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1 Introduction and overview

The classical version of the “Pontryagin Maximum Principle,” presented in
the book [8], relies on the construction of “needle variations” at various
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times 7 in the domain [a, b] of the given reference trajectory &,. The effects
of these variations are then propagated to the terminal time b by means of
the differentials D®;, - (&«(7)) of the reference flow maps ®;, -. This produces
a convex cone (the “Pontryagin cone”) which in some sense is a first-order
approximation to the attainable set near the point &,(b). The proof is then
concluded by means of a topological argument, based on some variant of the
Brower fixed point theorem, to pass from the separation of two sets to the
separation of their approximating cones.

The purpose of this note is to explain how the construction of needle
variations can be carried out for differential inclusions rather than for the
case of vector fields of class C! considered in [8]. This is part of a broader
research program whose ultimate goal is to unify and generalize the various
existing versions of the finite-dimensional maximum principle by developing
a general “primal” technique based on mimicking the proof of [8], but
modifying it by using flows instead of vector fields, generalized differentials
instead of ordinary ones, and abstract variations instead of classical needle
variations (cf. Sussmann [9, 10, 11, 12, 13, 14, 15, 16]).

A needle variation involves a time-varying vector field (abbr. TVVF)
R" xR > (x,t) — f(z,t) € R". The “effect” of the variation at a point
(z,1) is a vector related to the differential D®/(g) of the flow map ®/ (cf.
Definition 8 in §2.9 for the meaning of ®f) at the point ¢ = (z,%,%). More
precisely, it is easy to see that, if f is regular enough (for example, of class C'*
as a function of z and t) then ®7 is differentiable at every point ¢ = (z, 1, 5)
of its domain. If 7 is of the special form (Z, %, ), then the differential D®7(q)
is the linear map

R"xRxR> (v,h, k) — AY(v,h, k) =v+ (h—k)w e R",

where w = f(Z,1), because ®f (z +v,t+h,t+k) ~ T+v+ (h—k)f(Z,t) and
T = &f(z,1,1), so that ®f (z+v,t+h, T+ k) -/ (z,1,1) ~ v+ (h—k) f(Z, 1).
The vector w is then the “effect of the variation at (z,7).” (A detailed
explanation of the notion of a needle variation, and why it is important to
differentiate the flow at points of the form (Z,t,t), is given in §1.2 below.)
For the optimal control of a system & = f(z,u,t), z € R", u € U,

the TVVFs that are used to construct needle variations are of the special

form R™ x R 3 (z,t) — f(x,n(t),t) déffn(m,t), where t — n(t) is some

open-loop control, which is usually either the reference control or a constant
control. For such vector fields, the argument given above to establish that
D&f(z, 1, 1) = A& is not rigorous, even if the map (z,u,t) — f(z,u,t)
is very smooth, because 7 could be the reference control, which will typically
not be continuous. It is possible, however, to render the argument rigorous
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for almost all £, by invoking the Scorza-Dragoni theorem and using a notion
of approximate continuity analogous to the concept of a Lebesgue point.
The question discussed here is how to carry out the construction of
needle variations—and obtain flows that are differentiable at (Z,¢,t) and
have a prescribed effect w for various points (Z,¢)—when, instead of using
solutions of a differential equation & = f(x,u,t), we want to work with
solutions of differential inclusions & € F(x,t). A natural idea would be to
use single-valued selections f of the set-valued map F', and then study the
differentiability of the flows ®/. Ideally, one might hope that for every (z, )
and every w € F(Z,t) there exists a good enough selection f = f; 7, such
that f(z,¢) = w. However, this line of attack leads to dead end, because
e set-valued maps (x,t) — F(x,t) with nonconvex values typically do
not admit continuous selections, even if they are very regular (for
example continuous, or Lipschitz),

while, on the other hand,

e the application of the Scorza-Dragoni theorem requires that one deal
with vector fields (z,t) — f(z,t) that are continuous with respect to
z and measurable with respect to t.

It turns out, remarkably, that this difficulty can be overcome by adopting
a more sophisticated perspective and no longer requiring the selections to be
continuous with respect to x. The first evidence that this approach might
be feasible appeared in papers by Cambini and Querci [6], and Pucci [7],
who studied some discontinuous “directionally continuous” vector fields that
are as good as continuous ones as far as existence of solutions goes, and in
addition have other desirable related properties such as upper semicontinuity
of the flow. Subsequently, A. Bressan proved that lower semicontinuous
set-valued maps with nonempty closed values admit selections in this class
(cf. Bressan [1, 2, 3, 4, 5]).

In this paper, we pursue these ideas further, by exhibiting a natural class
of discontinuous time-varying vector fields (z,t) — f(x,t)—that we call
“admissible vector fields”—larger than that studied by Bressan, that has all
the properties needed to make needle variations. The defining property of
these vector fields is that the map that assigns to each curve [a,b] 5 t — £(t)
the indefinite integral [a,b] > ¢ +— [! f(&(s),s) ds is continuous on a suitably
large space A of curves. This condition is exactly what is required to make
it possible to apply the Schauder fixed point theorem to establish existence
of trajectories on small time intervals. (We prove existence in Theorem 3.)
These vector fields have other useful properties, that we study in detail.

We prove that Bressan’s directional continuity implies admissibility, but
admissibility is a much more general property. In particular, admissible
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vector fields have the “measurable intertwining property” (cf. Theorem 1
below). This makes it possible to construct plenty of admissible selections
for set-valued maps F' that are “almost lower semicontinuous” (abbr. ALSC)
by first constructing conically continuous selections of lower semicontinuous
maps, and then intertwining them.

In order to be able to differentiate the flow ®/ of an admissible vector
field f at a point (Z,t,t), one needs f to be “approximately continuous” at
(z,t). We prove that for ALSC maps there always exist many admissible
selections with this extra property

Finally, it is well-known that differentiability of the flow in the most
obvious sense (that is, existence of a linear map that approximates the map
to first order) is not enough to make the topological arguments applicable.
For example, the function f : R +— IR given by f(x) = % ifne N, n >0, and
% <z< %, and f(x) =z if x <0, is differentiable at 0, and its derivative
at 0 is equal to 1. However, it is not true that f maps neighborhoods of 0
to neighborhoods of 0. This illustrates the fact that in the open mapping
theorem—that is, the statement that if f : IR™ — IR™ maps 0 to 0 and D f(0)
exists and is surjective then f maps neighborhoods of 0 to neighborhoods of
0—it is essential to assume that f is continuous near 0. Since this is already
true for single-valued maps, something similar must be true for set-valued
maps. That is, the set-valued analogue of the open mapping theorem, if it
exists, cannot just involve the existence and surjectivity of the differential
at 0, and must contain a supplementary condition, playing a similar role
in the set-valued case as continuity does in the single-valued case. It turns
out that the set-valued version of the open mapping theorem does exist, and
the supplementary condition that plays the role of continuity is “regularity.”
(For a detailed account of this, cf., for example, Sussmann [11].)

Hence the differentiability property of the flow needed for the maximum
principle for differential inclusions is reqular differentiability, that is, the fact
that the flow is both differentiable at (z,¢,t) and regular in a neighborhood
of (z,t,t). Our main result (Theorem 10 in §4.5) says precisely that if
a differential inclusion © € F(xz,t) in R™ has a right-hand side F with
nonempty closed values, then for almost every t it is possible to make a
needle variation using F' at any point T generating the direction of any vector
y € F(z,t), provided that F is almost lower semicontinuous and satisfies in
addition a technical “locally integrable lower boundedness” condition.

The use of the results of this paper to prove a maximum principle for
differential inclusions is outlined in Sussmann [10]. The work carried out
here is essentially that of filling in all the details for the half of the results
of [10] that has to do with the needle variations. The other part—not
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considered here—is the one dealing with the differentiability of the reference
flow along the reference trajectory. This requires a different set of tools, and
will be the subject of another paper.

1.1

A brief outline of the logical structure of the paper

As indicated above, our main result is Theorem 10 in §4.5, in which
the set-valued map F' is required to be “almost lower semicontinuous”
and “locally integrably lower bounded.”

“Almost lower semicontinuity” is, essentially, the property that would
follow from the condition that the set-valued map z — F(z,t) is
lower semicontinuous for each ¢, and the set-valued map t — F(x,t) is
measurable for each x, if the Scorza-Dragoni theorem was true for lower
semicontinuous set-valued maps. Since the Scorza-Dragoni theorem is
not true in this situation, its conclusion is turned into the definition
of a new concept. This is done in Definition 19 in §4.3.

“Local integrable lower boundedness” means that, locally, there exists
an integrable function t — ¢(t) such that {y € F(z,t) : |ly|| < o(t)}
is nonempty, as explained in Definition 23 in §4.5.

The conclusion of Theorem 10 is that for almost every ¢ there exists,
for each Z and each § € F(Z,t), a single-valued selection f of F which
is such that the flow map (z,t,s) — ®(z,t,s) of the vector field f

is “regularly differentiable” at (Z,?,t) and its differential is the linear

map (v, h, k) — v+ (h — k) g AV(v, h, k).

e Flow maps are introduced in Definition 8 in §2.9.
e The meaning of “regular differentiability” is explained in Definition

4 in §2.5. Basically, a set-valued map is regularly differentiable at a
point ¢ if it is “regular” ¢ and differentiable at ¢ in the usual sense of
admitting a first-order linear approximation.

The notion of a “regular map” is reviewed in Definition 3 in §2.4.
As explained above, it is a natural set-valued analogue of continuity
of a single-valued map. (This is also discussed sketchily in §2.4—
cf. especially Remark 3 in §2.4—and in much greater detail in, for
example, Sussmann [11, 15, 16].) A regular map is a set-valued map
that can be approximated in a particular way by ordinary continuous
maps. The precise sense of the approximation is that of “inward graph
convergence,” introduced in Definition 2 in §2.5.

The differentiability conclusion of Theorem 10 is derived from the other
conclusions in conjunction with Theorem 6 of §3.9.
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The other conclusions of Theorem 10 assert the existence of an “admis-
sible selection” f that has (Z,t) as a “point of approximate continuity”
(abbr. PAC) and is such that f(z,t) = 7.

Theorem 6 says that, if a vector field (x,t)— f(x,t) is admissible and
(z,1) is a PAC of f, then the flow map (z,t,s) — ®f (z,t, s) is regularly
differentiable at (z,t,t) and its differential is AY.

Theorem 6 arises from combining Theorem 3 of §3.5 with Theorem 4
of §3.7 and Theorem 5 of §3.8. Theorem 3 gives the local existence of
solutions and upper semicontinuity of the flow, Theorem 4 gives the
differentiability and Theorem 5 gives the regularity.

The concept of a “point of approximate continuity” is presented in
Definition 17 in §3.6. It is, roughly, a generalization to maps
(z,t) — f(z,t) of the usual notion of a Lebesgue point of a function
t — f(t). For a Lebesgue point ¢ of a function t — f(¢), the bound
fgf: I£(t) — f(#)| dt = o(h) implies that the integral t — [ f(s)ds is
differentiable at ¢ with derivative f(¢). Theorem 4 is proved by using
a similar argument to establish differentiability of the flow at a point
of approximate continuity and compute the differential of the flow.
“Admissibility” is introduced in Definition 14 in §3.5. As explained
above, it is exactly what is required to be able to apply a fixed point
argument to establish existence of trajectories on small time intervals.
The existence result is Theorem 3 (cf. also Remark 7 in §3.5).
Remarkably, the admissibility condition has several other important
consequences besides the existence of trajectories. One of them is the
result of Theorem 5, which says that if (x,t) — f(z,t) is an admissible
vector field, then the flow map (z,t,s) — ®/(z,t,s) is regular on a
sufficiently small neighborhood of any point (z,¢,¢). This is proved
by showing that the regularized vector fields f, (obtained in the usual
way, by convolution with smooth functions x — ¢,(x) that converge to
a Delta function as p | 0) give rise to flows ®/» (which are continuous
single-valued maps) that converge to the flow ®/ (which in general is
set-valued, because the equation & = f(x,t) need not have uniqueness
of trajectories) in the sense of inward graph convergence.

Theorem 10, on the existence of an admissible selection that has a
given point (Z,t) as a PAC and takes a prescribed value 7 at (Z,t), is
derived from Theorem 9 of §4.4, which gives the existence of selections
that are “integrally continuous” on suitably large sets and satisfy the
prescribed conditions involving Z, £, and 7.

Theorem 9 is derived from Theorem 8 in §4.4, together with the
“measurable intertwining ” Theorem 1 of §3.1 and Theorem 2 of §3.3.
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e Theorem 8 gives the existence, for a sequence {J;}72, of pairwise
disjoint compact subsets of IR such that meas(]R\(UzO:le)) = 0,

of a selection f that has, when t varies on each of the Ji, a “conic
continuity” property. Using this, the argument leading from Theorem 8
to Theorem 9 proceeds as follows: conic continuity implies integral
continuity by Theorem 2, and integral continuity on the individual
sets Ji, implies full integral continuity by Theorem 1.

e Theorem 8 is derived from Theorem 7 of §4.2, on the existence of
conically continuous single-valued selections for lower semicontinuous
set-valued maps. This result is essentially due to A. Bressan. The
main technical point where we depart from Bressan’s work is that we
prove existence of conically continuous selections that in addition are
continuous (rather than just directionally continuous) at a given point
(Z,t), and have a prescribed value there. This technical improvement
is the crucial step enabling us to get selections having a given point as
a PAC, and prove differentiability of the flow.

1.2 Needle variations

One constructs variations for a triple (f, 1., &) consisting of a control system
T = f(z,u,t), z € R", u € U, a “reference control” [a,b] > ¢ +— n.(t) € U,
and a corresponding “reference trajectory” [a,b] > t — & (t) € R™. This
is done as follows. Starting with the flow ®*={®} },<s<t<p of the ref-
erence TVVF (z,t) — f(z,n.(t),t), one constructs a one-parameter family
{®° }o<e<e of flows ®° = {®f (}u<s<i<p, defined for small nonnegative ¢, such
that ®° = ®*. (That is, one “draws a curve € — ®° in the space of flows,
starting at ®* for ¢ = 0.”) Needle variations are obtained by doing this
in a particular way: ®° is the flow of the control 7. obtained from 7, by
replacing the value 7,(t) by a constant control @ on the interval [r, 7 + &,
for some time 7 € [a,b]. In other words, we replace the reference flow by the
flow ¥ = {¥; s }o<s<i<p Of the time-varying vector field (z,t) — f(x,a,t) on
the interval [, T + ¢]. Equivalently, we define ®; ; by

<I>;S if a<s<t<tor7+e<s<t<b,
Uy s if 7<s<t<7r+¢,

f’s: \Ilt;ro(I)i’S if a<s<rt<t<7t+¢,
<I>;T+€O\I/T+E,s if 7<s<7+4+e<t<hb,

O reoVrgero®r, if a<s<7and7+e<t<b.

As explained before, the differential at a point (Z,¢) € R™ X IR of the
flow ®9 of a vector field R™ x R > (z,t) — g(x,t) € R"™ is the linear map
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R" xR xR 3 (v,h, k) — v+ (h — k)g(Z,1), if g is sufficiently regular.
Applying this with g(z,t) = f(z,u,t), and with g(z,t) = f(z,n.(t),t), we
find that Uy, (%) =T+ ef(&(7), 4, T) + o(e + | — &(7)]]) and also that
717 (T) = T+ ef(6(7),n:(7),7) + 0e + [T = &(7)]]), so that

IE),T ('i') - q)g,fr (i‘) = (I)Z,T-i-{;‘ ° \IITJrE,T (a_j) - (I)Z ,T+e ° (I);k'—l—a T('f)
~ D} _,.(7)- (\m”(@ . (7))
~ D(I)* ( ( 7’+67'( T+€T )

)-
~ gDCI)bT(j)

where w = f(&(7),u,7) — f(&(7),n«(7), 7). This gives the expansion
o (2) ~ B, (@) + DB (7) - w, (1.2.1)

showing that the difference between “following the modified flow starting
at T from time 7 to time b minus doing the same thing for the unmodified
flow” is, to first order, equal to € times the vector w propagated forward by
the differential Doy _(Z).

