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Abstract

The well-known finite-dimensional first-order open mapping theorem says that
a continuous map with a finite-dimensional target is open at a point if its
differential at that point exists and is surjective. An identical result, due to
Graves, is true when the target is infinite-dimensional, if “differentiability”
is replaced by “strict differentiability.” We prove general theorems in which
the linear approximations involved in the usual concept of differentiability is
replaced by an approximation by a map which is homogeneous relative to a
one-parameter group of dilations, and the error bound in the approximation
involves a “homogeneous pseudonorm” or a “homogeneous pseudodistance,”
rather than the ordinary norm. We outline how these results can be used
to derive sufficient conditions for openness involving higher-order derivatives,
and carry this out in detail for the second-order case.

*Supported in part by NSF Grant DMS01-03901.



1 Introduction

Open mapping theorems (abbr. OMTSs) are key tools in the derivation of
necessary conditions for an optimum in optimization theory, and in particular
in optimal control. For example, the usual Lagrange multipliers rule is a trivial
corollary of the following OMT.

Theorem 1 Let X, Y be normed spaces, let 2 be an open subset of X, and
let ' : Q+— Y be a continuous map. Let x, € Q be such that F is Fréchet
differentiable at x, and the differential DF (x,) is a surjective linear map from
X toY. Assume that Y is finite-dimensional. Then F is open at x,, that is,
F maps neighborhoods of x, to neighborhoods of F(x).

(To deduce the Lagrange rule from Theorem 1, let us consider the problem
of minimizing the quantity fo(z) subject to finitely many equality constraints
filx) = -+ = fiu(x) = 0, where fo, f1,..., fm are continuous real-valued
functions on an open subset 2 of a normed space X, and assume that z, is a
solution. We then define F' : Q — R™*! by letting

F(z) = (fo(z), fi(z),..., fm(x)) for z €,

and observe that, if we let y.(¢) = (fo(x) —¢,0,...,0) € R™*! for e € R, then
F(xy) = y«(0), and y.(e) ¢ F(Q) whenever ¢ > 0, so F' is not open at x,. If
fo, f1, ..., fm are Fréchet differentiable at x,, then F' is Fréchet differentiable
at x,, so Theorem 1 implies that DF(x,) is not surjective. Therefore the
m+ 1 vectors V fo(z4), Vfi(z),..., Vfm(x.) are not linearly independent. It
follows that there exist numbers Ag, A1, ..., A, that are not all zero and satisfy
S AV file) = 0)

Theorem 1 is only valid if Y is finite-dimensional. (Precisely: if Y is any
normed space, then Y is finite-dimensional if and only if it has the property
that whenever F' : Y +— Y is a continuous map such that F'(0) = 0, F is
Fréchet differentiable at 0, and the differential DF(0) is the identity map of
Y, it follows that F' is open at 0.) On the other hand, L.M. Graves proved in
[4] (cf. also Dontchev [3]) the following infinite-dimensional result.

Theorem 2 Let X, Y be Banach spaces, let Q be an open subset of X, and
let F: Q — Y be a continuous map. Let . € Q be such that F is strictly
differentiable at x, and the differential DF (x,) is a surjective linear map from
X toY. Then F is open at x,.



(Graves actually proved a stronger result, in which strict differentiability with
a surjective differential is replaced by the weaker condition that there exist a
surjective bounded linear map L : X — Y such that

lim sup [F(z) — F(a2') — L(z —

— /||
T Ty, — Ty, xFx! ||.%' T

Rl )

where ||L7Y|| is the infimum of the numbers C such that for every y € Y there
exists x € X such that L(z) = y and ||z|| < C|ly||. The definition of “strict
differentiability” is as follows: F'is strictly differentiable at xz, with differential
L if the left-hand side of (1) vanishes.)

The purpose of this note is to present “higher-order” sufficient conditions
for openness at a point, generalizing Theorems 1 and 2.

Remark 3 Stronger results can also be proved, in which

1. in the infinite-dimensional case, the analogue of strict differentiability is
replaced by the analogue of condition (1);

2. in the finite-dimensional case, the analogue of differentiability is replaced
by the analogue of the condition that

F(x) — F(xy) — L(z — x4 1

limsup H (.’B) (1’ ) (.’B L )H < ||L 1” 1;

LT s, LFT 5 H.’IJ - $*H

3. F is only required to be defined on a “conic neighborhood” of z, i.e., a
set S of the form

S = SX(:):*,E,C’)dif{w: |z — 2| <eNz—2,€C},

where € > 0 and C is a convex cone in X with nonempty interior such
that 0 € C;

4. the conclusion says that the map F' is “directionally open” at x, in
the direction of a given vector v, € Y, provided that v, € int LC.
(Precisely: for every positive ¢ there exists a positive § such that the
image F(Sx(z«,¢&,C)) contains the set Sy (F(z.),d, D) for some convex
cone D in Y such that v, € int D.)

In this paper, however, we will only carry out the simpler task of generalizing
the non-directional theorems 1 and 2. &



Naturally, “higher-order” means “involving higher-oder derivatives.” A
map F' of class C" has a Taylor approximation

1 1

where P; = D/F(zy) for j = 1,...,m, so each P; is a Y-valued, continuous,
symmetric, multilinear map defined on the Cartesian product X7 of j copies
of X. Openness at x, follows from the first-order theorems if the linear map
P is surjective. When P; is not surjective, the high-order results will give
openness if the missing directions in the image P; X can somehow be realized
as image directions using higher-order derivatives. On the other hand, if the
“first-order effect” P;(h) of a particular direction h is nonzero, then this effect
will dominate whatever contributions h may make through higher-order terms.
This suggests that one should only look at the second-order effects Py (h, h) of
vectors h belonging to the kernel Ks of P;. So, if m = 2, we take K1 = X,
K5 = ker P;, and consider the approximation

