Commentary on Norman Levinson’s paper:

[L 91] Minimax, Liapunov and “Bang-Bang,” J. Differential Equations 2 (1966), 218–241. (MR 33 #2447 (H. Halkin)).

John Nohel and Héctor J. Sussmann

(To appear in the edition of the Selected papers of Norman Levinson.)

In this paper, his only venture into control theory, Levinson solves the following basic problem of fundamental importance in the theory of linear control systems. Use IR^m to denote real m-dimensional Euclidean space, thought of as a space of column vectors. Let P be a compact convex polyhedron in IR^m, and let the set of vertices of P be denoted by V . Let [a, b] be a given compact subinterval of IR, and suppose we fix a piecewise analytic n×m matrixvalued function [a, b] ∋ t → F (t) ∈ IR^{n×m}. Write BB([a, b], V ) to denote the set of all maps [a, b] ∋ t → w(t) ∈ V having a finite number of discontinuities on [a, b] . Since V is a finite set, the members of BB([a, b], V ) are exactly the piecewise constant V -valued maps on [a, b]. In control theory, such maps w are called bang-bang controls. The basic questions are:

(i) Which vectors γ ∈ IR^n can be represented in the form γ = β_{w,a,b} , where β_{w,a,b} := ∫_b a F (t)w(t)dt , (1) and w ∈ BB([a, b], V )? (ii) How does the minimum number of discontinuities of the piecewise constant control function w on the given interval [a, b] depend on the vector γ ?

(iii) For a given a, γ, is there, among all the pairs (b, w) such that γ = β_{w,a,b} , one with a minimum value of b? (In other words, is there a minimum-time bang-bang control?)

THE CONTROL THEORY CASE: In control theory, one studies linear control systems in IR^n of the form ẋ = A(t)x + B(t)w , (2) where the real n-vector x(t) represents the state of the system at time t, the real m-vector w(t) is the control, and A, B are integrable functions on an interval [a, b], with values in the spaces IR^{n×n}, IR^{n×m} of n × n and n × m matrices, respectively.

For a given initial condition x(a) = x̄, and a given control function t → w(t), the solution ξ_{w,x̄} of (2) is given by ξ_{w,x̄}(t) = M(t, a)x̄ + ∫_t a M(t, s)B(s)w(s)ds , where [a, b]×[a, b] ∋ (t, s) → M(t, s) ∈ IR^{n×n} is the fundamental matrix solution of the linear system Ẋ(t) = A(t)X(t). The set Reach_{A,B,x̄,a,b} of all possible vectors ξ_{w,x̄}(b), for all possible choices of the control w (for a fixed x̄), is the “reachable set,” or “attainable set,” from x̄ for the system (2), over the interval [a, b].

The situation considered by Levinson is a special case of the linear control problem (2), corresponding to A(t) ≡ 0, B(t) = F (t), x̄ = 0. In particular, the range R_{β,a,b} of the map w → β_{w,a,b} studied by Levinson is the same as the reachable set Reach_{0,F,0,a,b} . Conversely, for a control system (2), we have ξ_{w,x̄}(b) = x̂ + ∫_b a F (t)w(t)dt, if we define x̂ := M(b, a)x̄ and F (t) := M(b, t)B(t) , and then the reachable set Reach_{A,B,x̄,a,b} is exactly R_{β,a,b}, up to a translation. Since F is piecewise analytic if A and B are, we see that a general answer to Question (i) for Levinson’s special situation immediately yields an answer for general reachable sets of linear control systems with piecewise analytic functions A and B.

In the special case studied by Levinson, for the vector β_{w,a,b} given by (1) to be well defined it is not necessary that the control w take values in V and be piecewise constant. In fact, w can take arbitrary values in IR^m as long as it is integrable. Under the constraint that w takes values in the polyhedron P (in which case integrability is of course equivalent to measurability), one wants to compare the bang-bang range R_{β,a,b} defined earlier with the range R̂_{β,a,b} of the map w → β_{w,a,b} as w varies over the space M([a, b], P ) of all P -valued measurable controls w. Since M([a, b], P ) is much larger than BB([a, b], V ), it is natural to expect that R̂_{β,a,b} would be much larger than R_{β,a,b}.

It turns out, however, that the two sets are equal. In other words, if a point γ admits an expression of the form γ = β_{w,a,b} with a measurable P -valued w, then w can always be chosen to be V -valued and piecewise constant. This statement is the so-called bang-bang theorem of linear system theory. To put this result in proper perspective, let us first point out that (i) R̂_{β,a,b} is compact and convex, and (ii) R_{β,a,b} is dense in R̂_{β,a,b}. (These two observations follow trivially from the facts that (i’) M([a, b], P ) is convex and weak^∗-compact, and (ii’) BB([a, b], V ) is weak^∗-dense in M([a, b], P ).)

