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In a series of nonsmooth versions of the Pontryagin Maximum Principle, we
used generalized differentials of set-valued maps, flows, and abstract variations.
Bianchini and Stefani have introduced a notion of possibly high-order
variational vector that has the summability property. We consider a slightly
more general class of variational vectors than that defined by Bianchini and
Stefani, and prove that the convex combinations of these vectors arise as
“differentials” of variations that are differentiable in the sense of one of our
generalized differentiation theories, namely, that of “approximate generalized
differential quotients” (AGDQs).

1. Introduction

In a series of papers (cf. Refs. 5-7,9,10), we showed how to derive general,
nonsmooth versions of the Pontryagin Maximum Principle using generalized
differentials of set-valued maps, flows, and abstract point variations. The
use of general variations rather than the nedle variations used to prove the
ordinary maximum principle makes it possible to obtain high-order versions
of the maximum principle. The main technical difficulty with these general
abstract variations is that they need not have the summability property,
which is absolutely essential in order to derive the necessary conditions for
optimality.

R. M. Bianchini and G. Stefani (cf. Refs. 1-4) proposed a concept
of high-order point variation that has good summability properties. The
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goal of this note is to relate this concept to a theory of generalized
differentials, by describing a slightly more general version of the Bianchini-
Stefani variations, and showing that they are differentiable in the precise
sense of the theory of “Approximate Generalized Differential Quotients”
(AGDQs). This makes it possible to use these variations in order to get
additional necessary conditions for an optimum in situations such as the
very general one described in Ref. 9, where the differentials involved are
generalized differential quotients, and a fortiori AGDQs.

1.1. Preliminary remarks on notation

We will use the notations and abbreviations of Ref. 9. In particular,
“FDRLS” stands for “finite-dimensional real linear space,” “FDNRLS” for
“normed FDRLS,” and “SVM” for “set-valued map.” If f is a SVM, then
So(f), Ta(f), Gr(f), Do(f), Im(f) are, respectively, the source, target,
graph, domain and image of a SVM f. (We recall that a SVM is a triple
(A, B, G) such that A, B are sets and G is a subset of Ax B, in which case we
say that f isa SVM from A to B, and define G’ldﬁf{(x,y) :(y,x) € G},
FE = (B,AGTY), So(f)EA, Ta(f)EB = So(f 1), Gi(f) = G,
f(@) = {y : (w.y) € Gr(H)}, Do(f) = {o : f(x) # 0}, Tm(f) = Do(f~1).)
We use SVM (A, B) to denote the set of all set-valued maps from A to
B. The notation “f : A —» B” means “f is a set-valued map from A to
B> If f € SVM(A, B) then f is (i) single-valued if the set f(x) consists
of a single member for every z € Do(f), (ii) one-to-one if f~! is single-
valued, (iii) surjective if Im(f) = Ta(f), (iv) everywhere defined if
Do(f) = So(f), i.e., if f=1 is surjective, (v) a ppd map (where “ppd”
stands for “possibly partially defined”) if it is single-valued, and (vi) an
ordinary map if it is an everywhere defined ppd map. The notation
“f: A< B” means “f is a ppd map from A to B.”

If S is a set, then Ig is the identity map of S, i.e., the triple (5,5, Ag),
where Ag = {(z,z) : z € S}.

The abbreviation “CCA” stands for for “Cellina continuously
approximable.” (We recall that a CCA map from a metric space X to
a metric space Y is a set-valued map F' : X +» Y such that, for every
compact subset K of X, (i) the set (K x Y) N Gr(F) is compact, and
(ii) there exists a sequence {F;}32; of single-valued continuous maps from
K to Y such that the graphs Gr(F}) converge to Gr(F'), in the sense that

lim sup{distxxy(q, Gr(F)) : ¢ € Gr(F})} =0.

J—00
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(A detailed study of CCA maps appears in Ref. 9.) We use CCA(X,Y) to
denote the set of all CCA maps from X to Y.

If T is a totally ordered set, then we use <; to denote the order
relation on I, and simply write < when the context makes I unambiguous.
Also, “a <; b’—or, simply, “a < b”’—means “a <; b and a # b.” A
subinterval of I is a subset J of I such that ¢ € J whenever a € J,
be J,cel,and a < ¢ < b. We use square bracket notation for subin-

tervals of I that have an infimum and a supremum in I. (That is, if

a,b € I and a < b, we write |a, b[Idéf{t €l:a<t<b},]|a, b[;déf{a}u]a,b[],

la, b]]déf]a,b[ju{b}, and |a, b];déf{a,b}u]a,b[j, and we omit the subscript
when I is uniquely determined by the context.). Then every subinterval
of I that has an infimum and a supremum in [ is of one of the forms
la,b[, [a,b], [a,b], ]a,b]). When the totally ordered set is not specified, it
is understood that it is the extended real line RER U {—00, +0}. We

define R+d§f{z € R:z > 0} and R+7>d§f{x € R: x > 0}, and let

R+d§fR+ U {+OO}

We use © to denote the class of all functions 6 : Ry - — R, such that

e 0 is monotonically nondecreasing (that is, 6(s) < 6(¢t) whenever
s,t € R are such that 0 < s <t < +00);
e limg o 6(s) =0.

If X is a FDNRLS, . € X, r > 0, then Bx(z.,7), Bx(v.r)
are, respectively, the open ball {z € X : ||z — z.| <7} and the closed
ball {z € X :|z—az.<r}. If X, Y are FDRLSs, then Lin(X,Y),
Aff(X,Y) will denote, respectively, the set of all linear maps and
the set of all affine maps from X to Y. By definition, the members
of Aff(X,Y) are the maps affmpy, for LeLin(X,Y), heY, where
affmp, p, denotes the affine map with linear part L and constant
part h, defined by aﬁ"mL,h(x)défL~x+h. We identify Aff(X,Y) with
Lin(X,Y) x Y by identifying each map affmy , € Aff(X,Y) with the pair
(L,h) € Lin(X,Y) x Y.

If X and Y are FDNRLSs, then we endow Lin(X,Y") with the operator
norm || - ||lop given by ||L|lop = sup{||Lz| : z € X, ||z|| < 1}, so Lin(X,Y)
is a FDNRLS as well. Also, we endow the linear space Aff(X,Y") with the
norm given by [laffmzull = | L] + ]|

If A is subset of Lin(X,Y), and § € Ry -, we define

A’ ={L € Lin(X,Y) : dist(L,A) <6},
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where dist(L,A) = inf{||L — L'||op : L' € A}. Also, if 6,e € Ry -, and we
still assume that A C Lin(X,Y), we let

A®S) = Laffmp p, - L € Lin(X,Y), dist(L,A) <, h € Y, ||h]| < de},

Notice that if L € Lin(X,Y), then dist(L, ) = +oc. In particular, if A =0
then A% = . and A(®%) = (). Notice also that if A is compact (resp. convex)
then A% and A(®%) are compact (resp. convex).

If X is a FDRLSs, then we use X' to denote the dual space of X, i.e.,
the space Lin(X,R).

The word “manifold” will mean “finite-dimensional paracompact
differentiable manifold without boundary.” If M is a manifold of class
Cl, and z € M, then T, M, T;M denote, respectively, the tangent and
cotangent space of M at x.

1.2. Approximate Generalized Differential Quotients

Definition 1.1. Assume that X,Y are FDNRLSs, F: X —Y is a
set-valued map, A is a compact subset of Lin(X,Y), Z. € X,
g« €Y, and S C X. We say that A is an approximate generalized
differential quotient of F at (T.,y.) in the direction of S—and
write A€ AGDQ(F, Z., 3., S)—if there exists a function § € ©—called an
AGDQ modulus for (A, F,Z., ., S)—having the property that

(*) for every e € Ry 5 such that 8(e) < oo there exists a set-valued map
A% € CCABx (Zx,)NS, Aff(X,Y)), with values in A®©)2) | such that
U« +A(x—7,) € F(x) whenever x €Bx(Z«,e)NS and A€ A%(x). O

1.2.1. Properties of AGDQs

If A, B, C are sets, and E, Z are sets of maps from A to B and from B to
C, respectively, then the composite Z o = is the set of maps from A to C
given by ZoE={(o&:(€ Z, £ E}.

The following statement, proved in Ref. 9, is the chain rule for AGDQs.

Theorem 1.1. Fori=1,2,3, let X; be a FDNRLS, and let Z,; be a point
of X;. Assume that, for i = 1,2, (i) F; : X; — X;41 is a set-valued map,
(i1) S; is a subset of X;, and (i11) A; € AGDQ(F;, T i, T it1,5:). Assume,
in addition, that (i) F1(S1) C Sa, and either (v) Sa is a local quasiretract
(cf. Remark 1.1) of X9 at Z.o or (v’) there exists a neighborhood U of Z. 1
in X5 such that the restriction Fy [ (UNS1) of Fy to UNSy is single-valued.
Then Ao o A1 € AGDQ(FQ OFl,"E*J,i’*,g,Sl). Il
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Remark 1.1. The notion of a “local quasiretract” is defined in Ref. 9. The
precise definition is as follows. First, if T' is a topological space and S C T,
we say that S is a quasiretract of T if for every compact subset K of S
there exist a neighborhood U of K and a continuous map p : U — S such
that p(s) = s for every s € K. Then, if S C T and 5 € S, we say that S is
a local quasiretract of T at s if there exists a neighborhood U of s such
that S N U is a quasiretract of U.

