This paper is going to appear in S.I.A.M. J. Control and Optimization. The date of this version is February 8, 1999. This version supersedes all previous drafts.

Continuous dependence with respect to the input of trajectories of control-affine systems^∗

Wensheng Liu^† and Héctor J. Sussmann^‡

Abstract. We study the continuous dependence on the input of trajectories of control-affine systems belonging to the class C^0(m) of all systems Σ of the form

Σ : ẋ = f_0(x) + m∑ i=1 u_i(t)f_i(x),

where f_0, . . ., f_m are continuous vector fields on some open subset of R^n and the control functions belong to L^1([0, T ], R^m). We give a simple necessary and sufficient condition for a control sequence {u^j }^∞_{j=1} to “T^0-converge” to a control u^∞, i.e., to be such that, for every system Σ in C^0(m), the trajectories generated by the u^j converge as j → ∞ to the trajectories generated by u^∞. We also characterize T^k-convergence (the concept of control convergence that arises when we use, instead of C^0(m), the class C^k (m) of systems Σ where the f_i are of class C^k ) for k ≥ 1 in the scalar input case, and we explain how the analogous characterization for the multi-input case fails to be true, unless one restricts oneself to the class C^k_{comm} (m) of systems for which the vector fields f_1, . . ., f_m commute. As a preliminary, we define a “topology of trajectory convergence” (or “T-convergence”) on the set of all time-varying vector fields Ω × I ∋ (x, t) → f(x, t) ∈ R^n, where Ω is an open subset of R^n and I is an interval, and we study some of its properties. This enables us to make the definition of T^k-convergence precise for sequences and, more generally, for nets, by saying that a net {u^α}_{α∈A} in L^1([0, T ], R^m) T^k-converges to a limit u^∞ if for every system Σ in C^k (m) the time-varying vector fields (x, t) → f_0(x) +

∑_m i=1 u^α_i (t)f_i(x) T^k -converge to (x, t) → f_0(x) +

∑_m

i=1 u^∞_i (t)f_i(x).

Key words. Control-affine systems, continuous dependence. Abbreviated title. Continuous Dependence on the Controls. AMS subject classifications. 34A10, 34H05, 94C10, 94C15.

∗Research supported in part by NSF Grant DMS95-00798 and AFOSR Grant 0923. †Department of Mathematics, Rutgers University, Piscataway, NJ, 08854-8019. ‡Department of Mathematics, Rutgers University, Piscataway, NJ, 08854-8019. E−mail: sussmann@hamilton.rutgers.edu ; WWWeb: http://math.rutgers.edu/~sussmann; Fax: 732/445-5530.

1 Introduction

In the control theory literature, the property of continuous dependence of the trajectories with respect to the control has received wide attention (cf. [1], [2], [3], [5], [7], [9], [12], [19], [20]), because of its fundamental role in proofs of closedness of reachable sets, existence of optimal controls, and continuity or lower semicontinuity of value functions. It is clear that continuous dependence always holds for trivial reasons if the space of input functions is given a sufficiently strong topology, but continuous dependence results are useful only when the topology involved is reasonably weak. (For example, many existence theorems for optimal controls depend on the fact that the space of inputs is compact, or has many compact subsets.) Thus it is of interest to determine concepts of convergence of inputs that lead to continuous dependence of trajectories and are as weak as possible.

In this paper we characterize the weakest possible concept of convergence of a sequence of input functions such that the trajectories depend continuously on the input for all control-affine systems of the form

ẋ = f_0(x) + m∑ i=1 u_if_i(x) , x ∈ Ω , (1)

with a right-hand side continuous with respect to the state variable x, and we prove some results on the corresponding problem for more restricted classes of systems. These questions are in fact special cases of the following more general situation: we are given

(a) a set U of input functions t → u(t) defined on an interval I, (b) a class C of control systems Σ of the form ẋ = g(x, u), all of which admit the members of U as inputs.

We then seek to characterize the weakest topology T on U with the property that, if U is equipped with T , then

(CD) the trajectories of Σ depend continuously on the input u ∈ U for all systems Σ in C.

Let us write T (U, C) to denote this topology, and assume temporarily that the definition of T (U, C) has been justified, by

(J1) assigning a mathematically precise meaning to (CD)

(J2) proving the existence of a weakest topology on U for which (CD) holds.

Then the problems to be studied here are those of characterizing the topology T (U, C) in two cases, namely, (i) when C is the class C^0(m) of all systems of the form (1), with f_0, . . ., f_m continuous vector fields on some open subset Ω of some Euclidean space R^n, and (ii) when C is an interesting subclass of C^0(m), such as the set C^1(m) of all systems (1) with C^1 vector fields. The input space U will be L^1([0, T ], R^m), the set of all Lebesgue-integrable functions t → u(t) = (u_1(t), . . ., u_m(t)) on some fixed interval [0, T ]. Convergence with respect to T (L^1([0, T ], R^m), C^0(m)) will be called “T^0-convergence.” For case (i), we will provide a complete and rather simple characterization of sequential T^0-convergence by showing that a sequence {u^j } T^0-converges to a limit u^∞ if and only if the indefinite integrals t →

∫_t 0 u^j (s)ds converge uniformly on [0, T ] to t → ∫_t 0 u^∞(s)ds and in addition sup_j ‖u^j ||_L1 < ∞. (Naturally, in order to provide a complete characterization of the topology T (L^1([0, T ], R^m), C^0(m)), we should not limit our analysis to sequences, and should seek instead to characterize T^0-convergence of nets. This, however, appears to be a much more difficult question, as explained below, on which we will only be able to present some partial results.) For case (ii), we provide an even simpler characterization of T (L^1([0, T ], R^1), C^1(1))-convergence of general nets {u^α}_{α∈A} to a limit u^∞, by showing that it is equivalent to uniform convergence on [0, T ] of the indefinite integrals t →

∫_t 0 u^α(s)ds to the limit t →

∫_t 0 u^∞(s)ds. This result is, however, valid only for the single-input case. To explain why, we analyze the m-input situation and prove, in Sections 5 and 6, two results (Theorems 4 and 5), according to which (a) a characterization similar to that for m = 1 is true for general m on the class C^1_{comm}(m) of systems (1) with C^1 vector fields such that all the Lie brackets [f_j , f_k] for j, k ∈ {1, . . ., m} vanish, and (b) the result becomes false for any class C that contains at least one system in C^1(m)\C^1_{comm}(m). This shows that Lie brackets are intimately related to input convergence, and ought to play a decisive role in any effort to achieve a better understanding of T (L^1([0, T ], R^m), C^1(m))- convergence for m > 1.

So far, we have assumed that steps (J1) and (J2) had been carried out. We explain how this is done in Section 2, where we define, on the set T V V F (Ω, I) of all time-varying vector fields f : Ω × I → R^n (where Ω is an open subset of R^n and I is a subinterval of R), a topology T_T (Ω, I)—called the topology of trajectory convergence, or T-convergence—and argue that this topology captures the concept of “continuous dependence with respect to f of the solutions of the ordinary differential equation ẋ = f(x, t).” This topology takes into account the possibility of explosions and nonuniqueness of solutions—a fact of paramount importance for us, since, typically, the time-varying vector fields that arise from the systems (1) are continuous only with respect to x—and we will show in Section 2 that it has all the right properties, at least when restricted to the set T V V F_{Car,LIB} (Ω, I) of those f’s that satisfy the Carathéodory condition (i.e., are such that f is measurable in t for each x and continuous in x for each t) and are “locally integrably bounded,” i.e., that satisfy, for every compact subset K of Ω, an integral bound

||f(x, t)|| ≤ φ_K(t) for (x, t) ∈ K × I ,

with a locally integrable function φ_K : I → R. Moreover, the topology induced by T_T (Ω, I) on the subset T V V F_{Car,LIB} (Ω, I) of T V V F (Ω, I) is the weakest topology on T V V F_{Car,LIB} (Ω, I) that gives rise to joint continuous dependence of the solutions on f and the initial condition.

Having defined T_T (Ω, I), it is clear how to interpret (CD) and how to define T (U, C): if Σ ∈ C is of the form ẋ = g^Σ(x, u), x ∈ Ω^Σ, then each input t → u(t) belonging to U gives rise to a time-varying vector field f^Σ(u) ∈ T V V F (Ω^Σ, I), defined by f^Σ(u)^{def}= the map (x, t) → g^Σ(x, u(t)) . (2)

Then f^Σ is the input-to-vector-field map associated with Σ. If T is a topology on U, then the statement that “the trajectories of Σ depend continuously on the input with respect to T ” can be translated as “f^Σ is continuous as a map from U, equipped with T , to T V V F (Ω^Σ, I), equipped with T_T (Ω^Σ, I).” Then the formal definition of T (U, C) is simply the following:

T (U, C) is the weakest topology on U that renders all the input-to-vector-field maps f^Σ : U → T V V F (Ω^Σ, I) continuous, for all Σ ∈ C, when each T V V F (Ω^Σ, I) is given the topology T_T (Ω^Σ, I) of trajectory convergence.

To analyze in more detail the special case when U = L^1([0, T ], R^m) and C is the class C^0(m), let us agree to use f^Σ_i to denote the vector fields f_i corresponding to a given system Σ ∈ C^0(m) of the form (1), and let us go on using Ω^Σ to denote the state space of Σ. Write U^m_T^{def}= L^1([0, T ], R^m). As before, use “T^0-convergence” for “convergence with respect to T (U^m_T , C^0(m)).” Then our problem is to determine necessary and sufficient conditions for a sequence {u^j }^∞_{j=1} of functions belonging to the input space U^m_T to T^0-converge to an input u^∞ ∈ U^m_T , i.e., for the following property to hold:

(TC) for every possible choice of the system Σ ∈ C^0(m), the time-varying vector fields f^Σ(u^j ) T-converge to f^Σ(u^∞).

As will be explained in Section 2, one may substitute for (TC) either one of the following conditions, both of which turn out in fact to be equivalent to (TC):

(TC’) For every possible choice of the system Σ ∈ C^0(m), if (i) ξ^j are maximal trajectories of (1) corresponding to the u^j and satisfying the initial conditions ξ^j (0) = x̄^j ∈ Ω^Σ, (ii) x̄^j → x̄ ∈ Ω^Σ, and (iii) for the limiting initial value problem

ẋ = f^Σ(u^∞)(x, t)^{def}= f^Σ_0 (x) + m∑ i=1 u^∞_i (t)f^Σ_i (x) , x(0) = x̄ (3)

there is uniqueness of solutions as well as global existence on [0, T ], then the ξ^j are defined on [0, T ] for j large enough and converge uniformly on [0, T ] to the unique maximal solution ξ^∞ of (3).

(TC”) For every possible choice of the system Σ ∈ C^0(m), if (i) x̄ ∈ Ω^Σ, (ii) ξ^j are maximal trajectories of (1) corresponding to the u^j and satisfying ξ^j (0) = x̄, and (iii) the initial value problem (3) has uniqueness of solutions as well as global existence on [0, T ], then the ξ^j are defined on [0, T ] for j large enough and converge uniformly on [0, T ] to the unique maximal solution ξ^∞ of (3).

Notice that (TC’) asserts “joint continuous dependence on the input and the initial condition,” whereas (TC”) makes the weaker assertion of “continuous dependence on the input for each fixed initial condition,” so the implication (TC’)⇒(TC”) is trivial, but the converse (TC”)⇒(TC’) is not at all obvious. (Example A.3 in the appendix shows that for a general sequence {f^j } of timevarying vector fields it need not be true that convergence for each fixed initial condition of the trajectories of f^j to those of an f ∈ T V V F (Ω, I) implies convergence of trajectories for convergent initial conditions.)

Our characterization of sequential T^0-convergence will be formulated in terms of a type of convergence somewhat weaker than other concepts of weak convergence previously considered in the literature. Precisely, let us say that a net {u^α}_{α∈A} ⊆ U^m_T based on a directed set (A, ⪯_A) converges in the integral sense (or, for short, I-converges) to a u^∞ ∈ U^m_T , if the following holds:

(IC) The indefinite integrals U^α(t) =

∫_t 0 u^α(s)ds converge uniformly with respect to t ∈ [0, T ] to U^∞(t) =

∫_t 0 u^∞(s)ds.

Also, let us say that {u^α}_{α∈A} satisfies the uniform boundedness condition if

(UB) There exist a constant C > 0 and an α_0 ∈ A such that ‖u^α‖_L1 ≤ C whenever α_0 ⪯_A α.

Our main result (Theorem 1) then says that a sequence {u^j }^∞_{j=1} in U^m_T T^0- converges to a function u^∞ ∈ U^m_T if and only if {u^j }^∞_{j=1} satisfies (UB) and Iconverges to u^∞. An alternative formulation is in terms of uniform weak convergence. We say that a net {u^α}_{α∈A} UW-converges to a limit u^∞ if the following holds.

(UWC) For every continuous function φ : [0, T ] → R, if we define R^m-valued functions U^α_φ by U^α_φ (t) =

∫_t 0 u^α(s)φ(s)ds for α ∈ A ∪ {∞}, then the U^α_φ converge to U^∞_φ uniformly on [0, T ].

For sequences, it is easily seen (cf. Section 4) that the conjunction (IC)∧(UB) is equivalent to (UWC), so Theorem 1 says in fact that a sequence {u^j }^∞_{j=1} T^0- converges to a limit u^∞ if and only if it UW-converges to u^∞.

For more general nets, the condition (IC)∧(UB) still implies T^0-convergence, which in turn implies UW-convergence, but the reverse implications no longer hold. (This is shown in the appendix by means of two examples.) Thus, although Theorem 1 provides a complete characterization of sequential T^0-convergence in U^m_T , it does not give a full characterization of the topology itself. To get such a characterization, one would have to understand T^0-convergence of nets, and we have not yet been able to find a satisfactory characterization of T^0-convergence of nets, comparable in simplicity to our results for sequences.

