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Abstract

We use simple sub-Riemannian techniques to prove that an arbitrary geometric p-
rough path in the sense of [15] is the limit in sup-norm of a sequence of canonically
lifted smooth paths, which are uniformly bounded in p-variation, clarifying the two
different defintions of a geometric p-rough [15,16]. Our proofs are based on fine
estimates in terms of control functions and are sufficiently general to include the
case of Holder- and modulus-type regularity [6,7]. This allows us to extend a few
classical results on Holder-spaces [3,19] and p-variation spaces [4,22] to the non-
commutative setting necessary for the theory of rough paths.
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Introduction

Over the last years T. Lyons developed a general theory of integration and
differential equations of the form

dye = f(ye)dzy (1)

where the driving signal z; € V, t € [0, 1], is a Banach space valued path of
finite p-variation. For p < 2 this leads to a (pathwise) differential equation
theory based on Young integrals, but it was not observed before [14] that
x_ — y. is actually continuous in p-variation topology (and also in some more
refined topologies). Most recently [12], Fréchet smoothness was established
under natural conditions on f. The situation is much more complicated for
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p > 2 and was successfully worked out in [15]. Clearly, this case is the one
needed for applications to stochastic differential equations. The path x driving
the differential equation (1) needs to be lifted to a path X of finite p-variation
with values in GIPI(V/), the free nilpotent group of step [p] over V. The theory
of rough paths then gives a solution y to the differential equation, and actually
also automatically lifts y to a path Y of finite p-variation with values in a free
nilpotent group of step [p]. Moreover, the map X — Y is continuous using an
appropriate pvariation distance (and actually also in more refined topologies).

A smooth V-valued path = can be canonically lifted to a G!(V)-valued path
X. The solution of equation (1) driven by such a canonical X is simply the
canonical lift of the classical solution y of the corresponding ODE. If z is a
Brownian motion and X its Stratonovich lift to a geometric p-rough path,
then y is the solution of the corresponding Stratonovich SDE.

The theory of rough paths tells us that the signal in control differential equa-
tions of type (1) are paths with values in a free nilpotent group, satisfying some
p-variation constraints. The set of such signals is called the set of geometric
p-rough paths.

There has been some confusions on the precise definition of a geometric p-
rough path: in [15], a geometric p-rough path is defined as the set of paths
with values in GP/(V) which has finite p-variation, computed with a natural
metric associated to the group. It is then falsely claimed that an equivalent
definition is the p-variation closure of the canonical lift of smooth paths to
paths with values in the group. The latter definition was the one chosen in
the more recent monograph of Lyons and Qian [16] and we shall follow its
notation.

This paper studies precisely the difference between these two definitions. In
the first section, we reintroduce the algebra and analysis needed to explain the
theory of rough paths: free nilpotent groups and their homogeneous norms.
The second section deals with some basic results on path space. There are
at least two possible notions of generalization of Holder distance between
two group valued paths. We show that these two notions lead to the same
topology. Then, we obtain some classical interpolation results. The third and
fourth section study precisely the set of paths with values in GP/(V) which have
finite p-variation, and the set of geometric p-rough paths. We will see that if Y
is a GIP/(V)-valued path with finite p-variation, it is the limit in sup-norm of a
sequence uniformly bounded in p-variation norm of signature of smooth paths.
These smooth paths are constructed using (almost) sub-riemannian geodesics
[18]. If Y is indeed a geometric p-rough path, this sequence is shown to converge
in p-variation distance. The same results holds replacing p-variation by 1/p-
Holder, or some more general modulus norms.



We also give a characterization of the set of geometric p-rough paths in the
spirit of the Wiener class [4,22]. When translated into 1/p-Hélder topology,
the Wiener class relates to a characterization due to Ciesielski in the vector
space case [3,19]. Finally, we precise which of the spaces under consideration
are Polish.

C' in this paper denotes a constant, which may vary from line to line.

1 Algebraic Preliminaries

We refer to [20] for more details on free nilpotent groups, and [5,18] on homo-
geneous norms and Carnot Caratheodory distance.

1.1 Free Nilpotent Groups

We fix a real Banach space (V,||.||), that we assume finite dimensional. Let
T(V) = P2, V® be the tensor algebra over V. T(V) equipped with stan-
dard addition +, tensor multiplication ® and scalar product is an associative
algebra. T (V), the quotient algebra of T(V) by the ideal @, ., V®", in-
herits this algebra structure. One can define on 7™ (V) a Lie bracket by the

formula

[, =a®b-b®a,
which makes 7™ (V) into a Lie algebra. Let G™(V') be the Lie subalgebra of
T (V) generated by elements in V. Note that

where

Vi=Vand Viys = [V.V]. (2)
G™(V) is the free nilpotent Lie algebra of step m [15,16,20]. The exponen-
tial, logarithm and inverse function are defined on 7™ (V') by mean of their
power series. We denote by G™ (V) = exp (G™(V)) . By the Baker-Campbell-
Hausdorff formula, (G™(V),®) is a connected nilpotent Lie group, called
the free nilpotent Lie group of step m over V, with Lie algebra G™(V).
We also define T")(V) to be the set of elements in TC™ such that the
term in V® = R is equal to 1. T (V) with the product @ of T (V)
is a Lie group. Note that G™(V) is a subgroup of T (V). For an element
g=1l+uvi+...4+0v,€ T(m)(V) , with v; € V® we define, for t € R,

0ig=14+1tvy + ... +t"v,,.



