (2.10) satisfies the strong Lie algebra rank condition at (0, 0) ∈ R^6 × R^2 if and only if (see [11, 33]) Span {b_1, b_2, S(ω)J^{−1}ω; ω ∈ Span {b_1, b_2}} = R^3. (2.13) Moreover, if (2.13) holds,

– The control system (2.10) satisfies Sussmann’s condition S(1), and so is small time locally controllable; see Keraï [68], – The control system (2.10) is globally controllable in large time; this result is due to Bonnard [11], see also [33].

• If m = 1, the control system (2.10) satisfies the strong Lie algebra rank condition at (0, 0) ∈ R^6 × R if and only if (see [11, 33]) Span {b_1, S(b_1)J^{−1}b_1S(ω)J^{−1}ω; ω ∈ Span {b_1, S(b_1)J^{−1}b_1}} = R^3. (2.14) Moreover

– The control system (2.10) does not satisfy a necessary condition for small time local controllability due to Hermes [57] and Sussmann [106] (see the next theorem) and so is not small time locally controllable; see [68].

– If (2.14) holds, the control system (2.10) is globally controllable in large time; this result is due to Bonnard [11], see also [33].

With the notations we have introduced we can state also an interesting necessary condition for small time local controllability due to Hermes [57] and Sussmann [106]. Theorem 14 If the control system (2.4) is small time locally controllable then [f_1, [f_1, f_2]](0) ∈ Span {h ∈ Br(f); δ_1(h) ≤ 1}. (2.15) One can find other necessary conditions in [57, 58, 66, 106] and the references therein.

Chapter 3

Return method

3.1 Description of the method

In order to explain this method, let us first consider the problem of local controllability of a control system in finite dimension. So we consider the control system

ẋ = f(x, u),

where x ∈ R^n is the state and u ∈ R^m is the control ; we assume that f is of class C^∞ and satisfies

f(0, 0) = 0.

Note that all the controllability conditions given in the previous chapter rely on a Lie bracket formulation. Unfortunately this geometric tool does not seem to give good results for distributed control systems - in this case x belongs to an infinite dimensional space -. The main reason is that, for many interesting distributed control systems, (2.3) and (2.5) do not hold. More precisely, the left hand sides of (2.3) and (2.5) divided by ϵ^2 have no limit as ϵ → 0 in many interesting cases. On the other hand for linear distributed control systems there are powerful methods to prove controllability - e.g. the H.U.M. method due to J.-L. Lions, see [77]. The return method consists in reducing the local controllability of a nonlinear control system to the existence of - suitable - periodic (or “almost periodic” -see below the cases of the Navier-Stokes control system and of the shallow water equations) trajectories and to the controllability of linear systems. The idea is the following one: assume that, for every positive real number T and every positive real number ϵ, there exists a measurable bounded function ū : [0, T ] → R^m with ‖ū‖_L∞_{(0,T )} ≤ ϵ such that, if we denote by x̄ the (maximal) solution of ˙x̄ = f(x̄, ū(t)), x̄(0) = 0, then

x̄(T ) = 0, (3.1) the linearized control system around (x̄, ū) is controllable on [0, T ]. (3.2)

Then it follows easily from the inverse mapping theorem - see e.g. [100, Theorem 7 p. 126] - that ẋ = f(x, u) is small time locally controllable. Let us recall that the linearized control system around (x̄, ū) is the time-varying control system

ẏ = A(t)y + B(t)v, (3.3)

where the state is y ∈ R^n, the control is v ∈ R^m and A(t) = (∂f/∂x)(x̄(t), ū(t)), B(t) = (∂f/∂u)(x̄(t), ū(t)).

For the linear control system (3.3), controllability on [0, T ] means, by definition, that for every y_0 and y_1 in R^n, there exists a bounded measurable function v : [0, T ] → R^m such that if ẏ = A(t)y + B(t)v and y(0) = y_0, then y(T ) = y_1. There is a well-known Kalman-type sufficient condition for the controllability of (3.3) due to Silverman and Meadows [97] -see also [100, Prop. 3.5.16]-.

Proposition 15 Assume that, for some t̄ in [0, T ],

Span {( d dt − A(t)

)_i

B(t)_{|t=}¯_t v; v ∈ R^m, i ≥ 0 } = R^n, (3.4)

then the linear control system (3.3) is controllable on [0, T ]. Moreover if A and B are analytic on [0, T ] and if the linear control system (3.3) is controllable on [0, T ], then (3.4) holds for all t̄ in [0, T ].

Note that if one takes ū ≡ 0, then the above method just gives the well-known fact that, if the time-invariant linear control system

ẏ = ∂f ∂x (0, 0)y + ∂f ∂u (0, 0)v,

is controllable, then the nonlinear control system ẋ = f(x, u) is small time locally controllable. However, it may happen that (3.2) does not hold for ū ≡ 0, but holds for other choices of ū. Let us give simple examples.

Example 16 We take n = 2, m = 1 and again consider (see Example 12 above) the control system

ẋ_1 = x^3_2, ẋ_2 = u. (3.5)

For ū ≡ 0, x̄ ≡ 0 and the linearized control system around (x̄, ū) is

ẏ_1 = 0, ẏ_2 = v,

which is clearly not controllable (one cannot change y_1). Let us now take ū ∈ C^∞([0, T ]; R) such that ∫_{T/2} 0 ū(t)dt = 0,

ū(T − t) = ū(t), ∀ t ∈ [0, T ].

Then one easily checks that

x̄_2(T/2) = 0, x̄_2(T − t) = −x̄_2(t), ∀t ∈ [0, T ], x̄_1(T − t) = x̄_1(t), ∀t ∈ [0, T ].

In particular, we have x̄_1(T ) = 0 , x̄_2(T ) = 0.

The linearized control system around (x̄, ū) is

ẏ_1 = 3x̄^2(t)y_2 , ẏ_2 = v.

3.1. DESCRIPTION OF THE METHOD 15

Hence A(t) = ( 0 3x̄_2(t)^2 0 0 ) , B(t) = ( 0 1 )

and one easily sees that (3.4) holds if and only if

∃ i ∈ N such that d^ix̄_2 dt^i

(t̄) ≠ 0. (3.6)

Note that (3.6) holds for at least a t̄ in [0, T ] if (and only if) ū ≢ 0. So (3.2) holds if (and only if) ū ≢ 0. We recover that the control system (3.5) is small time locally controllable.

Example 17 We take n = 3, m = 2 and the control system is

ẋ_1 = u_1, ẋ_2 = u_2, ẋ_3 = x_1u_2 − x_2u_1. (3.7)

Again one can check that the linearized control system around (x̄, ū) is controllable on [0, T ] if and only if ū ≢ 0. Note that, for the control system (3.7), it is easy to achieve the “return condition” (3.1). Indeed, if ū(T − t) = −ū(t), ∀ t ∈ [0, T ],

then x̄(T − t) = x̄(t), ∀ t ∈ [0, T ]

and, in particular, x̄(T ) = x̄(0) = 0.

So the control system (3.7) is again small time locally controllable (which follows also directly from the Rashevski-Chow theorem [87, 14]).

Example 18 In this example n = 4 and m = 2 and the control system we consider is given by

ẋ_1 = x_2, ẋ_2 = −x_1 + u, ẋ_3 = x_4, ẋ_4 = −x_3 + 2x_1x_2, (3.8)

where the state is (x_1, x_2, x_3, x_4) ∈ R^4 and the control is u ∈ R. One easily checks that this system satisfies the strong Lie algebra condition at (0, 0). Here we want to see that the return method can be used to get large time local controllability. Let us first check that this control system is not small time locally controllable. Indeed if (x, u) : [0, T ] → R^4 × R is a trajectory of the control system (3.8) such that x(0) = 0 then

x_3(T ) =

∫_T 0 x^2_1(t) cos(T − t)dt, (3.9)

x_4(T ) = x^2_1(T ) −

∫_T 0 x^2_1(t) sin(T − t)dt. (3.10)

In particular, if x_1(T ) = 0 and T ⩽ π, then x_4(T ) ⩽ 0 with equality if and only if x ≡ 0. So, if for T > 0 we denote by P(T ) the following controllability property

P(T ) There exists ε > 0 such that, for every x_0 ∈ R^4 and for every x_1 ∈ R^4 both of norm less than ε, there exists a bounded measurable function u : [0, T ] → R such that, if x is the (maximal) solution of (3.8) which satisfies x(0) = x_0, then x(T ) = x_1, then, for every T ∈ (0, π], P(T ) is false. Let us show how the return method can be used to prove that

P(T ) holds for every T ∈ (π, +∞). (3.11)

Let T > π. Let η = 1 2 Min (T − π, π).

Let x̄_1 : [0, T ] → R be a function of class C^∞ such that

x̄_1(t) = 0 ∀t ∈ [η, π] ∩ [π + η, T ], (3.12) x̄_1(t + π) = x̄_1(t) ∀t ∈ [0, η]. (3.13)

Let x̄_2 : [0, T ] → R and ū : [0, T ] → R be such that

x̄_2 = ˙x̄_1, ū = ˙x̄_2 + x̄_1.

In particular

x̄_2(t) = 0 ∀t ∈ [η, π] ∩ [π + η, T ], (3.14) x̄_2(t + π) = x_2(t) ∀t ∈ [0, η]. (3.15)

Let x̄_3 : [0, T ] → R and x̄_4 : [0, T ] → R be defined by

˙x̄_3 = x̄_4, ˙x̄_4 = −x̄_3 + 2x̄_1x̄_2, (3.16) x̄_3(0) = 0, x̄_4(0) = 0. (3.17)

So (x̄, ū) is a trajectory of the control system (3.8). Then, using (3.9), (3.10), (3.12), (3.14), (3.13), (3.15), one sees that x̄(T ) = 0.

If x̄_1 ≡ 0, (x̄, ū) ≡ 0 and then the linearized control system around (x̄, ū) is not controllable. However, as one easily checks by using the Kalman-type sufficient condition for the controllability of linear time-varying control system due to Silverman and Meadows (Proposition 15), if x̄_1 ≢ 0 then the linearized control system around (x̄, ū) is controllable. This establishes (3.11).

One may wonder if the local controllability of ẋ = f(x, u) implies the existence of u in C^∞([0, T ]; R^m) such that (3.1) and (3.2) hold. This is indeed the case as proved by Sontag in [99]. Let us also remark that the above examples suggest that for many choices of ū then (3.2) holds. This in fact holds in general. More precisely let us assume that { h(0); h ∈ Lie { ∂f ∂u^α

(·, 0), α ∈ N^m }} = R^n, (3.18)

where Lie F denotes the Lie algebra generated by the vector fields in F ; then for generic u in C^∞([0, T ]; R^m) (3.2) holds; this is proved in [19], and in [102] if f is analytic. Let us recall that by Theorem 6 due to Hermann and Nagano, (3.18) is a necessary condition for local controllability if f is analytic.

The return method does not seem to give any new interesting controllability result if x lies in a finite dimensional space. In particular

3.2. STABILIZATION OF DRIFTLESS SYSTEMS IN FINITE DIMENSION 17

• the small time local controllability in Example 16 follows from the Hermes condition [59, 107],

• the small time local controllability in Example 17 follows from Rashevski-Chow’s theorem [87, 14],

• the large time local controllability (more precisely (3.11)) follows from a general result obtained by R. Bianchini about unilateral variations in [10] (one considers the trajectory (x, u) ≡ (0, 0)).

However, it gives some new results

• for the stabilization of driftless system (see section 3.2),

• for the controllability of distributed control systems (see sections 3.3 and 3.4).

3.2 Stabilization of driftless systems in finite dimension

In this section we assume that

f(x, u) = m∑ i=1 u_if_i(x).

Let us first remark that in this case, as pointed out by Brockett in [12], if m < n such systems are in general not asymptotically stabilizable by means of continuous (stationary) feedback laws even if they are in general controllable. But, using the return method, we are going to see that most of the driftless control systems can be globally asymptotically by means of time-varying feedback laws.

Let us denote by Lie{f_1, . . . , f_m} ⊂ C^∞(R^n; R^n) the Lie sub-algebra generated by the vector fields f_1, . . . , f_m. Then one has

Theorem 19 Assume that, for all x ∈ R^n \ {0},

{g(x); g ∈ Lie{f_1, . . . , f_m}} = R^n. (3.19)

Then, for all T > 0, there exists u in C^∞(R^n × R; R^m) such that

u(0, t) = 0, ∀t ∈ R, (3.20)

u(x, t + T ) = u(x, t), ∀x ∈ R^n, ∀t ∈ R, (3.21)

and 0 is globally asymptotically stable for

ẋ = f(x, u(x, t)) = m∑ i=1 u_i(x, t)f_i(x). (3.22)

Remark 20 By Rashevski-Chow’s theorem [87, 14], property (3.19) implies (and, by Theorem 6, is necessary if the f_i, 1 ⩽ i ⩽ m, are analytic) the global controllability of the driftless control system ẋ =

∑_m

i=1 u_if_i(x) in R^n \ {0}, i.e., for every x_0 ∈ R^n \ {0}, every x_1 ∈ R^n \ {0} and every T > 0, there exists u ∈ L^∞((0, T ); R^m) such that, if ẋ =

∑_m

i=1 u_i(t)f_i(x) and x(0) = x_0, then x(T ) = 0.

This theorem is proved in [17]. Let us just briefly describe the idea of the proof: assume that, for any positive real number T , there exists ū in C^∞(R^n × R; R^m) satisfying (3.20) and (3.21) such that, if ẋ = f(x, ū(x, t)), then x(T ) = x(0), (3.23) if x(0) ≠ 0, the linearized control system around (x, ū) is controllable on [0, T ]. (3.24) Using (3.23) and (3.24), one can construct a “small” feedback v in C^∞(R^n × R; R^m) satisfying (3.20) and (3.21) such that, if ẋ = f(x, (ū + v)(x, t)), (3.25) and x(0) ≠ 0, then |x(T )| < |x(0)|, (3.26) which implies that 0 is globally asymptotically stable for (3.22) with u = ū + v.

So it only remains to construct ū. In order to get (3.23), one just imposes on ū that ū(x, t) = −ū(x, T − t), ∀(x, t) ∈ R^n × R, (3.27) which implies that x(t) = x(T − t), ∀t ∈ [0, T ] and therefore gives (3.23). Finally, one proves that (3.24) holds for “many” ū.

Remark 21 The first example showing that controllability does not imply asymptotic stabilizability by means of continuous feedback laws is due to Sussmann [105]. See also [103] by Sontag and Sussmann. Two alternatives have been then proposed for the asymptotic stabilization • stabilization by means of time-varying feedback law. See e.g. [5, 17, 20, 21, 95, 102] and the references therein, • stabilization by means of discontinuous feedback law. See e.g. [15, 29, 56, 86, 89, 91, 103, 105] and the references therein.

3.3 Controllability of the Euler and Navier-Stokes equations

In this section we show how the return method can be used to give controllability results for the Euler and Navier-Stokes equations. Let us introduce some notations. Let l ∈ {2, 3} and let Ω be a bounded nonempty connected open subset of R^l of class C^∞. Let Γ_0 be an open subset of Γ := ∂Ω and let Ω_0 be an open subset of Ω. We assume that Γ_0 ∪ Ω_0 ≠ ∅. (3.1) The set Γ_0 is the part of the boundary Γ and Ω_0 is the part of the domain Ω on which the control acts. The fluid that we consider is incompressible so that the velocity field y satisfies div y = 0.

On the part of the boundary Γ\Γ_0 where there is no control, the fluid does not cross the boundary: it satisfies y.n = 0 on Γ\Γ_0, (3.2) where n denotes the outward unit normal vector field on Γ. When the fluid is viscous it satisfies on Γ\Γ_0, besides (3.2), some extra conditions which will be specified later on. For the moment, let us just call by BC all the boundary conditions (including (3.2)) satisfied by the fluid on Γ\Γ_0.

Let us introduce the following definition.

Definition 22 A trajectory of the Navier-Stokes control system (resp. Euler control system) on the time interval [0, T ] is a map y : [0, T ] × Ω → R^l of class C^∞ such that, for some function p : [0, T ] × Ω → R of class C^∞, ∂y ∂t − νΔy + (y · ∇)y + ∇p = 0 in [0, T ] × (Ω\Ω_0), (3.3)

(resp. ∂y ∂t + (y · ∇)y + ∇p = 0 in [0, T ] × (Ω\Ω_0)) (3.4)

div y = 0 in [0, T ] × Ω, (3.5)

y(t, ·) satisfies the boundary conditions BC on Γ\Γ_0, ∀t ∈ [0, T ]. (3.6)

The real number ν > 0 appearing in (3.3) is the viscosity. J.–L. Lions’ problem of controllability is the following one: let T > 0, let y_0 and y_1 in C^∞(Ω; R^l) be such that

div y_0 = 0 in Ω, (3.7)

div y_1 = 0 in Ω, (3.8)

y_0 satisfies the boundary conditions BC on Γ\Γ_0, (3.9)

y_1 satisfies the boundary conditions BC on Γ\Γ_0, (3.10)

does there exist a trajectory y of the Navier-Stokes or the Euler control system such that

y(0, ·) = y_0 in Ω, (3.11)

and, for an appropriate topology –see [78, 79]–,

y(T, ·) is “close” to y_1 in Ω? (3.12)

That is to say, starting with the initial data y_0 for the velocity field, we ask whether there are trajectories of the control system considered (Navier-Stokes if ν > 0, Euler if ν = 0) which, at a fixed time T , are arbitrarily close to the given velocity field y_1. If this problem has always a solution one says that the control system considered is approximately controllable.

Note that (3.3), (3.5), (3.6) and (3.11) have many solutions. In order to have uniqueness one needs to add extra conditions. These extra conditions are the controls.

In the case of the Euler control system one can even require instead of (3.12) the stronger condition

y(T, ·) = y_1 in Ω. (3.13)

If y still exists with this stronger condition, one says that the Euler control system is exactly controllable. Of course, due to the smoothing of the Navier-Stokes equations, one cannot expect to have (3.13) instead of (3.12) for general y_1. We will see in subsection 3.3.2 a way to replace (3.13) in order to recover a natural definition of (exact) controllability of the Navier-Stokes equation.

This section is organized as follows

• in subsection 3.3.1 we consider the case of the Euler control system,

• in subsection 3.3.2 we consider the case of the Navier-Stokes control system.

3.3.1 Controllability of the Euler equations In this subsection the boundary conditions BC in (3.6), (3.9), and (3.10) are respectively

y(t, x).n(x) = 0, ∀(t, x) ∈ [0, T ] × (Γ\Γ_0), (3.14)

y_0(x).n(x) = 0, ∀x ∈ Γ\Γ_0, (3.15)

y_1(x).n(x) = 0, ∀x ∈ Γ\Γ_0. (3.16)

For simplicity we assume that Ω_0 = ∅,

i.e. we study the case of boundary control (see [22] when Ω_0 ≠ ∅ and l = 2). In that case a control is given by y.n on Γ_0 with ∫ Γ_0 y.n = 0 and by curl y if l = 2 and (curl y).n if l = 3 at the points of

[0, T ] × Γ_0 where y.n < 0: these boundary conditions, (3.14), and the initial condition (3.11) imply the uniqueness of the solution to the Euler equations (3.4) -up to an arbitrary function of t which may be added to p-; see also [67] for the existence of a solution.