On the other hand, it is not at all obvious that R_{β,a,b} is convex or compact. In view of Facts (i) and (ii) above, the bang-bang theorem is clearly equivalent to the assertion that R_{β,a,b} is compact, and also to the stronger statement that R_{β,a,b} is compact and convex.

So one can prove the bang-bang theorem and the fact that R_{β,a,b} is compact and convex by means of either one of the following two basic strategies:

(a) Establish first the equality of R_{β,a,b} and R̂_{β,a,b}, and then conclude that R_{β,a,b} is compact and convex.

(b) Prove directly that R_{β,a,b} is compact, without studying R̂_{β,a,b}, and then conclude from the density of R_{β,a,b} in R̂_{β,a,b} that R_{β,a,b} = R̂_{β,a,b} . Levinson’s contribution was to answer Question (i) above by proposing a proof of the bangbang theorem along the lines of strategy (b). His work yields a further result that in later years has turned out to be of the utmost importance in control theory, namely, an answer to Question (ii), in the form of a bound on the number of switchings.

Precisely, Levinson answers Questions (i) and (ii) as follows (cf. Theorems 1 and 2 in [L 91]):

Let P be a convex polyhedron in IR^m, and let V be the set of vertices of P . Assume that [a, b] ∋ t → F (t) ∈ IR^{n×m} is a piecewise analytic real n × m matrix function on the compact interval [a, b] , and define the n-component vector β_{w,a,b} by (1), for every bang-bang control function w ∈ BB([a, b], V ). Then the range R_{β,a,b} of the map w → β_{w,a,b}, from BB([a, b], V ) to IR^n, is compact and convex in IR^n . Assume further that V has N members v^{(j)} , j = 1, . . . , N . Then, for a real n-vector γ ∈ IR^n to belong to R_{β,a,b} , it is necessary and sufficient that the minimax condition

J(γ, b) = min {∫_b a max_j (r^′F (t)v^j)dt − r^′γ : r ∈ IR^n, |r| = 1 } ≥ 0 (3)

(where, for r ∈ IR, r^′ denotes the transpose of r) hold.

Under his assumptions, Levinson then proves the bound on the number of switchings, a result that is perhaps the most important contribution of his paper, but has been overlooked in many subsequent works on reachable sets and time-optimal control: There exists a positive integer ν, independent of γ and t, such that for every t ∈ [a, b] and every γ ∈ R_{β,a,t} the bang-bang control w : [a, t] → V such that γ = β_{w,a,t} can be chosen so that w has at most ν discontinuities.

Since J in (3) is obviously continuous as a function of γ and b and since J(γ, a) = −|γ| ≤0, it follows immediately that if the minimax condition J(γ, b) ≥ 0 holds (i.e. if γ ∈ R_{β,a,b}), then there exists a unique T ∈ [a, b] such that

J(γ, T ) = 0 , and J(γ, τ ) < 0 , for a ≤ τ < T . (4)

Thus there is a T_γ ∈ [a, b] such that γ ∈ R_{β,a,Tfl} but γ /∈ R_{β,a,τ} for a ≤ τ < T_γ . In other words, Levinson’s result provides the following complete answer to Question (iii): For every γ ∈ ∪_{a≤τ ≤b}R_{β,a,τ} there is a time-optimal bang-bang control. That is, the set of those τ ∈ [a, b] such that γ ∈ R_{β,a,τ} has a minimum element T_γ . Moreover, the bang-bang control w : [a, T_γ] → V such that γ = β_{w,a,Tfl} can be chosen to have at most ν discontinuities.

In the modern terminology of convex analysis, Levinson’s minimax theorem says that R_{β,a,b} is compact and convex, and the real-valued function φ on IR^n given by

φ(r) := ∫_b a max_j (r^′F (t)v^j)dt (5)

is the supporting functional of R_{β,a,b}, since R_{β,a,b} is the set of all γ ∈ IR^n such that r^′γ ≤ φ(r) for all r ∈ IR^n.

Liapunov’s original theorem [2] (cf. LaSalle [4] for an explanation of the theorem and its relevance to control theory ) is restated by Levinson in the context of his paper in the following equivalent form: Regard the closed interval [0, 1] as the one-dimensional polyhedron P with vertices at 0 and 1 . Let [a, b] ∋ t → F (t) ∈ IR^n be an integrable vector-valued function on [a, b] . If the controls t → w(t) are scalar functions, measurable on [a, b] and with values in the set of vertices 0 and 1 , then the range R̃_{β,a,b} of the map w → β_{w,a,b} defined by Eq. (1) is closed and convex. A more general version of Liapunov’s result can be found in [8] or in [9].