0 is called the dilation operator.
1.2 Homogeneous Norms

We are now going to equip G™ (V') with a (symmetric sub-additive) homoge-
neous norm [5], i.e. a function |[|.||gm ) : G™(V) — RT such that

i) [lllgmv) if and only if g = 1,

i) [10egllgmey = 1t 19llgmevy

(
(
(iif) - for all g,k €ame), llg @ Pllgmy < N9llgmy + Nallgmvy
(iv) for all g, |lgllgmu) = g™ Nam,) -

We define on the group the Carnot-Caratheodory homogeneous norm ||.||gm v
with the help of the formula

1
lgllgmy = inf ([ lgnldr).,

where the infimum is taken over all smooth paths y : [0, 1] — V such that

Sm(y)o,l =g (3)

Here S,, denotes the m-signature of y in G™ (V') between the time r and s,
that is

Sm(y>r,s = (173-/7“,5 = / dyua/ Yru & dyu7 7/ dyul ®..® dyum> .
r r r<u] < <um<s

The fact that there exists a smooth path y which satisfies (3) is precisely
Chow’s theorem [18]. Chen’s theorem [2] asserts that Sy, (y)o, @ Sm(y)rs =
Sm(y)os- Note that s — Sy, (v)o,s is equivalently defined as the solution of the
ordinary differential equation in 7™ (V)

dsm(y)o,s = Sm(y)[),s & dys

Proposition 1 Let z be a path [0,1] — V in W (i.e. with derivatives in
L'). Then

¢
1n(sillony < [ 121 dr
Proof. Obvious by the definition of the Carnot-Caratheodory norm. m

We now fix |.|; be some norms on V® such that for all (a',a’) € V&' x V&,
o' ® d/|,; < |a'|; 4 |a’|;. To simplify notations, we will write |.| for all these



norms. For z € T (V),

)1/1;

where z = 14+2'+...+2™, 2" € V& Thenz € T (V) — ||a:||7:<m)(v) defines

a subadditive homogeneous norm on 70 (V) '. When restricted to G™(V),
it is also symmetric [15]. For g = exp(f* + ... + (™), with {; € L;, we also
define

max (i!
=1 m

geeey

||$||:F(m)(v) —

1/i

él

lgllom vy =, max

[l zom vy is @ symmetric homogeneous norm which is equivalent, even when
V' is of infinite dimension, to the homogeneous norm ”'Hf(m)(\/) restricted to
the group G™(V) [17]. When V' is finite dimensional, as all homogeneous
norms are equivalent [8], ||.[|gm (), H'”:F(m)(\/) restricted to the group G™(V),
and |.[[ zom (1) are equivalent. Therefore, when no confusion arises, we will not
distinguish between these homogeneous norms and we will denote them ||.||, .

We define a left invariant distance: d,,(g,h) = |lg~' @ A, .

2 Group Valued Paths

By a G-valued path, where (G, ) is a Lie group, we will always mean a contin-
uous function from [0, 1] into G, starting at the neutral element of the group.
We denote this set by Cj ([0, 1], G). Moreover, if Y is such a path, we will use
the notation throughout the paper Y,; = Y, ' - ;.

! Note that g € f(m)(v) - ||9||%(m)(v) + Hglef(m)(V) defines a subadditive sym-
. ' Fom) (1 Indeed, if g € T (V),
g= gO —I—gl +...4+g™, ¢' € V¥ (with gO = 1), then, for k > 1

metric homogeneous norm, which is equivalent to ||. ||

k
(' =2 Y wmee, )

Jj=1 i1, i €{1, ,m}
i1+--~+ij=k

This easily implies that there exists a constant C,,which depends only on m, such
that

Hg_lufﬁ(m)(v) <Cn HgHﬁm)(V) .



2.1 Some Metrics giving the Same Topology

Lemma 2 Let g, h be two elements of T (V), with g = 1+ g' + ... + g™,
gt € VO we use similar notations for h. The following equation holds in
Ve E=1,...,m

(5 wh) = nF g+ kzl (o) @ —g) (5)

Proof. Set ¢° = h° = 1. By definition of the tensor product in Tm(V),
(g oh)* = 25, ()" ® hi.The result follows from subtracting to the
previous expression 0= (¢! ® ¢) =% () " ®g. m

Proposition 3 Let ¢ € (0,1). Given g € T (V) there exists a constant
C,, > 0 such that:
(i) If max;—1,_m|h" — ¢'| <1,

(9. h) < Crumax {1, ]lgl,,} ( mavx

i=1,....m

(ii)If llg~ @ hll,,, <1,

< Cmax {1, [|gll;n} dm(g, B)- (7)

Proof. From formula (5), one easily sees that

‘(g_l ® h)k‘ < m max {1, g_len} max

,,,,,

Hence,

1/k

1 k ) 1\ L/E
(g7 @n)'|" < Comax {1,lgl,} ( max [0 - o)

