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ABSTRACT. Relying on the notion of set-valued Lie bracket introduced in an
earlier paper, we extend some classical results valid for smooth vector fields to the
case when the vector fields are just Lipschitz. In particular, we prove that the flows
of two Lipschitz vector fields commute for small times if and only if their Lie bracket
vanishes everywhere (i.e., equivalently, if their classical Lie bracket vanishes almost
everyehere). We also extend the asymptotic formula that gives an estimate of the
lack of commutativity of two vector fields in terms of their Lie bracket, and prove
a simultaneous flow box theorem for commuting families of Lipschitz vector fields.

Keywords: Lie bracket, Lipschitz vector field, commutativity, asymptotic for-
mula, simultaneous flow-box, higher order bracket.

1. Introduction

The purpose of this paper is to extend to non-smooth vector fields the following
three facts, known to be true if f1,. .., f4 are vector fields of class C'' on a manifold
M of class C?:

(1) (Asymptotics) If d =2, f = f1, and g = fo, then the asymptotic formula

(@2 258])(q) —q) = [f.4]() 1

lim
(t,5)—(0,0), t#0,5%0 St

holds for every g € M,

(I1) (Commutativity) If d = 2, f = f1, and g = fa, then the flow maps of f
and g commute for small times if and only if the Lie bracket [f, g] vanishes
identically. Precisely,

((vg € M)3Ee > 0)(¥, 5 € [~e,]) (2,07, 220])(q) = q)
— ((va € M)If.)(a) = 0).

(IIT) (Simultaneous flow-box) If [f;, f;](q) = 0 for all ¢ € M and all 4,j =
1,...,d, and § € M is such that the vectors f1(q),..., fa(gq) are linearly
independent, then there exists a coordinate chart of class C' near § with
respect to which all the f; are represented by constant vectors.

2)
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Here, (i) if X is a vector field on M that has uniqueness of trajectories, and r € R,
then ®X is the time r flow map corresponding to X; therefore, if ¢ € M, then
R > 7 +— ®X(q) is the integral curve of X that goes through ¢ at time r = 0. (ii) if
X and Y are vector fields of class C' on M, then [X,Y] is the Lie bracket of X
and Y.

In view of these facts, it is natural to ask whether the asymptotic formula (1),
the characterization of commutativity given by (2), and the “simultaneous flow-
box” theorem (III), are valid for flows of locally Lipschitz vector fields, rather than
for vector fields of class C!. All three results involve Lie brackets, whose meaning
for locally Lipschitz vector fields is not immediately clear, so the desired extension
of (1), (2), and (III) would require that we first propose an adequate generalized
notion of Lie bracket.

We will offer affirmative answers to these questions, using the notion of set-
valued Lie bracket of locally Lipschitz vector fields introduced in [7]. If we write
[f, g]set(q), for each point ¢, to denote the value of this bracket at g, then [f, g]set(q)
is a nonempty compact convex subset of the tangent space T,M, and the map
M > g [f, glset(q) CT,M is upper semicontinuous. Furthermore, the set
[f, glset(q) coincides with the singleton {[f,g](¢)} when f and g are of class C*.
(The precise definition is given in Definition 3.1 below.).

Using the set-valued bracket, our generalization of (I) will consist of the formula

1
I —d"t( 07 o 0907 (q) — ¢, [f glse ):0, 3
ol ist (02,07, 0200)(0) — . [l () )

valid for locally Lipschitz vector fields f, g, as well as the formula

. 1
dim 5 A((@0,07,919])(q) 0. [F.Glur(a)) = 0. 4)

valid for a pair of vector fields f, g that are semidifferentiable at a point ¢q. (The
“quasidistance” A is defined in (24) below. A vector field is semidifferentiable at
a point ¢ if it is continuous near ¢ and can be approximated near ¢ to first order
by a Lipschitz vector field, cf §4.5. In (4), F and G are Lipschitz vector fields that
approximate f and g near ¢ to first order. Furthermore, the map &9 t<I>]i 7 @f
is possibly set-valued, since f and g need not have unique trajectories.) We will
also show, by giving a counterexample, that (4) cannot be extended to a limiting
statement for (¥ &7, 0901 )(q) as (t,s) — (0,0).

REMARK 1.1. Formula (4) is applicable, in particular, when f and ¢ are
continuous near ¢ and classically differentiable at ¢. In that case, taking F' and
G to be first-order linear approximations of f and g near ¢, (4) implies

i dist(IF,g)(0), (82,87, 2800)(0) — q) = 0. )

In the special case when f and g are both Lipschitz near ¢ and classically differ-
entiable at ¢, Formula (3) applies, and Formula (5) is also applicable. The set
{[f,9](q)} is in general smaller than [f, g]set(¢), so the approximation result of (5)
is better than the one obtained from (3) by taking s = ¢. &
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Our generalization of (II) will be the formula
((vg € M)Ee > 0)(¥, 5 € [~e,]) (2,07, 220])(q) = q)
> (Vg € M)[f, glset(q) = 0) (6)
< ([f,gl(g) =0 for ae. q)

respectively. The statement generalizing (IIT) will be identical to (IIT), except only
for the fact that “of class C''” will be replaced by “Lipschitz.”

The paper is organized as follows. In §2 we introduce some basic definitions
and notations. In particular, in §2.2, §2.3, and §2.4, we present a self-contained
introduction (with an example) to the “Agrachev-Gamkrelidze formalism,” which
will be used in many parts of the present paper®. In §3 we review the notion of
set-valued bracket introduced in [7]. In §4 we derive asymptotic formulae similar to
(1) for vector fields which are not C!, and in particular (a) we prove (3) for locally
Lipschitz vector fields, and (b) we obtain an analogue of (1) for “semidifferentiable”
vector fields. In §5 we prove a commutativity result (Theorem 5.3) for locally
Lipschitz vector fields, which, in particular, yields the characterization (6). In §6,
using the result on commutativity, we will prove the Lipschitz analogue of the
simultaneous flow-box result (IIT) (cf. Theorem 6.1)). Finally, in §7 we discuss the
difficulties that arise when one tries to define higher-order brackets such as [f, [g, h]]
under minimal regularity assumptions, and show that the most obvious approach
(in which, for example, one uses [f, [g, h]]set as the non-smooth analogue of [f, [g, h]]
if f is locally Lipschitz and g, h are of class C* with locally Lipschitz derivatives)
does not lead to a good theory. We do this by constructing an example in which
the asymptotic formula

(cbft (w07 2} ef)) @ (@E@gt@?@?))) (@) = 4+ (£, 19, Wllsee(0) + 0(t%),

is not true. We conclude from this that a different definition of higher-order brackets
is needed, but leave the full discussion of that definition and its properties to a
subsequent paper.

2. Preliminary definitions and notational conventions

As usual, Z denotes the set of all integers. We write Zy = {n € Z : n > 0},
N={neZ:n>1},Z, =7, U{oo}, N=NU {oc}.

For any n € N, we use R”, B", B" to denote, respectively, the space of all
real n-dimensional column vectors, and the open and closed Euclidean unit balls
{z e R" ¢ lzf| < 1}, {z € R™ : |zf| < 1}. For z € R" and p > 0, = + pB",
x + pB", will denote the open and closed balls of radius p and center z. We write
pB”, pB", instead of 0+ pB™, 0+ pB™. We use €7, ...,e" to denote the members of
the canonical basis of R", so that e = ((5]1-, ey (5}’)7, where 6; is Kronecker’s delta,
and T stands for “transpose.”

3This formalism, introduced in a series of papers by A. Agrachev and R.Gamkrelidze, will
be very convenient in computations involving compositions of several flow maps. Following [5],
we include here a brief outline of the formalism and its rigorous justification, together with an
example of a computation. The readers who wish to move on quickly to the results of the paper
should just read §2.2 and §2.3, skipping the justification provided in §2.4.
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If ¢ € Z,, a manifold of class C* is a finite-dimensional, second countable,
Hausdorff, differentiable (if £ > 0) manifold of class C*. If M is an m-dimensional
manifold of class C', and s : U +— R™ is a coordinate chart on M, then for each
J €{1,...,m} we use 07 to denote the j-th element of the canonical basis of vector
fields on U corresponding to x, so that, for example, if f € C1(U,R) then o7 [ is

the function %’fl) o K, from k(U) to R.

If A, B are real linear spaces, then £(A, B) denotes the space of all R-linear
maps from A to B.

2.1. Lipschitz maps. If E, F are metric spaces, with distance functions
dg, dp, then a map: m: E+— F is Lipschitz if there exists L € R such that
drp(m(e1),m(ez2)) < Ldg(ey,ez) for all e;,ea € U. (In that case the number L
is a Lipschitz constant for m.) We say that m is locally Lipschitz if every e € E has
a neighborhood U such that the restriction of m to U is Lipschitz. We say that m
is a lipeomorphism if it is a bijection and both m and the inverse map m~!: F — E
are locally Lipschitz.

Assume that £ € N, and N, M are manifolds of class C* and dimensions n, m.
A map f: N — M is locally Lipschitzif it is continuous and such that for every pair
(&,m) of coordinate charts £ : U — R™, 5 : V +— R™ defined on open subsets U, V of
N, M, the map [ = o fog b s ¢(UN f7H(V)) > R™ is locally Lipschitz. (It
is easily shown that f is locally Lipschitz if and only if for every ¢ € N there exist
charts &, 7, defined on open neighborhoods U, V of g, f(g), such that f(U) C V
and f&7 is Lipschitz.) The well-known Rademacher theorem implies that if f is a
locally Lipschitz map then it is differentiable almost everywhere, that is, DIFF(f)
is a full subset of N, where DIFF(f) is the set of points ¢ € N such that f is
differentiable at g. (A full subset of N a subset F' of N such that N\F is a null
subset of N. A null subset of N is a subset S of N such that £(U N .S) is a subset
of R™ of zero Lebesgue measure whenever £ : U — R™ is a chart of N.)

REMARK 2.1. Since all Riemannian metrics are locally equivalent on a manifold
of class C1, it is clear that a map F : N +— M is locally Lipschitz if and only if
it is locally Lipschitz as a map between the metric spaces (N, dy, ) and (M, d,,,),
where gy, gy are arbitrary Riemannian metrics on N and M, and d dg,, are
the corresponding distance functions.

gN>y gdm

2.2. The Agrachev-Gamkrelidze formalism. In a series of papers (cf.,
e.g., [1, 2]), A. Agrachev and R. Gamkrelidze proposed a very convenient formalism,
henceforth referred to as the Agrachev-Gamkrelidze formalism (and abbreviated
as AGF), for computations involving flow maps arising from various time-varying
vector fields, based on “chronological exponentials.” We now present an outline of
this formalism, following [5].

The crucial point of the AGF is to write the pairing of a contravariant object
q and a covariant object p consistently as ¢p. For example, points of a manifold M
and tangent vectors to M are contravariant objects, while functions and differential
forms are covariant obejcts, so in the AGF the value of a function ¢ at a point ¢ is
written qo rather than ¢(q). Similarly, the result of applying a tangent vector v at
a point ¢ to a function ¢ (i.e., the directional derivative at ¢ of ¢ in the direction
of v) is written vp. Vector fields are first-order differential operators, acting on
functions on the left. Hence they should act on points on the right, so we write ¢ f
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rather than f(g) for the value at ¢ of a vector field f, and then ¢f € T, M. With
this notation, g(f) is the value at g of the function f¢, while the result of applying
the tangent vector ¢f to the function ¢ is (qf)e. It is clear that (¢f)p = q(f¢), so
we just write ¢ fp, omitting the parentheses.

A vector field f on a manifold M generates a one-parameter family {e'/ };cg of
possibly partially defined maps from M to M. Since f acts on points on the right,
the maps e’/ should also be written as acting on the right, so we write ge*/ rather
than e/ (q) or e?fq. Then ¢ — ge!/ is the integral curve & of f that goes through ¢
at time 0. The equation that would be written classically as (d/dt)(£(t)) = f(&(t))
now becomes (d/dt)(qet?) = qetf f .