Using this theorem, LaSalle had proved a bang-bang principle for optimal controls for general linear systems (2), yielding a minimum-time optimal control which is measurable —but not necessarily piecewise constant— and with values in V . As Levinson notes and others before him had realized, notably Halkin [7], the condition that a bang-bang control t → w(t) be merely measurable is not suitable for engineering applications. For these, bangbang controls t → w(t) that are piecewise constant with a finite number of jumps are far more reasonable. So it is desirable to have theorems stating, in Halkin’s words ([7], p. 201), that “anything which can be done with an arbitrary admissible control can also be done with a relay control with a finite number of switching times.” Halkin [7] established this property in 1965 (by completely different methods) for optimal controls in real, linear time-varying systems of the form (2), where A and B are each piecewise analytic on [a, b] . As Levinson notes in [L 91], p. 219, it had been shown earlier in the book [5] that for linear systems of the form (2) “satisfying a rather complicated condition, called the general position condition,” all time-optimal controls are bang-bang, with a finite number of discontinuities.

The results of Halkin and Levinson are fundamentally different from that of [5], in that they do not require any general position condition, and do not state that all optimal controls are bang-bang, but only that among the optimal controls there is always one that is bangbang. But note that when the “general position condition” of [5] is satisfied, then the optimal control is unique. Thus the results of Halkin and Levinson imply that it must be bang-bang.

To see the difference between the conclusions of [5] and those of Halkin and Levinson, consider the two-dimensional linear system

ẋ = u , ẏ = v , (6)

where the values of the two-dimensional control vector (u, v) are restricted to lie in the square P = [−1, 1] × [−1, 1] in IR^2. (This is a special case of (2), with n = m = 2, A(t) ≡ 0, and B(t) equal to the identity matrix.) Suppose we want to transfer the point (0, 0) to (0, 1) in minimum time. Since ẏ(t) ≤ 1 along any trajectory, the transfer cannot be achieved in time T unless T ≥ 1. On the other hand, any control [0, 1] ∋ t → (u(t), v(t)) ∈ P for which v(t) ≡ 1 and

∫_1

0 u(t)dt = 0 achieves the desired transfer. Thus the optimal time is 1, but there are many optimal controls that are not bang-bang, such as, for example, u(t) ≡ 0, or u(t) ≡ t −^1_2 . So the conclusion of the theorem in [5] fails for this example, but the results of Halkin and Levinson still apply, because among the many optimal controls one can always choose one that is bang-bang, for example by taking u(t) = 1 for 0 ≤ t ≤^1_2 and u(t) = −1 for^1_2 < t ≤ 1. Observe that the general position condition of [5] is violated in this case.

Levinson’s treatment in [L 91], like that of Halkin in [7], goes beyond the result [5] in that it does not impose any general position requirement and involves choice, as illustrated by our preceding example. On the other hand, as observed independently by Z. Artstein and L. Berkovitz in recent correspondence pertaining to (2), Levinson’s analysis is not restricted to optimal controls, and achieves a true bang-bang solution satisfying a uniform bound on the number of switchings.

Levinson’s proofs are highly original and strikingly different from all other presentations. They do not depend at all on measure theory but rather on his solution of the minimax problem stated above. The uniform bound on the number of discontinuities of the piecewise constant function t → w(t) in his main theorem —also implying the uniform bound on the number of switchings of the control in (2)— is obtained by an elegant application of Rouché’s theorem (cf. Lemma 2.6 in [L 91]).

Regarding Theorem 1 in his paper [L 91], Levinson thanks the referee for pointing out that “except for the last statement” (i.e. the uniform bound on the number of discontinuities), “Theorem 1 could be proved by the methods of Halkin [7].” A similar statement is also made by the reviewer of [L 91] (Halkin, in MR 33 #2447). The results of Levinson and Halkin pertaining to the control problem (2) are referenced in the 1975 monograph by Fleming & Rishel [16], p. 78, but with no mention of Levinson’s uniform bound. Regrettably, Levinson’s results are not referenced in any other books on control theory in which bang-bang controls are discussed (e.g., by Berkovitz [15] or by Neustadt [17]). This omission leads to the conclusion that the significance of Levinson’s bound on the number of switchings in a more applicable theory of reachable sets than now exists in print, e.g., the paper of Cz. Olech [11], or Berkovitz [15], Ch. IV, Theorems 6.3 and 6.4, among others, has been missed by control theorists of the classical “real-variables-and-measure-theory” tradition.

On the other hand, subsequent developments in real-analytic geometry and nonlinear differential-geometric control theory reveal that Levinson’s uniform bound on the number of switchings is a critical result with deep consequences about the structure of reachable sets and the regularity properties of the value function. This is because Levinson’s bound makes it possible to apply to linear system theory the powerful machinery of subanalytic sets, which did not yet exist when Levinson wrote his paper, but was developed later by Gabrielov, Hironaka, Hardt, and others (cf. [12, 44], [13], [18], and also [38] for a recent elementary introduction).