Let us first point out that in order to have (exact) controllability one needs that

Γ_0 intersects every connected component of Γ. (3.17)

Indeed, let C be a connected component of Γ which does not intersect Γ_0 and assume that, for some smooth Jordan curve γ_0 on C (if l = 2 one takes γ_0 = C), ∫ γ_0

y_0.ds ≠ 0, (3.18)

but that

y_1(x) = 0, ∀x ∈ C. (3.19)

Then there is no solution to our problem, that is there is no y ∈ C^∞([0, T ] × Ω; R^2) and p ∈ C^∞([0, T ] × Ω; R) such that (3.5), (3.4), (3.11), (3.13), and (3.14) hold. Indeed, if such a solution (y, p) exists, then, by Kelvin’s law, ∫ γ(t)

y(t, ·).ds = ∫ γ_0

y_0.ds(∈ R), (3.20)

where γ(t) is the Jordan curve obtained, at time t, from the points of the fluids which at time 0 where on γ_0; in other words γ(t) is the image of γ_0 by the flow map associated to the time-varying vector field y. But (3.13), (3.18), (3.19) and (3.20) are in contradiction.

Conversely, if (3.17) holds, then the Euler control system is exactly controllable:

Theorem 23 Assume that Γ_0 intersects every connected component of ∂Ω. Then the Euler control system is exactly controllable.

Theorem 23 has been proved in

• [18] when Ω is simply-connected and l = 2,

• [22] when Ω is multi-connected and l = 2,

• [50] when Ω is contractible and l = 3,

• [51] when Ω is not contractible and l = 3.

The strategy of the proof of Theorem 23 relies on the “return method”. Applied to the controllability of the Euler control system the return method consists in looking for (ȳ, p̄) such that (3.5), (3.4), (3.11), (3.13) hold, with y = ȳ, p = p̄, y_0 = y_1 = 0 and such that the linearized control system around the trajectory ȳ is controllable under the assumptions of Theorem 23. With such a (ȳ, p̄) one may hope that there exists (y, p) -close to (ȳ, p̄)- satisfying the required conditions, at least if y_0 and y_1 are “small”. Finally, by using some scaling arguments, one can deduce from the existence of (y, p) when y_0 and y_1 are “small” the existence of (y, p) even if y_0 and y_1 are not “small”.

Let us emphasize that one cannot take (ȳ, p̄) = (0, 0). Indeed, with such a choice of (ȳ, p̄), (3.5), (3.4), (3.11), (3.13) hold, with y = ȳ, p = p̄, y_0 = y_1 = 0, but the linearized control system around ȳ = 0 is not at all controllable. Indeed the linearized control system around ȳ = 0 is

div z = 0 in [0, T ] × Ω, (3.21) ∂z ∂t + ∇π = 0 in [0, T ] × Ω, (3.22)

z(t, x).n(x) = 0, ∀(t, x) ∈ [0, T ] × (Γ\Γ_0). Taking the curl of (3.22), one gets ∂curl z ∂t = 0,

which clearly shows that the linearized control system is not controllable (one cannot modify the curl with the control). So one needs to consider other (ȳ, p̄). Let us briefly explain how one constructs “good” (ȳ, p̄) when l = 2 and Ω is simply connected. In such a case one easily checks the existence of a harmonic function θ in C^∞(Ω) such that

∇θ(x) ≠ 0, ∀x ∈ Ω, ∂θ ∂n = 0 on Γ\Γ_0.

Let α ∈ C^∞(0, T ) vanishing 0 and T . Let

(ȳ, p̄)(t, x) = (α(t)∇θ(x), −α^′(t)θ(x) − 1 2 α^2(t) | ∇θ(x) |^2).

Then (3.5), (3.4), (3.11), (3.13) hold, with y = ȳ, p = p̄, y_0 = y_1 = 0. Moreover, using arguments relying on an extension method analogous to the one introduced by Russell in [93], one can see that the linearized control system around ȳ is controllable.

When Γ_0 does not intersect all the connected components of Γ_0 one can get, if l = 2, approximate controllability and even exact controllability outside every arbitrarily small neighborhood of the union Γ^⋆ of the connected components of Γ which does not intersect Γ_0. More precisely, one has

Theorem 24 [22]. Assume that l = 2. There exists a constant c_0 depending only on Ω such that, for every Γ_0 as above, every T > 0, every ε > 0, and every y_0, y_1 in C^∞(Ω; R^2) satisfying (3.7), (3.8), (3.15) and (3.16), there exists a trajectory y of the Euler control system on [0, T ] satisfying (3.11) such that

y(T, x) = y_1(x), ∀x ∈ Ω such that dist(x, Γ^⋆) ⩾ ε, (3.23) |y(T, ·)|_L∞ ⩽ c_0(|y_0|_L2 + |y_1|_L2 + |curly_0|_L∞ + |curly_1|_L∞ ). (3.24)

In (3.23), dist(x, Γ^⋆) denotes the distance of x to Γ^⋆, i.e.

dist (x, Γ^⋆) = Min {|x − x^⋆|; x^⋆ ∈ Γ^⋆}. (3.25)

We use the convention dist (x, ∅) = +∞ and so Theorem 24 implies Theorem 23. In (3.24), | |_Lr , for r ∈ [1, +∞], denotes the L^r−norm on Ω. Let us point out that, y_0, y_1, and T as in Theorem 24 being given, it follows from (3.23) and (3.24) that, for every r in [1, +∞),

lim_{ε→0+} |y(T, ·) − y_1|_Lr = 0; (3.26)

that is Theorem 24 implies approximate controllability in the L^r-space for every r in [1, +∞). Let us notice that, if Γ^⋆ ≠ ∅, then, again by Kelvin’s law, approximate controllability for the L^∞-norm does not hold. More precisely let us consider the case l = 2 and let us denote by Γ^⋆_1, . . . , Γ^⋆_k the connected components of Γ which does not meet Γ_0. Let y_0, y_1 in C^∞(Ω; R^2) satisfying (3.7), (3.8), (3.15) and (3.16). Assume that, for some i ∈ {1, . . . , k}, ∫ Γ^⋆_i

y_0.ds ≠ ∫ Γ^⋆_i

y_1.ds.

Then, for ε > 0 small enough, there is no trajectory y of the Euler control system on [0, T ] satisfying (3.11) such that

|y(T, ·) − y_1|_L∞ ≤ ε. (3.27)

One may wonder if, on the contrary, one assumes that ∫ Γ^⋆_i

y_0.ds = ∫ Γ^⋆_i

y_1.ds, ∀i ∈ {1, . . . , k}. (3.28)

Then Glass has proved that one has approximate controllability in L^∞ and even in the Sobolev spaces W^{1,p} for every p ∈ [1, +∞). Indeed he has proved in [52]

Theorem 25 Assume that l = 2. For every T > 0, and every y_0, y_1 in C^∞(Ω; R^2) satisfying (3.7), (3.8), (3.15), (3.16) and (3.28). there exists a sequence (y^k)_{k∈N} of trajectories of the Euler control system on [0, T ] satisfying (3.11) such that

y^k(T, x) = y_1(x), ∀x ∈ Ω such that dist(x, Γ^⋆) ⩾ 1/k, ∀k ∈ N, (3.29) y^k(T, ·) → y_1 in W^{1,p}(Ω) as k → +∞, ∀p ∈ [1, +∞). (3.30)

Again the convergence in (3.30) is optimal: since the vorticity curl y is conserved along the trajectories of the vector field y one cannot have the convergence in W^{1,∞}. In order to have convergence in W^{1,∞} one needs to add a relation between curl y_0 and curl y_1 on the Γ_i for i ∈ {1, . . . , l}. In that direction, Glass has proved in [52]

Theorem 26 Assume that l = 2. Let T > 0, and let y_0, y_1 in C^∞(Ω; R^2) be such that (3.7), (3.8), (3.15). (3.16) and (3.28) hold. Assume that, for every i ∈ {1, . . . , l}, there exits a diffeomorphism D_i of Γ^⋆_i preserving the orientation such that

curl y_1 = (curl y_0) ∘ D_i.

Then there exists a sequence (y^n)_n of trajectories of the Euler control system on [0, T ] satisfying (3.11), (3.29) and

y^k(T, ·) → y_1 in W^{2,p}(Ω) as k → +∞, ∀p ∈ [1, +∞). (3.31)

Again, one cannot expect a convergence in W^{2,∞} without an extra assumption on y_0 and y_1 -see [52]-.

Let us end this subsection by mentioning that, for the Vlasov-Poisson system (a system related to the Euler equations), Glass, using the return method, has obtained beautiful controllability results in [54].

3.3.2 Controllability of the Navier-Stokes equations

In this subsection, ν > 0. We now need to specify the boundary conditions BC. Three types of conditions are considered:

• Stokes boundary condition,

• Navier boundary condition,

• curl condition.

The Stokes boundary condition is the well-known no-slip boundary condition

y = 0 on Γ\Γ_0, (3.32)

which of course implies (3.2).

The Navier boundary condition [84] imposes, condition (3.2), which is always assumed, and

σy.τ + (1 − σ)n^i ( ∂y^i ∂x^j + ∂y^j ∂x^i ) τ^j = 0 on Γ\Γ_0, (3.33)

where σ is a constant in [0, 1), n = (n^1, . . . , n^l) and τ = (τ^1, . . . , τ^l) is any tangent vector field on the boundary Γ. In (3.33) we also have used the usual summation convention. Note that the Stokes boundary condition (3.32) corresponds to the case σ = 1, which we will not include in the Navier boundary condition considered here. The boundary condition (3.33) with σ = 0 corresponds to the case where there the fluid slips on the wall without friction. It is the appropriate physical model for some flow problems; see [49] for example. The case σ ∈ (0, 1) corresponds to a case where there the fluid slips on the wall with friction; it is also used in models of turbulence with rough walls; see, e.g., [74]. Note that in [16] F. Coron has derived rigorously the Navier boundary condition (3.33) from the boundary condition at the kinetic level (Boltzmann equation) for compressible fluids. Let us also recall that Bardos, Golse, and Levermore have derived in [6] the incompressible Navier-Stokes equations from a Boltzmann equation.

Let us point out that, using (3.2), one sees that, if l = 2 and if τ is the unit tangent vector field on ∂Ω such that (τ, n) is a direct basis of R^2, (3.33) is equivalent to

σy.τ + curl y = 0 on Γ\Γ_0, with σ ∈ C^∞(Γ; R) defined by

σ(x) =

2(1 − σ)κ(x) − σ 1 − σ

, ∀x ∈ Γ, (3.34)

where κ is the curvature of Γ defined through the relation^{∂n}_{∂τ} = κτ. In fact we will not use this particular character of (3.34) in our considerations; Theorem 30 below holds for every σ ∈ C^∞(Γ; R).

Finally the curl condition is considered in dimension 2 (l = 2). This condition is, condition (3.2) which is always assumed, and curl y = 0 on Γ\Γ_0. (3.35) It corresponds to the case σ = 0 in (3.34).

As mentioned in the introduction, due to smoothing property of the Navier-Stokes equation, one cannot expect to get (3.13), at least for general y_1. For these equations, the good notion for exact controllability is not passing from a given state y_0 to another given state y_1. As proposed by A. Fursikov and O. Yu Imanuvilov in [44, 45], the good definition for exact controllability is passing from a given state y_0 to a given trajectory ŷ_1. This leads to the following, still open, problem of exact controllability of the Navier-Stokes equation with the Stokes, or Navier, or curl condition. Open Problem 27 Let T > 0. Let ŷ_1 be a trajectory of the Navier-Stokes control system on [0, T ]. Let y_0 ∈ C^∞(Ω; R^l) satisfying (3.7) and (3.9). Does there exist a trajectory y of the Navier-Stokes control system on [0, T ] such that y(0, x) = y_0(x), ∀x ∈ Ω, (3.36) y(T, x) = ŷ_1(T, x), ∀x ∈ Ω? (3.37) Let us point out that the (global) approximate controllability of the Navier-Stokes control system is also an open problem. Related to the open problem 27 one knows two types of results • local results, • global results, which we briefly describe in the next subsections

Local results These results do not rely on the return method, but on the HUM and difficult Carleman’s inequalities. Let us introduce the following definition.

Definition 28 The Navier-Stokes control system is locally (for the Sobolev H^1 − norm) exactly controllable along the trajectory ŷ_1 on [0, T ] of the Navier-Stokes control system if there exists ϵ > 0 such that, for every y_0 ∈ C^∞(Ω; R^l) satisfying (3.7), (3.9) and | y_0 − ŷ_1(0, ·) |_H1_{(Ω)}< ϵ, there exists a trajectory y of the Navier-Stokes control system on [0, T ] satisfying (3.36) and (3.37). Then one has the following results.

Theorem 29 The Navier-Stokes control system is locally exactly controllable

(i) along every trajectory for the curl condition or the Navier boundary condition in dimension 2 (l=2), (ii) along every trajectory if Γ_0 = Γ, (iii) along every stationary trajectory with compact support for the Stokes condition. Case (i) has been obtained by A.V. Fursikov and O. Yu Imanuvilov in [45, 46]. Case (ii) has been obtained by A.V. Fursikov in [43]. Case (iii) has been obtained by O. Yu Imanuvilov in [64] and [65].

Global results Let d ∈ C^0(Ω; R) be defined by d(x) = dist (x, Γ) = Min {|x − x^′|; x^′ ∈ Γ}.

In [23] the following theorem is proved Theorem 30 Let T > 0, let y_0 and y_1 in C^∞(Ω, R^2) be such that (3.7) and (3.8) hold. Let us also assume that y_0 and y_1 satisfy the Navier boundary condition (3.33). Then there exists a sequence (y^k; k ∈ N) of trajectories of the Navier-Stokes control system on [0, T ] with the Navier boundary condition (3.33) such that, as k → +∞, ∫ Ω d^μ|y^k(T, ·) − y_1| → 0, ∀μ > 0, (3.38)

|y^k(T, ·) − y_1|_W −1,∞_{(Ω)} → 0, (3.39) and, for all compact K included in Ω ∪ Γ_0, |y^k(T, ·) − y_1|_L∞_{(K)} + |curl y^k(T, ·) − curl y_1|_L∞_{(K)} → 0. (3.40) In this theorem, W^{−1,∞}(Ω) denotes the usual Sobolev space of first derivatives of functions in L^∞(Ω) and | |_W −1,∞_{(Ω)} one of it’s usual norms, for example the norm given in [2, Section 3.10].

As in the proof of the controllability of the 2-D Euler equations of incompressible inviscid fluids (see subsection 3.3.1), one uses the return method. Let us recall that it consists in looking for a trajectory of the Navier-Stokes control system ȳ such that ȳ(0, ·) = ȳ(T, ·) = 0 in Ω, (3.41) and such that the linearized control system around the trajectory ȳ has a controllability in a “good” sense. With such a ȳ one may hope that there exists y – close to ȳ – satisfying the required conditions, at least if y_0 and y_1 are “small”. Note that the linearized control system around ȳ is ∂z ∂t − νΔz + (ȳ · ∇)z + (z · ∇)ȳ + ∇π = 0 in [0, T ] × (Ω\Ω_0), (3.42)

divz = 0 in [0, T ] × Ω, (3.43)

z.n = 0 on [0, T ] × (Γ\Γ_0), (3.44) σz.τ + curl z = 0 on [0, T ] × (Γ\Γ_0). (3.45)

In [45, 46] A. Fursikov and O. Immanuvilov have proved that this linear control system is controllable (see also [76] for the approximate controllability). Of course it is tempting to consider the case ȳ = 0. Unfortunately, it is not clear how to deduce from the controllability of the linear system (3.42) with ȳ = 0, the existence of a trajectory y of the Navier-Stokes control system (with the Navier boundary condition) satisfying (3.11) and (3.12) if y_0 and y_1 are not small. For this reason, one does not use ȳ = 0, but ȳ similar to the one constructed in [22] to prove the controllability of the 2-D Euler equations of incompressible inviscid fluids; these ȳ are chosen to be “large” so that, in some sense, “Δ” is small compared to “(ȳ · ∇) + ( ·∇)ȳ”.

Remark 31 In fact, with the ȳ we use, one does not have (3.41): we have only the weaker property

ȳ(0, ·) = 0, ȳ(T, ·) is “close” to 0 in Ω. (3.46)

However the controllability of the linearized control system around ȳ is strong enough to take care of the fact that ȳ(·, T ) is not equal to 0 but only close to 0. A similar observation can be found, in a different setting, in [109]. With the notation introduced by Sussmann in [109], ȳ plays the role of ξ_∗ in the proof of [109, Theorem12] and the Euler control system plays for the Navier-Stokes control system the role played by G for F.

Note that (3.38), (3.39), and (3.40) are not strong enough to imply

|y^k(T, ·) − y_1|_L2_{(Ω)} → 0, (3.47)

i.e. to get the approximate controllability in L^2 of the Navier-Stokes control system. But, in the special case where Γ_0 = Γ, (3.38), (3.39), and (3.40) are strong enough to imply (3.47). Moreover, gluing together the proofs of Theorem 29 and of (ii) of Theorem 30, one gets

Theorem 32 [28] The open problem 27 has a positive answer when Γ_0 = Γ and l = 2.

This result has been recently generalized by Fursikov and Immanuvilov in [48] to the case l = 3 Let us also mention that, in [38], Fabre has obtained, in every dimension, an approximate controllability result of two natural “cut off” Navier-Stokes equations. Her proof relies on a general method introduced by Zuazua in [113] to prove approximate controllability of semilinear wave equations. This general method is based on H.U.M. (Hilbert Uniqueness Method, due to J.–L. Lions [77]) and on a fixed point technique; see also [39] where Fabre, Puel and Zuazua use this method to prove approximate controllability of semilinear heat equations.

Remark 33 It is usually accepted that the viscous Burgers equation provides a realistic simplification of the Navier-Stokes system in fluid Mechanics. But J.I. Diaz has proved in [35] that the viscous Burgers equation is not approximately controllable; see also [44]. For the nonviscous Burgers equation, results have been obtained by Ancona and Marson in [4] and by Horsin in [62].

3.4 Local controllability of a 1-D tank containing a fluid modelled by the Saint-Venant equations

In this section, we consider a 1-D tank containing an inviscid incompressible irrotational fluid. The tank is subject to one-dimensional horizontal moves. We assume that the horizontal acceleration of the tank is small compared to the gravity constant and that the height of the fluid is small compared to the length of the tank. These physical considerations motivate the use of the Saint- Venant equations [94] (also called shallow water equations) to describe the motion of the fluid; see e.g. [34, Sec. 4.2]. Hence the dynamics equations considered are -see [37]- H_t (t, x) + (Hv)_x (t, x) = 0, (3.1) v_t (t, x) + ( gH + v^2 2 ) x (t, x) = −u (t) , (3.2) v(t, 0) = v(t, L) = 0, (3.3) ds dt (t) = u (t) , (3.4) dD dt (t) = s (t) , (3.5) where (see figure 3.1),

• L is the length of the 1-D tank, • H (t, x) is the height of the fluid at time t and for x ∈ [0, L], • v (t, x) is the horizontal water velocity of the fluid in a referential attached to the tank at time t and for x ∈ [0, L] (in the shallow water model, all the points on the same vertical have the same horizontal velocity), • u (t) is the horizontal acceleration of the tank in the absolute referential, • g is the gravity constant, • s is the horizontal velocity of the tank, • D is the horizontal displacement of the tank. This is a control system, denoted Σ, where • the state is Y = (H, v, s, D), • the control is u ∈ R.

Our goal is to study the local controllability of this control system Σ around the equilibrium point (Y_e, u_e) := ((H_e, 0, 0, 0), 0).