More generally, a map ® from M to another manifold IV is written as acting
on points on the right, so we write ¢® rather than ®(g). (Notice that the notation
qf for a vector field f is consistent with this more general convention, since f is a
map from M to T'M.) Maps also act on tangent vectors. If ¢ € M, v € T, M, and
®: M — N, then v® is the tangent vector at ¢® known as the pushforward of v,
and often represented in the literature by expressions such as D® - v, or D®(q) - v,
or D®(q)(v), or @, (v), or D,v.

The dual action of maps on functions is written as a left action. Thus, if
®: M~ N, and ¢ is a function on N, then ®¢ is the pullback of ¢ by @, i.e., the
function o ®, sometimes written as ®*(¢). Then the identity (po®)(q) = ¢(P(q))
simply says that ¢(Pyp) = (¢P)p, so we simply write ¢P¢, omitting the parentheses.
Furthermore, the usual definition of the pushforward ®,(v) of a tangent vector says
that @, (v)p = v(p o ®). In the AGF, this just becomes (v®)p = v(Py), so we can
simply write v®¢, omitting the parentheses?.

In particular, if f is a vector field on M, ¢ is a function on M, and t € R,
then the the action of the flow map e’/ on ¢ is written on the left, as efy, so
(getH)p = q(et’ ), and we may just write ge'/ ¢, omitting the parentheses.

The product fifo--- fi of several vector fields is a differential operator, which
acts on functions on the left and on points on the right. For example, if f, g are
vector fields of class C!, then fg is a second-order differential operator with con-
tinuous coefficients (given in a coordinate chart x : U — R™, if f = > fior,

9= Y,00, by fg = Y., (£1(0rg)0; + £970;0;)), and qfg is the opera-
tor fg at the point ¢, i.e., the map that sends every function ¢ to the value of
fgp at q, ie., to qfge. The difference [f,g] = fg — gf —the Lie bracket of f
and g— is also in principle a second order differential operator, but [f, g] happens
in fact to be first-order, i.e., a continuous vector field, given in coordinates by

F.9] = Su, (F10869)05 — g'(0r )07 ) , that s, by [f,g] = 3, h;0f, where
hy =¥, (F0rg") - 905 17))

If follows that a complicated expression such as ¢® fe!9hWet* ¢ makes perfect
sense, if M, N, P are manifolds, ® : M — N, f g,h are vector fields on N,
VU : N +— P, and k, ¢ are vector fields on P. The precise meaning of this expression
is as the map that takes a function ¢ on P, applies to it the first-order differential
operator £, pulls back the function f¢ by the map e*, then pulls back the function
et* 0y by U, then applies to the resulting function the differential operator h, pulls

4Notice that in the AGF the notations P, vP, for pullback and pushforward correctly place
the symbol ® in the “back” and “forward” positions.
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back the function hWet* £y by the map e?9, applies to the function e Whet*lp the
differential operator f, then pulls back fe!9Whe!*lp by ® and, finally, evaluates
the resulting function ® fet9het*lyp at q.

REMARK 2.2. Once it is understood that to a manifold M are associated two
dual kinds of entities, namely, “test-function-like,” or “covariant” objects, and
“contravariant” ones, it becomes clear that the formalisms often used in textbooks
are somewhat inconsistent, because the result of pairing a point ¢ and a test function
© is usually written as ¢(q), whereas that of pairing a tangent vector v and a test
function ¢ is usually written as vp. The AGF is truly consistent, in that it always
uses the notation gp for the result of pairing a contravariant object ¢ and a covariant
object p. &

From now on, we will use the AGFE whenever doing so is more convenient for
calculations. But we will revert to the classical notation in many cases when using
the AGF is unnecessary and the classical notation is preferable. (For example, if
v:R+— M is a curve, we will use y(t) rather than the AGF expression ty.) We will
even miz the formalisms, by writing, for example, formulae such as ¥(t) = vy(t)X
(rather than the fully AGF equality tOyy = tyX, or the fully classical identity
A(t) = X(y(t))) if v is an integral curve of a vector field X. In all cases, the
resulting formulae will be completely unambiguous.

2.3. An example. With the AGF, many important formulae involving vector
fields, their exponentials, and their Lie brackets, become completely trivial formally,
and the formal calculations can be rigorously justified using the distributional
interpretation, as will be explained in §2.4 below. We illustrate this with an
example.

Let M be a manifold of class C2, let f1,..., f4 be vector fields of class C'' on
M, and let ¢ € M. We will compute the first and second derivatives 4(0), 4(0), at
t = 0 of the curve «y given by ~(t) = ¢qII(¢), where II(¢) is the product

I(t) = ethietfz ... gtha

We have
d
(d/dt)H(t) = Zetfl e 6tfifietfi+1 . etfd' ’
i=1
d i
(d2/dt2)H(t) — Z Z 6t.fl e etfj fjetfj+1 .. etfifietfi+1 . etfd

i=1 j=1

d d
+ Z Z eth . ethi fetfivn . ethi fietfiva .. etfa
i=1 j=i+1
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and then

d
7(0) = QZfi,

3(0) = (Z ij fﬁzfl Z )

i=1 j=1 i=1 j=i+1
d d d d
= o) mZﬂ Z =303 1f)
=1 j5=1 1=1 J=t+1 =1 j=i+1
d
= Zf1 +Zq fmf]
i=1 i<j

In particular, this shows that §(0) = >_,_; q[fi, f;] if ¥(0) = 0, which is a special
case of the general principle that “when the tangent vector to a curve y at time 0
vanishes, then the second derivative 5(0) is a tangent vector.”

Ifweletd=4, fi =f, fo =g, f3 =—f, fa = —g, then Zf-l:l fi =0, and
Zi<j Q[flvfj] = [fag] + [fa_f] + [f7 _g] + [97 _f] + [g?_g] + [_f’ _g} = 2[f7g]’ 50

d

(getletaetentn) = o,

d2
dt? L:o
from which we get the asymptotic formula

getfee e = g+ 2¢[f, g] + o(t?)

(gefetee™9) = 24[f,g],

so that
getfetde=tfet9 —q _

lim
t—0 t2

qlf,g]- (7)

2.4. Justification of the AGF. The rigorous justification of the formalism
discussed above is obtained by regarding all “contravariant” objects such as points,
tangent vectors, and differential operators evaluated at a point, as distributions,
i.e., as members of the dual of a suitable space of test functions.

We now make this precise. Assume that ¢ € Z,, m € Z,, and M is an
m-dimensional manifold of class C*. We use £/(M) to denote the commutative
R-algebra, of real-valued functions of class C* on M, topologized in the usual way.
(A sequence {¢;}jen converges to a limit ¢ in (M) if p; — ¢ uniformly on
compact sets, and for every k € N such that £ < ¢ and every k-tuple (Xq,..., X)
of smooth vector fields of class C* on M the functions X; X5 .. . X, converge to
X1Xs ... Xpp uniformly on compact sets.) We let S’Z(M) denote the dual space
of £Y(M), i.e. the space of compactly supported Schwartz distributions on M or
order £. We remark that, in particular, £¥(M) and £"(M) are well defined for all
k € Z, such that k < ¢, because a manifold of class C*! has a canonical structure
of class C% whenever k < /. If j <k < ¢, then Ek(M) is a dense subspace of
EJ(M) whenever j < k < ¢, and the inclusion from £¥(M) to £7(M) is continuous;
it follows that &7 (M) is canonically embedded in £%(M). It is clear that £°(M)
is the space of signed Borel measures on M that have compact suppport.
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Every point ¢ of M gives rise to a linear functional §, € &’ (M) —the Dirac
delta function at ¢—defined by letting §,(p) = ¢(q) for ¢ € E9(M). The map
M>qg—d4€ 5’0(M) is clearly injective, so we can use this map to regard M as
embedded in £'°(M), and then M is embedded in £%(M) whenever k < ¢.

We endow each space &’ k(M ) with the weak* topology arising from the duality
with E%(M), so a net {vataca of members of (M) converges to a v € &% (M)
if and only if the net {v,(¢)}aeca converges to v(y) for every ¢ € E¥(M). Then
many linear operations and limiting processes that in principle appear not to make
intrinsic sense on M become completely meaningful in the spaces £%(M). It follows
that, in addition to the points of M, many other objects related to M can also be
naturally regarded as members of £ ’Z(M ). For example:

(1) If £ > 0,7 :[0,&] — M is a curve of class C*!, and v(0) = ¢, then the limit
B) —
5(0) = im "1 0

makes perfect sense as a limit in &’ 1(M ), where y(h), ¢ mean, naturally,
the Dirac delta functions of the points y(h), ¢. So 4(0) (that is, the
functional EY(M) > ¢ — limy o h= (¢(v(h)) — ¥(q))) is a well defined
member of &' (M).

Thus Formula (8), which is the natural way to define 4(0) when
M = R™, remains perfectly meaningful as written—and gives the right
answer—for a general manifold M, provided only that it is properly
reinterpreted. (In particular, there is no need to define 4(0) in a more
roundabout way by, for example, writing (8) with respect to some fixed
coordinate chart, and then proving that the resulting tangent vector does
not depend on the chart.)

(2) The tangent bundle TM is embedded in ' (M) as follows. The tangent
space Ty M of M at a point ¢ € M is, by definition, the set of all
linear functionals v : £1(M) +— R such that v = §(0) for some curve
v :[0,e] — M of class C' such that v(0) = ¢q. Hence T,M is already a
linear subspace of &' (M).

(3) Similarly, if we use PDO‘;“]W7 for k£ < {, to denote the set of all partial
differential operators of order < k at ¢ (so that V € PDO’;M if and only
if V is a map E¥(M) > ¢ — Vo € R given, for some coordinate chart
K : U — R™ such that ¢ € U, by

kK m m m
Vo =apqp+ Z Z Z e Z i it (QOF, OF, -+ OF )

v=liy=lip=1  i,=1
where the coefficients a;, 4,....;, are real numbers), then each PDO;“M is
automatically a linear subspace of &’ k(M ), and then it follows that the
set PDOR M Ugenr PDO}M is a subset of (M),
To justify rigorously the use of the AGF, it suffices to regard a manifold M as
embedded in &’ k(M ) as explained before. Then
o If g€ M and ¢ € E9(M), then gy is simply an alternative way of writing
©(q), or 04(p), or dgep.
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e If¢>1,ge M,veT,M,and p € E'(M), then the notation vy for the
directional derivative of ¢ at ¢ in the direction of v (which, in this case,
is the one commonly used in textbooks) reflects the fact that v € &' (M).

e If f is a vector field on M (i.e. a section of the tangent bundle TM) and
© € EL(M), then fy is a well defined function on M, which belongs to
EFL(M) if 0 < k < ¢, f is a vector field of class C*~1 and ¢ € EF(M).

e If M, N are manifolds of class C*, and ® is a map from M to N, we
have already explained that ® is written as acting on points of M on the
right, so the AGF notation for ®(q), if ¢ € M, is ¢®@. If ® is continuous
then the dual action of ® on test functions is the “pulling back” map
EON) 2 ¢ po® € E%(M). In the AGF, we write ®¢ rather than @o .
If & is of class C¥, then ®¢ € £¥(M) whenever ¢ € E¥(N), and the
map EF(N) 3 ¢ — ®p € £¥(M) is linear and continuous, so its adjoint
(ie. the map &F(M) 3 p — pud® € E*(N), where u® is the map
EF(N) 2 ¢ = u(Pyp) € R) is linear and continuous as well. If 4 belongs
to E'k(M), then p is a compactly supported distribution on M of order
k, and p® is the “pushforward” of u, which is a compactly supported dis-
tribution of order k on M (with support contained in the set ®(supp p),
i.e., (supp )@ in AGF notation).

It follows that the “pushing forward” map S’k(M) S ud € EF(N)
is the unique linear continuous extension to £'"(M) of the original map
®: M — N C &¥(N). This justifies using the same name ® for the
pushing forward map,

In particular, if v € T,M for some ¢ € M, and k£ > 0, then v®
makes sense. Since the map £%(M) 35 p — p® € £*(N) is linear and
continuous, Formula (8) implies that, if v : [0,¢] — M is a curve of class
C!, and v(0) = ¢, then

4(0)® = lim WM’T_‘@, (9)

so ¥(0)® = 7(0), where 7 is the curve t — (1), i.e., n =P o ~.