For sequences, the condition (IC)∧(UB) or, equivalently, (UWC), is strictly weaker than weak convergence in L^1([0, T ], R^m), as explained in Section 7. In addition, the characterization of sequential T^0-convergence in U^m_T depends crucially on the fact that we are working with the collection of all systems in C^0(m). We could equally well have defined a concept of T^k -convergence for any integer k ≥ 0 by just taking C to be the class C^k (m) of all systems of the form (1) with vector fields f_i of class C^k . But then it is no longer obvious that condition (UB) is still necessary for sequential T^k-convergence for k ≥ 1. (The proof that (UB) is necessary for sequential T^0-convergence in U^m_T depends on using the uniform boundedness theorem and requires that we admit systems with an arbitrary continuous right-hand side. On the other hand, the necessity of (IC) depends only on the fact that the systems ẋ = u_i, i = 1, . . ., m are in our class, so (IC) is still necessary for trajectory convergence for practically any reasonable class of systems.) In fact, we show in Section 5 that a sequence {u^j }^∞_{j=1} ⊆ U^1_T may T^k-converge to a u^∞ ∈ U^1_T even though (UB) fails.

To our knowledge, the problem of characterizing sequential T^k-convergence in U^m_T for k ≥ 1 is still open for m > 1, and appears to be quite difficult. The case m = 1 is special, as explained in Section 5, where we give a complete characterization (in Theorem 3) of the topology T (U^1_T , C^1(1)) by showing that a net {u^α}_{α∈A} ⊆ U^1_T T (U^1_T , C^1(1))-converges to a limit u^∞ iff the u^α I-converge to u^∞. The profound reason why this characterization is possible for m = 1 but not for m > 1 is provided by Theorems 4 and 5: Theorem 4 shows that the condition of Theorem 3 is necessary and sufficient, for general m, for T (U^m_T , C)- convergence of the u^α to u^∞, if we take C = C^1_{comm}(m), the class of systems (1) where the f_i are of class C^1 and f_1, . . ., f_m commute (i.e., the Lie brackets [f_i, f_j ] vanish for 1 ≤ i, j ≤ m), whereas Theorem 5 shows that for any class C such that C^1_{comm} (m) ⊆ C ⊆ C^1(m) and C ≠ C^1_{comm}(m), the condition no longer suffices for T (U^m_T , C)-convergence, because there exists a sequence {u^j }^∞_{j=1} such that (1) ∫_t 0 u^j (s)ds → 0 uniformly;

(2) for every Σ ∈ C there is a time-varying vector field h^Σ ∈ T V V F (Ω^Σ, [0, T ]) such that the {f^Σ(u^j )} T-converge to h^Σ;

(3) it is not true that h^Σ = f^Σ(0) for all Σ ∈ C.

(What really happens is that the sequence {u^j } T (U^m_T , C)-converges to a “generalized input” that is no longer an ordinary input. A more detailed discussion of these issues is provided in §6.)

The paper is organized as follows. In Section 2 we present the definition and basic properties of the topology of T-convergence. We then give, in Section 3, our precise definition of T^0-convergence. The main theorem (Theorem 1) of the paper is stated and proved in Section 4. In Section 5 we discuss how the situation changes when T^k -convergence for k ≥ 1 is considered instead of T^0-convergence. In Section 6 we briefly discuss some of the phenomena that can cause a sequence {f^Σ(u^j )} to T-converge to something other than its limit f^Σ(u^∞), in particular the occurrence of Lie bracket terms. Section 7 discusses how our continuous dependence conditions relate to those of Buttazzo-Conti, Kurzweil-Vorel and Neustadt, and shows that our T^0-convergence conditions for sequences in L^1([0, T ], R^m) are weaker than weak convergence in L^1. Finally, we include an appendix that presents three examples, showing (i) that UWconvergence of nets does not imply T^0-convergence, (ii) that T^0-convergence of nets does not imply the uniform boundedness condition (UB), and (iii) that, for general time-varying vector fields, “continuous dependence of trajectories for every fixed initial condition” does not imply “joint continuous dependence of trajectories on the vector field and the initial condition.”

2 The topology of trajectory convergence

We begin by giving a precise meaning to the “T-convergence” condition that appears in (TC).

In what follows, the word “interval” means “connected, nonempty subset of R.” An interval is nontrivial if it is not reduced to a single point.

If Ω is a metric space, we use d_Ω to denote the corresponding distance function. A curve in Ω is a continuous map ξ from an interval I ⊆ R to Ω. If I is compact, then ξ will be called an arc in Ω. We use ARC(Ω) to denote the set of all arcs in Ω. For every −∞ < a ≤ b < ∞, we let C^0([a, b], Ω) denote the set of all arcs in Ω whose domain is [a, b]. Then

ARC(Ω) = ⋃ −∞<a≤b<∞

C^0([a, b], Ω) . (4)

For each ξ ∈ ARC(Ω), we let a(ξ), b(ξ) be the unique a, b such that ξ belongs to C^0([a, b], Ω). If ξ ∈ ARC(Ω), let ξ̃ be the continuous curve ξ̃ : R → Ω obtained by extending ξ to the whole real line by just letting ξ̃ be constant on ] − ∞, a(ξ)] and on [b(ξ), +∞[ . We topologize ARC(Ω) by means of the metric d_{ARC} : ARC(Ω) × ARC(Ω) → R given by

d_{ARC} (ξ, η) = |a(ξ) − a(η)| + |b(ξ) − b(η)| + sup{d_Ω(ξ̃(t), η̃(t)) : t ∈ R} .

Then a sequence {ξ^j } of arcs, possibly defined on different time intervals [a^j , b^j], converges to an arc ξ : [a, b] → Ω, if (i) a^j → a, (ii) b^j → b, and (iii) ξ^j → ξ uniformly, i.e., ξ^j (t^j ) → ξ(t) whenever t^j ∈ [a^j , b^j], t^j → t.

If ξ : J → Ω is a curve, the graph of ξ is the set G(ξ) = {(ξ(t), t) : t ∈ J}. If ξ_i : [a_i, b_i] → Ω for i = 1, 2 are arcs in Ω, then the concatenation ξ_1#ξ_2 is defined if and only if b_1 = a_2 and ξ_1(b_1) = ξ_2(a_2), and is the arc whose graph is G(ξ_1) ∪ G(ξ_2). Concatenation is an associative partially defined binary operation on ARC(Ω).

A subset A ⊆ ARC(Ω) is bounded if there is a compact subset K of Ω × R such that G(ξ) ⊆ K for all ξ ∈ A. We call A equicontinuous if for every ε > 0 there exists δ > 0 such that d_Ω(ξ(t), ξ(s)) < ε whenever ξ ∈ A, t, s ∈ [a(ξ), b(ξ)], and |t − s| ≤ δ. It is then clear that a subset A of ARC(Ω) is relatively compact iff A is bounded and equicontinuous.

An arc system in Ω with time domain I is a subset A of ARC(Ω) such that

(AS.1) G(ξ) ⊆ Ω × I for every ξ ∈ A, (AS.2) A contains every arc in Ω whose domain is of the form {t} for t ∈ I,

(AS.3) A is closed under concatenations (that is, if ξ_1, ξ_2 are in A and ξ_1#ξ_2 is defined, then ξ_1#ξ_2 ∈ A), (AS.4) A is closed under restrictions (that is, if ξ ∈ A and a(ξ) ≤ α ≤ β ≤ b(ξ), then the restriction ξ⌈[α, β] of ξ to [α, β] is in A).

We use AS(Ω, I) to denote the set of all arc systems in Ω with time domain I. If A ∈ AS(Ω, I) and K ⊆ Ω × I, we write

A(K)^{def}= {ξ ∈ A : G(ξ) ⊆ K} . (5)

If A ∈ AS(Ω, I), then it follows easily that, if (i) the arcs ξ_1, . . ., ξ_m belong to A, (ii) [a(ξ_1), b(ξ_1)] ∪ · · · ∪ [a(ξ_m), b(ξ_m)] is an interval, (iii) ξ_i⌈I_i ∩ I_j = ξ_j ⌈I_i ∩ I_j for all i, j ∈ {1, . . ., m}, where we write I_ℓ = [a(ξ_ℓ), b(ξ_ℓ)] for ℓ ∈ {1, . . .m}, and (iv) we let ξ_1 ∨ · · · ∨ ξ_m be the arc whose graph is G(ξ_1) ∪ . . . ∪ G(ξ_m), then ξ_1 ∨ . . . ∨ ξ_m is also in A.

If A ∈ AS(Ω, I), we define A^# to be the set of all curves ξ : J → Ω such that J is a subinterval of I and ξ⌈L ∈ A for every compact subinterval L of J. The members of A^# will be called A-curves. An A-curve ξ ∈ A^# is maximal if there does not exist η ∈ A^# such that G(ξ) is a proper subset of G(η). We use A^#_{max} to denote the set of all maximal elements of A^#. A trivial application of Zorn’s lemma shows that, if A ∈ AS(Ω, I), then every ξ ∈ A^# can be extended to an η ∈ A^#_{max}. This implies, in particular, that through every point of Ω × I there passes the graph of a ξ ∈ A^#_{max}.

If A ∈ AS(Ω, I), we say that A has the compactness property if for every compact subset K ⊆ Ω × I the set A(K) is compact in ARC(Ω). We say that A has the local existence property if for every (x, t) ∈ Ω × I there exists ξ ∈ A such that t belongs to the interior of [a(ξ), b(ξ)] relative to I and ξ(t) = x. We use AS_{comp,le}(Ω, I) to denote the set of all A ∈ AS(Ω, I) that have the compactness property and the local existence property.

Proposition 1 Let Ω be a locally compact metric space, and let I ⊆ R be an interval. Assume that A ∈ AS_{comp,le}(Ω, I). Let ξ : J → Ω be a curve in A^#. Then ξ ∈ A^#_{max} if and only if (i) J is relatively open in I and (ii) for every compact subset K of Ω × I the set {t ∈ J : (ξ(t), t) ∈ K} is compact.

PROOF. Let t_+ = sup J, t_− = inf J.

Suppose first that (i) and (ii) hold, but ξ is not maximal. Let η ∈ A^# be an extension of ξ to a strictly larger interval J^′. Pick s ∈ J^′\J. Then either s ≥ t_+ or s ≤ t_−. Assume that s ≥ t_+. (The other case is similar.) Then t_+ ∈ I, because t_+ ≤ s ∈ I and t_+ ≥ t for some t ∈ J ⊆ I. Therefore t_+ /∈ J, because J is relatively open in I by (i). Pick t ∈ J. Let K_0 be the set {η(τ) : t ≤ τ ≤ t_+}. Let K = K_0 × [t, t_+]. Then K is compact, so the set L = {τ ∈ J : (ξ(τ), τ) ∈ K} is compact by (ii). But this is a contradiction, because [t, t_+[ ⊆ L but t_+ /∈ L.

Now assume that ξ is maximal. Suppose that J is not relatively open in I. Then either t_+ ∈ J and t_+ < sup I or t_− ∈ J and t_− > inf I. Assume that t_+ ∈ J and t_+ < sup I, the other case being similar. By the local existence property, there is an η ∈ A for which η(t_+) = ξ(t_+) and whose domain Q contains t in its interior relative to I. By the restriction property, we may assume that the domain of η is of the form [t_+, t_+ + ε] for some ε > 0. But then G(ξ) ∪ G(η) is the graph of an arc in A^#, contradicting the maximality of ξ. So J is relatively open in I, as stated.

Let K ⊆ Ω × I be compact, and assume that L = {t ∈ J : (ξ(t), t) ∈ K} is not compact. Then in particular L ≠ ∅. Let π : Ω × I → I be the projection map (x, t) → t. Let b = sup L, a = inf L. Then a ∈ I and b ∈ I, because L ⊆ π(K) ⊆ I, and π(K) is compact. Also, a < b, since if a = b then L would be equal to {a}, which is compact. Since L ⊆ [a, b] and L is not compact, there exists a sequence {t_j } in L that converges to a limit t̄ /∈ L. On the other hand, the open interval ]a, b[ is contained in J. If a < t̄ < b, it would follow that ξ(t_j ) → ξ(t̄), so (ξ(t̄), t̄) would be in K, and t̄ would belong to L. Therefore either t̄ = a or t̄ = b. Assume t̄ = b, the case when t̄ = a being similar. Since (ξ(t_j ), t_j ) ∈ K, which is compact, we may assume, after passing to a subsequence, that x̄ = lim_{j→∞} ξ(t_j ) exists. Clearly, (x̄, t̄) ∈ K. Let K^′_0, be a compact neighborhood of x̄ in Ω, and let J^′_0 be a compact subinterval of I such that t̄ belongs to the interior of J^′_0 relative to I. Let K^′ = K^′_0 × J^′_0. Let ε > 0 be such that x ∈ Ω, t ∈ I, ||x − x̄|| ≤ ε, |t̄ − t| ≤ ε implies (x, t) ∈ K^′. Using the compactness property for A, we can infer that A(K^′) is equicontinuous, so there exists a δ > 0 such that η ∈ A, G(η) ⊆ K^′ implies ||η(t) − η(s)|| ≤^ε_3 whenever |t − s| ≤ δ. Pick j so large that b − t_j < δ and ||ξ(t_j ) − x̄|| <^ε_3 . Then ξ([t_j , b[) ⊆ K^′_0. (Otherwise, let τ = inf{t ∈ [t_j , b[: ξ(t) /∈ K^′_0}. Then t_j < τ < b, ξ(τ) ∈ K^′_0, and ξ⌈[t_j , τ] ∈ A(K^′). Since τ − t_j < δ, we have ||ξ(τ) − ξ(t_j )|| <^ε_3 , so ||ξ(τ) − x̄|| <^{2ε}_3 , and then ξ(τ) is an interior point of K^′_0. But then ξ(t) ∈ K^′_0 for t > τ, t − τ small enough, contradicting the definition of τ.) Using equicontinuity again, for the set of arcs {ξ⌈[t_j , t] : t_j ≤ t < b} ⊆ A(K^′), we see that the limit of ξ(t) as t ↑ b must exist. Therefore lim_{t↑b} ξ(t) = x̄. Then the arcs ξ⌈[t_j , t] converge to η as t ↑ b, where η : [t_j , b] → Ω is such that η⌈[t_j , b[= ξ⌈[t_j , b[ and η(b) = x̄. By the compactness property, η ∈ A. Therefore, if we extend ξ to J ∪ {b} by letting ξ(b) = x̄, we see that the extension belongs to A^#. Since ξ is maximal, we conclude that b ∈ J and ξ(b) = x̄. Since (x̄, b) = lim_{j→∞}(ξ(t_j ), t_j ), we see that (x̄, b) ∈ K, so b ∈ L, contradicting the fact that b = t̄ /∈ L.