In the proof of the maximum principle, Z might be &.(7), if we are
applying our variation directly to the reference trajectory. But £ might also
be some other point close to &.(7) if, for example, another variation—at
an earlier time 7/ < 7, corresponding to a constant control #'—has already
been applied, and we want to study the combined effect of both variations.

In that case, we really have to deal with a two-parameter variation, and
the terminal point map that we want to analyze is the map

€2,€1 — H* u * a
= (I)b,r’ (HZ) — FbTtes O\IJT+€2,T°(I)T,T/+51 v T'ter,7! (1’) )

where, naturally, ¥% and U are the flows of the TVVFs (z,t) — f(z,a,t)
and (z,t) — f(x,d,t), respectively.

To get a linear approximation for @Z?jl (x), we use (1.2.1) taking ¢ = 5
and = 227" (z) = P

7,7 +e1 °©

U 14e, (@), This gives
D525 (1) = 2. (2) ~ Oy (3) + 2B () w,  (1.2.2)
while on the other hand, using (1.2.1) again, we find

E o~ (2) + 61 DB () ()
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where w' = f(&(7), 4, 7") — f(&(7'),n«(7"),7"). Therefore
B (7) ~ B (O (2)+e1 DO (@)(w))

~ (01 (2)) + 21D} (85 (2)) (DD} (@) ()
~ (I)Z,T’(m) + ElD(I)Z,T/ (w)(wl) )

using the flow identity @ . = @7 @} , as well as the chain rule
D&} (®5./(x)) o D (x) = D(Bf o @5 1) (x) = DT} ().

If we substitute our approximate expression for ®; _(Z) into (1.2.2), observe
that D®; _(z) ~ D®;_(§(7)) (because Z is close to &,(7)), write 75 = T,
T =7, 29 = &(m), 11 = &(11), ug = 4, u; = @, and then define
w; = f(xi,ui, 1) — f(ag,ne(m), ) for i = 1,2, we find that

@272;151 (w1) ~ @ - (71) + 1Dy (71) - wa + 2Dy (x2) - wa . (1.2.3)

It is clear that (1.2.3) can be generalized to a formula expressing the
combined effect of several variations. For our purposes in this paper, the
crucial observation is that for the flows W" that are used to define the
variations, one needs approzimate expressions not only for quantities such
as Wl (6«(7)), but also for WTi,_ _ (x) where x is close to £.(7;). The
reason for this, as has been explained above, is that the point x to which
the approximation will be applied will not in general lie on the reference
trajectory &, itself, due to the fact that x will already contain the cumulative
effect of previously applied variations. In other words, it is not enough to be
able to differentiate flows (z,t,s) — @y s(x) with respect to the time variables
t and s, for a fired x. One has to be able to differentiate the flow at a point
with respect to x, t, and s.

Remark 1. The preceding explanation may suggest that one only needs to
differentiate flow maps (z,t,s) — ®;s(x) with respect to (z,t) for fixed s,
since in our discussion of needle variations s (called 7 or 7/) was fixed.
However, there are several reasons for wanting to consider the joint
differentiability of the flow map with respect to x, ¢, and s. The simplest one
is the fact that one may want to combine several “needle variations applied at
the same time 7.” For this purpose, it turns out to be convenient to perturb
the reference flow by inserting different constant controls on non-overlapping
intervals close to a point 7. For example, one may want to consider a two-
€1,€2
T

L u u
parameter variation such that @™ = @y riei 40,0 Vi o) 10 o Wrho o
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It is easy to see that, to compute the effect of such a variation to first order,
the flow map (7,t,s) — ¥;3(x) has to be differentiated jointly with respect
to z, t, and s, at the point (§.(7),7, 7). O

2 Notations and preliminary definitions

2.1 Numbers, intervals, metric spaces, neighborhoods

We use IN to denote the set {0,1,2, ...} of all nonnegative integers, and
write IN to denote the set IN U {+00}. We use IR to denote the set of real
numbers. A real interval is an arbitrary connected subset of R. We use
the notations [a,b], |a,b[, [a,b], ]a,b] for the closed, open, left-closed right-
open and right-closed left-open intervals with endpoints a, b. The expression
(a,b) will always denote the ordered pair whose components are a and
b. An interval is nontrivial if it contains more than one point. We write
R = [0,+00[, R=RU{-00,+00}, Ry = R} U {400} = [0, +00].

If X is a metric space, we use dx to denote the distance function on X,
and write Bx (z,7), Bx(x,7), to denote, respectively, the open and closed
balls with center x and radius . We use Comp(X) to denote the set of all
nonempty compact subsets of X. If X = R”, we write B"(z,r), B (z,7),
rather than Bgn(z,7), Bgrn(z,7).

The word “neighborhood” will always be used in the standard sense of
point-set topology: a neighborhood of a point a (resp. of a set S) in a
topological space A is any set U C A such that a is an interior point of U
(resp. such that S C Int(U)).

If X and Y are metric spaces, the product X x Y is equipped with the
product metric dx xy, given by

dXXY((xay)v ($/7y/)> = dX(JI,.’L’/) + dY(yvy/) if ‘T?xl S X7 Y, yl S Y.

2.2 Set-valued maps

A set-valued map is a triple F' = (X,Y, G) such that X and Y are sets and
G isasubset of X x Y. If F = (X,Y,G) is a set-valued map, then we refer
to X, Y and G as the source, target and graph of F, and write X = So(F),
Y = Ta(F), G = Gr(F). We write F' : X+ Y to indicate that F' is a set-
valued map from X to Y, and we use SV M (X,Y) to denote the set of all
such set-valued maps, so “F' € SVM(X,Y)” is equivalent to “F : X+—Y.”

If F = (X,Y,G) is a set-valued map, and x is any object, we write

F(x) def {y : (z,y) € G}. More generally, if S is any set, we define
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F(S) = Uzes F(x). The domain Dom(F) is the set {x : F(x) # 0}, and
the image Im(F') of F is the set F(So(F')). We call F' everywhere defined
if Dom(F') = So(F), and say that F' is surjective if Im(F') = Ta(F'). Then
Dom(F) C So(F) and Im(F) C Ta(F), and F is everywhere defined iff
Dom(F') = So(F).

If X is a set, we use idx to denote the identity map of X, i.e. the
set-valued map (X, X, Diag(X)), where Diag(X) = {(z,z) : z € X }.

If F=(X,Y,G) is a set-valued map, and S is a subset of X, then the
restriction F'[S is the set-valued map (X N S,Y,G N (S x Y)). Therefore
So(F[S) = X NS, Ta(F[S) = Ta(F), and (F[S)(z) = F(x) when = € S,
while (F[S)(x) =0ifz ¢ S.

The composite F' = F. Fy of two set-valued maps F; = (X;,Y;, G;),
i = 1,2, is defined if and only if Y; = Xo. In that case, F & (X1, Y5, G2.G1),

where Go.G1 < {(2,2) : Qy)((z,y) € G1 A (y, 2) € Ga}.

A set-valued map F' is single-valued if F(z) consists of a single point
of Ta(F) for every x € Dom(F). An ordinary map is a set-valued map
that is single-valued and everywhere defined. We write F' : X — Y to
indicate that F' is an ordinary map with source X (so that Dom(F') = X as
well) and target Y. Notice that according to these conventions the notation
F : X—Y allows for the possibility that F' be multivalued, or partially
defined, or both, but the notation F' : X — Y automatically implies that
F' is both single-valued and defined on the whole set X. A selection of
a set-valued map F': X+ Y is a single-valued map f: X — Y such that
f(z) € F(zx) for all x € X. With our definitions, the Axiom of Choice
implies that a set-valued map has selections iff it is everywhere defined.

2.3 Upper semicontinuous set-valued maps

If X and Y are topological spaces, a set-valued map F : X+Y is upper
semicontinuous (abbr. USC) if the inverse image under F' of every closed
subset of Y is closed in X. The following observation is then easily verified.

Fact 1. Assume that X and Y are metric spaces, X is compact, and
F:X—Y. Then Gr(F) is compact if and only if F is USC and F(x) is
compact for each x € X. &

Remark 2. For ordinary real-valued functions, the words “upper
semicontinuous” will always refer to upper semicontinuity in the classical
sense of real function theory. (That is, f is upper semicontinuous if the set
{z: f(x) < a} is open for every a € R.) If we want to say that such an f
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is USC in the set-valued sense, we will say that f is “upper semicontinuous
as a set-valued map.” O

2.4 Regular Set-Valued Maps

As was explained in the introduction, the classical proof of the maximum
principle involves a topological argument, based on the Brouwer fixed point
theorem. In order to carry out similar arguments for set-valued maps, one
needs a good set-valued analogue of the notion of a continuous single-valued
map. This is provided by the concept of a “regular map,” which we now
proceed to define. (It will be explained in Remark 3 why this notion is the
right one.)

If X is a metric space and L1, Ly € Comp(X), we define the “Hausdorff
semidistance” Ax (L1, Lg) from L; to Lo by letting

Ax(Ly, L) = sup { dist(x, Ly) -z € Ly } . (2.4.1)

This function is not in general symmetric. (For example, if L1 C Ly and
Ly # Lo, then Ax(Ly, L) = 0 but Ax(L2,L;) > 0.) On the other hand,
A x satisfies the “triangle inequality”:

Ax(Ll,Lg) < Ax(Ll,Lg)—l-AX(LQ,Lg) if LI,LQ,Lg S COHIp(X) . (242)

Definition 1. Let X be a metric space, let L € Comp(X), and let {L;};jen
be a sequence in Comp(X). We say that L; inward converges to L if
limj_,oo Ax(Lj, L) =0. <>

If K, Y are metric spaces, and K is compact, we write SV Momp(K,Y)
to denote the set of all set-valued maps F' : K+ Y whose graph is compact
and nonempty. In view of our definitions, it is clear that SV Mom,(K,Y) is
exactly the same as the set { K} x {Y'} x Comp(K X Y'), s0 SV Meomp(K,Y)
can be canonically identified with Comp(K x Y').

Definition 2. Let K,Y be metric spaces such that K is compact. Let
F € SV Meomp(K,Y), and let {F;}jen be a sequence in SV Meomp(K,Y).
We say that {F}}en inward graph converges to F' as j — oo if the graphs
Gr(Fj;) inward converge to Gr(F') in the space Comp(K x Y), ie., if
lim; oo Ay (Gr(Fj), Gr(F)) = 0. We write F;"5F to indicate that the
sequence {F}};cn inward graph converges to F' as j — oo. &

Definition 3. Let K,Y be metric spaces such that K is compact. A reqular
set-valued map from K toY is a set-valued map F' € SV Mcomp(K,Y) which
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is a limit in SV Meomp(K,Y) of a sequence { Fj}jen of ordinary—i.e., single-
valued and everywhere defined—continuous maps from K to Y.

We use REG(K,Y) to denote the set of all regular set-valued maps from
KtoY. &

Remark 3. Regular maps have good fixed point properties analogous to
those of single-valued continuous maps. For example, a regular set-valued
map F : 1B"(0,1) — IB™(0, 1) must have a fized point. (Proof: let {F};} en be
a sequence of continuous maps from B"(0,1) to B"(0,1) such that F;"5F.
For each j pick z; such that Fj(z;) = z;. Then (x;,x;) € Gr(Fj). Assume,
after passing to a subsequence if necessary, that z = limx; exists. Pick
(z7,y;) € Gr(F) closest to (zj,x;). Then |2} —z;| + |ly; — 24| — 0. So
(z},y;) — (x,x). Therefore (z,z) € Gr(F), because Gr(F) is compact.)

2.5 Regular differentiability

Definition 4. Assume that n,m € N, F: R"—1R"™, C is a closed convex
cone in IR™, and z € IR®. We say that F' is regularly differentiable at T in
the direction of C' if

(D4.1) there exists a compact neighborhood N of z in IR™ such that
the restriction F'[(N N (Z + C)) is a regular set-valued map from
Nn(z+C) to R™;

(D4.2) F(Z) consists of a single point y € R™;
(D4.3) there exists a linear map L : IR — IR™ such that

: Sup{lly—zi—L-hH:yeF(:i+h)}
lim
h=0,hee 2]

=0. (25.1)

If L is a linear map such that (2.5.1), then L is said to be a differential of
F at T in the direction of C. &

2.6 Essential measurability

If n € IN, we use Bor(IR"), Leb(IR™) to denote, respectively, the o-algebras
of Borel and Lebesgue measurable subsets of IR”. We use BL(IR",R) to
denote the o-algebra whose members are the Borel®Lebesgue-measurable
subsets of R™ x IR, that is, the o-algebra of subsets of R"™ x IR generated
by all the products A x B such that A € Bor(IR") and B € Leb(R). If
S CR" x R, we use BL(IR™,IR; S) to denote the class of subsets of S that
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belong to BL(IR™,IR). Also, we use Bor(R" x R) N S, BL(R™,R) N S,
to denote, respectively, the o-algebras {E NS : E € Bor(R™ x R)} and
{ENS:EeBLR"R)}.

We use meas(F) to denote the Lebesgue measure of a measurable subset
E of R. A null subset of R is a subset E of R such that meas(E) = 0. A
full subset of R is a subset F' of IR such that R\ F is a null set.

If S C X x IR for some set X, and J C IR, we write

S, SN (X xJ)={(s,t)eS:teJ}. (2.6.1)
Definition 5. Let n,m € IN, and let S be a subset of R"™ x R. We say
that S is essentially measurable if there exists a full subset J of IR such
that S; € BL(R™,IR). We use EM(IR",R) to denote the set of essentially
measurable subsets of R” x R. If S C R" x R, we use EM(R™,IR; S) to
denote the set of all subsets of S that belong to EM(R™,IR), and write
EM(@R™",R) NS to denote the set of all sets of the form E NS,
E € EM(R™ R). &

It is clear that EM(IR™, R) is a o-algebra, and that, if S C IR x R, then
EM(R™ R; S) is a o-algebra of subsets of S if and only if § € EM(IR", R),
in which case EM(R™, R; S) = EM(IR",R) N'S. Moreover, the following
inclusions hold

Bor(R" x R) C BL(R",IR) C EM(IR",IR) C Leb(R" x R),
and they are all strict if n > 0.

Remark 4. A subset S of R™ x IR is essentially measurable if and only
if there exists a full Borel subset J of R such that S; € Bor(R™ x R).
(In other words, “essential Borel@Lebesgue-measurability is equivalent to
essential Borel@Borel-measurability.”) Indeed, let ¥ be the set of all subsets
S of R™ x R such that S; € Bor(R" x IR) for some full J € Bor(IR). Then
Y is obviously a o-algebra, and ¥ C EM(IR™,R). Clearly, every set S of the
form E x F, with E € Bor(IR") and F' € Leb(IR) belongs to ¥. Therefore
BLR™"R) C X. If S € EM(IR™,IR;S), then we can pick a full subset J
of R such that SN (IR™ x J) € BL(R™,IR). Then SN (R" x J) € %, from

which it follows that (S N (IR™ x J)) N (IR™ x L) € Bor(R"™ x R) for some
full L € Bor(R). If M € Bor(R) is such that M C J and meas(J\M) = 0,

and we let N = M N L, then N is a full Borel subset of IR, and
Sy = ((Sm (R" x J)) N (R" x L)) N (R™ x M) € Bor(R" x R),

so S € ¥. Therefore EM(IR",R) C X. So ¥ = EM(R™, R). &
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Definition 6. Let n,m € IN, and let S be a subset of R™ x R. A map
f: S+ R™ is said to be essentially measurable on S if f~1(B) belongs to
EM(R™ R, S) for every Borel subset of R™. &

Fact 2. If nnm e N, SCR" xR, and f : S — R™, then f is essentially
measurable if and only if there exists a full Borel subset J of R such that
Sy belongs to Bor(R™ x R) and the restriction f[Sy of f to S; is Borel
measurable.

