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Summary. We present the technical background material for a version of the
Pontryagin Maximum Principle with state space constraints and very weak technical
hypotheses, based on a primal approach that uses generalized differentials and
packets of needle variations. In particular, we give a detailed account of two
theories of generalized differentials, the “generalized differential quotients” (GDQs)
and the “approximate generalized differential quotients” (AGDQs), and prove
the corresponding open mapping and separation theorems. We state—but do not
prove—the resulting version of the Maximum Principle. The result does not require
the time-varying vector fields corresponding to the various control values to be
continuously differentiable, Lipschitz, or even continuous with respect to the state,
since all that is needed is that they be “co-integrably bounded integrally continuous.”
This includes the case of vector fields that are continuous with respect to the state,
as well as large classes of discontinuous vector fields, containing, for example, rich
sets of single-valued selections for almost semicontinuous differential inclusions.
Uniqueness of trajectories is not required, since our methods deal directly with
multivalued maps. The dynamical reference vector field and reference Lagrangian
are only required to be “differentiable” along the reference trajectory in a very weak
sense, namely, that of possessing suitable “variational generators.” This includes—
but is much more general than—the conditions of the classical cases when the
reference vector field and Lagrangian are differentiable with respect to the state and
the variational generator can be taken to be the singleton of the classical differential,
as well as the case when they are Lipschitz and the variational generator can be
chosen to be the Clarke generalized Jacobian. In addition, for the Lagrangian one
can chose the variational generator to be the Michel-Penot subdifferential. For the
functions defining the state space constraints, all that is needed is the existence of
a variational generator in a slightly different technical sense, which includes as a
special case the object often referred to as 95 g in the literature, as well as many
non-Lipschitz cases. The conclusion yields finitely additive measures, as in earlier
work by other authors, and a Hamiltonian maximization inequality valid also at the
jump times of the adjoint covector.
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1 Introduction

In a series of previous papers (cf. [20, 21, 22, 23]), we have developed a
“primal” approach to the non-smooth Pontryagin Maximum Principle, based
on generalized differentials, flows, and general variations. The method used is
essentially the one of classical proofs of the Maximum Principle such as that of
Pontryagin and his coauthors (cf. Pontryagin et al. [15], Berkovitz [1]), based
on the construction of packets of needle variations, but with a refinement of
the “topological argument,” and with concepts of differential more general
than the classical one, and usually set-valued.

In this article we apply this approach to optimal control problems with
state space constraints, and at the same time we state the result in a more
concrete form, dealing with a specific class of generalized derivatives (the
“generalized differential quotients”), rather than in the abstract form used in
some of the previous work.

The paper is organized as follows. In §2 we introduce some of our notations,
and review some background material, especially the basic concepts about
finitely additive vector-valued measures on an interval. In §3 we review the
theory of “Cellina continuously approximable” (CCA) set-valued maps, and
prove the CCA version—due to A. Cellina—of some classical fixed point
theorems due to Leray-Schauder, Kakutani, Glicksberg and Fan. In §4 we
define the notions of generalized differential quotient (GDQ), and approximate
generalized differential quotient (AGDQ), and prove their basic properties,
especially the chain rule, the directional open mapping theorem, and the
transversal intersection property. In §5 we define the two types of variational
generators that will occur in the maximum principle, and state and prove
theorems asserting that various classical generalized derivatives—such as
classical differentials, Clarke generalized Jacobians, subdifferentials in the
sense of Michel-Penot, and (for functions defining state space constraints)
the object often referred to as 9. ¢ in the literature—are special cases of our
variational generators. In §6 we discuss the classes of discontinuous vector
fields studied in detail in [24]. In §7 we state the main theorem. The rather
lengthy proof will be given in a subsequence paper.

2 Preliminaries and background

2.1 Review of some notational conventions and definitions

Integers and real numbers. We use Z, R to denote, respectively, the set
of all integers and the set of all real numbers, and write Ndﬁf{n €Z:n >0},

Z+d§fN U {0}. Also, R, Ry, R, denote, respectively, the extended real line
RU{—=00, +00}, the half-line [0, +o0 [, and the extended half-line [0, +o0] (i.e.,

[0, +o00 [U{+00}).
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Intervals. An interval is an arbitrary connected subset of R. If a,b € R
and a < b, then INT([a,b]) is the set of all intervals J such that J C [a,b].
Hence INT([a, b]) consists of the intervals [« 5], [o, 8], |a, 8] and o, B[, with
a < a< <D, as well as the singletons {a}, for a < o < b), and the empty
set. A montrivial interval is one whose length is strictly positive, that is, one
that contains at least two distinct points.

Fuclidean spaces and matrices. The expressions R", R,, will be used to
denote, respectively, the set of all real column vectors # = (z1,...,,)" (where
“t” stands for “transpose”) and the set of all real row vectors p = (p1, ..., pn).
We refer to the members of R, as covectors. Also, R™*" is the space of all
real matrices with m rows and n columns.

Ifné€Zy, oz €R, recR and r > 0, we use B"(z,7), B"(z,7) to
denote, respectively, the closed and open balls in R"™ with center =z and
radius 7. We write B"(r), B"(r) for B"(0,7), B"0, (r), and B", B" for B"(1),
B™(1). Also, we will use S"™ to denote the n-dimensional unit sphere, so
S* = {(x1,...,Tny1)T € R"FTL: Z?ill x3 =1}

Topological spaces, metric spaces, metric balls. We will use throughout
the standard terminology of point-set topology: a neighborhood of a point x
in a topological space X is any subset S of X that contains an open set U
such that € U. In the special case of a metric space X, we use Bx (z,7),
B x (z,7), to denote, respectively, the open ball and the closed ball with center
x and radius 7.

Quasidistance and Hausdorff distance. If X is a topological space,
then Comp®(X) will denote the set of all compact subsets of X (including
the empty set), and Comp(X) will be the set of all nonempty members of
Comp®(X).

If X is a metric space, with distance function dyx, then we can define
the “quasidistance” A%“(A, B) from a set A € Comp®(X) to another set
B € Comp®(X) by letting

A;;“(A,B):sup{mf{dx(x,x') .2 €B}: zeA}. (1)

(This function is not a distance because, for example, it is not symmetric,
since AY"*(A, B) = 0 but A%“(B,A) #0if A C B and A # B. Furthermore,
AL can take the value 400, since AY*(A, B) = +oo if A # 0 but B =0.)

Definition 2.1 Suppose that X is a metric space. The Hausdorff distance
Ax (K, L) between two nonempty subsets K, L of X is the number

Ax(K,L) = max (Ag;m(K, L), A%(L, K)) . 0

It is then clear that the function Ax, restricted to Comp(X) x Comp(X), is
a metric.
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Linear spaces and linear maps. The abbreviations “FDRLS” and
“FDNRLS” will stand for the expressions “finite-dimensional real linear
space,” and “finite-dimensional normed real linear space,” respectively. If X
and Y are real linear spaces, then Lin(X,Y) will denote the set of all linear
maps from X to Y. We use XT to denote Lin(X,R), i.e., the dual space of
X.If X is a FDNRLS, then X is identified with X in the usual way.

If X and Y are FDNRLSs, then Lin(X,Y) is a FDNRLS, endowed with
the operator norm || - ||op given by

[Lllop = sup{[|L - [ : x € X, [Jf| <1} (2)

Also, we write L(X) for Lin(X, X), the space of all linear maps L : X — X.

We identify Lin(R™, R™) with R™>*"™ in the usual way, by assigning to each
matrix M € R™*" the linear map R" 3  — M -2 € R™. In particular, L(X)
is identified with R™*"™.) Also, we identify R,, with the dual (R")T of R", by
assigning to a y € R, the linear functional R* 3 z — y -z € R.

If X,Y are FDRLSs, and L € Lin(X,Y), then the adjoint of L is the map
LT: YT+ XT such that LT(y) = yo L for y € Y. In the special case when
X =R"and Y =R™, so L € R™*" the map L' goes from R,, to R,,, and is
given by Li(y) =y - L for y € R,,.

Manifolds, tangent spaces, differentials. If M is a manifold of class C*,
and z € M, then T, M will denote the tangent space of M at z. It follows
that if M, N are manifolds of class C1, x € M, F is an N-valued map defined
on a neighborhood U of x in M, and F is classically differentiable at x, then
the differential DF'(x) belongs to Lin(T, M, Tp)N).

Single- and set-valued maps. Throughout this paper, the word “map”
always stands for “set-valued map.” The expression “ppd map” refers to
a “possibly partially defined (that is, not necessarily everywhere defined)
ordinary (that is, single-valued) map.” The precise definitions are as follows.
A set-valued map is a triple F' = (A, B,G) such that A and B are sets and
G is a subset of A x B. If F' = (A, B,G) is a set-valued map, we say that F
s a set-valued map from A to B. In that case, we refer to the sets A, B, G
as the source, target, and graph of F, respectively, and we write A = So(F),
B =Ta(F), G = Gr(F). If x € So(F), we write F(x) = {y : (z,y) € Gr(F)}.
The set Do(F) = {z € So(F) : F(z) # 0} is the domain of F. If A, B are
sets, we use SV M (A, B) to denote the set of all set-valued maps from A to
B, and write F' : A — B to indicate that F € SVM (A, B). A ppd map from
A to B isan F € SVM(A, B) such that F(z) has cardinality zero or one
for every x € A. We write F: A< B to indicate that F' is a ppd map

from A to B.If F: A+ B, and C C A, then the restriction of F' to C'is the
set-valued map F [ C defined by F [ C%(C, B, Gr(F) N (C x B)).

If F; and Fy are set-valued maps, then the composite Fy o Fy is defined
if and only if Ta(Fy) = So(Fz) and, in that case, So(F; o Fl)défSo(Fl) ,

Ta(Fy o F1) & Ta(F,), and
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Gr(Fy o Fl)déf{(x,z) : (Hy)((x,y) € Gr(Fy) and (y,2) € Gr(Fg))} .

If Ais a set, then I4 denotes the identity map of A, that is, the triple
(A, A, Aa), where Ay is the set of all pairs (z,z), for all z € A.

Epimaps and constraint indicator maps. If f : S — R is a ppd function,
then

e The epimap of f is the set-valued map f : S — R whose graph is the
epigraph of f, so that f(s) = {f(s)+v: v € R,v > 0} whenever s € Do(f),
and f(s) =0 if s € S\Do(f).

e The constraint indicator map of f is the set-valued map x4 : S — R
such that x7°(s) = 0 if f(s) <0 or s € S\Do(f), and x7(s) = [0, +o0 [ if
f(s)>0.

Cones and multicones. A cone in a FDRLS X is a nonempty subset C' of
X such that r- ¢ € C whenever ¢ € C,r € R and r > 0. If X is a FDRLS,
a multicone in X is a nonempty set of convex cones in X. A multicone C is
conver if every member C' of C is convex.

Polars. Let X be a FDNRLS. The polar of a cone C' C X is the closed convex
cone CT = {\ € XT: A(c) <0 forall ¢ € C}.If C is a multicone in X, the

polar of C is the set CT = Clos(U{OT :C € C}), so C' is a (not necessarily
convex) closed cone in XT.

Boltyanskii approxrimating cones. If X isa FDNRLS, S C X, and x € S,
a Boltyanskii approximating cone to S at x is a convex cone C' in X such that
there exist an n € Z,, a closed convex cone D in R"™, a neighborhood U of
0 in R™, a continuous map F : UN D — S, and a linear map L : R" — X,
such that F(h) =+ L-h+o(]|h||) as h — 0 via values in D, and C = L - D.
A limiting Boltyanskii approximating cone to S at x is a closed convex cone
C which is the closure of an increasing union Uj’;l C; such that each C; is a
Boltyanskii approximating cone to S at x.

Some function spaces. If A, B are sets, we use fn(A, B) to denote the
set of all functions from A to B. If X is a real normed space and A is a
set, then Bdfn(A, X) will denote the set of all bounded functions from A
to X. The space Bdfn(A,X) is endowed with the norm || - ||sup given by
| fllsup = sup{||f(¢)|| : t € A}. Then Bdfn(A, X) is a Banach space if X is a
Banach space.

If, in addition, A is a topological space, then CY(A4, X) denotes the space
of all continuous functions from A to B, endowed with the norm || - ||sup. It
is clear that C°(A, X) is a closed subspace of Bdfn(A, X), so in particular
CY(A, X) is a Banach space if X is a Banach space.

Tubes. If X is a FDNRLS, a,b € R, a < b, £ € C%([a,b], X) and § > 0, we
use 7X(¢,0) to denote the 6-tube about & in X, defined by

TX(&,8) Y {(2,1): € X, a<t<b, |a—£(1)]| <5} . (3)
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Vector fields, trajectories, and flow maps. If X is a FDNRLS, a ppd
time-varying vector field on X is a ppd map X x R 3 (z,t) — f(z,t) € X.
A trajectory, or integral curve, of a ppd time-varying vector field f on X is
a locally absolutely continuous map £ : I — X, defined on a nonempty real
interval I, such that for almost all ¢ € I the following two conditions hold:
(i) (&(t),t) € Do(f), and (ii) £(t) = f(&(t),t). If f is a ppd time-varying vector
field on X, then Traj (f) will denote the set of all integral curves & : I — X of
f.If Sis a subset of X xR, then Traj (f,S) will denote the set of £ € Traj (f)
such that (£(t),t) € S for all ¢t € I¢, and Traj.(f,S) will denote the set of
& € Traj (f,S) whose domain I¢ is a compact interval.

The flow map of a ppd time-varying vector field X xR > (z,t)— f(z,t) € X
is the set-valued map ¢/ : R x R x X +— X that assigns to each triple
(t,s,2) € R x R x X the set &7 (t,s,x) = {£(t) : € € Traj (f), &(s) = 2.

Functions of bounded variation. Assume that X is a real normed space,
a,be R, and a < .

Definition 2.2 A function ¢ € fn([a,b],X) is of bounded variation if
there exists a nonnegative real number C such that 377", [|¢(t;) — ¢ (s;)|| < C
whenever m € N and the finite sequences {s;}7L, {t;}/L, are such that
aSS1St1S82§t2§“'Ssmﬁtmﬁb- g

We use bvfn([a,b], X) to denote the set of all ¢ € fn([a,b], X) that are of
bounded variation, and define the total variation norm |||+, of a function
v € fn(la,b], X) by letting ||¢lliw = [l@(b)||+C(p) , where C(yp) is the smallest
C having the property of Definition 2.2. Also, we let bv fn%®([a, ], X) denote
the set of all ¢ € bvfn([a,b], X) such that ¢(b) = 0. Then |||+ = C(p) if
¢ € bufn®®([a,b], X). It is then easy to verify that

Fact 2.3 If X is a Banach space, then the space bvfn([a,b], X), endowed with
the total variation norm || - ||t», is a Banach space, and bvfn°®([a,b], X) is a
closed linear subspace of bvfn([a,b], X) of codimension one. O

Fact 2.4 If X is a Banach space and f € bufn(([a,b],X), then limgq, f(s)
exists for every t €]a,b], and limg|, f(s) exists for every t € [a,b]. O

Remark 2.5 The set bvfn([a,b],X) is clearly a linear subspace of
Bdfn([a,b], X). The sup norm and the total variation norm are related by the
inequality ||¢||sup < ||¢]|tv, Which holds whenever ¢ € bvfn([a,b], X). On the
other hand, bvfn([a,b], X) is clearly not closed in Bdfn([a,b], X). O

Measurable spaces and measure spaces. A measurable space is a pair
(S, A) such that S is a set and A is a o-algebra of subsets of S.