F(z«+h1+h2) ~ F(zi) + Pi(h1) + Pi(ho)
1 1
+§P2(h1, h1) + §P2(h2, ha) + Pa(ha, ha),
where hy € K1, hy € Ko. The remainder is clearly o(||h1[|?+||h2||?), which is in
particular o(||h1 ||+ [|h2||?). Furthermore, the terms £ P5(hy, hq) and Ps(hy, ho)
are o(||h1]]), so they are o(||h1|| + ||h2[|*) as well, and can be absorbed into the

remainder. Finally, P;(hg) vanishes, because hy € ker P, and we end up with
the approximation

1
F(zy+hy+hy) = F(x*)+P1(h1)+§Pg(h2,h2)+o(|]h1H+Hh2\|2)
as h1—>0,h2—>0,h1€K1,h2€K2. (2)

Such an approximation is valid under more general situations, even if F' is not
of class C? near z,. (For example, if F: R3 — R is given by

Fz,y,2) = a+ 2P (L+ [y'?) +4° = 22,

then F(xz,y,2) = v+ y? — 22 + o(|z| + y? + 2?), so (2) holds with K; = R3,
K5 = {0} x R?, and obvious choices of P; and P».) If we define X = K; x Ko,
and write

f(hl,hg) = F(.’L’*+h1+h2)—F($*),
1

G(h1,h2) Py(hy) + §P2(h2, ha),

v(h, ho) [Pl + [|hell,



for hy € K1, hy € Ky, then (2) says that

F (&) = G(&) +o(v(£)) as £ =0, £ed. (3)

Moreover, if we let

6i(h1,ha) = (thy,t'/%hy)  for  hi € Ky, hg € Ko, t >0,

then

(HA.1) 8 = {d:}+>0 is a continuous one-parameter group of dilations on X,

(HA.2) G is §-homogeneous, in the sense that G(0:(€)) = tG(§) whenever
EeX andt >0,

(HA.3) v is 8-homogeneous, in the sense that v(6:(€)) = tv(€) whenever
EeX andt >0,

(HA.4) v is a “pseudonorm on X,” that is, a continuous nonnegative real-
valued function that satisfies the conditions (i) v(§) =0 <= £ =0
and (ii) lim¢|— 400 V(§) = +00.

So, when we rewrite (2) as (3), we find that we are really dealing with an
approximation of a map F by another map G which is homogeneous with
respect to a continuous one-parameter group of dilations. Furthermore, the
approzimation is of exactly the same kind as the approximation by a linear
map involved in the usual concept of differentiability, except that the ordinary
norm on X is replaced by a dilation-homogeneous pseudonorm.

Similar considerations apply to higher-order approximations. For example,
if F e C3, and we choose three linear subspaces K1, Ko, K3 of X, then

F (2«4 h1+ ha + h3)

F(xy) + Pi(h1) 4 Pi(h2) + Pi(h3)
(P2(h1, h1) + Pa(h2, ha) + Pa(hs, h3)>
+Pa(h1, ha) + Pa(h1, h3) + Pa(ha, h3) + P3(h1, ha, h3)
(P3(h1, hi,h1) + Ps(ha, ha, he) + P3(hs, hs, hs))

+
N =

_|_

+

N = O] =

(P3(h1, ha, ho) + P3(h1, hi, ha) + P3(hi, hs, h3)

+P3(h1, hi, hs) + P3(ha, hs, h3) + Ps(ha, ha, hs))

+o([[ha]® + ||zl + [|hs]|*)
as h1—>0, h2—>0, h3—>0, h1 GKl,hQEKQ, h3€K3.



If we choose the K; such that K1 = X, and Ky and K3 are subsets of ker P;
(so that Pi(ha) = Pi(hs) = 0), and absorb into the remainder all the terms
that are obviously o(||h1]| + ||h2* + ||hs]|?)), we find

1
Fzy+hi+hy+hs) = F(z.)+ Pi(h) + §(P2(h2, ha) + Pa(hs, hg))
1
+Pa(ha, h3) + 6P3(h37 h3, h3) + o(||ha|| + || hal® + ||hs||*) -

(The term Ps(hg, hs, hs) is eliminated because

1Ps(ha, ha, ha)ll - < I Psl k2 1Rs 1 < P3N (A2l ™72 + (s %))
= B3l (12l + Isl"/%) = o(lIh2 ]| + [IRs]®)

using the fact that the inequality ab < aP + b7 holds if a > 0, b > 0, p > 1,
g>1,and (1/p) + (1/¢q) = 1, and taking p = 7/3, ¢ = 7/4.)

If we require in addition that “K3 C ker P»,” in the precise sense that every
h € K3 must satisfy Py(h,h') =0 whenever h/ € Ko, then we find

Flaathn+hoths) = F(e)+ Palhn) + 5 Palh, o)
+%P3(h3,h3,h3) +o(|lhall + 12l + [1As]*)
as hy — 0, ho — 0, h3 — 0, hy € K1, hs € Ko, hy € K3.
So, once again, we find that (3) holds, if we define X = K x K3 x K3, and let
F(h1,ha,h3) = F(xs+h1+he+h3) — F(.),
G(h1,h2,h3) = Pi(h1) + %PQ(hZ; h2) + éP3(h3, hs, h3)
v(hi,ha,hs) = |[hal + [[h2])* + || hs]
for h1 € K1, ho € Ky, hg € K3. In addition, if we let
Si(hy, ha, hs) = (thy, tY/%hy, t"/3hs) for hi € K|, hy € Ko, hg € K3,t >0,

then the four homogeneous approximation conditions HA.1-4 hold.

Our higher-order generalization of Theorem 1 involves a condition closely
resembling the usual formula F (&) = L£(£)+o(]|¢||) that characterizes ordinary
differentiability of F at 0. The crucial difference is that (a) the linear map £
is replaced by a map G which is homogeneous with respect to some suitable
group of dilations, and (b) a pseudonorm v is substituted for the ordinary
norm. The requirement that £ be surjective, which occurs in the first-order



theorems, will be replaced by the condition that G have a surjective differential
at some point &, € X such that G(&,) = 0. We will show that these conditions
imply that F is open at 0 if the target space ) of F is finite-dimensional,
generalizing Theorem 1. To get the generalization of Theorem 2, in which )
is allowed to be infinite-dimensional, we will have use the appropriate “strict”
analogues of differentiability: the map G will have to be assumed to be strictly
differentiable at £, and the approximation formula (3) will have to be replaced
by

E(§) —E(&) = o(v(§,€)) as £ 0,80, ¢ex, fex, (4

where the error £ is defined by £(¢) = F(§) — G(§), and v is a “homogeneous
Lipschitz-bounded pseudodistance,” in a sense to be defined below.