Proof. Assume that f is essentially measurable. Let A be a countable set
of Borel subsets of IR that generates the o-algebra Bor(IR™). For each
A € A, the fact that f~1(A) € EM(IR", R), together with Remark 4, imply
that we can choose a full Borel subset J4 of IR such that f~1(A)N(IR™ x J4)
belongs to Bor(R™ x R). Let J = ()4c4Ja. Then J is a full Borel subset
of IR, and

FTHAY N (R™ x J) = (F7HA) N (R” x Ja)) 0 (R” x J) € Bor(R" x IR)

for every A € A. Therefore f~1(B) N (R™ x J) € Bor(R™ x R) for every
B € Bor(IR™). So f[Ss is Borel measurable. This proves one of the two
implications of our statement. The other implication is trivial. &

2.7 Curves, arcs, and spaces of arcs

Definition 7. Let n € IN. A curve in R"™ is a continuous map & : [ — R™
whose domain I = Dom(§) is a nonempty real interval. An arc in R" is a
curve § in R” whose domain is a compact subinterval [ag, b¢] of IR. We use
ARC(IR™) to denote the set of all arcs in IR", regarded as a metric space
with the distance darc : ARC(R™) x ARC(IR") — R4 given by

darc(€m) = lag — ay| + [be = by| + sup {IE(6) = A(®)]| : t € R},

where, for ¢ € ARC(IR"), ¢ denotes the extension of the arc ¢ to a map
¢ : R — R" given by ((t) = C(min(max(t, ac), bg)) forte R.
If S is a subset of R® X R, an arc in S is a £ € ARC(IR"™) such that

(&(t),t) € S for all t € Dom(&). We use ARC(IR™; S) to denote the set of
all arcs in S, regarded as a subspace of the metric space ARC(IR"). &

It is clear that convergence in ARC(IR™) is uniform convergence, in the
following precise sense:
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(Cagrc) If £ € ARC(IR™), then a sequence {{;}jen of arcs belonging to
ARC(IR™) converges to & in ARC(IR™) if and only if
(i) ag; — ag¢ and bg, — be as j — oo,
and
(ii) whenever {t;};eN is a sequence in IR such that ag; <t; < be;
for every j € N, and t € R is such that t; — t as j — oo (so
that ag <t < be), it follows that §;(t;) — &£(t) as j — oo.

It is also clear that ARC(IR™) is a complete metric space, and ARC(IR"; S)
is a closed subset of ARC(IR™) if and only if S is a closed subset of R™ x RR.

Ifn,meN,SCR"xR, f: 5~ R™, and { € ARC(IR™;S), then f.¢
denotes the map [ag,be| 2t — f(£(t),t) € R™.

Fact 3. If n,m € N, S C R"” x R, and f is EM(R™,R) N S-measurable,
then f.& is measurable for every member & of ARC(IR™; S).

Proof. Let ¢ : [a,b] — IR™ be continuous and such that ({(¢),t) € S for each
t € [a,b]. Let K ={(&(t),t):a <t <b}, so K is a compact subset of S.

If B is a Borel subset of R™, then f~1(B) € EM(R",R) NS, so
f~Y(B)=AnNS for some A € EM(R",IR). Then

(f-6)7'(B) = {tela,b:(&(1),t) € f1(B)}
= {telab]: (&)1 e fTHB)NKY

= = (1'BNK),
where = is the map [a,b] 5t — (£(¢),t) € R" x R. But
=N (B)NK) =21 (ANSNK)=2"1(ANK),

since K C S. Clearly, AN K € EM(IR",R). So it suffices to show that
E-Y(E) is a Lebesgue measurable subset of [a,b] whenever E belongs to
EM(R™, R).

Now, if E € EM(IR",R), then there exists a full Borel subset J of R
such that E; is Borel measurable. Then

E Y E)=2"Y(E))u{teJN[a,b]:E(t)€E},

so Z71(E) is Lebesgue measurable if Z~!(E;) is Lebesgue measurable. So
it suffices to show that the set Z~!(E) is Lebesgue measurable whenever
E € Bor(R" x R). This conclusion will be true for all E € Bor(IR” x R)
provided it is true for all E of the form F' x G, F' € Bor(IR"), G € Bor(RR).
But, if F € Bor(R") and G € Bor(R), then Z~1(F x G) = ¢ Y F) N G, so
E-Y(F x @) is actually Borel measurable, completing our proof. &
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2.8 Points of density and Lebesgue points

If ¢ : R — IR is a measurable function, a Lebesgue point of ¢ is a point
t € IR such that |o(t)] < co and

1

im — —(t)|ds=0. 2.8.1
dmn ] e =) ds (2:8.1)

A point of density of a measurable subset £ C R is a point of E that
is a Lebesgue point of the indicator function® y, of E. Equivalently, a real
number ¢ is a point of density of F if and only if t € F and

.1
1}518 ﬁmeas(E N[t—ht+ h]) =1. (2.8.2)

It is well known that if ¢ : IR +— IR is locally integrable then almost
every point of R is a Lebesgue point of (. In particular, almost every point
of a measurable subset E of R is a point of density of E. It follows that if
E C R is measurable and meas(E) > 0, then E has a point of density.

2.9 Trajectories and flows

Definition 8. Let n € IN, and let F' : R"™ x R+ R"™ be a set-valued map.

(D8.1) A trajectory of F (or a “trajectory of the differential inclusion
z € F(x,t)”) is a locally absolutely continuous map & : I — R",
whose domain Dom(¢) is a nonempty subinterval I of IR, such
that £(t) € F(&(t),t) for almost every t € I.

(D8.ii) We use Traj(F') to denote the set of all trajectories of F', and
Traj .(F') to denote the set of all £ € Traj (F') whose domain is a
compact interval.

(D8.iii) If V' is a subset of R", we write Traj .(F, V') to denote the set of
all £ € Traj . (F') such that (£(¢),t) € V for all t € Dom(§).

(D8.iv) A mazimal trajectory of F is a trajectory & : I — IR™ that
cannot be extended to a trajectory of F' defined on a strictly
larger interval.

(D8.v) For (z,t,s) € R® x R x R, we define
O (,1,5) = {€() - € € Traj (F), () =} (29.1)

The set-valued map & : R xRxIR+IR" is called the flow of F.

5The indicator function of E is the function whose value is 1 on E and 0 outside E.
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(D8.vi) For (¢,s) € R x R, we define a set-valued map @fs : R"—R"
by letting

@55(3:) def o (z,t, ) for ze€R". (2.9.2)

The set-valued maps CIDE s : R™"—1R" are the flow maps of F. {

The sets Traj .(F') are subsets of the metric space ARC(IR"™) defined in §2.7.

With our definitions, if F' : R" x R—R", (z,t) € R" x R, I = {t},
and £ : I — IR™ is given by £(t) = x, then £ is a trajectory of F, even if
(x,t) ¢ Dom(F'). Therefore the identity

o/, = idpn (2.9.3)
holds. In addition, the flow maps <I>f: s also satisfy the flow identity
of @f =®f, if r<s<t. (2.9.4)

Remark 5. The equality of (2.9.4) may fail to be true if it is not true that
r < s <t. For example, if F' is a time-varying vector field on R" (i.e., a
single-valued map F : R"™ x R—»IR"™) that does not have unique trajectories,
a < b, and &1,& : [a,b] — IR™ are two trajectories of & = F(z,t) that satisfy

€1(a) = &2(a) and & (b) # &2(b), then &(b) belongs to (®f, - @g,)(€1(b)), so
Of o BF, # idgre = Bf),. %

Zorn’s Lemma easily implies that

Fact 4. If n € IN and F : R™ x R—1R", then every trajectory of the
differential inclusion & € F(x,t) can be extended to a mazximal trajectory.$y

The following is an immediate consequence of Fact 4.

Fact 5. If n € N and F : R" x R— R", then for every (z,t) € R" x R"
there exists a maximal trajectory & of & € F(x,t) such that {(t) = x. &

Naturally, it may turn out that Dom(§) is just {¢}.

3 Discontinuous vector fields and their flows

3.1 Integrally continuous time-varying maps

Definition 9. Assume that n,m € IN, S is a subset of R™ x IR, and
f 8 — R™ An integral bound for f is a Lebesgue integrable function
R >t p(t) € [0,400] such that

£ (2, )| < @) for all (z,t) € S. (3.1.1)
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We say that f is integrably bounded if there exists an integral bound for f.
We say that f is locally integrably bounded (abbr. LIB) if for every compact
subset K of S the restriction of f to K is integrably bounded.

A set F of maps from S to R™ is uniformly LIB if every f € F is LIB
and, in addition, the integral bounds for the restriction of f to K can be
chosen, for each compact subset K of S, independently of f. &

Definition 10. Assume that n,;m € N, S C R" xR, f : S — IR™, and
A C ARC(IR™; S). We say that f is integrable along arcs on A, or arc-
integrable on A, if f.¢£ is Lebesgue integrable for every £ € A. O

Fact 6. Ifn,meIN, SCR" xR, f:S—R™, and f is EM(R",R)N S-
measurable and LIB, then f is arc-integrable on ARC(IR™; S).

Proof. 1f ¢ € ARC(IR™; S), then Fact 3 implies that f.¢ is measurable, and
the integral bound (3.1.1) implies that f.¢ is integrable. O

If f is arc-integrable on A, we can define a map ’]}A : A— ARC(IR™)—the

integral operator associated to f on A—Dby letting 7}“4(5) be, for each £ € A,
the arc n : [ag, be] — IR™ given by

t
n(e) = | F(E(s).5)ds. (31.2)
ag
Definition 11. Assume that n,;m € N, S C R" x R, f: S — IR™, and
A C ARC(IR™; S). We say that f is integrally continuous on A if

(IC.1) fis EM(R™, R)N S-measurable,
(IC.2) f is arc-integrable on A,
(IC.3) the map TfA : A— ARC(IR™) is continuous. O

We also define maps TfAE : A— R™, if E is a measurable subset of IR, by
T©Y [ fEs)ds for g2 A (319
ENDom(¢)
and maps ’Z}f‘a’b :A— R™, if a,b € R and a < b, by
ef
T ()

: / f(
[a,bjNDom(§)
We observe that

T4 = TAO(NED) ~ TR (MEa)) for €A, (3.1.5)

£(s),s)ds for €€ A. (3.1.4)

where \(¢, ) 4 1nin ( max(ag, s) , bg) .
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Proposition 1. Assume that n,m € N, S C R"™ x R, A is a subset of
ARC(R™; S), and f is EM(R™, R)NS-measurable and LIB. Then Condition
(IC.3) is equivalent to the following “strong integral continuity condition”:

(SIC) for every E € Leb(IR), the map ’]}AE : A— IR™ is continuous,

as well as to the “weak integral continuity condition”:

(WIC) the map ’Z}“f}l’b : A — R™ is continuous whenever a,b € R and
a <b.

Proof.  To prove the equivalence of (IC.3), (SIC) and (WIC), we first
observe that the implication (SIC)=-(WIC) is trivial, and the implication
(IC.3)=(WIC) follows immediately from (3.1.5).

Next, we consider a sequence {&;};cn of arcs &; that belong to A and
converge to a {x € A. Then a¢, — a¢, and bg; — be as j — oo. In
addition, it is easy to see that the set

K = {(a:,t) : (35 GN)@EDOIH(EJ)/W:&J“))}

is a compact subset of S. Therefore there exists an integrable function
vk : R — [0, 00] such that the bound |[|£;(t)|| < ¢k (t) holds for every pair
(j,t) such that j € N and ¢ € Dom(¢;).

Fix real numbers «, ( such that o <ag; and B> be, forall j € N.
Define maps 6;,7; : [a, 5] — R™ by letting

f(gj(t)’t) if te [aj7bj]7
Gj(t) - { if te [Ofaﬂ]g\[aéﬁbﬁj],

0
i) = [ os)ds.

Then the 0; satisty ||6;(t)|| < ¢ (t) for all ¢,j, and therefore the n;
are absolutely continuous and satisfy the bound ||9;(¢)| < ¢k (t) for all ¢, j.
Therefore the sequence {n;}jen is uniformly bounded and equicontinuous.
Moreover, n;(b) — n;j(a) = 7}27,,(@) for all j and all a,b € [a, ] such that
a < b. If (WIC) holds, it follows that the n; converge pointwise to 7o,
and the equicontinuity implies that the convergence is uniform on [«, 5]. In
particular, if ag, < t; < be; and t; — t as j — oo, then n;(t;) — nNeo(t),
showing that ’]}A(fj) — ’Z}A(foo) in ARC(IR™). This proves the implication
(WIC)=(IC.3).

Furthermore, given any € > 0 thereisa § = 6(g) > 0 such that [, px <¢e
whenever G is a measurable subset of [a, 5] of measure < 6. If F is an
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arbitrary measurable subset of R, and € > 0, then we can let E=En [, A,
choose 0 = 0(5), and find a subset F' of [a, 3] which is a finite union of
pairwise disjoint intervals and is such that the symmetric difference EAF
has measure < 0. Then | [;0; — [ 0;] < § for all j. If (WIC) holds, then
Jrt; — Jp0s, so we can find a jo € IN such that | [0; — [ 0| < §
for j > jo, and then | [50; — [z 0| < € for j > jo, from which it clearly
follows that ’Z}AE(SJ) — ’Z}AE(SOO) < ¢ for j > jo. This proves the implication
(WIC)=(SIC).

We have thus established that (WIC)=-(SIC)=(WIC)=(IC.3)=(WIC),
which completes the proof of the equivalence of (IC.3), (SIC) and (WIC).$

The equivalence of (SIC) and (IC.3) implies the following measurable
ntertwining property:

Theorem 1. Assume that n,m € IN and S C R"™ x R. Let {f;}jen be
a uniformly LIB sequence of EM(IR™,R) N S-measurable maps S — IR™.
Let A C ARC(R™;S) be such that the f; are integrally continuous on A.
Let {E;}jen be a sequence of pairwise disjoint Lebesgue measurable subsets

of R such that R = Ujen Ej - Define a map f: .S — R™ by letting
f(z,t) = fj(z,t) for jeN, (z,t)eS,teE;. (3.1.6)
Then f is integrally continuous on A.

Proof. The EM(IR™, R)NS-measurability of f is obvious, and it is clear that
fis LIB, so f is arc-integrable on ARC(IR™;S) (cf. Fact 6). Let {&}ren
be a sequence in A that converges to a &, € A. Let F be a measurable
subset of R. Let K be a compact subset of S such that (§(¢),t) € K for all
¢ € N and all t € Dom(&). Let a, 3 be real numbers such that o <t < 8
whenever (z,t) € K. Let ¢ : R +— [0, +00] be integrable and such that
| fj(z,t)|| < ¢(t) whenever (z,t) € K and j € IN, and || f(z,t)|| < ¢(¢)
whenever (z,t) € K.

Let ¢ > 0. Let 6 > 0 be such that chp < ¢ whenever H C R is
measurable and meas(H) < 6. Let j* be such that

Z meas(ENE;Nja, f]) < 0.
Ji>j*

Using (SIC), we find that for each j

/ fo&o — fobs as £ — o0. (3.1.7)
ENE;NDom(&;) ENE;NDom(£co)
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Therefore, if we let E = EN(EyUE; U...U Ej+), we see that

/~ oo — | foloo as € — 00, (3.1.8)
EnDom(&,) ENDom(§0)

since £ = Uj<j«(E N E;) and the sets E; are pairwise disjoint.
On the other hand, meas((F\E) N [a, 8]) < §, and Dom(&) C [a, 5].

Therefore

fo&il| <e for £ €N, (3.1.9)

H/(E\E)WDOHI(&)
It follows that

lim sup / fo&e —/ fobool < 2e. (3.1.10)
{—oo||/ ENDom(&;) ENDom(és0)
Since this is true for every € > 0, we see that
/ f ok - f b
EnDom(&y) ENDom ()
and our proof is complete. &

3.2 Conic continuity

Let neIN, SCR"xR. If ¢: S— IR, is a function, we use ARCy(IR"; S) to
denote the set of all absolutely continuous & € ARC(IR™;S) such that

IE()]| <9(£(t),t) for almost all ¢ € Dom(€). Also, we write ARC,(R"; S)
to denote the (much larger) set of all £ € ARC(IR™; S) such that

lim sup M <

UL — < P(&(t),t) for a.e. t € Dom(§). (3.2.1)

If C >0, and (Z,t) € R" x R, we write
To(@,) € {(@,) eR" xR:t >, |z 7] < Ct - 1)}
% (z,1) = {(w,az',t)GIRanR"x]R:(x,t)GFc(if,ﬂ,(w’,t)el“c(f,ﬂ}.