3. Lie brackets of locally Lipschitz vector fields

Let M be a manifold of class C2, and let f, g be vector fields of class C' on M. We
write [f, g] to denote the difference fg — ¢gf which, as we have already pointed out,
is a continuous vector field, called the Lie bracket of f and g.

In [7] we proposed the following extension of the notion of Lie bracket to the
case when the vector fields f and g are only locally Lipschitz®. First of all, we point
out that ¢[f, g] is a well defined tangent vector at ¢ for each point ¢ belonging to
DIFF(f)N DIFF(g). (Recall that the sets DIFF(X) were defined in §2.1.).

DEFINITION 3.1. Let f, g be locally Lipschitz vector fields on a manifold M
of class C2. The Lie bracket of f and g is the set-valued section [f,g]ser of the
tangent bundle T'M constructed as follows. For every ¢ € M we let ¢[f, g]see—the
Lie bracket of f and g at g—be the convex hull of the set of all vectors

v=lim ¢;[f,g], (10)

5See [8] for a different kind of Lie bracket, which happens to be defined almost everywhere.
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for all sequences {g¢;},en such that
1. ¢; € DIFF(f)N DIFF(g) for all j,
2. limj o q; = q,
3. the limit v of (10) exists.

PROPOSITION 3.2. Let f,g be locally Lipschitz vector fields on a manifold M
of class C2. Then q — qlf,glset is an upper semicontinuous set-valued map such
that, for every q € M, q|f,glset is a convez, compact, nonempty subset of TqM.6
Moreover, the skew-symmetry identity

Q[fag]set = _Q[gmﬂset (11)

holds for all ¢ € M7. In addition, each locally Lipschitz vector field g satisfies the
identity
q(9: 9lser = {0} for every g€ M. (12)

Proor. The identities (11) and (12) are straightforward consequences of
Definition 3.1 and the skew-symmetry of the ordinary Lie bracket. (But notice
that (12) is not a direct consequence of (11), because if a set S is such that —S = S
it does not follow that S = {0}.)

The convexity of the sets ¢[f, g] follows directly from the definition.

Ifs= quDIFF(f)mDIFF(g) qlf,g], and S is the closure of S in TM, then each

set S(q) = T,M N S is compact. By definition, g[f, g]se: is the convex hull of S(q),
80 q[f, g]set 18 compact.

The fact that g[f, glset # @ follows from (i) Rademachers’s theorem, which
implies that DIFF(f) N DIFF(g) is a full subset of M, from which it follows in
particular that DIFF(f) N DIFF(g) is dense in M, together with (ii) the local
Lipschitz property of f and g, which implies that any sequence {(g;,v;)};en such
that ¢; — ¢, q; € DIFF(f) N DIFF(g), and v; = g;[f,g], has a convergent
subsequence.

Finally, it is easy to show that the graph® (J qenr 45 glset s a closed subset of
TM, so the set-valued map q — q[f, g]se: is upper semicontinuous. O

REMARK 3.3. If ¢ € DIFF(f) N DIFF(g), then the set g[f, glset does not
coincide, in general, with the singleton {q[f, g]} even though the latter is obviously
a subset of the former. For example, let M = R and let us consider the locally
Lipschitz vector fields f, g defined by f = 9., g = a(x)9,, where

[ 2?sin(1/x) if x#0
O‘(I){ 0 if  r=0.

Then, if we take ¢ = 0, it is clear that ¢[f,g] = 0, while on the other hand
Q[fmg]Set = [_171] <>
REMARK 3.4. If f and g are of class C! near ¢, then q[f, g]set = {q[f,g]}. ¢

6We recall that, if £ and F are topological spaces, then a set-valued map p : E — F is upper
semicontinuous if the set p~1(C) = {z € E : u(x) N C # 0} is closed whenever C is a closed
subset of F. If p has compact values, then p is upper semicontinuous if and only if the graph
Ueer{e} x p(e) is a closed subset of E X F.

"This means that q[f, glser = {w : —w € qlg, flset} -

8When o : E — F is a section of a bundle F over a topological space E, we define the graph
of o to be the set {o(e) : e € E}, rather than the set {(e,o(e)) : e € E}, because the fibers Fe of
F are pairwise disjoint, so o(e) already determines e.
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REMARK 3.5. There is a simple relationship between the set-valued Lie bracket
and the notion of Clarke generalized Jacobian of a map. Let us recall that, if M and
N are manifolds of class C', h : M + N is locally Lipschitz, and ¢ € M, then the
Clarke generalized Jacobian of h at q is the subset 0h(q) of L(TyM,T}(4)N') defined
as follows. First, we let dh(q) be the set of all linear maps L € L(T,M, Ty N)
such that L =1lim;_,., Dh(g;) for some sequence {g¢;};en such that

1. ¢; € DIFF(h) for all j,
2. limj o q; = q,
3. the limit? lim;_, o, Dh(g;) exists.

Then h(q) is the convex hull of dh(q).

In the special case when f is a locally Lipschitz vector field on an m-dimensional
manifold M, we can take N = TM, so 0f(q) is a subset of the 2m?-dimensional
linear space L(Tq M, TyyTM). If wpy : TM +— M is the canonical projection, then
mp o f = iday, the identity map of M. So the equality Dmas(f(q)) o Df(q) = idr,m
holds whenever ¢ belongs to DIFF(f). It follows that, for each ¢ € DIFF(f),
Df(q) belongs to the m2-dimensional affine subspace L£°(T,M, Ty T M) of the
space L(TqM, Ty T M) whose members are the linear maps L : T,M +— Ty T M
such that Dmys o L = idg, a. By taking limits, it follows that 5f(q) is a subset of
LY(TyM, Ty TM) for every g € M, and then the convex hull 9f(g) (which makes
sense because LO(TyM, Ty, TM) is an affine space, though not a linear one) is a
subset of LO(T,M,TyTM).

When M is an open subset of R™, then a vector field f on M is just a map
from M to R™, so the sets Of(q), for ¢ € M, can be regarded as subsets of R™*"™,
the space of m by m real matrices. In this situation, it might appear natural to
define a “Lie bracket” [f, g]c of two locally Lipschitz vector fields, by analogy with

the formula [f, g](q) = Dg(q) - f(q) — Df(q) - 9(q), by letting
[f,9lc(q) = 99(q) - f(q) — Of(q) - g(q) (13)
(that is, [f,glc(q) = {B- f(q) — A-g(q) : (A, B) € 9f(q) x 9g9(q)})-

This does not yield our set-valued bracket [f,g]set. The correct formula for
[f, g]set in terms of Clarke Jacobians is

[f; glset(q) = {(B- f(q) —A-g(q): (A, B) € 0(f,9)(q)},

where (f, g) is the map M 3 q — (f(q),9(q)) € R™ x R™ ~ R?™,

It is clear that [f, g]set(p) C [f, g]c(p), but it is easy to see that the inequality
can be strict since, for example, if M = R and f(z) = g(z) = 1 + |z|, then
[f, flc(0) = [-1,1], while [f, f]set(0) = {0}. This example also gives us a good
reason for not using [+, ‘] as the set-valued bracket, since it is obviously desirable
for a bracket to satisfy the identity [f, f] = {0}, but we have shown that this
identity is not true for [-, ]¢.

If M is a manifold, then (f,g) is a section of the bundle TM?) whose fiber
T,M® is the product T,M x T,M. The Clarke Jacobian d(f,g)(q) is a compact
convex subset of £°(T,M, T(f(q),g(q))TM(z)) where, if v,w belong to T, M, we use
LT, M, T () TM @) to denote the set of all linear maps L € L(T, M, T(,,.,)TM?)

9The limit is taken in A(M, N), the bundle over M x N whose fiber at (q,r) € M x N is
L(TyM,T-N). Clearly, A(M, N) is a manifold of class C*~1 if M, N are of class C*.
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such that dﬂg\? o L = idr,n, and ﬂg\? is the canonical projection from TM®) to
M. Then q[f, g]set is the set {L(g(q),—f(q)) : L € d(f,9)(q)}.

4. Asymptotic formulae for get/e*9etfe9
It is well known—and proved above, cf. (7)—that
getfet9e e = g+ t2q[f, 9] + o(t?) as t—0, (14)

if f and g are vector fields of class C* on a manifold M of class C2. (The precise
meaning of this is that

getfee e 9y = qp + t(q[f, glp) +o(t?) as t—0

whenever ¢ € £ (M).)

The goal of this section is to prove more general asymptotic formulae, valid for
Lipschitz vector fields, or for continuous vector fields that are “semidifferentiable”
at one point ¢q. The result for Lipschitz vector fields is similar to (14), except that
the classical Lie bracket in the right-hand side is replaced by ¢[f, g]set, and the
resulting equation has to be properly reinterpreted. If f and g are both classically
differentiable at ¢ and Lipschitz near ¢ then the result for semidifferentiable vector
fields yields stronger information than the Lipschitz result, as shown in Remark 4.8
below.

4.1. An exact formula for getfe’9e~*fe=%9 when f and ¢ are of class
C'. We first obtain an exact formula for the commutator getfe*9e=tfe=59 when f
and g are vector fields of class C'! on a manifold M of class C?. Formally, both the
statement and the proof of the formula are identical to the ones in [7], where the
case when M is a Euclidean space is treated. We give the proof for completeness,
and because the argument is quite short and constitutes a good example on how
the AGF facilitates computations.

For each r € R, we use let I, denote the compact interval [min(0, ), max(0,7)].
For each ordered pair (t,s) of real numbers, the rectangle R(t,s) is defined by
R(t,s) = It X IS.

LEMMA 4.1. Let f and g be vector fields of class C' on a manifold M of class
C?. Then, for allq € M, t,s € R such that qe™fe3%e="Te=%9 is defined whenever
T € I,, the identity 1°

t ps
getfesde™le™s0 g = / / (q eTfels=)9[f, g]e"ge_Tfe_sg) dr do (15)
0 Jo

holds.

REMARK 4.2. Under the regularity hypotheses of Lemma 4.1, the vector field
[f,g] is continuous, so the integrand function

R(t,s) 3 (1,0) — qe™ e~ D9[f gle?9e e 9 € TM C E’I(M)

is continuous. Furthermore, this function is equal to ¢[f, g] + o(1) as (s,t) — (0,0).
Therefore (15) implies the usual second-order estimate

get el e — g = st(q[f, g]) + o(|st]) (16)

10The meaning of this identity is clear if M = R", but the formula is also valid on a more
general manifold, if regarded as an equality of members of 8’1(M).
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PROOF OF LEMMA 4.1 As in [7], the proof of (15) reduces to the following
chain of equalities:

gelfesde ™9 — g = fot (‘1 el fesdeTfes9 — qeffesgfe*rfefsg) dr
= fot ge™esI(e 9 fes9 — fle Tfe 9 dr
= Iy Iy aeT e (e[, glem)e~ T =0 dadr

= Jy Jy ae e glese T e dodr,

where we have used the identities:

Ccll_ (q eTfesge—Tfe—sg) _ quffesge—Tfe—sg _ qufesgfe—Tfe—sg
-

and
d

(w0 s — ) = ye [ f.gle? o

4.2. Regularizations. Regularizations of vector fields on R™ are obtained by
means of a standard mollification procedure.

We fix, once and for all, a nonnegative real-valued function ¢ on R", such that
¢ € C®, [onp(x)dr =1 and @(x) = 0 whenever ||z > 1,

If @ is an open subset of R™ and p > 0, then €, will denote the open set
{x eR":x+ pB" C Q}.

DEFINITION 4.3. For any continuous vector field k on an open subset 2 of R™
and any p > 0, the p-regularization of k is the vector field £ on (2, obtained by
setting, for every x € Q,,

kP (x) = /n @(h)k(x + ph) dh. S 17

It is the clear that £ is a vector field of class C* on €2,. It will be important
for us to have an explicit expression for the differential Dk” of k” when k is locally
Lipschitz. The formula we need is given by the following well-known result.