From the general theorems involving homogeneous approximations, it will
then be possible to derive high-order open mapping theorems by means of the
construction sketched above, using the obvious fact that, when F is defined
in terms of F' as we have done in our second- and third-order examples, then
if F is open at 0 it follows that F' is open at x,.

This will be done here for the second-order case in §5, where it will be
shown that our sufficient conditions for openness apply in particular when the
Hessian of the map has a regular zero, and in the cases considered by Avakov
in [1, 2].

2 Preliminaries

Metric spaces, normed spaces, balls, openness at a point. If X is a
metric space with distance d,  is a point of X, and r > 0, we will use Bx (x, )
to denote the closed r-ball with center z, i.e., the set {z' € X : d(2/,z) <r}.

We use the word “neighborhood” in the usual sense of point set topology:
if X is a topological space, and x, € X, a neighborhood of z, in X is a subset
U of X such that x, is an interior point of U.

Definition 4 If X, Y are topological spaces, z, € X, and F': X — Y is a
map, then F' is said to be open at z, if whenever U is a neighborhood of x,
in X, it follows that the image F'(U) is a neighborhood of 0 in Y. &

All linear spaces will be over R, the field of real numbers. If X is a normed
linear space, then we will write Bx (r) instead of Bx (0,r). If X, Y are normed
linear spaces, then Lin(X,Y") will denote the space of all bounded linear maps
from X to Y. If A € Lin(X,Y) and = € X, then we will use interchangeably
the expressions Az, A-x and A(z) to denote the value of A at x. Convergence



in Lin(X,Y") is uniform convergence, i.e., convergence relative to the operator
norm Lin(X,Y) 3 A — | A| Y sup{||Az| : z € X, ||z < 1}.

Differentiability and strict differentiability. The word “differentiable”
will only be used to refer to maps between normed spaces, and will mean
“Fréchet differentiable.” That is, if we assume that

(A) X andY are normed spaces, ) is an open subset of X, x, €Q, F : Q—Y
is a map, and L : X — Y is a bounded linear map,

then we say that F' is differentiable at x, with differential L if

i @) = F(a,) = Lz — ax)]|
T—Tw , TFE T H.’IJ — .Z‘*H

~0. (5)

A stronger concept of differentiability is “strict differentiability,” defined as
follows.

Definition 5 Let X, Y, Q, x,, F, L be such that (A) above holds. We say
that F' is strictly differentiable at x, with strict differential L if the equality

L IP@) - PE) — Lz - )]

/
LT s, & =T xFT! H.I — T ||

holds. &

=0 (6)

Clearly, if F' is strictly differentiable at x, with strict differential L, then F
is differentiable at x, with differential L, since we can obtain (5) by taking
' =z, in (6).

Dilations, pseudonorms, pseudodistances, homogeneous maps.

Definition 6 Assume that X is a normed real linear space. A continuous
one-parameter group of dilations on X is a family § = {d;}¢~0 of bounded
linear maps d; : X — X such that

D1. 4y is the identity map idy of X,
D2. §; 0 05 = &4s whenever t > 0 and s > 0,

D3. the map |0,+o0[> ¢t — &; € Lin(X,X) is continuous with respect to
the uniform operator norm on Lin(X, X’) (that is, lim; s ||d; — ds|| = 0
whenever s > 0),



Lemma 7 If X is a normed linear space and § = {0;}4~0 s a continuous
one-parameter group of dilations on X, then

tliin |0:(z)|| = 400 for all x € X\{0}, (7)

and
the map ]0,+o00[3 t +— d;(x) € X is one-to-one whenever x € X\{0}. (8)

Proof. If x # 0 and it is not true that lim; 4 ||0¢(z)]| = +o0, then there
exists a sequence {t; ;-";1 such that lim;_ ., t; = 400 while, on the other hand,
the set S = {0y;(x) : j € N} is bounded. Then, if we let {; = d0y;(x), we can
pick a constant C' such that [|£;|| < C for all j, and conclude that z = 6t;1 (&),
so ||zl < C’Hétj—l ||. Since ||5t]._1 || — 0—because t;l — 0—it follows that z = 0.
This completes the proof of (7).

To prove (8), we observe that if z # 0, d;(z) = ds(x), and 0 < t < s,
then 0,(x) = z, if 7 = s/t. Then 7 > 1, and dx(z) = = for k = 1,2,..., so
the norm |6, (z)| does not go to +o0o as k — oo but 7F — +o0 as k — oo,
contradicting (7). O

Definition 8 Assume that X, § are as in Definition 6. A é-pseudonorm
is a continuous map v : X — R such that (1) v(z) > 0 for all x € X,
(2) v(z) =0 ==z =0, (3) lim|y|—4o0 ¥(z) = +00, and (4) v(0:(z)) = tv(x)
whenever z € X, t € R, and ¢t > 0. &

Definition 9 Assume that the space X and the dilation group § are as in
Definition 6. A é-pseudodistance is a continuous map v : X x X — Ry such
that (1) v(z,2') = v(2’,2) > 0 for all z,2" € X, (2) v(z,2') =0 <= x = 2/,
(3) limyjz)— oo ¥(2,0) = 400, and (4) v(d(x),d¢(2")) = tv(x,2") whenever
z, 2 € X, t € R, and ¢t > 0. &

Ifv: X x X+ Ris a é-pseudodistance on X, we define, for each positive
number R,

Ky(R) & sup{y(x’x,) cx,2' € Bx(R), ac;éa:’}, 9)

|z — 2|
Then

ky(R) < oo for some positive R <= k,(R) < oo whenever R > 0.  (10)



(Indeed, if Ry is such that Ry > 0 and ,(Rp) < oo, then there exists a positive
t such that Ro||07| < R, since limg|q||0¢]| = 0. Then dz(Bx(R)) € Bx(Ro). If
x,x’ € By(R), then

v(z,a') = T 'v(0(x), ("))
£ (Ro)[105(2) — 8(a")]|

<
< T R (Ro) 10l |l — ']

s0 ki (R) <t 1k, (Ro) |0 < +o00.)