This problem has been raised by Dubois, Petit and Rouchon in [37].

Of course, the total mass of the fluid is conserved so that, for every solution of (3.1) to (3.3),

d dt ∫_L 0 H (t, x) dx = 0. (3.6) (One gets (3.6) by integrating (3.1) on [0, L] and by using (3.3) together with an integration by parts.) Moreover, if H and v are of class C^1, it follows from (3.2) and (3.3) that H_x(t, 0) = H_x(t, L) (= −u (t) /g). (3.7)

Figure 3.1: Fluid in the 1-D tank

Therefore we introduce the vectorial space E of functions Y = (H, v, s, D) ∈ C^1([0, L])×C^1([0, L])× R × R such that

H_x(0) = H_x(L), (3.8) v(0) = v(L) = 0, (3.9) and consider the affine subspace Y ⊂ E of Y = (H, v, s, D) ∈ E satisfying ∫_L 0 H(x)dx = LH_e. (3.10) The vectorial space E is equipped with the usual norm |Y | := |H|_1 + |v|_1 + |s| + |D|, where, for w ∈ C^1([0, L]), |w|_1 := Max{|w(x)| + |w_x(x)|; x ∈ [0, L]}.

With these notations, we can define a trajectory of the control system Σ.

Definition 34 Let T_1 and T_2 be two real numbers satisfying T_1 ⩽ T_2. A function (Y, u) = ((H, v, s, d), u) : [T_1, T_2] → Y × R is a trajectory of the control system Σ if

(i) the functions H and v are of class C^1 on [T_1, T_2] × [0, L], (ii) the functions s and D are of class C^1 on [T_1, T_2] and the function u is continuous on [0, T ], (iii) the equations (3.1) to (3.5) hold for every (t, x) ∈ [T_1, T_2] × [0, L].

Our main result states that the control system Σ is locally controllable around the equilibrium point (Y_e, u_e). More precisely, one has the following theorem.

Theorem 35 ([26]) There exist T > 0, C_0 > 0 and η > 0 such that, for every Y_0 = (H_0, v_0, s_0, D_0) ∈ Y, and for every Y_1 = (H_1, v_1, s_1, D_1) ∈ Y such that

|H_0 − H_e|_1 + |v_0|_1 < η, |H_1 − H_e|_1 + |v_1|_1 < η, |s_1 − s_0| + |D_1 − s_0T − D_0| < η, there exists a trajectory (Y, u) : [0, T ] → Y × R, t → ((H (t) , v (t) , s (t) , D (t)) , u (t)) of the control system Σ such that Y (0) = Y_0 and Y (T ) = Y_1, (3.11) and, for every t ∈ [0, T ],

|H (t) − H_e|_1 + |v (t)|_1 + |u (t)| ⩽ C_0 (√ |H_0 − H_e|_1 + |v_0|_1 + |H_1 − H_e|_1 + |v_1|_1 + |s_1 − s_0| + |D_1 − s_0T − D_0| ) . (3.12) As a corollary of this theorem, any steady state Y_1 = (H_e, 0, 0, D_1) can be reached from any other steady state Y_0 = (H_e, 0, 0, D_0). More precisely, one has the following corollary. Corollary 36 ([26]) Let T , C_0 and η be as in Theorem 35. Let D_0 and D_1 be two real numbers and let η_1 ∈ (0, η]. Then, there exists a trajectory (Y, u) : [0, T (|D_1 − D_0| + η_1)/η_1] → Y × R, t → ((H (t) , v (t) , s (t) , D (t)) , u (t)) of the control system Σ such that Y (0) = (H_e, 0, 0, D_0) and Y (T (|D_1 − D_0| + η_1)/η_1) = (H_e, 0, 0, D_1), (3.13) |H (t) − H_e|_1 + |v (t)|_1 + |u (t)| ⩽ C_0η_1 ∀t ∈ [0, T (|D_1 − D_0| + η_1)/η_1]. (3.14) Let us explain on a toy model in finite dimension what are the main ideas to prove Theorem 35. Let us write H_0 = H_e + ϵh^1_0 + ϵ^2h^2_0, v_0 = ϵv^1_0 + ϵ^2v^2_0, s_0 = ϵs^1_0, D_0 = ϵd^1_0, H_1 = H_e + ϵh^1 + ϵ^2h^2_1, v_1 = ϵv^1 + ϵ^2v^2_1, s_1 = s^1, D_1 = ϵd^1_0, u = ϵu^1, where ϵ > 0 is small. (In fact we should write also the terms in ϵ^2 for u, s, D but they turn out to be useless.) Let us expand the solution (H, v, s, D) of H_t (t, x) + (Hv)_x (t, x) = 0, v_t (t, x) + ( gH +^{v2}_2 ) x (t, x) = −u (t) , v(t, 0) = v(t, L) = 0, ds dt (t) = u (t) , dD dt (t) = s (t) , H(0, x) = H_0(x), v(x, 0) = v_0(x), s(0) = s_0, D(0) = D_0, in terms of ϵ:

H = H_e + ϵh_1 + ϵ^2h_2 + . . . , v = ϵv_1 + ϵ^2v_2 + . . . , s = ϵs_1, D = ϵD_1, u = ϵu_1.

One has h_{1t} (t, x) + H_ev_{1x} (t, x) = 0, v_{1t} (t, x) + gh_{1x} = −u_1 (t) , v_1(t, 0) = v_1(t, L) = 0,

ds_1

dt (t) = u_1 (t) ,

dD_1

dt (t) = s_1 (t) ,

(3.15)

h_{2t} (t, x) + H_ev_{2x} (t, x) = −(h_1v_1)_x, v_{2t} (t, x) + gh_{2x} = −v_1v_{1x}, v_1(t, 0) = v_1(t, L) = 0,

(3.16)

together with the initial conditions

h_1(0, x) = h^1_0(x), v_1(0, x) = v^1_0(x), s_1(0) = s_1, D_1(0) = D_1, h_2(0, x) = h^2_0(x), v_2(0, x) = v^2_0(x).

We consider (3.15) as a control system where the control is u_1 and where the state (h_1, v_1, s_1, D_1) ∈ C^1([0, L]) × C^1([0, L]) × R × R satisfies

h_1(L − x) = −h_1(x), v_1(L − x) = v_1(x), v_1(0) = v_1(L) = 0. (3.17)

Note that, by [37], this control system is controllable in any time T > L/ √ H_eg. Similarly we consider (3.16) as a control system where the state (h_2, v_2) : [0, L] → R^2 satisfies

h_2(L − x) = h_2(x), h_{2x}(0) = h_{2x}(L) = 0,

∫_L 0 h_2(x)dx = 0 (3.18)

v_2(L − x) = −v_2(x), v_2(0) = v_2(L) = 0. (3.19)

The control in this system (i.e. (h_1v_1)_x and v_1v_{1x}) depends only on the state of the control system (3.15) and is quadratic with respect to this state. The first two equations of (3.15) and (3.16) are the usual wave equations. A natural analogous of the wave equation in finite dimension is the oscillator equation. Hence a natural analogous to our control system (3.15) and (3.16) is

ẋ_1 = x_2, ẋ_2 = −x_1 + u, (3.20) ẋ_3 = x_4, ẋ_4 = −x_3 + 2x_1x_2, (3.21) ṡ = u, Ḋ = s (3.22)

where the state is (x_1, x_2, x_3, x_4, s, D) ∈ R^6 and the control u ∈ R. This control system is our toy model. We call it T .

The linearized control system of T around (0, 0) ∈ R^6 × R is

ẋ_1 = x_2, ẋ_2 = −x_1 + u, ẋ_3 = x_4, ẋ_4 = −x_3, ṡ = u, Ḋ = s. (3.23)

This linear control sytem (3.23) is not controllable. However, as one easily checks, (3.23) is steadystate controllable for arbitrary time T , that is, for every (D_0, D_1) ∈ R^2 and for every T > 0, there exists a trajectory ((x_1, x_2, x_3, x_4, s, D), u) : [0, T ] → R^6 × R of the linear control system (3.23) such that

x_1(0) = x_2(0) = x_3(0) = x_4(0) = s(0) = 0, D(0) = D_0, x_1(T ) = x_2(T ) = x_3(T ) = x_4(T ) = s(T ) = 0, D(T ) = D_1.

But the same does not hold for the nonlinear control system T . Indeed it follows from Example 18 that if ((x_1, x_2, x_3, x_4, s, D), u) : [0, T ] → R^6 × R is a trajectory of the control system T such that

x_1(0) = x_2(0) = x_3(0) = x_4(0) = s(0) = 0, x_1(T ) = x_2(T ) = x_3(T ) = x_4(T ) = s(T ) = 0, D(T ) ≠ D(0),

then T > π. This minimal time for steady state controllability is optimal. This can be seen by using the return method as in Example 18. Indeed let T > π and let (x̄_1, x̄_2, x̄_3, x̄_4, ū) be as in example 18 except that one requires also ∫_η 0 x̄_1(t)dt = 0,

∫_η 0 ∫_t 0 x̄_1(s)dsdt = 0. (3.24)

Let us define (s̄, D̄) : [0, T ] → R^2 by

˙s̄ = ū, s̄(0) = 0, ˙D̄ = s̄, D̄(0) = 0.

Then, using in particular (3.24), one easily sees that

s̄(T ) = 0, D̄(T ) = 0.

Moreover, straightforward computations show that the linearized control system around the trajectory ((x̄_1, x̄_2, x̄_3, x̄_4, s̄, D̄), ū) is controllable if x̄_1 is not identically equal to 0. Hence the return method gives the local controllability of T in time T > π.

Unfortunately this proof to check the local controllability relies heavily on explicit computations, which we have not been able to perform in the case of the control system Σ. Let us now present a more flexible use of the return method to prove the following large time local controllability of T . Proposition 37 There exists T > 0 and δ > 0 such that, for every a ∈ R^6 and every b ∈ R^6 with |a| < δ and |b| < δ, there exists u ∈ L^∞(0, T ) such that, if x = (x_1, x_2, x_3, x_4, s, D) : [0, T ] → R^6 is the solution of the Cauchy problem

ẋ_1 = x_2, ẋ_2 = −x_1 + u, ẋ_3 = x_4, ẋ_4 = −x_3 + 2x_1x_2, ṡ = u, Ḋ = s x(0) = a,

then x(T ) = b.

Let us prove this proposition by using the return method. In order to use this method one needs, at least, to know trajectories of the control system T such that the linearized control systems around these trajectories are controllable. The simplest trajectories one can consider are the trajectories

((x^γ_1 , x^γ_2 , x^γ_3 , x^γ_4 , s^γ , D^γ), u^γ ) = ((γ, 0, 0, 0, γt, γt^2/2), γ), (3.25)

where τ_1 > 0 is fixed, γ is any real number different from 0 and t ∈ [0, τ_1]. The linearized control system around the trajectory (x^γ , u^γ) := ((x^γ_1 , x^γ_2 , x^γ_3 , x^γ_4 , s^γ , D^γ), u^γ ) is the linear control system

ẋ_1 = x_2, ẋ_2 = −x_1 + u, ẋ_3 = x_4, ẋ_4 = −x_3 + 2γx_2, ṡ = u, Ḋ = s.

(3.26)

Using Proposition 15 -in that case just the usual Kalman’s condition-, one easily checks that this linear control system (3.26) is controllable if and only if γ ≠ 0. Let us now choose γ ≠ 0. Then, since the linearized control system around (x^γ , u^γ ) is controllable, there exists δ_1 > 0 such that, for every a ∈ B(x^γ (0), δ_1) := {x ∈ R^6; |x − x^γ (0)| < δ_1} and for every b in B(x^γ (τ_1), δ_1) := {x ∈ R^6; |x − x^γ (τ_1)| < δ_1}, there exists u ∈ L^∞([0, τ_1]; R) such that ({ ẋ_1 = x_2, ẋ_2 = −x_1 + u, ẋ_3 = x_4, ẋ_4 = −x_3 + 2x_1x_2, ṡ = D, Ḋ = u, x(0) = a ) ⇒ (x(T_0) = b) .

Hence in order to prove Proposition 37 it suffices to check that

(i) there exists τ_2 > 0 and a trajectory (x̃, ũ) : [0, τ_2] → R^6 × R of the control system T such that x̃(0) = 0 and |x̃(τ_2) − x^γ (0)| < δ_1.

(ii) there exists τ_3 > 0 and a trajectory (x̂, û) : [0, τ_3] → R^6 × R of the control system T such that x̂(τ_3) = 0 and |x̂(0) − x^γ (τ_1)| < δ_1.

Indeed, by the continuity of the solutions of the Cauchy problem with respect to the initial condition, there exists δ > 0 such that ({ ẋ_1 = x_2, ẋ_2 = −x_1 + ũ, ẋ_3 = x_4, ẋ_4 = −x_3 + 2x_1x_2ṡ = D, Ḋ = ũ, |x(0)| ⩽ δ ) ⇒ (|x(τ_2) − x^γ (0)| < δ_1) , and (ẋ_1 = x_2, ẋ_2 = −x_1 + ũ, ẋ_3 = x_4, ẋ_4 = −x_3 + 2x_1x_2, ṡ = D, Ḋ = û(t − τ_2 − τ_1)|x(τ_2 + τ_1 + τ_3)| ⩽ δ

⇒ (|x(τ_2 + τ_1) − x^γ (τ_1)| < δ_1 .

Then, it suffises to take T = τ_2 + τ_1 + τ_3.

Let us first consider (i). In order to prove (i) we consider quasi-static deformations. Let g ∈ C^2([0, 1]; R) be such that

g(0) = 0, g(1) = 1. (3.27)

Let ũ : [0, 1/ϵ] → R be defined by

ũ(t) = γg(ϵt). (3.28)

Let x̃ := (x̃_1, x̃_2, x̃_3, x̃_4, s̃, D̃) : [0, 1/ϵ] → R^6 be defined by

˙x̃_1 = x̃_2, ˙x̃_2 = −x̃_1 + ũ, ˙x̃_3 = x̃_4, ˙x̃_4 = −x̃_3 + 2x̃_1x̃_2, ˙s̃ = ũ, ˙D̃ = s̃, x̃(0) = 0.

One has

x̃_1 + ix̃_2 = iγ

∫_t 0 e^{−i(t−s)}g(ϵs)ds, (3.29)

x̃_3 + ix̃_4 = 2i

∫_t 0 e^{−i(t−s)}x̃_1(s)x̃_2(s)ds. (3.30)

From (3.29) and two integrations by parts, one gets

x̃_1 + ix̃_2 = γg(ϵt) − γg(0)e^{−it} + iϵγg^′(ϵt) − iϵγg^′(0)e^{−it} − iϵ^2γ

∫_t 0 e^{i(s−t)}g^{′′}(ϵs)ds, (3.31) which, with (3.27), gives (x̃_1(1/ϵ), x̃_2(1/ϵ)) → (γ, 0) as ϵ → 0. (3.32) Similarly, using (3.27), (3.30), (3.31) and integration by parts one gets (x̃_3(1/ϵ), x̃_4(1/ϵ)) → 0 as ϵ → 0. (3.33) Finally s̃(1/ϵ) = (γ/ϵ)

∫_1 0 g(z)dz, (3.34)

D̃(1/ϵ) = (γ/(ϵ^2))

∫_1 0 ∫_{z1} 0 g(z_2)dz_2dz_1. (3.35) Hence, if ∫_1 0 g(z)dz = 0,

∫_1 0 ∫_{z1} 0 g(z_2)dz_2dz_1 = 0, (3.36) one gets, using (3.32), (3.33), (3.34) and (3.35), x̃(1/ϵ) → (γ, 0, 0, 0, 0, 0) as ϵ → 0, which ends the proof of (i).

In order to get (ii) one needs to modify a little bit the above construction. Let now g ∈ C^2([0, 1]; R) be such that g(0) = 1 and g(1) = 0. Let g_1 ∈ C^1([0, 1]; R) be such that ∫_1 0 g_1(z)dz = τ_1,

∫_1 0 ∫_1

z_1

g_1(z_2)dz_2dz_1 = 0. (3.37)

Let also g_2 ∈ C^0([0, 1]; R) be such that ∫_1 0 ∫_1

z_1

g_2(z_2)dz_2dz_1 = τ^2_1 /2. (3.38) Finally let û : [0, 1/ϵ] → R be defined by û(t) = g(ϵt) − ϵg_1(ϵt) + ϵ^2g_2(ϵt). (3.39) Then, similar computations as for x̃ show that |x̂(0) − (γ, 0, 0, 0, γτ_1, γτ^2_1 /2)| → as ϵ → 0, where x̂ := (x̂_1, x̂_2, x̂_3, x̂_4, ŝ, D̂) : [0, 1/ϵ] → R^6 is defined by ^̇x_1 = x̂_2, ^̇x_2 = −x̂_1 + û, ^̇x_3 = x̂_4, ^̇x_4 = −x̂_3 + 2x̂_1x̂_2, ^̇s = û, ^̇D = ŝ, x̂(1/ϵ) = 0, which ends the proof of (ii).

Note that the analog of Theorem 35 for the control system T is the following proposition.

Proposition 38 There exists T > 0 such that, for every ϵ > 0, there exists η > 0, for every a = (a_1, a_2, a_3, a_4, s_0, D_0) ∈ R^6, and for every b = (b_1, b_2, b_3, b_4, s_1, D_1) ∈ R^6 such that

|a_1| + |a_2| + |a_3| + |a_4| < η, |b_1| + |b_2| + |b_3| + |b_4| < η, |s_0| + |s_1| + |D_0| + |D_1| < η,

there exists a trajectory

(x, u) : [0, T ] → R^6 × R, t → (x_1 (t) , x_2 (t) , x_3 (t) , x_4 (t) , s (t) , D (t) , u (t))

of the control system T such that

x(0) = a and x(T ) = b,

and, for every t ∈ [0, T ],

|x_1(t)| + |x_2(t)| + |x_3(t)| + |x_4(t)| + |u(t)| ⩽ ϵ.

This proposition is stronger than Proposition 37. The proof of Proposition 38 requires some new estimates. In particular one needs an estimate on δ_1 compared to γ. See [26] for these estimates for the control system Σ.

Let us now sketch how one adapts for our control system Σ what we have said for the control system T . Let us first point out that by scaling arguments one can assume without loss of generality that

L = g = H_e = 1. (3.40)

Indeed, if we let Indeed, if we let

H^∗ (t, x) := 1 H_e H ( Lt √ H_eg

, Lx ) , v^∗ (t, x) := 1 √ H_eg v ( Lt √ H_eg

, Lx ) , u^∗ (t) := L H_eg u ( Lt √ H_eg ) , s^∗ (t) := 1 √ H_eg s ( Lt √ H_eg ) , D^∗ (t) := 1 L D ( Lt √ H_eg ) , with x ∈ [0, 1], then equations (3.1) to (3.5) are equivalent to

H^∗_t (t, x) + (H^∗v^∗)_x (t, x) = 0,

v^∗_t (t, x) + ( H^∗ + v^{∗2} 2 ) x (t, x) = −u^∗ (t) ,

v^∗(t, 0) = v^∗(t, 1) = 0, ds^∗ dt (t) = u^∗ (t) , dD^∗ dt (t) = s^∗ (t) .

From now on, we always assume that we have (3.40). Since (Y, u) = ((H, v, s, D), u) is a trajectory of the control system Σ if and only if ((H, v, s − a, D − at − b), u) is a trajectory of the control system Σ, we may assume without loss of generality that s_0 = D_0 = 0.