If (S,.A) is a measurable space, then a nonnegative measure on (S, .A) is
a map p:A— [0,+00] that satisfies u()) = 0) and is countably additive
(ie., such that p(UjZ, A;) = 272, u(A;) whenever {A;}jen is a sequence of
pairwise disjoint members of A).



Non-smooth maximum principle 7

A nonnegative measure space is a triple (S,.A, 1) is such that (S,.A) is a
measurable space and p is a nonnegative-measure on (S,.4). A nonnegative
measure space (S, A, ) is finite if p(A) < oo for all A € A.

Measurability of set-valued maps; support functions. Assume that
(S, A) is a measurable space and Y is a FDNRLS.

Definition 2.6 A set-valued map A:S+—»Y is said to be measurable if the
set {s€ S:A(s)N N #£D} € A for every open subset 2 of Y. O

If A has compact values, then we define the support function of A to be the
function o4 : S x YT — R given by

oa(s,x)=sup{(z,y) : yc A(s)} for z€YT seS. (4)

(If A(s) = 0 then we define 0 4(s,y) = —o0.) The following fact is well known.

Lemma 2.7 Assume that (S, A) is a measurable space, Y is a FDNRLS,
and A:S—Y s a set-valued map with compact convex values. For each
y € YT, let v, (s) = oa(s,y). Then A is measurable if and only if the function
Yy, : S+ RU{—00} is measurable for everyy € YT. O

Integrable boundedness of set-valued maps. Assume that (S, A,v) is a
nonnegative measure space.

Definition 2.8 An v-integrable bound for a set-valued map A:S+—Y is
a nonnegative v-integrable function k : S — [0, +00] having the property that
A(s)C{yeY :|lyll<k(s)} for v-almost all s€S. The map A is said to be
v-integrably bounded if there exists a v-integrable bound for A. O

2.2 Generalized Jacobians, derivate containers, and Michel-Penot
subdifferentials.

For future use, we will now review the definitions and basic properties
of three classical “non-smooth” notions of set-valued derivative, namely,
Clarke generalized Jacobians, Warga derivate containers, and Michel-Penot
derivatives.

Generalized Jacobians. Assume that X, Y are FDNRLSs, (2 is an open
subset of X, F': {2 +— Y is a Lipschitz-continuous map, and Z, € (2.

Definition 2.9 The Clarke generalized Jacobian of F at Z. is the set
OF (z,) defined as follows:

o OF(z.) is the convex hull of the set of all limits L = lim;_,oo DF(x;)
for all sequences {x;}jen in 2 such that (1) limj_ocx; = Ty, (2) F is
classically differentiable at x; for all j € N, and (8) the limit L exists. O



8 Héctor J. Sussmann

Warga derivate containers. Assume that X, Y are FDNRLSs, {2 is an
open subset of X, F': 2+— Y, and Z, € (2.

Definition 2.10 A Warga derivate container of F al T, is a compact
subset A of Lin(X,Y) such that

e For every positive number 0 there exist (1) an open neighborhood Us of T,
such that Us C 2, and (2) a sequence {F;}jen of Y-valued functions
of class C* on Us, such that (i) lim; o F; = F uniformly on Us,
(i) dist(DFj(x), A) <6 for every (j,x) eNxUs. O

Michel-Penot subdifferentials. Assume that X is a FDNRLS, {2 is an
open subset of X, f : 2 +— R is a Lipschitz-continuous function, and z, € 2.
For h € X, define

d°f(Zx, h) = 21612 lintllsoup t—! (f(i:* +tk+h)— f(Z.+ tk)) , (5)

so that X > h — d°f(Z., h) € R is a convex positively homogeneous function.

Definition 2.11 The Michel-Penot subdifferential of f at T, is the set
0°f(z,) of all linear functionals w € X1 having the property that the inequality
d°f(Zy, h) > (w, h) holds whenever h € X. O

2.3 Finitely additive measures.

Ifa,b € R, a < b, and X is a FDNRLS, we use Pc([a, b], X) to denote the set
of all piecewise constant X-valued functions on [a, b], so that f € Pe([a,b], X)
iff f:[a,b] — X and there exists a finite partition P of [a,b] into intervals
such that f is constant on each I € P. We let Pc([a, b], X ) denote the set of all
uniform limits of members of Pc([a, b], X), so Pc([a,b], X) is a Banach space,
endowed with the sup norm. Furthermore, Pc([a, b], X) is exactly the space of
all f: [a,b] — X such that the left limit f(t—) = lims_.; s<; f(s) exists for all
t €la,b], and the right limit f(t4) = lims_¢ s> f(s) exists for all ¢ € [a,b].

We define Pco([a,b], X) to be the set of all f € Pc([a,b], X) that vanish
on the complement of a countable (i.e., finite or countably infinite) set. (Then
Pco([a, b], X) is the closure in Pc([a,b], X) of the space Pcgy([a,b], X) of all
f € Pc([a,b], X) such that f vanishes on the complement of a finite set.)

We let pe([a, b], X) be the quotient space Pc([a, b], X)/Pco([a,b], X). Then
every equivalence class F € pc([a, b], X) has a unique left-continuous member
F_, and a unique right-continuous member F'., and of course F_ = F on
the complement of a countable set. So pe([a, b], X) can be identified with the
set of all pairs (f_, f1) of X-valued functions on [a,b] such that f_ is left-
continuous, f; is right-continuous, and f_ = f; on the complement of a
countable set.

If X is a FDNRLS, then we use bvadd([a,b], X) to denote the dual
space pc([a, b, X1t of pe([a,b], XT). An additive X -valued interval function
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of bounded wvariation on [a,b] is a member of bvadd([a,b],X). A measure
€ bvadd(la,b], X) gives rise to a set function fi:Z([a,b]) — X (where
I([a, b]) is the set of all subintervals of [a,b]), defined by (i(I),y) = p(xY) for
y € X1, where x¥(t) = 0if t ¢ I and x¥(t) = y if t € I. We then associate to
p its cumulative distribution cd,,, defined by cd, (t) = —p([t,b]) for t € [a,b].
Then cd,, belongs to the space bv fn?([a,b], X) of all functions ¢ : [a,b] — X
that are of bounded variation (cf. Definition 2.2) and such that ¢(b) = 0. The
map
bvadd([a,b), X) > p+ cd,, € bufn®®([a,b], X)

is a bijection. The dual Banach space norm ||| of a p € bvadd([a,b], X)
coincides with |led,, ||y

A p € bvadd(]a,b], X) is a left (resp.right) delta function if there exist
anz € X and at €]a,b] (resp. a t € [a,b[) such that u(F) = (F(t—),z)
(resp. u(F) = (F(t+),z)) for all F' € pe([a,b], X). We call p left-atomic (resp.
right-atomic) if it is the sum of a convergent series of left (resp. right) delta
functions.

A p € bvadd([a,b], X) is continuous if the function cd,, is continuous.
Every p € bvadd([a,b], X) has a unique decomposition into the sum of a
continuous part fis, a left-atomic part pq:,— and a right-atomic part g 4.
(This resembles the usual decomposition of a countably additive measure into
the sum of a continuous part and an atomic part. The only difference is that
in the finitely additive setting there are left and right atoms rather than just
atoms.)

If Y is a FDNRLS, a bounded Y -valued measurable pair on [a,b] is a
pair (y—,74) of bounded Borel measurable functions from [a,b] to Y such
that 7v_ =4 on the complement of a finite or countable set. If X,Y, Z are
FDNRLSs, Y X X 3 (y,z) — (y,z) € Z is a bilinear map, o € bvadd([a, b], X),
and v = (y—,74) is a bounded Y-valued measurable pair on [a,b], then the
product measure 7 - p is a member of bvadd([a,b], Z) defined by multiplying
the continuous part pi., by v or v, the left-atomic part by v_, and the right-
atomic part by «,. In particular, the product v - p is a well defined member
of bvadd([a, b], X) whenever p € bvadd([a,b],R) and v is a bounded X-valued
measurable pair on [a, b].

Finally, we need to study the solutions of an “adjoint” Cauchy problem
represented formally as

dy(t) = —y(t) - L(t) - dt +dp(t),  y(b) =7, (6)

where p € bvadd([a,b], XT) and L € L'([a,b], L (X)). This is done by rewriting
our Cauchy problem as the integral equation

b
y(t) =V(t) = /t y(s) - L(s) - ds, where V =cd,. (7)

Equation (7) is easily seen to have a unique solution 7, given by
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7T(t) =y ML(bv t) - (0. d,LL(S) ' ML(Sv t) ) (8)

where My, : [a,b] x [a,b] — L(X) is the fundamental solution of M = M - L,
characterized by the identity M (7,t) = Ix + [, L(r) - Mp(r,t) dr.

3 Cellina continuously approximable (CCA) maps

The “Cellina continuously approximable” maps constitute a class of set-
valued maps that has properties similar to those of single-valued continuous
maps. The most important such property is the fixed point theorem that, for
single-valued continuous maps, is known as Brouwer’s theorem in the finite-
dimensional case, and as Schauder’s theorem in the infinite-dimensional case.
A class of set-valued maps with some of the desired properties was singled
out in the celebrated Kakutani fixed point theorem (for the finite-dimensional
case), and its infinite-dimensional generalization due to Fan and Glicksberg.
This class, whose members are the upper semicontinuous maps with nonempty
compact convex values, turns out to be insufficient for our purposes, because
is lacks the crucial property that a composite of two maps belonging to the
class also belongs to the class. (For example, if f : B, (0,1) ~ B, (0,1) has
nonempty convex values and a compact graph, and g : B,,(0,1) — B, (0,1) is
single-valued and continuous, then g also has a compact graph and nonempty
convex values, so g belongs to the class as well, but go f need not belong to the
class, because the image of a convex set under a continuous map need not be
convex. And yet it is obvious that g o f has to have a fixed point, because the
same standard argument used to prove the Kakutani theorem applies here as
well: we can find a sequence of single-valued continuous maps f; that converge
to f in an appropriate sense, apply Brouwer’s theorem to obtain fixed points
x; of the maps g o f;, and then pass to the limit.)

The previous example strongly suggests that there ought to exist a class of
maps, larger than that of the Kakutani and Fan-Glicksberg theorems, which is
closed under composition and such that the usual fixed point theorems hold.
This class was introduced by A. Cellina in a series of papers around 1970 (cf.
[3, 4, 5, 6]). We now study it in detail.

3.1 Definition and elementary properties

CCA maps are set-valued maps that are limits of single-valued continuous
maps in the sense of an appropriate (non-Hausdorff) notion of convergence.
We begin by defining this concept of convergence precisely.

Inward graph convergence. If K, Y are metric spaces and K is compact,
then SV Meomp(K,Y) will denote the subset of SV M (K,Y’) whose members
are the set-valued maps from K to Y that have a compact graph. We say that a
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sequence {F}};en of members of SV M omp(K,Y) tnward graph-converges

toan F € SV Meomp(K,Y)—and write F} 2%, F—if for every open subset {2
of K x Y such that Gr(F) C (2 there exists a jo € N such that Gr(F;) C 2
whenever j > jp.

The above notion of convergence is a special case of the following more
general idea. Recall that Comp®(X) is the set of all compact subsets of X.
Then we can define a topology 7 ompo(x) on Comp°(X) by declaring a subset
U of Comp®(X) to be open if for every K € U there exists an open subset U
of X such that K C U and {J € Comp®(X) : J C U} CU. (This topology is
non-Hausdorff even if X is Hausdorff, because if J, K € Comp®(X), J C K,
and J # K, then every neighborhood of K contains J.) Inward graph
convergence of a sequence {Fj}jen of members of SV Momp(K,Y) to an
F € SV Meomp(K,Y) is then equivalent to convergence to Gr(F) of the sets
Gr(Fj) in the topology Zcompo(x)-

The convergence of sequences and, more generally, of nets, in the space
Tcompo(x) can be characterized as follows, in terms of the quasidistance A7*®
defined in (1).

Fact 3.1 Let (Z,dz) be a metric space, let K = { K4 }aca be a net of members
of Comp®(Z2), indexed by a directed set (A,=<4), and let K € Comp®(Z).
Then the net K converges to K with respect to Toompo(z) if and only if
lim, A2 (K,,K) = 0. O

Fact 3.1 can be applied in the special case when the metric space Z is a
product X x Y, equipped with the distance dz : Z x Z — R, given by

dz((2,y), (@' y)) = dx(@,2') +dy (4. 1/) . (9)

We then obtain the following equivalent characterization of inward graph
convergence.

Fact 3.2 Let X, Y be metric spaces, with distance functions dx, dy, let
F = {F,}aca be a net of members of SV Meomp(X,Y), indexed by a directed
set (A, =<4), and let F' € SV Mcomp(X,Y). Then the net F converges to F'
in the inward graph convergence sense (that is, the graphs Gr(F,) converge

to Gr(F) in Toompo(xxy)) if and only if  limg, AL (Gr(Fa), Gr(F)) =0,
where Z = X XY, equipped with the distance dz given by (9). O

Compactly graphed set-valued maps. Suppose that X and Y are metric
spaces, and F': X +» Y. Then F' is compactly graphed if, for every compact

subset K of X, the restriction F' [ K of F' to K has a compact graph, i.e., has

the property that the set Gr(F fK)déf{(ac, y):x € KAy € F(x)} is compact.

We recall that, if X, Y are topological spaces, then a set-valued map
F: X —» Y is said to be upper semicontinuous if the inverse image of every
closed subset U of Y is a closed subset of X. It is then easy to see that
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Fact 3.3 If X and Y are metric spaces and F : X — Y has compact values,
then F is upper semicontinuous if and only if it is compactly graphed. a

CCA maps. Finally, we are now in a position to define the notion of a
“Cellina continuously approximable map.”

Definition 3.4 Assume that X and Y are metric spaces, and F : X +» Y.
We say that F is Cellina continuously approximable (abbr. “CCA”) if
F is compactly graphed and

e For every compact subset K of X, the restriction F [ K is a limit—in the
sense of inward graph-convergence—of a sequence of continuous single-
valued maps from K to Y. O

We will use the expression CCA(X,Y") to denote the set of all CCA set-
valued maps from X to Y. It is easy to see that

Fact 3.5 If f : X — Y is a ppd map, then the following are equivalent:
(1)f € CCA(X,Y),

(2) f is everywhere defined and continuous,
(8) f is everywhere defined and compactly graphed. a

Composites of CCA maps. The following simple observation will play a
crucial role in the theory of GDQs and AGDQs.

Theorem 3.6 Assume that X, Y, Z are metric spaces. Let F € CCA(X,Y),
G € CCA(Y, Z). Then the composite map G o F belongs to CCA(X, Z).