Roughly speaking, subanalytic sets are proper real-analytic images of semianalytic sets. Precisely, a subset S of a real-analytic manifold M is semianalytic if every point p in M has a neighborhood U such that S ∩U belongs to the Boolean algebra of subsets of U generated by the sets of the form {x ∈ U : f(x) = 0} and {x ∈ U : f(x) > 0}, for all possible real-analytic functions f : U → IR. One then calls S subanalytic if there exist a real-analytic manifold M^′, a semianalytic subset S^′ of M^′, and a real-analytic map Φ : M^′ → M, such that Φ(S^′) = S and Φ is proper on the closure of S^′ (that is, if K ⊆ M and K is compact, then Φ^{−1}(K) ∩ S^′ is relatively compact in M^′).

It is not difficult to show, using the above definition together with Levinson’s theorem, that the sets R_{β,a,b} introduced above are finite unions of subanalytic sets, and hence R_{β,a,b} is a subanalytic subset of IR^n. It is also easy to show that the sets R^#_{β,a,b} = ∪_{a≤t≤b}R_{β,a,t} are subanalytic.

Naturally, if the application of the theory of subanalytic sets to Levinson’s problem merely amounted to proving that the sets studied by Levinson are subanalytic, this would not be of much interest. It turns out, however, that knowing that a set is subanalytic provides a great deal of information about its structure, because subanalytic sets have very nice properties. For example: a subanalytic set is a locally finite union of pairwise disjoint connected embedded real-analytic submanifolds that are themselves subanalytic sets. So, once we know that R_{β,a,b} is subanalytic and compact, we can conclude that R_{β,a,b} is a finite union of pairwise disjoint connected embedded real-analytic submanifolds which can be taken to be subanalytic sets.

The subanalyticity of the reachable sets R^#_{β,a,b} implies an important regularity result, namely, that the minimum-time function is piecewise analytic, in a sense that will be made precise below.

Suppose that we are given a subinterval I of IR of the form [a, b] or [a, +∞[ and a piecewise analytic map F : I → IR^{n×m}. (If I = [a, +∞[, then we say that F is piecewise analytic on I if the restriction of F to [a, b] is piecewise analytic in the sense defined before for every b ∈ I.) Define a function τ : IR^n → IR ∪ {+∞} by letting τ (γ) be, for γ ∈ IR^n, the infimum of all the times t ∈ I such that γ ∈ R_{β,a,t}. Levinson’s result tells us, first of all, that if the set Q(γ) := {t ∈ I : γ ∈ R_{β,a,t}} is nonempty then its infimum is in fact a minimum, so τ (γ) is the minimum of the times t such that t ∈ I and γ ∈ R_{β,a,t}. (If Q(γ) = ∅, then of course τ (γ) = +∞.)

The subanalyticity of the reachable sets then implies that the set Ĝ = {(γ, t) : γ ∈ IR^n , t ∈ I , γ ∈ R_{β,a,t}} (7) is subanalytic in IR^{n+1}. (Proof: define F̃ : I → IR^{(n+1)×m} by letting F̃ (t) : IR^m → IR^{n+1} be the linear map that sends v ∈ IR^m to (F (t)v, 1). Let R̃_{β,a,t} be the set of all points of the form (0, a) + ∫_t a F̃ (s)w(s), for some w ∈ BB(I, V ). Then the sets Q_t = ∪_{a≤τ ≤t}R̃_{β,a,t} are subanalytic. Clearly, Ĝ = ∪_{a≤t}Q_t = ∪^∞_{k=1}Ĥ_k , where H_1 = Q_{a+1}, and H_k = Q_{a+k}\Q_{a+k−1} for k ≥ 2. The sets H_k are obviously subanalytic, and the family {H_k}^∞_{k=1} is locally finite, so Ĝ is subanalytic as well.)

From this one concludes that the graph G of the function τ is subanalytic. Indeed, G = { (γ, t) ∈ Ĝ : (∀t^′ ∈ IR)(t^′ < t ⇒ (γ, t^′) /∈ Ĝ) } , (8)

and the subanalyticity of G now follows from general properties of subanalytic sets (cf. [38]). Finally, once we know that the graph of a function τ is subanalytic, this implies many useful properties of the function that can be stated without mentioning subanalyticity. For example, the function τ is “piecewise analytic,” in the following precise sense: there exists a τ -locally finite partition of the domain D(τ ) of τ into connected embedded real-analytic submanifolds on each of which τ is real-analytic. (By definition, D(τ ) = {γ : τ (γ) < +∞}. A set S of subsets of D(τ ) is τ -locally finite if {S ∈ S : S ∩ C ≠ ∅} is finite for every compact subset C of D(τ ) on which τ is bounded. Notice that in general τ is lower semicontinuous but not continuous on D(τ ), so there can be compact subsets of D(τ ) on which τ is unbounded.)