Definition 10 A pseudodistance v : X x X +— R is Lipschitz-bounded if
ku(R) < oo for some (and hence every) positive number R. O

Definition 11 Assume that X, § are as in Definition 6, ) is a normed
linear space, and G : X — Y is a map. We say that G is d-homogeneous
if G(6¢(x)) = tG(x) whenever z € X and t > 0. &

Regular zeros. If X, Y are normed spaces, €2 is open in X, and F' is a map
from Q to Y, then a regular zero (resp. a strictly reqular zero) of F is a point
xx € Q such that F(z,) =0, F is Fréchet differentiable (resp. strictly Fréchet
differentiable) at x,, and the differential DF(x,) : X — Y is surjective.

3 The finite-dimensional theorem

Theorem 12 Assume that X and ) are real linear normed spaces, Y is finite-
dimensional, § = {0:}1>0 s a continuous one-parameter group of dilations
of X, v : X — Ry is a 8-pseudonorm, and G : X +— Y is a continuous
d-homogeneous map. Let Q0 be an open subset of X such that 0 € Q, and let
F : QY be a continuous map such that F(0) =0 and

iy ) — GO
£—0 v(§)

Assume that G has a regular zero. Then F is open at 0.

= 0. (11)

Proof. Let V be a neighborhood of 0 in X such that V' C Q. Let R be such
that R > 0 and By (2R) C V. Let & be a regular zero of G. For ¢t > 0, let
&t = 0¢(€4). Let ¢ be such that ¢ > 0 and the inequalities

[6:]] <1, il < R,

10



hold whenever 0 < t <. Let £ = DG(&,), so L is surjective. Let M : Y — X
be a linear map such that £ o M = idy. Then M is bounded, because Y is
finite-dimensional. Let r be such that 0 < » < R and

whenever II€ — &l < 7.
Let s be such that s > 0, s[|[M|| <r, and v < 0o, where

7 = sup { v(§) : € € Bar(uss| M) }.

Let ¥ be the map from By(s) to Y given by ¥(y) = G(& + M - y). Then, if
y € By(s), M(y) belongs to Bx(r), so

1C(y) —yll = [6(& + M- y)—LM(y))]
= [G(&+ M -y) —G(&) — LMWl
1
< MHMH Nyl
< S
> 4 9

using the fact that G(&.) = 0. Next, we define W; = ¢; (Bx(ﬁ*, SHM”)), and
observe that Wy C By (||t + s/|0¢]| M) . In particular,

lim (sup{l] =€ € W}) = 0.

0<t<t = W;CBx(2R),

and
lim)\t == 0,
t10
h
o Lo IF© - G@)
t—Sup{W.SEWt}.
Define

Dy(y) =t 1 (Fod) (& +M-y) for y€By(s), 0<t<t.
(The definition is possible because, if y € By(s) and 0 < ¢t < ¢, then

16:(&x + M)l = 16wt + 0:(M - )| < [l + 8ISl M| < R+ < 2R,

11



80 0¢(&x + M - y) € Bx(2R) and then (F o 6;) (&« + M - y) is well defined.)
Then, if we let

[(F0de) (& + M -y) — (G od) (6 + M-y)ll,
p(t,y)
V(6 (& + M -y))’

pe = sup{u(t,y) 1y € By(s) }

p(t,y)

aty) =

we have

I7(€) — Gl

o(©) 5§€Wt}:)\t7

At y) < sup {
so that
. wp{mtm-W@@%+w«y»:yeBw@}
{16:©) : € € Ba(essMI) |
= sup { e 5eBX@MﬂAﬂD}
::txtwp{<a ¢ € Bl sIMI) |

Furthermore,

19e(y) —yll < ¢ ulty) + 11t 1G(6(E + M- y) —y
7t y) +1G(E + M -y) — o
t e+ (12 (y) — v
_ s
)\t v+ Z .
Now choose t such that 7A; < 7. Then ||[®4(y) —yl| < 5. Let B = By(35),
B =By(s). InyB define a map ¢y : B Y by letting ¢, (v') = v/ —®.(y) +y
if y/ € B. Then, if 4/ € B, the inequalities

ININ A

IN

S

IS < My = @Il + Iyl < 5 + 5 =

imply that (,(y') € B as well. Hence (y is a continuous map from B to B, so
¢y has a fixed point by Brouwer’s theorem. If i is a fixed point of Cy, then
¥ —2(y) +y=() =¥, 0 ®(y) =y. Then

F (Gl + M 7)) =,

12



and §;(&+ M -§') € Wy So, if we let z = 6¢(& + M -7'), it follows that z € V
(because Wy C By(2R) C V) and F(z) = ty. Since y is an arbitrary member
of B, we have shown that

tBC F(V).

Therefore tB is a neighborhood of 0 in ), and tB C F(V). This completes
our proof. &

4 The infinite-dimensional theorem

Theorem 13 Assume that X and ) are real Banach spaces, § = {J;}i>0
is a continuous one-parameter group of dilations of X, v : X x X — R4
18 a Lipschitz-bounded &-pseudodistance, and G : X — )Y is a continuous
d-homogeneous map. Let Q0 be an open subset of X such that 0 € Q, and let
F: QY be a continuous map such that F(0) =0 and

|(7e-a©) - (7&) - a¢))
€0,/ —0,E4E/ v(£,¢)

‘ ~0. (12)

Assume that G has a strictly reqular zero. Then F is open at 0.
Proof. We define the error functions £ : Q+— Y, £ : X x X — Y, by letting

~ £(€) = F(&) — G(e) for €€ 0,
E(&€)=6(&) —G(&) - L&) for £, € X.
Let V' be a neighborhood of 0 in X such that V' C . Let R be such that

R >0 and By(2R) C V. Let & be a strictly regular zero of G. For ¢t > 0, let
&t = 01(&«). Let t be such that ¢ > 0 and the inequalities

1o <1, ll&ell < R,

hold whenever 0 < t < t. Let £ = DG(,), so L is a bounded, surjective linear
map from X to ). Then the Banach open mapping theorem implies that there

is a positive constant C' such that

(#) for everyy € X there exists a {& € X such that L(&) =y and |[£]] < C||y]|.