PRrROPOSITION 4.4. Ifn, Q, k,p are as above, and k is locally Lipschitz, then
Dk?(z) = [ @(h) Dk(z + ph)dh for all z€Q,. O
B’Vl

4.3. A technical lemma. We are going to assume that
(A1) Q is an open subset of R";

(A2) f and g are bounded Lipschitz vector fields on €.
(A3) Fis a full subset of DIFF(f)NDIFF(g).

We choose a positive constant C' such that
max (/@) lg@)|. IDf@), |Dg(@)|) <€ forae. zeQ.

For each subset S of 2, we let [f, g]ser,s denote the closed convex hull of the
set of all vectors [f, g](x), for all x € SN DIFF(f) N DIFF(g). Then [f, glset,s is
a convex compact subset of R”. Furthermore, [f, g]ser,s is clearly nonempty if the
set SNDIFF(f)NDIFF(g) is nonempty.
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Given a compact convex subset V' of R™, and a nonnegative real number A, we
write

VO = {v e R" : dist(v, V) < A},
VIO =y e R : [ju — w|| < Aljw]|| for some w € V},

SO Y(A) is compact convex and V(M) is compact. We let V(M) be the convex hull
of VI g0 V(M) is compact and convex.

LEMMA 4.5. Assume that (A1)-(A4) hold. Let q € Q, and let t,s be nonzero
real numbers having the property that qe™fe*9e~"e™59 is defined whenever T € I.
Let v = 2C(|s| + [t|)e2CUsIHIt) | Then

tfesgp—tfo—s9 _ ((v))
qge’e’9e" e q
ts € ([f7 g]set,]—') . (18)

In particular, if [f, g] = 0 for every x € F, then qetfes9e tfe59 = ¢.

PRrROOF. Let K be a compact subset of © whose interior U contains (i) all the
points ge™fe?9, for 7 € I;, and o € I, as well as (ii) all the points ge™fe*9e~7f, for
7€ I, 7 € I, and (iii) all the ge™fe%9e""/e=%9 for 7 € I;, ¢ € I,. (Such a set
exists because the set of points of the three types listed above is a compact subset
of 2.) Choose a positive p such that K C Q. Let K7 = J, o (z + pB™), so K7 is
a compact subset of Q.

Then, if z € K and p is such that 0 < p < p, we have

[f*,9")(x) = Dg”(x) - f*(x) — Df*(x) - g°(x).
Furthermore, if k = f or k = g, then Proposition 4.4 tells us that

Dk?(x) = / @(h)Dk(x + ph) dh,
BrnFe-w

where FP* = {h € R" : © + ph € F}. Therefore
D) @) = [ eyl ph)- @),
nAFP,T

- / o(h)Dg(z + ph) - f(x + ph) dh + Ex(p, ),
BrnFee

where
Bi(p) = [ p)Daa+ ph) - (£2() = fla+ ph)) dh.
Similarly,
DF@) @) = [ DI+ ph) - gla+ ph) dht Balp).
where
Bapu) = [ omDa(e+ph) - (9°(a) ~gla-+ ph) dh.
Then

) = [ elfalle+ ) dh+ Bipo) + Balpw). (19)
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Now, if h € B® N FP® then = + ph € F, so the vector [f,g](z + ph) belongs to
[f, 9lset.7- Tt then follows (since p(h) > 0 for all h and [5,..z,. ©(h)dh = 1) that

/ o(W)F,g)(x + ph) dh € [F, glace.r -
BrNFr=

Now

@) = [ etsla+ pu)du,
and

flat o) = [ otsta+ ph)du,

() (flo+ pu) = fla+ ph) ) du,
so ||E1(p,x)|| <2Cp. A similar argument shows that ||Ez(p, z)|| < 2Cp. Therefore

(4Cp)
[f?, g°](z) belongs to ([f7 g]set,}-)

We now apply (15), with the open set U in the role of the manifold M of
Lemma 4.1. The fact that U contains the points ge™fe?9, for 7 € I, and o € I,
as well as the ge™fe®9e~77 for 7 € I;, 7 € I, and the ge™fe’9e~"Te=%9 for r € I,
6 € I, implies that there exists a p* such that 0 < p* < p having the property
that U also contains the points of a similar form with f?, g” instead of f,g, for
all p € [0, p*]. This implies, if f>Y ¢g”U denote the restrictions to U of the vector
fields f*, g”, that qufp’Uesgp’ue_Tfp’Ue_sgp’U is defined whenever 7 € I;. Then, if
0 < p < p*, we have

qetfpesgpe_tfpe_sgp—q:/t/S (q e els=o)9” [f”,g”]e”gpe_T-fpe_sgp) dr do. (20)
0Jo

For any fixed (7,0) € R(t,s), let = qe™/"els=9" 4 = ge™/"es9" e~/ 759",
Vo = qufpe(s_g)gp[fpagp]’ v = UOeggpv H1 = |U|7 V2 = Ule_Tfp’ M2 = ‘T|,
v3 = vee 9" pz = |t|, u = w1 + p2 + pz. Then vz is computed by solving a
differential equation V' (u) = M (u) - V(u) with initial condition V'(0) = v on the
interval 0, ], where M is a matrix-valued function such that ||M(u)| < C for all
u. Gronwall’s inequality then implies that ||V (u)| < e“#|jvg] for all u, so that
lvs — vo|| < CueCH ||l < 20(|s| + |t])e2CUsIH1ED]jvg]|. Since vy belongs to the set

(4Cp)
([f, g]setme> , we conclude that vs € W(p), where

f%m—fu+ww=/

B

2C(|s|+[t)
(4Cp)>((20(|s+|t|)e )

W@=<deﬁ

So the integrand of (20) belongs to W (p) for each 7, 0. Since W(p) is compact and
convex, we conclude that
qetl"esd" et e=s9" _ ¢
ts

If we now let p | 0, we find that (18) holds.
The last assertion is trivial, since the hypothesis that z[f, g] = 0 for every x € F

()
implies that ([f7 9]set,}‘) = {0}. ©

e W(p). (21)
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4.4. An asymptotic formula for Lipschitz vector fields. We now prove
a result stating that, asymptotically as (t,s) — (0,0),¢t # 0,s # 0, the difference
getfesde=tFe=59 — ¢ “behaves like ts(q[f, glset) + o(|ts]).” The precise meaning of
this, if ¢[f, g]se: is the singleton of a vector v, is that

) qetfesge—tfe—sg —q
lim
(t,5)—(0,0),t#£0,5#0 ts

=7.

In the more general case when ¢[f, g]se: is a set, the conclusion is as follows.

PROPOSITION 4.6. Assume that M is an m-dimensional manifold of class C?,
f and g are locally Lipschitz vector fields on M, and q € M. Then, if k : Q — R™
is any coordinate chart of M defined on a neighborhood Q) of q, the identity

getfesde=tFe=39) — k(q)
ts

lim dist ( i

Dk - se =0 22
(1,)—(0.0) 440,50 Dk (alf, glser)) (22)

holds, where Dk - (q[f, glset) is the subset of R™ which is the image under the
differential of k of the subset q[f, glset of TyM.

PROOF. It suffices to apply Lemma 4.5. First, observe that since our conclusion
is local we may assume that M is an open subset of R™ and « is the identity map.
Fix a positive number & such that ¢ + aB™ C M, and then let N be a number
which is both an upper bound for ||f(z)| and ||g(z)| for all z € ¢ + aB™ and a
Lipschitz constant for f and g on g + aB”. Then, if 0 < o < @&, fi,..., fx is an
arbitrary finite sequence such that each f; is either f or g, and t1,...,%; are real

numbers such that [t1]+ ... +|tx]| < &, if follows that ge'*/1e’2/2 ... ¢'efk js defined
and belongs to ¢+ aB". Lemma 4.5 then implies that (¢s)~* (q etfesde=tlfe=s9 — q)

whenever

((v(s,t)))
belongs to the set ([f, g]set’ﬁa@n)

t#£0,s#0, and 2N(|t| + |s]) < «, (23)

where v(s,t) = 2N(|s| 4 t|)e2NUsI+t) | Tt follows that

getfesde=thes9 — ¢
ts

((ae®))
) whenever (23) holds.

€ <[f’ g]set,q-&-a]ﬁn

It is clear that

)((aea))

m ([f’ g]set,quaIE%" = Q[f7 g]set .

a>0

((ae™))
Therefore, given any positive € we can find « such that ([ [5 9lset.q +a]gn)

subset of the e-neighborhood of ¢[f, g]set. Then

getfesde=tfe=s9 — ¢
ts

dist( ,q[f,g]set)gs whenever (23) holds.

Therefore (22) holds, and our proof is complete. &
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4.5. An asymptotic formula for semidifferentiable vector fields. A
continuous vector field f on a manifold M of class C? is said to be semidifferentiable
at a point ¢ € M if there exists a locally Lipschitz vector field F' on M such that

o 1) = Fl)

v=a [z — 4|

=0.

(This formula has a clear meaning relative to a particular coordinate chart, and
it is easily proved that if it is valid in some chart then it is valid in every chart.
Alternatively, it is not hard to give an intrinsic interpretation.)

It is clear that any vector field f which is Lipschitz on some neighborhood of
q is semidifferentiable at ¢, since we can take F' = f. Also, a continuous vector
field f which is classically differentiable at ¢ is semidifferentiable at ¢q. For an
example of a vector field which is neither Lipschitz nor classically differentiable at
a point ¢ but is semidifferentiable at ¢, take M =R, ¢ =0, f(z) = ¢(x)d,, where
o(x) = |z| + |z|*>/?sin1/x if £ # 0, and ¢(0) = 0.

If we are given two nonempty subsets A, B of a metric space X, we define the
quasidistance A(A, B) from A to B by the formula

A(A, B) = sup{dist(a,B) : a € A}. (24)

(This function is closely related to, but not the same as, the Hausdorff distance
Ap.(A, B) between A and B. The precise relation between the two functions is
that Ap, (A, B) = max{A(A, B), A(B, A)}.)

In the proposition stated below, if f and g are continuous vector fields then
getfetdetf et is a set, since the vector fields may fail to have unique trajectories.
Precisely, getfet9e =t e=19 is the set of all z such that there exist u, v, w for which
u € getf v e uetd, we ve™ and w € ve . (If k = f or k = g, then get* is
the set of all points of the form &£(t), where £ is an integral curve of k such that
§0) =q.)

PROPOSITION 4.7. Let f, g be continuous vector fields on a manifold M of
class C?%, and let ¢ € M be such that f and g are semidifferentiable at q. Let
F,G be locally Lipschitz vector fields on M such that lim,_,, f@=F@) _ o gpg

llz—all
limg_.q % = 0. Then, if K : Q — R™ is any coordinate chart of M defined
on a neighborhood 2 of q, the identity

k(getfetde=tFe=19) — k(q)
12

holds, where Dk - (q[F, G]set) is the subset of R™ which is the image under the
differential of k of the subset q[F, Glset of TyM.

lim A(

t—0

Dk (qlF, Gloer) ) = 0. (25)

PROOF. The conclusion is clearly local, so we assume, without loss of generality,
that M = R"”, k is the identity map, ¢ = 0, f and g are continuous globally bounded
maps from R™ to R™, F' and G are globally Lipschitz globally bounded maps from R™
to R™, and 6 :]0, +oo[— [0, 4+00] is an increasing function such that lim, 0 6(r) = 0
and the inequalities || f(x) — F(x)|| < 0(||z())||z[], [lg(x) = G(=)|| < O([|=[))[|z[l, hold
for all x € R™.

We fix a positive number C' which is a global Lipschitz constant for F' and G
and a global upper bound for f, g, F, G.
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If 2,7 € R™ and ¢ € R, then the expressions |zet/ — Zetl||, ||xe!d — £e!C| will
denote, respectively, the supremum of the set {|jy — Zet’'|| : y € zef}, and the
supremum of the set {|jy — Ze!%|| : y € wel9}.