The idea of using the theory of subanalytic sets in optimal control theory to prove properties of the minimum-time function is due to P. Brunovský, cf. [19, 22]. In his 1978 paper [19], Brunovský used the bound on the number of switchings to prove the existence of a regular synthesis for linear control systems of the form (2) with constant matrices A, B, in a sense similar (but not identical) to the one introduced by V. G. Boltyanski in 1966 in [10]. (Brunovský’s precise definition is given in [19], cf. also [26, 29]. A regular synthesis is essentially a piecewise analytic optimal feedback control, and the problem of the existence of such a synthesis is closely related to that of the piecewise analyticity of the minimum-time function.) Brunovský used the bang-bang theorem of [5] rather than Levinson’s version, and for that reason had to make the unnecessary assumption that the system was normal, i.e. satisfied the general position requirement of [5].

The technique of proving bounds on the number of switchings, and using them to establish subanalyticity of attainable sets and minimum-cost functions, has been used for many other classes of nonlinear control systems (cf. Brunovský [22], Sussmann [21, 20, 23, 29, 24, 25, 32, 33, 34, 37, 40], Bressan [31], Schättler [35, 36]). This has led to the discovery that these questions are related to many other interesting mathematical issues in analysis, dynamical systems and differential geometry. We now outline some of these issues, to show how Levinson’s result on the number of switchings, though extremely special if narrowly interpreted, is in fact very fruitful as a source of new generalizations if given a broader interpretation.

To begin with, it is not surprising that as soon as one goes from linear to nonlinear systems the bang-bang property in general no longer holds. For example, consider the nonlinear control system ẋ = 1 − y^2 , ẏ = u , (9)

in the xy plane, where the scalar control u takes values in the interval [−1, 1]. Suppose we are interested in a control t → u(t) that transfers the initial state (0, 0) to the terminal state (1, 0) in minimum time. It is clear that, if we define u(t) ≡ 0 for t ∈ [0, 1], then the corresponding solution of (9) with initial condition (0, 0) at time 0 is the curve t → (t, 0). So this control transfers (0, 0) to (1, 0) in time 1. On the other hand, if [a, b] ∋ t → (x(t), y(t)) ∈ IR^2 is any trajectory of (9) such that (x(a), y(a)) = (0, 0) and (x(b), y(b)) = (1, 0), then

1 = x(b) − x(a) = ∫_b a (1 − y(t)^2)dt ≤ b − a , with equality holding if and only if y(t) ≡ 0, in which case u(t) ≡ 0. This shows that the minimum time for the transfer from (0, 0) to (1, 0) is exactly equal to 1, and the only control that achieves this transfer is given by u(t) ≡ 0, which is not bang-bang!

The preceding example shows that the bang-bang theorem fails to hold as soon as control systems with nonlinearities are considered. This, however, is true if one insists on the strict interpretation that the crucial point of Levinson’s result is its bang-bang aspect. If, on the other hand, one focuses on the bound on the number of switchings as the critical issue, one discovers that there are large classes of nonlinear systems for which such bounds hold, except that now one has to consider piecewise constant controls with values in subsets Ṽ of the polyhedron P other than the set V of its vertices. For example, for the system (9) it turns out that if one takes Ṽ = {−1, 0, 1}, then the conclusion of Levinson’s result still holds. Another example of this situation had in fact been studied by L. Dubins (cf. [3]), in his analysis of a problem originally posed by A. A. Markov in 1887, cf. [1], on the shortest paths in the plane with a prescribed bound on the curvature. In this problem one has a control polyhedron P equal to the interval [−1, 1], and the bound on the number of switchings holds with Ṽ = {−1, 0, 1}. A closely related problem was studied by Reeds and Shepp in 1990 (cf. [41], and also [42] for a control-theoretic analysis of the Markov-Dubins and Reeds-Shepp problems). In this case, the control polyhedron is the square P = [−1, 1]×[−1, 1] in IR^2, and it turns out that the conclusion of Levinson’s theorem holds if one takes Ṽ to be a set of six points of P , namely, the four vertices plus the points (1, 0) and (−1, 0).

If one wants to extend Levinson’s theorem —properly reinterpreted— to general nonlinear systems, it is not enough to consider general piecewise constant controls instead of bang-bang ones. For example, consider the system

ẋ = 1 − ( y − x(1 − x) )_2

, ẏ = u , (10)

in IR^2, with scalar control u taking values in the interval [−1, 1] as before. Suppose we want to transfer the initial state (0, 0) to the terminal state (1, 0) in minimum time. The control t → 1 − 2t effects the desired transfer in time 1 (with y(t) = t(1 − t), x(t) = t), and an argument similar to the one given in our analysis of (9) shows that 1 is the minimum time, and t → 1 − 2t is the only minimum-time control. Clearly, this minimum-time control is not piecewise constant.

What is happening here is that there is a singular arc S in the xy plane, given by the equation y = x − x^2. In order to construct a family of trajectories which is “sufficient for time-optimality” (i.e., paraphrasing Halkin, a family T such that “anything which can be done with an arbitrary admissible trajectory can also be done with a trajectory belonging to T ”), one has to consider finite concatenations of basic pieces selected from a larger class: in addition to the “bang trajectories” (i.e. trajectories arising from constant controls equal to +1 or to −1) one also has to use the singular arcs, i.e. the trajectories that are contained in S. (Notice that we have shifted from talking about “controls” to talking about “trajectories”. This change of point of view is absolutely necessary. For example, for the problem of (10) the control t → 1 − 2t is “singular,” and must be included as one of the basic constituents of the more general optimal controls, only when it gives rise to a trajectory contained in S.)