, 1\ L/m
< Cpmaxc (1. gl } ( e [~ o'

which gives inequality (6).
Reciprocally, assume that ||g7 ® h||,, < 1. We are going to show by induction
that there exists a constant C,, such that for all i € {1,--- ,m},

< Cy, max{l, Hngn} Hg_l ® hHm (8)

ht —g' = (' ®@h)" so the initial step is casy. Assume now that (8) is true
up to a fixed index i. Inequality (5) then gives



B g <ot @ hl O S gl — o
j=1

<o @ n],, + Cu X gl mace {1, gl } o @ 8],
j=1
<Cflg™ @], max {1 g1}

A straight-forward modification of the above proof yields the same result in
terms of the right invariant distance. m

We obtain the following:

Proposition 4 Define a right invariant distance d,,,(g,h) = |[g@h7Y,,
based on a homogeneous norm ||.|,,. If go, n € N, and g are elements in
T (V) then the following is equivalent

(1): limy, 0 dy 1 (G, g) = 0.

.....

(74): im0 dpm(gn, g) = 0.

Corollary 5 Let X,Y be G™(V)-valued paths with p-variation controlled by
w. Let d denote d,,, or d,,. There exists a constant ¢ = ¢ (||.X ||, m) such that
for e small enough, namely 0 < ¢ <1/ (w(0,1) V1), we have

max M <5:>d(X Y. )<C€1/mw1/p(s t)
k=1o-m w(s, t)kp = sity Ust) = )

X, Y. Up(s f) —> X - Y
< D )
d(Xoy, Ysp) < ew/P(s,1) = max s e =

Proof. Define using the dilation operator § on 7™,
X&t = 57(Xs,t) with Y= 1/W($,t>

As § commutes with ® (and ') so that

A (Ko Vo) = [0, (X2 @ Vi),
=7dm (Xst, Ysir)

This reduction allows us to consider without loss of generality w(s,t) = 1 and
the proposition follows from the results above. m



The last corollary implies that the topologies induced by the distances on
G™(V)-valued path space

k k

‘Xs,t_Ys,t

sup max ————
0<s<t<1 k=L-m w(s, t)k/P

and
sup dm (Xs,t7 Y:s,t)
o<s<t<1  w(s,t)1/P

are the same (here w(s,t) is a control? equal to 0 only on the diagonal). The
first distance is the one used by Lyons and Lyons/Qian for the continuity
results of integration and It6 map, the second one is the authors’ favorite one.
Any continuity result can therefore be stated in either distances.

2.2 p-Variation and Modulus Distances

A path z in a G™(V) is said to have finite p-variation if for all subdivision
D=0=ty< - <t,=1)of [0,1],

p
< Q.
m

n—1
Z thmtiﬂ
=0

It can easily be seen to be equivalent the existence of a control function w
such that for all s < ¢, [|zs|]", < w(s,t). We define the following metric on
the space of G™(V)-valued paths:

dm (Is ty ys t)
dyp(z,y) = sup ———
#(7Y) 0§s<1t)§1 w(s, )P

Note than when w(s,t) = t — s, d,, is just the 1/p-Holder distance. We
introduce a class of “nice” controls:

Condition 6 A control is said to satisfy the condition (H,) if it is not iden-
tical equal to 0 and if there exists C' such that for all T < s < t < w,

(‘f;(f;;)p < C’(‘:(_SSQ, Note that it implies in particular that (t — s)’ < Cw(s,t).

2 W is a control if

(i)  w:{(s1),0<s<t<1}— RT is continuous.

(ii) w is super-additive, i.e. V s <t < u, w(s,t) + w(t,u) < w(t, u). 9)
(i) w(t,t) =0 for all t € [0,1]



The control (s,t) — t — s, as well as the controls introduced in [7], satisfy
condition (H,).

We will also look at the p-variation distance:

n—1 1/p
dp*vm"<x7 y) = sup (Z dnm, (‘rtiyti+1 » Ytistiva )p> .

D=(0=to<--<tn=1) \ ;=0
We define [[z||,,,, = dop(z,0) and ||z[|,_,,, = dp—var(7,0).

Definition 7 We define the following path-spaces

crr(Gm(V)) = {x € Co([0, 1], G™(V) such that |zl], g,
Cor(Gm(V)) = {x € Co([0,1],G™(V)) such that |z|l,,, < oo} .

< oo},

COP=var(G™(V)) (resp. CO“P(G™(V))) is defined as the d,_ur-closure (Tesp.
dyp-closure) of the set {S,(x), x smooth V-valued path}.

COr=var(GIPL(V)) is precisely the set of geometric p-rough paths, according
to the definition of [16], while CP~v%" (GPI(V')) is the set of geometric p-rough
paths, according to [15]. There has indeed been some confusions in the seminal
paper [15] between the two sets COP~v"(GPI(V)) and CP~v"(GP(V)). Here,
we propose to study and characterize these sets precisely. Studying their subset
CO«P(G™(V)) and C¥P(G™(V)) is also of interest, as the continuity results
of the theory of rough paths can involve the distance d,, .

We will need some interpolation results.