Next, fix z, %,y € R" and t € R\{0}, and assume that y € xe*/. Pick absolutely
continuous maps &,Z : I; — R™ such that £(s) = f(£(s)) and Z(s) = F(E(s)) for
almost all s € I, £(0) =z, £(t) = y, and 2(0) = Z. Then, if s € I}, we have

£(s)-Z(s) = z-F+os / (FE() — FE() dr

s

v—F+or / (FE() — P(E()) dr

vor [ (Pl - FE() dr.
Iy
where 0, = 1if t > 0 and 0, = —1 if t < 0. Then
1€(s) —=E() <z — 2|+ [s]Of,re(s) + C/I 1&(r) = E(r)| dr,

where
Of.re(s) =sup{[lf(§(r)) — F(&(r)I : v € L}
Then Gronwall’s inequality implies that
) =2 < el (llz— ] + 1510 pe(s))
On the other hand, if we let
1€llsup,s = sup{[[E(r)] : 7 € L},

then
1£60)) = FEEN < O(elloups ) IElloups for all re L,
SO
01.re(5) < O(Elloup.s ) [€llsups
and then
) =Z@)1 < e (llz =&+ 1510 (Iellsups ) 1€Lsup.s) -
Therefore

IPEE) = PEEDI < Ce (= all + 151 (1¢llsups ) 1l sups ) -
so that, if we let K = 14 Ce®, we have

1£(6(s) = FEEDI < K (I = 7l + 0( Il supus ) [€lups ) i 1s] <1
Then, if |s| < 1, we find that

1€(s5) =E(s) = (z = D)|| = ”Ut/ (F((r)) = F(E(r)) dr]|

I

IN

K1s|(Jl2 = 21 + 001 sup.s) €l oup.s

On the other hand, ||£(r)|| < |Jz|| + C|r]| for every 7, so [|€|lsup,s < ||lz|| + C|s].
It follows that

1€(s) =E(s) = (z=2)[| < K]s]| (le — [ +0(llz]| + ClsD =]l + C\SD) :
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If |[t| < 1, then we can let s = t, in which case £(s) = y, and we get
ly—&e'™ —(z—)|| < K|t (llz —Z| + 0(llz] + Cle)) ([l + C|t|)> :
If we let o(t,a) = (1 + C)KO(a + C|t|), we see that
o if |t| <1 andy € zelf, then
ly—ze'” —(z—2)|| < Klt[llz — 2|l + o (t, [e])[tl(lz] + |t]) ; (26)
e o(t,a) goes to zero as (t,a) — (0,0).
Naturally, the same conclusion is true for g and G, so that
o if |t| <1 and y € ze'9, then
ly—&e'® —(@—2)|| < K|tll|lz = Z[| + o (¢, |z ])[e] (]l + [¢]); (27)
We now estimate the quantity

Q(t,z, i) def ||xetf6tg€_tfe_tg _ getF oG —tF o—tG _ (z — )|

C sup{[ly—ze

assuming that |t| < 1. For this purpose, pick a member y of zetfet9et e~

and let § = Zetfe!@e et Let y1,y2,y3 be such that y; € xzelf, yy € yie?9,

ys € yoe~ ' and y € yse 9. Let gy = Ze'F, §p = 1€, iz = foe” ', § = gze 1O,
Then (26) and (27) imply the estimates

tF tG _tFe_tG—(.T—i‘)H :yexetfetge—tfe—tg}7

1=t — (=) < Kltllle =2 + ot =Dzl +[2) (28)
ly2=02— (W1 —=g0)ll < Kltlllys = Gl + o @y DI Nyl + 1D, (29)
lys—9s—(w2=02)ll < Kltlllyz = gall + ot ly2lDIEl(ly2ll + [£[) . (30)

ly=9—(us—us)l < Kltlllys — gsll + o (& llysDIEl(lysll + [¢)) - (31)

If follows from (28) that
lyr =gl < (L + K[t) ]|z = Z[| + o (& DIzl + [¢])
and in addition it is clear that ||y1|| < ||z|| + C|¢t|. Then (28) and (29) imply
ly2=02 —(@=2)| < lly2=G2— (=)l + [ly1 =1 — (2 =T
< Kty =l + o @ [lya DIyl + 1)
+Kt || — 2| + o @, [lz]) [l 2] + [¢])
< Kl ((1 + Klt))[[z = 2| + o (@, [lz]) || (l2]] + Itl))
+o(t, ||zl + ClEDIE(ll + Cle + [¢])
+Kt ||z = 2| + o @, [lz]) [l =] + [¢])
< K®)llz =2l + Kltlo @, [lz) [ 2] + [¢])
+o(t, ||zl + CleDl(ll + Clef + [¢])
+o (L, [lz[DIEl (] + [¢])
S0
ly2 =52 —(z—2)|| < K@)z — Z[| + 2(@, lz[)[E| (Il + [¢]) (32)
where
Kt) = 2K|t|+ K*?,

S(ta) = (1+K[t)ot,a)+ (1+C)o(t,a+Clt).
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A similar calculation yields

ly=9 — (w2 =) || < K@)lly2 — Gl + (&, [ly2IDIE|(lyell + [2]) - (33)

If we combine (32) and (33), we find, by means of an argument similar to the one
used to derive (32) from (28) and (29), that

ly=g —(z=2)|| < K" (O)l]e — 2| + X7, [J< D[]l + [2]) (34)

where

K (1)
Yt )

2K(t) + K(t)?,
14+ K@), o) + (1 +2C)3(t, o+ 2Ct)) .

(The factor 2C appears because, instead of inequality |ly1|| < ||z| + C|¢|, we now
have [lya|| <[]l +2C1t].)
If we now take x = %, we find

ly = gll < =7 N lDIel (2l + [¢]) - (35)
If we specialize further to x = 0, we get
ly — gl < (¢, 0)%. (36)

This shows that

lim A

t—0

qetlet9e=tle=ta g tF otGe—tF o—1G
( : )=o0.
12 12
On the other hand, we know from Proposition 4.6 that
tF otG ,—tF o—tG _
t2
These formulae clearly imply (25), completing our proof. &

q

Jim dist (4 4 [F,Glae) = 0.

4.6. An asymptotic formula for continuous classically differentiable
vector fields. An important special case of Proposition 4.7 arises when f and g
are continuous vector fields that are classically differentiable at a point. In that
case, we can take F' and G to be linear vector fields, relative to some chart x defined
near ¢, and conclude that

k(getfetde=tFemt9) — k(q)
( P
because Dk - (¢[F, Glset) = {Dx - (q[f, g])}

REMARK 4.8. The result for semidifferentiable vector fields yields new infor-

mation even when the vector fields are also Lipschitz. For instance, if M = R and
f, g are defined by letting f(q) = ¢> sin(%) Vg € R\{0}, f(0) =0, and g(q) =1
Vq € R, then both f and g are differentiable everywhere and Lipschitz continuous.
Notice that for ¢ = 0 one has

q[fvg] =0, q[fag]set = [_17 1]

So, on one hand, by applying Formula (22) with x equal to the identity map and
t = s, we obtain

lim A

t—0

D+ (q1f,9) =0, (37)

. q etfetgeftfeftg
lim | —————

lim 5 € [-1,1]. (38)
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On the other hand, by applying Formula (37) —still with s equal to the identity
map—, we get the much stronger relation

getfetde=tfe—ta
t2

lim =
t—0

REMARK 4.9. A “natural” generalization of (37) would be the formula

lim A ( k(getfesde t e™39) — k(q)
t—0,5—0,t#£0,5#£0 st

D (qlfig)) =0, (39)

which, presumably, might be true when f and g are continuous vector fields that
are classically differentiable at q.

It turns out, however, that Formula (39) is not true in general under these
conditions. One trivial reason for this is that, if (39) was true, it would follow that

gefeste™ e = g+ st(q[f, g]) = o(lst]),

so in particular we could plug in s = 0 and conclude that qefe™*/ = {q}. But, if f
is just continuous, then f need not have uniqueness of trajectories, and this clearly
implies that the set g etfe~*/ need not coincide with {q}.

Furthermore, Formula (39) can fail to be true even when f and g have unique
trajectories, as shown by the following example.

EXAMPLE 4.10. Let us define the map % : R — R by setting ¢(p) = 0 for all

2
p<—-1,¢(p) = e for p €] —1,0[ and ¢(p) = 1 for p > 0. The map ¢ is of class
C*, and, for every p €] — 1,0][, one has

2

AP i
A R

Let us consider the vector fields on R2

flz,y) = ( w(;7y) ) g(@,y) = < _01 ) ;

where the function ¢ : R? — R is defined as follows:
o(x,y) =2 if y >0, o(z,y) =0 if y < —2*,

and
_ .2 Y e 4
gp(oc,y)—xz/}(—x4) if —2"<y<DO.

The map ¢ is continuous on R? and, since

e(e,y) = 9(0,0)] _ 2

(=, )] =yl

it is differentiable at the origin, with D¢(0,0) = (0,0). Actually, it can be easily
checked that ¢ is differentiable at any point (x,y) € {(x, —2?) x € R}, and, at any
such point one has Dy(0,0) = (0,0). Hence, the map ¢ is differentiable everywhere
in R2. However it is not of class C'. Indeed, for every (z,y) such that x # 0 and
—x* <y <0, one has

y? y?
aﬁ(m y) = —2272 grev et 201 0ye =
oy’

(i.—Z—l)? - (y2 — 28)2
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Hence, since —x° > —2* for every x €]0, 1], one has

lim a—w(z,y)‘ = —00

z—0+ 8y 5

y=—=zx

Therefore the vector field f is everywhere differentiable and is not of class C*. Let
us observe that, though it is not locally Lipschitz in a neighborhood of the origin,
the corresponding Cauchy problem has a unique local solution for every initial
point. This is trivial when the initial point is not the origin, for in a small compact
neighborhood of such a point the vector field f is C', hence Lipschitz. As for the
origin, let us observe that the half-plane A = {(z,y) | y > 0} is invariant for the
vector field f, that is, every integral curve of f starting in A remains in A during
its interval of existence. Hence such an integral curve is unique, for f is locally
Lipschitz on A. Actually, for every (z,y) € A one has

( x )etf t+x
= 3
y Y+ (t+3x)

Let M; > 0 be an upper bound for both |f| and |g| on the square [~1,1]%. In
particular, setting e = min{1,1/M;} and ¢o = (0,0)f, we can define the (single-
valued) map

(t,s) — qoefe et ™9

on the set | — ¢, €[2. Observe that

wlf, 9] = ( 8 )

Hence, if Formula (39) were true, we would have that
qoetles9e %9 = o(|st]),

which, in particular, would imply

aoett e 0e e = of|t]). (40)
for every t €] — €3, €3[. Let us set
3 3
a(t)=qe?  qt) =gl g(t) =goee e

Then

wo-(4) womwon-(20) - ()

In particular, if ¢ is sufficiently small, one has

2t3
i) = -2 <
3
so that go(t) belongs to the set C' = {(z,y) |y < —z*}. Since f = (1,0)T on C one

has
w(®) = a0 = (5 )

3
which yields

goel e et eI = gy(t)e™"T = (

)

w|% ©

so that, in particular, (40) turns out to be false.
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5. Commutativity of flows of locally Lipschitz vector fields

For a pair (f, g) of vector fields of class C1, it is well known that local commutativity
of the flows of f and g is equivalent to the vanishing of the Lie bracket [f,g]. We
now prove the extension of this result to the locally Lipshchitz case.

To begin with, we have to be precise about the various ways in which the flows
of two vector fields may be said to “commute.” (We recall that R(t,s) is defined
in Subsection 4.1.)

DEFINITION 5.1. Let M be a manifold of class C?, and let f,g be locally
Lipschitz vector fields on M. We say that

e the flows of f and g commute if, for every pair of real numbers s, t,
(i) ge®9etf is defined if and only if getfe®9 is defined, and (ii) if ge®9etf is
defined then ge®9e!f = get/e®9 ;

o the flows of f and g commute on rectangles if qge*9etf = qetfes9 whenever
q € M, t,s € R are such that ge™fe9 is defined for all (1,0) € R(t,s) ;

o the flows of f and g commute for small times near a point q. € M if there
exist a neighborhood U of ¢. and a positive number ¢ such that

getfess had qe*9et! (41)

forall ¢ € U, t,s € R such that |t| < £ and |s| < &, where “A'B" means
“A and B are both defined, and in addition they are equal.” &
REMARK 5.2. In the above definition, it is not immediately obvious that the
roles of f and g can be interchanged, i.e., that if the flows of f and g commute
on rectangles then the flows of g and f commute on rectangles. This is true,
however, because Theorem 5.3 below says that both conditions are equivalent to
commutativity for small times, which is symmetric with respect to the interchange
of f and g. &
THEOREM 5.3. Let M be a manifold of class C2, and let f, g be locally Lipschitz
vector fields on M. Then the following conditions are equivalent:
i) q[f,g] =0 for almost every g € M*;
(ii) q[f,9] =0 for every member ¢ € DIFF(f)N DIFF(g);
(iii) q[f, glset = {0} for every g € M;
(iv) the flows of f and g commute for small times near q for every q € M;
(v) the flows of f and g commute on rectangles.