Definition 12. Let n,m e N, SCIR" xR, f: S — R™. Let C > 0, and
let (Z,t) be a point of S.
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1. We say that f is forward T'¢-continuous at (Z,t) if
lim flz,t) = f(z,1). (3.2.2)

(z,t)—(z,t), (z,t)elc () NS
2. We call f weakly forward T ¢-continuous at (Z,t) if
lim (@) = f@@',)) =0, (3.2.3)

(w2 t)—(Z,%,0), (z,2 t)el's (#,HnS
where S = {(z,2,t) : (z,t) € S A (/,t) € S}.

If S > (x,t) — C(x,t) € Ry is a function, we say that the map f is
forward T ¢-continuous (resp. weakly forward I'c-continuous) if it is forward
(resp. weakly forward) I'c(z -continuous at every point (Z,%) € S such that

C(z,t) < oo. ¢

Remark 6. The forward I'c-continuity property of Definition 12 is a “conic
continuity” condition, because it says that f(z,t) approaches f(Z,t) when
(x,t) approaches (z,t) along the cone I'c(Z,t) in R™ x IR. &

3.3 Conic continuity implies integral continuity

If SCIR"™ xR, and t € R, we write S; to denote the set

S, ¥z eR": (2,t) € S}.

Theorem 2. Let n,m € N, S CIR" xR, f: 5 — IR™. Let C, ¢ be
R, -valued functions on S such that,

for a.e. te R, ¢(z,t) < C(x,t) < oo for all z € S;. (3.3.1)

Assume that f is EM(R™,R) N S-measurable, locally integrably bounded,
and weakly forward I c-continuous. Then f is integrally continuous on the
set ARCy(IR"™;S).

Proof. 1t follows from Fact 6 that f is arc-integrable on ARC(IR"™;S), since
f is LIB and EM(IR",R) N S-measurable.
To prove integral continuity, we use Proposition 1, and show that (SIC)
holds. We will actually prove the stronger fact that
(#) if {&}jen is a sequence in ARC(IR™; S) that converges in ARC(IR™)
to a limit £ € A’RJCw(]R”; S), then

/ F(&i(s), ) ds — fEols)s)ds  (3.3.2)
ENnDom(¢;) ENnDom(éx)

for every measurable subset E& of R.
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For this purpose, we fix a sequence {{;}jen in ARC(IR™; S) that converges
in ARC(IR") to a {x € ARCy(R™;S). We write a; = ag;, b; = be,,
Ij = Dom(;) = [a;, bj], for j € N.

Since & — &x in ARC(IR™;S), the sequences {a;}jen and {bj}jen
converge to the limits aso, boo, respectively. So we can pick a compact

interval J = [a,b] such that a < a; <b; < b for all j € IN. It is then clear
that it suffices to prove that (3.3.2) holds for all measurable subsets of J,
since fEij f(&(s),s)ds = f(EﬁJ)ﬂIj f(&(s),s)ds for all j € IN.

For each e such that € > 0, let £(¢) be the set of all measurable £ C J
having the property that there exists an N = N (g, E) € IN such that

H ém_ fo&i— -/Eﬂloo fofooH < emeas(E)

for j > N. It is clear that £(¢) is closed under finite disjoint unions.
Now fix £ and a measurable subset E of J, and let H(e, E) denote the
collection of all subsets U of £(¢) such that

(i) every member U of U is a measurable subset of J such that U C E
and meas(U) > 0,

(ii) Uy NUs = 0 whenever Uy, Us € U and Uy # Us.

It is clear that every U € H(e, F) is finite or countable, since the members of
U are pairwise disjoint measurable subsets of J of strictly positive measure.
Moreover, it is clear that every increasing union of members of H(e, E) is
in H(e, E). Finally, H(e, E) # 0, since ) € H(e, E). It then follows from
Zorn’s Lemma that there is a U € H(e, E) which is maximal with respect
to inclusion.

We now show that

Z meas(U) = meas(E) . (3.3.3)

Suppose that (3.3.3) does not hold. Let
U=\J{U:Ueu}.

Then U is measurable and satisfies

UCE and meas(U) = Z meas(U) < meas(E), (3.3.4)
veu
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because the members of U are pairwise disjoint measurable subsets of E.
Let V = E\U. Then meas(V) > 0and V C E. Let V! = V\I,,. We
claim that
meas(V') = 0. (3.3.5)

Indeed, assume that meas(V’) > 0. Then there exist a compact interval L
such that L N I = §) and meas(V' N L) > 0. Since a; — a and bj — by,
there must exist a j* € IN such that LN I; = () whenever j € N and j > j*.
Then fV’mLij fo& =01if j € N and j > j*. Therefore

lim fo&= foboo
j—oo JvinLni; VLT

Hence V'N L € E(e). Since V' NU = () whenever U € U, V'NL C E, and
meas(V'NL) > 0, the set YU{V'N L} also belongs to H(e, E), contradicting
the maximality of ¢. This contradiction shows that (3.3.5) holds.

Now let Vi = V NIy Then V. = VUV, so (3.3.5) implies that
meas(V1) > 0. Let V5 be the set of all ¢ € R such that

U <t < bso,

P(z,t) < C(z,t) < 00 for all x € S;

and

lim sup (£30) : foo(t)H < P(€eo(t), t) .

't t

It then follows from (3.3.1) and the fact that . € A/R/C'Qﬁ(]R"; S) that
meas (I \V2) = 0, so meas(V; N Va) = meas(V;) > 0. We can therefore pick
a point of density ¢ of V1 N V4.

Let & = £xo(f). Set C = C(z,t), B = v(z,t), and choose D such that
B < D < C. Using the weak I's-continuity of f at (z,7), find a § > 0 such
that

(f<t<t+onllz—all<Ct-HAll —7| <Ct-1))
= |f(z,t) = f@, 1) <e. (3.3.6)

By making § smaller, if necessary, we may assume that

oo <T—0 <t+6<bs, (3.3.7)

meas(Vi N Vo N [ — 0, +3]) > 25, (3.3.8)
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and
1600 (t) — €ao(t)|| < D(t — ) whenever t <t <t+4. (3.3.9)
Let p = g. Pick N € IN such that
1€;(t) — &ac(t)]] < (C —D)p for t<t<t+d,jeN,;>N.

Then, if j €N, j > N and t + p <t <t + 4, we have
1€ (t) — ] 165 () = Lo ()] + [|€oc () — |

(C—=D)p+D(t -1
Ct—1).

VANRVANRVAY

Therefore
1F(&(t),t) — f(€o(t),t)|| <& whenevert+p<t<t+4, j€N, j>N.

So, if 7 > N, the inequality

/ G, ) = fEe(t), )]l dE < emeas(ViN V2N [E+p,T44]).
VinVaN[E4p,E46)

holds. On the other hand,
meas(Vi NVoN[t+p,t+46]) >0, (3.3.10)
because if meas(Vi N Vo N[t + p,t + 6]) = 0 then we would have

meas(ViNVoN[t—6,t+46]) = meas(ViNVaN[t—6,t+ p])

o+p

46

3 )

contradicting (3.3.8). So, if we define W = Vi NVa N[t + p,t + §], we see
that W € £(e) and meas(W) > 0. Moreover, W N U = () whenever U € U.
Therefore Y U{W} € H(e, ), contradicting the maximality of . So (3.3.3)
is proved.

Given any ¢ > 0, (3.3.3) implies that we can find a finite subset V of U
such that

IN

Z meas(U) > meas(E) — ¢. (3.3.11)

If welet V. =J{U : U € V}, we see that V € £(g). So we have shown that
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(A) If E is a measurable subset of J and € > 0, 6 > 0, then there is a
measurable subset V' of E such that meas(E\V) < ¢ and

| [ o= | o] < cmeastr)
Vv \%
for all sufficiently large j.

Now let
K= {0 a<t<b}
jEN

Then K is a compact subset of S. Using the fact that f is LIB, choose an
integrable function ¢ : R — [0,4o00] such that ||f(x,t)|| < ¢(t) whenever
(z,t) € K. Given €, choose 0 such that [; ¢ < ¢ whenever L is a measurable
subset of IR such that meas(L) < §. If we apply (A) with this choice of §,
we see that

H/Efofj_/EfvfooH < e(2 + meas(E))

for all sufficiently large j. Since ¢ is arbitrary, we can conclude that

H/Ef°5j _/EfofooH — 0 as j — o0, (3.3.12)

and the proof is complete. &

3.4 Time-varying vector fields

Definition 13. Let n € IN. A time-varying vector field (abbr. “TVVE”)
on R™ is a—possibly partially defined—single-valued map from R" x IR to
R™. We use TVV F(IR") to denote the set of all TVVFs on R™. If S is a
subset of R™ x R, we use TVV F(IR™; S) to denote the set of all TVVFs on
R"™ whose domain is S. &

A TVVEF on IR” is therefore a set-valued function f : IR"™ x R+ IR™ that
happens to be single-valued. It follows that all the definitions introduced in
§2.9 for differential inclusions & € F(x,t), and all the results stated there,
apply to TVVFs. So we have a well defined concept of “trajectory of a
TVVF f.” or “trajectory of the ordinary differential equation & = f(x,t),”
and every TVVF f has a flow ®7.

We now prove some elementary estimates for LIB TVVFs.
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IfzeR" t € R, and § > 0, we write
Ni(z,0) {(m,t)emnxmznm—zngaAf—agtgf+5},
J\/’(;(Q)(a’c,ﬂ e {(:C,t, s) : (x,t) € Ns(z,t) A (z,5) € Ns(z,1) }

Lemma 1. Let ¢ : R — [0,400] be an integrable function. Let n € N, and
let f € TVVF(R™). Let 61,0 be positive numbers such that
146
i+ [ o < 01, (3.4.1)
t—9
and
| f(z, t)] < () whenever (z,t) € Ny, (Z,t) N Dom(f). (3.4.2)
Then

|y—Z|| < 01 whenever ye®/(z,t,s) for some (z,t, s)ENéz)(oﬁ,ﬂ. (3.4.3)

Proof. Pick x,t,s,y such that (z,t,s) € N(;(Q)(af,f) and y € ®f(x,t,s).
Let ¢ be a trajectory of f such that ((s) = = and ((¢) = y. Let I be the
compact interval [min(s,t), max(s,t)]. Let £ be the restriction of ¢ to I.
Then I C [t — 4, + ], and & € CO(I,R™).

Let L be the set of those 7 € I such that ||{(c) — Z| < §; for all o that
lie between s and 7. Then L is a compact interval, and s € L C I. So
L=[r,o], where € I,0 €I, and s € {r,0}.

Clearly, (£(r),r) € N, (Z,t) whenever r € L. Moreover, ({(r),r) belongs
to Dom(f) and &(r) = f(£(r), r) for almost all 7 € L.

It follows that, if r € L, then

lety— 2l < ller) =l + o — 2]
= Il - ()H+Ilw—fcll
| [ £,y duf + 1z - 2l

t+6
< / o(u) du+ 0
t—0

< 1.

We know that one of the endpoints of L is s. Let p be the other endpoint.
Assume that p # t. Then p is an interior point of I. But ||{(p) — Z|| < 41,
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because p € L. Therefore there exists a number ¢ such that ¢ > 0,
[p—e,p+¢e] CI, and ||£(t) — Z| < &1 whenever t € [p —¢,p +¢]. But
then the interval [p — e, p+ ¢] must be entirely contained in L, contradicting
the fact that p was a boundary point of L. This contradiction shows that
the assumption that p # t is false. So p =t, and then L = I. Then t € L,
so [ly — || = [I§(¢) — ]| < 61 %

The following continuity property of the flow is a trivial consequence of
Lemma 1:

Corollary 1. Let n € N, f e TVVF(R™). Assume that f is LIB. Assume
also that for some positive number & the restriction of f to Ns(Z,t) N Dom(f)
1s integrably bounded. Then

li —Z| iy e ®(x,t,s)} =0. 3.4.4
(%tﬁ)ﬁ@f})n;@f(Wwsup{uy 3y e ®f(at,s)} (3.4.4)

Proof. Let ¢ > 0. Pick 01 such that 0 < §; < ¢ and the restriction of
f to N5, (Z,t) N Dom(f) is integrably bounded. Then choose an integrable
¢ : R — [0,400] such that (3.4.2) is true, and pick § for which (3.4.1) is
satisfied. Then Lemma 1 implies that ||y — Z|| < € whenever |z — z|| < 4,
|t =% <0, |ls 1t <0, and y € & (2,t,5). So (3.4.4) is true.

3.5 Admissible time-varying vector fields

We will be interested in time-varying vector fields f € TVVF(IR") that
satisfy the following property:

(AD) The map f is EM(IR",R) N Dom(f)-measurable, and for every
compact subset K of Dom(f) there exists an integrable function
¢ : R~ [0,+00] such that

(AD) [[f(z, )| < @(t) for all (z,t) € K,
(AD.i) f is integrally continuous on ARC,(IR"; K).

Definition 14. A time-varying vector field on R™ for which (AD) holds
will be called admissible. We use ADM(IR™) to denote the class of all
admissible time-varying vector fields on IR". If S is a subset of R" x R,
we use ADM(IR™; S) to denote the class of all f € ADM(IR™) such that

Dom(f) = S. &

Definition 15. Let n € N, f € TVV F(IR"™). We call f trajectory-compact
if the set Traj .(f, K) is compact for every compact subset K of Dom(f).{
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In addition to the sets Ns(z,1), N(;(2) (Z,t) defined earlier, we introduce
their “one-sided” versions:

Nip@f) < {@teR" xR:|lz-7| <6 AE<t<F+6},

5 E {(@ts): (2,1) € Noy (7,8) A(2,5) €Ni1(2,0) |,

( (

_ def n _ T T
Ni-@D) = {@neR xR: Jo—z|<oni-0<t<i},
N ( 1)

_ def

(z,t) = {(:cts):(a:,t)e./\/g (Z,t) A (x,8) € N5 _( _)}
Definition 16. Assume that n € IN, f € TVVF(R"), S = Dom(f), and
(z,t) € S. We say that f is flow-upper semicontinuous (resp. forward
flow-upper semicontinuous, backward flow-upper semicontinuous) near (T,t)
if there exists a § € IR such that 6 > 0 and the restriction to the set
N52) (Z,t) (resp. /\/'5(’242(9?,5), N(;(ZJ (z,1)) of the set-valued map ®/ is upper
semicontinuous and has nonempty compact values. &

Theorem 3. Let n € N, f € ADM(R"™), S = Dom(f). Then f is
trajectory-compact. Moreover,

(T3.7) f is flow-upper semicontinuous at every interior point (Z,t) of S,

(T3.ii) f is forward flow-upper semicontinuous at every point (T,t) such
that Ns_(z,t) C S for some positive 0,

(T3.iii) f is backward flow-upper semicontinuous at every point (T,t) such
that N5 _(z,t) C S for some positive ¢.

Proof. We first prove trajectory-compactness. Let K C S be compact,
and let {{;};en be a sequence in Traj.(f,K). Let ¢ : R — [0,+00] be
integrable and such that || f(z,t)|| < ¢(t) for all (z,t) € K and the integral
map 'Z}ARC% (R™K) ARC,(R™; K) — ARC(IR™) is continuous.

Then the arcs {; are entirely contained in K. Moreover, the ; are
absolutely continuous and satisfy ||€;(t)|| < ¢(t) for almost all ¢ € Dom(f).
Therefore the sequence {¢;}jen is uniformly bounded and equicontinuous,
so there is a subsequence {&;()}ren that converges in ARC(IR") to an
arc . Then ¢ € ARC(R™; K), since K is compact. Moreover, if we
write Dom(§;) = [aj,b;] for j € N, then aj) — Goo, bj() — boo, and
1€50) () = Eigoy ()]l < Jr o whenever j € N and a; < s <t < b;. It follows
that [|€x0(t) — €uo(s)]| < [T whenever as < s < t < bs. Therefore
€eo € ARC,(R™; K).