2.3 Interpolations

Proposition 8 Let Y (n) be a sequence of equi-continuous G™(V')-valued paths
converging pointwise to a continuous path Y. Then 'Y (n) converges uniformly
on [0,1] to Y, i.e.
sup dp (Y (n):, Y) — 0.
t

Proof. Standard Arzela-Ascoli argument. m
Proposition 9 d..(Y(n),Y) = sup, d,(Yi(n),Y;) —n_oo 0 if and only if

doo(Y(n),Y) =supdn(Y(n)st, Ysr) — 0.
st

n—oo



Proof. Clearly, if doo (Y (n),Y) goes to 0 as n — oo, then so does do (Y (1), Y).
Reciprocally,

doo(Y(n)s,ta Y;,t) S sup dm(Y(n)s,tu Y(n)s_l ® }/t) + sSup dm(y<n)s_1 ® Yia Y:S,t)'
st s,t

But sup, , dy(¥ (7)o, ¥ (n); ' @ Yi) = supy d(Y (n)y, Y;) goes, by assumption,
to 0 when n — co. Moreover, by corollary 4,

lim supd,,(Y(n);' ® Y, Yas) =0

n—0oo ¢

if and only if
lim supd, (Y (n);' ® Y, Y,,;) = 0.

n—00 4

But the latter is true as

Remark 10 d., and d., are not equivalent distances, but induce the same
topology. The following inequalities are classical, at least for the Holder norms
[10,21] and p-variation norms [11].

Proposition 11 Let 1 < p < p' < co. Then for all G™(V)-valued paths Y, Z
oy (Y, Z) < doo (Y, Z) PP d, (Y, Z)7 . (10)

In particular, if Y (n) converges pointwise to'Y" and sup,, [[Y (n)|, , < oo then

dppy(Y(n),Y)— 0.
Proof. For all s < t,

dm Y; ;Zs p/ / _ dm Y; 7Zs P
( ! 7t) :dm(yjsta Zs t)p P ( ! ,t)
w(s,t) e w(s,t)

<doo(Y, Z)"'Pd, (Y, Z)P,

which gives inequality (10). sup, [[Y'(n)|,, < oo and the pointwise conver-
gence of Y(n) to Y implies that [|Y||, < oo. Then, by proposition 8, we
obtain that Y (n) converges uniformly to Y, and we obtain our result by ap-
plying inequality (10). m

A similar proof gives the following proposition:

10



Proposition 12 Let 1 < p < p' < oo. Then for all G™(V)-valued paths Y, Z,

P
7

Ay —var (Y, Z) < doo (Y, Z)1 PP Ay (Y, Z) 7. (11)

In particular, if Y(n) converges uniformly to Y and sup,, ||Y (n) < 00

then

||p—va7”

dp—var(Y(n),Y) — 0.

3 The Spaces CP " (G™(V)) and C*P(G™(V))

We are going to prove that elements in C?~""(G™(V')) and C“?(G™(V)) are
still limit in some sense of signature of smooth paths. We will use the following
proposition.

Proposition 13 For every g € G™(V), there exists a smooth path hy(.) =
y(.) of constant speed |y| such that Sy, (y)o1 = g and such that

191l < 2lgll,,, -

As a consequence,
1SmW)s.tlly < 219l (2= 5)-

Proof. Without lost of generalities, we can assume that ||g|| > 0. (Indeed, if
gl = 0, the path y : [0,1] — V, u — 0 will do.)

By definition of the Carnot-Caratheodory norm, for every € > 0, there exists a
smooth path y, which we may take of constant speed (by time reparametriza-
tion), such that S,,(y)o1 = ¢ and such that the sup norm of y is bounded by
gl + €. Taking € = ||g|| finishes the first part. The second part follows from
Proposition 1. m

We would have liked to define h, as a geodesic associated to g, e.g. the short-
est connection of the neutral element in G™(V') with g w.r.t. the Carnot-
Caratheodory distance dgm(vy. Unfortunately, smoothness of such geodesics is
still an open problem for m > 3 (personal communication, R.Montgomery).
An affirmative answer for the case m = 2 is found in [13].

Theorem 14 Let w be a control satisfying condition (H,). A path'Y belongs
to C¥P(G™(V)) if and only if there exists a sequence of smooth V -valued paths
y(n) such that

(i): sup, | Sy, < .

(i1): Sm(y(n)) converges pointwise to Y.

In particular, S, (y(n)) converges to'Y in the topology induced by d,, ,, when-
ever q > p.

11



Proof. The fact that the existence of a sequence of smooth paths y, satisfying
conditions (i) and (ii) implies that [[Y[|, , < oo is obvious. We prove the reverse
implication.

We let ¢ be a non-decreasing function in C'*°([0, 1], R) such that

VE>1,¢0%(0) = (1) = 0.

Fix a subdivision of [0,1],D = {0 =1ty <t} < ... <t, = 1}. ;From this sub-
division, we construct a smooth path y(D), one time-interval after the other:
first y(D)o = 0. Then, for ¢ € [t;—1,t;], we let y(D)y, e = hy, ..., (gzﬁ (t:it))
(hg has been defined in the previous proposition). Thanks to our choice of the
function ¢, y(D) is a smooth path.