An important example of a local quasiretract of a manifold M at a point
s € M is a subset S of M such that, for some open neighborhood U of s,
the set S N U is the image of a convex subset of an open neighborhood V'
of 0 in RI™M ynder a diffeomorphism ® of class C! from V onto U such
that ®(0) = s. In particular, any set whose germ at s is, relative to some
RdimM

coordinate chart near s, the germ at s of a convex subset of , is a

local quasiretract of M at s. O

If M and N are manifolds of class C', z.€M, 7. €N, SCM, and
F: Mw+» N, then it is possible to define a set AGDQ(F,Z.,Tx,S) of
compact subsets of the space Lin(T5 M,Ty N) of linear maps from
Tz, M to Ty N as follows. We let m =dim M, n =dim /N, and pick
coordinate charts &: M — R™, n: N — R", defined near T, 7. and
such that £(Z.) =0 and 7n(g.) =0, and declare that a subset A of
Lin(Tz, M, T;,N) belongs to AGDQ(F, Z.,ys,S) if the composite set of
maps Dn(7s) o Ao DE(Z,) 7L is in AGDQ(no Fo£71,0,0,£(5))). It then
follows easily from the chain rule that, with this definition, the set
AGDQ(F,T,,7«,S) does not depend on the choice of the charts
&, n. In other words, the notion of an AGDQ is invariant under
C! diffeomorphisms and therefore makes sense intrinsically on
manifolds of class C!.

Then the chain rule also holds on manifolds, as pointed out in Ref. 9.

Proposition 1.1. Assume that
(I) fori=1,2,3, M; is a manifold of class C' and T, € M;,
([]) S; C M;, F; : M; —» Mi+1, and A; € AGDQ(Fi,fE*J,.f*’i_;.l,Si)
fori=1,2,
(III) either Sy is a local quasiretract of My or Fy is single-valued on
UnNS; for some neighborhood U of Z+ ;.

Then the composite Ag o Ay belongs to AGDQ(Fy 0 F1,%41,%x3,5). O

Furthermore, AGDQs have several natural properties. First, the following
statement, proved in Ref. 9, says that classical differentials at one point of
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continuous maps and Clarke generalized Jacobians of Lipschitz maps are

AGDQs.

Proposition 1.2. If M, N are manifolds of class C*, SC M, z, € M,
U« € N, F : M — N, U is an open neighborhood of T. in M, and
F(z.) = {y.}, then

(1) If (i) the restriction F [ (U N S) is a continuous everywhere defined
map, (it) L is a differential of F' al T, in the direction of S (that is,
L e Lin(Tz, M, Ty, N) and |F(z) — F(Z.) — L-(x — Z,)|| = o(||z — Z.]|)
as * — Ty via values in S, relative to some choice of coordinate charts
about T, and gy ), then {L} belongs to AGDQ(F, T, s, S).

(2) If (i) the restriction F [ U is a locally Lipschitz everywhere defined map,
and (i) A is the Clarke generalized Jacobian of F' at T, then A belongs
to AGDQ(F, Zw, Gs, M). O

The following two propositions, also proved in Ref. 9, are the Cartesian
product rule and the assertion that AGDQs are local, in the sense that
the set AGDQ(F, Z,Y«,S) is completely determined by the germ of the
set S at Z, and the germ of the graph of F' at (Z.,y«). In Proposition 1.3,
if A, B, C, D are sets and pp : A +» C, v : B +» D, then p x v is the
set-valued map from A x B to C' x D that sends each point (a,b) € A x B
to the subset u(a) x v(b) of C' x D. (In particular, if x and v are ordinary
single-valued maps, then p X v is an ordinary single-valued map, given by
(pxv)(a,b) = (u(a),v(b)) fora € A, b € B.) If M, N are sets of SVMs from
A to C and from B to D, respectively, then M x A is the set of all SVMs
pxv, €M, veN. The spaces Tz, | My x Ty, ,Ms Ty, N1 x Ty, ,N are

identified with T(z, | z, ,)(M1 x Ma) and T(y, | 5. ,)(IN1 X Na), respectively.

Proposition 1.3. (The product rule.) Assume that

(1) fori=1,2, M; and N; are manifolds of class C*, S; C M;, T.; € M;,
?j*,i eN;, F,: M; — N, and Ai c AGDQ(Fi,f*VZ‘,g*J, Si),'

(2) Ty = (9_5'*71,57*72), g* = (g*,l,ﬂ&z), S = Sl X SQ, and F' = F1 X FQ.

Then Ay x Ay € AGDQ(F, %+, 7., S). 0

Proposition 1.4. (Locality.) Assume that (1) M, N, are manifolds of
class C, (2) z. € M, (3) 4« € N, (4) Si € M and F; : M ~» N
for i=1,2, and (5) the sets S1 and Sy have the same germ at T,
and the graphs Gr(Fy), Gr(Fz), have the same germ at (Z.,§«) (that is,
there exist neighborhoods U, V of Z., §«, tn M, N, respectively, such
that UNS; = U NSy and (U x V)NGr(Fy) = (U x V)N Gr(Fy)). Then
AGDQ<F1ai'*7g*7SI):AGDQ(FQ;j*,g*;Sb)' O
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1.2.2. Uniform AGDQs

Assume that X and Y are FDNRLSs, and we are given a family
{(Fas®asYasSa)aca of 4-tuples, such that each F, is a set-valued map
from X to Y, each z, is a point of X, each y, is a point of Y, and each
Sy is a subset of X. We say that a family {A,}aeca of compact subsets of
Lin(X,Y) is a uniform AGDQ of the maps F,, at the points (z.,Y.)
in the direction of the S, if there exists a function § € © which is an
AGDQ modulus for (Ay, Fu, Za, Ya, Sa) for each o € A.

The concept of a uniform AGDQ makes sense as well, in an
intrinsic way, when X and Y are manifolds, provided that the family
{(FasTasYasSa)taca is such that the set Q@ = {(z4,¥a) : @ € A}
is precompact in X x Y. Indeed, let dx, dy be the dimensions of X
and Y. If @ is precompact in X x Y, then we can find a finite family
2 =1{(&,Uj,m5, Vj, Kj, Lj) hr<j<m such that

(1) for each j, (i) &; is a coordinate chart of X with domain Uj, (ii) n; is
a coordinate chart of ¥ with domain V}, (iii) K is a compact subset
of Uj;, and (iv) L; is a compact subset of V};

(2) Q CUjL, (K x Ly).

Then, if we let 4; = {a € A : (za,ya) € K; x Lj}, it is
clear that A = U;nzl Aj, and we can consider, for each j, the family
¢, = {(Fj,a,za,ya,gjya)}aeAj, where Fj,a is the set-valued map from U;
to V; whose graph is Gr(F,) N (U; x V;), and S o = So NU;. If we identify
U;, V; with open subsets Uj, f/j of R¥x, R4 | then {Fj,a}aeAj is a family
of set-valued maps from R to R%", the z, belong to R?x, the y, belong
to R% | and S, is a subset of R%X, so we are in the situation of the previous
paragraph, and it makes sense to talk about a “uniform AGDQ” {Aq4}aca;,
of the family ®;. We then say that a family {A,}aca is a uniform AGDQ
of the family {(F, T, Yo, Sa) }aca if, for some choice of m and the family
Y ={(&,U;,nj,V;,Kj, Lj) }1<j<m as above, it turns out that {Ay}aeca; is
a uniform AGDQ of ®; for each j. (It is easily seen that if this condition
holds for one choice of m and ¥, then it holds for all such choices.)

1.2.3. AGDQ approximating multicones.

A cone in a FDRLS X is a nonempty set C' which is closed under
multiplication by nonnegative real numbers, i.e., such that rc € C whenever
c € C and r > 0. The polar of a cone C in X is the subset CT of XT
defined by Ct = {u € X' : p(e) < 0 whenever ¢ € C}. Clearly, CT is
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always a closed convex cone. If we identify X with X in the usual way,
then C' C Cf, and C = C'1 if and only if C is closed and convex.

A multicone is a nonempty set of cones. A multicone M is convex if
all the members of M are convex cones. The polar M' of a multicone M
is the closure of the union of the polars MT, M € M. Therefore M is a
always a closed cone in XT. Naturally, M need not be convex in general.

Definition 1.2. Assume that M is a manifold of class C', S is a subset of
M, and z, € S. An AGDQ approximating multicone to S at T, is a
convex multicone C in Tz, M such that there exist a nonnegative integer
m, a set-valued map F : R™ +» M, a convex cone D in R™, and a

A€ AGDQ(F,0,Z,, D), such that F(D)CS and C={LD:LeA}. O

1.3. Transversality of cones and multicones.

If S1, Sy are subsets of a linear space X, we define the sum S; + S, and
the difference S; — Sy by letting S + So = {s1 + s2 : 81 € 51,82 € Sa},
51—522{81—82181 651,82652}.

