MATHEMATICS 300 — SPRING 1997 Introduction to Mathematical Reasoning

Instructor: H. J. Sussmann

HANDOUT NO. 6. February 13, 1997

Remarks on the number π

In order to do one of the homework problems, you needed to know lots of figures of the decimal expansion of the number π. So here is π with FOUR HUNDRED decimal figures, which is much much more than you need:

π ∼ 3.141592653589793238462643383279502884197169399375105820974944592307816406286 208998628034825342117067982148086513282306647093844609550582231725359408128 481117450284102701938521105559644622948954930381964428810975665933446128475 648233786783165271201909145648566923460348610454326648213393607260249141273 724587006606315588174881520920962829254091715364367892590360011330530548820 4665213841469519415116094

Notice that each digit appears at least twice. Actually, all you need to make sure that each digit appears at least twice is to look at the first FIFTY (non rounded off) figures:

π ∼ 3.14159265358979323846264338327950288419716939937510

Take a look at the above expansion and verify that each of the digits 0,1,2,3,4,5,6,7,8,9 appears at least twice.

Actually, the following is an open problem:

Is it true that every single one of the ten digits appears in π 10% of the time?

The precise meaning of this statement is as follows: for k ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}, n ∈ N, define f(k, n) = the number of times that k appears in the first n figures of the decimal expansion of π. (For example: f(1, 4) = 2, because among the first 4 decimal figures of π the digit 1 occurs twice. Similarly, f(0, 49) = 1, f(0, 50) = 2, f(3, 40) = 6, and so on.) Then the “proportion” of times that k occurs among the first n figures is^{f(k,n)}_n . The question is whether “for large n” the proportion^{f(k,n)}_n is approximately 0.1. More precisely:

Is it true that lim_n!1^{f(k,n)}_n = 0.1 for every k ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}?

Most mathematicians suspect that the answer is “yes,” but so far nobody has been able to prove it.

Most students in the class used their calculator, which gave them a value of “π” with a few decimals, for example 3.1415926536. This is not the number π! This is just a rounded off approximate value of π! To answer the homework question this approximation was not sufficient, and you needed a much better one.

In past years, a few students have complained, with arguments such as “how was I supposed to know that you wanted me to get a better value of π?” or “why didn’t you tell us what we had to do?” The answer is quite simple: in this problem you need π with 50 figures because that’s what is needed, not because I tell you. My personal wishes have nothing to do with it. If I ask you to buy bread, then you do what is needed to buy bread. I don’t have to tell you “you have to get up from your chair, you have to walk to the door, you have to open the door (if it isn’t already open), you have to find out where there is a bakery or a supermarket, you have to find out how to go there, you have to go there, you have to buy the bread, etc.” It goes without saying that you have to figure out what needs to be done and how to do it not because I tell you but because that’s what is needed. Similarly, if you have a math question, you have to figure out what information you need in order to answer it, and then you what is needed to get the information. (For example, to get π with lots to decimals you go to the library and look for a book of mathematical tables, or you use some math software, or you ask somebody if you don’t know what to do.)