If X is a set, we use 2^X to denote the set of all subsets of X. If X is a topological space, we can topologize 2^X as follows. For each open subset U of X, let V (U) = {S ∈ 2^X : S ⊆ U} . (6)

We then let T_{U SC} (X) denote the set of all subsets S of 2^X such that S = ∪_αV (U_α) for some family {U_α} of open subsets of X. Then T_{U SC} (X) is a topology on 2^X . We will call it the USC topology on 2^X , because of its relation to uppersemicontinuity of set valued maps. (If Y is a topological space, a set-valued map F : Y → 2^X is upper semicontinuous if and only if it is continuous as a map from Y to (2^X , T_{U SC}(X)).) The name upper semifinite topology has also been used in the literature, cf. e.g. [17].

If Ω is a metric space and I is an interval, then for every subset K of Ω×I we have a set-valued map T_{Ω,I,K} : AS(Ω, I) → 2^{ARC(Ω)} given by T_{Ω,I,K} (A) = A(K). As K ranges over all the compact subsets of Ω × I, we have a collection of maps T_{Ω,I,K} from AS(Ω, I) to 2^{ARC(Ω)}. Therefore there exists a weakest topology on AS(Ω, I) that renders all the maps T_{Ω,I,K} continuous, where 2^{ARC(Ω)} is equipped with the USC topology. This topology will be called the topology of trajectory convergence (or simply T-convergence) and be denoted by T_T (Ω, I). If {A^α}_{α∈A} is a net in AS(Ω, I) and A ∈ AS(Ω, I), we say that {A^α}_{α∈A} T-converges to A (and write A^α −−−→^T A) if the A^α converge to A in T_T (Ω, I).

Let Ω be a metric space, let ξ : I → Ω be a curve, and assume that {ξ^α}_{α∈A} is a net of curves in Ω, with Dom(ξ^α) = I^α. We say that the ξ^α converge to ξ on compact sets if for every compact subset J ⊆ I, there exists an α^∗(J) such that (i) J ⊆ I^α for α ⪰_A α^∗(J) and (ii) the ξ^α⌈J converge uniformly to ξ⌈J.

We say that a net {A^α}_{α∈A} in AS(Ω, I) converges to A ∈ AS(Ω, I) in the maximal curve convergence sense if, whenever {(x^α, t^α)}_{α∈A} is a net of points in Ω × I that converges to a limit (x̄, t̄) ∈ Ω × I, and {ξ^α}_{α∈A} is a net such that for each α ∈ A ξ^α ∈ (A^α)^#_{max} and ξ^α(t^α) = x^α, it follows that there exist a ξ^∞ ∈ A^#_{max}, with domain I^∞ ⊆ I, such that ξ^∞(t̄) = x̄, and a subnet {ξ^{μ(β)}}_{β∈B} of {ξ^α}_{α∈A} that converges to ξ^∞ on compact sets.

Proposition 2 Let Ω be a locally compact metric space, and let I ⊆ R be an interval. Suppose that {A^α}_{α∈A} is a net in AS_{comp,le}(Ω, I), and A belongs to AS_{comp,le}(Ω, I). Then the following conditions are equivalent:

(I) the A^α T-converge to A;

(II) every subnet of {A^α}_{α∈A} converges to A in the maximal curve convergence sense.

PROOF. The implication (II)⇒(I) is trivial. Indeed, suppose (II) holds, and let K be a compact subset of Ω × I. Since A(K) is compact, a fundamental system of neighborhoods of A(K) in 2^{ARC(Ω)} is given by the sets

V_ε = {ξ ∈ ARC(Ω) : d_{ARC} (ξ, A(K)) < ε}

for ε > 0. So it suffices to fix ε and prove that A^α(K) ⊆ V_ε for sufficiently large α. If this was not so, there would exist a subnet {A^{μ(β)}}_{β∈B} of {A^α}_{α∈A} such that there are ξ^β ∈ A^{μ(β)}(K) for which d_{ARC} (ξ^β , A(K)) ≥ ε. Extend each ξ^β to a ξ̃^β ∈ (A^{μ(β)})^#_{max}. Pick t^β ∈ Dom(ξ^β) in an arbitrary fashion, and let x^β = ξ^β(t^β ). Then (x^β, t^β ) ∈ K, so by passing to a subnet if necessary we may assume that (x^β, t^β) converges to a limit (x̄, t̄). Using (II) we may assume, after passing to a subnet, that there exists a ξ̃ ∈ A^#_{max} such that ξ̃(t̄) = x̄ and ξ̃β → ξ̃ on compact sets. After passing once again to a subnet, we may assume that a(ξ^β ) and b(ξ^β) have limits a, b, both belonging to I. Let J = Dom(ξ̃). We will prove that a ∈ J and b ∈ J. Since both proofs are similar, we will only show that b ∈ J. Suppose that b /∈ J. Let c = sup J, so c ≤ b. Since b ∈ I, and J is relatively open in I, we have c /∈ J. This implies in particular that c > t̄, since t̄ ∈ J. Pick c^′ ∈ [t̄, c[ . Then [t̄, c^′] ⊆ J, so [t̄, c^′] ⊆ Dom(ξ̃^β) for large β, and ξ̃^β⌈[t̄, c^′] → ξ̃⌈[t̄, c^′] uniformly. Since b(ξ^β) → b > c^′, we have b(ξ^β) > c^′ for large β. Since a(ξ^β) ≤ t^β → t̄ < c^′, we have a(ξ^β) < c^′ for large β. Therefore c^′ ∈ Dom(ξ^β) for large β, so ξ̃(c^′) = lim ξ^β (c^′). Therefore (ξ̃(c^′), c^′) ∈ K. Since this is true for c^′ < c but arbitrarily close to c, and the set L = {t ∈ J : (ξ̃(t), t) ∈ K} is compact by Proposition 1, we conclude that c ∈ L, so in particular c ∈ J, which is a contradiction.

So a and b belong to J. Therefore [a, b] ⊆ Dom(ξ̃^β) for large β, and ξ̃^β ⌈[a, b] converges to ξ̃⌈[a, b]. Since a(ξ^β) → a, and b(ξ^β) → b, given any s ∈ [a, b] we can find s^β ∈ Dom(ξ^β) such that a^β ≤ s^β ≤ b^β and s^β → s. Therefore ξ^β (s^β) → ξ̃(s). So (ξ̃(s), s) ∈ K. This shows that the restriction ξ of ξ̃ to [a, b] is in A(K). Therefore d_{ARC} (ξ^β , ξ) ≥ ε. On the other hand, ξ^β → ξ in ARC(Ω), so d_{ARC} (ξ^β, ξ) → 0. This contradiction proves that (II)⇒(I), as stated.

We now prove that (I)⇒(II). Assume that the net {A^α}_{α∈A} T-converges to A. We want to show that every subnet of {A^α}_{α∈A} converges to A in the maximal curve convergence sense. Since every subnet of {A^α}_{α∈A} T-converges to A, because the notion of T-convergence arises from a topology, it suffices to show that {A^α}_{α∈A} converges to A in the maximal curve convergence sense.

Let {ξ^α}_{α∈A} be a net such that ξ^α ∈ (A^α)^#_{max}, and let I^α be the domain of ξ^α. Let t^α ∈ I^α be such that t^α → t̄ ∈ I, and x^{α def}= ξ^α(t^α) → x̄ ∈ Ω. Pick a compact neighborhood K_0 of x̄ in Ω and a compact interval J_0 which is a relative neighborhood of t̄ in I. By passing to a subnet of {ξ^α}, we may assume that x^α ∈ K_0 and t^α ∈ J_0 for all α. Let Q be the set of all products Q = K ×J, where K is a compact subset of Ω such that K_0 ⊆ K, and J is a compact subinterval of I such that J_0 ⊆ J. For each Q = K×J ∈ Q, let L^α(Q) = {t ∈ I^α : (ξ^α(t), t) ∈ Q}. Then L^α(Q) is compact. Let S^α(Q) be the connected component of L^α(Q) that contains t^α. Then S^α(Q) is a compact subinterval of I. Let ξ^{α,Q} be the restriction of ξ^α to S^α(Q). Then ξ^{α,Q} ∈ A^α(Q). Since A(Q) is compact, we can pick ζ^{α,Q} ∈ A(Q) such that d_{ARC} (ξ^{α,Q}, ζ^{α,Q}) = d_{ARC} (ξ^{α,Q}, A(Q)). Since A^α −−−→^T A, the distance d_{ARC} (ξ^{α,Q}, A(Q)) goes to 0. So d_{ARC} (ξ^{α,Q}, ζ^{α,Q}) → 0. Let U = ∏ Q∈Q A(Q) . (7)

Then U is a product of compact topological spaces. By Tikhonov’s theorem, U is compact with respect to the product topology. Let Z^α = {ζ^{α,Q}}_{Q∈Q}. Then each Z^α is a member of U. Therefore there is a subnet {Z^{μ(β)}}_{β∈B} of {Z^α}_{α∈A} that converges to a limit Z = {ζ^Q}_{Q∈Q} ∈ U. Then ζ^{μ(β),Q} → ζ^Q for every Q ∈ Q. Since d_{ARC} (ξ^{μ(β),Q}, ζ^{μ(β),Q}) → 0, we have shown that ξ^{μ(β),Q} → ζ^Q for each Q.

If Q, Q^′ ∈ Q and Q ⊆ Q^′, then it is easy to see that L^α(Q) ⊆ L^α(Q^′) for all α ∈ A. Therefore S^α(Q) ⊆ S^α(Q^′), and then G(ξ^{α,Q}) ⊆ G(ξ^{α,Q′}). In particular, G(ξ^{μ(β),Q}) ⊆ G(ξ^{μ(β),Q′}) for all β and then, taking limits, it follows that G(ζ^Q) ⊆ G(ζ^{Q′} ). Since for any two members Q, Q^′ of Q there is a Q^{′′} ∈ Q such that Q ∪ Q^′ ⊆ Q^{′′}, it follows that the arcs ζ^Q match, in the sense that the union of the graphs G(ζ^Q) is the graph of a map ζ. If S(Q) = Dom(ζ^Q), then t̄ ∈ S(Q), because t^{μ(β)} ∈ Dom(ξ^{μ(β),Q}) for each β, and t^{μ(β)} → t̄. Then S = ∪_{Q∈Q}S(Q) is an interval, and it is clear that S = Dom(ζ). Obviously, ζ(t̄) = x̄. We now have to show that ζ ∈ A^#_{max} and ξ^{μ(β)} → ζ on compact sets.

Write S^α(Q) = [a^α(Q), b^α(Q)] , S(Q) = [a(Q), b(Q)] , (8)

so a(Q) = lim_β a^{μ(β)}(Q) and b(Q) = lim_β b^{μ(β)}(Q).

Next, we make the following observation.

(*) Given any α ∈ A, and any Q = K × J ∈ Q, the point ξ^α(b^α(Q)) belongs to K\Int(K), unless b^α(Q) = sup I.

Indeed, if b^α(Q) < sup I and ξ^α(b^α(Q)) ∈ Int(K), then ξ^α(t) would be defined for t = b^α(Q) + h if h > 0 is small enough, because the domain of ξ^α is relatively open in I. By continuity, (ξ^α(t), t) would be in Q for t = b^α(Q) + h, h > 0, h small, contradicting the definition of b^α(Q). Thus (*) holds, as stated.

Let σ = sup S. We distinguish three cases, namely,

(i) σ /∈ I, (ii) σ ∈ I\S, (iii) σ ∈ S.

In Cases (i) and (ii), if b ∈ S, then b < σ, so b < b(Q) for some Q ∈ Q, since σ = sup{b(Q) : Q ∈ Q}. Therefore b < b^{μ(β)}(Q) for large enough β. In Case (iii), we must have σ = b(Q̄) for a Q̄ ∈ Q. Let Q^′ = K^′ × J^′ be such that ζ(σ) ∈ Int_Ω(K^′) and pick a Q = K × J ∈ Q such that Q̄ ∪ Q^′ ⊆ Q. Then b(Q) = σ, and ζ^Q(b(Q)) = ζ(b(Q)) ∈ Int(K). So ξ^{μ(β),Q} ∈ Int(K) for large β. Thus (*) implies that b^{μ(β)}(Q) = σ for large β.

Summarizing the above, we have shown the following.

(**) If b ∈ S, then there is a Q ∈ Q such that b ≤ b^{μ(β)}(Q) for all sufficiently large β.

Naturally, a similar reasoning shows that if a ∈ S then there is a Q such that a^{μ(β)}(Q) ≤ a for all sufficiently large β. Therefore, if S^′ = [a, b] is any compact subinterval of S, there exists a Q such that [a, b] ⊆ S^{μ(β)}(Q) for all large enough β. It follows that the restriction ζ⌈[a, b] is the arc ζ^Q⌈[a, b]. Since ζ^Q ∈ A, we see that ζ⌈[a, b] ∈ A. This is true for every S^′. So we have shown that ζ ∈ A^#. Moreover, it also follows that, for any S^′, there is a Q such that the inclusion S^′ ⊆ S^{μ(β)}(Q) ⊆ Dom(ξ^{μ(β)}) holds for large enough β. This shows that ξ^{μ(β)} → ζ on compact sets.