The proof of Theorem 35 relies again on the return method. So one looks for a trajectory (Ȳ , ū) : [0, T ] → Y × R of the control system Σ satisfying

Ȳ (0) = Ȳ (T ) = Y_e, (3.41)

the linearized control system around (Ȳ , ū) is controllable. (3.42)

Let us point out that, as already noticed by Dubois, Petit and Rouchon in [37] (see also [85]), property (3.42) does not hold for the natural trajectory (Ȳ , ū) = (Y_e, u_e). Indeed the linearized control system around (Y_e, u_e) is

Σ_0 h_t + v_x = 0, v_t + h_x = −u (t) , v(t, 0) = v(t, 1) = 0, ds dt (t) = u (t) , dD dt (t) = s (t) ,

(3.43)

where the state is (h, v, s, D) ∈ Y_0, with

Y_0 := { (h, v, s, D) ∈ E;

∫_L 0 hdx = 0 } , and the control is u ∈ R. But (3.43) implies that, if

h(0, 1 − x) = −h(0, x) and v(0, 1 − x) = v(0, x) ∀x ∈ [0, 1],

then h(t, 1 − x) = −h(t, x) and v(t, 1 − x) = v(t, x) ∀x ∈ [0, 1], ∀t.

Remark 39 Even if the control system (3.43) is not controllable, one can move, as it is proved in [37], from every steady state (h_0, v_0, s_0, D_0) := (0, 0, 0, D_0) to every steady state (h_1, v_1, s_1, D_1) := (0, 0, 0, D_1) for this control system (see also [85] when the tank has a non-straight bottom). This does not imply that the related property (move from (1, 0, 0, D_0) to (1, 0, 0, D_1)) also holds for the nonlinear control system Σ, but it follows from Corollary 36, that this property indeed also holds for the nonlinear control system Σ. Moreover the fact that, for the control system (3.43), it is possible –[37]–, to move from every steady state (h_0, v_0, s_0, D_0) := (0, 0, s_0, D_0) to every steady state (h_1, v_1, s_1, D_1) := (0, 0, s_1, D_1) explains why in the right hand side of (3.12) one has |s_1 − s_0|+ |D_1 − s_0T − D_0| and not (|s_1 − s_0| + |D_1 − s_0T − D_0|)^{1/2}.

As in [17, 18, 22, 28, 48, 50, 51, 101] one has to look for more complicated trajectories (Ȳ , ū) in order to have (3.42). In fact, as in [23] and our toy model T , one can require instead of (3.41), the weaker property

Ȳ (0) = Y_e and Ȳ (T ) is close to Y_e, (3.44)

and hopes that, as it happens for the Navier-Stokes control system -see above and [23]-, the controllability around (Ȳ , ū) will be strong enough to tackle the problem that Ȳ (T ) is not Y_e but only close to Y_e. Moreover, since as it is proved in [37], one can move for the linear control system Σ_0, from Y_e = (0, 0, 0, 0) to (0, 0, s_1, D_1), it is natural to try not to “return” to Y_e, but requires instead (3.44) the property

Ȳ (0) = Y_e and Ȳ (T ) is close to (1, 0, s_1, D_1) . (3.45)

In order to use this method, one first needs to have trajectories of the control system Σ such that the linearized control system around these trajectories are controllable. Let us give an example of a family of such trajectories. Let us fix a positive real number T^∗ in (2, +∞). For γ ∈ (0, 1] and (a, b) ∈ R^2, let us define (Y^{γ,a,b}, u^γ ) : [0, T^∗] → Y × R by

Y^{γ,a,b} (t, x) := ( 1 + γ ( 1 2 − x ) , 0, γt + a, γ t^2 2 + at + b ) ∀t ∈ [0, T^∗], ∀x ∈ [0, 1], (3.46)

u^γ (t) := γ ∀t ∈ [0, T^∗]. (3.47)

Then, (Y^{γ,a,b}, u^γ ) is a trajectory of the control system Σ. The linearized control system around this trajectory is the following control system

Σ_γ h_t + (( 1 + γ

(_1 2 − x )) v ) x = 0, v_t + h_x = −u (t) , v(t, 0) = v(t, 1) = 0, ds dt (t) = u (t) , dD dt (t) = s (t)

(3.48)

where the state is (h, v, s, D) ∈ Y_0 and the control is u ∈ R. This linear control system Σ_γ is controllable if γ > 0 is small enough (see [26] for a proof). Unfortunately the controllability of Σ_γ does not seem to imply directly the local controllability of the control system Σ around the trajectory (Y^{γ,a,b}, u^γ ). Indeed the map from Y × C^0([0, T ]) into Y which associates to any initial data Y_0 = (H_0, v_0, s_0, D_0) ∈ Y and to any u ∈ C^0([0, T ]) such that

H_{0x}(0) = H_{0x}(1) = −u(0)

the state Y (T ) ∈ Y, where Y = (H, v, s, D) : [0, T ] → Y satisfies (3.1) to (3.5) and Y (0) = Y_0 is well-defined and continuous on a small open neighborhood of (Y_e, 0) (see e.g. [75]) but is not of class C^1 on this neighborhood. So one cannot use the classical inverse function theorem to get the desired local controllability. To take care of this problem, one adapts the usual iterative scheme used to prove the existence of solutions to hyperbolic systems (see e.g. [31, p. 476-478], [61, p. 54- 55], [75, p. 96-107], [80, p. 35-43] or [96, p. 106-116] -see also [18, 22, 28, 48, 50, 51] for the Euler and the Navier control system for incompressible fluids): one uses the following inductive procedure (h^n, v^n, s^n, D^n, u^n) → ( h^{n+1}, v^{n+1}, s^{n+1}, D^{n+1}, u^{n+1} ) so that

h^{n+1}_t + v^nh^{n+1}_x + ( 1 + γ ( 1 2 − x ) + h^n ) v^{n+1}_x − γv^{n+1} = 0, (3.49)

v^{n+1}_t + h^{n+1}_x + v^nv^{n+1}_x = −u^{n+1} (t) , (3.50) v^{n+1}(t, 0) = v^{n+1}(t, L) = 0, (3.51) ds^{n+1} dt (t) = u^{n+1} (t) , (3.52)

dD^{n+1} dt (t) = s^{n+1} (t) , (3.53) and ( h^{n+1}, v^{n+1}, s^{n+1}, D^{n+1}, u^{n+1} ) has the required value for t = 0 and for t = T^∗. Unfortunately we have only been able to prove that the control system (3.49)-(3.53), where the state is ( h^{n+1}, v^{n+1}, s^{n+1}, D^{n+1} ) and the control is u^{n+1}, is controllable under a special assumption on (h^n, v^n), see [26]. Hence one has to insure that, at each iterative step, (h^n, v^n) satisfies this condition, which turns out to be possible. So one gets the following proposition, which is proved in [26].

Proposition 40 There exist C_1 > 0,μ > 0 and γ_0 ∈ (0, 1] such that, for every γ ∈ [0, γ_0], for every (a, b) ∈ R^2 and for every (Y_0, Y_1) ∈ Y^2 satisfying

|Y_0 − Y^{γ,a,b}(0)| ⩽ μγ^2 and |Y_1 − Y^{γ,a,b}(T^∗)| ⩽ μγ^2,

there exists a trajectory (Y, u) : [0, T^∗] → Y × R of the control system Σ such that

Y (0) = Y_0 and Y (T^∗) = Y_1, | |Y (t) − Y^{γ,a,b} (t) | | + |u (t)| ⩽ C1γ ∀t ∈ [0, T^∗]. (3.54)

One now needs to construct, for every given γ > 0 small enough, trajectories (Y, u) : [0, T^0] → Y×R of the control system Σ satisfying

Y (0) = (1, 0, 0, 0) and |Y (T^0) − Y^{γ,a,b}(0)| ⩽ μγ^2, (3.55)

and trajectories (Y, u) : [T^0 + T^∗, T^0 + T^∗ + T^1] → Y × R of the control system Σ such that Y ( T^0 + T^1 + T^∗ ) = (1, 0, s_1, D_1) and | |Y ( T^0 + T^∗ ) − Y^{γ,a,b} (T^∗) | | ⩽ μγ^2, (3.56)

for suitable choice of (a, b) ∈ R^2, T^0 > 0, T^1 > 0. Let us first point out that it follows from [37] that one knows explicit trajectories (Y^l, u^l) : [0, T^0] → Y × R of the linearized control system around (0, 0) (i.e. the control system Σ_0) satisfying Y^l(0) = 0 and Y^l(T^0) = Y^{γ,a,b}(0). (In fact Dubois, Petit and Rouchon have proved in [37] that the linear control system Σ_0 is flat -a notion introduced by Fliess, Lévine, Martin and Rouchon in [42]-. They have given a complete explicit parametrization of the trajectories of Σ_0 by means of an arbitrary function and a 1-periodic function.) Then, the idea is that, if one moves “slowly”, the same control u^l gives a trajectory (Y, u) : [0, T^0] → Y × R of the control system Σ such that (3.55) holds. More precisely, let f_0 ∈ C^4([0, 4]) be such that

f_0 = 0 in [0, 1/2] ∪ [3, 4], (3.57) f_0 (t) = s/2 ∀t ∈ [1, 3/2], (3.58) ∫_4 0 f_0(t_1)dt_1 = 0. (3.59)

Similarly, let f_1 ∈ C^4([0, 4]) and f_2 ∈ C^4([0, 4]) be such that

f_1 = 0 in [0, 1/2] ∪ [1, 3/2] and f_1 = 1/2 in [3, 4], (3.60) ∫_3 0 f_1(t_1)dt_1 = 0, (3.61)

f_2 = 0 in [0, 1/2] ∪ [1, 3/2] ∪ [3, 4], (3.62) ∫_4 0 f_2(t_1)dt_1 = 1/2. (3.63) Let D := {( s̄, D̄ ) ∈ R^2; |s̄| ⩽ 1, |¯ D | ⩽ 1 } . For ( s̄, D̄ ) ∈ D, let f_{s̄,}¯_D ∈ C^4([0, 4]) be defined by

f_{s̄,}¯_D := f_0 + s̄f_1 + D̄f_2. (3.64)

For ϵ ∈ (0, 1/2] and for γ ∈ R, let u^{ϵ,γ}_{s̄,D̄} : [0, 3/ϵ] → R be defined by

u^{ϵ,γ}_{s̄,D̄} (t) := γf^′_{s̄,D̄}(ϵt) + γf^′_{s̄,D̄}(ϵ(t + 1)). (3.65) Let ( h^{ϵ,γ}_{s̄,D̄}, v^{ϵ,γ}_{s̄,D̄}, s^{ϵ,γ}_{s̄,D̄}, D^{ϵ,γ}_{s̄,D̄} ) : [0, 3/ϵ] → C^1([0, 1]) × C^1([0, 1]) × R × R be such that (3.43) holds for

(h, v, s, D) = ( h^{ϵ,γ}_{s̄,D̄}, v^{ϵ,γ}_{s̄,D̄}, s^{ϵ,γ}_{s̄,D̄}, D^{ϵ,γ}_{s̄,D̄} ) , u = u^{ϵ,γ}_{s̄,D̄} and ( h^{ϵ,γ}_{s̄,D̄}(0, ·), v^{ϵ,γ}_{s̄,D̄}(0, ·), s^{ϵ,γ}_{s̄,D̄}(0), D^{ϵ,γ}_{s̄,D̄}(0) ) = (0, 0, 0, 0).

From [37] one gets that

h^{ϵ,γ}_{s̄,D̄} (t, x) = − γ ϵ f_{s̄,}¯_D(ϵ(t + x)) + γ ϵ f_{s̄,}¯_D(ϵ(t + 1 − x)), (3.66)

v^{ϵ,γ}_{s̄,D̄} (t, x) = γ ϵ f_{s̄,}¯_D(ϵ(t + x)) + γ ϵ f_{s̄,}¯_D(ϵ(t + 1 − x)) − γ ϵ f_{s̄,}¯_D(ϵt) − γ ϵ f_{s̄,}¯_D(ϵ(t + 1)), (3.67)

s^{ϵ,γ}_{s̄,D̄} (t) = γ ϵ f_{s̄,}¯_D(ϵt) + γ ϵ f_{s̄,}¯_D(ϵ(t + 1)), (3.68)

D^{ϵ,γ}_{s̄,D̄} (t) = γ ϵ^2

F_{s̄,}¯_D(ϵt) + γ ϵ^2

F_{s̄,}¯_D(ϵ(t + 1)), (3.69)

with F_{s̄,}¯_D (t) :=

∫_t 0 f_{s̄,}¯_D(t_1)dt_1.

In particular, using also (3.57) to (3.63), one gets

h^{ϵ,γ}_{s̄,D̄} ( 1 ϵ + t, x ) = γ ( 1 2 − x ) and v^{ϵ,γ}_{s̄,D̄} ( 1 ϵ + t, x ) = 0 ∀t ∈ [ 0, 1 − 2ϵ 2ϵ ] , ∀x ∈ [0, 1], (3.70)

s^{ϵ,γ}_{s̄,D̄} ( 1 ϵ + t ) = γ ϵ + γ 2 + γt ∀t ∈ [ 0, 1 − 2ϵ 2ϵ ] , (3.71)

D^{ϵ,γ}_{s̄,D̄} ( 1 ϵ + t ) = D^{ϵ,γ}_{s̄,D̄} ( 1 ϵ ) + (γ ϵ + γ 2 ) t + γ 2 t^2 ∀t ∈ [ 0, 1 − 2ϵ 2ϵ ] , (3.72)

h^{ϵ,γ}_{s̄,D̄} ( 3 ϵ , x ) = 0 and v^{ϵ,γ}_{s̄,D̄} ( 3 ϵ , x ) = 0 ∀x ∈ [0, 1], (3.73)

s^{ϵ,γ}_{s̄,D̄} ( 3 ϵ ) = γ ϵ s̄ and D^{ϵ,γ}_{s̄,D̄} ( 3 ϵ ) = γ 2ϵ s̄ + γ ϵ^2

D̄. (3.74)

Let H^{ϵ,γ}_{s̄,D̄} = 1 + h^{ϵ,γ}_{s̄,D̄} and Y^{ϵ,γ}_{s̄,D̄} = ( H^{ϵ,γ}_{s̄,D̄}, v^{ϵ,γ}_{s̄,D̄}, s^{ϵ,γ}_{s̄,D̄}, D^{ϵ,γ}_{s̄,D̄} ) . Consider

a_{ϵ,γ} := γ ϵ f_{s̄,}¯_D(1) + γ ϵ f_{s̄,}¯_D(1 + ϵ) = γ ϵ + γ 2 , b^{s̄,D̄}_{ϵ,γ} := γ ϵ^2

F_{s̄,}¯_D(1) + γ ϵ^2

F_{s̄,}¯_D(1 + ϵ) = D^{ϵ,γ}_{s̄,D̄} ( 1 ϵ ) . Using (3.46), (3.70), (3.71) and (3.72), one has

Y^{ϵ,γ}_{s̄,D̄} ( 1 ϵ ) = Y^{γ,aϵ,γ ,bs̄,D̄ϵ,γ} (0, ·), (3.75)

and, if ϵ ∈ (0, 1/(2(T^∗ + 1))],

Y^{ϵ,γ}_{s̄,D̄} ( 1 ϵ + T^∗ ) = Y^{γ,aϵ,γ ,bs̄,D̄ϵ,γ} (T^∗). (3.76)

The next proposition, which is proved in [26], shows that one can achieve (3.55) with u = u^{ϵ,γ}_{s̄,D̄} for suitable choices of T^0, ϵ and γ.

Proposition 41 There exists a constant C_2 > 2 such that, for every ϵ ∈ (0, 1/C_2], for every (s̄, D̄) ∈ D and for every γ ∈ [0, ϵ/C_2], there exists one and only one map Ỹ^{ϵ,γ}_{s̄,D̄} : [0, 1/ϵ] → Y satisfying the two following conditions

(Ỹ^{ϵ,γ}_{s̄,D̄}, u^{ϵ,γ}_{s̄,D̄}) is a trajectory of the control system Σ (on [0, 1/ϵ]), Ỹ^{ϵ,γ}_{s̄,D̄}(0) = (1, 0, 0, 0) ,

and this unique map Ỹ^{ϵ,γ}_{s̄,D̄} verifies | |Ỹ^{ϵ,γ}_{s̄,D̄} (t) − Y^{ϵ,γ}_{s̄,D̄} (t) | | ⩽ C2ϵγ^2 ∀t ∈ [0, 1/ϵ]. (3.77)

In particular, by (3.70), | | |ṽ^{ϵ,γ}s̄,D̄ ( 1 ϵ )| | 1 + | | | h̃^{ϵ,γ}_{s̄,D̄} ( 1 ϵ ) − γ ( 1 2 − x )| | 1 ⩽ C_2ϵγ^2. (3.78)

Similarly, one has the following proposition, which shows that (3.56) is achieved with u = u^{ϵ,γ}_{s̄,D̄} for suitable choices of T^1, ϵ and γ.

Proposition 42 There exists a constant C_3 > 2(T^∗ +1) such that, for every ϵ ∈ (0, 1/C_3], for every (s̄, D̄) ∈ D, and for every γ ∈ [0, ϵ/C_3], there exists one and only one map Ŷ^{ϵ,γ}_{s̄,D̄} : [(1/ϵ)+T^∗, 3/ϵ] → Y satisfying the two following conditions ( Ŷ^{ϵ,γ}_{s̄,D̄}, u^{ϵ,γ}_{s̄,D̄} ) is a trajectory of the control system Σ (on [(1/ϵ) + T^∗, 3/ϵ]),

Ŷ^{ϵ,γ}_{s̄,D̄} ( 3 ϵ ) = ( 1, 0, γ ϵ s̄, γ 2ϵ s̄ + γ ϵ^2 D̄ ) = Y^{ϵ,γ}_{s̄,D̄} ( 3 ϵ ) , and this unique map Ŷ^{ϵ,γ} verifies | |Ŷ ϵ,γ_{s̄,D̄} (t) − Y ϵ,γ_{s̄,D̄} (t) | | ⩽ C_3ϵγ_2 ∀t ∈ [(1/ϵ) + T_∗, 3/ϵ]. (3.79)

In particular, by (3.70), | | |v̂^{ϵ,γ}s̄,D̄ ( 1 ϵ )| | |_1 + | | | ĥ^{ϵ,γ}_{s̄,D̄} ( 1 ϵ ) − γ ( 1 2 − x )| | |_1 ⩽ C^2ϵγ^2. (3.80)

Let us choose

ϵ := Min ( 1 C_2 , 1 C_3 , μ 2C_2 , μ 2C_3 ) ⩽ 1 2 . (3.81)

Let us point out that there exists C_4 > 0 such that, for every (s̄, D̄) ∈ D and for every γ ∈ [−ϵ, ϵ], | |Hϵ,γ_{s̄,D̄} | | C^2([0,3/ϵ]×[0,1]) + | |vϵ,γ_{s̄,D̄} | | C^2([0,3/ϵ]×[0,1])

⩽ C_4, (3.82)

which, with straightforward estimates, leads to the next proposition, whose proof is omitted.