ALMOST LOWER SEMICONTINUOUS DIFFERENTIAL INCLUSIONS 31
A ’I’LK . _
7; RO (RE) oy j € IN. Then n; € ARC(IR"), and the

continuity of 'TJCAR%(R”;K) on ARC,(IR"™; K) implies that n;) — 7 as
¢ — oo. Since & € Traj.(f) for j € IN, the equalities

Let n; =

()= &iai) + [ F(6()5)ds = &as) + 0

hold if j€IN, a; <t<b;. Taking j=j(¢) and letting £ — oo, we see that

Eoe(t) = ole) +7oe(1) = Eoclitoe) & [ F(Euc(s),5)ds

if Goo <t<boo. S0 &xo € Traj . (f, K), proving that f is trajectory-compact.
We now prove Conclusion (T3.i). Pick an interior point (Z,) of S. For

0 € R, d > 0, write K(0) défj\/(;(j,i). Let 01 be such that §; > 0 and
K(01) C S. Let ¢ be an integrable function on IR such that || f(z,t)|| < ¢(t)
whenever (z,t) € K(61) and f is integrally continuous on ARC,(IR™; K(61)).
Let § be such that 6 > 0 and (3.4.1) holds. Let G be the graph of the

restriction to N, 6(2) (z,1) of the set-valued map ®/, so that
G= { (z,t,5,9) ER"xRxRxR":yc®/ (z,t,5), (,t, S)GN(;@)(Q_C,E) } .

We will prove that G is compact. For this purpose, we pick a sequence
{(x},t,55,y;)}jen of points of G, and show that it has a subsequence that
converges to a point (z,t,s,y) € G. It is clear that the sequences {z;}en,
{tj}jen, {s;}jen, are bounded. We may therefore assume that the limits
Too = iMoo Tj, too = liMj_o0 tj, Soo = limj_. 55, exist.

For each j € IN, let (; be a trajectory of f such that (;(s;) = x; and
¢j(tj) = y;. Let I; be the compact interval [min(s;,t;), max(s;,t;)], and let
& be the restriction of (; to I;. Then §; is a trajectory of f, &;(s;) = xj,
&i(t;) = y;, and Dom(§;) = I;. If t € I;, then (zj,t,s;5) € ./\/;5(2)(:%,5), and
Lemma 1 implies that ||;(t) — Z|| < 61, so (§;(¢),t) € K(d1).

It follows that &; € Traj .(f,/C(01)) for every j € IN. Since f is trajectory-
compact, there is a subsequence {&;()}een of {&;}jen that converges in
ARC(IR™) to a limit o € Traj .(f,K(01)). Let Yoo = oo(too). Then

Jm g = Hm &) () = ooltoo) = Yoo
80 limy oo (Z(0), tj(0) Sj(0)s Yj(e)) = (Toos toos Scos Yoo). Moreover,

€oo(s00) = lim o) (sj(0)) = lim 2 = oo -
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Therefore Yoo € P/ (Too, too, S00). Since (x4, 15, 5;) EN(S(Q) (z,t) for every j€IN,
it is clear that (Zoo,too, Soo) € ./\/'5(2) (Z,t). Therefore (Zoo,too, Soos Yoo) € G-
This completes the proof that G is compact. Equivalently, we have shown
that the set-valued map ®f has compact values and is upper semicontinuous
on the set /\/5(2) (z,1).

To conclude our proof, we have to show (cf. Remark 7) that

®f(x,t,5) #0  whenever (z,t,s) EN (z,1). (3.5.1)

Fix a point (z,t, s) of ./\/5(2) (Z,t). Let J = [t—4,t+d]. Let X be the Banach
space of all continuous maps & : J — IR", endowed with the sup norm. Let C
be the subset of X" consisting of those £ € X' that are absolutely continuous
and satisfy [|{(r) — Z|| < 01 for all » € J and ||€(r)]] < ¢(r) for ae. r € J.
Then C is a compact convex subset of X'. Define a map p : C — X by letting

r):a:—i—/Tf@(u),u)du for £€C,relJ. (3.5.2)

(The map p is clearly well defined, because (i) if £ € C and v € J then
(&(u),u) € K(01), so f(&(u),u) is defined; (ii) the essential measurability of
f implies that the map J > u — f({(u),u) € IR™ is measurable, and (iii) the
integrable bound

1 (&(w), Wl < p(u) (3.5.3)

implies that J 3 u+— f(&(u),u) € R™ is integrable.)

If ¢ € C, and n = u(§), then it follows from (3.5.2) and (3.5.3) that n
is absolutely continuous and ||7(r)|| < ¢(r) for all » € J. Moreover, since
llx — z|| <4, (3.4.1) implies that ||n(r) — z|| < d§; for all r € J. Therefore
w(€) € C. So p is a map from C to C.

We now prove that the map p is continuous. To see this, we write
A= ARC,(IR™;K(61)), and observe that C C A. The definition of x implies
the identity

w(&)(r) = x—i—’]}»A({)(T)—’Z}A(Q(s) whenever £ €C,r e J. (3.5.4)
Since ’]}A is continuous on A, the continuity of u follows.

By the Schauder Fixed Point Theorem, p has a fixed point. Clearly, if £
is a fixed point of p, then

=z +/ u)du for r e J. (3.5.5)
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Then £ is a trajectory of f defined on J, and &(s) = x. If we let y = £(¢),
then y € ®f(x,t,5), so ®/(x,t,5) # (). This completes the proof of (T3.i).
The proofs of (T3.ii) and (T3.iii) are identical, with obvious trivial
modifications. Alternatively, one can derive (T3.ii) and (T3.iii) directly
from (T3.i) by applying (T3.i) to suitably chosen TVVFs. For example, to
derive (T3.il) we pick (Z,t) and a positive 0 such that N5 (Z,¢) C S, write

§ = (Rrx]- oo, [ ) U (SN (R x [f. +00) ).

and define a map g : S— R" by letting

(2,1) = flz,t) if (z,t)e S and t > ¢,

g\Eb) = f(z,t) if ze€R™ and t<t.

Then g € ADM(IR™), Dom(g) = S, and (Z,1) is an interior point of S. So
we can apply (T3.i) and conclude that ¢ is upper semicontinuous and has
compact nonempty values on N, 5(2) (Z,t) for some positive 0. If we restrict

dI to /\/'5(%2 (Z,t), (T3.ii) follows. The proof of (T3.iii) is similar. O

Remark 7. The assertion that the values of the flow are nonempty (that
is, Statement 3.5.1), is the existence of solutions theorem for differential
equations & = f(z,t) with f € ADM(IR"). It is therefore not surprising
that the proof of this statement depends on a fixed point argument. &

A special case of Theorem 3 is the usual Carathéodory existence theorem:

Corollary 2. Assume that n € IN, Q is open in R", and I is a nonempty
subinterval of R. Let S = Q x I. Let f : S +— IR"™ be a LIB time-varying
vector field such that the map Q > x — f(x,t) € R"™ is continuous for
almost every t € I, and the map I > t — f(x,t) € R"™ is measurable for
every x € Q. Then f is integrally continuous on the space ARC(R™;S), so
f e ADM(IR™; S). In particular,

(C2.1) f is trajectory-compact,
(C2.i1) f is flow-upper semicontinuous at every (Z,t) € Q x Int(I),
(C2.4ii) f is forward flow-upper semicontinuous at every point (T,t) such
that & € Q and [t,t + 8] C I for some positive 0,
(C2.7v) f is backward flow-upper semicontinuous at every point (T,t) such
that & € Q and [t — §,t] C I for some positive §.
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Proof. 1t follows easily from the hypotheses that f is essentially measurable.
Let A= ARC(IR™;S). Then Fact 6 tells us that f is arc-integrable on A.

Let {{;}jen be a sequence in A that converges in ARC(IR™) to a é € A.
For j € N, let L; = Dom(¢;) = [aj,bj], and write n; = ’Z}A(fj). Then
lim; o aj = oo and lim; o bj = bo.

Let K be a compact subset of S such that (§;(t),t) € K whenever
j € N and a; <t < bj. Choose an integrable function ¢ on IR such that
|| f(z,t)]| < () whenever (z,t) € K. Then, if {t;};en is a sequence such
that a; <t; < b; for every j € IN, and t; — t as j — oo, we have

nj(tj):/:_j f(&(s),5) ds—>/atf(§oo(s),s) ds =T (a,t,€)  (3.5.6)

by the Lebesgue Dominated Convergence Theorem, since §;(s) — &x(s) for
each s, and || f(§;(s), s)|| < ¢(s) for each j and each s € Lj].

This proves the integral continuity of f on A. Therefore f is admissible,
and then all the other conclusions are consequences of Theorem 3. &

3.6 Points of approximate continuity

Definition 17. Assume that n,m,m» € IN, S C R*" xR, f : S — R™,
and (z,t) € S. We say that (Z,t) is a point of approzimate continuity
(abbreviated PAC) of f if there exist positive numbers h, d such that
(D17.1) B™(%,0) x [t — h,t+h] C S,
(D17.2) there exist measurable functions o5 : [t — h,¢ + h] — [0, 00], for
0 < 0 < 9, such that
(D17.2.1) the bound ||f(x,t) — f(Z,%)|| < o5(t) holds whenever (z,t)
belongs to B"(z,d) x [t — h,t + h)
(D17.2.2) limgjo, njo + i) o5(t) dt = 0.
The concepts of a point of forward approximate continuity and a point of

backward approzimate continuity are defined similarly, with the interval
[t — h,t+ h] replaced by [t, ¢+ h| and [t — h, t], respectively. 9

Proposition 2. Assume that n,m € N, S CR" xR, f: S — IR™, and
(z,t) € S. Assume that there exist K, E, ¢ such that

(P2.a) E € Leb(R), K is a compact subset of S, ¢ : R+ [0, +00] is an
integrable function, (T,t) is an interior point of K, and t is a
point of density of E and a Lebesgue point of ¢,
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(P2 b) hm(z,t)*)(j,{)7(zyt)€K7t€E f(x7 t) = f(j:7 E)!’
(P2.c) | f(x,t)]| < @(t) for all (x,1) € K.

Then (Z,t) is a point of approximate continuity of f.

Proof. Pick positive numbers §, h such that B™(z,6) x [t — h,t+ h] C K.
For 0 < § <4§,t—h <t <t+h, define os(t) by

oa()= | {1 @)= F@ Dl 2= <6 |s—F <[t—Fl,s € B} if 1€ E.
p(t) + ¢(t) if t¢E.

Then o5 is measurable, because it is monotonically nondecreasing on the set

EN|t,t+ h] and monotonically nonincreasing on F N[t — h, t], and coincides

with the integrable function ¢ — o(t) + ¢(f) on [t — h,T + h]\E. It is clear
that the bound of (D17.2.1) holds. Moreover,

t+h
/ os(t)dt = / o5 (t) dt + o5 (1) dt
t—h [t—ht+hNE [f—h,t+h]\E

< [ wEhds [ (o) +e(®)d
[f—h,I+h]NE [f—hi+h)\E

< 2hw(dh)+ [ (p(t) —p(t) + 20(t)) dt
[f—h,+h]\E

t+h
< 2hw@h)+ [ le®) - e@lder [ 2@
i—h [f—hF+h\E

T+h
< 2ha(@h)+ [ 1e(t) = @] dt+ 2000 nh).
where w(0,h) < sup{||f(x,t) — f(@. D : llx — 2| <&t ]| < h,t € E}
and p(h) % meas([f— h,t+ h]\E)

It follows from (P2.b) that limsjopnow(d,h) = 0. The fact that ¢ is a
Lebesgue point of ¢ implies that limyo 3 fgj: lo(t) — o(t)| dt = 0. Finally,
limy,|o £44(h) = 0, because T is a point of density of E. Therefore (D17.2.2)
holds, and our proof is complete. &

3.7 Differentiability of the flow

The differentiation theorem will say, roughly, that if (Z,t) is a PAC of f,
then

O (@,t,5) =2+ (t = 5)f(@0) + o llz—Z| +t—#|+|s—7] ) (3.7.1)
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as (z,t,8) — (z,1,1).
Since ®f is set-valued, Equation (3.7.1) requires interpretation. The

precise meaning of (3.7.1) is that, if we use A to denote, for a given w € R",
the linear map A” : R™ x R x R — IR" given by

AY(v,h, k) =v+ (h — k)w for ve R", h,ke R, (3.7.2)
then AS(@:1) (v, h, k) is a “first-order approximation” to the set-valued map
(z,t,5) — B (x,t,5) — &/ (z,1,1) = B/ (x,t,5) — =

near (Z,t,t). Precisely, this means that

sup {[ly — 2 — M@V (@ — 2.t —T,5 = D) sy € B (w,5,1) }
lim - . - =0 (3.7.3)
|z —Z|| + |t —t| + |s — 1]

as (z,s,t) — (z,6,t). fweset v=0o—Z, h=t—t, k=s—1in (3.7.2), we
see that (3.7.3) says that

o osw{lly—z— (t—9)f@ D]y € B (w,5,1)}
1m = =
(2,5,t)— (7,1:8) o —Z[| + [t — ¢] + |s — 1

—0 (3.74)

When this happens, we say that ® is differentiable at (z,t,t) and the
differential of ® at (z,%,%) is the linear map AT,

The one-sided concepts of forward and backward differentiability are
defined similarly, replacing “(z,t,s) — (z,t,t)” by “(z,t,s) — (z,t,t) via
values of t,s such that ¢t > ¢ and s > " and “(x,t,s) — (Z,t,t) via values
of t,s such that t <t and s < t,” respectively.

Theorem 4. Assume thatn € N, S C R" x R, f € TVVF(R™S), and
(z,t) € S. Then, if (Z,t) is a point of approzimate continuity of f it follows
that the flow ®F is differentiable at (Z,t,t), and the differential of ®1 at
(z,t,1) is the map Af@D defined by (3.7.2).

Proof. Let 6, h, and the functions o5 : [t — h,T + h] — [0,00] be as in
Definition 17. For 0 < § < §, write

w(®) =sup{lly— 2 1y € B (x.5,0) : (x.5,) e ND@ D). (375)

Then w(d) — 0 as ¢ | 0 by Corollary 1. Choose 6* such that 0 < §* < § and
w(0*) <.
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Let 0 < § < 6*. Suppose y € &/ (z,s,t), (z,s,t) € /\/’5(2)@,5). Let ¢ be a
trajectory of f such that ((s) =z and ((t) = y. Let I be the interval with
endpoints s,t. Let & be the restriction of ¢ to I. Then

y=z+ [ FEw)rdr =t (6 )f@0+ R,

where the error term R is given by R = [! (f(ﬁ(r), r) — f(z, f)) dr.
To estimate R, we first observe that for each r € I the point £(r) belongs
to ®f(x,r,s), and (z,r,s) € N(;(z)(a’?,f), so ||€(r) = Z|| < w(d). Then

rel=|f&r),r) = f@D < oue)(r).
Therefore o
18] < [ o) dr. (3.7.6)

where h = max (|t — t|, |s —t]).

Inequality (3.7.6) has been proved for arbitrary (z,t,s) € /\/'5(2) (z,t) and
y € ®f(x,t,s), provided that 0 < § < 6*. For given (z,t,s), we can take
d = ||z — z||, and define h = max(|t — t|,|s — t|) as before. This yields

ly—a—(t—)f@ D _ IRl
|z —Z|| + |t — ¢ + |s — 1] S+t —t|+|s—1
_ 1Al
- h
1 rt+h
< - Ow(||z—z r dT,
< h/{—h (1) (7)
so (3.7.3) holds. O

Corollary 3. Assume thatn € N, S CR" xR, f € TVVF(R™;S), and
(z,t) € S. Then, if (Z,t) is a point of forward (resp. backward) approzimate
continuity of f it follows that the flow ® is forward (resp. backward)
differentiable at (Z,t,t), and the forward (resp. backward) differential of
®f at (z,1,1) is the map AT®D defined by (3.7.2).

Proof.  This can be proved using exactly the same arguments as in the
proof of Theorem 4 with obvious one-sided modifications. Alternatively, the
result can be derived from Theorem 4 by applying Theorem 4 to the TVVF
g considered in the proof of Theorem 3. O
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3.8 Regularization

Fix an n € IN, a nonempty open subset €2 of IR", and a subinterval I of R
of positive length. Let S = Q x I, and fix an admissible time-varying vector

field f € ADM(IR™;S). For p > 0, let §2, be the set of all z € R" such that

the closed ball B"(z, p) & {2/ € R™: |2’ — z|| < p} is entirely contained in

2. Then €2, is open. Let S, =€, x I.

Fix, once and for all, a function 0 : IR® — IR of class C*°, such that
6(z) > 0 for all y, O(z) = 0 whenever ||z]| > 1, and [g. 6 = 1. Also fix, once
and for all, locally integrable functions ¢ : I — [0, 00|, for each compact
subset K of €, such that || f(z,t)|| < ¢k (t) whenever z € K and t € I. If K
is a compact subset of Q and p > 0, we write K = {z € R" : d(z, K) < p},
and observe that K” C 1 if and only if K C €,,.