13



Using the strict differentiability of G at &, we choose r such that 0 < r < R
and

1€, €| <

whenever [|{ — & || <7 and || — & <.

1€ — ¢l
4C
Let s be such that s > 0, sC' < r, and v < 0o, where

v

sup { v(£,0) : € € Br(€5C) }.
Define

W, = 5t<IB%X(§*,sC)>,
sup {[¢l] : € € Wi}

Wt
and observe that wy < ||&t|| + s/|0¢]| C' for every ¢. In particular,

lim wr =0 s
t|0

0<t< t = Wt - IB%X(wt) - Bx(QR),
and
lim A = 0,
tl0

where

» { le© -

)\t:SUp V(f 51) 356183)((&&),§/€B)((wt),§7éf/}.

The Lipschitz-boundedness of v implies that the constant 7y, (R+11&41)
is finite. For each t, we let

1
Oétdéf* + CAt/_f .
4
We now fix a t such that
0<t<t, AMv < s, and 200 < 1, (13)

write 7 = 1/t, and prove that the ball By (t\;7) is contained in F(W;). For
this purpose, we fix a y € Y such that ||y| < t\7, and construct a & € W,
such that F(&) = y. This ¢ will be the limit of a sequence {¢&7 }320 of points
of Wt.

14



To begin with, we let £0 = &+,t, and observe that €% € Wy, and the error
€0<1§fj_-(§0) — y satisfies

e’ = F(&ur) — G(&ur) — (F(0) — G(0) — v,

since G(&t) = G(0) = F(0) = 0. So

1]l

[F(€xt) = G(&wt) = (F(0) = G(O)I + [l
A (€, 0) + [l

A (0¢(€+), 0¢(0)) + [l

A (&, 0) + [ly

tAw + [yl

2t .

VAN VA

A

We then choose ¢! € X such that £(¢!) = —t~te® and ||¢t]| < t71C|€°||, and

define n' = &,(¢!

), & =&+ 0t = 6(& + ¢'). Then tL(5,(n')) = —¢”, and

I < 2C A7 . Therefore ||0,(61) — & || = ||| < 2000 < 4C AT < sC, from
which it follows that 0, (£') € By (&, sC), so that &1 € Wi,

We then let e

61 =

L= F(&') —y. It follows that

On the other hand,

E(€) — EE) + (FE) ) + (96" - 9(¢)
E(€") = E(€") + ¢ +1((6,(6)) — 95-(¢)
E(€1) = £(€°) + ¢ +tE(6,(€1),,(€)) + L (5, ("))
E(E1) — E(E") +1£(5,(€1), 6:(£7)).
JEE) =€ < Aw(e &)

= t/\tV(‘ST(fl)a‘ST(fO))

< tAi[0-(E1) = 50

= ]S, (n)]

= |

< 2Ct\’Rv,

15



and

S5 (ol 0 16-(&") = - DI _ Il _ 2Chw 1
||5(5T(€ )757(5 ))H < 4C ~4C < ol iAtVo

Therefore
t 1
HelH < 2015)\%:‘2717 + 5)\tl7 =t\D (20)\t:‘_€ + 5) = 2t M0y .

Next, we choose (2 € X such that £(¢?) = —t~le! and ||C?]| < t71Ce!,
and define n? = 6(C2), € = €L+ 1 = €1 + 6(C?) = 0y(& + (1 +¢?). Then
tL(6:(n?)) = —e!, and ||¢?| < 2C Ny . Therefore

16-(€%) = &ll = [I¢" + 2l < 20N (1 + o) < 40Aw < sC,

from which it follows that &,(¢2) € By (&, sC), so that €2 € W,
We then let €2 = F(£2) — y. It follows that

e = &)+ (96 - )
= (8@ -£@)) + (FEH - 9&h) + (96 )

On the other hand,

1€ — €Y (€261
t)‘tV((ST(SQ)a 57(51))
tAE]|8,(€7) = 6-(EN)
tAeR|6-(n?)|

AR
tAR(2C N ay)
2CtA2Rioy

[ VAN (I VAN

ININ I

and

()5l < J6-(€) = 8 _ IR _ 2Caar _ 1,
€€, 661 < L2 I - Jol < S S

16



Therefore
2 2 (2N _ 1 o
lle“]] < 2Ct A Rvoy + QAtuozt = 2t>\tV<C)\tl<é + Z)at = 2t D0y .
We continue this construction inductively. Suppose we have defined

Qo Few, O bey, oo Fex, b ke,

such that
g o= gy forj=1,...,k,
e = F(E) -y for j=0,...,k,
tL(¢?) = —ei7t forj=1,...,k,
nj = 0(¢5) forj=1,....k,
1G] < 20MNpal for j=1,....,k,
el < 2t\ial for j=0,...,k

We then choose (1 € X' such that

LM = —t7"e" and [|CMTH] < 7ICYeM),

and define
nk+1 — 5t(ck+l) ’
£k+1 — gk +nk+1 — gk _’_5t(<k+1) — 5t(€* + Cl 4.+ CkJrl) )

Then tL(5,(n**1)) = —€F, and
1M < e ClleF|| < 2C Ny
Therefore

20\
- 1-— Qi

k
(&) =&l = lIC + ..+ M <2000 ) o <4CND,
7=0

s0 |6, (€F1) — &, < sC, from which it follows that 0, (1) € By (&, sC), so
that ¢F1 ¢ W,

17



We then let e*+! = F(¢k+1) — y. Tt follows that

rl = g(ektly ¢ (g(gk—&-l) —y)
= (e —eh) + (FE) -9 + (9 )

= &) — (e + (F(€) — ) + (9" - 6(eh))

= E(E) — £(€F) + e + t(G(6:(E")) - G6,(6")))

= E(E) - (") + e +E(0-(€M), 0:(6%) + LG ("))
= E(EH) — E(€M) +tE(0-(€7), 6:(€")).