Proposition 43 There exists C_5 > 0 such that, for every (s̄, D̄) ∈ D, for every Y_0 = (H_0, v_0, s_0, D_0) ∈ Y with |Y_0 − Y_e| ⩽ 1 C_5

, s_0 = 0, D_0 = 0

and for every γ ∈ [0, ϵ/C_2], there exists one and only one Y : [0, 1/ϵ] → Y such that

(Y, u^{ε,γ}_{s̄,D̄} − H_{0x}(0)) is a trajectory of the control system Σ, Y (0) = Y_0,

and this unique map Y satisfies | |Y (t) − Ỹ^{ε,γ}_{s̄,D̄} (t) | | ⩽ C5|Y0 − Ye|, ∀t ∈ [0, 1/ϵ].

Similarly, (3.82) leads to the following proposition.

Proposition 44 There exists C_6 > 0 such that, for every (s̄, D̄) ∈ D, for every γ ∈ [0, ϵ/C_3], and for every Y_1 = (H_1, v_1, s_1, D_1) ∈ Y such that | |Y1 − ( 1, 0, γ ϵ s̄, γ 2ϵ s̄ + γ ϵ^2 D̄ )| | ⩽ 1 C_6

, s_1 = γ ϵ s̄, D_1 = γ 2ϵ s̄ + γ ϵ^2 D̄ there exists one and only one Y : [(1/ϵ) + T^∗, 3/ϵ] → Y such that

(Y, u^{ε,γ}_{s̄,D̄} − H_{1x}(0)) is a trajectory of the control system Σ Y (3/ϵ) = Y_1,

and this unique map Y satisfies | |Y (t) − Ŷ^{ε,γ}_{s̄,D̄} (t) | | ⩽ C6 | |Y1 − Y^{ε,γ}_{s̄,D̄} (3/ϵ) | | , ∀t ∈ [(1/ϵ) + T^∗, 3/ϵ].

Finally define

T := 3 ϵ , (3.83)

η := Min ( ϵ^2μ 2C_5(C^2_3 + C^2_2 ) , ϵ^2μ 2C_6(C^2_3 + C^2_2 ) , ϵ C_2 , ϵ C_3 , 1 C_5 , 1 C_6 , γ^2_0 μ 2C_5 , γ^2_0 μ 2C_6

, γ_0 ) . (3.84)

We want to check that Theorem 35 holds with these constants for a large enough C_0. Let Y_0 = (H_0, v_0, 0, 0) ∈ Y and Y_1 = (H_1, v_1, s_1, D_1) ∈ Y be such that

|H_0 − 1|_1 + |v_0|_1 ⩽ η, |H_1 − 1|_1 + |v_1|_1 ⩽ η, |s_1| + |D_1| ⩽ η. (3.85) Let γ := Max (√ 2C_5 μ √ |H_0 − 1|_1 + |v_0|_1, √ 2C_6 μ √ |H_1 − 1|_1 + |v_1|_1, |s_1| + |D_1| ) , (3.86)

s̄ := ϵ γ s_1, D̄ := ϵ^2 γ ( D_1 − s_1 2 ) , (3.87) so that, thanks to (3.74),

s^{ϵ,γ}_{s̄,D̄} = s_1, D^{ϵ,γ}_{s̄,D̄} = D_1. (3.88)

Note that, by (3.81), (3.85), (3.86) and (3.87), ( s̄, D̄ ) ∈ D. (3.89)

By (3.84), (3.85) and (3.86), we obtain that γ ∈ [ 0, Min ( ϵ C_2 , ϵ C_3 )] . (3.90)

Then, by Proposition 43, (3.84), (3.85) and (3.90), there exists a function Y^0 = (H^0, v^0, s^0, D^0) : [0, 1/ϵ] → Y such that

(Y^0, u^{ϵ,γ}_{s̄,D̄} − H_{0x}(0)) is a trajectory of the control system Σ on [0, 1/ϵ], (3.91) Y^0(0) = Y_0, (3.92) | |Y_0 (t) − Ỹ ϵ,γ_{s̄,D̄} (t) | | ⩽ C_5|Y_0 − Y_e| ∀t ∈ [0, 1/ϵ]. (3.93)

By (3.86) and (3.93), | | |Y^0 ( 1 ϵ ) − Ỹ^{ϵ,γ}_{s̄,D̄} ( 1 ϵ )| | | ⩽ μγ^2 2 . (3.94)

By Proposition 41, (3.81) and (3.90), | | | Ỹ^{ϵ,γ}_{s̄,D̄} ( 1 ϵ ) − Y^{γ,aϵ,γ ,bs̄,D̄ϵ,γ} (0) | | | ⩽ C^2ϵγ^2 ⩽ μγ^2 2 , which, with (3.94), gives | |Y^0 ( 1 ϵ ) − Y^{γ,aϵ,γ ,bs̄,D̄ϵ,γ} | | ⩽ μγ^2. (3.95)

Similarly, by Propositions 42 and 44, (3.81), (3.83), (3.84), (3.85), (3.86), (3.88) and (3.90), there exists Y^1 = (H^1, v^1, s^1, D^1) : [(1/ϵ) + T^∗, T ] → Y such that

(Y^1, u^{ϵ,γ}_{s̄,D̄} − H_{1x}(0)) is a trajectory of the control system Σ on [(1/ϵ) + T^∗, T ], (3.96) Y^1(T ) = Y_1, (3.97) | |Y^1 (t) − Ỹ^{ϵ,γ}_{s̄,D̄} (t) | | ⩽ C6 |Y1 − (1, 0, s1, D1)| ∀t ∈ [(1/ϵ) + T^∗, T ] , (3.98) | | |Y^1 ( 1 ϵ + T^∗ ) − Y^{γ,aϵ,γ ,bs̄,D̄ϵ,γ} (T^∗) | | | ⩽ μγ^2. (3.99)

By (3.84), (3.85) and (3.86),

γ ⩽ γ_0. (3.100)

From Proposition 40, (3.95), (3.99) and (3.100), there exists a trajectory (Y^∗, u^∗) : [0, T^∗] → Y of the control system Σ satisfying

Y^∗(0) = Y^0 ( 1 ϵ ) , (3.101) | |Y^∗ (t) − Y^{γ,aϵ,γ ,bs̄,D̄ϵ,γ} (t) | | ⩽ C1μγ ∀t ∈ [0, T^∗], (3.102)

Y^∗(T^∗) = Y^1 ( 1 ϵ + T^∗ ) . (3.103)

The map (Y, u) : [0, T ] → Y defined by

(Y (t) , u (t)) = (Y^0 (t) , u^{ϵ,γ}_{s̄,D̄} (t) − H_{0x}(0)) ∀t ∈ [0, 1/ϵ],

(Y (t) , u (t)) = (Y^∗(t − (1/ϵ)), u^∗(t − (1/ϵ))) ∀t ∈ [1/ϵ, (1/ϵ) + T^∗], (Y (t) , u (t)) = (Y^1 (t) , u^{ϵ,γ}_{s̄,D̄} (t) − H_{1x}(0)) ∀t ∈ [(1/ϵ) + T^∗, T ],

is a trajectory of the control system Σ which, by (3.92) and (3.97), satisfies (3.11). Finally the existence of C_0 > 0 such that (3.12) holds follows from the construction of (Y, u), (3.7), (3.54), (3.66) to (3.69), (3.77), (3.79), (3.85), (3.86), (3.93), (3.98) and (3.102).

Remark 45 Let us notice that, since T^∗ > 2, our method requires, in Theorem 35, T > 2L/ √ gH_e.

We conjecture that

• Theorem 35 holds for every T > 2L/ √ gH_e

• For every T ⩽ 2L/ √ gH_e, Theorem 35 does not hold and the steady state motion problem (move from (0, 0, 0, D_0) to (0, 0, 0, D_1)) is not possible with the interval of time [0, T ] if |u|_0 and |D_1 − D_0| are small with D_1 ≠ D_0. (However, let us recall that, for the linearized control system Σ_0 T > L/ √ gH_e is enough for the steady-state controllability (see [37]).)

3.5 Null asymptotic stabilizability of the 2-D Euler control system

In this section we address a problem of stabilization of the Euler equation. In section 3.3.1 we have considered the problem of the controllability of the Euler control system of an incompressible inviscid fluid in a bounded domain. In particular we have seen that, if the controls act on an arbitrarily small open subset of the boundary which meets every connected component of that boundary, then the Euler equation is exactly controllable.

For linear control systems, the exact controllability implies the asymptotic stabilizability by means of feedback laws. This is well known for linear control systems of finite dimension and, by M. Slemrod [98], J.–L. Lions [77], I. Lasiecka-R. Triggiani [73] and V. Komornik [71], it also holds in infinite dimension in very general cases. But, as pointed out by H.J. Sussmann in [105], by E.D. Sontag and H.J. Sussmann in [103], and by R.W. Brockett in [12], this is no longer true for nonlinear control systems, even of finite dimension. For example (see [12]) the nonlinear control system (3.7) is globally controllable but 0 ∈ R^3 cannot be, even locally, asymptotically stabilized by means of feedback laws. Let us also notice that, as in this counter-example, the linearized control system of the Euler equation around the origin is not controllable.

Therefore it is natural to ask what is the situation for the asymptotic stabilizability of the origin for the 2-D Euler equation of an incompressible inviscid fluid in a bounded domain when the controls act on an arbitrarily small open subset of the boundary which meets every connected component of this boundary. In this section we are going to prove that the null global asymptotic stabilizability by means of feedback laws holds if the domain is simply connected.

Let Ω be a nonempty bounded connected and simply connected subset of R^2 of class C^∞ and let Γ_0 be a non empty open subset of the boundary ∂Ω of Ω. This set Γ_0 is the location of the control. Let y be the velocity field of the inviscid fluid contained in Ω. We assume that the fluid is incompressible, so that

div y = 0. (3.1)

Since Ω is simply connected, y is completely characterized by ω := curl y and y.n on ∂Ω, where n denotes the unit outward normal to ∂Ω. For the problem of controllability, one does not really need to specify the control and the state: one considers the “Euler control system” as an underdetermined system by requiring y.n = 0 on ∂Ω\Γ_0 instead of y.n = 0 on ∂Ω as for the uncontrolled usual Euler equation. For the stabilization problem, one needs to specify more precisely the control and the state. In this paper the state is ω. For the control there are at least two natural possibilities

(a) The control is y.n on Γ_0 and the time derivative ∂ω/∂t of the vorticity at the points of Γ_0 where y.n < 0, i.e. at the points where the fluid enters into the domain Ω,

(b) The control is y.n on Γ_0 and the vorticity ω at the points where y.n < 0.

Let us point out that, by (3.1), in both cases y.n has to satisfy ∫ ∂Ω y.n = 0. In this paper we study only case (a); for case (b), see [24].

Let us give stabilizing feedback laws. Let g ∈ C^∞(∂Ω) be such that

Support g ⊂ Γ_0, (3.2) Γ^+_0 := {g > 0} and Γ^−_0 := {g < 0} are connected, (3.3) g ≠ 0, (3.4) Γ^+_0 ∩ Γ^−_0 = ∅, (3.5) ∫ ∂Ω g = 0. (3.6)

For every f ∈ C^0(Ω), we denote

|f|_0 = Max {|f(x)| ; x ∈ Ω}.

Our stabilizing feedback laws are

y.n = M |ω|_0 g on Γ_0, ∂ω ∂t = −M |ω|_0 ω on Γ^−_0 if |ω|_0 ≠ 0,

where M > 0 is large enough. With these feedback laws, a function ω : I × Ω → R, where I is a time interval, is a solution of the closed loop system Σ if ∂ω ∂t + div (ωy) = 0 in^∘I × Ω, (3.7)

div y = 0 in^∘I × Ω, (3.8)

curl y = ω in^∘I × Ω, (3.9) y(t).n = M |ω(t)|_0 g on ∂Ω, ∀t ∈ I, (3.10) ∂ω ∂t = −M |ω(t)|_0 ω on {t; ω(t) ≠ 0} × Γ^−_0 . (3.11)

where, for t ∈ Ω, ω(t) : Ω → R and y(t) : Ω → R^2 are defined by requiring ω(t)(x) = ω(t, x) and y(t)(x) = y(t, x), ∀x ∈ Ω . More precisely, the definition of a solution of system Σ is

Definition 46 Let I be an interval. A function ω : I → C^0(Ω) is a solution of system Σ if

(i) ω ∈ C^0(I; C^0(Ω))(∼= C^0(I × Ω)),

(ii) For y ∈ C^0(I × Ω; R^2) defined by requiring (3.8) and (3.9) in the sense of distributions and (3.10), one has (3.7) in the sense of distributions,

(iii) In the sense of distributions on the open manifold {t ∈^∘I; ω(t) ≠ 0} × Γ^−_0 one has ∂ω/∂t = −M |ω(t)|_0 ω.

Our first theorem says that, for M large enough, the Cauchy problem for system Σ has at least one solution defined on [0, +∞) for every initial data in C^0(Ω). More precisely one has

Theorem 47 There exists M_0 > 0 such that, for every M ⩾ M_0, the following two properties hold

(i) For every ω_0 ∈ C^0(Ω), there exists a solution of system Σ defined on [0, +∞) such that ω(0) = ω_0,

(ii) Any maximal solution of system Σ defined at time 0 is defined on [0, +∞) (at least).

Remark 48 a. In this theorem, property (i) is in fact implied by property (ii) and Zorn’s lemma. We state (i) in order to emphasize the existence of a solution to the Cauchy problem for system Σ. b. We do not know if the solution to the Cauchy problem is unique for positive time. (For negative time, one does not have uniqueness since there are solutions ω of system Σ defined on [0, +∞) such that ω(0) ≠ 0 and ω(T ) = 0 for T ∈ [0, +∞) large enough.) However, let us emphasize that, already for control systems in finite dimension, one considers feedback laws which are merely continuous; with these feedback laws, the Cauchy problem for the closed loop system may have many solutions. It turns out that this lack of uniqueness is not a real problem. Indeed, in finite dimension at least, if a point is asymptotically stable for a continuous vector field, then there exists, as in the case of regular vector fields, a (smooth) strict Lyapounov function. This result is due to Kurzweil [72].It is tempting to conjecture that a similar result holds in infinite dimension under reasonable assumptions. The existence of this Lyapounov function insures some robustness to perturbations. This is precisely this robustness which makes the interest of feedback laws compared to open loop controls. We will see that, for our feedback laws, there exists also a strict Lyapounov –see Proposition 52 below– and therefore our feedback laws provide some kind of robustness.

Our next theorem shows that, at least for M large enough, our feedback laws globally and strongly asymptotically stabilize the origin in C^0(Ω) for system Σ.

Theorem 49 There exists a positive constant M_1 ⩾ M_0 such that, for every ε ∈ (0, 1], every M ⩾ M_1/ε and every maximal solution ω of system Σ defined at time 0,

|ω(t)|_0 ⩽ Min {|ω(0)|_0, ε t }, ∀t > 0. (3.12)

Remark 50 Due to the term |ω(t)|_0 appearing in (3.10) and in (3.11) our feedback laws do not depend only on the value of ω on Γ_0. Let us point out that there is no asymptotically stabilizing feedback law depending only on the value of ω on Γ_0 such that the origin is asymptotically stable for the closed loop system. In fact, given a nonempty open subset Ω_0 of Ω, there is no feedback law which does not depend on the values of ω on Ω_0. This phenomenon is due to the existence of “phantom vortices”: there are smooth stationary solutions ȳ : Ω → R^2 of the 2-D Euler equations such that Support ȳ ⊂ Ω_0 and ω̄ := curl ȳ ≠ 0; see, e.g., [81]. Then ω(t) = ω̄ is a solution of the closed loop system if the feedback law does not depend on the values of ω on Ω_0 –and vanishes for ω = 0.

Remark 51 Let us emphasize that (3.12) implies that

|ω(t)|_0 ⩽ ε, ∀t ⩾ 1, (3.13)

for every maximal solution ω of system Σ defined at time 0 (whatever is ω(0)). It would be interesting to know if one could have a similar result for the 2-D Navier-Stokes equations of viscous incompressible flows, that is if, given ε > 0, does there exist a feedback law such that (3.13) holds for every solution of the closed loop Navier-Stokes control system? Note that y = 0 on Γ_0 is a feedback which leads to asymptotic stabilization of the null solution of the Navier-Stokes control system. However, this feedback does not have the required property. One may ask a similar question for the Burgers control system; for the null asymptotic stabilization of this control system, see the paper [70] by M. Krstić and the references therein.

The detailed proofs of Theorem 47 and of Theorem 49 are given in [24]. Let us just mention that Theorem 49 is proved by giving an explicit Lyapounov function V : C^0(Ω) → [0, +∞). That function V is defined by V (ω) = |ω exp(−θ)|_0,

where θ ∈ C^∞(Ω) satisfies

Δθ = 0 in Ω, (3.14) ∂θ ∂n = g on ∂Ω. (3.15)

(Let us point out that the existence of θ follows from (3.6).) Theorem 49 is an easy consequence of the following proposition.

Proposition 52 There exists M_2 ⩾ M_0 and μ > 0 such that, for every M ⩾ M_2 and every solution ω : [0, +∞) → C^0(Ω) of system Σ, one has, for every t ∈ [0, +∞),

[−∞, 0] ∋ V̇ (t) := d dt^+

V (ω(t)) ⩽ −μMV^2(ω(t)), (3.16)

where d/dt^+V (ω(t)) := lim_{ε→0}+ (V (ω(t + ε)) − V (ω(t)))/ε.

Let us end this section by some comments for the case where Ω is not simply connected In this case, in order to define the state, one adds to ω the real numbers λ_1, · · · , λ_g defined by

λ_i = ∫ y.∇^⊥τ_i,

where, if one denotes by C_0, C_1, · · · , C_g the connected components of Γ, the functions τ_i ∈ C^∞(Ω), i ∈ {1, · · · , g} are defined by Δτ_i = 0 , τ_i = 0 on ∂Ω \ C_i, τ_i = 1 on C_i,

and where ∇^⊥τ_i denotes ∇τ_i rotated by π/2. One has the following open problem

Open Problem 53 Assume that g ≥ 1 and that Γ_0 meets every connected component of Γ. Does there exist always a feedback law such that 0 ∈ C^0(Ω) × R^g is globally asymptotically stable for the closed loop system?

Brockett’s necessary condition [12] for the existence of asymptotically stabilizing feedback laws cannot be directly applied to our situation since our control system is of infinite dimension. However, it leads to the following question.

Question Assume that Γ_0 meets every connected component of Γ. Let f ∈ C^∞(Ω). Does there exit y ∈ C^∞(Ω; R^2) and p ∈ C^∞(Ω) such that

(y.∇)y + ∇p = f in Ω , (3.17)

div y = 0 in Ω , (3.18)

y.n = 0 on Γ \ Γ_0? (3.19)

Let us point out that, by scaling arguments, one does not have to assume that f is “small” in this question. It turns out that the answer to this question is indeed positive. This has been proved in [25] if Ω is simply connected and by O. Glass in [53] for the general case. For many results on feedback in flow control, see the book [1].

Chapter 4

Quasi-static deformations

The quasi-static deformation method has in fact been already used for the controllability of the 1-D tank (see section 3.4). Note that, in connection with our toy model T of the 1-D tank, the linearized system of

ẋ_1 = x_2, ẋ_2 = −x_1 + γ, ẋ_3 = x_4, ẋ_4 = −x_3 + 2x_1x_2

at equilibrium (γ, 0, 0, 0) has i and −i for eigenvalues. This is why the quasi-static deformation is so easy to perform. If this linearized would have eigenvalues with strictly positive real part, it is still possible to perform in some cases the quasi-static deformation by stabilizing the equilibriums by suitable feedbacks, as we are going to see in this chapter.