Recall that if S7, S are linear subspaces of a FDRLS X, then S; and
So are transversal if S; + S, = X, or, equivalently, if S; — S, = X. If
two submanifolds M;, M of class C! intersect at a point z,, and S;, So
are their tangent spaces at x,, then it is well known that if S; and S
are transversal then M; N M, looks, near z,, like S; N Ss. In particular, if
S1 NSy # {0} (ie., if dim S;NSe > 1), then M N M; contains a nontrivial
curve going through x,. The following definitions generalize the concept of
transversality and that of “transversality with a nontrivial intersection,”
first to cones and then to multicones.

Definition 1.3. Let X be a FDRLS, and let C4, C; be two convex cones

in X. We say that Cy and Cy are transversal, and write ClFHCQ, if
C1 — Cy = X. We say that C7 and Cy are strongly transversal, and write

1M Cy, if C1MC, and in addition C; N Cy # {0}. O

In order to extend Definition 1.3 to multicones, it is convenient to start
by reformulating the concept of strong transversality of cones, by making

the trivial observation that Cﬂﬂng if and only if the following two conditions

hold: (i) C1hCy and (ii) there exists a linear functional z € X such that
w(v) > 0 for some v € C1 N Ch.

In view of the above reformulation, we define a linear functional
u: X — R to be intersection-positive on a pair (C1,Cs) of multicones, if
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the set {¢ € C1 N Cy : u(c) > 0} is nonempty for every Cy € C; and every
Cs € Cy. Using this concept, the definitions of “transversality” and “strong
transversality” of convex multicones are nearly identical to the definitions
for cones.

Definition 1.4. Let X be a FDRLS. We say that two convex multicones

Cy and Cy in X are transversal, and write ClaCQ, if Clan for all Cy € Cq,
Cy € Co. We say that C; and Cy are strongly transversal, and write

Clﬁﬁ@, if (i) ClFHCQ, and (ii) there exists a linear functional y € XT which
is intersection-positive on (Cy,Cs). O

Two convex cones C1, Cy in a FDRLS X are linearly separated if there
exists a nontrivial linear functional A € X such that A(c) < 0 whenever
¢ € C1, and A(c) > 0 whenever ¢ € Cs. (Equivalently, C; and Cs are linearly
separated if and only if C] N (—Cy)T # {0}.) It is easy to see that C; and
Cy are linearly separated if and only if they are not transversal. In view of
this, we will call two convex multicones Cy, Cs, linearly separated if they
are not transversal. Since strong transversality is a stronger property than
transversality, its negation is weaker than the negation of transversality,
i.e., than linear separation. So we will say that two convex multicones C,
Cs, are weakly linearly separated if they are not strongly transversal.

The following characterization of weak linear separation is proved in
Ref. 10.

Proposition 1.5. Let Cy, Co be convex multicones in a FDRLS X. Then
the following conditions are equivalent:

1. C1 and Cq are weakly linearly separated;
2. for every p € XT\{0} there exist g, w1, 72, C1, Cy such that

1. M9 € R and my > 0,

1. C1 €Cy and Cy € Cg,
. m € CI and Ty € C’;,
w. Tou = T + 7o,

v. (mo,m1,m2) # (0,0,0). O

1.4. The nonseparation theorem.

The crucial fact about AGDQs that leads to the maximum principle is
the transversal intersection property, that we now state (cf. Ref. 9 for the
proof).
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Theorem 1.2. Let M be a manifold of class C', let S1, Ss be subsets of
M, and let 5, € S1NSs. Let C1, Co be AGDQ-approzimating multicones to

S1, So at 8, such that ClHﬁCQ. Then S1 and Sy are not locally separated at
5«. (That is, the set S1 NSy contains a sequence of points s; converging to
S« but not equal to 3,.) O

Theorem 1.2 and Proposition 1.5 trivially imply the following result.

Corollary 1.1. Let M be a manifold of class C', let S1, Sa be subsets of
M, and let 5, € S1NSy. Let C1, Co be AGDQ-approzimating multicones to
S1, Sy at 5.. Assume that Sy and Sy are locally separated at 3.. (That is,
there exists a neighborhood U of 8. such that S1 N Se NU = {5.}). Then
Condition 2 of the statement of Proposition 1.5 holds. O

The more familiar forms of the maximum principle for optimal control
follow by applying Corollary 1.1 to suitable choices of M, Si, Sa, Ci,
C3, 54, and using the conclusion of the corollary with a suitable p. For
example, consider a fixed time interval optimal control problem P whose
data 9-tuple D = (My,U,a,b,U, f, L, T, S) satisfies (D1) the state space
My is a smooth manifold, (D2) U is a set, (D3) a,b € R and a < b, (D4) U
(the class of “admissible controls”) is a set of U-valued functions on [a, b],
(D5) (L(z,u,t,), f(x,u,t)) € R x T, M for each (z,u,t) € My x U X [a,b],
(D6) Z. € My, and (D7) S C My. Suppose that the objective of P
is to minimize the integral fj L(&(t),n(t),t) dt, subject to the following
conditions: (C1) € : [a,b] — My is absolutely continuous, (C2) n € U,
(C3) £(t) = f(E(t),n(t),t) for almost all ¢t € [a,b], (C4) &(a) = Z,, and
(C5) £(b) € S. We then take M = R x M. If a trajectory-control pair
(&x,ms) is a solution of P, we take Sy to be the set of all points (r,z) € M
such that z is reachable from Z. over [a,b] with cost r, and we take Sy to
be the set (] — 00, 74[x.S)U{qs}, where ¢, = (ry,&«(D)), and r, is the cost of
(&4,m«). Then the optimality of (£.,7,) implies that S; and Ss are locally
separated at g.. We then take C; to be an AGDQ-approximating multicone
to S1 at g. obtained by constructing variations and propagating their ef-
fects to the terminal point of &, and take Co = {] — 00,0l x C : C' € C},
where C is an AGDQ-approximating multicone to S at &,(b). We choose
to be the linear functional on Ty, M ~ R x T¢ (Mo given by u(r,v) = —r,
SO —u € C; for every Cy € Cy. Corollary 1.1 then yields a decomposition
ol = 1 + o, where m € CI, Ty € Cg, o > 0, (mo,m,m2) # (0,0,0),
C1 € C1, and Cs € Cy. Then —7; = w9 — mop. Since mo € C’;r, w9 > 0, and
—i € C’;r, it follows that —m; € C;r. If we write Co =] — 00,0] x C, C € C,
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and let m; = (—p, 7), then the fact that —m; € C’;r. implies that p > 0 and
—7 € Ct. Then 7 and p are, respectively, the terminal adjoint vector (often
called 1(b) or A(b) in the literature) and the additional multiplier (often
called 1 or Ag) conjugate to the cost r, and the familiar conclusions of the
maximum principle follow.

2. Flows, trajectories, and generalized differentials of flows.
2.1. State space bundles and their sections

A time set is a nonempty totally ordered set. If I is a time set, we define
12 ={(t,s)eIxI:t>shand I>Z ={(t,s,r) €I x I x1:t>s>r}
A state-space bundle (abbr. SSB) over I is an indexed family
X = {X; }ier of sets. A state-space bundle is a pair X = (X, I) such that
I is a nonempty totally ordered set and X is an SSB over I. The set I is
the time set of the SSB X.

Remark 2.1. There are several reasons for using general totally ordered
sets, rather than real intervals, as time sets for control systems. For a simple
example, cf. Ref. 8, where an example is given of a problem for which the
natural time set consists of a compact interval minus one interior point. [

If C is a category whose objects are sets with some additional structure
(for example, topological spaces, metric spaces, manifolds of class C*, linear
spaces, FDRLSs), then an SSB (X,I) = ({X¢}ier,I) is a bundle of C-
objects if each X, is a member of C. In particular, if k is a nonnegative
integer, a C* SSB is an SSB of manifolds of class C*. Also, an FDRLS
SSB is an SSB of finite-dimensional real linear spaces.

Definition 2.1. Assume that X = (X,I) = ({X;}ier,I) is an SSB. A
section of X is a single-valued everywhere defined map & on I such that
&(t) € X, for every t € I. We use Sec(X) to denote the set of all sections
of X. O

Definition 2.2. Let X = (X,I) = ({Xi}ter,I) be a C! state-space
bundle, and assume that £ € Sec(X). The family TeX = {T¢) Xi}er is
the tangent bundle of X along &. O

Clearly, the tangent bundle T¢X of a C* SSB X along a section ¢ € Sec(X)
is an FDRLS SSB.
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2.2. Flows and trajectories

Definition 2.3. Assume that C is a category whose objects are sets with
some additional structure, and X = (X,I) = ({Xt}+er, ) is an SSB of C-
objects. A C-flow on X is an indexed family f = {f; s} s)er2> such that

(1) fi.s is a C-morphism from X, to X; whenever (t,s) € I>Z;
(2) fi+ is the identity morphism of X; whenever ¢ € I;
(3) fis© fsr = fir whenever (t,s,r) € I*=.

A C-flow is a pair F = (X, f) such that X is an SSB of C-objects and
f is a C-flow on X. O

Example 2.1. If C is the category whose objects are all the sets, and whose
morphisms are the set-valued maps, then a C-flow on an SSB X will just
be called a flow on X. O

Example 2.2. If C is the category whose objects are all FDRLSs, and
whose morphisms are the linear maps, then a C-flow on an FDRLS SSB X
will be called a linear FD flow. a

Example 2.3. We use FFDCLin to denote the category whose objects
are all FDRLSs, and whose morphisms are defined as follows: if X, Y are
FDRLSs, then the set of morphisms from X to Y is the set CLin(X,Y) of
all nonempty compact subsets of Lin(X,Y’). (Composition of morphisms
is defined in the obvious way: if A; € CLin(X,Y) and Ay € CLin(Y, Z),
then Ag o Ay {LooLy: Ly € Ay, Ly € Ar}.)