Proof. Let H = G o F. We prove first that H is compactly graphed. Let K
be a compact subset of X, and let J = Gr(H [ K). A pair (z,z) belongs
to J if and only if there exists y € Y such that (z,y) € Gr(F[K)
and (y,z) € Gr(G). Let Q@ = w(Gr(F[K)), where m is the projection
X xY 3 (z,y)—yeYY. Then (x,z) € J iff there exists y € @ such that
(z,y) € Gr(F [ K) and (y,2) € Gr(G [ Q). Equivalently, (z,2) € J iff there
exists a point p = (z,y,9,2) € S such that IT(p) = (x,2) and p € A, where
A={(z,9,9,2) e X xY xYxZ:y=73}, S=Gr(F[K)xGr(G[]Q), and
IT is the projection X x Y xY x Z € (z,y,9,2) — (v,2) € X x Z.

So J=1II(SNA). Since S is compact and A is closed in X x Y xY x Z,
the set SN A is compact, so J is compact, since II is continuous. Hence H is
compactly graphed.

We now fix a compact subset K of X, let h = H [ K, and show that
there exists a sequence {h;} ey of continuous maps from K to Z such that

h; 2 1. For this purpose, we let f = F'[ K, and use the fact that F is a
CCA map to construct a sequence {f;};en of continuous maps from K to
Y such that f; ~25 f as j — oo. Then the set B = Gr(f) U (U;’;l Gr(fj))

is clearly compact. (Proof: Pick a sequence v = {(zk,yx)}ren of points of
B.Let I ={k € N: (z,yr) € Gr(f)}. If I is infinite, then vy = {(zk, yi) trer
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is a subsequence of v, and v; contains a subsequence ¢ that converges to a
point of Gr(f), since Gr(f) is compact. Since Gr(f) C B, o converges to a
point of B. Now suppose that I is finite. Then, by passing to a subsequence,
we may assume that [ is empty, i.e., that no point (zy,yx) belongs to Gr(f).
Then each (zy,yr) belongs to some Gr(f;), and we let j(k) be the smallest
j such that (zx,yx) € Gr(f;). If the sequence of positive integers {j(k)}ren
is unbounded, then we can extract a subsequence {j,()}ren that goes to

infinity. Since f; 225 f, the numbers §; = sup{O(z,y) : (z,y) € Gr(f;)} go
to zero as j — oo, where O(z,y) = inf{d(z,z) + d(y,79) : (Z,7) € Gr(f)}.
So 0(jo(e)) — 0 as £ — oo. Since (Zq(s),Yo(e) € Gr(fj(r)), We can choose
(Z¢,9¢) € Gr(f) such that d(zy(e), Z¢) + d(Yo(e), Je) < 6(j(0(£))) + 27 Since
{(Z¢, ¢) been is a sequence of members of the compact set Gr(f), we can
extract a subsequence {(Zr(m), Ur(m)) fmen that converges to a member (z,7)
of Gr(f), and then 7 = {(Zo(r(m)), Yo(r(m))) }men is a subsequence of v that
converges to (Z,y) € Gr(f). Finally, we have to consider the case when the
sequence {j(k)}xen is bounded. In that case, we can choose a j € N such that
the set I; = {k € N: j(k) = j} is infinite, and then find an increasing map
o : N+ N such that o(N) = I;. Then & = {(24(s), Yo () }een is a subsequence
of v that consists of members of the compact set Gr(f;), so { has a subsequence
N = {(To(r(m))> Yo(r(m))) }men that converges to a point (z,7) € Gr(f;). So
we have shown, in all possible cases, that v has a subsequence that converges
to a point of B.)

Let C = w(B), where m is the projection defined above. Then C' is a
compact subset of Y, and the fact that G is a CCA map implies that there

exists a sequence {g;};en of continuous maps g; : C'+— Z such that g, ELIN g,
where g = G [ C.

We now define h; = g; o f;, and begin by observing that the h; are well
defined continuous maps from K to Z. (The reason that h; is well defined
is that if © € K, then (z, f;(z)) € Gr(f;) C B, so (z, fj(z)) € B, and then
fi(z) € C, so g;(f;(x)) is defined. The continuity of h; then follows because
it is a composite of continuous maps.)

To conclude the proof, we have to establish that h; 225 h. Let us first
define a; =sup{=(z,2) : (x,2) € Gr(h;)}, where = is the map given by
Z(z, 2z) = inf{d(z, %) + d(z, 2) : (&, 2) € Gr(h)}. We want to show that a; — 0
as j — oo. Suppose not. Then by passing to a subsequence we may assume that
a; > 2a for all j, for some strictly positive &. For each j, pick (z;, z;) € Gr(h;)
such that =(zj,2;) > @. Let y; = f;j(z;), so z; = g;(y;). The point (z;,y;)
then belongs to Gr(f;), so ©(z;,y;) — 0, where © was defined above. Hence
we can find (Z;,9;) € Gr(f) such that d(x;,%;) + d(y;,7;) — 0. Similarly,
we can define O(y, z) = inf{d(y,§) + d(z,%) : (§,%) € Gr(g)}, and conclude
that O(y;, z;) — 0, since g; — g, so we can find points (g]f,ij), belonging
to Gr(g), such that d(y;, g}]#) +d(z;,%;) — 0. So all four quantities d(x;, Z;),
d(y;, 9;), d(yj,gf), and d(z;, Z;), go to 0. Since Gr(f) and Gr(g) are compact
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we may assume, after passing to a subsequence, that the (Z;,7;) converge to
a limit (Z,9) € Gr(f), and the (gf,zj) converge to a limit d(§%, ) € Gr(g).
Since d(y;,9;) — 0 and d(yj,gf) — 0, we have dgjj,gjj#) — 0,50 § = g§7. So
(Z,9) € Gr(F) and (g, 2) € Gr(G), from which it follows that (Z, 2) € Gr(H).
But d(zj,Z;) — 0 and Z; — Z, so d(z;,Z) — 0. Similarly, d(z;,Z) — 0. Hence
Z(z4,2;) — 0 contradicting the inequalities =(z;, z;) > & > 0. So a; — 0,
and our proof is complete. a

3.2 Fixed point theorems for CCA maps

The space of compact connected subsets of a compact metric space.
Recall that, if X is a metric space, then Comp(X) denotes the set of all
nonempty compact subsets of X. The Hausdorff distance Ax was introduced
in Definition 2.1. We write Comp,(X) to denote the set of all connected
members of Comp(X). We will need the following fact about Comp(X).

Proposition 3.7 Let X be a compact metric space. Then (1) (Comp(X), Ax)
is compact, and (II) Comp (X) is a closed subset of Comp(X).

Proof. We first prove (I). Let X be compact, and let D be the diameter of
X, that is, D = max{dx(z,2') : z,2’ € X}. Let {K,};en be a sequence
in Comp(X). For each j € N, let ¢; : X — R be the function given by
@;(z) = dx(z, Kj). Then each ¢; is a Lipschitz function on X, with Lipschitz
constant 1. Furthermore, the bounds 0 < ¢;(x) < D clearly hold. Hence
{¢;j}jen is a uniformly bounded equicontinuous sequence of continuous real-
valued functions on the compact space X . Therefore the Ascoli-Arzela theorem
implies that there exist an infinite subset J of N and a continuous function
¢ : X — R such that the ¢; converge uniformly to ¢ as j — oo via values in
J. Define K = {z : ¢(x) = 0}. Then K is a compact subset of X.

Let us show that K # (). For this purpose, use the fact that each K is
nonempty to find a member x; of K;. Since X is compact, there exists an
infinite subset J’ of J such that the limit x = lim;_ o je  z; exists. Since
@;(x;) =0, and ¢; — ¢ uniformly, it follows that p(z) = 0, so x € K, proving
that K # 0, so that K € Comp(X).

We now show that K; —; K in the Hausdorff metric, where “— ;”
means “converges as j goes to oo via values in J.” First, we prove that
AV (K, K;) — 0. By definition, A% (K, K;) = sup{p,(z) : x € K}. Since
¢; — . ¢ uniformly on X, it follows that ¢; —; ¢ uniformly on K. But ¢ =0
on K, so ¢; —; 0 uniformly on K, and then sup{y;(z) : « € K} —; 0, that
iS7 Agga(K, KJ) —J 0.

Next, we prove that AY“(K;, K) — 0. If this was not so, there would
exist an infinite subset J’ of J and an « such that a > 0 and

AY(K;,K) > a whenever je€.J. (10)
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For each j € J', pick z; € K; such that distx (z;, K) = AY*(K;, K). Then,
using the compactness of X, pick an infinite subset J” of J’ such that the
limit = lim; o jej» ; exists. Clearly, ¢(z;) = 0, because x; € K;. Hence
¢(z) =0,s0 z € K. But dx(zj,7) — 0 as j — , oo. Hence distx (z;, K) — 0
as j —,, 0o, contradicting (10). This proves (I).

We now prove (II). Let { K} jen be a sequence in Comp(X) that converges
toa K € Comp(X) and is such that all the K; are connected. We have to prove
that K is connected. Suppose K was not connected. Then there would exist
open subsets Uy, Us of X such that K C U, UUy, UiNU; = 0, KNU; # 0, and
K NUs; # 0. The fact that K; — K clearly implies that there exists a j, such
that, lfj > j*, then (a) Kj - U1 UUQ, (b) Kj ﬂUl 7’5 (Z), and (C) Kj ﬁUz 7’5 (Z)
But then, if we pick any j such that j > j., the set K is not connected, and
we have reached a contradiction. This completes the proof of (II). O

Connected sets of zeros. The following result is a very minor modification
of a theorem of Leray and Schauder—stated in [14] and proved by F. Browder
in [2]—according to which: if K C R™ is compact convex, 0 € Int K, R > 0,
and H : K x [0, R] — R" is a continuous map such that H(z,0) = x whenever
x € K and H never vanishes on 0K x [0, R|, then there exists a compact
connected subset Z of K x [0, R] such that H(x,t) = 0 whenever (x,t) € Z,
and the intersections Z N (K x {0}), Z N (K x {R}) are nonempty.

Our version allows H to be a set-valued CCA map, and in addition allows
0 to belong to the boundary of K, but requires that 0 be a limit of interior
points v; such that H never takes the value v; on K x [0, R].

Theorem 3.8 Let n € Z,, and let K be a compact convezr subset of R™.
Assume that R > 0 and H : K x [0,R] — R"™ is a CCA map. Assume,
moreover, that

(1) H(x,0) = {z} whenever x € K,

(2) there exists a sequence {v;}jen of interior points of K such that
(2.1) lim;_.oo v; =0,
(2.2) H(z,t) # v; whenever t€0K, t€[0, R], jeN.

Then there exists a compact connected subset Z of K x [0, R] such that

(a) 0 € H(x,t) whenever (z,t) € Z,
(b) ZN (K x {0}) #0,
(¢) ZN (K x {R}) #0.

Remark 3.9 If 0 is an interior point of K, and H never takes the value 0
on OK x [0, R], then Hypothesis (2) is automatically satisfied, since in that
case we can take v; = 0. If in addition H is single-valued, then Theorem 3.8
specializes to the result of [14] and [2]. O

Remark 3.10 Any point (€, 7) of intersection of Z N (K x {0}) must satisfy
T7=0and 0 € H(&,0). Since H(£,0) = {&}, £ must be 0. So Conclusion (b) is
equivalent to the assertion that (0,0) € Z. O
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Proof of Theorem 3.8. Pick a sequence { H} }en of ordinary continuous maps

H} : K x [0, R] — R" such that H} 2 H oas k — oco. Then, for each k, pick
a sequence {H} ;}xen of polynomial maps H7 , : R x R — R™ such that

sup{[|H ¢(w,t) — Hy(2,1)|| : (2,1) € K x [0, R]} <27°.

Let H} = ng,kv and define H(z,t) = Hi(z,t) + © — H}(x,0). Then the H}
are polynomial maps from R" x R to R" such that H}}(z,0) = z for all z € R™.
We claim that

HA[(K x[0,R) 25 H  as k— 0. (11)

To prove (11), we let oy, = sup{0x(§,7) : (§,7) € K x [0, R]}, where

0(6,7) = min { || Hr—H (€ Ty (2,0) € KX, ], y € H(x, 1)}, (12)

and show that aj — 0. Assume that «j does not go to 0. Then assume, after
passing to a subsequence if necessary, that ap > 30 for a strictly positive
8. Then we may pick (&, 7x) € K x [0, R] such that 6 (&, ) > 20 for all
k. After passing once again to a subsequence, we may assume that the limit
(&, 7) = limy, o (§k, 1) exists and belongs to K x [0, R]. Then (12) implies,
since O (§k, Tk) > 23, that ||§k*§H+|Tk*7_"+||ﬁ;$(§k,7'k)*y” > 23 whenever
y € H(&, 7). If k is large enough then || — €| + |7 — 7| < 5. So we may
assume, after passing to a subsequence, that ||H} (&, k) — yl| > 8 whenever
y € H(T). B

On the other hand, if y € H(§, 7). then

B < | H (&) — o

< || Hig &k ) — Hig (& i) | + || Hj (€ 70) — |

= | H} (&, 70) + & — H (&, 0) = Hy (&, o)l + |1 Hy (€6, 7)) — |

= | H (& 7e) — Hi (& 7o) | + 166 — HE (&, O] + | H (&, 7e) —

= IHE (& ) = Hie (S i)l + 1€ = HE (s O + | (8 70) =

<270 4 ||& — Hi (&, )| + ([ Hi (6, 0) — HE 4 (€x, 0| + [1H €k, 70) —

< 207 4 ||& — H (&, O) | + 1 Hg (e i) — v

=217 4 l&k — wll + o — yll

where u, = H}(£,0), vg = H} (&, k). Since (&,0,u;) € Gr(H}) and
H} 225 H, we may pick points (£, 7, @x) € Gr(H) such that

||€k7£~k‘|+7~'k+|‘uk*ﬂk”*>0 as t— 0o. (13)

We may then pass to a subsequence and assume that the limit (500, Toos Uoo ) Of
the sequence { (&, Tk, Uk ) }ren exists and belongs to Gr(H). Then (13) implies
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that & — € (from which it follows that o = &), 7o = 0, and, finally
ﬂoo = limk_ﬂx, uE = limk_,oo H,i (fk, 0)
Since (£, 0, floo) = (€no; Toos lloo) € Gr(H), we conclude that ., € H(E,0),
S0 Uoo = &. Since & — & and uy — &, we see that limy_, ||Ex — ug|| = 0.
Next, since (&, 7k, vx) € Gr(H}) and H} %5 H, we may pick points
(€, 7, O) € Gr(H) such that

1€k — Ell + |7k — 76| + ok — 0]l =0 as t—oo. (14)

It is then possible to pass to a subsequence and assume that the limit
(éoo,ﬂ,o,@oo) = limkﬁw(ék,%k,f)k) exists and belongs to Gr(H). Then (14)
implies that &, — éoo (so that éoo = &), o — 7o (50 that 7o, = 7), and
Voo = limg— 00 vk = limg 00 H} (€, Tk) (s0 that [jvg — o] — 0 as k — o00).
Since (&,7,000) = (£sos Toos Doo) € Gr(H), we conclude that 9, € H(E,7).
Hence we can apply the inequality 8 < 2'7F 4 ||&, — ug|| + |lvr — y|| with
Y = U0, and conclude that

B <2V 4 llgk — ukll + ok — Dsc ]l - (15)
However, we already know that limg_ o ||€x — ug|| = 0, and limg_ o |Jvg —
Uoo|| = 0. So the right-hand side of (15) goes to zero as k — oo, contradicting

the fact that 8 > 0. This contradiction completes the proof of (11).
The set

Q=HOK x[0,R]))={yeR": (Fz € OK)(Tt € [0, R])(y € H(z,t)}

is compact, and our hypotheses imply that the points v; do not belong to Q.
Let Qr = H (0K x [0, R]), so @y, is also compact. We claim that

(8) for every j € N there exists a k(j) € N such that v; ¢ Qi whenever
k> k(j).