On the other hand,

IEE*) =€) < A, eh)
t)‘tV((ST(gk+1)v 5T(£k))
tAE]6-(EMY) = 6:(€M)
tAR]| 67 (")
RIS
tAMR(2C N ay)
2Ct\IRDAy

Il IA

VANVAN

and

16-(6FT1) = 6. (€M) [I¢FH2|
4C 40

IE (B, 5-(65))| < g%&mﬁ.

Therefore
t 1
”ek+1H < 2Ct)\?/?aﬂaf + §At17af = 2tAtD<C)\tI_€ + Z)O&f = Qt)\tﬂogf"‘l )

and our inductive construction is complete.

The bound |[¢7]] < 2CM\pad ™! implies—since 20y < 1—that the series
Py ¢’ converges, and the sum ( of the series satisfies ||¢|| < 4C\7 < sC.
Therefore the limit = = lim; o 6,(&) exists and satisfies = € By(&, sC).
So the limit § = §(E) = lim;_ & exists and belongs to W;. Furthermore,
F&) —y = limjo(F (&) —y) = limj_.oce/ = 0, because of the bound
le7|| < 2tA\;er. Therefore F(€) =y, and our proof is complete. &
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5 Second-order open mapping theorems

If X and Y are real linear spaces, and X x X 3 (z,2') — B(z,2’') €Y is a
symmetric bilinear map, we write Qg to denote the quadratic map associated
with B, i.e., the map X > x — B(x, a:)défQB(x) €Y. It is well known that B
is completely determined by @ g, since

Bla,y) = 1 (@ +1) - Qulz —)). (14

A quadratic map from X to Y is a map @ such that ) = @p for some
(unique) bilinear symmetric map B: X x X — Y. If @ is a quadratic map,
then we will use B9 to denote the corresponding symmetric bilinear map.

If X, Y are normed, then a bilinear map B : X x X — Y is continuous
if and only if it is bounded, in the sense that there exists a constant C' such
that |B(z,2")|| < C|lz| ||2'|| for all z,2" € X. It follows from (14) that a
quadratic map @ : X — Y is continuous if and only if the bilinear map B is
continuous.

Definition 14 If X, Y are normed spaces, {2 is open in X, x, € €, and F is
amap from Q to Y, then a linear-quadratic approzimation (abbreviated LQA)
of F' at x, is a triple A = (L, K, Q) such that

LQA1. L is a bounded linear map from X to Y,
LQA2. K is a closed linear subspace of X,
LQA3. @ is a continuous quadratic map from K to Y.

LQA4. F(z,+z+k) = F(z.) + Lz + 3Q(k) + o(||k||* + ||z||) as (z, k) goes
to zero via values in X x K. O

If (L, K, Q) is a LQA of F at z., then it is clear that F' is Fréchet differentiable
at x, and DF(xz,) = L, K C ker L, and the quadratic map @ is completely
determined by K, by means of the formula.

Q(k) =2 ltil%ltfz(F(w* +tk) — F(x4)) for re K.

The error bound of LQA4 is important because it gives an estimate of the the
error in terms of the function X x K > (x,k) — ||z|| +||k/|?, which is positively
homogeneous of degree 1 relative to an appropriate group of dilations on X x K.

We make this observation precise in the following statement, whose proof is
trivial.
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Lemma 15 Assume that (a) X, Y, Q, ., F are as in Definition 14, and
(b) A= (L,K,Q) is a linear-quadratic approzimation of F at x.. Let

XdéfXxK, Q:{(x,k)EX:x*—f-x—l—kEQ},

and~deﬁnemapsuzX»—>R,5t:X»—>Xf0rt>0,.7::(~2'—>Y,g:X»—>y,
E:Q—Y, by

vz, k) = ||+ Ik for (z,k) € X,
6e(x, k) = (tz, Vtk) for (z,k)e X, t>0,
Flx,k) = Flao+aoz+k)— F(zy) for (z,k)€Q,
Ga(xz, k) = Lx+ %Q(k‘) for (z,k) e X,
E(x,k) = Flzs+ax+k)—F(z.) —Galz, k)
= F(z,k) — Ga(z, k) for (z,k) € Q.

Then & = {d;}1>0 s a continuous one-parameter group of dilations of X, Ga
is §-homogeneous, v is a §-pseudonorm, and the error bound

N (R0

= 1
z—0,k—0 V(.’L',]{) 0 ( 5)

is satisfied. &

Definition 16 Assume that X, Y, Q, x,, F are as in Definition 14. A strict
linear-quadratic approximation (abbreviated SLQA) of F at z, is a triple
A= (L,K,Q) that satisfies conditions LQA1,2,3 of Definition 14 and is such
that

(SLQA) (F(a:* to+k)—Lo— %Q(k)) ~ (F(ar* ta' + k) — L' — %Q(k:’))
= o llz—a'| + (/T + T+ 1El+ K1)k — k'] ) as (2., @', &)

goes to zero via values in X x K x X x K. &

If A= (L K,Q) is a SLQA of F at x., then A is a LQA of F at z., F is
strictly Fréchet differentiable at x,, and DF(z.) = L.