An FDC Lin-flow is a linear FD multiflow. O

Remark 2.2. It is well known that every time set I can be regarded as
a category cat(I), by taking the objects of cat(I) to be the members of
I, and the set Homcqq(r)(a,b) of morphisms from a € I to b € I to consist
of a single object if a <; b, and to be empty if b <; a. In terms of this
identification, a C-flow with time set [ is exactly the same as a functor from
cat(I) to C. O

2.2.1. Comparison of maps and flows

If f, f" are SVMs, we write f < f" if So(f) = So(f’), Ta(f) = Ta(f’), and
Gr(f) C Gr(f'). If, for i = 1,2, F* = (X,f") are flows on the same SSB
X, and ' = {f} } (1.5 er2>, we say that F' is a subflow of F?, or F? is a
superflow of F', and write F! < F2, if ft{S = fﬁs for all (t,s) € I*=.
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2.2.2. Trajectories

Definition 2.4. Assume that X = (X,I) is a state-space bun-
dle, F=(X,f) is a flow, X = ({Xi}ier,I), and £={fi s} ez
A trajectory of F is a section £ of X such that £(t) belongs to
frs(&(s)) whenever (t,s) € I*=.

We use Traj(F) to denote the set of all trajectories of the flow F. O

2.3. AGDQ@Qs of flows along trajectories

Definition 2.5. Assume that X = (X,I) = ({Xi}ser,]) is a C1 SSB,
F = (X,f) is a flow, £ = {fi s} (t,5)er2>, and § € Traj(F). An AGDQ of
F along £ is a linear FD multiflow g = {gt,s}(t)s)ejz,z on the tangent bundle
Te X such that g, s € AGDQ(ft.5:€(s),&(t); X;) whenever (¢,s) € %=,

Remark 2.3. In view of our definitions, the condition that g is a linear
FD multiflow on T¢ X means that

(1) if (¢,5) € I*Z, then g; 5 is a nonempty compact set of linear maps from
Te(5)Xs t0 Ty Xe;

(2) g1 = {HTEth} whenever t € I;

(3) gt.s © gs.r = Gt whenever (r,s,t) € 3=, O

2.3.1. Compatible selections

Definition 2.6. Assume that g = {g; s}, s)cr2> is a linear FD multiflow
on an FDRLS SSB (Y, I). A compatible selection of g is a linear FD flow
¥ = {Vt.s}t,5)er2.> such that v s € g, s whenever (t,s) € I*=. O

We write C'Sel(g) to denote the set of all compatible selections of g. Then
CSel(g) is a subset of the product space P, défl_[(t,s)ep,z gts. Since Py is
a compact space, by Tichonov’s theorem, and CSel(g) is a closed subset
of Py—because C'Sel(g) is the set of all v € P, that satisfy a collection
of equalities involving continuous functions on Py,—we can conclude that
CSel(g) is compact.

Remark 2.4. In view of our previous definitions, the condition that  is a
linear FD flow means that v, = I, x for each t € I, and V¢ sYs,r = Ver
whenever (t,s,7) € I32. O
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2.3.2. Fields of variational vectors and adjoint covectors

Definition 2.7. Assume that g = {g; s} s)cr2> is a linear FD multiflow
on an FDRLS SSB (V,I) = ({Yi}ter,I). A field of variational vectors
of g is a selection I 3 t +— ov(t) € Y; such that v, € g vs whenever
(t,s) € I*=.

A field of adjoint covectors (also called, simply, an adjoint
covector, or even an adjoint vector) of g is a selection I 3 ¢ — w(t) € Y,
of the dual bundle Yt = {V;},c;. such that w, € giswt whenever

(t,s) € I*Z, where g . = {71 1 v € g1..}. O
The following result is an easy consequence of the compactness of C'Sel(g).

Proposition 2.1. Assume that g = {gi,s}(1,s)cr2.> 5 a linear FD multiflow
on an FDRLS SSB (Y,1) = ({Yi}ter,I). Assume that I >t — v(t) € Yz
(resp. I 5t w(t) €Y, ) is a selection of Y (resp. Y1). Then v is a field
of variational vectors (resp. w is a field of adjoint covectors) of g if and
only if there exists a compatible selection ¥ = {V¢,s}(t,s)er2> of g such that

Ve = Ye,sVs (TESP. Ws = ’yiswt) whenever (t,s) € I*=. O

3. Variations, impulse variations, summability

3.1. Variations of set-valued maps

Definition 3.1. Assume that F' is a set-valued map and P is a FDRLS.
A wariation of F with ambient parameter space P is a family
V = {V,}pec such that

(1) C is a closed convex cone in P with nonempty interior;
(2) each Vj, is a SVM such that So(V,) = So(F) and Ta(V},,) = Ta(F);
(3) Gr(Vo) € Gr(F).

If F' is another set-valued map such that So(F’) = So(F), Ta(F') = Ta(F),
and Gr(F) C Gr(F’), we say that V is a variation in F' if the inclusion
Gr(V,) C Gr(F’) holds for every p € C, i.e., if V,(x) C F'(x) whenever
p € C and x € So(F'). O

If F, P,V are as in Definition 3.1, then the cone C' is the parameter cone
of V, and the dimension of C (or of P) is the number of parameters
of V. We will use V to denote the SVM with source P x So(F) and target
Ta(F) such that V(p,z) = V,(z) for all p € P, 2 € So(Vp). (In particular,
V(p,z) =0 if pe P\C.)
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3.2. Infinitesimal impulse variations

Definition 3.2. Assume that X = (X,I) = ({X;}ser,1) is a C! state-
space bundle, F = (X,f) is a flow, and £ € Traj(F). An infinitesimal
impulse variation (abbr, IIV) for (F,£) is a triple (v,t,0) such that
t €1, v €Ty Xy, and o is one of the symbols +, —. O

Remark 3.1. The purpose of including o in the above definition is
to distinguish between “left” impulse variations, which will be labelled
(v,t,—), and “right” impulse variations, labelled (v,t,+). Left and right
impulse variations will differ in the way the concept of “carrier” of an ITV
(v,t,0) is defined, which will depend strongly on o. O

3.3. Summability

Definition 3.3. Assume that X = (X,I) = ({X;}ter,1) is a C! state-
space bundle, F = (X,f) is a flow, and £ € Traj(F). If (v,t,0) is an IIV
for (F,€), we say that (v,t,0) is carried by a subinterval J of I if t € J
and one of the following two conditions holds: (i) o = + and there exists

a t. € J such that ¢t < t,, (ii) 0 = — and there exists a t, € J such that
te <t.

If V is a set of IIVs for (F, &), we say that V is carried by J if every
member of V is carried by J. O

If V is a finite set of IIVs for (F,¢), we let RV, R}r’ denote, respectively,
the set of all families 7= {p" }vev of real numbers, and the set of all
7= {p"}vev € RV such that p¥ > 0 for all V € V. (Hence, if m is the
cardinality of V, and V = {(v!,¢!,0!),..., (v™,t™,0™)}, the spaces RV,
RY, can be identified with R™, R, by identifyjng each family 5= {p" }cev
with the m-tuple (p',...,5™), where p/ = p(*"*"=7") for j =1,...,m.)

If g = {915} (t,5)cr2> is an AGDQ of F along &, v = {Ve.s}1,5)cr2.> 18
a compatible selection of g, a,b € I, a < b, and V is carried by [a,b], we
define a linear map LV 1%t : RV x Te(ayXa — Ter)Xp by letting

LV 3 (5 ) = o (w)+ Z Pty (v) for FeRY, wE T () Xa-
(v,t,0)EV

We let AV:8%b be the set of all the maps LV:7%b for all v € CSel(g).
Then AV:®8%b is the image of CSel(g) under the continuous map
CSel(g) > v+ LYV € Lin(RY X Tg(q)Xa, Ter) Xp), so AVE®L js a
compact subset of Lin(RY x Te(a)Xa, Te) Xp)-
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Definition 3.4. Assume that X = (X,I) = ({X;}ter,1) is a C! state-
space bundle, F = (X,f) is a flow, £ € Traj(F), g = {gt.s}1,s)er2> is an
AGDQ of F along &, and F' = (X, ') = (X, {f] s }(t,s)er2.>) is a superflow
of F. Let V be a set of IIVs for (F,£). We say that V is g-AGDQ-
summable within F' if the following is true:

o for every finite subset V of V, and every pair (a,b) € I x I such that
a < b and V is carried by the closed interval [a,b], there exists a
variation W = {Wﬁ}ﬁERﬁr’ of foa in f}, such that the set V&8P is

an AGDQ of the map W at ((0,&(a)), (b)) along RY x X,. O

4. The AGDQ maximum principle

We now state and prove a general maximum principle in the setting of
AGDAQ theory. Instead of working with a control system & = f(z,u,t) and
a reference trajectory-control pair (&,7.), we consider the more general
situation of a pair (F,F’) of flows such that F is a subflow of F’'. We
assume that F and F’ are defined on a common state space bundle
X = (X, I) = ({Xt}ter, I), which is of class C1, in the sense that the X
are manifolds of class C.