Define

folz,t) = - f(x —pz,t)0(z)dz for (z,t) €S,. (3.8.1)

Then for almost all ¢ € I the integral is defined for all x € ,, because for
a.e. t the map = — f(x,t) is measurable and bounded on compact sets.
Moreover, if K is a compact subset of €1, then f, satisfies the bound

[ fo(z, )| < @K, (t) whenever ze€ K,tecl.

In particular, f, is locally integrably bounded on S,. Since

folz,t) = p*”/ f(y,t)@(x—;y)dy for t€Q,, tel, (3.8.2)
R
it is easy to see that f,(x,t) is of class C* as a function of = for almost
every t. Moreover, f,(z,t) is clearly measurable with respect to ¢ for each
fixed z. Furthermore, using (3.8.2), we see that

/

fowt) = @)= [ ) (9(’: ) -o(—, y))dy (3.8.3)

for x,2’ € Q,, t € I. Therefore, if K C Q, is compact, and z,2’ € K, t € I,

we have
T -y x’ —y
o(=7) - o(—,7)

H#@J%—ﬁ@%ﬂHSp”wm@X/ dy. (3.8.4)

n
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Then
(KQQP A K compact A z,2' € K A tEI)
= ||folw.t) = foa',0)]| < mp 7 ok, (e ), (3.8.5)

where

K = sup {||V6’(z)|| 1z € ]R”} . (3.8.6)
Clearly, (3.8.5) implies that

Fact 7. If p > 0 then the map Q, > x — f,(x,t) is locally Lipschitz for
almost all t € I, and the Lipschitz constant Ck(t) can be chosen, for each
compact subset K of Q,, to be a locally integrable function of t. &

It then follows that f, has the usual uniqueness and continuous dependence
properties. In particular:

Fact 8. The flow ®f is single-valued and continuous on its domain of
definition Dom(®7), which is a relatively open subset of Q,xIxI containing

the set {(x,t,t) :x € Q,,t € I}. $
If (z,t) e R" x [ and § > 0, we let
B Ns(z,t) if telInt(l),
Ns(z,t) = Nsy(z,t) if t=min T,
Ns_(z,t) if t=max1T,
Nz, 1) if fent(l),
NP(z8) = { NP)@8) if f=minl,
N(;(?_)(.f,f) if t=maxI.

Fix (z,t) € Q x I, and pick  such that § > 0 and

(#.1) N;3(z,%) C S and the set-valued map ®f is upper semicontinuous
and has compact nonempty values on ./(/(5(2) (Z,1).

Theorem 5. Let 6 > 0 be such that (#.1) holds. Then there exists a positive
p such that

(#:2) B"(z,0) C Qp,
(#.3) ./\75(2)(5:,{) C Dom(®/) whenever 0 < p < p,

and
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(#.4) the single-valued maps ®Fr D\~/'5(2)(§377?) satisfy

o[NP (z,0) B o[NP (2,7) as p— 0. (3.8.7)
In particular, the set-valued map ®F [/\76(2) :/\Nf(s(z)»—»IR” s regular.

Proof. The image L = <I>f(./\~/5(2)(a_c,t_)) is a compact subset of . Let K be
a compact subset of Q such that L C Int(K). We will show that

(*) if {(pj,xj,tj,55)}jen is a sequence in R x R™ x R x R such that
p; >0, (zj,t,s5) € ./\~/’5(2)(a?,f), pi =0, (zj,t5,s5) — (,t,s), then

(*.1) (xj,t),55) € Dom(®/) for large enough j
and

(*.2) ify; = e (x5,t5,55), theny; € K for large enough j, and every
limit point y of the sequence {y;} satisfies y € ®/(z,t,s).

It is clear that (*) implies our desired conclusion. To prove (*), we first
fix a p > 0 such that K; C (), and write ¢ = ¢k,.

Assume that the hypothesis of (*) holds. Define a compact interval I by
letting I = [t — 6,f+ 0] if t € Int(I), [ = [,t+ 6] if t = min I, T = [t — J,1]
if £ = max I. Let §; denote the maximal trajectory of f,, that goes through
x; at time s;. Let J; = Dom(¢;), so that s; lies in the interior of J; relative
to I. Let I; = [min(s;,t;), max(s;,t;)], so that I; C I. Let H; denote the
set of all 7 € I; N J; such that &;(u) € K for all v € [min(s;, ), max(s;7)].
Then Hj is a compact interval, H; C J; N I; and s; is one of the endpoints
of Hj. We let 7; be the other endpoint, so H; = [min(s;, 7;), max(s;, 7;)].
Then, if we let 0K = K\Int(K), it is easy to verify that

Fact 9. For each j, either Tj =t; or §;(1;) € OK.

Let z; = &(75). Then (zj,7j,55,2;) € /\75(2)(5:,73 x K. Write n; = &;[Hj.
Then n; € Traj.(fy,), and n;(t) € K whenever t € Hj, so n; belongs to
ARC(R™ K x I), and

ln;(r)]| < @(r) for re Hj. (3.8.8)

It then follows that the sequence n = {7;}jen is uniformly bounded and
equicontinuous. Therefore every subsequence of n has a subsequence that
converges to a limit in ARC(IR™). Equivalently, every infinite subset V'
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of IN contains an infinite subset W such that the sequence n"¥' def {n;j}iew
converges in ARC(IR™) to a limit n"V.
Let W be the set of all infinite subsets W of IN be such that 'V converges.
We will prove that
WeWw = " eTraj(f). (3.8.9)

We first show that (3.8.9) implies our conclusion. Let
W ={jeN:t;¢J;}, W ={jeN:t; #7;}. (3.8.10)

Then
JEW =>jeW" =z € 0K, (3.8.11)

where the first implication follows because 7; € J;, and the second one is
a consequence of Fact 9. If the set W’ was infinite, then we could pick W
to be a subset of W/ such that W € W, and apply (3.8.9) to conclude that
nV € Traj(f). Since Dom(n;) = H; = [min(s;, 7;), max(s;,7;)], and the
sequence {n;}jew converges to nV in ARC(IR™), it is clear that the limit
™ =lim;_ o0 jew exists, and Dom(n"') = HY = [min(s, 7"""), max(s, 7V)].
Let zV = pW (7). Then 2 = lim; oo, jew 2j, so (3.8.11) implies that
z € OK. Since 2 = n" ("), (3.8.9) implies that zV € &f(z, 7V s).
Since (z,7V,s) € ./\75(2)(:1_@,5 (because (z4,7j,5;) € ./(/(5(2)(3?,{) for every j),
W € L CInt K. So we have reached a contradiction, proving that W” is
finite. Then W’ is finite as well, and this shows that (*.1) holds. Moreover,
the fact that W” is finite shows that ¢; = 7; for sufficiently large j, so z; = y;
for large j, proving that y; € K for large enough j. Finally, let y be a limit
point of the sequence {y;};jen. Pick an infinite subset W’ of IN such that
y; — y as j — oo via values in W’. Then pick W € W such that W C W',
Then y = n"W(t). This shows that y € ®(x,s,t), and the proof of (*) is
complete.

To conclude our proof, we must establish (3.8.9). Fix W € W, and
let 7V = limj_ oo jew 75, HY = Dom(n"') = [min(s, "), max(s, 7V)],
WV =W (#W). Our conclusion is trivially true if s = 7'V. Assume that
s # 7W. Pick a number u such that min(s,7") < u < max(s,7"). Let
N = P x @, where P is a compact neighborhood of "V (u) in 2, and Q is a
compact interval which is contained in the interior of H" and is such that u
is an interior point of ). Using the admissibility of f, choose an integrable
function v : Q — [0, 00] such that || f(z,t)|| < ~(¢) for all (z,t) € N, and f
is integrally continuous on ARC,(R"; N). Write A = ARC,(IR"; N). Then
there exist an € > 0 and a j* € IN such that the following are true for j > j*:

(1) pj <e,



42 HECTOR J. SUSSMANN

(2) Q € Hj,
(3) (nj(v) +z,v) € N whenever |[v —u| <e, ||z|| <e.

(Indeed, (2) holds if j is large enough because the endpoints of H; converge
to the endpoints of H" and Q C Int(H"Y). Given ¢, (1) holds for large
enough j because p; — 0. So all we need is to show that there exists an ¢
such that (3) holds for large enough j. If ¢ did not exist, there would exist,
for each k € IN, a j(k) such that j(k) > k and a pair (vg,z) such that
llzell < 27F, |lop —ul < 27%, and (k) (Vk) + 21, v) € N. But then vy — w,
and 2z — 0 as k — 00, 80 (k) (Vk) + 2k, V&) — (n"W (u), ). Since (n"W (u),u)
is an interior point of IV, this is a contradiction.)
Then, for j > 5%, if v1,v3 € [u —e,u + €] and v1 < ve, we have
V:

i) =) = [ F(m(w), w)dw

U1

= /1:2 (/Rn f(n;(w) — pjz, w)0(2) dz) dw
= /R” ( :2 f(nj(w) — pjz,w) dw)@(z) dz
_ /R N £ (w), w) dw)0(z) d=

- /R (T M) (w2) = T () (v1) ) 0(2) =,
where 77 : [u — €,u + €] — €2 is defined by
njz-(w) =nj(w) — pjz for |w—u| <e,

and the interchange of the integrals is justified by Fubini’s Theorem, using
the bound || f(&j(w) — pjz,w)|| < ~v(w), which is valid because the point
(&j(w) — pjz,w) belongs to N. It is clear that the curves 77 belong to A
whenever [|z]| <1 and j > j*. Moreover, the 1 converge in ARC(IR") to
the restriction " [[u — &,u + €]. Since f is integrally continuous on A, it
follows that T¢(n?)(va) =TA(n7) (v1) — fo? f(n" (w), w)dw for each z € R™
such that ||z|| < 1. Since H’Z}A(nj)(vg) —’TiA(r]j)(vl)H < ['*F y(w)dw, and 0

u

is bounded and supported in {z : ||z|| < 1}, we have
1" (w2) = 0" (o) = Jim (ns(02) = ni(on))
= lim (T ) (v2) = T () (01) ) 0(2) d=

=00 JzeRn |z <1

-/ Y (w), w)dw .



ALMOST LOWER SEMICONTINUOUS DIFFERENTIAL INCLUSIONS 43

So every interior point u of H" has a neighborhood [u — &, u + ] with the
property that [u —¢e,u+¢] € HY and n"[[u —e,u+¢] is a trajectory of f.
This clearly implies that n"V' € Traj (f), completing the proof. &

3.9 Regular differentiability of the flow

We now combine the results of the two previous subsections into a single
statement, asserting the regular differentiability of the flow of an admissible
vector field f € ADM(IR™) at every point of approximate continuity of f,
and explicitly exhibiting a differential.

Theorem 6. Assume thatn € N, S C R" xR, f € ADM(IR"™;S). Let
(z,1) be a point of approzimate continuity of f. Then the flow ® is regularly
differentiable at (Z,t,1), and the linear map A'@Y defined by (3.7.2) is a
differential of ® at (z,t,7).

Proof. Theorem 5 gives us a neighborhood of (Z,t,t) where ®7 is regular,
and Theorem 4 says that Af(@D is a first-order approximation to ®/ near

(2,t,1). &

Corollary 4. Assume that n € N, S C R" x R, and f € ADM(IR™;S).
Let (Z,t) be a point of forward (resp. backward) approzimate continuity of
f. Then the flow ® is forward (resp. backward) reqularly differentiable at
(z,1,%), and the forward (resp. backward) differential of ® at (z,t,t) is the
map AEY defined by (3.7.2).

Proof. This follows by applying Theorem 6 to the TVVF g considered in
the proof of Theorem 3. &

4 Almost LSC differential inclusions

4.1 Lower semicontinuous set-valued maps

Definition 18. Assume that X and Y are topological spaces. A set-valued
map F: XY is lower semicontinuous (abbr. LSC) if the inverse image
under F' of every open subset of Y is open in X. &

The following observation is a trivial consequence of the definition.

Fact 10. If X, Y are topological spaces and F : X +— Y is an ordinary (i.e.
single-valued, everywhere defined) map, then F is LSC as a set-valued map
if and only if F' is a continuous map. &



44 HECTOR J. SUSSMANN

In addition, the following fact is well known.

Lemma 2. Let S be a topological space and let Q) be a metric space. Suppose
that F' : S+ Q is a set-valued map with nonempty values. For each ordinary
map f: S+ Q, define a function prr: S — IR by letting

def
prr(s) = do(f(s),F(s))
Then the following three conditions are equivalent:

(L2.a) F is lower semicontinuous;
(L2.b) py r is upper semicontinuous for every continuous f;

(L2.c) py,F 8 upper semicontinuous for every constant f.

Proof. We first prove that (L2.a) implies (L2.b). Assume F' is LSC and
f is continuous. Let s € S, and let ¢ > 0. Pick ¢ € F(s) such that
do(f(s),q) < pyr(s)+ §. Then choose a neighborhood U of s such that,
whenever s’ € U, (a) F(s')NBg(q, 5) # 0, and (b) do(f(s'), f(s)) < 5. Then
do(f(s"),F(s')) < ps,r(s) + € whenever s' € U, so ps p(s') < pr,r(s)+e for
all s € U. So py,r is upper semicontinuous.

It is cleat that (L2.b) implies (L2.c). We conclude by proving that
(L2.c) implies (L2.a). Assume that (L2.c) holds. Let U C @ be open.
Let s € F~1(U), so F(s)NU # 0. Pick ¢ € F(s)NU. Let ¢ be such that
e > 0and Bg(g,e) CU. Let f:S— Q be the constant function with value
q. Then py p is continuous. Since py r(s) = 0, because g € F(s), there is a
neighborhood V' of s in S such that psp(s’) < € for all &' € V. It follows
that F(s") N Bg(g,e) # 0 for all s’ € V. Since Bg(g,e) C U, we see that
VC{sdeS:F(sYNU#0} = F~Y(U). So F~1(U) is a neighborhood of s
whenever s € F~1(U). Therefore F~1(U) is open. So F is LSC. &

4.2 Conically continuous selections of LSC set-valued maps

Theorem 7. Assume that n,m € IN, S C R" x R, and F : S—R™ is
a lower semicontinuous set-valued map with nonempty closed values. Let
g:S—R™, 3:5— R be continuous maps such that

B(z,t) > pg.r(x,t) for all (z,t) € S. (4.2.1)
Let (z,t) € S, § € F(Z,t), be such that
lg(z,1) — gl < B(z,1). (4.2.2)

Let C : S —]0,00] be upper semicontinuous. Then there exists a single-
valued selection f: S — R™ of F' such that
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(T7.1) f(z,t) =y,
(T7.2) f is continuous at (Z,t),
(T7.8) f is forward T ¢-continuous,

(T7.4) £ (@, 1) — g(x, )| < B(z,t) for all (x,t) € 5,
(T7.5) f is Bor(R™ x R) N S-measurable.

Proof. Let F be the set-valued function given by

_ F(x,t) if (z,t) € S\{(z,?)},
Pt = { Wi @)= @)

Then F is also LSC, and

ng},(:L',t) = pg,F(mvt) when ($at)7é(jvf)>
02 (®0) = o@D —gl.

Therefore p, 5(z,t) < B(z,t) for all (z,t) € S. Then F satisfies the same
hypotheses as F, and in addition F(Z,t) = {g}. So we may—and will—
assume, without loss of generality, that F(z,t) = {y}.

If N e Nand N > 0, we let Sy = {(z,t) € S: C(x,t) < N}. Then
the upper semicontinuity of C' implies that every Sy is relatively open in S,
and the fact that C' has finite values implies that and S = Uxy—; Sn-

We define, for each (z,t) € R™ x IR, each N € IN\{0}, and each « such
that « > 0, a set A(z,t,a, N), by

A, t,a, N)={(2/, ) ER" x R:t <t <t+a, o~z SN(F 1)} . (4.2.3)

We let A be the set of all sets A(x,t,«, N), for all (z,t) € R" xR, « €]0, 1],
N € IN\{0}, such that A(z,t,a, N)NS C Sy.