4.1 Description of the method

For sake of simplicity we explain the method in finite dimension. Let us consider in R^n a general control system of the form ẏ(t) = g(y(t), u(t)), (4.1)

where g : R^n × R^m → R^n is of class C^1, u(t) ∈ U, and U denotes the set of measurable essentially bounded admissible controls. Let y_0, y_1 ∈ R^n be two equilibrium points of system (4.1), that is

g(y_i, u_i) = 0, i = 1, 2,

for some u_0, u_1 ∈ R^m. We assume that (y_0, u_0) and (y_1, u_1) belong to a same C^1-path connected component of the set of zeros of g in R^n × R^m. Our aim is to steer the system from y_0 to y_1 in some (large) time T > 0. The method splits into four steps:

First step: construction of an almost trajectory. Construct a C^1-path (ȳ(τ), ū(τ)), with τ ∈ [0, 1], connecting (y_0, u_0) to (y_1, u_1) and such that

∀τ ∈ [0, 1] g(ȳ(τ), ū(τ)) = 0.

Of course this path is not in general solution of system (4.1), but if ε > 0 is small enough then the C^1-path (y^ε, u^ε) [0, 1/ε] → R^n × R^m t → (y^ε(t), u^ε(t)) = (ȳ(εt), ū(εt)) is “almost” a solution of system (4.1). Indeed

‖ẏ^ε − f(y^ε, u^ε)‖ = O(ε).

Second step: stabilization procedure. This quasi-static trajectory is not in general stable, and thus has to be stabilized. To this aim, introduce the following change of variable:

z(t) = y(t) − y^ε(t), v(t) = u(t) − u^ε(t),

where t ∈ [0, 1/ε]. In the new variables z, v, the control system writes, at least if ‖z(t)‖ + ‖v(t)‖ is small enough,

ż(t) = A(εt)z(t) + B(εt)v(t) + O(‖z(t)‖^2 + ‖v(t)‖^2 + ε), (4.2)

where t ∈ [0, 1/ε], and where

A(τ) = ∂g ∂y (ȳ(τ), ū(τ)) and B(τ) = ∂g ∂u (ȳ(τ), ū(τ)),

with τ = εt ∈ [0, 1]. Therefore we have to stabilize near the origin a slowly-varying in time linear control system. We refer to [69] for this classical theory. In particular it is often sufficient to stabilize, for every τ ∈ [0, 1] the control system ˙z̃ = A(τ)z̃ + B(τ)v by some feedback v_τ z̃ and then define v = v_{ϵt}z to stabilize the control system (4.2).

Third step: local controllability at the end. If the system (4.1) is locally controllable near the point y_1, we conclude that it is possible to steer the system in finite time from the point y(1/ε) to the desired target y_1. Usually such a local controllability result is achieved by using an implicit function argument, after proving that the linearized system is controllable.

4.2 Application to a semilinear heat equation

Let us now explain how to apply this method on a specific control system modelled by a semilinear heat equation.

Let L > 0 fixed and f : R → R be a function of class C^2. Let us consider the boundary control system ∂y ∂t = ∂^2y ∂x^2

+ f(y),

y(t, 0) = 0, y(t, L) = u(t),

(4.3)

where the state is y(t, .) : [0, L] → R and the control is u(t) ∈ R.

Our goal is to see that one can move from any given steady-state to any other one belonging to the same connected component of the set of steady-states. More precisely let us define the notion of steady-state.

Definition 54 A function y ∈ C^2([0, L]) is a steady-state of the control system (4.3) if

d^2y dx^2

+ f(y) = 0, y(0) = 0.

We denote by S the set of steady-states, endowed with the C^2 topology.

Let us also introduce the Banach space

Y_T = { y(t, x), (t, x) ∈ (0, T ) × (0, L) / y ∈ L^2(0, T, W^{2,2}(0, L)) and ∂y ∂t ∈ L^2((0, T ) × (0, L))

} (4.4)

endowed with the norm

‖y‖_{YT} = ‖y‖_L2_{(0,T,W} 2,2_{(0,L))} + ‖ ‖∂y ∂t ‖ ‖ L^2((0,T )×(0,L)) . Notice that Y_T is continuously imbedded in L^∞((0, T ) × (0, L)).

The main result of this section is the following.

Theorem 55 ([30].) Let y_0 and y_1 be two steady-states belonging to a same connected component of S. There exist a time T > 0 and a control function u ∈ L^2(0, T ) such that the solution y(t, x) in Y_T of ∂y ∂t = ∂^2y ∂x^2

+ f(y),

y(t, 0) = 0, y(t, L) = u(t), y(0, x) = y_0(x),

(4.5)

satisfies y(T, .) = y_1(.).

Remark 56 In [30] we prove that, if y_0 and y_1 belong to distinct connected components of S, then it is actually impossible to move either from y_0 to y_1 or from y_1 to y_0, whatever the time and the control are.

Remark 57 For any T > 0 and u ∈ L^2(0, T ) there is at most one solution of (4.5) in the Banach space Y_T .

Remark 58 Concerning the global controllability problem, one of the main results [39] asserts that if f is globally lipschitzian then this control system is approximately globally controllable, see also [63] for exact controllability. When f is superlinear the situation is still widely open, in particular because of possible blowing up. Indeed it is well known that if yf(y) > 0 as y ≠ 0 then blow-up phenomena may occur for the Cauchy problem ∂y ∂t = ∂^2y ∂x^2

+ f(y),

y(t, 0) = 0, y(t, L) = 0, y(0, x) = y_0(x).

(4.6)

For example if f(y) = y^3 then for numerous initial data there exists T > 0 such that the unique solution to the previous Cauchy problem is well defined on [0, T ) × [0, L] and satisfies

lim_{t→T} ‖y(t, .)‖_L∞_{(0,L)} = +∞,

see for instance [7, 13, 82, 112] and references therein.

One may ask if, acting on the boundary of [0, L], one could avoid the blow-up phenomenon. Actually the answer to this question is negative in general, see [41]: for some nonlinear functions f satisfying |f(y)| ∼ |y| log^p(1 + |y|) as |y| → +∞, and for any time T > 0, there exist initial data which lead to blow-up before time T , whatever the control function u is. Notice however that if |f(y)| = o ( |y| log^{3/2}(1 + |y|) ) as |y| → +∞, then the blow-up (which could occur in the absence of control) can be avoided by means of boundary control, see [41]. But one still does not know what is the situation for f(y) = −y^3. Remark 59 This is a (partial) global exact controllability result. The time needed in our proof is large, but on the other hand there are indeed cases where the time T of controllability cannot be taken arbitrarily small. For instance in the case where f(y) = −y^3, any solution of (4.5) starting from 0 satisfies the inequality ∫_L 0 (L − x)^4y(T, x)^2dx ≤ 8LT,

and hence if y_0 = 0 a minimal time is needed to reach a given y_1 ≠ 0. This result is due to Bamberger [60], see also [44, Lemma 2.1].

In order to prove Theorem 55, it suffices to follow the steps described previously. 4.2.1 Construction of an almost trajectory The following lemma is obvious.

Lemma 60 Let ϕ_0, ϕ_1 ∈ S. Then ϕ_0 and ϕ_1 belong to the same connected component of S if and only if for any real number α between ϕ^′_0(0) and ϕ^′_1(0) the maximal solution of d^2y dx^2

+ f(y) = 0, y(0) = 0, y^′(0) = α,

denoted by y^α(.), is defined on [0, L].

Let now y_0 and y_1 in the same connected component of S. Let us construct in S a C^1 path (ȳ(τ, .), ū(τ)), 0 ≤ τ ≤ 1, joining y_0 to y_1. For each i = 0, 1 set α_i = y^′_i(0).

Then with our previous notations: y_i(.) = y^{αi} (.), i = 0, 1. Now set ȳ(τ, x) = y^{(1−τ)α0+τα1} (x) and ū(τ) = ȳ(τ, L), where τ ∈ [0, 1] and x ∈ [0, L]. By construction we have ȳ(0, .) = y_0(.), ȳ(1, .) = y_1(.) and ū(0) = ū(1) = 0, and thus (ȳ(τ, .), ū(τ)) is a C^1 path in S connecting y_0 to y_1.

4.2.2 Stabilization procedure This is the most technical part of the work. Let ε > 0. We set, for any t ∈ [0, 1/ε] and any x ∈ [0, L], z(t, x) = y(t, x) − ȳ(εt, x), v(t) = u(t) − ū(εt).

(4.7)

Then from the definition of (ȳ, ū) we infer that z satisfies the initial-boundary problem

z_t = z_{xx} + f^′(ȳ)z + z^2

∫_1 0 (1 − s)f^{′′}(ȳ + sz)ds − εȳ_τ ,

z(t, 0) = 0, z(t, L) = v(t), z(0, x) = 0.

(4.8)

Now, in order to deal rather with a Dirichlet-type problem, we set

w(t, x) = z(t, x) − x L v(t), (4.9)

and we suppose that the control v is derivable. This leads to the following equation:

w_t = w_{xx} + f^′(ȳ)w + x L f^′(ȳ)v − x L v^′ + r(ε, t, x), w(t, 0) = w(t, L) = 0, w(0, x) = − x L v(0),

(4.10)

where r(ε, t, x) = −εȳ_τ + ( w + x L v )_2 ∫ 1 0 (1 − s)f^{′′} ( ȳ + s(w + x L v) ) ds, (4.11)

and the next step is to prove that there exist ε small enough and a pair (v, w) solution of (4.10) such that w(1/ε, .) belongs to some arbitrary neighborhood of 0 in H^1_0 -topology. To achieve this one constructs an appropriate control function and a Lyapunov functional which stabilizes system (4.10) to 0. In fact as we shall see the control will be chosen in H^1(0, 1/ε) and such that v(0) = 0.

In order to motivate what follows, let us first notice that if the residual term r and the control v were equal to zero then (4.10) would reduce to w_t = w_{xx} + f^′(ȳ)w, w(t, 0) = w(t, L) = 0.

This suggests to introduce the one-parameter family of linear operators A(τ) = Δ + f^′(ȳ(τ, .))Id, τ ∈ [0, 1], (4.12) defined on H^2(0, L) ∩ H^1_0 (0, L). Let (e_j(τ, .))_{j≥1} be an Hilbertian basis of L^2(0, L) of eigenfunctions of A(τ), such that for each j ≥ 1 and each τ ∈ [0, 1], e_j (τ, .) ∈ H^1_0 (0, L) ∩ C^2([0, L]), and let (λ_j (τ))_{j≥1} denote the corresponding eigenvalues. A standard application of the minimax principle (see for instance [88]) shows that these eigenfunctions and eigenvalues are C^1 functions of τ. Moreover, for each τ ∈ [0, 1], −∞ < · · · < λ_n(τ) < · · · < λ_1(τ) and λ_n(τ) −→_{n→−∞} −∞.

From the continuity of the eigenvalues on [0, 1], we can define n as the maximal number of eigenvalues taking at least a nonnegative value as τ ∈ [0, 1], i.e. there exists η > 0 such that

∀t ∈ [0, 1/ε] ∀k > n λ_k(εt) < −η < 0. (4.13)

Remark 61 Note that the integer n can be arbitrarily large. For example if f(y) = y^3 and if y^′_1(0) → +∞ then n → +∞.

We also set, for any τ ∈ [0, 1] and x ∈ [0, L],

a(τ, x) = x L f^′(ȳ(τ, x)) and b(x) = − x L . In these notations system (4.10) leads to

w_t(t, .) = A(εt)w(t, .) + a(εt, .)v(t) + b(.)v^′(t) + r(ε, t, .). (4.14)

Any solution w(t, .) ∈ H^2(0, L) ∩ H^1_0 (0, L) of (4.14) can be expanded as series in the eigenfunctions e_j(εt, .), convergent in H^1_0 (0, L),

w(t, .) = ∞∑ j=1 w_j(t)e_j (εt, .).

In fact the w_j’s depend on ε and should be called, for example, w^ε_j . For simplicity we omit the index ε, and we shall also omit the index ε for other functions.

In what follows we are going to move, by means of an appropriate feedback control, the n first eigenvalues of the operator A, without moving the others, in order to make all eigenvalues negative. This pole-shifting process is the first part of the stabilization procedure, see [92, p. 711].

For any τ ∈ [0, 1] let π_1(τ) denote the orthogonal projection onto the subspace of L^2(0, L) spanned by e_1(τ, .), . . . , e_n(τ, .), and let

w^1(t) = π_1(εt)w(t, .) = n∑ j=1 w_j(t)e_j (εt, .). (4.15)

It is clear that for any τ the operators π_1(τ) and A(τ) commute, and moreover for any y ∈ L^2(0, L) we have

π^′_1(τ)y = n∑ j=1 ⟨y, e_j(τ, .)⟩_{L2(0,L)}

∂e_j ∂τ (τ, .) + n∑ j=1 ⟨ y, ∂e_j ∂τ (τ, .) ⟩ L^2(0,L)

e_j (τ, .).

Hence, derivating (4.15) with respect to t, we get n∑ j=1 w^′_j(t)e_j (εt, .) = π_1(εt)w_t(t, .) + ε n∑ j=1 ⟨ w(t, .),

∂e_j ∂τ (εt, .) ⟩ L^2(0,L)

e_j (εt, .).

On the other part

A(εt)w^1(t) = n∑ j=1 λ_j(εt)w_j (t)e_j(εt, .), and thus (4.14) yields n∑ j=1 w^′_j(t)e_j (εt, .) = n∑ j=1 λ_j(εt)w_j(t)e_j (εt, .) + π_1(εt)a(εt, .)v(t)

+ π_1(εt)b(.)v^′(t) + r^1(ε, t, .),

(4.16)

where r^1(ε, t, .) = π_1(εt)r(ε, t, .) + ε n∑ j=1 ⟨ w, ∂e_j ∂τ (εt, .) ⟩ L^2(0,L)

e_j(εt, .). (4.17)

Let us set an upper bound to the residual term r^1. First, it is not difficult to check that there exists a constant C such that if |v(t)| and ‖w(t, .)‖_L∞_{(0,L)} are less than 1 then the inequality

‖r(ε, t, .)‖_L∞_{(0,L)} ≤ C(ε + v(t)^2 + ‖w(t, .)‖^2_L∞_{(0,L)})

holds, where r is defined by (4.11). Therefore we get easily

‖r^1(ε, t, .)‖_L∞_{(0,L)} ≤ C_1(ε + v(t)^2 + ‖w(t, .)‖^2_L∞_{(0,L)}).

Moreover since H^1(0, L) is continuously imbedded in C^0([0, L]), we can assert that there exists a constant C_2 such that if |v(t)| and ‖w(t, .)‖_L∞_{(0,L)} are less than 1 then

‖r^1(ε, t, .)‖_L∞_{(0,L)} ≤ C_2(ε + v(t)^2 + ‖w(t, .)‖^2_H1_{0 (0,L)}). (4.18)

Now projecting (4.16) on each e_i, i = 1 . . . n, one comes to

w^′_i(t) = λ_i(εt)w_i(t) + a_i(εt)v(t) + b_i(εt)v^′(t) + r^1_i (ε, t), i = 1 . . . n, (4.19)

where r^1_i (ε, t) = ⟨r^1(ε, t, .), e_i(εt, .)⟩_L2_{(0,L)},

a_i(εt) = ⟨a(εt, .), e_i(εt, .)⟩_L2_{(0,L)} = 1 L ∫_L 0 xf^′(ȳ(εt, x))e_i(εt, x)dx,

b_i(εt) = ⟨b(.), e_i(εt, .)⟩_L2_{(0,L)} = − 1 L ∫_L 0 xe_i(εt, x)dx.

(4.20)

The n equations (4.19) form a differential system controlled by v, v^′. Set

α(t) = v^′(t), (4.21)

and consider now v(t) as a state and α(t) as a control. Then the former finite dimensional system may be rewritten as v^′ = α, w^′_1 = λ_1w_1 + a_1v + b_1α + r^1, . . w^′_n = λ_nw_n + a_nv + b_nα + r^1_n.

(4.22)

If we introduce the matrix notations

X_1(t) = v(t) w_1(t) . . w_n(t)

, R_1(ε, t) = 0 r^1(ε, t) . . r^1_n(ε, t) ,

A_1(τ) =

0 0 · · · 0 a_1(τ) λ_1(τ) · · · 0 . . . . ... . . a_n(τ) 0 · · · λ_n(τ)

, B_1(τ) = 1 b_1(τ) . . b_n(τ) ,

then equations (4.22) yield the finite dimensional linear control system

X^′_1(t) = A_1(εt)X_1(t) + B_1(εt)α(t) + R_1(ε, t). (4.23)

Let us now prove the following lemma.

Lemma 62 For each τ ∈ [0, 1] the pair (A_1(τ), B_1(τ)) satisfies the Kalman condition, i.e.

rank ( B_1(τ), A_1(τ)B_1(τ), . . . , A_1(τ)^{n−1}B_1(τ) ) = n. (4.24)

Let τ ∈ [0, 1] be fixed. We compute directly det ( B_1, A_1B_1, . . . , A^{n−1}_1 B_1 ) = n∏ j=1 (a_j + λ_jb_j) VdM(λ_1, . . . , λ_n), (4.25)

where VdM(λ_1, . . . , λ_n) is a Van der Monde determinant, and thus is never equal to zero since the λ_i(τ), i = 1 . . . n, are distinct, for any τ ∈ [0, 1]. On the other part, using the fact that each e_j(τ, .) is an eigenfunction of A(τ) and belongs to H^1_0 (0, L), we compute

a_j(τ) + λ_j(τ)b_j (τ) = 1 L ∫_L 0 x ( f^′(ȳ(τ, x))e_j(τ, x) − λ_j(τ)e_j (τ, x) ) dx = − 1 L ∫_L 0 x ∂^2e_j ∂x^2

(τ, x)dx = − ∂e_j ∂x (τ, L).

But this quantity is never equal to zero since e_j(τ, L) = 0 and e_j(τ, .) is a nontrivial solution of a linear second-order scalar differential equation. Therefore the determinant (4.25) is never equal to zero and we are done.

It is a standard fact that the Kalman condition (4.24) implies a pole shifting result, and we get the following corollary, see [69].

Corollary 63 For each τ ∈ [0, 1] there exist scalars k_0(τ), . . . , k_n(τ) such that, if we denote

K_1(τ) = (k_0(τ), . . . , k_n(τ)) ,

then the matrix A_1(τ) + B_1(τ)K_1(τ) admits −1 as an eigenvalue with order n + 1.

Moreover there exists a C^1 application τ → P (τ) on [0, 1], where P (τ) is a (n + 1) × (n + 1) symmetric positive definite matrix, such that the identity

P (τ) (A_1(τ) + B_1(τ)K_1(τ)) +^{tr}(A_1(τ) + B_1(τ)K_1(τ)) P (τ) = −I (4.26)

holds for any τ ∈ [0, 1].

We are now able to construct a control Lyapunov functional in order to stabilize system (4.14). Let c > 0 to be chosen later. For any t ∈ [0, 1/ε], v ∈ R and w ∈ H^2(0, L) ∩ H^1_0 (0, L) we set

V (t, v, w) = c X_1(t)P (εt)X_1(t) − 1 2 ⟨w, A(εt)w⟩_L2_{(0,L)}, (4.27)

where X_1(t) denotes the matrix vector in R^{n+1}

X_1(t) = v w_1(t) . . w_n(t) and w_i(t) = ⟨w, e_i(εt, .)⟩_L2_{(0,L)}.