In the control system case, (i) the time set I is a compact subinterval of
R, (i) all the state spaces X; coincide, so there is a manifold X of class C*
such that X; = X for all ¢ € I, (iii) the domain of the reference control 7,
is I, (iv) F = (X,f) is the reference flow, i.e., the flow determined by the
reference control 7., so that, if f = {f; s} s)er2>, then f s(x), for x € X,
(t,s) € I*Z, is the set given by

ft,S(x) = {g(t) : 6 € ’I\ra‘j(n*vfa S’t> ) f(S) = .%‘}7

where, if U is the class of admissible controls, then for any n € U we
use Traj(n, f,s,t) to denote the set of all & € Whi([s,#], X) such that
£(r) = f(&(r),n(r),7) for a. e. 7 € [s,t], and W([s,1], X) is the set
of all absolutely continuous maps from [s,t] to X, (v) F' = (X,f) is the
flow of the full control system, so that, if £’ = {f{ .} s)cr2>, then fi (),
for z € X and (t,s) € I*=, is the reachable set from = over the interval
[s,1], so fi 4(x) is given by

fio(@) ={&(t) - (3n e U)( € Traj(n, f,5,1)), &(s) = x}.

(Notice that the maps f; s are single-valued—that is, each set f; s(z) is
either empty or consists of a single member—if the ordinary differential
equation © = f(x,n4(t),t) has uniqueness of trajectories, but for more
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general reference vector fields (x,t) — f(z,n.(t),t) the fis can be set-
valued. On the other hand, the ft"s are never single-valued, except in trivial
cases.)

The flow formulation, together with the use of general totally ordered
sets rather than real intervals (cf. also Remark 2.1), includes situations
other than that of control systems, such as, for example, “hybrid systems”
in which the state is allowed to jump at some time t from a state space
X_ to a state space X;. (This is achieved by treating t— and ¢+ as
different times, with t— < ¢+, and having a family {J,}aeca of—possibly
set-valued—jump maps from X_ to X, one of which is the reference jump
map J,,. In that case, fiy ¢ is the map J,,, and ft’+)t7 is the map such

that ft/—i-,t—(x) = UaEAJoz(x)')

Theorem 4.1. Assume that X = (X,I) = ({Xiher,I) is a C!
state-space bundle, F = (X,f) is a flow, F = (X,f) is a
superflow of F, f = {ft,s}(t,s)612=27 = {ft/,s}(t,s)EP»Z: §e T’I“Clj(]:), and
g = {9t.s}(t,5)er2> 18 an AGDQ of F along §. Let V be a set of infinitesimal
impulse variations for (F,£) which is g-AGDQ-summable within F'. Let
a,b € I be such that a < b, and let S be a subset of X, such that
£(b) € S. Let C be an AGDQ-approzimating multicone of S at £(b). Assume
that f; ,(£(a)) NS = {§(b)}. Then for every nonzero linear functional p
on Tewy Xy there exist (i) a compatible selection v = {V4,sa<s<t<b Of 8,
(ii) covectors 7,7 € T, Xy, and (iii) a nonnegative real number o, such
that mop = 7@ + 7, (mo, @, %) # (0,0,0,), © € Ct, and 7(t) - v < 0 for every
(v,t,0) € V which is carried by [a,b], where w(t) =T oy fora <t <b.

Proof. Fix a p € T, X,\{0}. Let Vo be a finite subset of V. Using
the summability of V, pick a variation {Wﬁ}ﬁeRVO of fy.a in f}, such
Y ;

that the set AVo®8®P is an AGDQ of the map W at ((0,£(a)),£(b)) along
RYO X X,. For each compatible selection v of g, let L7 be the linear
map RV0 5§ LVoab(5 0, so that L(p) = 2 (ot,0)EVo Pty 4 (v).
Let A = {L7 : v € CSel(g)}. Then A is an AGDQ of the set-valued
map RV 5 7 — W(p &) C X, at (0,£(b)) in the direction of
RY°. Since W(p,&(a)) C f; ,(£(a)), the set M = {L7-RY® : v € CSel(g)}
is an AGDQ-approximating multicone of the set f; (£(a)) at £(b).
Since f; ,(§(a)) NS = {£(b)}, Corollary 1.1 implies that there exists a
decomposition mopu = 7 + 7, where 7 € MT for some M € M, # € Cf
for some C € C, my > 0, and (mo, 7, 7) # (0,0,0). Since M € M, we
can pick a y € CSel(g) such that M = L7 - ]R_Y“. Then the condition



November 21, 2007 12:16 WSPC - Proceedings Trim Size: 9in x 6in  paper-final-version-corrected

18

that 7 € M implies that (7, L7(p)) < 0 for every § € RXO. Therefore
<7TF,Z(U¢,J)€VO p(v’t70)7b’t(v)> < 0 for every p € RYO. This implies that
(7, Vt(v)) < O—i.e., that (T o vp4,v) < O—for every (v,t,0) € V.
Furthermore, the fact that # € C't implies that 7 € C*.

It follows that the 4-tuple (7, 7, 7o, 7v) satisfies all our conditions, except
only for the fact that the inequality (7 o v, v) < 0 has only been shown
to hold for (v,t,0) in a finite subset Vg of V. To prove the existence of
a 4-tuple (7,7, mo,y) that satisfies (7 o v, v) < 0 for all (v,t,0) € V,
we use a familiar compactness argument. Fix a norm || - [| on T7 ) Xy
Let Q be the set of all 4-tuples (7,7, mg,7y) such that 7 € Tg**(b)Xb7
T € Tf 4y Xp, mo € R, mo = 0, mo + [|7]| + [|7]| = 1, and v € CSel(g).
Then Q is a compact topological space, using on CSel(g) the topology
induced by the product topology of H(t’s)ep,z gt,s. For each subset U of
V, let QU be the set of those (7,7, 7g,y) € Q such that # € C' and
(T o Ypt,v) < 0 for all (v,t,0) € U. Then every QU is compact, and
we have shown that QU is nonempty if U is finite. Furthermore, it is
clear that, if {Uj;} cq1,..,m} is a finite family of finite subsets of V, then
QUiN...nQYm = QU1VWUm 5o QUi 0 ... N QUm £ (). If U is the set of all
finite subsets of V, we have shown that every finite intersection of members
of the family {QV}yey is nonempty. Therefore the set (J{QV : U € U}
is nonempty. But N{QY : U e U} = QV. So QV is nonempty, concluding
our proof. O

5. Generalized Bianchini-Stefani ITVs and the summability
theorem

We now present a class of ITVs that are infinitesimal generators of high-order
variations in a sense that generalizes the definition proposed by Bianchini
and Stefani.

We assume that we are given

(D1) a pair (F',F) of flows, where
(D1. i) F = (X,f) and F' = (X, ),
(D1.ii) X = (X,I)] = ({Xi}ier, I) is a C* state-space bundle,
(DLiii) £ = {fis},s)erz> and £ = {f] ;} ser2> are flows on
the state=space bundle X,
(Dl.iv) F is a subflow of F,

(D2) a “reference trajectory” &, € Traj(F),
(D3) an AGDQ g = {g1,s}(1,5)cr2.> of F along &..
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5.1. Times of right and left regularity

Definition 5.1. Given F', F, &, g as above, a time of right (resp. left)
regularity of (F',F, £, g) is a time ¢ € I such that there exists a pair
(t, X) for which

(1) t. € T and t <j ts (resp. t. <; 1),
(2) X is a manifold of class C!,
(3) if we let J[min(Z,¢,), max(Z, ¢,)];, then

(3.a) Xy =X forallt € J,

(3.b) J is* a compact subinterval of R,

.¢) the map J 3t~ &£,.(t) € X is continuous,

d) the family {g¢ s }s e s<¢ is a uniform AGDQ of the reference
flow maps fi s, for s,t € J, s < t, at (£.(s),&(t)), in the
direction of X,

(3.e) limy zsup{||y — ]IT&({)XH Y € g1s, s € L]} = 0
(resp. limgyzsup{||y — HT,E*({)XH CYEGrs, tE[s,t]} =0 (cf
Remark 5.1 below). O

Remark 5.1. Condition (3.e) of the above definition is interpreted as
follows: let % be a coordinate chart of X such that, for some ¢, € J\{t},
the interval J = [min(Z, £, ), max(, ,)]; is such that &, (t) € Do(k) for every
t € J (such a chart exists because of Condition (3.c)); we can then identify
all the tangent spaces T, X. for x € Do(k), with RH¥™X: then, if s,¢ € J
and s < t, all the members « of g; ; are linear maps from RImX o Rdim X
and so is I, x, so the difference v — I, x and its norm Iy — HTg*(f)X”
make sense.