As in the case of (non-strict) LQAs, the error bound of condition (SLQA)
is important because it estimates the error in terms of a function which
is positively homogeneous of degree 1 relative to an appropriate group of
dilations. We make this precise in the following statement, whose proof is
trivial.
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Lemma 17 Let X, Y, Q, =, F, A, L, K, Q, X, Q, F, Ga, 8, £ be as
in the statement of Lemma 15. Assume that A is a strict linear-quadratic
approximation of F' at x.. Define a map v : X x X — R by letting

v(w ko' ) =llz—a |+ (VI T2 T+ R+ R =K (16)
for (x,k, 2’ k') € X x X. Then

1. 6 is a continuous one-parameter group of dilations of X,
2. G4 1s 6-homogeneous,

3. v is a Lipschitz-bounded 8-pseudodistance,

4. the error bound

1E(z, k) = E(=", k)|

x—0,2'—=0,2'#x V(x, k,x!, k?’)

=0 (17)

is satisfied. &

An important class of maps that necessarily admit strict linear-quadratic
approximations consists of the maps of class C' with a differentiable derivative.
Precisely, let us assume that

(#) X, Y are normed spaces, Q is an open subset of X, F : Q — Y is a
map of class C', x, € Q, and the map Q > z +— DF(x) € Lin(X,Y) is
differentiable at z .

Then DF is a continuous map from € to the space Lin(X,Y’) of bounded
linear maps from X to Y, and the second derivative D(DF)(z,) = D*F(z)
is a bounded linear map from X to Lin(X, Lin(X,Y")). Furthermore, this map
is symmetric, i.e., D*F(x,)(x) - 2’ = D?*F(x,)(2') - x for all x,2" € X . (This
is true because of the identity

D?F(z.)(x) -2’ =

2?8 a? (F(x* +az + az’) — F(x, + az) — F(z. + ax’) + F(CE*)) ,
whose right-hand side is clearly symmetric under the interchange of x and z’.)

It follows that we can regard D?F(z,) as a bounded symmetric bilinear
map B: X x X — Y, given by B(z,2') = D*F(z,)(z) - 2/. Then B = B<,
where Q : X +— Y is the quadratic map given by Q(z) = B(xz,z), so that
Q = @Qp and B = B2. Even more important for us will be the restriction Q
of Q to the kernel K = ker L, where L = DF(z,).
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It turns out that the triple A = (L, K,Q) is a strict linear-quadratic
approximation of F' at x,, as we now show.

First, we write

M) = Lzt 0),

Gala k) = Lozt 3Q()
E(x) = F(zit+z)—F(z.) — M(2) ,
E(x, k) = Fav+a+k)— F(z,) —Galz, k),

forre X, ke K.

Lemma 18 Let X, Y, Q, F, L, K, O, Q, M, Ga, A, E, £, be as above.
Then

E(z) — E(«
| E(x) : (@] _—0, (18)
e=0.2/ =0z (||| + [|2'])]J& — ']

and A is a strict linear-quadratic approximation of F' at x,.

Proof. Without loss of generality, we assume that x, = 0 and F(z,) = 0. We
fix a positive R such that Bx(R) C Q. For 0 < r < R, let

IDF(z) — £ — B9 (x, -
]

6(r) —sup{ 10 < ||z ST}.

Then 6 is monotonically nondecreasing, and the differentiability assumption
implies that lim, o 0(r) = 0. Clearly, the bound

IDF(€).v — Lo = B w)l| < 6(r) [|€]| [lv] (19)

is satisfied whenever 0 <r < R, £ € Bx(r), and v € X.
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Then, if z,2" € Bx(R), and we write v =z — 2/ § = 2’ + sv, we have

+/01 B(&,,v)ds — %(B%;, ) — BQ(x’,x’))
= /1 ((DF(gs) — L).w — B2(¢,, v)) ds

0

+BQ(x’,v) + %BQ(U,’U) - %(Bg(x,x) - BQ({E/,.I‘/)>
_ /1 ((DF(fs) ~ L) — B, v)) ds,

0

using the identities B<(2/,v) + £ B9 (v,v) — 3 (BQ(JJ, r) — B9(a, 3:’)) =0 and
) B9(&s,v) ds = BL(a/,v) + 1 B9(v,v). Then (19), with & = &, yields

I(DF (&) = £).0 = B2(Es,0)| < O(llzl + ll2"]]) - (lel] + [12”]) -l — 2”1,

since ||&s|| < [Jz|| + ||2’|| whenever 0 < s < 1. Integrating this inequality, we
get the bound

1E(z) = B < 0l + [l2'1) - (=l + [|2"1]) - lz = 2], (20)

and (18) follows.

To prove that A is a strict linear-quadratic approximation of F' at 0, we
have to show that

E(w, k) = £ 1) = ol = 'l + (VT2 + [T + Ikl + K1) I = ]
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as (z,2',k, k') — (0,0,0,0). But

E(x, k) —E@ K) = (F(x+ k) — Galz, k) — (F(a' + k) — Ga(a', K))
1
L

T N LR )

(ﬂx+@— 4x+@—%Q@+kD— F@ +K)—L- (2 +F)

Il
~
8

—%Q(x’ + k’)) + %(Q(x +k)— Q' + k') — Q(k) + Q(k:’))
(

— B+ k) — B +K) + %(Q(x k)= Q' + ) — Q(k) + Q(K))
— B(r+ k) — B+ k) + %(Q(x) Q) + Ba. k) + B, K)
=E(@+k)—E@ +K)

—|—%Q($ —2') + BQ(x',x' —x)+ BQ(x -2 k) + BQ(x’, k—k).

Therefore (20) implies, if we write k = ||[B9||, ©(s) = s6(s), that

1€, k) = @ KON < O (el + 2/ + 1kl -+ K1) - (e = o/l + Ik = K1)

K
tollz = 2|7 + wlla’||-lle = ' + slle = L]+ sl )1k = F

which is clearly oo — o/l + (Ve T + Ikl + KDk = K1) ¢

We can then apply Theorems 12 and 13 and obtain a number of open
mapping theorems. The crucial condition in all of them is, of course, the
existence of a regular zero (&.,ks) of the map G4 associated to the LQA
A = (L,K,Q). (Such a point will then automatically be a strictly regular
zero, because G4 is a polynomial map.) It turns out that this condition is
equivalent to a statement in terms of the “Hessian” Ha of A, as we now
explain.