To conclude, we have to show that ζ ∈ A^#_{max}. Assume that this is not true, and let ζ̃ : S̃ → Ω be a curve, defined on a subinterval S̃ of I such that S ⊆ S̃ but S ≠ S̃, for which ζ̃⌈S = ζ. Pick s ∈ S̃\S. Then either s ≥ sup S or s ≤ inf S. We assume that s ≥ sup S, the other case being similar. As before, we write σ = sup S. Then σ ∈ I, because σ ≤ s ∈ I and σ ≥ t for some t ∈ S. Pick a Q_1 = K_1 ×J_1 ∈ Q such that ζ̃(σ) ∈ Int(K_1). Pick a σ^′ ∈ S such that σ^′ ≤ σ, and ζ(t) ∈ Int(K_1) whenever σ^′ ≤ t and t ∈ S. Using (**), pick a Q_2 = K_2 × J_2 such that σ^′ ≤ b^{μ(β)}(Q_2) for all sufficiently large β. Pick Q = K × J ∈ Q such that Q_1 ∪ Q_2 ⊆ Q. Then ξ^{μ(β)}(b^{μ(β)}(Q)) → ζ(b(Q)) ∈ Int(K). Thus ξ^{μ(β)}(b^{μ(β)}(Q)) belongs to Int(K) for large β, and then it follows from (*) that b^{μ(β)}(Q) = sup I for large β. But then b(Q) = sup I, and this implies that σ = b(Q) = sup I, and σ ∈ S. Since s ∈ I, and s ≥ σ, we must have s = σ, contradicting the fact that s /∈ S.

Remark 1 If the space Ω is σ-compact (i.e., a countable union of compact subsets), then instead of considering the product U defined in (7), we can use the product U^′ =

∏_∞ j=1 A(Q_j ), where {Q_j } is a sequence of compact subsets of Ω × I whose relative interiors cover Ω × I. Then U^′ is metrizable. Therefore the statement and proof of Proposition 2 can be repeated using sequences instead of nets, and subsequences instead of subnets.

We now specialize to the arc systems defined by vector fields. Let Ω be an open subset of R^n, and let I be a subinterval of R. A time-varying vector field on Ω with time domain I is a map f : Ω × I → R^n. We use T V V F (Ω, I) to denote the set of all such maps. An f ∈ T V V F (Ω, I) satisfies the Carathéodory condition if it is continuous in x for each fixed t ∈ I and Lebesgue measurable in t for each fixed x ∈ Ω. We call f locally integrably bounded (LIB) if f is bounded in norm by a locally integrable function of t, as long as x stays in a compact subset of Ω. We use T V V F_{Car,LIB}(Ω, I) to denote the set of all f ∈ T V V F (Ω, I) that satisfy the Carathéodory condition, and are LIB.

If f ∈ T V V F (Ω, I), a trajectory (or integral curve) of f is an absolutely continuous function ξ : J → Ω defined on some nonempty subinterval J ⊆ I such that ξ̇(t) = f(ξ(t), t) for almost all t ∈ J. A maximal trajectory of f is a trajectory ξ : J → Ω that cannot be extended to a trajectory of f defined on a strictly larger interval. We write Traj(f) to denote the set of all trajectories of f, and Traj_c(f) to denote the set of all ξ ∈ Traj(f) that are arcs, i.e., such that Dom(ξ) is a compact interval. Also, we write Traj(f)_{max} to denote the set of all maximal trajectories of f. Then it is clear that Traj_c(f) is an arc system, and Traj_c(f)^# is precisely Traj(f). Therefore Traj(f)_{max} is exactly the set Traj_c(f)^#_{max}.

Thus f → Traj_c(f) is a map from T V V F (Ω, I) to AS(Ω, I). Using this map, we can pull back the topology of trajectory convergence on AS(Ω, I) and define a topology of trajectory convergence, or T -convergence, on T V V F (Ω, I). We can also pull back properties of arc systems and apply them to vector fields. (For example, we will say that f has the local existence property if the arc system Traj_c(f) does.) We call f trajectory compact if Traj_c(f) has the compactness property. We use T V V F_{comp,le}(Ω, I) to denote the set of those f ∈ T V V F (Ω, I) that are trajectory compact and have the local existence property. We say that f has the uniqueness property if for every initial condition (x̄, t̄) in Ω × I the maximal trajectory of f whose graph contains (x̄, t̄) is unique.

The Carathéodory existence theorem (cf. [6]) implies that every vector field f ∈ T V V F_{Car,LIB} (Ω, I) has the local existence property. Moreover, a simple application of the Ascoli–Arzelà theorem and the Lebesgue dominated convergence theorem shows that every time-varying vector field f ∈ T V V F_{Car,LIB} (Ω, I) is trajectory compact. So

T V V F_{Car,LIB}(Ω, I) ⊆ T V V F_{comp,le}(Ω, I) . (9)

If S is a subset of Ω × I, we write Traj_c(f, S) to denote the set of all arcs ξ ∈ Traj_c(f) such that G(ξ) ⊆ S. We then have the following propositions.

Proposition 3 Let f be in T V V F (Ω, I) and {f^α}_{α∈A} be a net in T V V F (Ω, I). Then {f^α}_{α∈A} T -converges to f if and only if for every compact subset K of Ω × I and every open subset V of ARC(Ω) containing Traj_c(f, K) there exists an α^∗(V ) ∈ A such that Traj_c(f^α, K) ⊆ V whenever α^∗(V ) ⪯ α.

Proposition 4 If f ∈ T V V F_{comp,le}(Ω, I), then a net {f^α}_{α∈A} in T V V F (Ω, I) T -converges to f if and only if

lim_α sup{d_{ARC} (ξ, Traj_c(f, K)) : ξ ∈ Traj_c(f^α, K)} = 0 (10)

for every compact subset K of Ω × I.

Proposition 5 Let f = {f^α}_{α∈A} be a net in T V V F_{comp,le}(Ω, I), and suppose that f ∈ T V V F_{comp,le}(Ω, I). Then f T -converges to f if and only if, whenever {f^{μ(β)}}_{β∈B} is a subnet of f, (x^β , t^β) ∈ Ω × I converge to (x̄, t̄) ∈ Ω × I, and ξ = {ξ^β}_{β∈B} is a family such that each ξ^β is a maximal trajectory of f^{μ(β)} for which ξ^{μ(β)}(t^β) = x^β, it follows that there exist a maximal trajectory ξ of f such that ξ(t̄) = x̄ and a subnet {ξ^{ν(γ)}}_{γ∈C} of ξ that converges to ξ on compact sets.

Proposition 6 If f ∈ T V V F_{comp,le}(Ω, I), then a sequence f = {f^j }^∞_{j=1} of members of T V V F_{comp,le}(Ω, I) T -converges to f if and only if, whenever J is an infinite set of positive integers, (x^j , t^j ) ∈ Ω × I converge to (x̄, t̄) ∈ Ω × I as j → ∞ via values in J, and ξ = {ξ^j }_{j∈J} is a family such that each ξ^j is a maximal trajectory of f^j for which ξ^j (t^j ) = x^j , it follows that there exist a maximal trajectory ξ of f such that ξ(t̄) = x̄ and an infinite subset J^′ of J such that {ξ^j }_{j∈J}′ converges to ξ on compact sets.

Proposition 7 Suppose that f ∈ T V V F_{comp,le}(Ω, I) and that a net f = {f^α}_{α∈A} of members of T V V F_{comp,le}(Ω, I) T -converges to f; assume that (x^α, t^α) ∈ Ω × I converge to (x̄, t̄) ∈ Ω×I, ξ = {ξ^α}_{α∈A} is a family such that each ξ^α is a maximal trajectory of f^α for which ξ^α(t^α) = x^α, and the maximal trajectory ξ of f for which ξ(t̄) = x̄ is unique; then the net ξ converges to ξ on compact sets.

Proposition 8 Suppose that f ∈ T V V F_{comp,le}(Ω, I) has the uniqueness property, and let f = {f^α}_{α∈A} be a net of members of T V V F_{comp,le}(Ω, I); then f T - converges to f if and only if, whenever (x^α, t^α) ∈ Ω×I converge to (x̄, t̄) ∈ Ω×I, ξ = {ξ^α}_{α∈A} is a family such that each ξ^α is a maximal trajectory of f^α for which ξ^α(t^α) = x^α, and ξ is the maximal trajectory of f for which ξ(t̄) = x̄, it follows that the net ξ converges to ξ on compact sets.

These properties are very easy to prove. Proposition 3 is just a restatement of the definition of T-convergence. Then Proposition 4 immediately follows from Proposition 3 by observing that if Traj_c(f, K) is compact, then the sets {ξ ∈ ARC(Ω) : d_{ARC} (ξ, Traj_c(f, K)) < ε} form a fundamental system of neighborhoods of Traj_c(f). Proposition 5 follows from Proposition 2, and Proposition 6 follows from Remark 1. Finally, Propositions 7 and 8 follow trivially from Proposition 5.

3 T^0-convergence for control-affine systems

We are now ready to give the precise definition of the topology of T^0-convergence on L^1([0, T ], R^m).

Let m be a positive integer. A C^0(m) system is an (m + 2)-tuple

Σ = (Ω, f_0, . . ., f_m) , (11)

where Ω is a nonempty open subset of R^n for some integer n ≥ 1, and f_0, . . ., f_m are continuous vector fields on Ω. The expressions f^Σ_i , Ω^Σ will be used to denote the vector fields f_i and the set Ω corresponding to a given system Σ ∈ C^0(m).

If T > 0, and u ∈ L^1([0, T ], R^m), then for each Σ = (Ω^Σ, f^Σ_0 , . . ., f^Σ_m), we can consider the ordinary differential equation

ẋ(t) = f^Σ_0 (x(t)) + m∑ k=1 u_k (t)f^Σ_k (x(t)) . (12)

The right-hand side of (12) is a time-varying vector field on Ω^Σ with time domain [0, T ], which clearly belongs to T V V F_{Car,LIB}(Ω^Σ, [0, t]). Thus we can associate with Σ the map

Γ_Σ : L^1([0, T ], R^m) → T V V F_{Car,LIB} (Ω^Σ, [0, T ]) (13)

defined by

Γ_Σ(u)(x, t) = f^Σ(u)(x, t)^{def}= f^Σ_0 (x) + u_1(t)f^Σ_1 (x) + · · · + u_m(t)f^Σ_m(x) . (14)

For each Σ ∈ C^0(m) and T > 0, the set T V V F_{Car,LIB} (Ω^Σ, [0, T ]) is a topological space with the topology of trajectory convergence. Therefore, for any subclass C of C^0(m) we can consider the topology T (C) on L^1([0, T ], R^m) induced by the family of mappings {Γ_Σ : Σ ∈ C}, i.e. the weakest topology on L^1([0, T ], R^m) that makes all the maps Γ_Σ continuous, for all Σ ∈ C. In particular, the topology of T^0-convergence on L^1([0, T ], R^m) is, by definition, the T (C^0(m))-topology. We say that a net {u^α}_{α∈A} T^0-converges to a u^∞ in L^1([0, T ], R^m) if it converges to u^∞ in this topology. Equivalently, a net {u^α}_{α∈A} T^0-converges to a limit u^∞ if and only if

(TCN) For every possible choice of the system Σ ∈ C^0(m), the time-varying vector fields (x, t) → f^Σ(u^α)(x, t) T-converge to (x, t) → f^Σ(u^∞)(x, t).

(This is exactly the version for nets of Condition (TC) of the Introduction.)

If (TCN) holds, then Proposition 7 implies that in particular the following conditions hold as well:

(TCN’) For every possible choice of Σ ∈ C^0(m), if ξ^α are maximal trajectories of (1) determined by the u^α, x^α = ξ^α(0), and x^α → x̄ ∈ Ω^Σ, then the ξ^α are defined on [0, T ] for α large enough and converge uniformly on [0, T ] to the maximal trajectory ξ^∞ for u^∞, provided that for the limiting initial value problem ẋ = f^Σ_0 (x)+

∑_m i=1 u^∞_i (t)f^Σ_i (x), x(0) = x̄ there is uniqueness of solutions as well as global existence on [0, T ].

(TCN”) For every possible choice of the system Σ ∈ C^0(m) and the initial condition x(0) = x̄ ∈ Ω^Σ, if ξ^α are maximal trajectories of (1) determined by the u^α and x̄, then the ξ^α are defined on [0, T ] for α large enough and converge uniformly on [0, T ] to the maximal trajectory ξ^∞ for u^∞, provided that for the limiting initial value problem ẋ = f^Σ_0 (x) +

∑_m i=1 u^∞_i (t)f^Σ_i (x), x(0) = x̄, there is uniqueness of solutions as well as global existence on [0, T ].

4 A characterization of sequential T^0-convergence

Theorem 1 Let u = {u^j }^∞_{j=1} be a sequence of controls in L^1([0, T ], R^m), and let u^∞ ∈ L^1([0, T ], R^m). Then the following conditions are equivalent

(i) u satisfies Condition (UB) and I-converges to u^∞, (ii) u T^0-converges to u^∞, (iii) (TCN’) holds,

(iv) (TCN”) holds, (v) u UW-converges to u^∞.

If u = {u^α}_{α∈A} is a net in L^1([0, T ], R^m), and u^∞ belongs to L^1([0, T ], R^m), then (i)=⇒(ii)=⇒(iii) =⇒(iv)=⇒(v), but in general (v)≠⇒(iv) and (ii)≠⇒(i).

Remark 2 At present, we do not know if the implications (iv)=⇒(iii)=⇒(ii) hold for general nets, i.e., whether (ii), (iii), and (iv) of Theorem 1 are equivalent for nets.

Theorem 2 Let u = {u^α}_{α∈A} be a net of inputs belonging to L^1([0, T ], R^m), and let u^∞ ∈ L^1([0, T ], R^m) be such that (i) of Theorem 1 holds. Let Ω be open in R^n, and let h^α : Ω × [0, T ] → R^n be time-varying vector fields given by

h^α(x, t) = θ̇^α(t) + f_0(x) + m∑ i=1 u^α_i (t)f_i(x) ,

where the f_i : Ω → R^n are continuous, the θ^α : [0, T ] → R^n are absolutely continuous, and θ^α → 0 uniformly. Then the net {h^α}_{α∈A} T-converges to the vector field h^∞ given by h^∞(x, t) = f_0(x) +

∑_m i=1 u^∞_i (t)f_i(x).