5.2. GBS IIVs

Definition 5.2. Given F', F, &, g as above, and a positive real number A,
a triple (v,t,+) such that ¢ € I and v € T¢ ;X7 is a generalized Bianchini-
Stefani (abbr. GBS) right infinitesimal impulse variation of order % of
(F',F, &, 8) at time t if

(i) tis a time of right regularity of (F', F,&,, g)

aWe literally mean “is,” rather than just “can be identified with.” The reason is that,
when we consider several impulse variations with the same time ¢, we will not want the
map identifying a right or left neighborhood of ¢ with a real interval to depend on the
variation.
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(ii) if t., X, J are as in Definition 5.1, then there exists a 6-tuple
(o, B,¢,&,0,N) (called a generator of (v,t,+)) such that
(ii.l) 0<a< B,¢>0,and € > 0,
(1i.2) @ = {@c.cF(c,e)e0.e]x]0,5] 15 a two-parameter family of set-
valued maps from X to X,
(ii.3) N is an open neighborhood of &.(¢) in X,
(ii.4) the set-valued map

N x[0,¢] 3 (z,¢) — @c(c,x) def Yee(r) CX
is Cellina continuosuly approximable for each ¢ €]0, &,
(ii.5) the maps . satisfy
@E(Ow/lj) c ff+ﬁ6>‘,t7+055>‘ ($) for xe N7 (1)

0e(¢,%) C [y por iraer (@) for (c,m)€(0,d x N, (2)
as well as the asymptotic conditions

lim (c,x) =& () uw.rt. c€|0,¢, 3
ol () =60 0d.  ©

oe(c, &u(f+ae™) + h) = &(E+ Be) +h+ecv+o(e +||h])
as €]0,h—0, (4)

(cf. Remarks 5.2, 5.3), where “u.w.r.t.” stands for ”uniformly
with respect to.” O

The definition of what it means for a triple (v,%,—) to be a GBS left IIV
of order \ of (F',F,&,g) at time t is similar, with obvious modifications.

Remark 5.2. Equation (3) is interpreted as follows: given any
neighborhood U of &,(f) in X, there exist a positive number ¢, and a
neighborhood U’ of &, (t) in X such that ¢.(c,x) C U whenever 0 < ¢ < g,,
x €U, and c€|0,7. O

Remark 5.3. In order to interpret Equation (4) precisely, we first agree,
for each coordinate chart x of X near £.(f) such that Do(x) C N, to write
x® for the coordinate representation k(z) of a point € Do(k), and w"
for the coordinate representation of a tangent vector w € T, X (so that
w" = ky(w) = Dr(z) - v € REMX) Then (3) implies—using Remark 5.2,
with U = Do(k)—that there exists a positive number e, = €,(k, ¢) having
the following properties:

Pl. 0<e, <&,



November 21, 2007 12:16 WSPC - Proceedings Trim Size: 9in x 6in  paper-final-version-corrected

21

P2. £(t) € Do(k) and B(&,(t)",.) C Im(x) whenever £ <t <+ (e,

P3. ¢.(c,x) C Do(k) whenever t <t <t+ e}, 0 < e <e,, c€[0,d,
and z € K H(B(&(1)", e4)).

We then let ¢f be, for ¢ €]0,e.], the set-valued map from
[0,¢] x B(£. (), e.) to Im(k) such that ¢%(c,y) = (p-(c,x))"—ie.,
e (e,y) = {z% 1 2 € p.(c,x)}—whenever € €]0,¢,], ¢ € [0,¢, x € Do(x),
y € B(&4(£)", e4) are such that y = 2 and ¢.(c,z) C Do(k). We then define
the error E* by

E’i(67€7hay) =Y—- g*(E_F 6‘?)\)}{ —h— EC,UK7

for y € Im(k), € €]0,e.], ¢ € [0,¢, and h € RI™X and observe that
E"(c, e, h,y) belongs to RImX,
Then (4) is interpreted as asserting that

sup{nEﬂ(c,e,h,y)n ccel0.d ye gt (e rady + h)}
lim

=0.
€10,h—0 e+ ”hH

It is easy to see that if this condition holds for some chart x such that
Do(k) C N, then it holds for every such chart. O

5.3. The summability theorem for GBS IIVs

The following result is then our summability theorem.

Theorem 5.1. Let F',F (., g be data as in (D1-2-3) above. Let V be the
set of all generalized Bianchini-Stefani infinitesimal impulse variations of
(F',F,£,8). ThenV is g-AGDQ-summable within F'.

6. Proof of Theorem 5.1

We have to prove that, if V is a finite set of GBS IIVs of (F', F, &, 8),
and a,b are such that V is carried by [a,b], then there exists a variation
W = {Wﬁ}ﬁeRX of fba in fy , such that the set AV-82 is an AGDQ of W
at ((0,&.(a)), &4 (b)) along RY x X,. It clearly suffices to consider the case
when V is a nonempty finite set of GBS right IIVs at a point ¢ € I, and to
take a = t.

Since V is nonempty, ¢ is a time of right regularity for (F’,F, &, g), so
we may pick t,, X such that the conditions of Definition 5.1 hold. Clearly,
we may restrict ¢, further, and assume that ¢, < b. Furthermore, we may
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assume that all the points &, (t), for t < ¢ < t,, belong to the domain Q of
a coordinate chart x of X.

Let the members of V be listed as (v1,t,+),..., (vm,t, +), in such a
way that the inverse orders A1, ..., Ay, satisfy Ay > Ao > ... > A\pii1 > A\
Then pick for each j a 6-tuple (o, 5;,&5,¢;,¢7, N7) which is a generator
of (vj,t,+) in the sense of Definition 5.2. It is then easy to see that

(*) without loss of generality, we may assume that

Al. all the &; are equal to a positive number € such that € < 1,
A2. all the ¢; are equal to a positive number c,
A3. the inequalities

Bie™ < ajie™tt for all j € {1,...,m—1}, £€]0,&]. (5)

are satisfied,
Ad4. the sets N7 all coincide;
A5, T4 B <t,.

To see this, first replace each &; by min(¢;,1), so all the & are < 1. Next,
pick a particular j. Then if p is small enough,

BiphieN < Mt for all € €]0,85], (6)

because (i) B;p% < aji1 for small enough p (since \j, ;11 and 3; are
positive), and then (i) the inequalities (;p*eM < 16 < ajyqetitt
hold for 0 < & < &j, because A\; > Aj41 and & < 1. Then we may
pick a p such that (6) holds, and replace the numbers «;, §;, and the
family ¢’ = {¢ . }ccj0.¢,1, c€)0.¢,) Py the numbers o<, 7¢ and the family

new __ ,new new __ A new __ A
@’ {Sﬁj }ce[0,5;6"1],56]0,5;?8“’], where (7 = B;p%, o = a;p™7,
e = pgj, &7 =min(1,p7'g;), and @I = (p;_lc ,. Whenever

ce[0,¢/"] and ¢ €]0,7¢"]. Then, if we let @l (c,z) = ©Lre(x), it
follows that

@I (¢, & (Bl VeN ) +h) = & (4B} e ) +h+(pe) (p ' )v+o(e + ||h]]) ,
so that
@I (e, & (T4 af*eN ) + h) = & (E+ BN ) + h+ecv + o(e + ||h]]) -

This means that the 6-tuple (oz"e“’ B, ere ere ,phmew NI) s also

a generator of (vj,t,+) and, after (aj,ﬂj,c],ej,tpj N7) is replaced by
(afew, prev, epew eper, inew Af7) the desired inequality (5) holds for
our particular j. To get the inequality to hold for all j, we just carry

out the replacements recursively, starting with j = m — 1 and moving
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backwards up to j = 1. Finally, when this is finished, we replace all
the &; by their minimum, and do the same for the ¢;, thus obtaining a
new family {(o;,3;,&;,¢5,¢’, N7)}j=1,.m of generators of the (vj,%,+)
that satisfy (A1,2,3). To get (A4) and (A5) to hold as well, we let
New = QN (N7, N7), and replace each N7 by N and each family ¢’
by the family @’ of the restrictions of the @I to [0,¢ x N, We then
observe that the 6-tuples (o, 85, &5, ¢5, ¢j,/\f"€w) are also generators of the
(vj,t,+) that satisfy (A1,2,3,4). Finally, we make ¢, smaller, if necessary,
to guarantee that the set {&,(¢) : ¢ < ¢ < ¢} is contained in N™¢*  and
then make & smaller, if necessary, to satisfy (A5).