To see this, suppose that j is such that v; € @ for infinitely many values of k.
Then we may assume, after passing to a subsequence, that v; € Q, for all k.

Let v; = H} (x, tx), 21 € 0K, ty € [0, R]. Since H [ (K x [0, R]) -2 H, we
may pick (fk,fk,’f)k) S GI“(H)l such that ||$k—.i‘kH +||tk—t~k||+||1}j —f}k” — 0.
Since Gr(H) is compact, we may pass to a subsequence and assume that
the limit (oo, oo, Vo) = liMp_ oo (Tk, tr, Ux) exists and belongs to Gr(H).
But then Z,, = limp_.. xk, SO0 in particular Z., € OK, because x; €
0K, and §o = limy_.oc tx. In addition, 95, = v;. So v; € H(Zoo,t00) and
(Too,too) € OK x [0, R]. Hence v; € @, and we have reached a contradiction,
proving ($).

We now pick, for each j, an index k(j) such that k(j) > k(j) and
k(j) > j, and let H} = Hﬁ(j). Then each H7 is a polynomial map such that

H?(z,0) = & whenever x € R", and Hj(z,t) # v; whenever (z,t) belongs to

OK x [0, R]. Furthermore, H? [ (K x [0, R]) 2 H as j — oo. Since the set
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Pj = H?(0K x [0, R]) is compact, v; ¢ Pj, and v; € Int(K), we may pick
for each j an e; such that 0 < e; < 277 with the property that the ball
B ={veR": |v—vj|]| <e¢;} is a subset of Int(K) and does not intersect
P;. It follows from Sard’s theorem that, for any given j, almost every v € R"
is a regular value of both maps R" x R 3 (z,t) — H(z,t) € R" and
R" 3 z — H;’(x,R) € R". So we may pick w; € B; which is a regular
value of both maps. Since v; — 0 as j — oo and |lw; — v;|| < &; < 277, we
can conclude that lim; .., w; = 0.

We now fix a j. Let S = {(z,t) € R" x R: H?(x,t) = w;}. Then S is the
set of zeros of the polynomial map

R" xR 3 (z,t) — H}(z,t) —w; € R,

which does not have 0 as a regular value. It follows that S is a closed embedded
one-dimensional submanifold of R™ x R, so each connected component of
S is a closed embedded one-dimensional submanifold of R™ x R which is
diffeomorphic to R or to the circle S = {(x,y) € R? : 22 + y* = 1}. Since
Hf(wj,O) = wj, the point (w,,0) belongs to a connected component C of
S;. Since C is diffeomorphic to R or S', the set X of all smooth vector fields
X on C such that || X(z)| = 1 for every x € C has exactly two members.
Fix an X € X, so the other member of X is —X. The vector X (w;,0) is then
tangent to C' at (w;,0), and therefore belongs to the kernel of DH? (w;,0). On
the other hand, the differential at w; of the map R" 5 z +— Hf (z,0) € R" is
the identity map, which is injective. It follows that the vector X (w,,0) is not
tangent to R” x {0}. Hence X (w,,0) = (w,r), withw € R”, r € R, and r # 0.
We may then assume, after relabeling —X as X, if necessary, that r > 0.
Next, still keeping j fixed, we let v, be, for each ¢ € C, the maximal
integral curve of X such that +,(0) = ¢. Then each ~, is defined, in principle,
on an interval I, =]ay, B4[, where —oo < ay < 0 < f; < +o00. It turns out,
however, that the numbers oy, (5, cannot be finite. (For example, suppose
B, was finite. Then the limit p = limyg, v4(t) would exist, as a limit in
the ambient space R™ x R, because <, is Lipschitz. Then p would have to
belong to C, since C is closed, and p would also be the limit in C' of ~,(t)
as t T B4, because C' is embedded. Hence we would be able to extend v, to a
continuous map from the interval I, =]ay, 8,] to C such that v,(3,) = p, and
concatenate this with an integral curve 4 : [84, Bq+¢[— C such that (8,) = p,
thereby obtaining an extension of v, to a larger interval, and contradicting
the maximality. of v,. A similar argument works for a,. So a; = —oo0 and
By = +00.) Therefore I, = R for every ¢ € C. Clearly, the set A, = v,(R)
is an open submanifold of C. Furthermore, if ¢,¢' € C then the sets A,, Ay
are either equal or disjoint. Since C is connected, all the sets A, coincide and
are equal to C. In particular, if we let § = (w;,0), and write v = 73, then
v(R) = C. Write v(t) = (£(t),7(2)), £&(t) € R™, 7(t) € R. Then there exists
a positive number § such that £(¢) € Int(K) for —§ < t < 6 and tr(t) > 0
for 0 < |t| < 4. It follows, after making § smaller, if necessary, that y(t) is an
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interior point of K x [0, R] for 0 < t < §. If C' is diffeomorphic to S, then  is
periodic, so there exists a smallest time 7' > 0 such that v57(T") = 7(0). Then
~v(T — h) = y(—h) for small positive h, so 7(T' — h) = 7(—h) < 0 for such h,
implying that v(t) ¢ K x [0,R] when ¢t < T and T — t is small enough. It
follows that it is not true that v(¢) € K x [0, R] for all ¢t € [0,T]. If we let
M ={te[0,T]:~(t) ¢ K x[0,R]}, then M is a nonempty relatively open
subset of [0, T]. Let Ty = inf M. Then Ty > 0, because (¢) € K x [0, R] when
0 <t < ¢. Therefore Ty ¢ M, because if Ty € M then the facts that M is
relatively open in [0,7] and Ty > 0 would imply that Ty — h € M for small
positive h, contradicting the fact that Ty = inf M. It follows that

(&) To > 0, y(t) € K x [0, R] for 0 <t < Ty, v(To + he) ¢ K x [0, R] for a
sequence {h¢}een of positive numbers converging to 0, and 7y is an injective
map on [0, Tp).

So we have proved the existence of a Ty for which (&) is true, under the
hypothesis that C' is diffeomorphic to S!.

We now show, still keeping j fixed, that a T for which (&) holds also
exists if C' is diffeomorphic to R. To prove this, we define a set M by letting
M ={t €[0,+o00[: v(t) ¢ K x [0, R]}. Then M is a relatively open subset of
[0, +o00[. Furthermore, M # (. (Proof. If M was empty, then () would
belong to K x [0, R] for all positive ¢. So we could pick a sequence {t¢}sen of
positive numbers converging to 400 and such that v(t;) converges to a limit
q. But then ¢ € C, because C is closed, and the equality limy_,. Y(t¢) = ¢
also holds in C, because C' is embedded. Since C' is embedded, there exists a
neighborhood U of ¢ in R™ x R which is diffeomorphic to a product —|p, p[**!
under a map @ : U — —|p, p[*! that sends ¢ to 0 and is such that ¢(UNC) is
the arc A = {(s,0,...,0) : —p < s < p}. Then ~(t;) € A if £ is large enough.
But A itself, suitably parametrized, is an integral curve |a, 8[3 ¢ — ((t) of
X such that & < 0 < g8 and ¢(0) = ¢. It follows that for large enough ¢
there exist hy €]a, 8] such that hy — 0 as £ — oo and ((hy) = v(t¢). Let
T € R be such that v(T) = q. Then v(T + h¢) = ((he) = y(t¢). Since the
ty go to +oo, but the T+ hy are bounded, there must exist at least one /¢
such that T + hy # . Since v(T + hy) = ((he) = 7y(te), it follows that + is
periodic and then C' = v(R) is compact, contradicting the assumption that C
is diffeomorphic to R.) Let Ty = inf M. Then T; > 0, because v(t) € K x [0, R]
when 0 <t < §. Therefore Ty ¢ M, because if Ty € M then the facts that M
is relatively open in [0, 4+o00[ and Ty > 0 would imply that Ty — h € M for
small positive h, contradicting the fact that Ty = inf M. Hence (&) holds.

So we have shown that

(&&) For every j there exist a positive number Tg and a smooth curve
[0, +00[2 5+~ (s) = (€%(s), 77 (s)) € R™ x R such that
(&8e1) (0) = (1, 0) |
(&&.2) 7, : (s) € K x [0,R] for 0 <s <Tg;
(&&.3) there exists a sequence {h¢}een of positive numbers, converging to
0, such that v/ (T3 + he) ¢ K x [0, R] for every ¢;
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(&&.4) 7 is an injective map on [O,Tg}; .
(&&.5) H? (7 (s)) = w; for every s € [0,T3].

We now let Z; = W([O,Tg]) for every j € N. Then each Z; is a compact
connected subset of K x [0, R], such that (w;,0) € Z; and the function H; —w;
vanishes on Z;. Furthermore, we claim that Z; N (K x {R}) # 0. (Proof.
We show that 77 (T7) € K x {R}. To see this, observe that (&&.2) implies
that 4/(TJ) € K x [0, R], and (&&.3) implies that 47 (T7) is not an interior
point of K x [0,R], so 4/(T]) € d(K x [0,R]). On the other hand, it is
clear that d(K x [0, R]) = (0K x [0, R]) U (K x {0, R}). But 4/(T}) cannot

belong to K x [0, R], because H5 (77 (1)) = w; and H} never takes the value
w; on OK x [0, ] (because w; € B; and B; N P; = ). So ~I(T]) belongs
to (K x {0}) U (K x {R}). But 4/(T}) cannot belong to K x {0}, because
V(TY) # +7(0) (thanks to (&&.4)), 7/ (0) = (w;,0), and (wj;,0) is the only
point of K x {0} where H} —w; vanishes (since H}(x,0) = z for all ). So
~I(T]) € K x {R}, as desired.)

Since Z = {Z; }jen is a sequence of nonempty compact connected subsets
of K x [0, R], Proposition 3.7 implies that we may assume, after passing to a
subsequence, that Z converges in the Hausdorff metric to a nonempty compact
connected subset Z of K x [0, R]. We now show that Z satisfies the three
properties of the conclusion of our theorem. First. we prove that 0 € H(z,t)
whenever (z,t) € Z. Pick a point (z,t) of Z. Then dist((x,t), Z;) goes to 0
as j — o0o. So we may pick (z;,t;) € Z; such that z; — z and t; — ¢. Since
(zj,tj) € Zj, the point ((x;,t;),w;) belongs to Gr(H; [ (K x [0, R]). Since

H? [ (K x [0, R]) % H, we may pick points ((Z;,7;),@;) in Gr(H) such that
Jim (llay = &)+ 1t =] + wy = y]) = 0. (16)

Since x; — x, t; — t, and w; — 0, (16) implies that ((#;,%;),@;) — ((z,1),0).
Since Gr(H) is compact, ((z,t),0) belongs to Gr(H), so 0 € H(x,t), as
desired. Next we show that Z N (K x {0}) # 0. To see this, it suffices to
observe that (w;,0) € Z; and w; — 0, so (0,0) € Z. Finally, we prove that
Z;N (K x {R}) # 0. For this purpose, we use the fact that Z; (K x{R}) # 0
to pick points z; € K such that (z;, R) € Z;. Using the compactness of K,
pick an infinite subset J of N such that z = lim;_. jes 2; exists and belongs
to K. Then, since (2;, R) € Z;, (2j, R) — (2, R), and Z; — Z in the Hausdorff
metric, it follows that (z, R) € Z, concluding our proof. O

Kakutani-Fan-Glicksberg (KFG) maps. An important class of examples
of CCA maps consists of those that we will call Kakutani-Fan-Glicksberg
(abbreviated “KFG”) maps, because they occur in the celebrated finite-
dimensional Kakutani fixed point theorem as well as in its infinite-dimensional
version due to Fan and Glicksberg.
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Definition 3.11 If X is a metric space and C' is a convex subset of a normed
space, a KFG map from X to C is a compactly-graphed set-valued map
F: X — C such that F(z) is convex and nonempty whenever v € X. ad

Remark 3.12 It follows from Fact 3.3 that a set-valued map F : X — C
from a metric space X to a conver subset C' of a normed space is a KFG
map if and only if it is an upper semicontinuous map with nonempty compact
convez values. a

The following result is due to A. Cellina, cf. [3, 4, 6].

Theorem 3.13 If X is a metric space, C is a convexr subset of a normed
space Y, F: X +—» C, and F' is a KFG map, then F is a CCA map.

Proof. The definition of a KFG map implies that Gr(F [ K) is compact and
nonempty whenever K is a nonempty compact subset of X, which is one of the
two conditions needed for F' to be a CCA map. To prove the other condition,
we fix a nonempty compact subset K of X and prove that there exists a
sequence {F;}22; of continuous maps Fj : K + C such that F; 2L FK as
j — oo.

For each positive number ¢, select a finite subset S. of K such that
K CUses. Bx(s,¢). For x € K, s € S, let 95 .(7) = max (0,8 —dx(z, s)),

50 Ps . : K — R is continuous and nonnegative and ¢; c(z) > 0 if and only

~1
if & € Bx(s,2). Define p.(2) = (Dyes, too(@)) toel@), 50 the gy
are continuous nonnegative real-valued functions on K having the property
that 3 g ¢se(z) =1 for all z € K. Using the fact that the sets F'(z) are
nonempty, pick a ys . € F(s) for each s € S.. Define H, : K — C by letting
H.(z) = ZSGSE ©s,e(%)Ys,e. Then each H, is continuous.
Now let {€,},en be a sequence of positive numbers that converges to zero.

We claim that the He, RLINY [ K. To see this, we let
a; =sup{dxxy(q, Gr(F[K)):q€ Gr(H,)},

and prove that o; — 0. The proof will be by contradiction.

Assume that {a;} does not go to zero. Then we may pass to a subsequence
and assume that the o; are bounded below by a fixed strictly positive number
a. Pick a  such that 0 < 8 < a. Pick ¢; € Gr(H,,) such that

dxxv(q;,Gr(F[K)) > f. (17)

Write ¢; = (x,y;). Then the x; belong to K, so we may assume, after passing
to a subsequence, that the limit = lim;_,, x; exists.