PROOF OF THEOREMS 1 AND 2. We first prove that (i) implies (v). We have to show that (UB)∧(IC) implies (UWC). Pick a function φ∈C^0([0, T ], R) and a δ>0, and find a piecewise constant function ψ =

∑_N k=1 ψ_kχ_{Jk} (where the J_k are subintervals of [0, T ], and χ_J denotes the indicator function of J) such that |φ(t)−ψ(t)| < δ for all t ∈ [0, T ]. If (UB) holds, then there exists α^∗ and a C > 0 such that ‖u^α_i ‖_L1 ≤ C for all i = 1, . . ., m, and α ⪰_A α^∗ including α = ∞. But then |

∫_t 0 u^α_i (s)φ(s)ds −

∫_t 0 u^α_i (s)ψ(s)ds| ≤ Cδ for all i, t, and α ⪰_A α^∗. In view of (IC),

∫_t 0 u^α_i (s)ψ(s)ds →

∫_t 0 u^∞_i (s)ψ(s)ds uniformly with respect to t. So | ∫_t 0 u^α_i (s)ψ(s)ds −

∫_t 0 u^∞_i (s)ψ(s)ds| ≤ δ for all t, if α is large enough. But then | ∫_t 0 u^α_i (s)φ(s)ds −

∫_t 0 u^∞_i (s)φ(s)ds| ≤ (2C + 1)δ for all t if α is sufficiently large.

Since δ is arbitrary, (UWC) follows.

Next, we prove Theorem 2, which contains as a particular case the implication (i)=⇒(ii) of Theorem 1. Let u = {u^α}_{α∈A}, and let Ω, f_0, . . ., f_m and the θ^α be as in the statement of Theorem 2. Let Σ = (Ω, f_0, . . ., f_m) be a C^0(m) system. We have to show that the h^α T-converge to h^∞. Let K be a compact subset of Ω × [0, T ]. We will show that the sets Traj_c(h^α, K) converge to Traj_c(h^∞, K). For this we first prove the following.

(CTR) If {ξ^α}_{α∈A} is a net in ARC(Ω) such that ξ^α belongs to Traj_c(h^α, K), then {ξ^α}_{α∈A} has a subnet {ξ^{ν(β)}}_{β∈B} that converges to an η ∈ Traj_c(h^∞, K).

Clearly, if we show that {ξ^α}_{α∈A} has a subnet that converges in ARC(Ω), then (CTR) would follow. Indeed, let {ξ^{ν(β})}_{β∈B} be a subnet of {ξ^α}_{α∈A} that converges in ARC(Ω). Let η be the limit. Let I^α = Dom(ξ^α) and I = Dom(η). If I just contains one point, then η is in Traj_c(h^∞, K) by definition. Otherwise, for β large enough, I^{ν(β)} ∩ I ≠ ∅. Write I^α = [a^α, b^α], and let I = [a, b]. Then a^{ν(β)} → a and ξ^{ν(β)}(a^{ν(β)}) → η(a). Let σ^α(t) = ξ^α(a^α) + θ^α(t) − θ^α(a^α) . (15)

We then have, for all t ∈ I^{ν(β)} ∩ I:

ξ^{ν(β)}(t) = σ^{ν(β)}(t) +

∫_t

a^{ν(β)}

f_0 ( ξ^{ν(β)}(s) ) ds + m∑ k=1 ∫_t

a^{ν(β)}

u^{ν(β)}_k (s)f_k ( η(s) ) ds

+ m∑ k=1 ∫_t

a^{ν(β)}

u^{ν(β)}_k (s) { f_k ( ξ^{ν(β)}(s) ) − f_k ( η(s) )} ds . (16)

Then (16) implies (since f_k ( ξ^{ν(β)}(s) ) −f_k ( η(s) ) → 0 uniformly, the L^1 norms of

the u^α are bounded by a fixed constant for large α, (UWC) holds, and θ^{ν(β)}(t) − θ^{ν(β)}(a^β ) → 0 uniformly) that, for t ∈ I,

η(t) = η(a) +

∫_t a f_0(η(s)) ds + m∑ k=1 ∫_t a u^∞_k (s)f_k(η(s)) ds .

So η is a trajectory of h^∞. Clearly the graph G(η) of η is contained in K. So η ∈ Traj_c(h^∞, K) and then (CTR) follows.

We now show that the net {ξ^α}_{α∈A} has a subnet that converges in ARC(Ω). Again let I^α = [a^α, b^α] = Dom(ξ^α). Then for t ∈ I^α, we have

ξ^α(t) = θ^α(t) − θ^α(a^α) + ξ^α(a^α) +

∫_t

a^α

f_0 ( ξ^α(s) ) ds + m∑ k=1 ∫_t

a^α

u^α_k (s)f_k ( ξ^α(s) ) ds

= θ^α(t) − θ^α(a^α) + ξ^α(a^α) +

∫_t

a^α

f_0 ( ξ^α(s) ) ds + m∑ k=1 ∫_t

a^α

u^∞_k (s)f_k ( ξ^α(s) ) ds

+ m∑ k=1 ∫_t

a^α ( u^α_k (s) − u^∞_k (s) ) f_k ( ξ^α(s) ) ds . Let ζ^α(t) = ξ^α(a^α) +

∫_t

a^α

f_0 ( ξ^α(s) ) ds + m∑ k=1 ∫_t

a^α

u^∞_k (s)f_k ( ξ^α(s) ) ds .

It is obvious that the set {ζ^α : α ∈ A} is equicontinuous and uniformly bounded. The θ^α(t) − θ^α(a^α) converge to 0 uniformly by our assumption. So in order to show that {ξ^α}_{α∈A} has a convergent subnet, we need only show that for each k ∈ {1, . . ., m}, the integrals

∫_t

a^α (u α k (s) − u^∞_k (s))f_k(ξ^α(s))ds converge to 0 uniformly with respect to t.

Fix an integer k ∈ {1, . . ., m}. Write û^α_k = u^α_k − u^∞_k . Then (UB) implies that there exist an α^∗ ∈ A and a constant C > 0 such that ‖û^α‖_L1 ≤ C for α ⪰_A α^∗. Let ξ̂^α(t) = ξ^α(t) − θ^α(t) . (17)

Then ξ̂^α(t)−ξ^α(t) goes to 0 uniformly, so f_k (ξ̂^α(t))−f_k (ξ^α(t)) goes to 0 uniformly for each k. Since the L^1 norms of the functions û^α_k are bounded, we can conclude that the integrals ∫_t

a^α ( u^α_k (s) − u^∞_k (s) )( f_k ( ξ̂^α(s) ) − f_k ( ξ^α(s) )) ds converge to 0 uniformly with respect to t. So it suffices to show that ∫_t

a^α ( u^α_k (s) − u^∞_k (s) ) f_k ( ξ̂^α(s) ) ds → 0 uniformly . (18)

Let K be a compact subset of Ω such that K ⊆ K × [0, T ]. For any given ε > 0, let g_k : Ω → R^n be vector fields of class C^∞ with compact support such that

sup_{x∈K} ‖f_k(x) − g_k(x)‖ < ε C . (19)

Then

∫_t

a^α

û^α_k (s)f_k ( ξ̂^α(s) ) ds =

∫_t

a^α

û^α_k (s)g_k ( ξ̂^α(s) ) ds + ∫_t

a^α

û^α_k (s) ( f_k ( ξ̂^α(s) ) − g_k ( ξ̂^α(s) )) ds . (20)

The sup norm of the second term on the right-hand side of (20) is less than ε. Via integration by parts, we can rewrite the first term as

Û^α_k (t) · g_k ( ξ̂^α(t) ) − ∫_t

a^α

Û^α_k (s) d ds ( g_k(ξ̂^α(s)) ) ds , (21)

where Û^α_k (t) =

∫_t

a^α

û^α_k (s) ds . (22)

Since Û^α_k (t) → 0 uniformly, the g_k are uniformly bounded, and the functions t →^d_t (g_k(ξ̂^α(t))) are uniformly bounded in L^1 for large α, because d dt ( g_k(ξ̂^α(t)) ) = ∂g_k ∂x (ξ̂^α(t)) ( f_0(ξ^α(t)) + m∑ ℓ=1 u^α_ℓ (t)f_ℓ(ξ^α(t)) ) , (23)

we can conclude that the integrals

∫_t

a^α û α k (s)g_k(ξ̂^α(s)) ds go to zero uniformly.

This implies that

lim sup_α ‖ ‖ ∫_t

a^α

û^α_k (s)f_k ( ξ̂^α(s) ) ds ‖ ‖ ≤ ε . (24)

Since ε is arbitrary, we have shown that

∫_t

a^α û α k (s)f_k ( ξ̂α(s) ) ds → 0 uniformly. As explained before, this shows that {ξ^α}_{α∈A} has a convergent subnet in ARC(Ω).

The above argument clearly applies to any subnet of {h^α}. Thus we have actually proved the following.

(CTR1) for every compact subset K of Ω × I, if {h^{ν(β)}}_{β∈B} is a subnet of {h^α}_{α∈A}, and {ξ^β}_{β∈B} is a family in ARC(Ω) having the property that each ξ^β belongs to Traj_c(h^{ν(β)}, K), then the net {ξ^β }_{β∈B} has a subnet {ξ^{μ(γ)}}_{γ∈C} that converges to an η ∈ Traj_c(h^∞, K).

It follows easily from (CTR1) that the h^α T-converge to h^∞. Indeed, (CTR1) clearly implies that

sup{d_{ARC} (ξ, Traj_c(h^∞, K)) : ξ ∈ Traj_c(h^α, K)} → 0

for every K, and then the T-convergence of h^α to h^∞ follows from Proposition 4. This completes the proof of Theorem 2. In particular, we have established that (i) of Theorem 1 implies (ii).

We now continue with the proof of Theorem 1. The implication (ii)=⇒(iii) follows from Proposition 7, and (iii) implies (iv) trivially. We now prove that (iv) implies (v). To see this, let φ : [0, T ] → R be continuous. Consider the C^0(m) system Σ = (R^{m+1}, f_0, . . ., f_m) where—using (x_0, x_1, . . ., x_m) to denote the standard coordinates in R^{m+1}, and (e_0, e_1, . . ., e_m) to denote the canonical basis—f_0(x) ≡ e_0, f_i(x) ≡ φ(x_0)e_i for i = 1, . . ., m. Then the differential equation associated to Σ and u^α is ẋ_0 = 1, ẋ_i = φ(x_0)u^α_i for i = 1, . . ., m. Take the initial condition x̄ = (0, . . ., 0). Then the components ξ^α_i of the solution, for i = 1, . . ., m, are precisely the components of the vector U^α_φ . Thus (UWC) holds.

Next we prove that (v) implies (i) for sequences. Let {u^j }^∞_{j=1} be a sequence in L^1([0, T ], R^m), and let u^∞ ∈ L^1([0, T ], R^m). Assume that (UWC) holds for {u^j } and u^∞. Then, in particular, the integrals ⟨u^j_i , φ⟩ =

∫_T 0 u^j_i (t)φ(t)dt converge to ⟨u^∞_i , φ⟩ =

∫_T 0 u^∞_i (t)φ(t)dt for each i and for each continuous function φ : [0, T ] → R. So the u^j_i weak^∗-converge to u^∞_i as linear functionals on the Banach space C^0([0, T ], R) of continuous real-valued functions on [0, T ]. It is well known that, if ψ belongs to L^1([0, T ], R), then the norm of the linear functional C^0([0, T ], R) ∋ ρ → ∫_T 0 ρ(t)ψ(t)dt is precisely the L^1 norm of ψ. Therefore the L^1 norms of the u^j_i are bounded by a fixed constant, by the uniform boundedness theorem. Thus (UB) holds. Moreover, taking φ ≡ 1 we conclude that the u^j I-converge to u^∞.

The proof that in general (v) ≠⇒ (iv) and (ii)≠⇒ (i) is given in the appendix, where we exhibit an example of a net that satisfies (v) but not (iv) and one of a net that satisfies (ii) but not (i).

5 Other classes of systems

The equivalence for sequences of the five conditions of Theorem 1 depends very strongly on the fact that the class of systems under consideration is C^0(m). One could equally well have considered T(C)-convergence in L^1([0, T ], R^m) with respect to other classes C of systems. For example, we could have taken C to be the class C^k (m) of all the Σ ∈ C^0(m) such that f^Σ_0 , . . ., f^Σ_m are of class C^k on Ω^Σ, for an arbitrary integer k > 0. Let us call the T(C^k(m))-convergence in L^1([0, T ], R^m) simply T^k-convergence.

It is then natural to ask whether explicit characterizations of T^k-convergence of sequences exist. The necessary and sufficient conditions for T^0-convergence are of course sufficient to ensure T^k-convergence, but they are no longer necessary. For example, if a sequence {u^j } T^k-converges to u^∞ in L^1([0, T ], R^m) for some k ≥ 1, then we can no longer apply the uniform boundedness theorem to conclude that the L^1 norms of the u^j are bounded. The following theorem, which characterizes T^k-convergence of nets in L^1([0, T ], R) for k ≥ 1, implies in particular that it is indeed possible for a sequence {u^j }^∞_{j=1} ⊆ L^1([0, T ], R) to T^1-converge to a u^∞ ∈ L^1([0, T ], R) even if the ‖u^j ‖_L1 are not bounded.

Theorem 3 Let T > 0, and let k > 0 be an integer. A net {u^α}_{α∈A} in L^1([0, T ], R) T^k-converges to a u^∞ ∈ L^1([0, T ], R) if and only if {u^α} I-converges to u^∞, i.e. if and only if the integrals

∫_t 0 u^α(s)ds converge to

∫_t 0 u^∞(s)ds uniformly on [0, T ].

Before proving Theorem 3, it is natural to ask whether a similar characterization might be valid for m > 1. The answer is negative, as will be shown by an example in the next section. The reason for this is by now well understood. The obstructions for the validity of Theorem 3 when m > 1 are the Lie brackets of the vector fields f_i for i > 0. Precisely, call a system Σ ∈ C^1(m) commutative if the Lie brackets [f^Σ_i , f^Σ_j ] vanish identically for all i, j ∈ {1, . . ., m}. (We do not require that the brackets involving f_0 vanish. Therefore for m = 1 every system is commutative.) For k ≥ 1, Let C^k_{comm} (m) be the class of all commutative systems in C^k (m). A net u in L^1([0, T ], R^m) T^k_{comm}-converges to u ∈ L^1([0, T ], R^m) if it converges to u in the topology T (C^k_{comm}(m)), i.e., if the time-varying vector fields f^Σ(u^α) T-converge to f^Σ(u) for all Σ ∈ C^k_{comm}(m).