Using Proposition 13, for t; ; < s <t <t,,

|Sm (D)), =

S%Z(hﬁh¢ﬂ4)¢( st ) ¢(tt7%')

tiy1—t; )’

t—t s— b
<2V, 4, o :
= H titiv1 (‘b <t¢+1—ti) (b(ti—&-l_ti))

— S
<2 \oo ml = Yot
1
<C s 1Yl [w(tis tiva)] &
z+1

<CYl,,w(s, t)L/p using condition (H).

Note that
Sm (Y(D)),, =Yy, foralli =0,...,n. (12)
Then for all ti1 <s<t < tj <t< tj+1,

p

15 (D)) l2, =[S (W(D)) s, © Vi, © S (y(D) |

<3 ([Sm@D)sa |l + || Yios, ||+ [ Sm@(D))s,
<O, Wis ti) +w(tit)) +w(ty, 1))
<CY|S,,w(st).

)

Moreover, for ¢ as above, from equality (12) and the left invariance of the
distance d, we get that if ¢; <t <t;.4,

12



A (S (Y(D))s, Yz) = dm(Sm(?J(D))tj,t; Y;tj,t)
<C HSm(?J(D))tj,t‘ . + HY}j,t

‘ m

S C <H}/tj’tj+1 m + HYtj’t ’m)

<C sup [V, (13)
s,t€[0,1]
[t—s|<||D]|

Y is continuous and defined on a compact ([0, 1]), hence by Heine-Cantor’s
theorem, it is uniformly continuous. Therefore, for all ¢ > 0, there exists n
such that |D| < n = d,,(Sm(y(D)),Y:) < €. We have just shown that if (D,,),,
is a family of subdivision of [0, 1], whose mesh’s size goes to 0 when n — oo,
then y(D,,) is a sequence of smooth path satisfying conditions (i) and (ii).
The last statement is just a corollary of inequality (10). m

Corollary 15 Let Y be a G™(V)-valued path. Then Y is 1/p-Hélder if and
only if there exists a sequence of infinitely differentiable V -valued paths y(n)
such that

(i): The 1/p-Hélder norm of Sy, (y(n)) is uniformly bounded.

(7): Sy (y(n)) converges pointwise to'Y.

In particular, given an o = 1/p Hélder reqular G™(V')-valued path Y there is
a sequence of signature of smooth paths that converge in o/ -Hélder topology to
Y, for any o/ < a.

Proof. Apply the previous theorem with the control (s,t) —t—s. ®

We now consider the p-variation distance. First, if Y are paths of finite p-
variation, we define

n—1
Kst) = sup > |V, (14)

D=(s<to<-<tn<t) j=0

P
In other words, ¢} is the smallest control of the p-variation of Y.

Theorem 16 Y belongs to CP~*"(G™(V)) if and only if there exists a se-
quence of infinitely differentiable V -valued paths y(n) such that

(3): 1S (y())l,_yay s uniformly bounded.

(7): Sy (y(n)) converges pointwise to'Y.

In particular, S,,(y(n)) converges in q-variation to 'Y, whenever q > p.

Proof. We construct y(D) from Y as in the proof of theorem 14 with the help
of a subdivision D = {0 =ty < t; < ... <t, = 1}. Define the control

P
) OV (tistipr) for t; < s <t <t;q, 0<i<n-—1;

13



andfor0§i<j§n—1,andti_1Ssgtigtjgtgtjﬂ,
wp(s,t) =wp(s,t;) + 0% (t;,t;) + wp(t;, t). (15)

It is easy to check that wp is a control (but does not necessarily satisfies
condition (H,)). Then, from the proof of theorem 14, we see that for ¢, < s <
U< tig,

Isutsual? < (2

liy1 — 1
<Cuwp(s,t).

p
) s
Then, if ti1<s<t < tj <t< tj+1,

15m (D)) sl < C (1Sm (D)2, + ||V, || + | S (WD) ¢
S C (WD(S, tl) -+ 6{1(&, tj) —+ u)D(tj, t))
=Cuwp(s,t).

)

Therefore,

S (@D, oy < Coop(0, )7 = CHO, 1) = C Y|y,
Hence, if (Dn = {0 <t <--- < t;;éDn})n is a sequence of subdivision of [0, 1]
whose mesh’s size tends to 0, we have just proved that (y(D,,)), satisfies con-
dition (i); condition (ii) is treated just like before, using inequality (13).

The last statement is a corollary of inequality 11, once we prove that S, (y(Dy,))
converges uniformly to Y. To do so, define hp,(5) = supy,_<swp,(s,t), and
hoo(0) = supy,_y<sw(s,t). By Heine-Cantor’s theorem, w is uniformly contin-
uous. As it is zero on the diagonal, we obtain that hp, (§) —s—0 0. If | D,| <6,
for all s < t such that [t —s| < 9, there exists 1 < i < #D,, — 2 such that
t; < s <t <t 9. Hence, by definition of

wp, (8,1) S W(t, 1 9) < hoo(2|Dn) < hoo(20).