Fix a v such that 0 < v and 2y < (. Pick a positive § such that
dy(z, F(Z)) < 7 whenever w € K, z€ F(w), and dx(z,w) < J. (The
existence of such a ¢ is easily proved: suppose, by contradiction, that there
exist sequences {wy}, {2} in K such that z, € F(wy), wp — T as k — oo, and
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dy (zx, F(Z)) > ; since Gr(F [ K) is compact we may assume, after passing to

a subsequence, that the sequence {zx} converges to a limit z; since 2z, € F(wy),

and wy, — 7, the compactness of Gr(F [ K) also implies that z € F(Z); since

2 — 2z, we see that dy (zx, F'(Z)) — 0, and we have derived a contradiction.)
Now let j* € N be such that

2¢; <0 and dx(z;,Z) <min (fy, g) (18)

whenever j > j*. If j > j*, x = z;, and € = ¢;, then all the terms in the
summation defining H. for which dx(s,Z) > ¢ vanish, because dx(s,z) >
implies dx (z;,5) > § > ¢; in view of (18), so ¢s,e;(xj) = 0. Therefore, if we
let y; = H., (), we have

J
Yj = Hsj(:cj) = Z Sﬁs,sj(l’j)ys,sja (19)

5695].@

where .SA'sjyf = {s €8, 1dx(s,7) < 6}. For every s € Sej@, the point ys .,
is in F'(s), so dist(ys,,, F'(Z)) < . Therefore we may pick g, ., € F(¥) such
that [|yse;, — Fse; | < . If we let §; = Zseéaj@ ©s,e;(2§)Ts,e;, and compare
this with (19)7 we find ng - yJH < Zseégjj Ps,e; (xj)HgS,Ej - yS,Ej” < .
On the other hand, g, clearly is a convex combination of points of F(Z), so
y; € F(z), because F(z) is convex. Since ||y; — ;|| < v and dx(x;,z) < v for
j > j*, and the point ('jjdéf(a’;,gj) belongs to Gr(F [ K), we can conclude that
dxxy(¢;,Gr(F[K)) <2y < if j> j* This, together with formula (17),
shows that the assumption that o; does not go zero leads to a contradiction.
So a; — 0, and the proof is complete. O

The Cellina, Kakutani, and Fan-Glicksberg fixed point theorems.
Many fixed point properties of continuous maps are also valid for CCA maps,
as we now show. Let us recall that, if A is a set, and F' : A —» A, then a fized
point of F' is a point a € A such that a € F(a).

Theorem 3.14 (Cellina, cf. [5]) Let K be a nonempty compact convex subset
of a normed space X, and let F': K —» K be a CCA map. Then F has a fized
point.

Proof. Let {F;};jen be a sequence of continuous maps from K to K such that

F; 2L F as j — oo. By the Schauder fixed point theorem, there exist x;
such that Fj(z;) = z;. Since K is compact we may pass to a subsequence,
if necessary, and assume that the sequence {z;};en has a limit € K. Then
Fj(zj) — x as well, so x € F(z). O

Corollary 3.15 (The Kakutani-Fan-Glicksberg fized point theorem, cf.
Kakutani [13], Fan [10], Glicksberg [11].) Let K be a nonempty compact convex
subset of a normed space X. Let F' : K — K be a set-valued map with a
compact graph and nonempty convex values. Then F has a fized point.
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Proof. Theorem 3.13 tells us that F' is a CCA map, and then Theorem 3.14
implies that F' has a fixed point. a

4 GDQs and AGDQs

We use © to denote the class of all functions 0 : [0, 400 [+— [0, 400] such that

e 0 is monotonically nondecreasing (that is, 0(s) < 0(t) whenever s,t are
such that 0 < s <t < +00);
e 6(0) =0 and limg|o0(s) = 0.

If XY are FDNRLSs, we endow Lin(X,Y) with the operator norm || - ||op
defined in (2). If A C Lin(X,Y) and § > 0, we define

A ={L € Lin(X,Y) : dist(L, A) < 6},

where dist(L, A) = inf{||L — L'||op : L' € A}. Notice that if L € Lin(X,Y),
then dist(L, ) = +oo. In particular, if A = () then A = (. Notice also that
A% is compact if A is compact and A° is convex if A is convex.

4.1 The basic definitions

Generalized differential quotients (GDQs). We assume that (1) X and
Y are FDNRLSs, (2) F : X + Y is a set-valued map; (3) Z. € X, (4) §. € Y,
and (5) S C X.

Definition 4.1 A generalized differential quotient (abbreviated “GDQ”)
of F at (Z.,y.) in the direction of S is a compact subset A of Lin(X,Y)
having the property that for every neighborhood A of A in Lin(X,Y) there
exist U, G such that

(I) U is a neighborhood of T, in X;
(ID) Fs + G(2) - (x — ) C F(x) for everyx € UNS;
(III) G is a CCA set-valued map from U NS to A. O

We will use GDQ(F, T, Y, S) to denote the set of all GDQs of F at (Z«, §«)
in the direction of S.

Remark 4.2 The set A can, in principle, be empty. Actually, it is very easy
to show that the following three conditions are equivalent:

(1) 0 € GDQ(F, Z+,Ys, S);
(2) every compact subset of Lin(X,Y) belongs to GDQ(F,Z, 7, S);
(3) Z. does not belong to the closure of S. O

It is easy to prove the following alternative characterization of GDQs.
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Proposition 4.3 Let X,Y be FDNRLSSs, let F' : X +— Y be a set-valued map,
and let A be a compact subset of Lin(X,Y). Let T, € X, 35, € Y, S C X. Then
A € GDQ(F, Z.,y,S) if and only if there exists a function § € @ —called a
GDQ modulus for (A, F, T, 3., S)—having the property that

(*) for every e €]0,+00[ such that 6(c) < oo there exists a set-valued map
G € CCABx(Z«,e)NS, Lin(X,Y)) such that for every x € Bx (Z.,e)NS
the inclusions G (x) C A% and g, + G*(2) - (x — &) C F(z) hold.

Proof. Assume that A belongs to GDQ(F,Z«,J«,S). For each nonnegative
real number &, let H(e) be the set of all § such that (i) § > 0, and
(ii) there exists a G € CCA(Bx (%4,e)N S, Lin(X,Y)) with the property that
G(z) € A° and 9. + G(x) - (x — #.) C F(x) whenever z € Bx(Z.,e) N S.
Let 6p(e) = inf H(e), and then define () = 6y(c) + €. (Notice that
the set H(e) could be empty, in which case Oy(e) = 0(c) = +o0.) It is
clear that 6 is monotonically non-decreasing, since H(e') C H(e) whenever
0 < e < &. The fact that A € GDQ(F, Z, §«,S) implies that, given any
positive 8, there exist a neighborhood U of Z, and a map G € CCA(UNS, A%)
such that g, + G(x) - (x — Z..) C F(x) whenever z € U N S. Find ¢ such that
Bx(Zy,e) C U, and let G = 150G o1y, where 11 : Bx(Z,,e)NS—UNS
and 19 : A%+ Lin(X,Y) are the set inclusions. Then it is clear that G
belongs to COA(Bx (w.,e) NS, Lin(X,Y)), and also that G(z) C A° and
U« + G(2) - (v — Z,) C F(z) whenever z € Bx(Z.,e) N S. Therefore § € H(g),
so Op(e) < 4. This proves that lim.)o60p(c) = 0, thus establishing that
Op € O, and then 6 € © as well. Finally, if 0(¢) < +oo, then we can
pick a 6 € H(e) such that 0y(c) < 6 < 6(¢), and then find a G belonging
to CCA(Bx(Z«,¢) NS, Lin(X,Y)) for which the conditions G(x) C A° and
U« + G(x) - (v — Z,) C F(z) hold whenever z € Bx(Z.,£)NS. Since 6§ < 6(¢),
the map G takes values in A%(€). Hence we can choose G to be G, and the
condition of (*) is satisfied.

To prove the converse, let # be a GDQ modulus for A, F, T, 3, S. Fix
a positive number d. Pick an e such that 6(¢) < J. Then pick G° such
that the conditions of (*) hold. Then the map G° satisfies the requirement
that 7, + G° - (x — #.) C F(x) whenever x € Bx(Z.,c) N S. Furthermore,
G € CCA(Bx(Zs,e) NS, Lin(X,Y)), and G° takes values in A°). Since
0(g) < 6, if K is a compact subset of Bx (Z.,€) NS, and {G,};en is a sequence
of continuous maps from K to Lin(X,Y) such that G; -2 G¢ [ K, then G,
takes values in A° if j is large enough. Therefore G° € CCA(B"(Z.,<)NS, A?).
This shows that A € GDQ(F, T, §«, S), concluding our proof. O

Approzrimate generalized differential quotients (AGDQs) Motivated
by the characterization of GDQs given in Proposition 4.3, we now define a
slightly larger class of generalized differentials. First, if X, ¥ are FDNRLSs,
we let Aff(X,Y) be the set of all affine maps from X to Y, so the members
of Aff(X,Y) are the maps X >z A(x)=L-x+h, Le Lin(X,Y), heY.
(For a map A of this form, the linear map L € Lin(X,Y) and the vector
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h € Y are the linear part and the constant part of A.) We identify Aff(X,Y)
with Lin(X,Y) x Y by identifying each A € Aff(X,Y) with the pair
(L,h) € Lin(X,Y) x Y, where L, h are, respectively, the linear part and the
constant part of A.

Definition 4.4 Assume that X,Y are FDNRLSs, F': X — Y is a set-valued
map, A is a compact subset of Lin(X,Y), T. € X, . €Y, and S C X. We
say that A is an approximate generalized differential quotient of F' at
(Zx,TUx) in the direction of S—and write A€ AGDQ(F, T, Y, S)—if there
exists a function 0 € @ —called an AGDQ modulus for (A, F,Z., 5., S)—
having the property that

(**) for every ¢ €]00,+00[ such that 0(c) < oo there exists a set-valued
map A® € CCABx (Z«,e) NS, Aff(X,Y) such that

Le A || <0(e)e, and 3. +L-(x—z.)+heF(z)

whenever © € Bx (Z.,e) NS and (L,h) belongs to A%(z) . O

4.2 Properties of GDQs and AGDQs

Retracts, quasiretracts and local quasiretracts In order to formulate
and prove the chain rule, we first need some basic facts about retracts.

Definition 4.5 Let T' be a topological space and let S be a subset of T. A
retraction from T to S is a continuous map p: T — S such that p(s) = s
for every s € S. We say that S is a retract of T if there exists a retraction
from T to S. O

Often, the redundant phrase “continuous retraction” will be used for emphasis,
instead of just saying “retraction.”
It follows easily from the definition that

Fact 4.6 If T is a Hausdorff topological space and S is a retract of T, then
S is closed. O

Also, it is easy to show that every retract is a “local retract” at any point,
in the following precise sense:

Fact 4.7 IfT is a Hausdorff topological space, S is a retract of T, and s € S,
then every neighborhood U of s contains a neighborhood V' of s such that SNV
is a retract of V. a

It will be convenient to introduce a weaker concept, namely, that of a
“quasiretract,” as well as its local version.

Definition 4.8 Let T be a topological space and let S be a subset of T. We
say that S is a quasiretract of T if for every compact subset K of S there
exist a neighborhood U of K and a continuous map p : U — S such that
p(s) = s for every s € K. O
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Definition 4.9 Assume that T is a topological space, S CT, and s, € T. We
say that S is a local quasiretract of T at s, if there exists a neighborhood
U of 5. such that SNU is a quasiretract of U. O

It is then easy to verify the following facts.
Fact 4.10 If T is a topological space and S C T, then

(1) if S is a retract of T then S is a quasiretract of T';
(2) if S is a quasiretract of T and 2 is an open subset of T then SN 2 is a
quasiretract of £2. a

Fact 4.11 Assume that T is a topological space, S C T, and 5, € T. Then
the following are equivalent:

(a) S is a local quasiretract of T at 5.;
(b) every neighborhood V' of 5, contains an open neighborhood U of 8. in T
such that SNU is a quasiretract of U. ad

Fact 4.11 implies, in particular, that being a local quasiretract is a local-
homeomorphism invariant property of the germ of S at s.. Precisely,

Corollary 4.12 Assume that T, T are topological spaces, S C T, S’ C T,
5. €T, and 5, € T'. Assume that there exist neighborhoods V., V' of 5., &, in
T,T', and a homeomorphism h from V onto V' such that h(SNV) =5 NV’
and h(3,) = §,. Then S is a local quasiretract of T at 3. if and only if S’ is
a local quasiretract of T' at 5.

Proof. It clearly suffices to prove one of the two implications. Assume that S
is a local quasiretract of T" at 5,. Then Fact 4.11 implies that there exists an
open subset U of T such that 5, € U, U C V, and SN U is a quasiretract
of U. Let U’ = h(U). Since h is a homeomorphism, U’ is a relatively open
subset of V' such that 5, € U’, and S’ N U’ is a quasiretract of U’. Since V'
is a neighborhood of 5, in T”, it follows that U’ is a neighborhood of 5’ in T”,
so Definition 4.9 tells us that S’ is a local quasiretract of 77 at .. O

Remark 4.13 The set S = {(z,y) € R? : y > 0} U {(0,0)} is a quasiretract
of R2. (Indeed, if K is a compact subset of S, then the convex hull K of K
is also compact, and K C S because S is convex. Therefore K is a retract of
R2. If p : R? — K is a retraction, then p maps R? into S, and p(s) = s for
every s € K.)

On the other hand, S is not a retract of R?, because S is not a closed subset
of R. This shows that the notion of quasiretract is strictly more general than
that of a retract.

The same is true for the notions of “local quasiretract” and “local retract.”
For example, the set S of our previous example is a local quasiretract at the
origin, but it is not a local retract at (0,0), because there does not exist a
neighborhood V' of (0, 0) such that SNV is a relatively closed subset of V. O
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The chain rule. We now prove the chain rule for GDQs and AGDQs.

Theorem 4.14 Fori=1,2,3, let X; be a FDNRLS, and let Z.; be a point
of X;. Assume that, for i = 1,2, (i) F; : X; — X;11 is a set-valued map,
(i) S is a subset of X;, and (iii) A; € AGDQ(F;, Tu i, Tuit1,5:). Assume,
in addition, that (iv) F1(S1) C Sa, and

(v) either (v.1) Sz is a local quasiretract of Xo at Ty or (v.2) there exists a
neighborhood U of Z.1 in X1 such that the restriction Fy [ (UNS1) of Fy
to U NSy is single-valued.

Then Ag o Ay € AGDQ(F3 0 Fy, %y 1,T+3,51). Furthermore, if the sets Ay,
Ag belong to GDQ(F1,Zy.1,T+2,51) and GDQ(Fs, T 2, T+ 3,52), respectively,
then A € GDQ(F7 Ts1, T3, Sl)

Proof. We assume, as is clearly possible without loss of generality, that
Zo;=0fori=123 Welet F< FyoFy, A Ay0A;. We will first prove the
conclusion for AGDQs, and then indicate how to make a trivial modification
to obtain the GDQ result.