Theorem 4 Let T > 0, and let m be a positive integer. For any integer k ≥ 1, a net {u^α}_{α∈A} in L^1([0, T ], R^m) T^k_{comm}-converges to a u^∞ ∈ L^1([0, T ], R^m) iff {u^α} I-converges to u^∞, i.e. iff the integrals

∫_t 0 u^α(s)ds converge to

∫_t 0 u^∞(s)ds uniformly on [0, T ].

Since for m = 1 every C^k system is commutative, Theorem 3 is a particular case of Theorem 4.

PROOF OF THEOREM 4. First of all, we observe that T^k_{comm}-convergence obviously implies I-convergence. To show the converse, we assume that u = {u^α}_{α∈A} I-converges to u^∞, and seek to prove that the net {f^Σ(u^α)}_{α∈A} T-converges to f^Σ(u^∞) for every C^1_{comm}(m) system Σ. We consider first the special case of systems

Σ : ẋ = f_0(x) + m∑ i=1 u_ib_i = f_0(x) + u · B , x ∈ Ω , (25)

where f_0 is continuous (but not necessarily of class C^1) and the vector fields f_1, . . ., f_m are constant. Let U^α_i (t) =

∫_t a u^α_i (s) ds for α ∈ A ∪ {∞}, so U^α → U^∞ uniformly on [0, T ]. Let ξ^α : [a^α, b^α] → Ω be trajectories of Σ for the u^α, such that G(ξ^α) ⊆ K for some compact subset K of Ω × [0, T ]. We want to find a subnet of {ξ^α}_{α∈A} that converges to a ξ^∞ ∈ Traj_c(f^Σ(u^∞), K). By passing to a subnet, we may assume that a^α, b^α have limits a, b, and x^α = ξ^α(a^α) converges to a limit x̄. Then (x̄, a) ∈ K. Since

ξ^α(t) = x^α +

∫_t

a^α

f_0(ξ^α(s)) ds + (U^α(t) − U^α(a^α)).B , (26)

and the U^α converge uniformly to U^∞, it is clear that {ξ^α} is equicontinuous. Thus by passing to a subnet we may assume that ξ^α converges uniformly to a limit ξ^∞. Then a trivial argument allows us to pass to the limit in (26) and conclude that ξ^∞ is a trajectory for U^∞. The above argument clearly applies to any subnet of {ξ^α}_{α∈A}. Then Proposition 4 implies that the f^Σ(u^α) T-converge to f^Σ(u^∞) in this special case.

We now consider the case when Σ is such that the vector fields f^Σ_1 , . . ., f^Σ_m are linearly independent at each point. In this case, each point x ∈ Ω^Σ has an open neighborhood U_x such that there is a C^1 diffeomorphism Φ_x from U_x to some other open subset V_x of R^n that transforms the f^Σ_i , for i = 1, . . ., m, to constant vector fields g_{i,x}. Let g_{0,x} be the vector field on V_x that corresponds to f^Σ_0 ⌈U_x under Φ_x, that is, g_{0,x}(y) = DΦ_x(z).f^Σ_0 (z), where z = Φ^{−1}_x (y). (Notice that g_{0,x} is continuous but not necessarily of class C^1.) Let Σ_x be the restriction of Σ to U_x and Σ̃_x be the system (V_x, g_{0,x}, g_{1,x}, . . ., g_{m,x}). Then Σ̃_x is a C^0(m) system. Since the vector fields g_{1,x}, . . ., g_{m,x} are constant, we know that that f^{Σ̃x} (u^α) −−−→^T f^{Σ̃x} (u^∞). Since T-convergence is preserved by C^1 diffeomorphisms, we conclude that f^{Σx} (u^α) −−−→^T f^{Σx} (u^∞). This says that our desired conclusion holds locally, in the sense that every x ∈ Ω has a neighborhood U_x such that the conclusion holds for the restriction of Σ to U_x. From this, we have to infer that the conclusion also holds globally. It suffices to show that, if (a) {ξ^α}_{α∈A} is a net of maximal trajectories of the f^Σ(u^α), (b) {(x^α, t^α)}_{α∈A} is a net of points in Ω × [0, T ] such that ξ^α(t^α) = x^α for each α, and (c) (x^α, t^α) → (x^∞, t^∞) ∈ Ω × [0, T ], then {ξ^α}_{α∈A} converges on compact sets to the maximal trajectory ξ^∞ of f^Σ(u^∞) such that ξ(t^∞) = x^∞ (using the fact that Σ is a C^1 system and therefore has uniqueness of trajectories). For α ∈ A ∪ {∞}, let I^α = Dom(ξ^α), so I^α is relatively open in [0, T ] and t^α ∈ I^α. Call a compact subinterval J of I^∞ “good” if there exists an α^∗(J) ∈ A such that J ⊆ I^α whenever α ⪰_A α^∗(J), and the net {ξ^α}_{α∈A;α⪰Aα}∗_{(J)} converges to ξ^∞ uniformly on J. We have to prove that every compact subinterval of I^∞ is good. It clearly suffices to consider intervals J of the form [a, t^∞] or [t^∞, b]. The proof is similar in both cases, so we will only consider the second case, and assume that J = [t^∞, b] for some b ∈ [0, T ]. Pick an integer N > 0 such that^1_N is a Lebesgue number of the covering {(ξ^∞)^{−1}(U_x) : x ∈ Ω} of J. Let b_k = t^∞ +^k_N (b − t^∞) for k = 0, 1, . . ., N, so b_0 = t^∞ and b_N = b. Let J_k = [b_0, b_k], so J = J_N . Let L_k = [b_{k−1}, b_k] for k = 1, . . ., N. Pick x_k ∈ Ω such that ξ^∞(L^k) ⊆ U_{xk} . Write Ω_k = U_{xk} , Σ_k = Σ_{xk} . We prove by induction on k that J_k is good. First, we show that J_1 is good. Fix an ε > 0. For α ∈ A ∪ {∞}, let η^α be the maximal trajectory of f^{Σ1} (u^α) that goes through x^α at time t^α. Since f^{Σ1} (u^α) −−−→^T f^{Σ1} (u^∞), Σ_1 has uniqueness of trajectories, and J_1 ⊆ Dom(η^∞), there exists an α^∗ such that J_1 ⊆ Dom(η^α) and ‖η^α(t) − η^∞(t)‖ < ε on J_1 whenever α ⪰_A α^∗. On the other hand, η^α is a trajectory of f^Σ(u^α), so η^α = ξ^α⌈Dom(η^α). Therefore J_1 ⊆ Dom(ξ^α) and ‖ξ^α(t) − ξ^∞(t)‖ < ε for all t ∈ J_1 whenever α ⪰_A α^∗. This establishes that J_1 is good. Now suppose that 0 < k ≤ N and J_{k−1} is good. Pick α^∗_1 such that J_{k−1} ⊆ I^α whenever α ⪰_A α^∗_1 and {ξ^α}_{α∈A;α⪰Aα}∗_1 converges to ξ^∞ uniformly on J_{k−1}. Then {ξ^α(b_{k−1})}_{α∈A;α⪰Aα}∗_1 converges to ξ^∞(b_{k−1}). Thus there exists α^∗_2 ∈ A such that α^∗_2 ⪰_A α^∗_1 and ξ^α(b_{k−1}) ∈ Ω_k for α ⪰_A α^∗_2. For α ⪰_A α^∗_2, or α = ∞, let η^α be the maximal trajectory of f^{Σk} (u^α) that goes through ξ^α(b_{k−1}) at time b_{k−1}. Since ξ^∞⌈L_k is a trajectory of f^{Σk} (u^∞), we have L_k ⊆ Dom(η^∞). Since f^{Σk} (u^α) −−−→^T f^{Σk} (u), Σ_k has uniqueness of trajectories, and L_k ⊆ Dom(η^∞), there exists an α^∗ such that α^∗ ⪰_A α^∗_2, L_k ⊆ Dom(η^α) whenever α ⪰_A α^∗, and η^α → η^∞ uniformly on L_k . On the other hand, η^α is a trajectory of f^Σ(u^α) and η^α(b_{k−1}) = ξ^α(b_{k−1}), so η^α = ξ^α⌈Dom(η^α). Therefore L_k ⊆ Dom(ξ^α) whenever α ⪰_A α^∗, and ξ^α → ξ^∞ uniformly on L_k. Since α^∗ ⪰_A α^∗_1, we have in fact shown that J_k ⊆ Dom(ξ^α) whenever α ⪰_A α^∗, and ξ^α → ξ^∞ uniformly on J_k. So J_k is good. This completes the inductive proof that all the J_k are good, and in particular J = J_N is good. So ξ^α → ξ^∞ on compact sets. Therefore f^Σ(u^α) −−−→^T f^Σ(u^∞).

We now remove the restriction that f^Σ_1 , . . ., f^Σ_m be linearly independent at each point. Let Σ = (Ω, f_0, f_1, . . ., f_m) be an arbitrary system in C^1_{comm}(m). Let Ω̂ = Ω × Rm, and let Σ̂ be the system on Ω̂ given by

ẋ = f_0(x) + u_1f_1(x) + · · · + u_mf_m(x) , ẏ_1 = u_1 , . . ., ẏ_m = u_m . (27)

Then Σ̂ ∈ C^1_{comm}(m), and it is clear that ( f^{Σ̂}(u^α) −−−→^T f^{Σ̂}(u^∞) ) ⇒ ( f^Σ(u^α) −−−→^T f^Σ(u^∞) ) . (28)

Moreover, the vector fields f^{Σ̂}_1 , . . ., f^{Σ̂}_m are linearly dependent at each point. So we conclude that f^{Σ̂}(u^α) −−−→^T f^{Σ̂}(u^∞), and therefore f^Σ(u^α) −−−→^T f^Σ(u^∞).

6 Beyond I-convergence: The role of Lie brackets

Theorem 4 characterizes the topology of T^1_{comm}-convergence on the input space L^1([0, T ], R^m), by showing that T^1_{comm}-convergence is exactly equivalent to Iconvergence. It is natural to ask whether I-convergence actually implies Tconvergence for at least some noncommutative systems. The answer to this question turns out to be negative:

Theorem 5 Let C be any subclass of C^1(m) that contains at least one noncommutative system. Then there exists a sequence {u^j }^∞_{j=1} in L^1([0, T ], R^m) such that (i) {u^j } I-converges to a limit u^∞ ∈ L^1([0, T ], R^m), (ii) for every Σ ∈ C the time-varying vector fields f^Σ(u^j ) T-converge to a limit h^Σ, but (iii) it is not true that h^Σ = f^Σ(u^∞) for all Σ ∈ C.

This result—which will follow from Proposition 9—says that noncommutativity is the fundamental obstruction for I-convergence of the inputs to imply convergence of trajectories. The best way to understand why this is so is to think of the space L^1([0, T ], R^m) of ordinary inputs as embedded in a larger space GI(m) of generalized m-dimensional inputs, whose elements have components not only for the m input channels corresponding to the vector fields f_1, . . ., f_m but also in “Lie bracket channels” such as [f_1, f_2]. An “ordinary input” u ∈ L^1([0, T ], R^m) gives rise, for each system Σ, to a time-varying vector field f^Σ(u). Thus an ordinary input can be thought of as a “functional” that to every system Σ in a given class C assigns a time-varying vector field. It is then natural to extend the class of ordinary inputs by allowing more general functionals. By analogy with other constructions of spaces of “generalized functions” (e.g., Schwartz distributions), we should also require that such a functional be approximable by ordinary inputs. So we first define, for a class C ⊆ C^0(m) and an interval [a, b], the space PGI(C, a, b) of all maps v that assign to every Σ = (Ω, f_0, . . ., f_m) ∈ C a time-varying vector field v_Σ ∈ T V V F (Ω, [a, b]), and call the elements of PGI(C, a, b) “pseudogeneralized inputs.” Then PGI(C, a, b) is just the product Π_{(Ω,f0,...,fm)∈C}T V V F (Ω, [a, b]), and we can topologize it by means of the product topology. An ordinary input u ∈ L^1([a, b], R^m) can then be regarded as a member of PGI(C, a, b) by associating to it the map —also labeled u— Σ → f^Σ(u). A “generalized input” on [a, b] for the class C is then a member of PGI(C, a, b) which is a limit of ordinary inputs. We use GI(C, a, b) to denote the set of all generalized inputs, so by construction GI(C, a, b) is a topological space in which the space L^1([a, b], R^m) is densely embedded.

Particular examples of members of PGI(C, a, b) can be constructed by means of formal Lie bracket expressions such as

X_0 + v_1(t)X_1 + v_2(t)X_2 + v_3(t)[X_1, X_2] + v_4(t)[X_2, [X_1, X_2]] .

Here the indeterminates X_i should be thought of as “slots” where, for each particular system Σ with vector fields f_0, . . ., f_m, the f_i are to be plugged in, thus giving rise to a time-varying vector field. Precisely, we can define a formal pseudogeneralized input on [a, b] to be an integrable function with values in the free Lie algebra L(m + 1) in m + 1 indeterminates X_0, . . ., X_m. (The field of scalars is of course R.) Use FPGI(m, a, b) to denote the set of all such objects. Then a v ∈ FPGI(m, a, b) gives rise to a true pseudogeneralized input—also labeled v— for any class C ⊆ C^0(m) of control-affine systems that has enough differentiability for all the Lie brackets occurring in the formal expression to make sense. For example, to an ordinary input u = (u_1, . . ., u_m) we associate the L(m+1)-valued function t → X_0 + u_1(t)X_1 + . . .+ u_m(t)X_m, and in this case it is possible to plug in f_0, . . ., f_m for X_0, . . ., X_m for every system C ∈ C^0(m). On the other hand, if m ≥ 2, then an expression v such as X_0 + v_1(t)X_1 + v_2(t)X_2 + v_3(t)[X_1, X_2] will give rise to a member of PGI(C, a, b) only if C consists of systems (Ω, f_0, . . ., f_m) for which the Lie bracket [f_1, f_2] is well defined. This will be the case, in particular, if C ⊆ C^1(m).