We then let A* be the set of all those sets E' € A such that (z,t) ¢ OF.

(Here OF o Clos(E)\Int(E), the closure and the interior being taken rela-

tive to IR"™ x IR.) We observe that

Fact 11. If (z,t) € S is arbitrary, and V is a neighborhood of (x,t) in
R" x R, then V' contains a set E € A* which is a neighborhood of (z,t) in
R" x R.

Indeed, if suffices to pick E = A(x,t — §,a, N) where N is such that
(z,t) € Sy, and « is sufficiently small. If this choice happens to result
in a set E such that (Z,f) € OF, then we take instead the smaller set
E = Azt — %5, N), and observe that JE N OF =0, so E has the desired
property, and Fact 11 is proved.
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We then let G be the Boolean algebra of subsets of S generated by the
sets ENS, B € A*.

Let ®g be the set of all maps f : S +— IR"™ such that there exists a
partition P of S into members of G with the property that the restriction of
f to each G € P is continuous. Let ®g be the closure of ®¢ with respect to
uniform convergence on compact subsets of S. We claim that

Fact 12. If f€ ®g, then f is continuous at (z,t) and forward I c-continuous.

To prove Fact 12, we pick a sequence {(27,t)}jen in S that converges to a
limit (z,t) € S, and assume that either

x=7 and t =1, (4.2.4)

or
a7~ al| < Ca,t)(# ~ 1) for all j. (4:2:5)

We must show that f(z/,t/) — f(x,t). Since f is a uniform limit on
compact sets of functions in ®g, and the set {(x,¢)} U{(2?,¢7) : j € N} is
compact, it suffices to assume that f € ®g. For this purpose, we show

Fact 13. Every member H of G has the following property:
(P) if (z,t) € H then (27,t/) € H for sufficiently large j.

To prove Fact 13, we let Z be the set of all subsets H of S such
that both H and S\H have property (P). Then Z is clearly closed under
complementation (that is, H € Z = S\H € Z) and under the binary
operations of union and intersection. So to prove that every H € G has (P)
it suffices to show that ENS € Z whenever £ € A*. That is, we must pick
E € A* and show that (P) holds for H = EN S and also for H = S\E. Let
E=A(,t,a,N).

Assume first that (4.2.4) holds, i.e that (z,t) = (Z,t). Then (z,t) does
not belong to OF, so (z,t) is an interior point of E or of (R" x R)\E.
So (2/,#)) € E for large j if (x,t) € E, and (27,#/) € (R" x R)\E for
large j if (z,t) € (R™ x R)\E. Therefore (z7,t) € EN S for large j if
(r,t) € ENS, and (27,t/) € S\FE for large j if (x,t) € S\E. So (P) holds
both for H =EN S and H = S\E.

Now consider the case when (z,t) # (Z,t), so that (4.2.5) holds. Then
t/ > tand |27 —z|| < C(z,t)(t/ —t) for all j. If (x,t) is an interior point of
E or of (R"™ x R)\E, then the desired conclusion follows as in the previous
case. So let us assume that (z,¢) € OE. Then either t <t'+a or t =t + a.
We will consider these two cases separately.
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Ift <t'+a, then ||z — /|| = N(t — t'), and (x,t) € E. But (z,t) € S,
and ENS C Sy, so (z,t) belongs to Sy, and then C(x,t) < N. Therefore
||a? — || < N(t —t) for all j, from which it follows that

|2l — 2| < N —t) + N(t—t') =N —t') for all j.

Since t < ' + « and #/ — ¢, we have t/ < t' + « for large j. So (27,t/) € E
for large j, and then (z7,#/) € EN S for large j, so (P) holds if H = EN S.
Furthermore, (P) also holds, vacuously, if H = S\E, because the premiss
“(z,t) € H” is false.

If t =t + a, then (z,t) € S\E. Moreover, (z/,t/) ¢ E for all j, since
) >t >t +a So (27,t) € S\E for all j, showing that (P) holds for
H = S\E. Since (z,t) ¢ E, (P) holds vacuously for H = ENS.

We have thus shown that property (P) holds in all possible cases both
for H=FENS and H = S\E, whenever E € A*. Therefore (P) holds for
all H € G.

Having shown that (P) holds for all H € G, Fact 12 follows easily:
as explained above, it suffices to show for our given (x,t) and our given
sequence {(27,#/)} that f(z7,t/) — f(x,t) if f € ®g. But this is trivial, for
(x,t) belongs to a G € G on which f is continuous, and then (z7,¢/) € G for
large j in view of (P), so f(27,#/) — f(x,t). Therefore Fact 12 is proved.

We are now ready to construct the desired selection f of F'.
First, we observe that, since the function p, r is upper semicontinuous,
(4.2.1) implies that there exists a continuous function v : S +— IR such that

pg,r(x,t) <~(x,t) < B(x,t) for all (x,t) € S. (4.2.6)

(Proof: for every ¢ = (z,t) € S, pick a relatively open bounded subset Uy
of S such that ¢ € U, and a constant k4 such that p, r(¢') < kg < B(¢)
for all ¢ € U;. Then U = {U, : ¢ € S} is an open covering of S. Since
S is metric and hence paracompact, there exists a locally finite set V of
relatively open subsets of S which is a covering of S and a refinement of U.
For each V' € V, pick a point gy of S such that V' C U,,,. Define functions
Yy S [0,00] by Yy (v) = dist(v,S\V) for v € S. Then the ¢y are
continuous, nonnegative, and such that iy (v) > 0 if and only if v € V. Let
Y =3 yepYv. Define oy = %’ Then the ¢y are continuous, nonnegative,
and such that ¢y (v) > 0 if and only if v € V, and } ¢y v = 1. Now
define ¥(q) = Xy ey ¢v(9)kqy -)

We then let § = %(ﬁ—’y), and define §, = (1—27%)§ for k=0,1,..., so
¢ and the ¢, are continuous functions from S to IR.
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Pick, for each (x,t) € S, a point 2z, ; € F(z,t) such that

llg(z,t) — 2z 4l| < y(z,t). (4.2.7)

(This is possible because of (4.2.6)). Then find neighborhoods G ¢ of (z,1)
in R™ x IR such that G, ; € A*, with the property that the inequalities

1
d(Zz,tyF(fL'/,t/)) < 55($/,t/) N (428)
lg(a’,) = zapll < y(a,¥), (4.2.9)

hold for all (z/,¢') € Gy N S. (The fact that (4.2.8) can be achieved is a
consequence of the lower semicontinuity of F', together with the continuity
of 9, since d(zg ¢, F(z,t)) = 0, and 6(z,t) > 0. The fact that (4.2.9) can also
be obtained follows from the continuity of v and g, together with (4.2.7)).

Next, find a sequence (71,t1), (r2,t2), ... such that the sets Gy, ; NS,
for j =1,2,... cover S. (This is possible because S is separable metric and
hence second countable.) Let W{ = G, +, NS, and define inductively

W} = (Gey, NONWPUWF U WD) for j=2,3,....  (4.2.10)
Then P° = {WJQ :j=1,2,...} is a partition of S into members of G. Define
fo(z,t) = 24,4, if (z,1) € Wjo. Then fp is constant on each member of P°,
and the inequalities

1
Ao, 1), Fla, 1)) < 3(a1), (1.2.11)
hold for all (z,1).
We now suppose that we have constructed maps fo,..., fx : S +— Y, and
finite or countable partitions PV, ..., P* of S into members of G, such that
(i) fj is constant on each member of P’ for j =0,...,k,

(ii) the inequalities
d(fj(x,1), F(,1)) <277 7"6(x, 1)

Hg(z,t) - fj(:z"?t)H < ’Y(I',t) + 5j(l',t)
hold for all (z,t) € S, j € {0,...,k},

(i) || fi(z,t) — fimi(x, )| < 2795(a,t) for all (z,t) € S, j € {1,...,k},
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(iv) for each j € {1,...,k}, P/ is a refinement of P71,

(Notice that all these conditions hold for £ = 0, since (i) and (ii) have
already been established, and (iii) and (iv) are vacuously true.)

We then construct fi,i as follows. Pick a Q € P*. Let *? be the
constant value of fr on Q. Then

d(yP@ F(x,t) = d(fu(x, t), F(x,t)) < 2757 15(x, t) (4.2.13)
and
gz, t) = y™ P < v(w,) + Sp (1) (4.2.14)

for all (z,t) € Q. So we can pick, for each (z,t) € Q, a z];tQ € F(x,t) such
that
5@ — K@) < 27715 (a, 1), (4.2.15)

Then

lg(a,t) =221 < (@, t) + Su(a, ) +27515(x, 1)
= ’Y(xa t) + 6k+1(x7 t) :
Using the lower semicontinuity of F’ and the continuity of d, v, g, and g1,

we can find for each (x,t) € Q a relative neighborhood W*@(z,t) of (z,t)
in S such that the inequalities

A0, F(a' 1)) < 2725/, 1),

[yP@ =220 < 2R e ),
lg(a/ 1) — 2021 < (@ 1) + g (2, ),

x,t

hold for all («/,t') € W*Q(z,t). Using Fact 11, we can assume, after
shrinking W*®(z,t) if necessary, that W*?(x,t) € G.
We then find for each Q € P* a finite or countable subset M*< of Q

such that
QC U {Wk’Q(x,t) s (z,t) € MPC }

We enumerate each M*® in an arbitrary fashion as a finite or countably

x?’Q Q@ , where m(k,Q) € NU {c0}. We

infinite sequence {( ] )}1<j<m(k Q)

then define - o &
W9 =Qnwhe(ap? 1))
and, for 1 </ < m(k,Q), we let

WED = (@ WAL )\ (WEQ U L THES).
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We then let P**1 be the collection of all sets ng’Q, for all Q € P* and
all £ € N such that 1 < £ < m(k,Q). Then P**! is a finite or countable
partition of S into members of G, and is a refinement of P*. If (z,t) € S,
we define

k
fra(@t) =259 a0, (4.2.16)
V4 L

xT

where @ is the unique member of P¥ such that (x,t) € @, and £ is the
unique integer such that 1 < ¢ < m(k,Q) and (z,t) € ng’Q. Then fri1
is constant on each member of P*T1. Moreover, if (z,t) € Wek’Q, then
(x,t) € ng’Q(:r];’Q, tlg’Q), so that the inequalities

v (@) = filw O = 120i% wo =y <277 10(,0),
d(fer(z,1), F(x,t)) = d(5 oo Fla,t) < 278725(a,1)

e e
lge,t) = fesa () = lg(e,t) = 25% ol <A(w,8) + 0k (o,1).

z, St

are satisfied. It follows that the maps fy,..., fre1 and the corresponding
partitions PO, ..., P*+1 also satisfy (i),...,(iv).

The above inductive construction therefore leads to an infinite sequence
{f;} of members of ®g. In view of (iii), this sequence converges uniformly
on compact subsets of S to a limit f. It then follows from (ii), together with
the fact that F' has closed values, that f is a selection of F' and

llg(x,t) — f(x,t)|| < y(z,t) + 6(x,t) < B(z,t) for all (z,t) € S.

In view of Fact 12, f is continuous at (Z,¢) and forward I'c-continuous on
S, since f € ®g by construction.

It is clear that f(Z,f) = 7, because the map f is a selection of F' and
F(z,t) = {y}. In addition, the maps f; are obviously Bor(R" x IR) N S-
measurable, because G C Borel(IR” x R) NS, since A* C Borel(R"” x R).
Since f; — f pointwise, we see that f is Bor(IR" x R) N S-measurable. So
f satisfies all our conditions, and our proof is complete. &

4.3 Almost lower semicontinuous set-valued maps

The natural analogue of the well known Scorza-Dragoni theorem for
continuous set-valued maps is not true in general for lower semicontinuous
set-valued maps.
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Example 1. Let h : [0,1] — [0,1] be a function which is not Lebesgue-
measurable. Define F : [0, 1]x[0, 1]+ [0, 1] by letting F'(z,¢) = [0, 1] if x # ¢,
F(z,xz) = {h(z)}. Then it is clear that x — F(x,t) is LSC for each fixed
t, and t — F(z,t) is measurable for each fixed z. If there existed for each
positive n € IN a compact subset K, of [0,1] such that meas([0, 1]\ K,) < 1
with the property that F'[([0, 1] x Kj,) is LSC, then in particular F, = F[K,
would be LSC, where K,, = {(z,z) : x € K, }. But then F,, would actually
have to be continuous, because it is single-valued. Since F,(x,z) = h(z),
this implies that h[K,, is continuous for each n. But then h is Lebesgue-
measurable, and we have reached a contradiction. &

In view of this fact, it is reasonable to turn the conclusion of the Scorza-
Dragoni theorem into a definition, and introduce the class of “almost lower
semicontinuous” set-valued maps.

Recall that, if X is a set and S is a subset of X x R, then S; denotes
the set SN(X x J). If X, Y aresets, S C X xR, F': S—Y is a set-valued
map, and J C IR, we write F); to denote the restriction of F to Sy, so F is
a set-valued map from S; to Y Fj(z,t) = F(z,t) whenever (z,t) € Sy, and

Dom(Fy) = (Dom(F)) e

Definition 19. Let X, Y be topological spaces, let S be a subset of the
product X x R, and let F': S—Y be a set-valued map. We call F' almost
lower semicontinuous (abbr. ALSC) if

(ALSC) for every e > 0 there exists a closed subset J of R such that
meas(RR\J) < e and Fy is lower semicontinuous. O

The following characterization of the ALSC property is easily proved.
Fact 14. If XY, S, F' are as in Definition 19, then F is ALSC iff

(ALSC.a) there exists a sequence {Jy}7> such that
(ALSC.a.i) the Ji are pairwise disjoint subsets of R, R = Uiz Jk,

Jo has measure zero, and the Jy for k > 0 are compact,
(ALSC.a.%) Fy, is LSC whenever k > 0.

Proof. 1t is clear that (ALSC) implies (ALSC.a). To prove the converse,
assume that (ALSC.a) holds, and let {J};}72 ; be a family of sets that satisfies
(ALSC.a.i). Let C be the set of all closed subsets L of IR such that Fp, is
LSC. Then it is easy to see that C' is closed under restrictions (i.e., if L € C,
L' C S, and L’ is closed, then L' € C) and locally finite unions (i.e., if
{L*}qea is a locally finite family of members of C, then L = U,L" also
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belongs to C). The sets Jy,, = Jp N [n,n+ 1], for k € N, k > 0, and n an
arbitrary integer, obviously belong to C. Pick € > 0, and then pick, for each
n, a k*(n) such that

meas([n,n + 1]\(]1(5) Jkﬁn)> < ﬁ .
k=1

Let J =1, (Uzz(ln ) Jk’n). Then J is a locally finite union of members of C,

so J € C. In addition, meas(IR\J) < e. So (ALSC) holds. O

In the special case when F' is single-valued, we know from Fact 10 that
the LSC property is equivalent to ordinary continuity. Therefore

Fact 15. If XY, S, F are as in Definition 19, and in addition F is single-
valued and Dom(F) =S, then F is ALSC as a set-valued map if and only if

(ALSC'.s) there ezists a sequence {J,}3, that satisfies (ALSC.a.i) and is
such that F[Sy, is continuous for every k > 0. O

Definition 20. If X,Y, S, F' are as in Fact 15, we call F' almost continuous
if it is ALSC as a set-valued map, i.e., if it satisfies (ALSC.s). &

Under more special conditions (for example, if X is a locally compact
separable metric space, Y is a separable metric space, and S = Q x I with )
open in X and I an interval), almost continuity is equivalent, by the Scorza-
Dragoni Theorem, to the much simpler statement that g(x,t) is continuous
in x for almost every fixed ¢t and measurable in ¢ for all x.

By analogy with Definition 20, we can also introduce a concept of “almost
upper semicontinuity” for real-valued functions, related in the obvious way
to the notion of an upper semicontinuous function (which is, of course,
quite different from that of an “upper semicontinuous set-valued map that
happens to be an ordinary map with real values,” cf. Remark 2).