In particular we have

V (t, v, w) = c X_1(t)P (εt)X_1(t) − 1 2 ∞∑ j=1 λ_j(εt)w_j (t)^2. (4.28)

After some straightforward estimates (see [30]), one gets the existence of σ > 0 and of ρ ∈ (0, σ] such that, for every ε ∈ (0, 1] and for every t ∈ [0, 1/ε] such that V_1(t) ≤ ρ,

V^′_1 (t) ≤ σε^2.

Hence, since V_1(0) = 0, we get, if ε ∈ (0, ρ/σ], that

V_1(t) ≤ σε, ∀t ∈ [0, 1/ε],

and in particular V_1 ( 1 ε ) ≤ σε.

Coming back to definitions (4.7) and (4.9), we have proved ‖ ‖y ( 1 ε , . ) − y_1(.) ‖ ‖ H^1(0,L)

≤ γε, (4.29)

where y_1(.) = ȳ(1, .) is the final target and γ is a positive constant which does not depend on ε ∈ (0, ρ/σ]. This concludes the second step.

4.2.3 Local controllability at the end-point The last step in the proof of Theorem 55 consists in solving a local exact controllability result: from the previous subsection y(^1_ε , .) belongs to an arbitrarily small neighborhood of y_1(.) in the H^1-topology if ϵ is small enough, and our aim is now to construct a trajectory q(t, x) solution of the control system steering y(^1_ϵ , .) to y_1(.) in some time T > 0 (for instance T = 1), i.e.

q_t = q_{xx} + f(q), q(t, 0) = 0, q(t, L) = u(t),

q(0, x) = y ( 1 ϵ , x ) , q(T, x) = y_1(x).

Existence of such a solution q is given by [63, Theorem 3.3], with ỹ(t, x) = y_1(x). Actually in [63] the function f is assumed to be globally lipschitzian, but the local result one needs here readily follows from the proofs and the estimates contained in [63].

Remark 64 One could also deduce Theorem 55 from [63, Theorem 3.3] and a straightforward compactness argument. But the method presented here leads to a control which can be easily implemented. See [30] for an example.

Chapter 5

Power series expansion

5.1 Description of the method

We again explain first the method on a control system of finite dimension,

ẋ = f(x, u), (5.1)

with x ∈ R^m and u ∈ R^m and f(0, 0) = 0. Let H := Span {A^iBu; u ∈ R^m, i ∈ {0, · · · , n − 1} with A = ∂f ∂x (0, 0), B = ∂f ∂x (0, 0).

If H = R^n, the linearized control system around (0, 0) is controllable and therefore the nonlinear control system is small time locally controllable (at 0). Let us look to the case where the dimension of H is n − 1. Let us make a power expansion of the control system (5.1). We write

x = y^1 + y^2 + · · · , u = v^1 + v^2 + · · · .

The order 1 is given by (y^1, v^1); the order 2 is given by (y^2, v^2) and so on. The dynamics of these different orders are given by

ẏ^1 = ∂f ∂x (0, 0)y^1 + ∂f ∂u (0, 0)v^1, (5.2)

ẏ^2 = ∂f ∂x (0, 0)y^2 + ∂f ∂u (0, 0)v^2 + 1 2 ∂^2f ∂x^2

(y^1, y^1) +

∂^2f ∂x∂u

(y^1, u^1) + 1 2 ∂^2f ∂u^2

(u^1, u^1) (5.3)

and so on. Let e_1 ∈ H^⊥. Let T > 0. Let us assume that there are controls v^1_± and v^2_± both in L^∞(0, T )^m such that, if y^1_± and y^2_± are solutions of

ẏ^1_± = ∂f ∂x (0, 0)y^1_± + ∂f ∂u (0, 0)v^1_±,

y^1_±(0) = 0,

ẏ^2_± = ∂f ∂x (0, 0)y^2_± + ∂f ∂u (0, 0)v^2_± + 1 2 ∂^2f ∂x^2

(y^1_±, y^1_±) +

∂^2f ∂x∂u

(y^1_±, u^1_±) + 1 2 ∂^2f ∂u^2

(u^1_±, u^1_±),

y^2_± = 0,

then

y^1_±(T ) = 0, y^2_±(T ) = ±e_1.

Let (e_i)_{i∈{2,···n}} be a basis of H. By the definition of H and classical result about the controllable part of a linear system (see e.g. [100, Section 3.3]), there are (u_i)_{i=2,··· ,n} all in L^∞(0, T )^m such that, if (x_i)_{i=2,··· ,n} are the solutions of

ẋ_i = ∂f ∂x (0, 0)x_i + ∂f ∂x (0, 0)u_i, x_i(0) = 0, then, for every i ∈ {2, · · · , n}, x_i(0) = e_i.

Let now b = n∑ i=1 b_ie_i

be a point in R^n. Let

• if b_1 ≥ 0, v^1 := v^1_+ and v^2 := v^2_+, • if b_1 < 0, v^1 := v^1_− and v^2 := v^2_−.

Then, let u : (0, T ) → R^m be defined by

u(t) := |b_1|^{1/2}v^1(t) + |b_1|v^2(t) + n∑ i=2 b_iu_i(t).

Let x : [0, T ] → R^n be the solution of ẋ = f(x, u(t)), x(0) = 0.

Then one has, as b → 0, x(T ) = b + o(b).

Hence using the Brouwer fixed point theorem (and standard estimates on ordinary differential equations) one gets the the local controllability of ẋ = f(x, u) (around 0) in time T . This method is classical to study the local controllability of control system in finite dimension. In fact more subtle tools have been introduced: for example different scalings on the components of the control and of the state as well as scaling on time, and the case where the codimension of H is strictly larger than 1 has been considered. See e.g. [3, 8, 9, 10, 57, 59, 66, 106, 107, 111] and the references therein. In the next section we apply this method to a partial differential equation, namely the Korteweg-de Vries equation. In fact, for that equation, an expansion to the order 2 is not sufficient: we obtain the local controllability by means of an expansion to the order 3.

5.2 Application to the Korteweg-de Vries equation

Let us consider the following Korteweg-de Vries control system

(KdV) { y_t + y_x + y_{xxx} + yy_x = 0, y(t, 0) = y(t, L) = 0.

For this control system, L > 0 is given, the state is y(.) : [0, L] −→ R, and for the control one can take, for example, u(.) = y_x(., L) ∈ R. We are interested in the local controllability of (KdV) around 0. Rosier has proved in [90] that the control system (KdV) is locally controllable around 0 provided that the length of the spatial domain is not critical.

Theorem 65 ([90].) Let T > 0, and let us assume that

L /∈ N := { 2π √ j^2 + l^2 + jl 3 ; j, l ∈ N^∗ } . (5.4)

Then there exists r_0 > 0 such that for any y_0, y_1 ∈ L^2(0, L), with ‖y_0‖_L2_{(0,L)} < r_0 and ‖y_1‖_L2_{(0,L)} < r_0, there exists y ∈ C([0, T ], L^2(0, L)) ∩ L^2(0, T, H^1(0, L)) satisfying (KdV) such that y(0, .) = y_0 and y(T, .) = y_1.

The aim of this section is to study the local exact controllability around 0 of the nonlinear KdV equation when L = 2kπ in N (take j = l = k in (5.4)). The main theorem is the following one.

Theorem 66 ([27].) Let k be a a positive integer and let T > 0. There exist r_1 > 0 such that for any y_0, y_1 ∈ L^2(0, 2kπ), with ‖y_0‖_L2_{(0,2kπ)} < r_1 and ‖y_1‖_L2_{(0,2kπ)} < r_1, there exist y ∈ C([0, T ], L^2(0, 2kπ)) ∩ L^2(0, T, H^1(0, 2kπ)) satisfying (KdV) with L = 2kπ such that y(0, .) = y_0 and y(T, .) = y_1.

When L = 2kπ the linearized control system of (KdV) around 0 is

(KdVL) { y_t + y_x + y_{xxx} = 0, y(t, 0) = y(t, 2kπ) = 0.

It has been shown by Rosier in [90] that this linear control system is not controllable. To prove that the nonlinear term yy_x gives the local controllability, a first idea could be to use the exact controllability of the nonlinear equation around nontrivial stationary solutions proved in [32] and to apply the method introduced we have used to get the local controllability of the 1-D tank (that is, use the return method together with quasi-static deformations; see section 3.4). However, with this method, we can only obtain the local exact controllability for large time. For proving Theorem 66 we use a different strategy that we have briefly described in the above section.

We first point out that, in this theorem, we may assume that y_0 = 0 : this follows easily from the invariance of the control system (KdV) by the change of variables τ = T − t, ξ = 2kπ − x. Then we use the following result for the linear control system.

Theorem 67 ([90].) Let T > 0, H = { y ∈ L^2(0, 2kπ),

∫_{2kπ} 0 y(1 − cos(x))dx = 0 } . For every (y_0, y_1) ∈ H × H, there exists y ∈ C([0, T ], L^2(0, 2kπ)) ∩ L^2(0, T, H^1(0, 2kπ)) satisfying (KdV L) such that y(0, .) = y_0 and y(T, .) = y_1.

Next, as we are going to see, the nonlinear term yy_x allows us to “move” in the two directions ±(1 − cos(x)) which are missed by the linearized control system (KdV L). Finally in we briefly sketch how to derive Theorem 66 from these motions by means of a fixed point theorem.

Remark 68 For the other critical lengths, we believe that the same result holds. But the situation is more complicate in these other cases : there are now four noncontrollable directions of the linearized control system around 0 (instead of two, namely 1 − cos(x) and cos(x) − 1).

Let us now explain how the nonlinear term yy_x allows us to “move” in the two directions ±(1 − cos(x)). Let L > 0. We first recall some properties proved by Rosier in [90] about the following linear KdV Cauchy problem

y_t + y_x + y_{xxx} = f, (5.5) y(t, 0) = y(t, L) = 0, (5.6) y_x(t, L) = h(t), (5.7) y(T_0, x) = y_0(x). (5.8)

We adopt notations of [90]. Let A denote the operator Aw = −w^{′′′} − w^′ defined on D(A) := {w ∈ H^3(0, L); w(0) = w(L) = w_x(L) = 0} and let (S(t)_{t≥0}) denote the semi-group of contractions associated with A (see [90, Proposition 3.1]). For T_0 < T_1, let

B_{T0,T1} := C([T_0, T_1], L^2(0, L)) ⋂ L^2(T_0, T_1, H^1(0, L))

endowed with the norm

‖y‖_{BT0,T1} = Max { ‖y(t, .)‖_L2_{(0,L)}; t ∈ [T_0, T_1] } + (∫_{T1}

T_0

‖y(t, .)‖^2_H1_{(0,L)}dt

)^1_2 . Rosier has proved the following proposition.

Proposition 69 ([90, (Proofs of) Propositions 3.2 and 3.7].) Let T_0 < T_1. There exist unique linear maps Ψ_{T0,T1} and δ_{T0,T1}

Ψ_{T0,T1} : L^2(0, L) × L^2(T_0, T_1) × L^1(T_0, T_1, L^2(0, L)) −→ B_{T0,T1} (y_0, h, f) −→ Ψ_{T0,T1} (y_0, h, f)

δ_{T0,T1} : L^2(0, L) × L^2(T_0, T_1) × L^1(T_0, T_1, L^2(0, L)) −→ L^2(T_0, T_1) (y_0, h, f) −→ δ_{T0,T1} (y_0, h, f)

such that, for y_0 ∈ D(A), h ∈ C^2([T_0, T_1]) with h(T_0) = 0 and f ∈ C^1([T_0, T_1], L^2(0, L)),

Ψ_{T0,T1} (y_0, h, f) is the unique classical solution of (5.5)-(5.6)-(5.8), δ_{T0,T1} (y_0, h, f)(t) = (Ψ_{T0,T1} (y_0, h, f))_x(t, 0).

The function Ψ_{T0,T1} (y_0, h, f) is called the mild solution of (5.5) to (5.8). For simplicity, we write B for B_{T0,T1} and Ψ for Ψ_{T0,T1} . Note that the existence of the continuous linear map δ_{T0,T1} shows that, with y = Ψ_{T0,T1} (y_0, h, f), “y_x(t, 0)” makes sense in L^2(T_0, T_1). For simplicity we shall write y_x(t, 0) instead of δ_{T0,T1} (y_0, h, f)(t). Let f ∈ L^2(T_0, T_1, L^2(0, L)). We say that y : [T_0, T_1] × [0, L] → R is a mild solution of

y_t + y_x + y_{xxx} = f, y(t, 0) = y(t, L) = 0,

if there exists h ∈ L^2(T_0, T_1) such that y is the mild solution of (5.5) to (5.8) with y_0(x) := y(T_0, x). Note that it follows from the proof of Theorem 67 given in [90] that this theorem holds for mild solutions of (KdVL).

In [27] we prove the following proposition.

Proposition 70 Let T > 0 and let L = 2kπ with k ∈ N \ {0}. Then there exists (u_±, v_±, w_±) in L^2(0, T )^3 such that, if α_±, β_±, γ_± are the mild solutions of α_{±t} + α_{±x} + α_{±xxx} = 0, (5.9) α_±(t, 0) = α_±(t, L) = 0, (5.10) α_{±x}(t, L) = u_±(t), (5.11) α_±(0, x) = 0, (5.12) (5.13) of β_{±t} + β_{±x} + β_{±xxx} = −α_±α_{±x}, (5.14) β_±(t, 0) = β_±(t, L) = 0, (5.15) β_{±x}(t, L) = v_±(t), (5.16) β_±(0, x) = 0, (5.17) and of γ_{±t} + γ_{±x} + γ_{±xxx} = −(α_±β_±)_x, (5.18) γ_±(t, 0) = γ_±(t, L) = 0, (5.19) γ_{±x}(t, L) = w_±(t), (5.20) γ_±(0, x) = 0, (5.21) then α_±(T, x) = 0, β_±(T, x) = 0 and γ_±(T, x) = ±(1 − cos(x)). (5.22) Remark 71 It would have been quite natural to look for the existence (u_±, v_±) in L^2(0, T )^2 such that, if α_±, β_± are the mild solutions of α_{±t} + α_{±x} + α_{±xxx} = 0, α_±(t, 0) = α_±(t, L) = 0,

α_{±x}(t, L) = u_±(t),

α_±(0, x) = 0,

and of β_{±t} + β_{±x} + β_{±xxx} = −α_±α_{±x},

β_±(t, 0) = β_±(t, L) = 0,

β_{±x}(t, L) = v_±(t),

β_±(0, x) = 0, then α_±(T, x) = 0 and β_±(T, x) = ±(1 − cos(x)).

The existence of such (u_±, v_±) would have also implied Theorem 66. Unfortunately, as it is proved in [27], such (u_±, v_±) do not exist. Roughly speaking, an expansion to the order 2 is not sufficient. This is the the expansion to the order 3 which gives the local controllability.

Let us now explain how to deduce Theorem 66 from Proposition 70. As pointed out above, the invariance of the control system (KdV) by the change of variables τ = T − t, ξ = L − x allows us to prove only that, for every T > 0, there exists r^′_1 > 0 such that, for every y_1 ∈ L^2(0, L) with ‖y_1‖_L2_{(0,L)} ≤ r^′_1, there exists u ∈ L^2(0, T ) such that the mild solution y of

y_t + y_x + y_{xxx} + yy_x = 0, (5.23) y(t, 0) = y(t, L) = 0, (5.24) y_x(t, L) = u(t), (5.25) y(0, x) = 0, (5.26)

satisfies y(T, .) = y_1. Of course, by “y is a mild solution of of (5.23) to (5.26)”, we mean that y is in B and is the mild solution of

y_t + y_x + y_{xxx} = f, y(t, 0) = y(t, L) = 0,

y_x(t, L) = u(t),

y(0, x) = 0,

with f := −yy_x (note that, if y is in B, then yy_x ∈ L^1(0, T, L^2(0, L)). It is proved in [27] that, for given u ∈ L^2(0, T ), there exists at most one mild solution of (5.23) to (5.26) and that such a solution exists if ‖u‖_L2_{(0,T )} is small enough (the smallness depending on T and k).

By (the proof of) Theorem 67 (see [90, Remark 3.10]), there exists a continuous linear map Γ

Γ : h ∈ H ⊂ L^2(0, L) −→ Γ(h) ∈ L^2(0, T ) (5.27)

such that the mild solution of the linear system

y_t + y_x + y_{xxx} = 0, y(t, 0) = y(t, L) = 0, y_x(t, L) = Γ(h)(t),

y(0, x) = 0,

satisfies y(T, x) = h(x). (One can take for Γ the control obtained by means of HUM; see [90, Remark 3.10]).

Let y_1 ∈ L^2(0, L) be such that ‖y_1‖_L2_{(0,L)} ≤ r, r > 0 small enough so that the maps defined below are well defined in a neighborhood of 0. Let T_{y1} denote the map,

T_{y1} : L^2(0, L) −→ L^2(0, L) z −→ z + y_1 − F (G(z)),

with F : L^2(0, T ) −→ L^2(0, L)

u −→ y(T, .),

where y is the mild solution of (5.23) to (5.26) and G : L^2(0, L) −→ L^2(0, T ) is defined as follows. We write z = P_H (z) + ρ(z)(1 − cos(x)) with

∫_L 0 P_H (z)(1 − cos(x))dx = 0. Then

1. If ρ(z) ≥ 0, G(z) := Γ(P_H (z)) + ρ^{1/3}(z)u_+ + ρ^{2/3}(z)v_+ + ρ(z)w_+,

2. If ρ(z) ≤ 0, G(z) := Γ(P_H (z)) + |ρ(z)|^{1/3}u_− + |ρ(z)|^{2/3}v_− + |ρ(z)|w_−.

(The functions u_±, v_± and w_± have already been defined in Proposition 70.)

Clearly, each fixed point z^∗ of T_{y1} satisfies F (G(z^∗)) = y_1, and the control u = G(z^∗) is a solution to our problem. In order to prove the existence of a fixed point to T_{y1} , at least if ‖y_1‖_L2_{(0,T )} is small enough, one first proves the following estimate (see [27] for the proof): There exist K > 0 and R > 0 such that

‖T_0z‖_L2_{(0,L)} ≤ K‖z‖^{4/3}_{L2(0,L)} for every z ∈ L^2(0, L) with ‖z‖_L2_{(0,L)} ≤ R.

Then, using the continuity of T_{y1} (z) with respect to y_1 and z, we could conclude the existence of a fixed point to T_{y1} at least if ‖y_1‖_L2_{(0,T )} is small enough and if we were in finite dimension or have, at least, a suitable compactness property. Unfortunately, we do not have this compactness property. So we proceed in a different manner. We use the Banach fixed point theorem for the part in H and the intermediate value theorem in H^⊥. (If H^⊥ would have dimension in N \ {0, 1}, we would have used the Brouwer fixed point theorem instead of the intermediate value theorem: in dimension 1 the Brouwer fixed point theorem reduces to the intermediate value theorem.) See [27] for the detailed proofs.

64 CHAPTER 5. POWER SERIES EXPANSION

Bibliography

[1] 0.M. Aamo and M. Krstić, Flow control by feedback, Stabilization and mixing, Springer-Verlag, London Berlin Heidelberg, 2003.

[2] R.A. Adams: Sobolev spaces, Academic Press, San Diego, London, 1978.

[3] A. Agrachev, Newton diagrams and tangent cones to attainable sets, in: Analysis of Controlled Dynamical Systems (Lyon 1990) (B. Bonnard et al., eds.), Progr. Systems Control Theory 8, Birkhäuser, Boston, 1991, pp. 1-12.