To begin with, let us fix AGDQ moduli 6, 65 for (A, Fy,0,0,57) and
(Ag, F5,0,0,5), respectively. Also, let k; = 1 + sup{||L|| L e Ai}, for
i =1,2. (We add 1 to make sure that x; > 0 even if A; = {0}.) It is then easy
to see that /lg2 o /1‘1Sl C Ar2ditmd240102 §f 5, >0, §y > 0. (Indeed, if L; € A‘lsl,
Ly € AgQ, we may pick ~l~/1~€ Ay, Ly € Ay such that ||f/1 — Ly|| < 6, and
L2 — Lol < 02. Then |[LoLy — LoLq|| < ||LaLn — LoLa| + [[L2L1 — Lo L],
80 [[LaLy — LoLa || < [|L2|[ [[L1 = La || + [|[L2 — La|[ [[L1]| £ (k2 + 02)d1 + K102,
showing that LoL; € Ar201Hr10240102 )

We now use Hypothesis (5). If S is a local quasiretract of X, at 0, then
we choose a neighborhood U of 0 in X, such that Sy N U is a quasiretract of
U, and then we choose a positive number & such that the open ball Bx, (0, 5)
is contained in U. Then Fact 4.10 implies that S2NBx,(0,5) is a quasiretract
of Bx,(0,5). If Sy is not a local quasiretract of Xo, then Hypothesis (5)
guarantees that Fy [ (U N Sp) is single-valued for some neighborhood U of 0
in X;. In this case, we choose a positive £ such that Fj is single-valued on
By, (0,) NSy, and then take & to be equal to &.

Then, for € €] 0, +oc [, we define 00 = (k1 + 201 (¢€))e, 0. = 0¥ + ¢,

) if oo <&

0°(c) = Kol () + K102(02) + 301(e)0a(0.), () = {+OO oS

Let us show that 6 is an AGDQ modulus for (4, F,0,0,.51). For this purpose,
we first observe that 6 € ®. We next fix a positive ¢ such that (e) is finite,
and set out to construct a CCA map A : By, (0,6) NSy = Lin(X1, X3) x X3
such that

(v€Bx,(0.0)N 81 A (L) € Ax) ) =

(L € A% A b <0(e)e AL-z+he F(:c)). (20)
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The fact that 0(¢) < +4oo clearly implies that 0. < &, 0(c) = 6°(¢),
01(g) < +00, and O2(0.) < +00. We may therefore choose set-valued maps
A} € CCA(Bx, (0,6) N Sy, Lin(X1, X2) x Xa),
Ay € CCA(]EXQ (0, 0'5) NSy, Lin(Xg,Xg) X Xg) s

such that the conditions
L € A7 || < 61(e)e, Li-z+hi € Fy(x), (21)

Lo € AP hol| < 05(0e)oe,  La-y+hs € Fa(y) (22)

hold whenever x € Bx, (0,¢) N S1, (L1, h1) € Ai(x), y € Bx,(0,0.) N Sz, and
(L2, h2) € As(y). B

We then define our desired set-valued map A from Bx, (0,e) N S to
Lin(X1, X3) x X3 as follows. For each « € Bx, (0,£) N Sy, we let

A(.’E) = {(LQ : Ll;Lth + h2) : (Llhl) S Al(.’E), (Lg,hg) c AQ(Ll . 1’+h1)} .

Assume that z € By, (0,e) NSy and (L,h) € A(z), and let z = L -z + h.
Then there exist (L1,h1) € Ai(z) and (Lo, ho) € As(Ly - x + hy) such that
L = L2 Ll and h = Lohy + ho. The fact that (Ll, hl) S Al(IE) implies that

L, e /1 ||h1|| < 61(¢)e, and y &L x4 hy € Fi(x). Then y € Sy (because
F1(51) Q 52) and ||y|| < (k1 + 61(¢))e + 01(e)e = 0¥ < oe, sO

y € Bx,(0,0°) NSy C Bx,(0,0.) NSy (23)

and then Ly € Ag(gi), [lha|| < 63(0c)oe, and Lo -y + he € Fo(y). It follows
that L = LoLy € Ar102(0e)+r201(e)+02(0)01(c) ¢ A0(=) Also,

Al < (L2 [[Ax ]l + (A2l
< (k2 + 02(02))01(e)e + b2(0:)o-
= (k2 + 02(0c))01(e)e + O2(0c) (k1 + 201 (€))e

k201 (e) + 02(0c)01(e) + O2(02 )k +292(05)91(6))5

(
- ( 201(g) + Oa(0c) k1 + 302(0c )01 (e ))
=0(e

Finally,
z=L-x+h=Lolq-x+Lo-h1+hy = LQ(Ll-l‘-i-hl)—l—hg =Lo-y+ho € F2<y) .

Since y € Fy(x), we conclude that z € F(z). Hence A satisfies (20).
To conclude our proof, we have to show that

Ae CCA(B”(O,(?) N Sl,Lin(X17X3) X X3) . (24)
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We let

Ql,s = BXl(Ov‘S) N Sl y 7—1,5 = Ql,s X LG(XlaXZ) X X2 X XZa
Rie =Bx,(0,0.) N Sa, Toe = Qi x Lin(Xq,X2) X Xo X R,

and let ¥; . be the set-valued map with source Q; . and target 7; . that sends
each € Q; . to the set ¥ .(x) of all 4-tuples (£, L1, h1,y) € 1 such that
& =z, (L1,h1) € A1(z), and y = Ly -  + hy. We then observe that ¥ .
takes values in 75 .. (This is trivial, because we have already established—cf.
(23)—that if z € Q1c, (L1,h1) € Ay(z), and y = Ly - x + hy, then y € Ry ..)

Let @1,5 be “¥ . regarded as a set-valued map with target 7 ..” (Precisely,
@1,5 is the set-valued map with source Q; ., target 75 ., and graph Gr(¥; .).)

We now show that @1’5 € CCA(Q1.,72.). To prove this, we pick a
compact subset K of Q; ., and show that (a) Gr(¥; . [ K) is compact, and
(b) there exists a sequence H = {H;};en of continuous maps H; : K — T3 .
such that H; 25 ¥, _ [ K as j — oo.

The compactness of Gr(¥; . [ K) follows from the fact that Gr(¥; . [ K) is
the image of Gr(A; [ K) under the continuous map

Ql,EXLin(X17X2)XX2 2> (x7L17h1) = (xu (:U7L17h’17L1'm+h1) S QI,EXZ,E .

To prove the existence of the sequence H, we use the fact that A; belongs
to CCA(Q1 e, Lin(X1, X2) x X3) to produce a sequence {47} };en of ordinary
continuous maps from K to R"2*"1 x R™2 such that A{ =LA [ K as j — o0,
and we write 47 (z) = (LI (), k] (z)) for z € K.

We will construct H in two different ways, depending on whether (v.1) or
(v.2) holds.

First suppose that (v.1) holds. The set

K= {L1 x4+ hy (1'7L1,h1) S Gr(A1 [»K)} (25)

is compact, and we know from (23) that every y € K is a member of
Bx,(0,0:) N Sy. Since Bx,(0,5) N Sy is a quasiretract of Bx,(0,5), and
oe < 7, Fact 4.10 implies that Bx, (0, 0.) N Sz is a quasiretract of Bx, (0, o.).
Hence there exist an open subset {2 of Bx,(0,0.) and a continuous map
p: 2 — Bx,(0,0.) NSy such that p(y) = y whenever y € K. Since

Al BN [ K, the functions A7 must satisfy
{Li(z) -z +hi(z) 2 € K} C Q2 (26)

for all sufficiently large j. (Otherwise, there would exist an infinite subset
J of N and z; € K such that y; = L{(z;) - z; + h](z;) ¢ 2. By making J
smaller—but still infinite—if necessary, we may assume that the sequence
{(z;, L1, )} ecs converges to a limit (z, L1, h1) € Gr(A4; [ K). Then if we let
y = Li - x4+ hy, we see that y € K. On the other hand, the y; are not in (2,
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so y is not in {2 either, because (2 is open. Since K C {2, we have reached a
contradiction.)

So we may assume, after passing to a subsequence, that (26) holds for
all j € N. We then define H;(z) = (z, L (), h{(z), p(L] (z) - x + h}(x))) for
xz € K, j € N. Then the H; are continuous maps from K to 7> ., because p
takes values in Rq .

We now show that H; LN @1,5 [ K as j goes to oo. To prove this, we let
vj = sup{dist(q, Gr(¥ . [ K) : ¢ € Gr(H;)}, and assume that v; does not go
to zero. We may then assume, after passing to a subsequence, that there exists
a v such that 0 < 20 < v; for all j. We can then pick z; € K such that

= |+ 11 L] () = Lall 11 (25) = ||+ [l p( L (e5) -+ (a5) =y | = 7 (27)

whenever (z, L1, hy,y) € Gr(¥ . [K), j € N. Since 4] RN [ K, we may
clearly assume, after passing to a subsequence if necessary, that the sequence
{(aﬁj,L]l(.Tj),hi(éL‘j))}jeiN has a limit (j,Ll,hl) € GI‘(Al |_K)

Let y. = L1 -Z + hy. Then g, € K, because of (25) and the fact that
(Z,L1,h1) € Gr(A;[K). Therefore p(g.) = ¢.. Furthermore, z;, — Z,
Li(z;) — L1, and hi(z;) — hi. Hence Lj(x;)-x; + hi(z;) converges to
Li(Z) - %+ hi = §. But then lim; o (p(L{(zj) o h{(xj))) = o),
since p is continuous, so lim;_, (p(L{(xj) cx+ hjl(:c]))) = ¥, and then

lim; oo [|p(L3 (2;) - & 4 Wi (2;)) — §|| = 0. It follows that
2= |+ L7 (25) = Lo [+ 2] () =ha [+l o(L] ()543 (25)) =5 | — 0. (28)

Let 7. = (%, L, L - &). Then 7, € Gr(¥, . [ K), so (28) contradicts (27). This
concludes the proof of H; LN @1,5 [ K as j — oo. We have thus established
that the sequence H exists, under the assumption that (v.1) holds.

Next, we consider the case when (v.2) holds. Then & = &, so the fact that
0. < o implies that € < &, and then the map Fj is single-valued on Q; .. Define
o(x) ={L1-z+ hy:(L1,h1) € A1(x)} for x € K. Since Ly -« + hy € Fi(x)
whenever z € K and (L1, h1) € A;(x), the hypothesis that Fy is single-valued
on Q. implies that ¢ is a single-valued CCA map from K to X, so ¢ is an
ordinary continuous map from K to Xs. Since Li-x+hy € IB%XQ (0, 0.) whenever
x € K, and (Ly,h1) € Ai(x), we conclude that ¢ is in fact a continuous map
from K to Ry .. We then define H;(z) = (z, L] (), k] (x), p(x)) for z € K,
j € N. Then the H; are continuous maps from K to 75, and it is easy to see

that H; &, @1,5 [ K as j — 00. So the existence of H has also been proved
when (v.2) holds.

We are now ready to prove (24). We do this by expressing A as a composite
of CCA maps as follows: A =¥5 oW, . 0 Ll:/LE, where

1. 7}))5 = ']'2)5 X LZ’I’L(XQ,X?,) X X3;
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2. Wy, : Ty V> T3, is the set-valued map that sends (z, L1, h1,y) € T2 to
def
the set Wy o (z, L1, h1,y) = {a} x {L1} x {h1} x {y} x Aa(y);
7?175 = LZTL(Xl,Xg) X Xg;
4. U3, : T3, — 7Ty, is the continuous single-valued map that sends
(SL‘, Ly, hhy, Lo, hg) S 7},’5 to the pair (L2L1, Lohy + hg) c 7?175.

©w

It is clear that ¥, . and ¥3 . are CCA maps, so A is a CCA map, and our
proof for AGDQs is complete.

The proof of the statement for GDQs is exactly the same, except only for
the fact in this case all the constant components h of the various pairs (L, h)
are always equal to zero. O

GDQs and AGDQs on manifolds. If M and N are manifolds of class
C', z.€M, §.€N, SCM, and F: M +— N, then it is possible to define
sets GDQ(F, Zx, §x, S), AGDQ(F, T, Js,S) of compact subsets of the space
Lin(Tz, M, Ty, N) of linear maps from T7; M to Tj N as follows. We let
m=dim M, n = dim N, and pick coordinate charts M >z — {(z) € R™,
N 5y — n(y) € R", defined near Z,, g, and such that £(z) = 0 and n(y) =0,
and declare that a subset A of Lin(Tz, M, Ty, N) belongs to GDQ(F, Z, ¥, S)
(resp. to AGDQ(F,Z%.,¥s,S)) if the composite map Dn(y.) o Ao DE(Z,)~t
is in GDQ(no Fo&71,0,0,£(5)) (resp. in AGDQ(no Fo&71,0,0,£(5))). It
then follows easily from the chain rule that, with this definition, the sets
GDQ(F, T4, Yx,S) and AGDQ(F, T, Y, S) do not depend on the choice of the
charts €, n. In other words, the notions of GDQ and AGDQ are invariant un-
der C! diffeomorphisms and therefore make sense intrinsically on manifolds
of class C*.

The following facts about GDQs and AGDQs on manifolds are then easily
verified.

Proposition 4.15 If M, N are manifolds of class C*', S C M, z, € M,
Y« € N, and F : M +» N, then

(1) GDQ(F, %+, 7s,S) C AGDQ(F, T, s, S).

(2) If (i) U is a neighborhood of . in M, (ii) the restriction F[(U N S)
is a continuous everywhere defined map, (iit) y. = F(Z.), (iv) F is
differentiable at T. in the direction of S, (v) L is a differential of F
at T, in the direction of S (that is, L belongs to Lin(Tz, M, Ty N) and
lim, .z, zes || — T 7! (F(x) — F(Z.) — L (z— @)) = 0 relative to
some choice of coordinate charts about T, and g, ), then {L} belongs to
GDQ(F, %, Ps, S).