The above examples suggest a general research program in the theory of nonlinear control systems. Briefly, the program involves the identification of large classes of problems for which one can prove analogues of Levinson’s bang-bang theorem with bounds on the number of switchings in which the basic constituent pieces are allowed to be more general than constant

V -valued controls. Then, one still seeks to establish that, for a reasonable class B of such basic pieces, there is a sufficient family of trajectories consisting of finite concatenations of members of B, with some a priori bound on the number of pieces. To pursue this program beyond the level of particular examples, one needs mathematical tools and a language for talking about general properties of nonlinear systems. This language turns out to be that of Lie brackets and Lie algebras of vector fields.

First of all, notice that, if we consider control systems of the form (2), then the conclusion of Levinson’s theorem (except for the convexity of the reachable sets) is invariant under arbitrary nonlinear changes of coordinates. That is, if one takes a system of the form (2) —with a polyhedral control set P , as before— and performs a smooth invertible nonlinear transformation y = Φ(x) of the state space (where Φ : IR^n → IR^n is one-to-one, onto, and of class C^1 with an inverse also of class C^1), then the transformed system

ẏ = ∂Φ ∂x ( Φ^{−1}(y) )[ A(t)Φ^{−1}(y) + B(t)w ] (11)

will in general be highly nonlinear, but will still have Levinson’s bang-bang property with bounds on the number of switchings. However, it will no longer be true in general for (11) that the reachable sets are convex, since nonlinear transformations do not preserve convexity. Thus the bang-bang property is not really a property of linear systems, but of systems that are equivalent to a linear system under a possibly nonlinear diffeomorphism. From a nonlinear perspective, one should then be able to characterize those systems that are equivalent to linear ones under a diffeomorphism.

For control systems of the form

ẋ = f_0(x) + u_1f_1(x) + . . . + u_mf_m(x) , (12)

one can introduce invariants, expressed in terms on the Lie brackets of the vector fields f_i, whose vanishing is equivalent to the property of “linearizability under a change of coordinates.” So the bang-bang theorem can be restated as a theorem about nonlinear systems for which those invariants vanish. But then, quite remarkably, it turns out that, for the bang-bang theorem with bounds on the number of switchings to hold, one does not need the invariants to vanish, and it suffices for a much weaker set of relations to hold. This is carried out in detail in [20] for systems ẋ = f(x) + ug(x), with a scalar control belonging to [−1, 1]. (The case of vector-valued controls has not been completely settled as yet.) It turns out that linearizability under a nonlinear change of coordinates is equivalent to the vanishing of all iterated Lie brackets of f and g that involve at least two g’s. For the bang-bang property to hold, it suffices that some of these brackets be expressible as linear combinations of some other brackets. For example, it suffices that every bracket with two g’s be expressible as a linear combination of brackets with only one g and of smaller degree. Notice that for the system (9) we have

f = (1 − y^2) ∂ ∂x , g = ∂ ∂y , [f, g] = 2y ∂ ∂x , [g, [f, g]] = 2 ∂ ∂x . (13)

Then [g, [f, g]] never vanishes, and therefore (9) cannot be linearized by a local change of coordinates near any point of the plane. On the other hand, the real obstruction to the validity of the bang-bang theorem in a neighborhood of a point p is the impossibility of expressing [g, [f, g]] as a linear combination of g and [f, g] near p. As long as [g, [f, g]] admits such an expression, the bang-bang property holds near p. It is clear from (13) that [g, [f, g]] is a linear combination of g and [f, g] near p for every p, except when p lies on the x-axis. This is the true “differential geometric” explanation of the occurrence for (9) of non bang-bang optimal controls, and of the fact that they occur precisely on the x axis and nowhere else.