Definition 21. Let X, Y be topological spaces, let .S be a subset of X x R,
and let f : S — R be a real-valued function. We call f almost upper
semicontinuous if there exists a sequence {Jj}72, that satisfies (ALSC.a.i)
and is such that f[S;, is upper semicontinuous for every k > 0. &

4.4 Selections of ALSC maps

Definition 22. Assume that n,mm € IN, S C R" x R, f:5+— R™, and
C : S +—]0,00[. We call f almost forward T'c-continuous if there exists
a sequence {J}72, for which (ALSC.a.i) holds, such that the restriction
fr. = f[Sy, is forward I'c-continuous whenever & > 0. O
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Theorem 8. Assume that n,m € N, S C R" x R, and F : S—1R™ is
an ALSC set-valued map with nonempty closed values. Let g : S — R™
be an almost continuous single-valued map and let B : S — IR be almost
continuous and such that

for a.e. t € R: B(x,t) > pg r(x,t) whenever x € R™, (z,t) € S. (4.4.1)

Assume that both g and 3 are LIB. Let C : S +—]0,00[ be almost upper
semicontinuous. Then the following is true for almost all t€IR:

(T8.#) For every & € R™ such that (Z,t) is an interior point of S, and
every § € F(Z,t) such that

lg(z,t) — gl < B(z,1). (4.4.2)
there exists a selection f : S +— R™ of F such that

(T8.1) f(z,1) =y;

(T8.2) (z,t) is a point of approzimate continuity of f;

(T8.3) f is almost forward I'c-continuous;

(T8.4) for a.e. t € R, ||f(z,t) — g(z,t)]| < B(x,t) for all x € R™
such that (z,t) € S,

(T8.5) f is EM(R™,IR) N S-measurable.

Proof.  Let © = Int(S). Let K be a finite or countably infinite set of
compact subsets of © such that Q = (J{Int(K) : K € K}. For each K € K,
let ¢ : R — [0,00] be integrable and such that ||g(z,t)|| + B(z,t) < px(t)
whenever (z,t) € K, and let L be the set of Lebesgue points of ¢x. Let
L ={Lk : K € K}. Then L is a full subset of IR.

Let J = {Ji}32, be a sequence for which (ALSC.a.i) holds, such that
that the maps 5, = B[Sy, gr = g[Sy, are continuous, the functions Cj =
C[S, are upper semicontinuous, and the set-valued maps Fj, = F[S, are
LSC. (The existence of J is a trivial consequence of our hypotheses.)

For k > 0, let Ji be the set of points of density ¢ of Ji such that ¢ € L.
Let J = U2, Jk. Then meas(IR\J) = 0. We show that every ¢t € J has
Property (T8.4). ~

Let t € J. Let kg be the unique k € IN such that ¢ € Jy, so that t € Jy,,
ko >0, and ¢t € L. Let & € R™ be such that (Z,t) € Int(S).

Theorem 7 implies that for every & € IN such that k > 0 there exists
a selection fj : Sy, +— IR™ of F}, which is forward I'c, -continuous and such
that the bound ||gi(z,t) — fr(x,t)|| < Br(x,t) holds for all (z,t) € Sy,.
Moreover, when k = ky we can choose fi such that fx(Z,t) = 7 and f is
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continuous at (Z,t). Define fy to be an arbitrary selection of F[Sy,. Then
define f by letting f(z,t) = fr(x,t) for (z,t) € Sy,.

Clearly, f satisfies (T8.1), (T8.3), (T8.4), and (T8.5). Moreover, if we
let E = Ji,, pick a K € K such that (z,¢) € Int(K), and define (pdéfwK,
then conditions (P2.a) and (P2.b) of Proposition 2 hold. Furthermore, since
1f(z,t) — g(z,t)|| < B(x,t) for all (z,t) € 5, and |[g(z,1)|| + B(z,t) < o(t)
for all (z,t) € K, condition (P2.c) holds as well. Therefore Proposition 2
implies that (z,t) is a PAC of f. So (T8.2) holds. O

Theorem 9. Assume that n,m € N and S CIR" x R. Let F: S—1R™ be

an ALSC set-valued map with nonempty closed values. Let 1) : S +— [0, 0]

be an almost continuous single-valued locally integrably bounded function

such that min{ lyll : vy € F(x,t)} < YP(xz,t) for every (z,t) € S. Let

¢: 8 [0,00] be an almost upper semicontinuous single-valued function.
Then the following is true for almost all t € R:

(T9.#) For every pair (Z,y) such that (z,t) € Int(S), y € F(z,t), and
|9l < ¥(z,t), there exists a selection f : S — R™ of F such that
(T9.1) f(z,1) =¥;
(T9.2) (z,t) is a point of approximate continuity of f;
(T9.3) f is integrally continuous on A/R/CC(S),
(T9.4) |[f(x, )|l <4(x,t) for all (z,t) € 5.

Proof. We apply Theorem 8 with ¢ =0, 8 = ¢, C = 1+ (. This yields
a selection f that satisfies (T9.1), (T9.2) and (T9.4), and in addition is
EM(R™,IR) N S-measurable and almost forward I'c-continuous. Then there

exists a sequence {Ji}32, such that (ALSC.a.i) holds, having the property

that the restrictions ¢y, = ¥[Sy,, Cr = C[Sy,, fx def f[Sy, are, respectively,

continuous, upper semicontinuous, and forward I'c,-continuous. Define
maps fi(z,t) : S — R™ by:

. ) fe(et) i (x,t)e S, te i,
fk('r?t)_{ok if (x)t)ES,t%J]]z.

(Naturally, fr may fail to be a selection of F'.) We then have
Fact 16. fi is weakly forward D¢ continuous on S for every k > 0.

To see this, we fix a k, and show that
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(&) if the following three conditions are true:

1. (z,t) €S,
2. (‘Tfatf) €5, (x27t5) €5, er - ‘TH < C(flf,t)(t@ - t); and
|zp —z|| < C(z,t)(ty —t) for £ =1,2,3,...,

3. xy—x, vy —x, and ty — t, as { — oo,

then fx(ze,te) — fu(x),te) — 0.

Define Ly = {¢ : t; € Jx}, Lo = { : t; ¢ Ji}. If Ly is infinite, then
im0 ¢er, te =t, s0 t € Ji, because Jy, is closed. Then C(x,t) = Ci(z,1t).
Clearly, 3 3

fi(@e,te) = fu(ahste) = fr(we,te) — fr(ahs te) (4.4.3)
if £ € Ly. Since fj is forward I'c,-continuous, fi(xe,t)) — fr(z,t) and
Fr(@h,te) — fr(x,t) as £ — oo via values in Ly. So fi(we, te) — fr(x), te) — 0
as { — oo via Li. If Lo is infinite, then fk(xg,tg) — f‘k(x’e,tg) —0asf— o0
via Lg, because fk(a:g,tg) = fk(azz, t¢) = 0 when ¢ € Ly. This completes the
proof of Fact 16.

Since each f, is LIB with integral bound v, EM(IR™, IR) N S-measurable,
and weakly I'c-continuous, Theorem 2 implies that all the fi are integrally
continuous on ARC(S). Moreover, the sequence { f}32; is uniformly LIB.
It therefore follows from the measurable intertwining property (Theorem 1)
that f is integrally continuous on A?%/CC(S ). O

4.5 The main theorem

Definition 23. Assume that n,m € IN, S CIR" x IR, and F' : S+ R™ has
nonempty values. We say that F is locally integrably lower bounded (abbr.
LILB) if for every compact subset K of S there exists an integrable function

¢:R+— [0, 00| such that inf {HyH :yEF(a:,t)} <(t) whenever (z,t)e K. <

We recall that a subset S of a Euclidean space R¥ is locally compact if
and only if it is the intersection of an open set and a closed set. Moreover, if
S is locally compact then there exists a sequence{ K;}$2; of compact subsets
of S such that K; C Int(K;41) for every ¢ and S = |J;2; K;. Such a sequence
then has the property that if K is an arbitrary compact subset of S then
K C Int(Kj;) for some i.

Lemma 3. Assume that n,m € IN, S is a locally compact subset of R" xR,
and F : S—R"™ is a set-valued map with closed nonempty values. Then F
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1s LILB if and only if there exists an almost continuous single-valued locally
integrably bounded function ¢ : S — [0,00] such that

min{ lyll : y € F(x,t) } <(x,t) for every (z,t)€S. (4.5.1)

Proof. If 1 exists then it is clear that F' is LILB. Conversely, suppose that
F is LILB. Let {K;}°; be a sequence of compact subsets of S such that
K; C Int(K;41) for every i, and S = [J;2; K;. For each i, let ¢; : R — [0, o0]
be an integrable function such that

po,r(z,t) = min{ lyl| -y € F(x,t) } < pi(t) for every (z,t) € K;.

Let Ly = Ky, L; = i\Int(Ki_l) if i > 1. Also, let Q1 = Int(Kg),
Qy = Int(K3), and Q; = Int(K;4q1)\K;—2 for ¢ > 2. Then the L; are
compact, the ; are relatively open subsets of S, and L; C ; for every 1.
Moreover, if K is an arbitrary compact subset of S, then there is an ¢
such that K C Int(Kj;), and then K N Q; = 0 whenever j > i + 2, so the
sequence {€2;}7°, is locally finite. Finally, it is clear that S = |J;2; L;. For
each i, let n; : S — IR be a nonnegative continuous function such that
ni(x,t) = 1 whenever (z,t) € L; and Clos({(x,t) i, t) # 0}) C Q. Let
n(x,t) = Y 2y ni(x,t), so n is a continuous strictly positive function on S.

Let 0;(x,t) = :’;((f’tt)), so the 0; are nonnegative continuous functions on S

such that Clos({(m,t) 20i(x,t) > 0}) C Q, for each i, and > 52, 0; = 1.

Define 9 (z,t) = Y52, @ir1(t)0i(z,t). Let (x,t) € S. Let I(x,t) be
the set of all i such that 6;(x,t) > 0. If ¢ € I(x,t), then (z,t) € Q;, so
(x,t) € Kiy1, and then po p(z,t) < @iq1(t). Therefore ¢(z,t) is a convex
combination of real numbers r such that pg p(x,t) < r. It follows that
po,r(z,t) < (x,t) for all (x,t) € S, so (4.5.1) holds.

If K is a compact subset of S, and i is such that K C Int(Kj;), then
P(z,t) = 2;111 ©;(t)8;(z,t), because K N Q; = () whenever j > i + 2.
So 1(x,t) is bounded above, for (z,t) € K, by the integrable function
Rt~ E;J;ll ©;(t). Therefore 1 is locally integrably bounded.

Finally, we show that ¢ is almost continuous. Given a positive €, we
can use Lusin’s theorem to find, for each i, a closed subset C; of IR such
that meas(R\C;) < 27 % and ¢;[C; is finite-valued and continuous. Let
C =NZ;C;. Then S is closed, meas(IR\C) < ¢, and ¢;[C' is continuous.
It follows that the locally finite sum > 52, wi+1(¢)0;(x,t) is continuous as a
function on S N (IR™ x C). In other words, the restriction of ¢ to S¢ is
continuous, as desired. &

We are now ready to state and prove our main result.
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Theorem 10. Assume that n € IN and S is a locally compact subset of
R" xR. Let F: S—R"™ be an ALSC LILB set-valued map with nonempty
closed wvalues. Then the following is true for almost all t € R:

(T10.#) For every T such that (Z,t) € Int(S) and every y € F(Z,t) there
exist a selection f: S — R™ of F' and an almost continuous LIB
function ¢ : S — [0, 00] such that

(T10.1) £(3,1) = 5

(T10.2) (z,t) is a point of approximate continuity of f;

(T10.3) || f(z,t)|| < ¢(x,t) for all (x,t) € S;

(T10.4) f is integrally continuous on A,R/C’w(IR”; S);

(T10.5) f is an admissible time-varying vector field on some
neighborhood of (Z,t);

(T10.6) the flow map ®7 is reqularly differentiable at (Z,t,T) with
differential equal to the linear map

R" xR xR > (v,h,k)—v+(h—k)yecR".

Proof. 1t follows from Lemma 3 that there exists an almost continuous LIB
function ¢ : S +— IR such that (4.5.1) holds. Let = Int(S), and let {K;}$°,
be a sequence of compact subsets of 2 such that K; C Int(K;41) for every
i and Q = (U2, K;. For each i, pick an integrable function ¢; : R — [0, 00]
such that ¢ (z,t) < ¢;(t) whenever (z,t) € K;1+1. We define ¢; : S — [0, 0]
by letting
) Y(x,t) if (x,t) € S\K,
Gi(x,t) = { wi(t) if (z,t) € K;,

and remark that ¢ (z,t) < (;j(z,t) for all (z,t) € S.

We claim that (; is almost upper semicontinuous for every 7. To see this,
fix ¢ and a positive number ¢, and find a closed subset C of R such that
meas(IR\C) < ¢ and the functions SN (R" x C) 5 (z,t) — ¥(z,t) € [0, 0]
and C 3t +— p;(t) € [0,00] are finite-valued and continuous.

Let us show that (; is upper semicontinuous on Sc = SN (R" x C). To
prove this, we fix @ € R, let W = {(z,t) € S¢ : (i(z,t) > a}, and prove that
W is relatively closed in Sc. Let {(x;,tj)}jen be a sequence of members
of W that converges to a limit (a: t) € Sc. Then ¢(zj,t;) — ¥(x,t) and
©i(tj) — ¢i(t) as j — oo. If (x,t) ¢ Kj;, then (z;,t;) ¢ K, for large
enough j. Therefore (;(z,t) (x, ) nd (i(zj,t5) = w(x],tj) for large j,
so Gi(zj,t5) — Gz, t). Slnce Cz xj,t;) > «, we find that (;(z,t) > «, so
(x,t) € W. Now suppose that (:1:, t) € K;. Then (zj,t;) € K;y1 for large
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enough j, because K; C Int(Ky1). Therefore ¢ (xj,t;) < p;i(t;) for large j,
and then the definition of (; shows that (;j(z;,t;) < ¢;(t;) for large j. It
follows that (i(w,t) = @i(t) = limjoo i(t;) > limsup;_, o Gi(xj,t5) > a.
Therefore (z,t) belongs to W in this case as well, concluding the proof that
(; is almost upper semicontinuous.

def

Clearly, (4.5.1) holds as well if 1) is replaced by ¥y, where ¥y = ¢ + N
and N is an arbitrary nonnegative integer. We can therefore apply Theorem
9, given any N and i, with ¢y in the role of ¥, and ¢/ in the role of ¢,
where ¢V(z,t) = (;i(t) + N. We can then find full subsets E% of IR such
that, whenever t € EY, (z,t) € Int(S), § € F(z,1), and ||7| < ¥n(Z,1),
there exists a selection f of F' that satisfies (T10.1) and (T10.2), as well as
the inequality ||f(x,t)|| < ¥n(x,t) for all (z,t) € S, and is such that f is
integrally continuous on A/R/CQN (R™; S).

Let E = N¥_oNX; EY. Then E is a full subset of R. Let us show
that (T10.#) is true for every ¢ € E. To see this, pick a t € F, an T
such that (z,¢) € Int(S), and a § € F(Z,t). Then choose an N such that
gl < ¥n(Z,t) and an i such that (Z,t) is an interior point of K;. Then
t € EY, so there exists a selection f of F such that (T10.1) and (T10.2)
hold, (T10.3) holds with v replaced by v, and f is integrally continuous
on Afﬁccfv(IR”; S).

Since ¥(z,t) < ¢i(x,t) for all (x,t) € S, we also have ¥y (z,t) < (N (x,t)
for all (z,t) € S, so f is integrally continuous on A’RJCL/)N (R™; S), showing
that (T10.3) holds with v replaced by ¥y

Now, ({f,{) S Int<Ki)7 and Hf(.%',t)” < wN<$7t) < Spl(t) + N = Ci(xvt)
when (x,t) € K;. So f is bounded by the integrable function ¢ — ¢;(t) + N
on K;, and f is integrally continuous on AﬁC%JFN(IR";Ki). Therefore f
is a fortiori integrally continuous on ARC,, +n(IR™; K;). So f is admissible
on K;. This completes the proof that f satisfies (T10.1), (T10.2), (T10.3),
(T10.4), and (T10.5), with ¢ replaced by 9.

Finally, (T10.6) follows from (T10.5) and Theorem 6. &
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