(3) If (i) U is an open neighborhood of T. in M, (ii) the restriction F [U
is a Lipschitz-continuous everywhere defined map, (iii) F(Z.) = x, and
(iv) A is the Clarke generalized Jacobian of F at T., then A belongs to
GDQ(F, T, §u, M). O

Proposition 4.16 (The chain rule.) Assume that (I) for i = 1,2,3, M;
is a manifold of class C* and Z.;€M;, and (1I) fori=1,2, (IL.1) S; C M;,



32 Héctor J. Sussmann

([[2) Fy« My — M4, and (Ilf))) A; € AGDQ(Fi,f*,i,i‘*,i+1,Si). Assume,
in addition, that either Sy is a local quasiretract of My or Fy is single-valued
on UNS; for some neighborhood U of Z. 1. Then the composite Ay0 Ay belongs
to AGDQ(FQ o F1, Tu1, T3, Sl) If in addition A; € GDQ(FZ, Tuiy T it1s Sz)
fO’f’i =1,2, then /12 ¢} Al S GDQ(FQ ¢} Fl,f*)l,i’*73, Sl) O

Proposition 4.17 (The product rule.) Assume that, for i =1,2, (1) M;
and N; are manifolds of class C*, (2) S; C My, (3) Twi € My, (4) §ui € Ny,
(5) Fi : My — N;, (6) A; € AGDQ(F;, T i, §x i, Si). Assume also that

(7) Ty = (i*,l,j*72); ?J* = (?]*,1,?*,2), and S = Sl X SQ;’

(8) F = Fy x Fy, where Fy x Fy is the set-valued map from My x Ma to N1 X Ny
that sends each point (x1,x2) € My X Ms to the subset Fy(x1) x Fa(x2)
Of N1 X NQ,'

(9) A=Ay x As, where Ay X Ay is the set of all linear maps Ly X Ly for all
L1 € Ay, Ly € Ay, and L1 x Lo is the map

Tz, My x Tz, ,My > (vi,v2) = (Lyv1, Lov) € Ty, | N1 x Ty, , N,

and we are identifying Tz, , My X Ty, ,Ma with T(z, | z. ,) (M1 x Mz) and
Tg*,lNl X Ty*,zNQ with T(y*,l,g,‘72)(N1 X Ng)

Then A € AGDQ(F, T+, §x,S). Furthermore, if Ay € GDQ(F;, T i, Yx i, Si)
fori=1,2, then A € AGDQ(F, T, x,S). O

Proposition 4.18 (Locality.) Assume that (1) M, N, are manifolds of class
CY, (2) 3. € M, (3) 4« € N, (4) Si € M, (5) F; : M +» N fori=1,2,
and (6) there exist neighborhoods U, V' of Tu, G, in M, N, respectively,
such that U NSy = UN Sy and (UxV)NGr(F) = (U x V)N Gr(Fz).
Then (a) AGDQ(F1,Z+,Px,S1) = AGDQ(F3,Z«,Yx,S2), and in addition
(b) GDQ(Fy, T, §x, S1) = GDQ(Fs, T, G, S2)- O

Remark 4.19 It is easy to exhibit maps that have GDQs at a point Z, but
are not classically differentiable at Z, and do not have differentials at Z, in
the sense of other theories such as Clarke’s generalized Jacobians, Warga’s
derivate containers, or our “semidifferentials” and “multidifferentials”. (A
simple example is provided by the function f:R+—R given by f(z)=xsinl/z
if x # 0, and f(0) = 0. The set [—1, 1] belongs to GDQ(f,0,0,R), but is not
a differential of f at 0 in the sense of any of the other theories.) ad

Closedness and monotonicity. GDQs and AGDQs have an important
closedness property. In order to state it, we first recall that, if Z is a
metric space, then (i) Comp®(Z) is the set of all compact subsets of Z,
(ii) Comp®(Z) has a natural non-Hausdorff topology Tcompo(z), defined
in §3. In particular, if X and Y are FDRLSs, then Comp®(Lin(X,Y))
is the set of all compact subsets of Lin(X,Y). Clearly, a subset O of
CompO(Lin_(X7Y)) is open in the topology Tcompo(Lin(x,y)) if and only if
for every A € O there exists an open subset {2 of Lin(X,Y) such that
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(i) AC 2 and (ii) {A € Comp®(Lin(X,Y)): AC 2} CO. Tt is clear that
the topology Tcompo(Lin(x,y)) can be entirely characterized by its convergent
sequences. (That is, a subset C of Comp®(Lin(X,Y)) is closed if and only
if it is sequentially closed, i.e., such that, whenever {Aj}ren is a sequence
of members of C and A € Comp®(Lin(X,Y)) is such that A, — A in the
topology Tcompo(Lin(x,y)) as k — o0, it follows that A € C.)

Furthermore, convergence of sequences is easily characterized as follows.

Fact 4.20 Assume that X and Y are FDRLSs, {Ax}ren is a sequence of
members of Comp®(Lin(X,Y)), and A belongs to Comp®(Lin(X,Y)). Then
A — A as k— o0 in the topology Tcompo(rLin(x,y)) i and only if

limg_, o, sup {dist(LJl) L e Ak} =0. O

The following result is then an easy consequence of the definitions of GDQ
and AGDQ.

Fact 4.21 If M, N are manifolds of class C*, F : M —» N, (Z,,9x) € MxN,
SCM, X=T3M, and Y =Ty N, then the sets GDQ(F, T+, Fx,S) and
AGDQ(F,z.,9x,S) are closed relative to the topology Tcompo(Lin(x,y))- U

Fact 4.21 then implies that GDQs and AGDQs also have the following
momnotonicity property.

Fact 4.22 If M, N are manifolds of class C', F : M+ N, (Z.,y) EM x N,
S C M, Ac AGDQ(F,Z.,7x,S), A€ Comp°(Lin(Tz, M, Ty, N)), and ACA,
then A€ AGDQ(F, T, §x,S). Furthermore, if A€ GDQ(F, Ty, ¥s,S) then A
belongs to GDQ(F, T, §s, S).

Proof. Tt suffices to use Fact 4.21 and observe that, under our hypotheses, A
belongs to the closure of the set {A} relative t0 Toompo(Lin(x,v))- O

In addition, GDQs and AGDQs also have a monotonicity property with
respect to ' and S. Precisely, the following is a trivial corollary of the defini-
tions of GDQ and AGDQ.

Fact 4.23 Suppose that M, N are manifolds of class C*, (Z.,5.) € M x N,

SCSCM,F:Mw» N, F: M N, and Gr(F) C Gr(F). Then
GDQ(F, %+, s, S) C GDQ(F, 7., G, S)

and AGDQ(F, %y, 5., S) C AGDQ(F, %, s, S) . i

Fact 4.21 says in particular that every GDQ of a map is also a GDQ of
any “larger” map. On the other hand, it is perfectly possible for the “larger”
map to have smaller GDQs. For example, if f : R +— R is the function given
by f(x) = |z|, then the interval [—1,1] is a GDQ of f at 0 in the direction
of R, and no proper subset of [—1, 1] has this property. But if we “enlarge”
f and consider the set-valued map F : R +» R given by F(x) = [0, |z|], then
{0} € GDQ(F,0,0,R).
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4.3 The directional open mapping and transversality properties

The crucial fact of GDQs and AGDQs that leads to the maximum principle
is the transversal intersection property, which is a simple consequence of the
directional open mapping theorem. We will now prove these results. As a
preliminary, we need information on pseudoinverses.

Linear (Moore-Penrose) pseudoinverses. If X, Y are FDRLSs and
L e Lin(X,Y), a linear right inverse of L is a linear map M € Lin(Y, X)
such that L - M = Iy. It is clear that L has a right inverse if and only if it is
surjective. Let Lingnio(X,Y) be the set of all surjective linear maps from X
to Y. Since every L € Linynio(X,Y) has a right inverse, it is natural to ask if
it is possible to choose a right inverse I(L) for each L in a way that depends
continuously (or smoothly, or real-analytically) on L. One way to make this
choice is to let I(L) be L#, the “Moore-Penrose pseudoinverse” of L (with
respect to a particular inner product on X).

To define L#, assume X, Y are FDRLSs and endow both X and Y with
Euclidean inner products (although, as will become clear below, only the
choice of the inner product on X matters). Then every map L € Lin(X,Y)
has an adjoint (or transpose) LT € Lin(Y, X ), characterized by the property
that (L'y,z) = (y, Lz) whenever = € X, y € Y. It is then easy to see that

Fact 4.24 If X and Y are FDRLSs endowed with Euclidean inner products,
then L € Linonto(X,Y) if and only if LL' is invertible. O

Definition 4.25 If X and Y are FDRLSs endowed with FEuclidean inner
products, and L € Ling,to(X,Y), the Moore-Penrose pseudoinverse of
L is the linear map L# € Lin(Y,X) given by L* = LT(LL")~', where the
symbol “1” stands for “adjoint.” O

The following result is then a trivial consequence of the definition.

Fact 4.26 Suppose that X andY are FDRLSs endowed with Fuclidean inner
products. Then Lingn:o(X,Y) is an open subset of the space Lin(X,Y), and
the map Lingnto(X,Y) > L L# € Lin(Y, X) is real-analytic. Furthermore,
the identity LL* = Ix holds for all L € Lin(X,Y). O

Remark 4.27 If X, Y, L are as in Definition 4.25, y € Y, x = L¥y, and &
is any member of L™ 1y, then

(&,x) = (&, LPy) = (¢, LT(LLY) " y) = (L&, (LLY) 'y) = (y, (LLT) " 1y).

In particular, the above equalities are true for z in the role of &, so that
(z,7) = (y, (LLY)"'y), and then (¢, z) = (x,2), so (£ — z,z) = 0. Therefore

I€l* =11 =z +l|* = I§ = al® + |2 +2(§ — 2, 2) = € —@l* + [[«|* = =]*.

It follows that L#y is the member of L=y of minimum norm. This shows, in
particular, that the map L#y does not depend on the choice of a Euclidean
inner product on'Y . a
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More generally, we would like to find a pseudoinverse P of a given surjective
map L € Lin(X,Y) that, for a given v € X, has the value v when applied to
Lv. This is clearly impossible if Lv = 0 but v # 0, because P0 has to be 0.
But, as we now show, it can be done as long as Lv # 0, with a P that depends
continuously on L and v.

To see this, we first define 2(X,Y)={(L,v): L € Linonto(X,Y), Lv#0}.
We then fix inner products (-,-), (-,-),, on X, Y, and use L# to denote, for
L € Lingno(X,Y), the Moore-Penrose pseudoinverse of L corresponding to
these inner products. Then, for (L,v) € £2(X,Y), we define

(y, L),

L#¥(y) = L¥(y) + Lo Loy

(v — L¥Lv). (29)

Then it is clear that

Fact 4.28 If (L,v) belongs to $2(X,Y), then (1) L#* is a linear map from
Y to X, (2) LL#® = ly, and (8) L#**Lv = v. Furthermore, the map
2(X,Y) > (L,v) — L¥*? € Lin(Y, X) is real-analytic. O

Pseudoinverses on cones. If X,Y are FDRLSs and C' is a convex cone in
X, we define
S(X,Y,C)= {(L7 y)€ Lin(X,Y) xY:yeInt(LC)}. (30)

(Here “Int(LC)” denotes the absolute interior of LC, i.e., the largest open
subset U of Y such that U C LC.)

Lemma 4.29 Let X,Y be FDRLSSs, let C be a convex cone in X, let S¢ be

the linear span of C, and let C be the interior of C relative to Sc. Then

(1) X(X,Y,C) is an open subset of Lin(X,Y) x Y.

(2) There exists a continuous map nx,y,c @ 2(X,Y,C) — X such that the
following are true whenever (L,y) € X(X,Y,C) and r > 0:

nx,y,c(L,y) € C U{0}, (31)
Inxy.c(L,y) =y, (32)
nX,Y,C(Lvry) = TnX,Y,C(Lvy) . (33)

Proof. We assume, as we clearly may, that X and Y are endowed with inner
products, and we write ¥ = X(X,Y,C), S = S¢.

Statement (1) is trivial, because if (L,7) € ¥, and m = dim(Y), then we
can find m + 1 points qo, ..., gy, in Int(LC) such that ¢ is an interior point
of the convex hull of the set Q = {qo,...,¢m}. Then we can write ¢; = Lpj,
with p; € C, for j =0,...,m. If L € Lin(X,Y) is close to L, and y € Y is
close to ¢, then the points qu = Lp; belong to LC, and y is an interior point
of their convex hull, so y € Int(LC), proving (1).



36 Héctor J. Sussmann

For each (L, %) € X, we pick a point rr g € C such that L - rp ;=19 (To
see that such a point exists, fix a z € CO’, and observe that y — eL-ze€ LC if e
is positive and small enough, because y € Int(LC'), since (L, ) € X. Pick one
such ¢, write y—eL-z = L-x foran z € C, and then let zy ;, = z+¢ez. It is then

clear that E-xi’g =yandzp € CO') We then define a map pug 5 : ¥ — X by
letting p 5 (L, y) = x5 1 +(Ls)# (y—Lsay ) for (L, y) € X, where Lg denotes
the restriction of L to S (so Ls € Linenio(S,Y), because Lg € Lin(S,Y’) and
y € Int(LC) = Int(LsC) C Int(LgS), showing that Int(LgS) # 0, so Lg is
surjective).

Then pf 5 is a continuous map from X' to S, and satisfies the identity
prg(L,4) = wp 5. In addition, if (L,y) € X,

L-ppg(Lyy)=L-2pg+L-(Ls)* - (y— L-xz )
=L-zpz+y—L-zpy

Since ,uiyg(fj,g) =y € Co', Cisa relatively open subset of S, and puj ; is
a continuous map from X' to S, we can pick an open neighborhood Vf ; of
(L,y) in X such that pp 4(L,y) € C' whenever (L,y) € Vi 5

The family V = {Vf ;} (£ 5)ex of open sets is an open covering of X. So
we can find a locally finite set W of open subsets of X' which is a covering of
Y and a refinement of V. (That is, (a) every W € W is an open subset of X,
(b) for every W € W there exists (L,y) € X such that W C V ;, (c) every
(L,y) € X belongs to some W € W, and (d) every compact subset K of X
intersects only finitely many members of W.)

Let {¢w}wew be a continuous partition of unity subordinate to the
covering W. (That is, (a) each ¢w is a continuous nonnegative real-valued
function on X such that support(pw) € W, and (b) > oy ¢w = 1. Recall
that the support of a function ¢ : X +— R is the closure in X of the set
{0 € ¥ : 9(c) # 0}.) Select, for each W € W, a point (Lw,jw) € X
such that W C Vi - and define 7(L,y) = D ey oW (L V)i Ly gu (1Y)
for (L,y) € X. Then 7 is a continuous map from X to X. If (L,y) € X,
let W(L,y) be the set of all W € W such that ¢w(L,y) # 0. Then
(L,y) € W for every W € W(L,y), so W(L,y) is a finite set. Clearly,
(L,y) = ZWGW(L,y) ew (L, y)1y gw (Lyy), and ZWGW(L,y) ew (L, y) =1.

If W e W(L,y), then (L,y) € W C Vi - s0 pup, o (y, L) € C and
L-pry, gw(Lyy) =y. Soq(L,y) is a convex combination of points belonging

o

to C, and then 7(L,y) € C. Furthermore,
L-ij(Ly)= Y  ew(Ly)L- NEW,gW(L»y):( > ww(L,y))y=y-
WeW(L,L) WeW(L.y)

Hence, if we took nx,y,c to be 7, we would be satisfying all the required
conditions, except only for the homogeneity property (33). In order to satisfy
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(33) as well, we define nx y.c(L,y), for (L,y) € X, by letting

N
nxy.e(L.y) = Iolla (L. ) ify#0,

(This is justified, because if (L,y) € X and y # 0 then (LH_ZH) € X as well.)