Hence, given an € > 0, there exists dp > 0 such that § < dg = ho(20) < €. Let
N be such that sup,,~ 5 |Dy| < 0. Then, there exists 6; > 0 such that § < §; =
max,«y hp, () < e. In particular, § < min {d, 6;} = SUDenu{oc} M0, (0) < €,
i.e. SUP,enufoo} oD, goes to 0 at 0. We have therefore proved that S, (y(Dn))
is equicontinuous, which implies the wanted uniform convergence by lemma

8. m
Remark 17 We could have obtained the above theorem replacing smooth paths

by paths of bounded variation, by a simple change of time. Indeed, a path of
finite p-variation can be reparametrized into a 1/p-Hélder path.
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Remark 18 These convergences results, more precisely the (almost) geodesic
approximation versus piecewise linear, can be compared with probabilistic con-
structions in the context of Brownian rough paths ([16,6,7]). There it is essen-
tial to base approximations on nested (or dyadic) subdivisions of [0, 1] which
18 not required here.

4 The Spaces CoP~v(G™(V)) and C*“?(G™(V))

Recall the definitions of these space made earlier. We are first going to give
an equivalent definition of these sets. We will then prove that these spaces are
separable.

4.1 A Ciesielski/Museliak-Semadini Type Result

Ciesielski and Museliak-Semadini proved at similar times with different tech-
niques the following theorem, in the case of Holder real valued paths. Taking
w(s,t) =t —s,and m =1, V = R in the theorem below gives (some) of their
results. [3,19].

Theorem 19 Let Y be an element of C*P(G™(V)). We assume that w satis-
fies condition (H,) and that

t—s
i —_ = 16
51—r>% Ogssliltjﬁl w(s,t)l/r (16)

t—s>6

Then, Y belongs to C*P(G™(V)) if and only if

) [Yaull

im sup . = 0.

50 p<s<t<1 w(s, t)1/P
t—s<d

Note that the condition (16) implies that p > 1. Under condition (H,), we
have
lim su hms C < oo
5H00§s<1t)§1 w(s, t)t/r '
t—s>0

Then condition 16 simply reads C' = 0.

Proof. Assume that Y belongs to C%“?(G™(V)). Then, by definition, there
exists a sequence of signature of smooth paths (S,,(y,))n such that

L o p(Sp(yn), Y) = 0,

n—oo

15



For all s < t,

1Y ¢l [[Sm (Yn) s
<d,. (Y, S, —,
B A
hence for all n,
[V el [[Sm (Yn) st
lim sup —————— <d,.(Y,S,, 4+ lim sup ———5F—.
5—>00<s<It)<1 w(s, t)! /p= P ( (ym)) —>00<3<It)<1 w(s,t)l/P
t—s>4 t—s<d

But as y, is smooth, S,,(y,) is Lipschitz, hence, by the assumption on the

control w, we obtain that lims_qsupo<s<t<i % = 0. Therefore, for all
n, t—s<d
[ Yol
lim sup ———— <d,.(Y,S, ,
5_>00<s<1t)<1 w(s, t)t/e =P ( (4n))
t—s<d

i.e. this limit is equal to 0.

Reciprocally, assume that

lim sup 7”)/:”” =
§—0 g<s<t<1 w(s, t)1/P
t—s<d

We define

[1Y.¢l
Y( ) Ogsslilggl W(S,t)l/p e [07 H Hw,p] or E [0’ ]
t—s<d

We now define y(D) from Y as in the proof of theorem 14, where D is a given
subdivision of [0, 1]. With techniques similar to the one used in the proof of
theorem 14, we see that Js,,(,(p)) () < C[|Y|,, Uy (0) for a universal constant
C'. Then, for s < t such that ]t —s| >4,

Yot Sn(y(D))sr) - doo(Y, Sm(y(D)))
w(s, t)1/r infy_ gz w(s, £)1/7

< CdOO(Y7 Sm(y(D)))

5 ., using condition (H,)

For s < t such that |t — s| < 4,

AVs S y(D)r) _ Vil + 1S (s(D))scl,
N PO

<C|Yl,,90).

w(s,

16



Hence, for all § > 0,

LY, 50 (0(D)) < Crnae | S5 vy o)

Now, once again, consider a sequence of subdivisions (D,,), of [0,1] whose
mesh’s size tends to 0. For a given € > 0, there exists 4 > 0 such that
1Y]l,,,9(6) < e/C (as by assumption, limso9(6) = 0). For such a § and
e, there exists N such that if n > N, M < ¢/C. We have there-
fore proved that for all ¢ > 0, there exists N such that for all n > N,
dop(Y: Sm(y(Dy))) <. m

4.2 A Wiener Type Result

We now prove a similar theorem, but in p-variation topology rather than
modulus topology. p-variation closure of step functions has been characterized
by Wiener [22,19], for real valued functions, but not necessarily continuous.
We obtain this result here in the simpler case of continuous paths, but harder
case of group valued paths.