[4] F. Ancona and A. Marson, On the attainable set for scalar nonlinear conservation laws with boundary control, SIAM J. Control Optim. 36 (1997) pp. 290-312.

[5] A. Bacciotti and L. Rosier, Liapunov functions and stability in control theory, Lecture notes in control and information sciences 267, Springer-Verlag, London, 2001.

[6] C. Bardos, F. Golse, and D. Levermore, Fluid dynamic limits of kinetic equations I: formal derivations, J. Statistical Physics, 63 (1991) pp. 323-344.

[7] J. Bebernes and D. Eberly, Mathematical problems from combustion theory, Applied Math.

Sciences, 83, Springer-Verlag, New York, 1989.

[8] R.M. Bianchini and G. Stefani, Sufficient conditions for local controllability, in: Proc. 25th IEEE Conf. Decision and Control (Athens 1986), IEEE, New York, pp. 967-970.

[9] R.M. Bianchini and G. Stefani, Controllability along a trajectory: a variational approach, SIAM J. Control Optim. 31 (1993) pp. 900-927.

[10] R.M. Bianchini, High Order Necessary Optimality Conditions, Rendiconti del Seminario Matematico di Torino, 56 (1998) pp.41-51.

[11] B. Bonnard, Contrôle de l’attitude d’un satellite rigide, R.A.I.R.O. Automatique/ Systems Analysis and Control, 16 (1982) pp. 85-93.

[12] R.W. Brockett, Asymptotic stability and feedback stabilization, in: Differential Geometric Control Theory (R.W. Brockett, R.S. Millman and H.J. Sussmann, eds.), Progr. Math. 27, Birkhäuser, Basel-Boston, 1983, 181-191.

[13] T. Cazenave and A. Haraux, Introduction aux problèmes d’évolution semi-linéaires, Math. & Appl., 1, Ellipses, 1990.

[14] W.L. Chow, Uber systeme von linearen partiellen differentialgleichung ester ordnung, Math.

Ann., 117 (1940-41) pp. 227-232.

[15] F. H. Clarke, Yu. S. Ledyaev, E. D. Sontag, and A. I. Subbotin, Asymptotic controllability implies feedback stabilization, IEEE Transactions on Automatic Control, 42 (1997) pp. 1394- 1407.

[16] F. Coron, Derivation of slip boundary conditions for the Navier-Stokes system from the Boltzmann equation, J. Statistical Physics, 54 (1989) pp. 829-857.

[17] J.-M. Coron, Global asymptotic stabilization for controllable systems without drift, Math.

Control Signals Systems, 5 (1992) pp. 295-312.

[18] J.-M. Coron, Contrôlabilité exacte frontière de l’équation d’Euler des fluides parfaits incompressibles bidimensionnels, C.R. Acad. Sci. Paris, 317 (1993) pp. 271-276.

[19] J.-M. Coron, Linearized controlled systems and applications to smooth stabilization, SIAM J. Control Optim., 32 (1994) pp. 358-386.

[20] J.-M. Coron, Stabilization in finite time of locally controllable systems by means of continuous time-varying feedback laws, SIAM J. Control Optim., 33 (1995) pp. 804-833.

[21] J.-M. Coron, On the stabilization of controllable and observable systems by an output feedback law, Math. Control Signals Systems, 7 (1994) pp. 187-216.

[22] J.-M. Coron, On the controllability of 2-D incompressible perfect fluids, J. Math. Pures & Appliquées, 75 (1996) pp. 155-188.

[23] J.-M. Coron, On the controllability of the 2-D incompressible Navier-Stokes equations with the Navier slip boundary conditions, ESAIM: COCV, 1 (1996) pp. 35-75.

[24] J.-M. Coron, On the null asymptotic stabilization of the 2-D incompressible Euler equations in a simply connected domain, SIAM J. Control Optim., 37 (1999) pp. 1874-1896.

[25] J.-M. Coron, Sur la stabilisation des fluides parfaits incompressibles bidimensionnels, Séminaire Équations aux Dérivées Partielles, 1998-1999, École polytechnique, Centre de Mathématiques, exposé 7.

[26] J.-M. Coron, Local controllability of a 1-D tank containing a fluid modeled by the shallow water equations, ESAIM: COCV , 8, 2002, p. 513-554.

[27] J.-M. Coron and E. Crépeau, Exact boundary controllability of the nonlinear KdV equation for critical lengths, preprint, 2003, Université de Paris-Sud, 91405, Orsay.

[28] J.-M. Coron and A. Fursikov, Global exact controllability of the 2D Navier-Stokes equations on a manifold without boundary, Russian Journal of Mathematical Physics, 4 (1996) pp. 429- 448.

[29] J.-M. Coron and L. Rosier, A relation between continuous time-varying and discontinuous feedback stabilization, J. Math. Systems, Estimations, and Control 4 (1994) pp. 67-84.

[30] J.-M. Coron and E. Trélat, Global steady-state controllability of 1-D semilinear heat equations, preprint, 2003, Université de Paris-Sud, 91405, Orsay.

[31] R. Courant and D. Hilbert, Methods of mathematical physics, II, Interscience publishers, John Wiley & Sons, New York London Sydney, 1962.

[32] E. Crépeau, Exact controllability of the Korteweg-de Vries equation around a non trivial stationnary solution, Int. J. Control, 74 (2001) pp.1096-1106.

[33] P.E. Crouch, Spacecraft attitude control and stabilization : applications of geometric control theory to rigid body models, IEEE Transactions on Automatic Control, 29 (1984) pp. 321-331.

[34] L. Debnath, Nonlinear water waves, Academic Press, San Diego, 1994.

[35] J.I. Diaz, Sobre la controlabilidad approximada de problemas no lineales disipativos, in Proceedings of Jornadas Hispano-Francesas sobre Control de Sistemas Distribuidos, A. Valle ed., (1991) pp. 41-48.

[36] J. I. Diaz, Obstruction and some approximate controllability results for the Burgers equation and related problems, Control of partial differential equations and applications, Lecture Notes in Pure and Appl. Math., 174, Dekker, New York, 1996, pp. 63–76.

[37] F. Dubois, N. Petit and P. Rouchon, Motion planning and nonlinear simulations for a tank containing a fluid, ECC 99.

[38] C. Fabre, Uniqueness results for Stokes equations and their consequences in linear and nonlinear control problems, ESAIM: COCV, 1 (1996) pp. 267-302.

[39] C. Fabre, J.-P. Puel and E. Zuazua, Approximate controllability for semilinear heat equation, Proc. Royal Soc. Edinbourgh, 125A (1995) pp. 31-61.

[40] E. Fernandez-Cara, Null controllability of the semilinear heat equation, ESAIM: COCV, 2 (1997) pp. 87–103.

[41] E. Fernandez-Cara and E. Zuazua, Null and approximate controllability for weakly blowing up semilinear heat equations, Ann. Inst. H. Poincaré Anal. Non Linéaire, 17 (2000) pp. 583– 616.

[42] M. Fliess, J. Lévine, P. Martin and P. Rouchon, Flatness and defect of nonlinear systems:

introductory theory and examples, Internat. J. Control, 61 (1995) pp. 1327-1361.

[43] A. Fursikov, Exact boundary zero controllability of three-dimensional Navier-Stokes equations, J. Dynamical Control and Systems, 1 (1995) pp. 325–350.

[44] A. Fursikov and O. Yu. Imanuvilov, On controllability of certain systems simulating a fluid flow, in: Flow Control, IMA vol. in Math. and its Appl., (M.D. Gunzburger ed.), Springer Verlag, New York, 68 (1994) pp. 149-184.

[45] A. Fursikov and O. Yu. Imanuvilov, Local exact controllability of the Navier-Stokes equations, C. R. Acad. Sci. Paris, 323 (1996) pp. 275-280.

[46] A. Fursikov and O. Yu. Imanuvilov, On exact boundary zero controllability of the twodimensional Navier-Stokes equations Acta Appl. Math. 36 (1994) pp. 1-10.

[47] A. Fursikov and O. Yu. Imanuvilov, Local exact controllability for 2 − D Navier-Stokes equations, Sbornik Math., 187 (1996) pp. 1355-1390 (in Russian).

[48] A. V. Fursikov and O. Yu. Imanuvilov, Exact controllability of the Navier-Stokes and Boussinesq equations, Russian math. surveys, 54 (1999) pp. 565-618.

[49] G. Geymonat and E. Sanchez-Palencia, On the vanishing viscosity limit for acoustic phenomena in a bounded region, Arch. Rat. Mechanics and Analysis, 75 (1981) pp. 257-268.

[50] O. Glass, Contrôlabilité exacte frontière de l’équation d’Euler des fluides parfaits incompressibles en dimension 3, C.R. Acad. Sci. Paris, t. 325, Série I, (1997) pp. 987-992.

[51] O. Glass, Exact boundary controllability of 3-D Euler equation, ESAIM: COCV, 5 (2000) pp. 1-44.

[52] O. Glass, An addendum to a J.-M. Coron theorem concerning the controllability of the Euler system for 2D incompressible inviscid fluids, J. Math. Pures & Appliquées 80 (2001) pp. 845-877.

[53] O. Glass, Existence of steady states for the two-dimensional Euler system for ideal fluids with arbitrary force, preprint, 2000, Université Pierre et Marie Curie.

[54] O. Glass, On the controllability of the Vlasov-Poisson system, preprint, 2002, Université Pierre et Marie Curie.

[55] R. Hermann, On the accessibility problem in control theory, in International Symposium on Nonlinear Differential Equations and Nonlinear Mechanics (J.P. LaSalle and S. Lefschetz eds.), Academic Press, New York (1963) pp. 325-332.

[56] H. Hermes, Discontinuous vector fields and feedback control, in: Differential Equations and Dynamic Systems, eds.:J.K. Hale and J.P. La Salle, Academic Press, New-York and London, (1967) pp. 155-165.

[57] H. Hermes, Controlled stability, Anali di Matematica pura ed aplicata, 54 (1977) pp. 103-119.

[58] H. Hermes and M. Kawski, Local controllability of a single input affine system, Proc. 7th Int.

Conf. Nonlinear Analysis, Dallas (1986).

[59] H. Hermes, Control systems which generate decomposable Lie algebras, J. Differential Equations, 44 (1982) pp. 166-187.

[60] J. Henry, Etude de la contrôlabilité de certaines équations paraboliques non linéaires, Thèse, Paris, 1977.

[61] L. Hörmander, Lectures on nonlinear hyperbolic differential equations, Mathématiques & Applications, 26, Springer-Verlag, Berlin Heidelberg, 1997.

[62] Th. Horsin, On the controllability of the Burgers equation, ESAIM: COCV, 3 (1998) pp. 83- 95. [63] O. Yu. Imanuvilov, Controllability of parabolic equations, Sb. Math., 186 (1995), pp. 879–900.

[64] O. Yu. Imanuvilov, On exact controllability for Navier Stokes equations, ESAIM: COCV, 3 (1998), pp. 97-131.

[65] O. Yu. Imanuvilov, Remarks on exact controllability for the Navier-Stokes equations, ESAIM:

COCV, 6 (2001), pp. 39-72.

[66] M. Kawski, High-order small time local controllability, in: Nonlinear Controllability and Optimal Control (H.J. Sussmann, ed.), Monogr. Textbooks Pure Appl. Math. 113, Dekker, New York, 1990, pp. 431-467.

[67] A.V. Kazhikov, Note on the formulation of the problem of flow through a bounded region using equations of perfect fluid, PMM USSR, 44 (1981) pp. 672-674.

[68] E.-Y. Keraï, Analysis of small-time local controllability of the rigid body model, Proc. IFAC, System Structure and Control, Nantes, July 5-7, 1995.

[69] H. K. Khalil, Nonlinear Systems, Macmillan Publishing Company, New York, 1992.

[70] M. Krstić, On global stabilization of Burgers’ equation, Systems and Control Letters 37 (1999) pp. 123-141.

[71] V. Komornik, Rapid boundary stabilization of linear distributed systems, SIAM J. Control Optim., 35 (1997) pp. 1591-1613.

[72] J. Kurzweil, On the inversion of Lyapunov’s second theorem on stability of motion, Ann.

Math. Soc. Trans. Ser.2, 24 (1956) pp. 19-77.

[73] I. Lasiecka and R. Triggiani, Differential and Algebraic Ricatti Equations with Applications to Boundary/Point Control Problems: Continuous and Approximation Theory, Lecture Notes in Control and Information Sciences, vol. 164, Springer-Verlag, Berlin, Heidelberg, New York, 1991.

[74] B.E. Launder and D.B. Spalding, Mathematical models of turbulence, Academic Press, 1972.

[75] Li Ta-tsien and Yu Wen-Ci, Boundary value problems for quasilinear hyperbolic systems, Mathematics series V, Duke university, Durham, 1985.

[76] J.-L. Lions, Contrôle optimal de systèmes gouvernés par des équations aux dérivées partielles, Gauthier-Villars, Paris, 1968.

[77] J.-L. Lions, Exact controllability, stabilization and perturbations for distributed systems, J.

von Neumann Lecture, Boston 1986, SIAM Review, 30 (1988) pp.1-68.

[78] J.-L. Lions, Are there connections between turbulence and controllability?, in: 9th INRIA International Conference, Antibes, June 12-15, 1990.

[79] J.-L. Lions, Exact controllability for distributed systems. Some trends and some problems, in:

Applied and Industrial Mathematics, R. Spigler ed., Kluwer Academic Publishers, Dodrecht, Boston, London, (1991) pp. 59-84.

[80] A. Majda, Compressible fluid flow and systems of conservation laws in several space variables, Applied Math. Sciences, vol. 53, Sringer-Verlag, New York Berlin Heidelberg Tokyo, 1984.

[81] A. Majda, Vorticity and the mathematical theory of incompressible fluid flow, Comm. Pure Appl. Math., 39, special issue (1986) pp. 187-220.

[82] F. Merle and H. Zaag, Stability of the blow-up profile for equations of the type u_t = Δu + |u|^{p−1}u, Duke Math. J., 86 (1997) pp. 143–195.

[83] T. Nagano, Linear differential systems with singularities and application to transitive Lie algebras J. Math. Soc. Japan, 18 (1966) pp. 398-404.

[84] C.L.M.H. Navier, Sur les lois du mouvement des fluides, Mem. Acad. R. Sci. Inst. France, 6 (1823) pp. 389-440.

[85] N. Petit and P. Rouchon, Dynamics and solutions to some control problems for water-tank systems, IEEE Transactions on Automatic Control 47, (2002) pp. 594-609.

[86] C. Prieur, Asymptotic controllability and robust asymptotic stabilizability, submitted for publication in SIAM J. Control Optim., preprint, Université de Paris-Sud, 2001.

[87] P.K. Rashevski, About connecting two points of complete nonholonomic space by admissible curve, Uch Zapiski ped. inst. Libknexta, 2 (1938) pp. 83-94.

[88] M. Reed and B. Simon, Methods of modern mathematical physics, Vol. 4, Analysis of operators, Academic Press, 1978.

[89] L. Rifford, Semiconcave Lyapunov function and stabilizing feedbacks, SIAM J. Control Optim., 41 (2002) pp. 659-681,

[90] Rosier, L., Exact boundary controllability for the Korteweg-de Vries equation on a bounded domain, ESAIM: COCV, 2 (1997) pp. 33-55.

[91] E. P. Ryan, On Brockett’s condition for smooth stabilizability and its necessity in a context of nonsmooth feedback, SIAM J. Control and Optim., 32 (1994) pp. 1597-1604.

[92] D. L. Russell, Controllability and stabilizability theory for linear partial differential equations:

recent progress and open questions, SIAM Review., 20, 4 (1978), pp. 639–739.

[93] D.L. Russell, Exact boundary value controllability theorems for wave and heat processes in star-complemented regions, in Differential Games and Control Theory, (Roxin, Liu et Sternberg eds.), Marcel Dekker, New York, 1974, pp. 291-319.

[94] A.J.C.B. de Saint-Venant, Théorie du mouvement non permanent des eaux, avec applications aux crues des rivières et à l’introduction des marées dans leur lit, C.R. Acad. Sci. Paris, 53 (1871) pp. 147-154.

[95] C. Samson, Velocity and torque feedback control of a nonholonomic cart, in Advanced Robot Control, Proceedings of the International Workshop on Nonlinear and Adaptative Control: Issues in Robotics, Grenoble, France, November 21-23, 1990 ed.: C. Canudas de Wit, Lecture Notes in Control and Information Sciences, vol. 162, pp. 125-151, Spinger-Verlag, Berlin Heidelberg New York, 1991.

[96] D. Serre, Systèmes de lois de conservations, I et II, Diderot Editeur, Arts et Sciences, Paris New York Amsterdam, 1996.

[97] L.M. Silverman, H.E. Meadows, Controllability and observability in time variable linear systems, SIAM J. on Control and Optimization, 5 (1967) pp. 64-73.

[98] M. Slemrod, A note on complete controllability and stabilizability for linear control systems in Hilbert space, SIAM J. Control, 12 (1974) pp. 500-508.

[99] E.D. Sontag, Finite dimensional open-loop control generator for nonlinear systems, Int. J.

Control, 47 (1988) pp. 537-556.

[100] E.D. Sontag, Mathematical Control Theory - Deterministic Finite Dimensional Systems, 2nd ed., Texts Appl. Math. 6, Springer-Verlag, New York, 1998.

[101] E.D. Sontag, Control of systems without drift via generic loops, IEEE Transactions on Automatic Control, 40 (1995) pp. 1210-1219.

[102] E.D. Sontag, Universal nonsingular controls, Systems and Control Letters, 19 (1992) pp. 221- 224.

[103] E.D. Sontag and H.J. Sussmann, Remarks on continuous feedback, in: Proc. IEEE Conf.

Decision and Control, Albuquerque, (1980) pp. 916-921.

[104] H.J. Sussmann, Orbits of families of vector fields and integrability of distributions, Trans.

Amer. Math. Soc., 180 (1973) pp. 171-188

[105] H.J. Sussmann, Subanalytic sets and feedback control, J. Differential Equations, 31 (1979) pp. 31-52.

[106] H.J. Sussmann, Lie brackets and local controllability : a sufficient condition for scalar-input systems, SIAM J. Control Optim., 21 (1983) pp. 686-713.

[107] H.J. Sussmann, A general theorem on local controllability, SIAM J. Control Optim., 25 (1987) pp. 158-194.

[108] H. Sussmann and W.S. Liu, Motion planning and approximate tracking for controllable systems without drift, in: Proceedings of the 25th Annual Conference on Information Sciences and Systems, Johns Hopkins University, (1991) pp. 547-551.

[109] H.J. Sussmann, High-order open mapping theorems, preprint, Rutgers university, 2002.

[110] H.J. Sussmann and V. Jurdjevic, Controllability of nonlinear systems, J. Differential Equations, 12 (1972) pp. 95-116.

[111] A.I. Tret’yak, On odd-order necessary conditions for optimality in a time-optimal control problem for systems linear in the control, Math. USSR Sbornik, 79 (1991) pp. 47-63.

[112] H. Zaag, A remark on the energy blow-up behavior for nonlinear heat equations, Duke Math.

J., 103 (2000) pp. 545–555.

[113] E. Zuazua, Exact controllability for semilinear wave equatios in one space dimension, Ann.

Inst. Henri Poincaré, Nonlinear Analysis, 10 (1993) pp. 109-129.