PRrROOF. It is clear that (iii)<=(ii)=(i) and (v)==(iv). The implication
(i)=(iv) is a trivial consequence of Lemma 4.5.

The implication (v)==(ii) is a straightforward consequence of the classical
asymptotic formula

getlel9e et — g =t2(q[f, g]) + o(t?) ast |0 (42)
which, as we have seen in §4.6, holds true at each point ¢ € DIFF(f)NDIFF(g).
To conclude, we have to prove that (iv)=(v).

LEMMA 5.4. Let f and g be locally Lipschitz vector fields on a manifold M of
class C?. Assume that the flows of f and g commute for small times near q for
every q € M. Then the flows of f and g commute on rectangles.

HThat is, there is a full subset F of M such that q[f,g] = 0 for every member g of the set
DIFF(f)n DIFF(g) N F.
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PROOF OF LEMMA 5.4. Let ¢ € M, t,s € R be such that ge™fe?9 is defined
whenever (1,0) € R(t,s). We want to prove that getfe®9 = ge®9¢etf. It clearly
suffices to assume that ¢ > 0 and s > 0. (If ¢ < 0, we may substitute |¢| for ¢
and —f for f; if s < 0, we may substitute |s| for s and —g for g.) For r > 0, let
I. =[0,r].

Let K = {ge™/e?9 : 7 € I;, 0 € I,}. Then K is a compact subset of M, because
qefe?9 exists whenever 7 € I;, o € I, and the map I; x I, 3 (7,0) — qe"Fe?9 is
continuous. So there exist a positive € such that ¢’e™fe?9 is defined and equal to
q'e?9e™f whenever ¢ € K, |7| < ¢ and |o| <.

Let N be a positive integer such that % <eand 3 <e. Let t; = jﬁt, Sk = %,
for j=0,...,N, k=0,...,N. We claim that

(*) If j,k €1{0,..., N}, then ge®*9¢eti/ is defined and equal to qelifesr9.
To prove (*), we first show that

(#) If j € {0,...,N}, ¢ € K, and ¢'et/ € K for alli € {0,...,5}, then

q'etifes9 is defined and equal to q'e’*9ets/ .

We prove (#) by induction on j. The case when j = 0 is trivial. Assume that our
conclusion is known to be true for a j such that 0 < j < N, and let ¢’ € K be
such that ¢’e"/ € K for all i € {0,...,7 + 1}. Then in particular ¢'e*/ € K for
alli € {0,...,j}, so the inductive assumption implies that ¢’e'i/e19 is defined and
equal to ¢’es19e% 7. Since ¢'e'if € K, t; < e, and 51 < €, we can conclude that
q'etifetrfes19 (which is equal to ¢’e*i+1fe%19) is defined and equal to ¢'etifes19¢t1f.
But ¢’etifes19 = ¢/es19¢tf . Therefore ¢'etifes19etf = ¢'es19¢etifetrf = ¢fes19etiv1f,
It follows that ¢’eti+1fes1f is defined and equal to ¢’e19¢'i+1f | completing the proof
of (#).

To prove (*), we let S(j, k) be the statement “ge**9e’sf is defined and equal
to getifes*9.” and then let ¥ (k) be the statement “S(j, k) is true for every index
j€{0,...,N}.” We prove X(k) by induction on k.

It is clear that 3(0) is true. Assume that X(k) is true for a particular k
such that 0 < k < N. Let j € {0,...,N}. We want to prove that gess+9¢ti/
is defined and equal to getsfe**+19. Since X(k) is true, ge**9e/ is defined and
equal to getifess9 for i = 0,...,j. Hence ge®*9¢%/ is defined and belongs to K
for i = 0,...,7, because getifesr9 € K. It follows from (#), with ¢ = ge®9,
that ge®*9etife%19 is defined and equal to ge® 9e%19¢t 7 ie., to ge’*+19¢ts /. Hence
gelifesrt19 = getifesrdes1d = geskdetifes19 = gesv+19¢tif | completing the proof of
(*).

Now that we have proved (*), we take k = N, j = N, and conclude that
getfesd = ges9etf | completing our proof. O

6. A simultaneous flow-box theorem for a family of vector fields

Roughly speaking, the so-called “flow-box theorem” states that if £ € N, f is a
vector field of class C* on an m-dimensional manifold M of class C**1, and ¢ € M
is such that ¢f # 0, then there exists a coordinate chart x : U — Q C R™ of class
C* of M near ¢ such that the coordinate representation f* of f on U is a constant
vector field on €.

As is well known, if two vector fields f and g of class C* are given, then in
general there does not exist a chart x near g such that both vector fields f*, g" are
constant near ¢. In fact, if ¢f and gg are linearly independent, then the chart s
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exists if and only if the Lie bracket [f, g] vanishes identically on a neighborhood of

q. A similar result holds for more than two vector fields: if fy,..., fy are vector
fields of class C* such that qf,...,qfq are linearly independent, then there exists
a chart & of class C* such that J7 is a constant vector field for j =1,...,d if and

only if all the Lie brackets [f;, f;] vanish identically on a neighborhood of ¢. (This
is sometimes referred as the “simultaneous flow box theorem.”)

The commutativity result stated in Theorem 5.3 makes it reasonable to expect
that a simultaneous flow-box theorem will hold for locally Lipschitz vector fields
on a manifold of class C2, yielding a Lipschitz chart, i.e., a lipeomorphism & from
a neighborhood of a given point ¢ onto an open subset W of R™. (See [3] for a
generalization in the case of a single Lipschitz vector field on a Banach space.) We
will now show that this is indeed true, and that the resulting leaves are submanifolds
of class C'11.

6.1. The simultaneous flow box theorem. We recall that e;” is the i-th
vector of the canonical basis of R™, so that e = (&1, ...,8™), where 47 is the usual
Kronecker delta.

THEOREM 6.1. Let M be an m-dimensional manifold of class C?. Let d be
a positive integer, and let fy,..., fq be locally Lipschitz vector fields on M such
that q[fi, f;] = 0 for almost all ¢ € M and all i,j € {1,---,d}. (In view of
Theorem 5.3, this is equivalent to assuming that q[f;, filsee = 0 for all g € M and
all i,j € {1,---,d}.) Let ¢ € M be such that the vectors qfi,...,4fq, are linearly
independent.
Then there exists an open neighborhood U of q, an open cube W =] — a, a[™
i R™, and a homeomorphism k from U onto W, such that,
* x(q) =0;
o x and k™! are locally Lipschitz;
e ifqe U, k(q) = (z,....,a™), and i € {1,...,d}, then qet’i is defined
for every t € R such that —a < z* +t < a, and satisfies

K(ge') = K(q) + te]". (43)

PRrROOF. Without loss of generality, we may assume that M is an open subset
of R™ and ¢ = 0, since we can always (i) choose a coordinate chart & : U— W
near g, of class C? and such that #(g) = 0, (i) replace M with U, and (iii) identify
U with W via &.

Then the f; are just locally Lipschitz maps from M to R™. Since the d
vectors f1(0),..., fa(0) are linearly independent, there exists an invertible linear
map L : R™ +— R™ such that L- f;(0) = e” for i € {1,...,d}. We can then identify
M with L(M), and assume that f;(0) = €™ for i € {1,...,d}.

Let 7, R be real numbers such that 0 < » < R and RB™ C M.

Since the vector fields f; are locally Lipschitz, by standard results on ordinary
differential equations there exists a positive real number T such that for every
positive integer p and every p-tuple (i(1),...,i(u)) of indices belonging to {1,...,d}
the point xet1fi) ... etufitn) is well defined and belongs to RB™ whenever = € rB™
and t1,...,t, are real numbers such that [t;]| + -+ [t,| < T.

It then follows from Theorem 5.3 that, if  belongs to rB™, (i(1),...,i(d)) is a
permutation of the set {1,...,d}, and |t;| + -+ + |tq| < T, then

pelthi ... etafa — peticnfiq) ... plicay ficay
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Let us identify R™ with the product R?xR™~4 and write, for z = (2!,...,2™) € R™,
z = (21, 217), where 27 = (2!, ..., 29" and 21 = (24F1 .., 2™,

Let W be the cube | — @, &[™, where & is a positive number such that
Vda < rand (m—d)a < T. Write W = W x WH where W! =] — a,a[¢
and W =] —a,a[™ < Then W! C rB? and

WII c {(51,...’§m—d) : ‘§1| +ot |§m—d‘ < T}
Define a map F : W — RB™ by letting
F(z) = F(z!, 2! = (O,x”)emlf1 et for z=(zt, ... 2" eW.

By standard methods, involving Gronwall’s inequality, it is easy to verify that this
map is locally Lipschitz. More precisely it verifies the inequality

|F(z) — F(z)| < 1+ C)e™T & — x|,

where N denotes a Lipschitz constant for all the vector fields f; on RB™ and C
is an upper bound for the numbers || f;(z)|, for all z € RB™ and all i. (Proof.
Given points z,# € RB™, i € {1,...,d}, and t € R such that ze*/: and Fefi
belong to RB™ for all s € [min(t,0), max(¢,0)], Gronwall’s inequality implies that
|lzetfi — zetfi|| < NItz — Z||. Hence, if t, are such that zesfi and Ze*fi belong
to RB™ for all s € [min(¢,0), max(¢,0)] and all s € [min(Z,0), max(¢,0)], we have

||:z:etf" — gelfi < Ho:etfi — zetfi|| + Hi“etfi _ zelfi
< Nz —z|| 4+ Clt — 1
< eN|t|(Hx—9E||+C|t—t~|>7

using the fact that Zetfi — Felfi = f; ze®Ti fi ds. In then follows by induction on k
that

||met1f1 et T gttt | < N 1P (||x—j||+C|t1—fl|+- . ._|_C|tk’_fk|)

if v € rB™, & € rB™, |t} + .-+ [tF| < T, and '] +--- +|t¥| < T. If we then take
k=d, z= (0,29 ... .2™), & = (0,297, ...,2™), and let t' = ' and ' = 7' for
i=1,...,m, we get the desired inequality.)

We claim that F' defines a local lipeomorphism near x = 0. More precisely, we
will prove the following result.

LEMMA 6.2. There exists a positive real number a such that, if W =] —«, a[™,
then Q = F(W) is an open neighborhood of 0 and the restriction of F' to W is a
lipeomorphism onto €.

ProOOF. The crucial fact is the following local invertibility result for locally
Lipschitz maps (cf. [4], Theorem 3.12).