Theorem 20 LetY be an element of CP~"*"(G™(V')), p > 1. Then, Y belongs
to COP=var(G™(V)) if and only if

lim sup Zé (titiv1) =
0=0 D=(0=to<-<t,=1)
|D|<6

with 8% defined as earlier (equation (14)).
Proof. If Y belongs to C%P~v%"(G™(V')), there exists a sequence of smooth

paths y, such that S,,(y,) converges in the topology induced by dp_pa, to Y.
Then, if D = (0 =ty < --- < t;, = 1) is a partition of [0, 1],

-1 1/p v
(Z 55(251, tz’+1)> (Z 5p tza tz+1)> + dp—vaT(Y’ Sm(y"))
i=0

Because y,, is smooth and p > 1,

-1

lim sup Y Wp S yn) (i ti1) = 0.
0=0 p=(0=to<--<t;=1) i=0
|DI<s

17



We therefore obtain that

lim sup 25 (titiv1) =
0=0 p=(0=ty<--<t;=1) j=0
|D|<6

Reciprocally, we let m, = {k27", k € {0,---,2"}} be a (very specific for sim-
plicity) sequence of subdivisions of [0, 1], whose mesh’s size goes to 0. We let
Yn = y(m,), obtained from 7, and Y, as in the proof of theorems 16. We also
define wy,(s,t) = wx, (8,t) (wy, is defined as in equation (15)), we = 8} and
for n € NU {o0},

gn(d) = sup an tistiv).
D=(0=to<--<t;=1) i=0
|D|<6

By assumption, g, tends to 0 at 0. We are now going to prove that g,, n € N,
share the same property. Consider a subdivision D = (0 =ty < --- < t; = 1)
of [0, 1] with mesh’s size less than ¢ < 27". From the definition of w,,, we see
that when we compute Zi Own(ti, ti+1), we obtain the same result if we add
to our subdivision D all the point {k27",0 < k < 2"} . Having done so, we
can write

-1 —1
k k+1 Liv1 — L \P
> walti, tip1) = Z Weo ( 2> 2 <+21—>
=0 i, g <ti<ti <EHL
2n-1 k k 1 t;
< Z Woo <n7 —:> Z <+1n> ((52n)
k=0 2 2 i, Q%Stigti-klé% 2
201 E k+1
= (027" Y weo (w n>
= 2 2
< (02" ge(277). (17)

This proves that lims_¢ g,(d) = 0. We claim that lims .o Sup,,enyooy 9n(0) = 0.
Again, fix a subdivision D = (0 = ¢, < --- < t; = 1) of [0,1] . Assume
first that the mesh’s size of D is greater than or equal to 27". Let I =

{0<i<2",DnNi27, (i+1)27") # 0}, and s; the smallest element of D N
[i27™, (i41)27™) for i € I. Letting [ = { ZII\} (0 Siy <o < Sy = 1)
is then a subdivision of [0, 1] included in D, such that for all 1 <5< |

< |D|+27" < 2|D|. In particular, this implies, as 5% < s;, < ”;1,

Sijr1 T S

that
ij+12_n - (ZJ + 1) 27" S Sij+1 - Sij S 2 |D‘ .

18



By the super-additivity property of a control,

-1 111
Zw”(ti7ti+l) S wTL(Siju 8ij+1)
=0 j=1
. Moreover,
1]-1 |7]-1 . .
1, + 1 Tig1
Z w”(siw 5ij+1) - Z (w” <Sij’ ]2n> T Wn <]2n’ 5ij+1>)
J=1 j=1
T|—1 1 i
+ 3 wa (%; %2;1) by definition of w,
j=1
1]-1 11|
1,4+ 1 7
:an(sz,] )+an< ,sz)
=1 o =\
|T|—1 . .
i +1 Zj+1)
* ; w“( gn  on
]_
[1]-1 L . .
i 15+ 1 i+ 1 i
< o 5 e (5 5)
=2 (“’ <2n’ o) T T
J_
< 9s (2|D]) -

When the mesh’s size of D is less than or equal to 27", we have already seen
(equation (17)) that

-1 |D| p—1 . »
gwn(ti’tHl) < (2—71) oo (2 ) < Joo <2 ) )

Therefore, g,(6) < max{ge (20), 900 (27")}. Let € > 0. There exists ny such
that n > ng = goo (27") < . Then, using the observation above that

for fixed n, there exists dyg such that for all § < dy,
max {geo (20), 9 (6),n =0,--- ,ng — 1} < e.

In particular, for all 6 < do, SUp,eny(oo} 9n(d) < €, as
sup gn () = max {m<ax gn(0), sup gn(5)} :
n n<no TLZTLO
In other words,

lim sup ¢,(d) =0.
6_’OnENU{oo}
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We consider again a subdivision D = (0 =ty < --- <t,=1) of [0, 1]. As

3=

d(Y;i,tiH? Sm(yn)ti,tiH) < min {dOO(Sm(yn)’ Y)> wn(ti’ ti-i-l)E T Woo (ti’ ti-i-l)

3

we obtain that

-1

Z d<}/ti»ti+1? Sm(yn)ti:ti+1 )p S Z dOO(Sm(yn)ﬂ Y)p

=0 1€{0,---,l—-1}
|t2‘+17t¢|>5

+2p_1 Z (wn(tia ti—l—l) + woo(tz; ti—l—l))
i€{0. -1}
[ti41—ti]<6
Ao (S (yn), Y)"
< (Sinlgn). ¥) +27 sup  gn(9).
0 neNU{oo}

Therefore, dp—yar (Y, Sim(yn))’ < M—Mp SUD,,enU{oo} In(0). That gives
us our result. m

One can then see the following equality of spaces:

CO“H(G™ (V) = Upoy OO0 (G (V)

COP (G (V) = Uy OO (G (V)

4.8 Polishness

4.8.1 Separability

Theorem 21 Assume that w is such that for all s < t, w(s,t) > K (t — s)".?
Then, CO“?(G™(V)) is separable.