Thus, for example, the formal pseudogeneralized input w = X_0 +^1_2 [X_1, X_2] gives rise to a pseudo-generalized input w belonging to PGI(C^1(2), a, b). With this terminology, the following result exhibits an example of a sequence {u^j } ⊆ L^1([0, T ], R^2) that I-converges to zero but converges in PGI(C^1(2), 0, T ) to w. This shows that w ∈ GI(C^1(2), a, b), i.e., that w is a true generalized input. It is now clear why, when we look only at classes C of systems for which [f_1, f_2] = 0, as we did in Theorem 4, the sequence {u^j } T (C)-converges to 0, whereas, as soon as C contains one system for which [f_1, f_2] ≠ 0, the T (C)-limit of {u^j } is no longer 0. The reason is that the “true” limit is w, and w contains “Lie bracket components” that are only seen when w is tested against a noncommutative system.

Proposition 9 Let T > 0. For j = 1, 2, . . ., let u^j ∈ L^1([0, T ], R^2) be the input given by u^j (t) = (j^12 cos jt, j^12 sin jt) . (29)

Let Σ = (Ω, f_0, f_1, f_2) be a system of class C^1. Let

f^j (x, t) = f^Σ(u^j )(x, t) = f_0(x) + j^12 cos jt f_1(x) + j^12 sin jt f_2(x) (30) and f^∞(x, t) = f_0(x) + 1 2 [f_1, f_2](x) (31)

for (x, t) ∈ Ω × [0, T ]. Then the f^j T-converge to f^∞ in T V V F_{LIB} (Ω, [0, T ]).

PROOF. Suppose K is a compact subset of the product Ω × [0, T ]. We have to show that Traj_c(f^j , K) converges to Traj_c(f^∞, K). Let {ξ^j } ⊆ ARC(Ω) be a sequence of functions such that ξ^j ∈ Traj_c(f^j , K) for each j. We will first show that there exists a subsequence of {ξ^j } that converges to a ξ ∈ Traj_c(f^∞, K) in ARC(Ω). Let I^j = [a^j , b^j] = Dom(ξ^j ). On I^j we have

ξ̇^j (t) = f_0(ξ^j (t)) + j^1_2 cos jt f_1(ξ^j (t)) + j^1_2 sin jt f_2(ξ^j (t)) . (32)

But j^12 cos jt f_1(ξ^j (t)) is equal to

θ̇^j_1(t) − j^{− 1}_2 sin jt g_1(ξ^j (t)) − 1 2 sin 2jt g_2(ξ^j (t)) − sin^2 jt g_3(ξ^j (t)) , where g_1 = Df_1 · f_0, g_2 = Df_1 · f_1, g_3 = Df_1 · f_2, Df_1 denotes the Jacobian matrix of f_1, and θ^j_1 = j^{− 1}2 sin jt f_1(ξ^j (t)). Similarly, j^12 sin jt f_2(ξ^j (t)) is equal to θ̇^j_2(t) + j^{− 1}_2 cos jt g_4(ξ^j (t)) + cos^2 jt g_5(ξ^j (t)) + 1 2 sin 2jt g_6(ξ^j (t)) ,

where g_4 = Df_2 · f_0, g_5 = Df_2 · f_1, g_6 = Df_2 · f_2, and θ^j_2 = −j^{− 1}2 cos jt f_2(ξ^j (t)). Thus, if we let

h^j (x, t) = f_0(x) + θ̇^j_1(t) + θ̇^j_2(t)

−j^{− 12} sin jt g_1(x) − 1 2 sin 2jt g_2(x) − sin^2 jt g_3(x)

+j^{− 1}2 cos jt g_4(x) + cos^2 jt g_5(x) + 1 2 sin 2jt g_6(x) ,

then ξ^j ∈ Traj_c(h^j , K).

Theorem 2 then implies that the sequence of time-varying vector fields h^j T-converges to the vector field h^∞ given by

h^∞(x, t) = f_0(x) + 1 2 (g_5(x) − g_3(x)) = f_0(x) + 1 2 [f_1, f_2](x) .

(We apply the theorem to the control system ẋ = f_0(x) +

∑_6

i=1 v_ig_i(x), and the controls v^j given by

v^j (t) = ( − j^{− 1}2 sin jt, − 1 2 sin 2jt, − sin^2 jt, j^{− 1}2 cos jt, cos^2 jt, 1 2 sin 2jt ) . It is clear that the controls v^j T^0-converge to (0, 0, −^1_2, 0,^1_2 ). Since θ^j → 0 uniformly, Theorem 2 applies.)

It is clear that h^∞ = f^∞. So {ξ^j } has a subsequence that converges to a ξ^∞ ∈ Traj_c(f^∞, K).

The above arguments clearly apply to any subsequence of {u^j }. Then from Proposition 4 we conclude that the f^j T-converge to f^∞.

PROOF OF THEOREM 5. Let Σ ∈ C have vector fields f_0, f_1, . . ., f_m such that [f_i, f_ℓ] ≠ 0 for some i, ℓ ∈ {1, . . ., m}. Define inputs u^j by letting u^j_k(t) = 0 if k /∈ {i, ℓ}, u^j_i (t) = j^12 cos jt, u^j_ℓ (t) = j^12 sin jt. By Proposition 9, the time-varying vector fields f^Σ(u^j ) T-converge to f_0 +^1_2 [f_i, f_ℓ].

To understand the relationship between ordinary and generalized inputs, it is useful to keep in mind the following simple analogy. Integrable functions on, say, the interval [0, 1], are members of the more general class of Borel measures on [0, 1], modulo an obvious identification. A measure μ has a decomposition μ = μ_{ac} + μ_{sing} into an absolutely continuous part and a singular part. (We include in μ_{sing} all the atoms of μ.) If μ is absolutely continuous, i.e., if dμ = f dx, where f ∈ L^1, then of course μ has no singular part. A sequence {μ^j } of absolutely continuous measures will converge to an absolutely continuous measure μ provided that the μ^j weak^∗-converge to μ and the functions f^j =^{dμj}_{dx} are “kept under control,” e.g., if the sequence {f^j } is equi-integrable. If, on the other hand, the μ^j weak^∗-converge to μ but {f^j } is not equi-integrable, then the limit μ can have a singular part even though the μ^j do not. Similarly, the general picture for ordinary differential equations ẋ = f_0(x) + ∑ i u_i(t)f_i(x) is that each right-hand side is in fact a member of a larger class of “generalized” objects, which contain Lie bracket terms as well as “ordinary” terms. An “ordinary” right-hand side has no Lie bracket terms, but a sequence {f^j } of ordinary right-hand sides can converge to a “generalized” one, that contains Lie bracket terms in addition to the averaged limit, unless {f^j } is “kept under control,” e.g., by means of the boundedness conditions of our Theorem 4.1.

There is a more general theory that shows in a systematic way how iterated Lie brackets can occur as limits of the right-hand sides of highly oscillatory differential equations, such as the ones considered in Proposition 9. The results described in Theorem 1 can be thought of as the zeroth level of this more general theory, in which Lie bracket terms do not occur in the limit. High-level results, in which the structure of general limits involving Lie bracket terms is analyzed in detail, are described in [13], [14], [15]. (Some special cases of these limiting processes have also been studied by Kurzweil and Jarnik in [10] and [11].)

7 Comparison with other conditions

We recall that a sequence {u^j }^∞_{j=1} of functions in L^1([0, T ], R^m) converges weakly to a limit u^∞ ∈ L^1([0, T ], R^m) if lim_{j→∞}

∫_T 0 φ(t)u^j (t)dt =

∫_T 0 φ(t)u^∞(t)dt for all functions φ ∈ L^∞([0, T ], R). It is well known (cf. Theorem 3.1 on page 53 of [5]) that {u^j }^∞_{j=1} converges weakly to u^∞ if and only if (i) the integrals U^j (t) =

∫_t 0 u^j (s)ds converge to U^∞(t) =

∫_t 0 u^∞(s)ds for each t, and (ii) the sequence {u^j } is equiintegrable in the sense that for every ε > 0 there is a δ > 0 such that ∫ E ‖u^j (t)‖dt ≤ ε for every j and every measurable subset E of [0, T ] whose measure is ≤ δ.

It is clear that equi-integrability implies that the sequence {U^j } is equicontinuous. Thus (i) and (ii) actually imply (IC). Moreover, the equi-integrability condition also implies (UB). Thus one particular consequence of our main result is that weak convergence implies T^0-convergence. On the other hand, the following example shows that a sequence can satisfy the conditions of Theorem 1 without being weakly convergent, so our necessary and sufficient condition for sequences is strictly weaker than weak convergence.

Example 7.1. Let m = 1, u^j (t) = j^12 cos jt for 0 ≤ t ≤ j^{− 1}2 and u^j (t) = 0 for j^{− 1}2 < t ≤ T . Then {u^j }^∞_{j=1} satisfies (IC) and (UB), with u^∞ ≡ 0. It follows from Theorem 1 that {u^j }^∞_{j=1} T^0-converges to u^∞.

On the other hand, it is not hard to see that the sequence {u^j }^∞_{j=1} is not

weakly convergent in L^1[0, T ]. Indeed, the integrals

∫_j−1/2 0 |u^j (t)|dt converge to 2 π as j → ∞, and then {u^j } is not equi-integrable.

The preceding example also makes it possible to show that our convergence condition is weaker than those of Buttazzo–Conti, Kurzweil–Vorel, and Neustadt, cf. [4], [9], [19]. Indeed, the Kurzweil–Vorel conditions amount to saying that ∫_t 0 u^j (s)ds →

∫_t 0 u^∞(s)ds and sup_j |u^j | ∈ L^1[0, T ] .

(Our example violates the latter condition because if we let v(t) = sup_j |u^j (t)|, then v(t) ≥ j^{1/2}| cos jt| on the interval [0, j^{−1/2}]. So

∫_j−^1_2 0 v(t)dt ≥ j^{1/2}

∫_j−1/2 0 | cos jt|dt

Since the latter integral goes to^2_π as j → ∞, we see that

∫_j−1/2 0 v(t)dt is bounded away from zero as j → ∞. Therefore v is not integrable.) The Neustadt theorem requires that

∫_t 0 u^j (s)ds →

∫_t 0 u^∞(s)ds and sup_j

∫_τ t |u^j (s)|ds^{τ →t+}−→ 0 uniformly in t. Our example violates this if t = 0. The Buttazzo–Conti theorem, when specialized to control-affine systems (1), requires that the vector fields f_0, . . ., f_m be Lipschitz, although they assume only that the u^j and u^∞ satisfy (IC) and (UB).

Appendix A

We give three examples. The first two pertain, respectively, to the assertions made in Theorem 1 that in general (v) ≠⇒(iv) and (ii)≠⇒ (i). The third one illustrates the difference, for general vector fields, between “continuous dependence of the trajectories for every fixed initial condition,” and “joint continuous dependence of the trajectories on the right-hand side and the initial condition.”

As shown in Theorem 1, uniform weak convergence is necessary for a net {u^α}_{α∈A} to T^0-converge to u^∞ in L^1([0, T ], R^m) and is also sufficient if {u^α}_{α∈A} is a sequence. The following example shows that (UWC) is no longer sufficient in general for a net {u^α} to T^0-converge to u^∞, and therefore proves that condition (v) of Theorem 1 does not in general imply (iv).

Example A.1. Let T = 2π. For every integer n ≥ 1, every choice φ_1, . . ., φ_n of n real-valued continuous functions on [0, T ] and every ε > 0, set

V (φ_1, . . ., φ_n, ε) = { ψ ∈L^1([0, T ], R): sup_{0≤t≤T} | | ∫_t 0 φ_i(s)ψ(s)ds | |<ε, i = 1, . . ., n } . Let V be the set of all sets V (φ_1, . . ., φ_n, ε), for all possible integers n ≥ 1, all n-tuples (φ_1, . . ., φ_n) of continuous functions on [0, T ], and all positive numbers ε. We define a directed set (I, ⪯_I ) by letting

I = {(V, N) : V ∈ V, N is an integer > 0} ,

with the partial ordering ⪯_I such that

(V_1, N_1) ⪯_I (V_2, N_2) ⇐⇒ (V_2 ⊆ V_1 and N_2 ≥ N_1) .

Let m = 2. We define a net {u^α}_{α∈I} in L^1([0, T ], R^2) as follows. For each index α = (V, N) ∈ I, we let u^α_1 (t) = N cos(j_αt), u^α_2 (t) = N sin(j_αt), where j_α is the smallest integer j > 0 such that the functions N cos(jt), N sin(jt) belong to V . (It follows from the Riemann-Lebesgue Lemma that, for each fixed V and N, the functions N cos(jt) and N sin(jt) belong to V when j is large enough. Thus j_α exists.) Now it is easy to see that the net {u^α}_{α∈I} thus defined satisfies (UWC) with u^∞ = (0, 0). (To see this, let ε > 0, and let φ be a continuous function on [0, T ]. Let α_0 = (V (φ, ε), 1). Then, if α = (V, N) ⪰_I α_0, it follows that V ⊂ V_0(φ, ε). By definition, (u^α_1 , u^α_2 ) ∈ V ⊂ V_0(φ, ε), which implies sup_{0≤t≤T} |

∫_t 0 φ(s)u^α_k (s)ds| < ε, k = 1, 2.)

We will now show that the above net does not T^0-converge to the limit u^∞ =(0, 0) in L^1([0, T ], R^2). Let Σ=(R^2, f_0, f_1, f_2) with f_0 = (0, 0), f_1 = (1, 0), f_3 = (0, x^15 ). It is clear that this system is in C^0(2). Consider, for each input u ∈ L^1([0, T ], R^2), the system of differential equations ẋ_1 = u_1, ẋ_2 = x^{1/5}_1 u_2. This system has the global existence and uniqueness property for every initial condition and every u ∈ L^1([0, T ], R^2). Fix the initial condition x(0) = (0, 0). We prove that {u^α} does not T^0-converge to u^∞ by showing that the trajectories x^α of the above differential equations that correspond to the u^α do not converge to x^∞ ≡ (0, 0)^T . First, we prove a lemma.

Lemma A.1. Fix a V = (φ_1, . . ., φ_n, ε) ∈ V. Then there exists an N_V > 0 such that if N > N_V , and α = (V, N), then j_α ≤ N^5.