PROPOSITION 6.3. Let v be a positive integer, let y,z be points of R, let N,
and N, be neighborhoods of y and z, respectively, and let ® : Ny — N be a locally
Lipschitz map. Assume that ®(y) = z and that all the members of the Clarke
generalized Jacobian 0P (y) of ® at y are invertible linear maps. Then there exist a
positive real number 1 and an open neighborhood A, C N, such that the restriction
of G to the open ball y + nB™ is a lipeomorphism from y + nB™ onto A,.
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In view of Proposition 6.3 it is sufficient to prove that OF (0) does not contain
any noninvertible matrix. We will in fact prove the much stronger conclusion that
OF(0) = {id,} (44)

where id,, denotes the m x m identity matrix.
By definition, 9F(0) is the convex hull of the set of m x m matrices J such that

J = klim DF(zy)

where (z1)ren is a sequence in DIFF(F) which converges to x = 0 and is such

that the above limit exists.
For every x € RB™ N DIFF(F), let us set

O (z)
OF B ox .
w@= |
881; (93)

so that we can write
oFr OF

The first d columns of DF(z) can be easily calculated. In fact, let us choose
j € {1,...,d}, and let (y1,...,74—1) be the string obtained by deleting j from
(1,...,d). Then, thanks to the commutativity of the flows, one has

OF 9 U
5@ = g (0N e th)
= (00 e e 8
7

71 Yd—1 Jf.
= (O’xll)eaj fn e f"fd—lem fjfj

= (&),

= foJ s
which, with a more conventional notation, can also be written as
oF
@(@") = fi(F(z)). (45)

As for the derivatives of F' with respect to the last m — d variables, we shall
prove that, for every j € {d+1,...,m}, every § < R, and every x € éB"NDIFF(F)

one has
OF

55 (@) € &' +esB (46)

where €5 = dSNeV 40,

For this purpose, for any z = (21, 2/) € R™, let us set S, = 25:1 |27], and,
for j € {1,...,d}, define \; = 1if 27 > 0 and \; = —1if 2/ < 0. Let

T, : 10,5, — R?
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be the unique continuous path such that 7(0) = (0,...,0) and

dr, Ut R
d—g(s) = )\je? whenever s € } E |2, E |2°] [, jed{l,....d}.
i=1 i=1

Notice, in particular, that for every z € R™ the number S, and the path 7, depend
on z' only. Moreover, one has
7.(S.) = 2.

Write 7,(s) = (72(s),...,7%(s)). Then, for each j € {1,...,d}, the function
74 :]0,S.] — R is continuous, vanishes identically on the interval {O, St |zl|} , has
the constant value 27 on [Zgzl |2%], Sz}, and is linear on [ ALY, |z’|}

Let ¢ € [0, R], and, for every y € dB™, let us consider the curve §, : [0, S,] — R™
defined by

&(s) = F(ry(s),y"").
Notice that, in particular,
&y(Sy) = F(y). (47)
It is easy to check that the curve &, is the unique solution of the Cauchy problem
d drd
%(5) = Zj:l fj (5(5» : d_sy(s)
£(0) = (0,y™")

For every y € ¢B™ we define a time-varying vector field G, : rB™ x[0, S,] — R™
by setting

d7'7

Z fi(
so that &,(-) is the solution on [0, S,] of the Cauchy problem
1 (5) = Gy(€(5), 9)

£(0) = (0,y") .
Fix © € 6B™"NDIFF(F) and j € {d+1,...,n}, and observe that Sother = Sz
and G$+he§n = (. Therefore, for a sufficiently small h > 0, (47) implies

F(x_|_he§Z) — F(x) _ % (he;ﬁ +/OS$ {Gm (&H_he;” (S),S) -Gy (fz(s),S)}ds) .

Once again using Gronwall’s inequality, one obtains

|‘§w+he§n (S) — fw(s)” < heNs

for every s € [0,S;]. Since the map G,(-,s) is N-Lipschitz on rB for every
s € [0,8,], it follows that
1 /Sw
< =
=7 ),

HF(:r+he§”) - F(z)
% / NheVsds < S, NelVS < d§NelN®

h i Go(Eatner (5),8) — Gay (Euls H ds
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If we let h go to 0, we get the estimate (46). Then (45) and (46) imply (44), and
the Lemma is proved. &

Conclusion of the proof of Theorem 6.1. To conclude the proof, let us set
k = F~1 : U — W, which, by the Lemma 6.2 is a lipeomorphism such that
k(q) = 0. We now need to verify that x satisfies (43). If ¢ € R is such that
—a <zt +t < aq, setting (y1,...,y9)" =y = 2l +te, one has (y,zT) € W. Hence,
from
g=F(z)= (O,nc”)e”’lf1 et

and Theorem 5.3, one obtains

k(q) +tel =x+tel =ror t(yall)=r ((071,11)6@;1# _..ey‘if‘i) -

K ((O,IZ?II)ezlfl .. ~€mdfd€tfi> _ Iﬁ?(qetfi) .
¢

6.2. Regularity of the leaves. Let M, fi1,....,fs, ¢ € M, o, U, W, and & be
as in the statement of Theorem 6.1. The leaves of the foliation defined by f1, ..., fq

on U are the subsets £, = k™! (]— a, a[dx{fy}), for all v €]— a, a[™ 4.

We recall that a map p : P — Q between manifolds of class C? is of class C*!
if it is of class C'! and its first-order partial derivatives are locally Lipschitz (with
respect to arbitrary coordinate charts of class C? on P, Q).

THEOREM 6.4. For every v €] — a, a[™%, the leaf L., is a submanifold of M
of class C11.

PROOF. It is clear that L. is the image of the cube |-« a[?. under the map oy

given by g (t1,...,ta) = k~1(0,7)elr/1 - - - etafa, This map is of class C1!, because

its first-order partial derivatives %‘Z; are given by

6ﬂ(tl, oo tg) = kTHO, )l -etdfdfj ,

ot
so these partial derivatives are Lipschitz %%. Furthermore, 11, is injective, because
K(py(t1, ... tq)) = (t1,...,tq,7y). Finally, the differential du(t1,...,tq) is also
injective, because the vectors qf;, ¢ = 1,...,d, are linearly independent for each
q € K Y(W). Tt then follows by standard arguments using the inverse function
theorem that L, is a submanifold of class chl &

7. A counterexample about higher-order brackets

7.1. The need for a definition of higher degree brackets. In this paper,
we have shown that the notion of set-valued Lie bracket [f,g]set of two locally
Lipschitz vector fields f and g is a reasonable generalization of the classical Lie
bracket, which has enabled us to extend to Lipschitz vector fields Facts (I), (II)
and (III) of the introduction. In addition, this notion has also been used in our
non-smooth version of Chow’s local controllability theorem, proved in [7].

In view of this, it is natural to wonder whether our approach can be used to
define higher-order brackets and prove higher-order asymptotic formulae and a more
general Chow Theorem. In fact, under suitable regularity conditions, our definition
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of the Lie bracket of two locally Lipschitz vector fields leads directly to a notion of
set-valued high-order bracket. For example, if g and h are of class C1!, and f is
locally Lipschitz, then [g, h] is a locally Lipschitz vector field, so [f, [g, h]]set is well
defined, according to Definition 3.1.

We are going to show that this definition of [f,[g, h]]set does not lead to the
correct asymptotic formula. Precisely, if we define

S(t,q) = qetf (etgetheftgefth) o—tf (etgetheftgefth)*l

(48)
— qetfetgethe—tge—the—tfethetge—the—tg

then it is well known that

S(t,q) ~ q+t2q[f, g, h]] + o(t?),

if g and h are of class C? and f is of class C'. So, when g € CV!, h € CV!, and f
is locally Lipschitz, the correct asymptotic formula would have to say that

lim ¢~*dist(S(t, ¢) — ¢, q[f, [g, hllser) = 0.
If, in addition, f = [g, h], then [f, [g, h]]set = 0, so the formula would imply
S(t,q) —q=o(t%). (49)

7.2. The counterexample. We now show, by means of an example, that the
asymptotic formula (49) can fail to be true, if g € CY1, h € OV, f = [g,h], and
S(t,q) is defined as in (48). For this purpose, we define three vector fields f,g,h
on R2, by taking g and h to be two vector fields of class C1'!, to be chosen below,
and letting f = [g, h].

In what follows, for any non-negative integer r, we shall say that a function is of
class O™ if it is of class O™ and its derivatives of order r are Lipschitz continuous.

In order to define g and h, we first let ® : R — R be a function of class C** to
be chosen later. We let p(z) = (z + 1)®'(x) and ¢ = ¢’, so ¢ and 1 are of class
CYH! and C%!, respectively. We let 0 = 1/, so o is an L™ function. Let us define
three vector fields f, g, h, by

g = €1, h:(1+$)€1—|—§0($)62, f:[gah]:el+¢(x)62~
Notice that, if we impose the extra conditions
¥(0) = ¢(0) = ©(0) =0, (50)

and restrict ourselves to values of x such that > —1, then the choice of o com-
pletely determines our functions, since

w(m):/owa(r)dr, gp(m):/ogg?/J(r)dr, q)(x):/o’” o) g

We shall prove the following two facts:

Fact 1. If ¢ is differentiable at 0, then S(t,(0,0)7) = o(t?) as t — 0, as it is
expected from the classical case.

Fact 2. There exists a function o, necessarily discontinuous at x = 0, such
that the formula S(t, (0,0)") = o(t3) fails to be true.
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7.2.1. Some preliminary computations. We first compute S(¢, ¢) in terms of the
functions ® and ¢. For this purpose, we need to compute the flows of f, g, and h.

We claim that, if we let ¢ = ( z ), then

()= () 2

<z>etf - (;i;(xﬂ)—w)) (52)
( y )M - ( équf()(elt;;)et —1)— o) ) : (53)

Indeed, Formulae (51) and (52) are trivial. To verify (53), we let £(t), n(t) denote

the components of the right-hand side of (53), and observe that £(t) = 1 + £(¢),

n(t) = (1) +y — (), n(t) = P'(£(1))E(t) = D(£(1))(1 +£(¢)) = »(£(F)), and
£(0) = x, n(0) =y, so t — (£(¢),n(t)) is an integral curve of h that goes through ¢
at time 0. Using these formulae, we find:

= (2= (5 e )= (374

tf tg _ X9 _ $+2t
ee (y2> <y+A ’

where
A=px+1t)—p(x).
Then .
tf g th _ (T3 ) _ [ (I+xz+2t)e’ =1
qeee (y3> <y+A+B ’
where

B =®(x3) — ®(as) = &((1+z + 2t)e’ — 1) — B+ 2t).

In the next step, we get

tf tg th —tg _ [ T4 \ _ (1+z+2t)et —1—t
ge’ee e < >(y+A+B ,

tf tg th —tg —th _ [ T5 \ _ x4+ 2t —te?
gereree e (Z/s) <y+A+B+C ’

C = ®(ws) — Blas) = Pz + 2t — tet) — <I><(1 a4 2t)et — 1 t) .

and then
where

Then

tf tg th_—tg —th —tf _ [ T6 B x4+t —te?
ge’eve e e e <ye>(y+A+B+C+D ,

where
D = p(z6) — o(x5) = p(x +t —te™") — p(x + 2t —te™").
One more step yields

tf tg th —tg —th —tf th _ [ Tr Y\ _ [ (I+z+t)e —1—t
ge’e“e e e e 6<y7)(y+A+B+C+D+E ,
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where
E = ®(z7) — () :<I><(1+x+t)et—1—t> —D(rtt—te ).

Next, we have:

t
tf tg th,—tg,—th, —tf th,tg _ [ ¥8 | _ (I+z+t)e’ -1
gererere Te e mere <y8> <y—|—A+B—|—C’+D+E ’

g —th — _ x
qetfetgethe tge—the—tf gthotg —th _ ( y9 )
9

[ x+t
"\ y+A+B+C+D+E+F )’
where
F = ®(zg) — B(as) = Dz + 1) — @((1 +a+t)et — 1).
Finally, we get

S(t,q) — qetfetgethe—tge—the—tfethetge—the—tg —

10 o €T
yo ] \y+A+B+C+D+E+F )

So what we need to know is whether the sum S = A+ B+ C + D + E + F (which,
of course, depends on x, y, and t) is o(t3) for fixed (z,y), as t | 0. We will take
xz = 0, and use the fact that ¢(0) = 0. Then

S = o)+ <I>((1 +2t)et — 1) — D(2t) + D2t — tet) — <I>((1 +ot)et —1— t)
bt —te) — (2t —tet) + <I><(1 Ft)et —1— t)

— D(t—te ) + D(t) — @((1 +t)et — 1) :
S = (t)+®(e" — 1+ 2te') — ®(2t) + ®(2t —te™") — d(e’ — 1 + 2te’ — 1)
+ ot —te™) —p2t —te ) + (! — 1+ tel —t) — D(t —te™) + D(2)
— ®(e' —1+teh).