Proof. We know that the space C}([0,1],V) of continuously differentiable
paths is separable. Let D be a countable set of CJ([0,1],V) such that its
Lipschitz closure is C§([0,1], V). We claim that the d,, ,-closure of S,,(D) =
{Sm (y),y € D} is dense in C**P(G™(V)). Indeed, if Y € CO?(G™(V)),
there exists a sequence (y,),, of elements in Cj([0,1], V), such that

lim d,p (S (ya),Y) = 0.

n—oo

For all n, there exists y, € D such that the Lipschitz distance between v,
and y,, goes to 0 with n — oco. By theorem 1 with its continuity statement in

3 which is true if w satisfies condition (H,).
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[15], we deduce that the Lipschitz distance between Sy, (y,) and S, (y,) goes
to 0 when n tends to infinity. In particular, d,,, (Sm (Yn) , Sm (¥n)) tends to 0
when n — oco. The triangle inequalitiy show that S,, (y,) converges to Y in
the topology induced by d,,. ®

The same proof gives the following theorem:

Theorem 22 C%P~v"(G™(V)) is separable.

We now look at the space CP~**(G™(V')) and C*?(G™(V).
Theorem 23 C?~ " (G™(V)) and C“P(G™(V)) are not separable.

Proof. The proof is pretty simple. If they were separable, it would mean,
projecting G™(V') onto V, that C?~"*" (V') and C*P?(V) are separable. They
are not, see [3,19]. m

4.3.2  Completeness
Theorem 24 C?~"*"(G™(V)) is complete.

Proof. We suppose that X" is a Cauchy sequence. Then, it is also a Cauchy
sequence for the sup norm, therefore, it converges when n tends to infinity, in
sup norm to, say, X. For a given € > 0, there exists N, such that n,m > N
implies that for all subdivision D = (0 <ty <t; <--- <t; <1) of [0,1],

p
Z d (Xgati+17XZ:ti+l> <&
i=0
In particular, letting m tends to infinity, we obtain that
-1 »
S A (X7 X)) <e
i=0
this being true for all subdivisions. That proves our assertion. m

A similar and somewhat simpler proof gives the following:

Theorem 25 Let w be a control which is zero only on the diagonal. Then
CP(G™(V)) is complete.

Of course, C*?(G™(V)) and CYP~v*"(G™(V)) are complete, being closed

subsets of complete sets.
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5 Conclusion

We have precisely characterized the spaces COP~va(G™(V)), CP~va(G™(V)),
CYP(G™(V)) and C*?(G™(V)). The separability statement, incidentally,
proves that the inclusions

cormn(GT(V)) € Cr(GT(V)

cormE (G (V) € O (GM(V))

are strict. We let w(s,t) =t — s for the rest of this discussion. The function

g:R—>R
t— > 277 sin(2't)

=1

provides a concrete proof of the strict inclusions just mentionned [4]. Also, if
V=R? is generated by a basis {e,es}, X; = exp (t[e1, es]) is an element of
C2(G™V)\C*2(G™(V)) and C*~vor (G™(V))\C*?~v"(G™(V')). The func-

tion

h:RT"—=R
; i; cos? (%) ift >0,
.
0ift=0.

proves that the inclusions
UgpCT M (G™ (V) € COP72(G™(V))

UgepCHH(G™(V)) € CO9P(G™ (V)

are strict [4].

CYP(G™(V)) and C%P~v"(G™(V)) are therefore Polish space. In particu-
lar, the (Stratonovich enhanced) Brownian motion takes values in a Polish
space. Many important probabilistic theorems (e.g. Prohorov’s theorem) rely
on Polishness.

Finally, we want to point out the fact that the approximations of a rough path
X that we have introduced (the (almost) geodesic one) may be very useful in
various area. For example, in the field of stochastic numerical analysis, consider
B the Stratonovich enhanced Brownian Motion lying above a standard d-

dimensional Brownian motion B. Then let B™ be the geodesic approximation
based on the subdivision 7(n) = {%, k=0,--- ,n} of [0,1], and B™ the
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linear path which coincides with B at the points %, and linear in the intervals

[E=1 K]k =0,---,n. Consider the Stratonovich differential equation

n ’'n

dXt - ‘/O(t, Xt)dt + V(t, Xt) o dBt

and its approximations

AXT =Vy(t, X" dt + V(t, X?)dBY,
dX™ =V(t, X\"™)dt + v (¢, X)dB™.

Then, in the L? sense, X™ converges to X with a speed of convergence pro-

portional to ﬁ, while X(™ converges to X with a speed of convergence pro-

portional to % Lifting B to a G (R?)-valued process and considering the

almost geodesic approximation in this group would lead to a speed of con-
vergence proportional to n=™/2. See [1,9] for a discussion involving speed of
convergence for algorithm involving the use of iterated integrals.

Acknowledgement 26 The authors wish to thank R. Montgomery for point-
ing out that smoothness of geodesics in G™(RY), m > 2, is still an open problem
and M. Gubinelli for helping us to improve the presentation.
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