We then use k to identify € with an open subset of R™—where
n = dim X. Then all the tangent spaces T,X, for all x € ), are identified
with R™. Since

lti%lsup{H’Y—I[RnH CY € Gis, S E [t_,t]} =0, (7)
we may assume, after making ¢, and £ even smaller, that
7| <2 whenever v € gy and t <s <t <t,. (8)

We now use the fact that {g¢ s }i<s<i<¢, is a uniform AGDQ of the maps
fi,s at the points (&.(s),&.(t)) in the direction of X to choose a function
6 € © which is an AGDQ modulus for all the 4-tuples (f s,&.(s),&x(2), X),
for all s,t such that t < s <t < t,. We then fix a real number £ such that
(i) 0 < & < g, (ii) 6(¢) < 1, and (iii) the closed ball B"(&,(s),€) is contained
in Q for all s € [t,t.]. We then choose, for each ¢ €]0, €] and each pair (s,t)
such that £ < s <t < t,, a CCA map A5 : B"(&(s),e) — Aff(R",R™),
taking values in g;es(g)’e), such that £.(t) + A(h) € fis(€(s) + h). when-
ever h € B"(0,e) and A € A§ (£.(s)+h). We define set-valued maps
Af’s :B"(¢4(s),2) > R, for € €]0,8], £ < s <t < t,, by letting

A7 J(6u(s) + ) = E(1) + 45, (h) () 9)

(that is, A5, (¢(s) +h) = {&() + A(h) : A € A7 (&(s) + h)}) for
h € B"(0,¢). It is then clear that Afs € CCA(B™(¢.(s),€),R™), and the

estimate
ly = &(t)]| < 4llz — & ()| whenever z € B"(&.(s),e), y € Af () (10)

holds. In particular,

(11)

NEON

Ais(@"(f*(s),p)) CB™(&(1),4p) CQ if 0<p<e<
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In addition, it is clear that
Af (2) C fis(z) whenever z € B"({.(s),c) and 4e < £. (12)
Next, we pick positive numbers e.; = e, ;(k,¢’) that satisfy the
properties of Remark 5.3 for the ¢/, and are such that e, ; < &. We let
e« =minfe, ; : j =1,...,m}. It then follows that
Ple)CQif e<e,0<c<e <t <i+Ber, x€BE(t),e). (13)
We then define the errors E; by
Ej(c,e,hy) =y — &t 4 Be) — h —ecv; .

for y € R™, € €]0, 64 (k,¢7)], c € [0,¢], and h € R™, so Ej(c,e,h,y) € R™.
We then let (.(g), for 0 < & < g4, be the supremum of the numbers
|E;(c, p,h,y)| taken over all ¢ € [0,¢, j € {l,...,m}, h € R",
p €]0,¢], such that [|h]| < e, and y € @I (c, & (T + a;e™) + h). We define
0.() =sup{p~¢(p) : 0 < p<e} for 0 < € < &, and 0.(¢) = +oo for
€ > &4. We then observe that the function 6, belongs to 6.
Now, if € €]0,e.], ¢ € [0,¢], 0 < p < g, z € B(&(E+ ajeM), p), and
y € @l(c,x), we have ||y — & (E+ B;e™N) —h—ecv;|| < () < 04 (e), where
h =z — & (t+ a;eM). Since ||h]] < p, we conclude that
ly = &+ B;e™)|| < p+ e(@lvs]| + 0. (e)) -

We fix ez such that 0 < ex < e, and O.(ex) < 1, and let
C =cmax(||v1]],- .-, |lum|) + 6x(e4). Then

(E €]0,ex] A c€ 0,8 Az € BT+ aet),p) Ay € gog(c,ac)) =
ly — &+ B, < p+ Ce
SO
(5 €]0,e4] A c € 0,8 A € B (F+ aze™), p)) =
pl(c,x) CB(&( + Bie™), p+ Ce). (14)
In order to construct our variation W, we first define, for 0 < e < ey,
E22) = A5y o0 (@), Wl(er, @) = pl(er, E2(x))

(that is, ¥l(cy,z) = U{pl(c1,y) : y € E2(x)}) and then define, recursively,
=J — A¢
e Tra; 191 i+ B

j+1 — Tl =J j
Ui ety .. Cjq1,2) = @ (cj+17.d§(‘~1/§(c1,...,q,x)))
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(that is, \Allgfl(cl, ..., Cj41,7) is the union of the sets @™ (c1,...,c;,y) for
all y € 22(¥(c,...,¢5,x))) for j=1,...,m—1.
Next, we define

TE(CD <oy Cmy, l’) = Ai,erﬁmg)\m (\Ij;n(clv -+ Cmy, ZL’)) :
Successive applications of (11) and (14) show that

e if 0 < p and 4p < ¢, then = (B(f*(f),p)> C B(&(F+ are),4p) ,
e if 0 < p and 4p + Ce < ¢, then

(0,0 x B, p)) € B(&(F+ Brc™), 4p + Ce) |
e if 0 < pand 16p + 4C¢ < ¢, then
s (3(5*(54' Bre™M), dp + C’a)) C B(& (T4 ae™?, 16p + 4C¢) |
e if 0 < p and 16p + 5Ce < ¢, then
2 ([0, x B(£.(8),p) ) € B(& (I + Bie™), 160+ 5C2)
e if 0 < pand 16p + 4C¢ < ¢, then
g2 (]R(g* (t+ Bae™2),4p + Cs)) C B(&.(f + ase™?), 64p + 20Ce) ,

and so on, so that, for every j € {1,...,m}, if we let G; = 371(49 — 1),
then

e if 0 < pand 47p + G,;Ce < ¢, then
210,07 x B(&. (1), p)) C B(E (T + Be™),4p + G, Ce).
In particular,
e if 0 < pand 4™p+ G,,Ce < ¢, then
02 ([0, % B(&(D),9)) € B(&u (i + B ),4™p + G ).
We now choose ¢4 and ¢ so that C' < ﬁ, and conclude that

° if0<4mp§%and€§€#,then

([0 x B(&.(0),p)) € BT+ B;e). ).
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From now on, for each ¢ €]0,e4] we fix p = p(e) = 27172"¢, so
0<4mp <5, define Q7 =10,¢) x B(f*(ﬁ,p), and let g™ Y™ be the
restrictions of U, Y., to Q. Then U and Y. are set-valued maps
from Q. to B(&(f + Bme™),e) and B(&,(f + Bme*™), 4e), respectively.
Furthermore, \ilg” and T, are composites of CCA maps, so

€ OCA(Qe BE(T+ Bue™),<) )
T. € CCA(Qu Bl (t.), 42) )

In addition, it is easy to see that

Te(ct, - osCm,®) C fre f(x) whenever 0 <e <ey, (c1,...,¢m, ) € Qe

T.(0,2) C f-i(z) whenever 0 <e <ey, z € B(&(D),p).

We now define QY = B(&,(f), p(e)), 0o = t. For j = 1,...,m, we write

mj=tta;eN,  oj=tta;EeN, G =(c1,...,¢j), Cjrv=cioit---+cjvj.
Lemma 6.1. There exists a family I' = {TY};_01,. m of CCA maps
I7: Q1 Aff(R™,R™) such that if (Cj,x) € QI then

V(Ej,a) = &l0)) + TG, 2)(z — &.(F) +£(E; - v)). (15)
Furthermore, I' can be chosen so that

(#) there exists a family {0;}j=01,....m of members of © such that, for
each j, T4(¢;,z) C ggfj{tgs),s) for all (¢;,x) € Q4.

Proof of Lemma 6.1. We define the set-valued maps I'Z and the functions
6;, for j =0,1,...,m, recursively. We first let I'? : Q¥ — Aff(R™ R™) be
the map such that I'Y(x) = Iz~ for each z, and take 6y to be any member
of © (for example, Oy(e) = €).

Next, we carry out the inductive step. We pick a j € {1,...,m} and
assume that T'/~! has been defined. To construct I'J, we begin by letting

P = Aff (R, R") x Aff(R",R") x Aff(R",R") x R" x R",

and defining M be the set-valued map from @ to P that sends each point
(¢j,z) € QL to the subset M(¢;,z) of P that consists of all the 5-tuples
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(Ap, A1, Ao, u,w) for which

Ag € TIH(E 1, ), (16)
u =& (0j-1) + Ao(z — & (F) +e(€j-1-v)) (17)
A e AL, (u), (18)
w =& (1) + Ar(u = &(0j-1)), (19)
Az € AG, - (w—&(T5))- (20)

We then define (¢}, ) to be the set of all A € Aff(R",R™) such that
A:A20A1 OA()—FCLfleO’z

for some z € pi(cj,w) — &(0j) — (A2 0 A1 0 Ag)(x — & (f) + £(Cj - v)) and
some (Ag, A1, A, u,w) € MI(¢;,x). (Recall that if L € Lin(RP,RY) and
z € R? then affmy, , is the affine map RP >z — L.z + z € R%.)

If A € Fg(5j7x), then there exist Ag, Ay, Ao, u, w, z, y, w,
such that (Ao, A1, A2, u,w) € ML(Cj,x), w=~E(1;)+ Ar(u—E(oj1)),
z=y—&(0j) — (Az 0 Ay o Ag)(w — &) + (¢ v), y € ¢l(cj,w), and
A= Ay0A; oAy + affmg, .. It follows that

Az — &u(t) + €65 - v) = Az(Ar1(Ao(z — & (t) + (65 - v)))) + 2
= (A2 0 Ay o Ag)(z — &(1) + (¢ -v)) +y
—&(05) — (A2 0 Ay 0 Ag)(z — & (t) + £(C - v))
=Y — 5* (U]) 9
so that A(z — &(t) + (G - v)) € @l(c,w) — &(oj). Furthermore,
since w = &(7;) + A1(u—&i(0j-1)) and Ay € AZ . (u), we see that
w e Eiu). So Alw— &.(1) + (@ v)) € plle L u)) — E(oy). Since
Ay € TI71(_1, ), and (15) holds for j — 1, so that
€(01) + TIH(E -1, 2) (& = &u(B) + (o1 - 0)) = W7 (Gjm1, )
it follows from (17) that wu € Wi=1(¢_1,x). Therefore

€

Alw = 6.(D) + (& -v)) € ¢ (g, TV (G-1,2)) — &u(03), 50

Alw = &(D) + (G5 - v)) € WL, ) — &u(oy)

and then &, (0;) + A(x — &.(8) + (¢ -v)) € VIi(G;, x). Since A is an arbitrary
member of I'Y(¢;, x), we conclude that