Let Z be the quotient space Y/LX, and let m be the canonical projection
from Y onto Z. The Hessian H 4 is the quadratic map

K>k n(Qk k) ¥ Huk) e Z.

Definition 19 A regular zero of Hy is a k., € K such that Ha(k«, ki) = 0
and the map K > k — w(B%(k,,k)) € Z is surjective. O
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Remark 20 If LX is a closed subspace of Y then Z is a normed space and
the quadratic map Hy : K — Z is continuous, and hence smooth. In that
case, k. is a regular zero of H4 in the sense defined above if and only if it is
a regular zero in the sense defined earlier in §2. Here, however, we are not
requiring LX to be closed, and the concept of a “regular zero” of H4 has to
be understood in the purely algebraic sense of Definition 19. &

Lemma 21 [fA = (L,K,Q) is a LQA of a map F at a point x., and k, € K,
then ks is a reqular zero of Ha if and only if there exists & € X such that
(&x, kx) is a regular zero of Ga. In particular, Ha has a regular zero if and
only if Gao has a regular zero. &

Proof. Recall that a regular zero of G4 is a pair (&, k«) € X x K such that
L& +2Q(ky) = 0 and the linear map X x K 3 (2,k) — La + B9 (ki k) €Y
is surjective.

If k. is a regular zero of the Hessian Hy, then W(Q(k ) = 0, so Q(ky)
belongs to LX, and then there exists & € X such that 2Q(k‘ )+ L & =0.
Therefore QA(f*, k) =0, and DGa(&x, ki) (2, k) = L -2+ B9 (ks k) if z € X
ke K. If y € Y, then the surjectivity of the map K 3 k — 7(B®(k,, k)) €
implies that there exists a k € K such that 7(B%(k., k)) = n(y), i.e., that
y — B9(k,, k) belongs to LX. Tt follows that there exists + € X such that
y = B9(ky, k) + Lx = DGa(hy, k) (z, k). Since y is an arbitrary member of
Y, we have shown that the linear map DG4 (&x, k«) : X X K +— Y is surjective,
s0 (&4, ky) is a regular zero of G4.

Conversely, if (&, ki) is a regular zero of G4, then %Q(k*) +L-& =0,
so Q(k«) € LX, and then H, (k) = 0. Furthermore, if v € Z, and y € Y is
such that 7(y) = v, then we can write y = DG4 (&, k) (2, k) = L + B9 (ky, k)
for some z € X, k € K. But then v = 7(y) = 7(B%(k,k)). Therefore the
map K 3 k — m(B9(k, k)) € Z is surjective, and we have shown that ki is a
regular zero of Hy4. O

Theorem 22 Assume that X, Y are normed spaces, Y is finite-dimensional,
Q is open in X, x, € Q, F: QY is a continuous map, and A = (L, K, Q)
s a linear-quadratic approximation of F at x. such that the Hessian Ha has
a reqular zero. Then F' is open at x..

Theorem 23 Assume that X, Y are Banach spaces, € is open in X, x, € €,
F:Qw—Y isa continuous map and A = (L, K, Q) is a strict linear-quadratic
approzimation of F' at x, such that the Hessian Ha has a reqular zero. Then
F is open at x,.
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In particular, we can take F' to be a map of the kind considered in Lemma
18. In that case, the Hessian of F at x, is the Hessian of the strict LQA
(L,K,Q), where L = DF(xz,), K = kerL, and @ is the quadratic map
K > kv D*F(x,)(k, k).

Theorem 24 Assume that X, Y are Banach spaces, §2 is open in X, x, € §2,
F:Qw—Y is a map of class C' such that the derivative DF is differentiable
at x« and the Hessian H of F' at x4 has a reqular zero. Then F is open at .

Remark 25 Theorem 24 is very similar to the result proved by Avakov (cf.
[1, 2]). Avakov’s sufficient condition for openness—called “2-regularity” by
some authors, e.g., Ledzewicz and Schéttler, cf. [5, 6]—is fomulated in slightly
different terms, but is easily seen to be equivalent to the existence of a regular
zero of the Hessian.

Precisely, the algebraic part of Avakov’s condition says—using

L = DF(z.)(ks, ks), K =kerL,

and writing Q for the map X > 2 +— D2?F(z,)(z,z) € Y, and Q for the
restriction of Q to K—that

Avl. Lk, =0,
Av2. Q(k,) € LX,
and

Av3. the map X >z — A(x) &f (Lz, (B9 (k«,))) € LX x Z is surjective.

Lemma 26 The algebraic part of Avakov’s condition holds if and only if ki
is a reqular zero of the Hessian.

Proof. If Avakov’s condition holds, then of course k. € K, so Q(k.) € LX, and
then H(k,) = 0. Furthermore, the surjectivity of A implies, in particular, that
given any z € Z there exists a k € X such that (Lk, (B (ks k))) = (0, 2).
But then Lk = 0, so k € K, and n(B®(ks,k)) = z. This shows that the map
K 3k m(B9(k«, k) € Z is surjective, so ky is a regular zero of H.
Conversely, suppose that k. is a regular zero of H. Then m(Q(ks)) = 0, so
Q(k«) € LX. We now show that A is surjective. Pick (y,z) € LX x Z. Write
y=Lx,z € X. Let v = B%(k,,z), 2/ = w(v'). Then the fact that the map
K >k v+ m(B9(k«, k) € Z is surjective implies that there exists a k € K such
that m(B9(ks,k)) = z — 2. Then n(B9%(ky,z +k)) = 2/ + (2 — 2') = 2, and
L(x+k) = Lz =y, since Lk = 0. So A(z+k) = (y, z). Hence A is surjective,
and our proof is complete. &

26



We point out, however, that in the work of Avakov and Ledzewicz-Schéttler it
also required, in addition to the algebraic condition described above, that the
space LX be closed, whereas we do not need to make that extra requirement,
because in our framework the purely algebraic condition on the Hessian suffices

to obtain the openness theorem. &
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