A second line of research naturally motivated by Levinson’s result proceeds by dropping the “bang-bang” requirement and concentrating on the more general property of the existence of some sufficient family —possibly involving singular controls— that can be used to prove subanalyticity of reachable sets or piecewise analyticity of the minimum-time function. A general theorem in this direction has been proved by Brunovský in [22], and a complete analysis of real-analytic problems in the plane was given in [32, 33, 34]. The general question of the piecewise regularity of optimal trajectories for real-analytic nonlinear systems is still open. There exist examples of problems where “infinite chattering” occurs: the only optimal control is bang-bang but has infinitely many switchings. The simplest such example is Fuller’s problem: for the system ẋ = y, ẏ = u, ż = x^2, with control constraint |u| ≤ 1, it can be shown that there is infinite chattering for suitably chosen initial and terminal conditions in IR^3, cf. [6, 14, 39], and the book [43], which is entirely devoted to the Fuller phenomenon and its generalizations. One of the major open problems in the theory is to decide whether, for real-analytic control systems of the form (12) with a polyhedral control set P , it is always true that, when there exists a measurable P -valued time-optimal control [a, b] → u(t) steering a point x_− to a point x_+, it follows that there exists a time-optimal control [a, b] → ũ(t) that also steers x_− to x_+ and is real-analytic on the complement of a closed countable subset S of [a, b]. (Fuller’s example shows that the answer is “no” if S is required to be finite rather than countable. In [30] it is shown that the answer is “yes” if S is only required to be closed and nowhere dense, but it is not known —even for systems in IR^3 with a scalar control— if “closed and nowhere dense” can be strengthened to “closed and of measure zero” or “closed and countable.” It is also shown in [30] that, if the vector fields f_i are only required to be of class C^∞ rather than real-analytic, then even the weaker conclusion with S closed and nowhere dense can fail.)

A third natural question is that of the subanalyticity of reachable sets for linear systems (2) with a control set P which is compact, convex and semialgebraic but not necessarily a polyhedron. In [28] an example is given of a linear system in IR^3, with constant matrices A, B, and a rather simple two-dimensional control set P = {(u_1, u_2) : |u_2| ≤ 1 − u^2_1}, for which the reachable sets and the minimum-time function fail to be subanalytic. In [27] it is proved that for linear systems ẋ = Ax + Bw, w ∈ P , with P compact convex subanalytic, the minimum-time function is real-analytic on an open dense subset of its domain whose complement is a countable union of real-analytic submanifolds of positive codimension. It is still an open question whether, for such systems, the reachable sets are always stratifiable and the value functions are piecewise analytic.

References

[1] Markov, A. A., “Some examples of the solution of a special kind of problem in greatest and least quantities,” (in Russian) Soobshch. Karkovsk. Mat. Obshch. 1 (1887), 250-276.

[2] A. A. Lyapunov, Sur les Fonctions-Vecteurs Complètement Additives, Izv. Akad. Nauk SSSR Ser. Mat. 4 (1940), 465-478.

[3] Dubins, L.E., “On curves of minimal length with a constraint on average curvature and with prescribed initial and terminal positions and tangents,” Amer. J. Math., 79 (1957), 497-516.

[4] J. P. LaSalle, The Time Optimal Control Problem, Contributions to the Theory of Nonlinear Oscillations 5, Princeton Univ. Press (1960), 1-24; also in Proc. Nat. Acad. Sci. U.S.A. 45 (1959), 573-577.

[5] Pontryagin, L.S., V.G. Boltyansky, R.V. Gamkrelidze and E.F. Mischenko, The Mathematical Theory of Optimal Processes, Wiley, New York, 1962.

[6] Fuller, A. T., “Study of an optimum nonlinear system,” J. Electronics Control 15 (1963), pp. 63-71.

[7] H. Halkin, A Generalization of LaSalle’s Bang-Bang Principle, SIAM J. Control 2 (1964), 199-202.

[8] H. Halkin, On a Generalization of a Theorem of Lyapunov, J. Math. Anal. Appl. 10 (1965), 325-329.

[9] J. Lindenstrauss, A Short Proof of Liapounoff’s Convexity Theorem, J. Math. Mech.

15 (1966), 971-972.

[10] V. G. Boltyansky, Sufficient conditions for optimality and the justification of the Dynamic Programming Principle, S.I.A.M. J. Control 4 (1966), 326-361.

[11] Cz. Olech, Extremal Solutions of a Control System, J. Differential Equations 2 (1966), 74-101.

[12] A. Gabrielov, Projections of semi-analytic sets. Funct. Anal. Appl. v.2, no. 4 (1968), 18-30, in Russian. (English translation: 282-291.)

[13] H. Hironaka, Subanalytic sets, Lect. Notes Istituto Matematico “Leonida Tonelli,” Pisa, Italy (1973).

[14] Marchal, C., “Chattering arcs and chattering controls,” J. Optim Theory Appl. 11 (1973), pp. 441-468.

[15] L. D. Berkovitz, Optimal Control Theory, Springer-Verlag, Berlin, Heidelberg, New York (1974).

[16] W. H. Fleming and R. W. Rishel, Deterministic and Stochastic Optimal Control, Springer-Verlag, Berlin, Heidelberg, New York (1975).

[17] L. W. Neustadt, Optimization: a Theory of Necessary Conditions, Princeton, N. J.

(1975).

[18] R. Hardt, Stratifications of real analytic sets and images, Inventiones Math. 75 (1978), 193-208.

[19] P. Brunovský, Every normal linear system has a regular synthesis, Math. Slovaca 28 (1978), 81-100.

[20] H. J. Sussmann, A bang-bang theorem with bounds on the number of switchings, S.I.A.M. J. Control and Optimization 17, No. 5 (1979), 629-651.