If 0 < t < 1, then the bounds ¢! < e, et < 1, ¢ — 1 < et, guarantee that all
the arguments of the ® and ¢ functions in the above expression lie in the interval
[0, 3et]. If we make the further restriction that ¢ < 55, this guarantees that all these
arguments belong to the interval [0, p], where p = %’ so p < 1. Let ¢ be an upper
bound for |o(s)|, for s € [0,p]. Then (50) implies that the functions ¢, ¢ satisfy
the bounds

652 683

sl <es,  lels)l <= |®(s)| <~ for s€[0,p].

Clearly, the function ® is Lipschitz on [0, 3et] with constant kt?, where k = s
Therefore, if in an expression ®(z) we replace x by &, where |Z — x| is bounded
by a constant x times ¢2, the resulting error will be O(t*), and will not affect our
asymptotic calculation to order t3. Hence the argument e! — 1 4 2te’ of the first ®
term can be replaced by 3t. Similarly, 2t —te™! can be replaced by ¢, et —1+2tet —t
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can be replaced by 2t, e! — 1 +tet —t can be replaced by t, t —te~! can be replaced
by 0, Aand et — 1 + te! can be replaced by 2t. The result is an expression S such
that S — S = o(t3), given by
S = o)+ ®(3t) — D(2t) + B(t) — D(21)
+o(t —te™) — (2t —te™") + B(t) — ®(0) + P(t) — B(2¢)

= o(t)+ ot —te™) — (2t —te™ ") + ®(3t) — 30(2t) + 3D(¢t).
A similar replacement is possible for the arguments of ¢, except that in this case
we only know that ¢ is Lipschitz on [0, 3et] with constant ct, so we can only replace
x by T if [T — x| = O(t3). Since t —te™t =2+ O(t3), and 2t —te~t =t + 12+ O(¢3),
we can replace S by S#, given by

S* = o(t) +o(t?) — p(t + 1) + B(3t) — 30(2t) + 30(t),
without changing the asymptotic behavior to order 3 as ¢t — 0. Finally, if we let

@@)Axﬂﬂdm

we have
s [ Lo e [Tre)
@(x)—@(m)f/o SD(T)(l—i—r 1>d = /0 1+7“d ,
SO . N N kx4
X)) — X x T T X T2 T=——.
B() = b(o) < [ fetar<ho [ rar= 5

Hence we can replace ® by ® without affecting the desired asymptotics. The result
is

S = o)+ o(t?) — @t + ) + O(3t) — 3B(2t) + 30(¢).

_ 7.2.2. Proof of Fact 1. We shall prove that if ¢ is differentiable at 0, then
S = o(t®) as t — 0, which is equivalent to Fact 1. Let a = ¢’(0). Then

G,.’EQ (1.’133

¥(z) = ax + o(x), o) = 3 + o(z?), and O(r) = e +o(z?).

In particular, o(t?) = ‘%4 + o(t*) = o(t®). Also,

t+t2 t+t2

p(t+12) —o(t) [, v(s)ds =)t + [[7 ((s) — (1)) ds

= (at + o(t))t? + ftt+t2 [ o(r)drds = at® + o(t®) + fttthQ [ o(r)drds

=at® + o(t?).
Finally
B(3t) — “(?gy o(®) = 27(‘3”3 ot
d(2t) = a(26t)3 +o(t?) = ? + o(t3),
a1 = Do),
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at?

D(31) - 3B(21) +38(t) = "

SO
(27 — 24+ 3) +o(t?) = at® + o(t?).

Hence
S = p(t)+p(t?) —p(t+t3)+®(3t) =3P (2t)+3®(t) = —at>+o(t®)+at>+o(t?) = o(t?),

and the proof is complete.
7.2.3. Proof of Fact 2. In order to prove Fact 2, let us evaluate S for a particular

choice of a bounded discontinuous o. We define
zeR, 27 <27k kez,

o(x)=(-DF if
and supplement the definition by letting o(z) = 0 for « < 0. Clearly, then,

o—k
/ o(z)dx = (—1)k27k-1,
2

—k—1

1 (~1k2F

Therefore
2—j
27k = dz = —1)ig—i—1
s = % /lecr(x) p= Y ()
JEL,j>k
1+% - 3

JEL,j=k

(71)]627]671 2(71)]27'] _ (71)16271671
j=0
Then, since 1 is linear on the interval [27%=1 27%] and has derivative equal to

(_1)k+12—k—1 N (_1)k(x B 2—k—1)

(—1)*, we find
P(e) = ) + (-1 -2 =
for z € R, 27%"1 < & <27% k € Z. We can then integrate this and find
ook = ’ dr — (2= k1) (5 — 9—k—1 1 p(z—27F1)2
ole)—p@ N = [l = v @ -2 4 ()R
)
L (_1)k+12—k—1 L (.T _ 2—k—1)2
o) — g2t = T L sy
In particular, if we take x = 27, so that © — 27%~1 = 27%~1 we get
-1 k+127k71 27k71 2
50(27]“) S0(27/7971)( ) 3 27}671 + (71)19( 5 )
o 11 (—1)k2—2k
— (ko222 _Z 1) = )
(=1) 3 * 2 24
Therefore
. ) _1)ig-2i
P(27%) = Vjez o #277) = (277 = ¥ep o T
_1)kg—2k 0 . _1)kg—2k _1)kg—2k _1)kg—2k
(=1 deo(—1)727% = : )24 x 1ii = )24 X g = ( )30 '

24
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)

Then (54) implies that, for 275~ < 2 < 27F (z) is given by
\k (z—27F1)2

_1\k+19—2k—2 _1\k+1l9—k—1
oy = 2 B2 gy (ap B2
ie., by
(_1)k —2k —k —k—1 —k—
(2 —20x 27"z —27% ) 4 60(x — 27F 1)2> (55)

(@) =159

We are going to use this expression to evaluate the ¢ part of S, taking t = tp, = 27%.

2—4k
— =0(t).

P(1}) = pl27) =

First, we observe that
To compute p(ty+t2)—p(t) we use (54) with k—1 instead of k, and z = 2% +272k,
We get

(D27 g2k (71)k+1(2_;k)2 _
—_1)k
2 #3 +0(th) .

oty +13) — p(ty) = 3
71 k _ 71 k+1 _ 71 k 71 k+1
(3) X23k+(; 4k::(3) th+(% t%:(s
Hence
—1)k+1
() + o) — ot +2) = T i Lo, (56)

In order to evaluate the ® part of S, taking t = ¢, = 2%, we need one more

integration. We have
O(z) - 2(271)

= e "N (@—27 ) + v ) (@ - 27F ) - g
_ k+1o—2k—2 o _ k+lg—k—1 . (57)
_ (=12 (x72k1)+%(1) 32 (x — 2 k—1)2
+(—6})’”’ (z — 27F1)3,
If we substitute 2% for z, we get
o(27F) — (2741
(*1)’“’3102_2’“_2 % 9-k=1 1 %(*1)’“4“312_’“1 (2-F-1y2 4 (*é)"' (2-F-1)3
o - 1 (—1)ktig—3k
(71)k+12 3k—3 % x5 = T )
Then
— _ — o — o 1 j+1273j
D) = T jenyon (8279) = 9277 = s o0 T
o (_1)k+1273k i0—37 (_1)k+12—3k
= 240 E;?io(_l)u = 240 x 1i%
(—1)F+1o—3k

_(—1)ktigk
= 240 X
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We now compute ®(3t;) — 3®(2t;) + 3®(t). For this purpose, we rewrite this
expression as (®(3ty) — ®(2t;)) — 20(2ty) + 3P (tx). To compute ®(3ty) — P(2¢x),
we observe that (57), with k replaced by k — 2, yields

O(x) — 2(2'7")

_1)k+192-2k _ _1)k+lgl—k _ _1\k _
_ )30 (z — 21 k)Jr%( )3 (z — 21 k)2+(61) (z — 21F)3.

Substitute x = 3ty, so x = 3 x 27F = 217F 1 27F ‘and x — 2! 7% = 27%_ Then (since
217k = 21;), we get

_1)k+192-2k 1 (—1)k+191—Fk
(1) gk LD -

(3t — O(2t) =
(3tx) (2tx) 30 5 3

(_l)k -3k ko—3k 4 1 1 k+19—3k 3
273k = (—1)ke 3R [ S~ 2 ) = (—1)ktH2 :
e =) 5 3°¢6) Y 10

The formula ®(27F) = % tells us that
_ (_1)k+12—3k
D(ty) = ———1—.
() 570
If we apply the formula with & — 1 instead of k, we get
= (—1)k23-3k ko—3k . 4
P2tp) = ——F— =(—1)"2 X —.
(2t) 270 (=1) 135
Hence

(B(3t) — D(2tr)) — 2B(2t) + 3D (tx) =
(—1)k+12—3k % % — 2<(—1)90k2—3k % %) +3<%> _

k -3k 3 8 1 _ k —3k 3Xx274+8%x243
(—1) +19-3 <I_O+ﬁ+%> —(—1) +lo—3k o 3X27T48x243 '2’_70>< +

— (_1)k+1273k % 81-;%3+3 _ (_1)k+1273k X % — (_1)Ic+1 %ti

If we combine this with (56), we find

S = o(te) +@(t7) — (tr + ;) + (D(3t) — ©(2ty)) — 20(2ty,) + 30(t)
(_1)k+1 3 4 k110 3
= 3 Xty +O(ty) + (=1)F 2—7tk

1 10
= (-~ <§ + 2—7> +O0(t)

19
= (VM4 0.

Hence S is not o(t?) as t | 0. As explained before, this shows that S(¢,0) is not
o(t?) as t | 0. Hence Fact 2 is proved.



(1
2]
(3]
(4]

(5]

6

(10]

(11]

(12]

Commutativity of flows of nonsmooth vector fields 37

References

Agrachev, A. and R. Gamkrelidze, “Exponential representation of flows and chronological
calculus.” Math. USSR Sbornik (Russian) 107, N4, 1978, pp. 487-532.

Agrachev, A. and R. Gamkrelidze, “Chronological algebras and nonstationary vector fields.”
Journal Soviet Math. 17, no.1, 1979, pp. 1650-1675.

Boldt, A. and C. Calcaterra, Flow-box Theorem for Lipschitz Continuous Vector Fields
Preprint (arXiv:math/0305207).

Clarke, F.H., Ledyaev, Yu.S., Stern, R.J., Wolenski, P.R., Nonsmooth Analysis and Control
Theory, GTM Springer, 1998.

Kawski, M., and H.J. Sussmann, “Noncommutative power series and formal Lie-algebraic
techniques in nonlinear control theory.” In Operators, Systems and Linear Algebra: Three
Decades of Algebraic Systems Theory, Kaiserslautern, 1997, U. Helmke, D. Praetzel-Wolters,
E. Zerz Eds.; B. G. Teubner Stuttgart, 1997, pp 111-129.

Pontryagin, L.S., V.G. Boltyanskii, R. V. Gamkrelidze and E.F.Mischenko, The Mathematical
Theory of Optimal Processes. Wiley, New York, 1962.

Rampazzo, F. and H.J. Sussmann., “Set-valued differentials and a nonsmooth version of
Chow’s theorem.” In Proc. 40th IEEE Conference on Decision and Control; Orlando,
Florida, Dec. 2001, Vol. 3, pp. 2613-2618.

Simic, S., “Lipschitz distributions and Anosov flows.” Proc. AMS, 124 , 1996, pp. 1869-1877.
Sussmann, H.J., “A maximum principle for hybrid optimal control problems.” In Proc. 38th
IEEE Conf. Decision and Control, Phoeniz, AZ, Dec. 1999. IEEE publications, New York,
1999, pp. 425-430.

Sussmann, H.J., “Résultats récents sur les courbes optimales.” In 15¢ Journée Annuelle de
la Société Mathémathique de France (SMF'), Publications de la SMF, Paris, 2000, pp. 1-52.
Sussmann, H.J., “New theories of set-valued differentials and new versions of the maxi-
mum principle of optimal control theory.” In Nonlinear Control in the year 2000, A. Isidori,
F. Lamnabhi-Lagarrigue and W. Respondek Eds., Springer-Verlag, London, 2000, pp. 487-
526.

Sussmann, H.J., “Set-valued differentials and the hybrid maximum principle.” In Proc.
39th IEEE Conf. Decision and Control, Sydney, Australia, December 12-15, 2000, IEEE
publications, New York, 2000.