PROOF: Let A = max_{k=1,...,n}{‖φ_k‖}, where ‖ · ‖ denotes the sup norm on [0, T ]. Let N_V =^{4Aπ}_ε (^{nAT}_ε + n)^12 . We show that j_α ≤ N^5 if α = (V, N), N > N_V . Suppose there is an N > N_V such that j_α > N^5. Then by the definition of the j_α, for every 1 ≤ j ≤ N^5, we have sup 0≤t≤T,k=1,...,n max (| | | ∫_t 0 cos(js)φ_k(s)ds | | , | | ∫_t 0 sin(js)φ_k(s)ds | | ) ≥ ε N . (33)

Let K = [^{2AN T}_ε ] + 1, where [·] denotes the integer part function (i.e. [r] is the largest integer ν such that ν ≤ r). Divide the interval [0, T ] into K equal parts. Let t_ℓ =^{T ℓ}_K , ℓ = 0, . . ., K, be the partition points, and define φ_{k,ℓ}(t) = φ_k(t)χ_{[0,tℓ]}, where χ_{[0,tℓ]} is the indicator function of [0, t_ℓ]. For any two functions φ, ψ in L^2[0, T ], let us use ⟨φ, ψ⟩ =

∫_T 0 φ(s)ψ(s)ds to denote the inner product of φ, ψ.

Then {^{cos jt}√_π : j = 1, 2, . . .}∪{^{sin jt}√_π : j = 1, 2, . . .} is an orthonormal set in L^2[0, T ]. From Bessel’s inequality we know that K∑ ℓ=1 n∑ k=1

N^5∑

j=1 {| | ⟨ cos(jt) √ π , φ_{k,ℓ} ⟩| |^2 + | | ⟨ sin(jt) √ π , φ_{k,ℓ} ⟩| |^2 }

≤ K∑ ℓ=1 n∑ k=1 ‖φ_{k,ℓ}‖^2_L2_{[0,T ]} ≤ K∑ ℓ=1 n∑ k=1 ‖φ_k‖^2_L2_{[0,T ]} ≤ 2πnKA^2 . (34)

On the other hand it follows from (33) that for each j ∈ {1, . . ., N^5} there exist a number k(j) ∈ {1, . . ., n} and a t(j) ∈ [0, T ] such that at least one of the numbers | | ∫_{t(j)} 0 cos(js)φ_{k(j)}(s)ds | | , | | ∫_{t(j)} 0 sin(js)φ_{k(j)}(s)ds | | is ≥^ε_N . Then t(j) ∈ [t_{ℓ−1}, t_ℓ] for some ℓ = ℓ(j). It is clear that the integrals of cos(js)φ_{k(j)}(s)ds and sin(js)φ_{k(j)}(s)ds from t(j) to t_{ℓ(j)} are bounded by^{AT}_K . Since K >^{2AN T}_ε , we have^{AT}_K <^ε_{2N} . Thus at least one of the numbers | | ∫_{tℓ(j)} 0 cos(js)φ_{k(j)}(s)ds | | , | | ∫_{tℓ(j)} 0 sin(js)φ_{k(j)}(s)ds | | , is ≥^ε_{2N} . Therefore | | | ⟨ cos(jt) √ π , φ_{k(j),ℓ(j)} ⟩| | | 2 + | | | ⟨ sin(jt) √ π , φ_{k(j),ℓ(j)} ⟩| | | 2 ≥ ε^2 4πN^2 .

Thus we have K∑ ℓ=1 n∑ k=1

N^5∑

j=1 {| | ⟨ cos(jt) √ π , φ_{k,ℓ} ⟩| |^2+ | | | ⟨ sin(jt) √ π , φ_{k,ℓ} ⟩| |^2 } ≥ N^5 ε^2 4πN^2 = ε^2N^3 4π . (35)

If we compare this with (34), we see that

N^3 ≤

8π^2nKA^2 ε^2 . Since K <^{2AN T}_ε + 2, and N ≥ 1, we easily get the inequality

N^2 ≤

16π^2A^2 ε^2 ( nAT ε + n ) , so that N ≤ N_V . This contradiction completes our proof.

Using the lemma, it is easy to see that the x^α do not converge to x^∞. Indeed, for any α = (V, N) ∈ I, the solution x^α is given by

x^α_1 (t) = N j_α sin(j_αt) , x^α_2 (t) =

N^65

j^{15}_α

∫_t 0 (sin j_αs)^65 ds . (36)

Take ε_0 = 1. If the net {x^α} converged to x^∞, then there would exist an α_0 = (V, N_0) ∈ I such that ‖x^α(t)‖ ≤ 1 for all α ⪰_I α_0 and all t ∈ [0, T ]. Let α = (V, N) with N > max{N_0, N_V }. Then α ⪰_I α_0 and

x^α_2 (T ) =

N^65

j^{15}_α

∫_T 0 sin^65 j_αs ds .

Clearly,

∫_T 0 sin^65 j_αs ds is bounded away from 0. Since j_α ≤ N^5, we conclude that x^α_2 (T ) → ∞ as N → ∞. This contradiction proves that {x^α} does not converge.

Our second example shows that a net {u^α}_{α∈A} in L^1([0, T ], R^m) may T^0- converge to a u ∈ L^1([0, T ], R^m) while failing to satisfy (UB). This will prove the assertion that in general (ii)≠⇒(i) in Theorem 1.

Example A.2. Take m = 1, T = 1. Let F_1 be the collection of all pairs (Σ, K), where Σ is an element of C^0(1) and K is a compact subset of Ω^Σ × [0, 1]. Let F_2 be the set of all finite subsets of F_1. Let F = F_2 × IN, where IN is the set of positive integers. Define a partial ordering ⪯_F on F by letting (F_1, n_1) ⪯_F (F_2, n_2) if F_1 ⊆ F_2 and n_1 ≤ n_2. Then (F, ⪯_F ) is a directed set.

We define a net {u^{(F,n)}}_{(F,n)∈F} in L^1([0, 1], R) as follows. For each n, k ∈ IN, let u^k_n(t) = n sin kt. Then from Theorem 1 we know that, for each fixed n, the sequence {u^k_n}^∞_{k=1} T^0-converges to u = 0 in L^1([0, 1], R). Therefore, for each (Σ, K) ∈ F_1 the set Traj_c(f^Σ(u^k_n), K) converges, as k → ∞, to Traj_c(f^Σ(u), K) in 2^{ARC(ΩΣ)} under the topology T_{U SC} (ARC(Ω^Σ)). Let k_{Σ,K,n} be an integer such that Traj_c(f^Σ(u^k_n), K) ⊆ U 1_n (f^Σ(u), K) if k ≥ k_{Σ,K,n}, where U_ε(f, K) is the ε-neighborhood of Traj_c(f, K), i.e.,

U_ε(f, K) = {ξ ∈ ARC(Ω) : d_{ARC} (ξ, ζ) < ε for some ζ ∈ Traj_c(f, K)} .

For any F ∈ F, we let k_{F,n} = max {k_{Σ,K,n} : (Σ, K) ∈ F }, and then define u^{(F,n)}(t) = u^{kF,n}_n (t). Clearly {u^{(F,n)}}_{(F,n)∈F} does not satisfy (UB). However, it is easy to show that {u^{(F,n)}}_{(F,n)∈F} T^0-converges to u in L^1([0, 1], R). To see this, let Σ ∈ C^0(1) be a system and K be a compact subset of Ω^Σ × [0, 1]. We need to show that Traj_c(f^Σ(u^{(F,n)}), K) converges to Traj_c(f^Σ(u), K). For any given ε > 0, let n(ε) be an integer such that^1_{n(ε)} < ε. Let F_0 = {(Σ, K)}. Then if (F_0, n(ε)) ⪯_F (F, n), by definition, n ≥ n(ε) and (Σ, K) ∈ F . Therefore,

Traj_c(f^Σ(u^{(F,n)}), K) ⊆ U 1_n (f^Σ(u), K) ⊆ U_ε(f^Σ(u), K) .

Our third example shows that, for general vector fields, the fact that for every fixed initial condition x(t̄) = x̄ the trajectory of f^j converges to the trajectory of f does not imply that f^j T-converges to f.

Example A.3. Let φ : R → R be a smooth function such that φ(s) = 0 if s ≤ 0 or s ≥ 2, and φ(s) > 0 if 0 < s < 2. Define f^j : R^2 × R → R^2 by letting f^j (x, y, t) = (0, jφ(jx)), and let f(x, y, t) ≡ 0. Then f and the f^j are timevarying vector fields on R^2. Given any initial condition (x̄, ȳ, t̄), the solution ξ_{j,x̄,ȳ,}¯_t : R → R^2 of the initial value problem ξ̇(t) = f^j (ξ(t), t), ξ(t̄) = (x̄, ȳ), is given by ξ_{j,x̄,ȳ,}¯_t(t) = (x̄, ȳ + j(t − t̄)φ(jx̄)). For each x̄, the number φ(jx̄) is equal to zero for sufficiently large j. So for each initial condition (x̄, ȳ, t̄) the curve t → ξ_{j,x̄,ȳ,}¯_t(t) converges uniformly, as j → ∞, to the constant curve ξ_{∞,x̄,ȳ,}¯_t ≡ (x̄, ȳ), and ξ_{∞,x̄,ȳ,}¯_t is precisely the solution of the limiting initial value problem ξ̇ = f(ξ, t), ξ(t̄) = (x̄, ȳ). On the other hand, if we consider a jdependent initial condition (x̄^j , ȳ^j, t̄^j ) given by x̄^j =^1_j , ȳ^j = 0, t̄^j = 0, and let t^j =^1_j , then ξ_{j,x̄}j_{,ȳ}j_,¯_tj (t^j ) = (^1_j , φ(1)), which does not converge to ξ_{∞,0,0,0}(0), even though (x̄^j , ȳ^j , t̄^j ) → (0, 0, 0) and t^j → 0. Thus the curves ξ_{j,x̄}j_{,ȳ}j_,¯_tj do not converge uniformly to ξ_{∞,0,0,0}(0) on the compact interval [0, 1]. (Alternatively, we could have taken t̄^j = −^1_j , and then ξ_{j,x̄}j_{,ȳ}j_,¯_tj (0) = (^1_j , φ(1)), so ξ_{j,x̄}j_{,ȳ}j_,¯_tj does not even converge pointwise to ξ_{∞,0,0,0}.)

References

[1] H. Antosiewicz, Continuous parameter dependence and the method of averaging, in Symposium on Nonlinear Vibrations, Kiev, USSR, Sept. 1961.

[2] Z. Artstein, The Limiting Equations of Nonautonomous Ordinary Differential Equations, J. Differential Equations 25 (1977), pp. 184-202.

[3] Z. Artstein, Continuous dependence of solutions of Volterra integral equations, SIAM J. Math. Anal. 6 (1975), pp. 446-456.

[4] G. Buttazzo and R. Conti, Γ-Convergence and optimal control problems, J. Optim. Theory and Appl.38 (1982), pp. 385-407.

[5] L. D. Berkovitz, Optimal Control Theory, Springer-Verlag, New York, 1974.

[6] E. A. Coddington and N. Levinson, Theory of Ordinary Differential Equations, McGraw-Hill, New York, 1955.

[7] R. V. Gamkrelidze, Principles of Optimal Control Theory, Plenum Press, New York, 1978.

[8] P. Hartman, Differential Equations, John Wiley, New York, 1964.

[9] J. Kurzweil and Z. Vorel, Continuous dependence of solutions of differential equations on a parameter, Czechoslovak Math. J. 7 (1957), pp. 568- 583.

[10] J. Kurzweil and J. Jarnik, Limit process in ordinary differential equations, J. Appl. Math. Phys.38 (1987), pp. 241-256.

[11] J. Kurzweil and J. Jarnik, Iterated Lie brackets in limit processes in ordinary differential equations, Results Math. 14 (1988), pp. 125-137.

[12] E. B. Lee and L. Markus, Foundations of Optimal Control Theory, John Wiley & Sons, Inc., New York, 1968.

[13] W. Liu, Averaging theorems for highly oscillatory ordinary differential equations and the approximationl of general paths by admissible trajectories for nonholonomic systems, Ph.D. thesis, Rutgers University, Piscataway, NJ, 1992.

[14] W. Liu, Averaging theorems for highly oscillatory differential equations and iterated Lie brackets, SIAM J. Control Optim 35 (1997), pp. 1989-2020.

[15] W. Liu, Averaging Theorems for Highly Oscillatory Differential Equations and Iterated Lie Brackets, the Hölder Continuous Input Case, preprint.

[16] W. Liu, An Approximation Algorithm for Nonholonomic Systems, SIAM J.

Control Optim. 35 (1997), pp. 1328-1365.

[17] E. Michael, Topologies in spaces of subsets, Trans. Amer. Math. Society 71 (1971), pp. 152-182.

[18] R. K. Miller, Nonlinear Volterra Integral Equations, Benjamin, Menlo Park, Calif., 1971.

[19] L. W. Neustadt, On the solutions of certain integral-like operator equations: existence, uniqueness and dependence theorems, Arch. Rational Mech. Anal. 38 (1970), pp. 132-160.

[20] L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, and E. F.

Mishchenko, The Mathematical Theory of Optimal Processes, John Wiley & Sons, Inc., New York, 1962.

[21] G. Sansone and R. Conti, Nonlinear Differential Equations, The Macmillan Company, New York, 1964.

[22] H. J. Sussmann and W. Liu, Limits of highly oscillatory controls and approximation of general paths by admissible trajectories, in Proc. 30th IEEE Conf. Decision and Control, Brighton, UK, Dec. 1991. IEEE Publications, Piscatawy, NJ, 1991, pp. 437-442.

[23] H. J. Sussmann and W. Liu, Lie bracket extensions and averaging: the single-bracket case, in Nonholonomic Motion Planning, Z.X Li, J.F. Canny eds., Kluwer Academic Publishers, Boston, 1993, pp. 109-148.

[24] H. J. Sussmann and W. Liu, Motion Planning and Approximate Tracking for Controllable Systems without Drift, in Proc. 25th Annual Conf. on Inf. Sciences and Systems, Johns Hopkins University, Baltimore, MD, 1991, pp. 547-551.