[21] H. J. Sussmann, Analytic stratifications and control theory, in Proc. 1978. Int. Congress of Mathematicians, Helsinki (1980), pp. 865-871.

[22] P. Brunovský, Existence of regular synthesis for general problems, J. Diff. Equations 38 (1980), 317-343.

[23] H. J. Sussmann, Les sémigroupes sousanalytiques et la régularité des commandes en boucle fermée, Astérisque (Soc. Math. de France) 75-76 (1980), 219-226.

[24] H. J. Sussmann, Time-optimal control in the plane, in Feedback Control of Linear and Nonlinear Systems, D. Hinrichsen and A. Isidori Eds., Springer-Verlag Lect. Notes in Control and Information Sciences, No. 39, New York (1982), 244-260.

[25] H. J. Sussmann, Subanalytic sets and optimal control in the plane, in Proc. 21st I.E.E.E.

Conference on Decision and Control, Orlando, Fla. (Dec 1982), pp. 295-299.

[26] H. J. Sussmann, Lie brackets, real analyticity and geometric control theory, in Differential Geometric Control Theory, R.W. Brockett, R.S. Millman and H.J. Sussmann Eds., Birkhäuser Boston Inc. (1983), 1-115.

[27] H. J. Sussmann, Resolution of singularities and linear time-optimal control, Proc. 23rd I.E.E.E. Conference on Decision and Control, Las Vegas, Nevada (Dec. 1984), 1043-1046.

[28] S. Lojasiewicz Jr. and H. J. Sussmann, Some examples of reachable sets and optimal cost functions that fail to be subanalytic, S.I.A.M. J. Control and Optimization 23, No. 4 (1985), 584-598.

[29] H. J. Sussmann, “Lie Brackets and real analyticity in control theory,” in Mathematical Control Theory, C. Olech Ed., Banach Center Publications, Volume 14, PWN-Polish Scientific Publishers, Warsaw, Poland, 1985, 515-542.

[30] H. J. Sussmann, A weak regularity theorem for real analytic optimal control problems, Revista Matemática Iberoamericana 2, No. 3, 1986, 307-317.

[31] A. Bressan, The generic local time-optimal stabilizing controls in dimension 3, S.I.A.M.

J. Control Opt. 24 (1986), 177-190.

[32] H. J. Sussmann, The structure of time-optimal trajectories for single-input systems in the plane : the C^∞ nonsingular case, S.I.A.M. J. Control and Optimization 25, No. 2 (1987), 433-465.

[33] H. J. Sussmann, The structure of time-optimal trajectories for single-input systems in the plane: the general real-analytic case, S.I.A.M. J. Control and Optimization 25, No. 4, 1987, 868-904.

[34] H. J. Sussmann, Regular synthesis for time-optimal control of single-input real-analytic systems in the plane, S.I.A.M. J. Control and Optimization 25, No. 5, 1987, 1145-1162.

[35] H. Schättler, On the local structure of time-optimal bang-bang trajectories in IR^3, S.I.A.M. J. Control Opt. 26 (1988), 186-204.

[36] H. Schättler, The local structure of time-optimal trajectories in IR^3 under generic conditions, S.I.A.M. J. Control Opt. 26 (1988), 899-918.

[37] H. J. Sussmann, Why real analyticity is important in control theory, in Perspectives in control theory, (Proceedings of the Sielpia Conference, Sielpia, Poland, 1988), B. Jakubczyk, K. Malanowski, W. Respondek Eds., Birkäuser Boston (1990), 315-340.

[38] H. J. Sussmann, Real analytic desingularization and subanalytic sets: an elementary approach, Trans. Amer. Math. Soc. 317 (1990), 417-461.

[39] I. Kupka, “The ubiquity of Fuller’s phenomenon,” in Nonlinear Controllability and Optimal Control, H. J. Sussmann Ed., M. Dekker, Inc., New York (1990), pp. 313-350.

[40] H. J. Sussmann, Synthesis, presynthesis, sufficient conditions for optimality and subanalytic sets, in Nonlinear controllability and optimal control, H. J. Sussmann Ed., M. Dekker, Inc., New York, 1990, 1-20.

[41] J. A. Reeds and L. A. Shepp, “Optimal paths for a car that goes both forwards and backwards,” Pacific J. Math., 145 (1990), pp. 367-393.

[42] H. J. Sussmann and G. Tang, “Shortest paths for the Reeds-Shepp car: a worked out example of the use of geometric techniques in nonlinear optimal control,” Rutgers Center for Systems and Control (Sycon) Report 91-10, September 1991. To appear in SIAM J. Control.

[43] M. I. Zelikin and V. F. Borisov, Theory of Chattering Control, with applications to astronautics, robotics, economics and engineering, Birkhäuser, Boston, 1994.

[44] A. Gabrielov, Complements of subanalytic sets and existential formulas for analytic functions. Inventiones Mathematicae 125 (1996), 1-12.