€4(05) + TL(E, 2)(x — & (F) + (G5 - v) € WL(&, ). (21)
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To prove the opposite inclusion, we pick y € U/(¢;,z), and find
w € Wi~1(¢_1,2) and w € E1(u) such that y € ¢ (c;,w). Since

Zi(u) = Ary oy, (0) = E(75) + Ary oy, (W) (u — Ex(05-1)),

we can find A1 € A, (u) such that w = &.(75) + A1(u — &u(oj-1)).
Since u € WI71(¢_1,x), the inductive hypothesis (i.e., that (15) holds
for j — 1) implies that we can pick Ag € TY7!(¢j_1,z) such that
u=~E(0j-1) + Ag(z — & (t) +e(Cj—1 - v)). Pick an arbitrary member A, of
Ag, 7, (w—E(75)). Then the 5-tuple (Ag, Ay, A2, u, w) belongs to MI(é;, x).
Let z =y —&(0;) — (A20 A1 0 Ag)(z — & (t) +e(G - v)), and define an
affine map A by letting A = Ay 0 A; 0 Ay + affmg .. Then A belongs to
I'4(¢,z), and y = & (0j) + A(x — &.(f) + £(Cj - v)), so y is a member of
£4(07) + TS, ) (& — &.(0) + (3 - v). |

Since y was an arbitrary member of WI(&j,x), we have shown
that U (cy,z) C & (o) + T4(C, ) (z — & () + (¢ - v)). This fact, together
with (21), implies that

Ui(er, x) = &u(oy) + TG, 2) (@ — & (F) +&(E - ). (22)
This completes the inductive construction of the I'J, and the proof that
(15) holds.

We now prove (#), also by induction. We assume that 6,_; has been
defined in such a way that 6;_; € © and (#;_1) holds.

Let A € TY(G;,z). Write A= Ayo Aj 0 Ag+ Ag. as before, and let
Ao = affmp, 2y, A1 = affmy, -, Ao = affmy, .,. Then A = affmp ;, where
L=1L3L1Ly, 2= LoLyzg+ Loz1 + 2z + z. On the other hand, we know
from the inductive hypothesis that Ly € ggjj:ll(? and [|zo|| < 0;-1(¢)e,
and we also know that L; € gﬁfilj,l, Ly € gggflj,l, llz1]l < 6(e)e, and
llz2|| < @(e)e. Then (8) implies that || Lol < 2+ 6,_1(¢), || L1]] < 2+ 6(e),
and || La]| <2+ 6(¢g), so

Lyl Ly € gzi(? )

where éj € O. (Precisely, éj =80 +40;_1 + 402 +800;_1 + 30%0,_1.)
Also, ||LaLizg + Laz1 + 22| < 0;(¢)e, where 6; belongs to ©. (Precisely,
0; =30+40,_1 + 6% + 400;_1 + 929j,1.) As for z, we can estimate it as
follows: we have
z=y—&(oj) — (A2 0 Ay 0 Ag)(z — &u(2) +&(cj - v))
and also y = Ej(c¢j,€,h,y) + &i(0;) + h + ecjvj, where

h=w—&(75) = (A1 o Ao)(x — & (t) + &(Ej1v)) - (23)
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Then y — &.(05) = Ej(cj,e, h,y) + h + ecjvj, so
2= Ej(cj e, hy) +h+ejv; — (A0 Ay o Ag)(w — &u(f) + (65 - v))
= Ej(cj,e,h,y) + h+egjv;
— A3 ((A1 0 A0) (@ = &(D) + £(F1 - v)) + (A1 0 Ao)(ees0;) )
= Ej(cj,e,h,y) +h+ejv; — Ag (h + (410 AO)(ECjUj))
= Ej(¢j,e,h,y) + (Ign — A2)h + (Ipn — (A 0 A1 0 Ag))(ec;v;) .

) = sup{||lgn — L|| : L € g15,t < s <t < t+ Bpe’}. Then
lim. o w(e) = 0, because of (7). We then have

[T — Ag)hl| = (T — La)h — 2| < (w(e) + 0(2)) [bl] + B(e)e
Also,
[[(Ir — (A2 0 Ay 0 Ag))(ec;v;)|
= ||(]IR77, — (LQ (@) L1 (@) Lo))(ECj’Uj) — L2L120 — L2Z1 — 22” .
Furthermore,
||]I]Rn — L2L1L0|| = ||HRn — Lo+ Lo — LoLy + Lolq — L2L1L0H
< | Trn — Lol 4+ | Le|| Tgn — La|l 4 [| L2l L1 || Trn — Lol
< 0;(e),
where we may take 0;(c)=(2w(e)+0(e))+0;_1())(1+(1+w(e)+0(¢))?
<

(because ||Igrn — Lo| w(e) + 6(e), Ign — L1|| < w(e) + (g), and
|IIzn — Lo|| < w(e) +0;-1(¢)). Therefore

|(Tzn — (L2 © Ly © Lo))(ecjv;) | < bj(e)ellv] e -
Since ||LoLizo + Loz + 22| < éj(s)e, we have
(T — (A2 0 Ay 0 Ao))(ecs0j)|| < (0;()el|vll; +b5(e))e

Finally, |E;(cj, €, h,y)| is bounded by 6. (max(e, ||h|]))(e + ||h]]) so we get
the bound

21l < 65 (e, [IR]1) (e + [1All) (24)

where 033‘(5, 8) = w(e) + 20(e) + 6;(e)el|v]; + 0;() + 6. (max(e, §)). It then
follows that

121l = | LaLizo + Lozt + 22 + 2|l < 0;(e)e + 65 (e, [AD) (e + IRl . (25)

To conclude, we obtain an estimate for ||h||. We use the identity (23), from
which it follows that h = (LiLo)(x — & (t) + &(¢j—1v)) + L12o + z1. Since



November 21, 2007 12:16 WSPC - Proceedings Trim Size: 9in x 6in  paper-final-version-corrected

30

[Loll < 1+ w(e) +0j-1(e), [La]l < 1+ wle) +0(e), [[v - &@) < ¢,
|0l < 8i-1(e)e, and ||z1]| < 8(¢)e, we find that ||| < n;(e)e, where

n3() = (1+0() +0(2)) ((14+mO)(1+0(e) +6;1() +0(e) + 05-1(2))
Therefore ||2]] < 9$( )e, where

05 () = () + 05 (e, mi(e)e) (1 + (<)) - (26)

Hence, if we define 6;(¢) = max(6;(e), 0% (¢)), it is clear that 6; € ©, and
we have shown that (#;) holds, completing the proof of Lemma 6.1.
We now define, for p'= (p1,...,pm) € R, z € B(&.(£), p(e))

Wi(z) = W(F,z) = {Te(e  p1,. .., e o, ) € > & L max(py, ..., pm)},
so each Wy is a set-valued map, Gr(W,) < Gr(f;,7), and

Gr(W,) C Gr(ft ). Then W = {Wy}tzern is a variation of fr7 in f] ;.
Also, given any posltive €, the map

[0, )™ x B(E. (D), ple)) 3 (7,7) = Ze(F.a) T (e7 )

is a CCA map whose graph is contained in that of W. In
addition, if we let Z. be the set-valued map that sends each point
(p,z) € [0,cg]™ x B(&4(%), p(€)) to the set

{(A,B): BeTl.(e 71_} z), A€ Ay, o, (E(om) + B(x — & () + Pm - v))},
(where o,, = t + Bne’™, as before), and use p to denote the map

Aff(R* R™) x Aff(R*,R") > (A,B) — Ao B € Aff(R",R"), then the
composite map Z. = po Z, is a CCA map such that

Ze(px) = {&(t) + M(z — &) +p-v) : M € Z.(p,x)} .

Let us now recall that, if v is a compatible selection of g, and
V = {(v1,t,4), -+, (U, T, +)}, then LVt is the linear map vy, 7o L,
where L is the map (Pyh)— h+p-v.

We also recall that AV:&5% is the set of all maps LV"Vbt« for all
v € CSel(g). The definition of Z. can be rewritten as

Z.(p,x) = {&u(t:) + M(L(x — &(8),0)) : M € Z-(5,2)} .

If M € Z.(p,z), then M is the composite of a member
B of T™(e7'p,z) followed by a member A of Ay , (y), where
y=&(om) + Bz — & (t) + P - v). If we write B = affmp, p,, we know
that By € ge’”(g) and ||b1]] < 6,,(e)e. Also, if A = affma, q,, we know

that A; € gf(?m and [ja|| < 6(e)e. Tt follows that, if ML = affmg ,
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then K = A1B1L and k = a; + A1by. Therefore K € (g, 70 ﬁ)9$(5) and
| k|| < 6%(c), where 6%(¢) is an easily computable member of ©. (Precisely,
we may take 6% = 2(1 + ||L||)(0 + 0, + 06,,).) So ML € g§?5$(6)’€).

Now, the set g;, 70 L is precisely AVt This shows that AVt
is an AGDQ of the map W at ((0,&,()),& (L)) in the direction of
RY x X. If, for b > t., we define W* = {Wl}jerp, by letting
Wg(x) = WP(p,z) = (fo.r. o Wp)(z)), then it is clear that W is a variation
of forin f; 7 and AV-8L is an AGDQ of WP at ((0,&,(%)),&.(b)) in the
direction of R’ x X. This completes our proof. (]
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