Then 7y y,c clearly satisfies (31), (32) and (33), and it is easy to verify
that nx y,c is continuous. (Continuity at a point (L,y) of X' such that y # 0
is obvious. To prove continuity at a point (L,0) of X', we pick a sequence
{(Lj,y;)}jen of members of X' such that L; — L and y; — 0, and prove that
nx,v,c(Lj,y;) — 0. If this conclusion was not true, there would exist a positive
number € and an infinite subset J of N such that

Inxv.c(Lj,y;)l = & for all je.J. (34)

In particular, if j € J then y; # 0, so we can define a unit vector z; = H‘Zﬁ
and conclude that (L;,z;) € X and nxyv.c(L;,y;) = |ly;lln(L;,z;). Since
the z; are unit vectors, there exists an infinite subset J’ of J such that the
limit z = lim;_, jej 2; exists. Since (L,0) € X, 0 is an interior point of the
cone LC, so LC =Y and then z € Int(LC) as well. Therefore (L, z) € X.
Since (Lj,z;) — (L,z) as j — oo via values in J', the continuity of 7 on
XY implies that 7(L;,7;) — 7(L,2) as j — oo via values in J'. But then

nx,v,c(Lj,y;) — 0 as j —, oo, because nx,y,c(Lj,y;) = lly;ll1(L;, 2;) and
y; — 0. This contradicts (34).) So nx,y,c satisfies all our conditions, and the
proof is complete. ad

The open mapping theorem. We are now ready to prove the open mapping
theorem.

Theorem 4.30 Let X,Y be FDNRLSSs, and let C be a convex cone in X . Let
F: X +—Y be a set-valued map, and let A € AGDQ(F,0,0,C). Let j €Y be
such that § € Int(LC) for every L € A. Then

(I) there exist a closed conver cone D in X such that § € Int(D), and
positive constants &, k, having the property that
(I.x) for every y € D such that 0 < ||y|| < & there exists an x € C' such
that ||z|| < &|ly|| and y € F(x).
(IT) Moreover, & and k can be chosen so that
(IL.%) there exists a function 10,&] 3 a — pla) € [0,1] such that
limg o p(@) = 0, for which, if we write C(r) = C NBx(0,7), then
(ILx.#) for every a €]0,a] and every y € D such that ||y| = «
there exists a compact connected subset Z, of the product
C(ka) x [p(a), 1] having the following properties:

Z,nN (C(m) x {p(a)}) £0,  Z,nN (C(m) X {1}) £0, (35

rye F(z) and ||z|| < kr|ly|| whenever p(a) <r<1and (x,r)€Z,. (36)
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(IIT) Finally, if A € GDQ(F,0,0,C) then the cone D and the constants «,
K can be chosen so that the following stronger conclusion holds:
(IT1.x) if ye D and ||y|| <& then there exists a compact connected subset

Z, of C(k|yl)x[0,1] such that (0,0)€ Z,, Z,N (C(M) x{l}) £0,
and ry € F(x) whenever (z,r) € Z,.

Remark 4.31 For § # 0, Conclusion (I) of Theorem 4.30 is the directional
open mapping property with linear rate and fixed angle for the restriction
of F to C, since it asserts that there is a neighborhood N of the half-line
Hyz = {rg : r > 0} in the space Hy of all closed half-lines emanating from 0
in Y such that, if Dy is the union of all the members of N, then for every

sufficiently small ball By (0, ) the set (Ey(&@z) N D/\/) \{0} is contained in

the image under F of a relative neighborhood Bx (0,7) N C of 0 in C, whose
radius r can be chosen proportional to a.

For y = 0, Conclusion (I) is the punctured open mapping property with
linear rate for the restriction of F to C, because in that case the cone D
is necessarily the whole space Y, and Conclusion (I) asserts that for every
sufficiently small ball By (0, ) the punctured neighborhood By (0,«)\{0} is
contained in the image under F of a relative neighborhood Bx (0,7) N C of 0
in C, whose radius r can be chosen proportional to a. a

Proof of Theorem 4.30. 1t is clear that (II) implies (I), so there is no need
to prove (I), and we may proceed directly to the proof of (II). Furthermore,
Conclusion (III) is exactly the same as Conclusion (II), except only for the
fact that in (III) p(«) is chosen to be equal to 0. So we will just prove (II),
making sure that whenever we show the existence of p(«) it also follows that
p(a) can be chosen to be equal to zero when A € GDQ(F,0,0,C).

Next, we observe that, once our conclusion is proved for g #£ 0, its validity
for § = 0 follows by a trivial compactness argument. So we will asume from
now on that ¢ # 0, and in that case it is clear that, without loss of generality,
we may assume that [|g|| = 1.

Let Sc be the linear span of C, and let C be the interior of C relative
to Se. Write X = X(X,Y,C) (cf. (30)). Then Lemma 4.29 tells us that X is
open in Lin(X,Y) x Y, and there exists a continuous map nxy,c: 2 — X
such that (31), (32) and (33) hold. We write n = nx v.c.

Our hypothesis says that the compact set A x {7} is a subset of X. Hence
we can find numbers 4, ¢, such that 6 > 0,0 <4 < 1, and_ A% x By (7,4) C X.
Let D = {ry:reR,r>0,yey,|y— y|| <A} Then D is a closed convex
coneinY and j € Int(D) Furthermore, it is clear that A% x (D\{0}) C X. So
n(L,y) is well defined whenever L € /15 and y € D\{0}. In particular, n(L,v)
is defined for (L,y) € J, where J = {(L,y) : L€ A°, y € D, |yl =1}, 50 J is

compact. Let H = {n(L,y) : (L y) € J}. Then H is a compact subset of C.
Pick a compact subset H of C such that H is contained in the interior of H.
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Since H is a compact subset of the convex set c , the convex hull H of H

is also a compact subset of C. 10 ¢ H,and we define C = {rz:r > 0,z € H}
then C is a closed convex cone in R™ such that

CC Cu {0} and n(L,y) € Int(C) whenever (L,y) € J. (37)

Ifoe H’, then 0 € CU', so C = S¢ and then in particular C' is closed, so we can
define C = C, and then then C is a closed convex cone in R™ such that (37)
holds. Let & = max{|[|n(L,y)|| : (y, L) € J}. Then |n(L,y)|| < &|y| whenever
(L,y) € A% x (D\{O}) This bhOWb that n can be extended to a continuous
map from A% x D to C by letting n(L,0) = 0 for L € A°.

Fixavy€]0,4],andlet D ={ry:reR,r >0,y €Y, |ly—7| <~}
Then D is a closed convex cone in Y, § € Int(D), and D C Int(D)U{0}. More
precisely, we may pick a & such that 6 > 0 and By (y,6]y||) € D whenever
y € D. (For example, & =4 — v will do. A simple calculation shows that the
best—i. e , largest—possible choice of & is & = (§ —7)(1 —~)~/2.) We then
let 0 = §, k= A(1 + 20).

Fix an AGDQ modulus 6 for (F,0,0,C). For each € such that 6(¢) is finite,
pick a map A. € CCA(C(e), Lin(X,Y) x Y) such that

(mEC(E) AL, h)eAa(x)> = (LeAG(E) ARl <) AL - x+hEF(x)).

Also, observe that when A € GDQ(F,0,0,C) then A, can be chosen so that
all the members (L, h) of A.(x) are such that h = 0. In that case, we let G.(x)
be such that A.(z) = G.(z) x {0}.

Next, fix a positive number & such that 6(¢) < § and (&) < Z. Let a = <.

Fix an a such that 0 < a < &, and let € = ka, s0 0 < & < &. Then 0(g) < §
and 6(¢) < 2. Let C(e) = C N Bx(0,¢). Then C(e) is a nonempty compact
convex subset of X.

Now choose p(a)—for a €]0, &]—as follows:

_fo if A e GDQ(F,0,0,C)
pla) = { woa) §¢ A ¢ GDQ(F,0,0,,C).

It is then clear that 0 < p(a) < 1, because f(ka) < O(ka) = 0(8) < Z.
Furthermore, p(a) clearly goes to 0 as « | 0.

Fix a y € D such that |ly]| =«a. Let Q. =C(e) x [0,1], and define a
set-valued map H. : Q.+ X by letting H. (:r t) = x — Us(x,t) (that is,
H.(z,t) ={x —£: £ € Us(w,t)}) for z € C(e), t € [0, 1], where, for (z,t) € QE,

o if A¢ GDQ(F,0,0,C), then Us(x,t):{n(L,ty—apE(t)h):(LJL)GAE(x)}
and the function ¢, : [0,1] — [0,1] is defined by

@E(t):ﬁ it 0<t<pla), @()=1 if pla)<t<l.
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o if A€ GDQ(F,0,0,C), then U.(z,t) = {n(L,ty) Le GE(:U)}.
We claim that H. € CCA(Q., X). To see this, we first show that
ty — pe(t)h € D whenever (z,t) € Q. and (L,h) € A (). (38)

This conclusion is trivial if A € GDQ(F,0,0,C), because in that case h = 0.
Now consider the case when A ¢ GDQ(F, 0,0, C), and observe that if z € C(e)
and (L, h) € A.(x) then L € A%¢) and

t t t "

i<l < S Al < — () = —sblna)alyll = s (rasllyl
7L9(/{0¢)ﬁ ” :L e .

=@ o ol = Syeterelll = telll

It follows that ty— . (t)h belongs to the ball By (ty, to||y||), which is contained
in D. So ty — ¢, (t)h € D, completing the proof of (38).

Next, let 4 be the set-valued map with source Q. and target Lin(X,Y ) xY,
such that p(z,t) = {(L,ty — p=(t)h) : (L,h) € A-(z)}. Then u belongs to
CCA(Q., Lin(X,Y) x Y), because it is the composite of the maps

Q-3 (x,t) — Ac(z) x {t} C Lin(X,Y)xY xR,

and Lin(X,Y)xY xR 3 (L, h,t) — (L,ty—p<(t)h) € Lin(X,Y)xY .

On the other hand, ; actually takes values in A%(5) x D. Therefore, if we let
v be the map having exactly the same graph as p, but with target A% x D,
then v € CCA(Q., A% x D). (Indeed, if {u;},en is a sequence of continuous

maps from Q. to Lin(X,Y) x Y with the property that s, 25 4, and we
write p;(z,t) = (Lj(z,t),(;(z,t)), then L; will take values in A% if j is large
enough, because A° is a neighborhood of A%(). On the other hand, D is
a closed convex subset of Y, so it is a retract of Y. If w : Y — Dis a
retraction, and v;(z,t) = (L;(z,t),w((;(2,1))), then {v;},en,j>;. is—for some

j«—a sequence of continuous maps from Q. to A° x D such that vj LN v.)

Now, U, is the composite 7 o v, and 7 is a continuous map on A% x D. So
U. € CCA(Q.,X), and then H, € CCA(Q., X) as well, completing the proof
of that H. € CCA(Q., X)

It is clear that

it (z,t) € Q. then 0¢€ H.(z,t) <= z € Us(z,t).

We now analyze the implications of the statement “z € Uc(x,t)” in two cases.

First, suppose that A € GDQ(F,0,0,C). Then z € U.(x,t) if and only if
(3L € G.(x))(z = n(L, ty)). If such an L exists, then L -z = Ln(L,ty) = ty,
so ty € Ge(z)-x, and then ty € F(z). Furthermore, the fact that z = n(L, ty))
implies that ||z|| < &t||y||, so a fortiori ||| < &t||y].
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Now suppose that A ¢ GDQ(F,0,0,C). Then = € U.(x,t) if and only if
(H(L,h) € Ag(x)) (Q? = n(L,ty — we(t)h)). If such a pair (L, h) exists, and
t > p(a), then

L-xz=Ln(L,ty — pc(t)h) = Ln(L,ty —h) =ty — h

so L-x+ h = ty, and then ty € F(x). On the other hand, the fact
that © = n(L,ty — v-(t)h) implies that ||z| < &(t||ly]| + to||lyl), since we have
already established that ||p-(¢)h|| < to|y||). Hence ||z| < xt||y]|-

So we have shown, in both cases, that

(A) if (x,t) € Qe, 0 € He(x,t) and pla) < t < 1, then ty € F(z) and
]l < stllyll-

In addition, H. obviously satisfies
(B) H.(z,0) = {z} whenever z € C(¢).

Next, choose a sequence {v;};en of interior points of C such that v; — 0 as
j — oo and ||lv;|| < o&lly|| for all j. We claim that

(C) vj ¢ He(z,t) whenever x € 9C(¢e), t € [0,1], and j € N.

To see this, we first observe that the condition v; € H.(x,t) is equivalent to
xz € vj + Ud(z,t). If 2 € OC(e), then either € 9C or |z|| = &||y||. If = € OC,
then 2 cannot belong to v; + U.(x,t), because U (x,t) C C and v; € Int(C),
s0 vj + Ug(z,t) C Int(C). If ||z|| = &||y||, then z cannot belong to v; + U, (z,t)
either, because if (L, h) € As(z) then

(L, ty — (M) < Ellty — < (O)R)]] < Elltyl| + &lle=(£)R)]]
< thllyll+trllollyll = th(1+o)llyll < A(1+o)]lyll

so [lvj +n(L, ty)|| < &1 + o)yl + llv;[| < &L+ o)yl + ~ollyll = &llyll.
Hence we can apply Theorem 3.8 and conclude that there exists a compact
connected subset Z of C(e) x [0, 1] such that (i) the sets Z N (C(e) x {0}) and
Z N (C(e) x {1}) are nonempty, and (ii) 0 € H.(z,t) whenever (z,t) € Z.
For 3 such that 0 < 8 < 1_+(a), let Z( be the open B-neighborhood of Z
in Q., so that Z(?) = {¢q € Q. : dist(q, Z) < 3}. Then Z® is a relatively open
subset of Q.. It is clear that Z® is connected, so it is path-connected. Since
ZP) intersects both sets C(g) x {0} and C(g) x {1}, there exists a continuous
map & : [0, 1] + Z¥) such that £(0) € C(e) x {0} and £(1) € C(e) x {1}. Let

I = {te [0,1]:€() €C(£)X[0, p(a)—h@]} R - {te [0,1]:€(t) €C(e)x[1-B, 1]} .

Then it is clear that both 7_ and I, are nonempty compact subsets of [0, 1],
so I_ has a largest element {_ and I, has a smallest element ¢;. Therefore

§(t-) € Cle) x {p(a) + B}, &(t4) € C(e) x {1 =}, and
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E(t)eCe) x [p(a)+ 8,1 —pF] whenever t_<t<t,. (39)

Hence, if we define W# = ~([t_,t_]), we see that (i) WP is compact and
connected, (i) W? C C(e)x [p(a)+3,1—f], (iii) Wﬁm(C(g) x{p(oz)—i—ﬁ}) £ 0,
(iv) W8 n (C(e) x {1— ﬁ}) # 0, and (v) dist(w, Z) < 3 whenever w € W5.
Let Z = ZN(C(e) x [p(a), 1]). Then Z is a compact subset of C(¢) x [p(c), 1].
If w € W7, then the point z, € Z closest to w is at a distance < 3 from w,

and must therefore belong to C(¢g) x [p(a), 1], since w € C(¢g) x [p(a) + 3,1~ f].
It follows that z,, € Z. Therefore

dist(w, Z) < 8 whenever w € W*. (40)

We now use Theorem 3.7 to pick a sequence {f3;};jen converging to zero,
such that the sets W5 converge in Comp(Q:) to a compact connected set
W. Tt then follows from (40) that W C Z. On the other hand, since the sets

Whin (C(E) X {p(a)—i—ﬂj}) and Whin (C(e) X {1—@-}) are nonempty for each j,

we can easily conclude that WnN (C(z—:) X {p(a)}) # 0 and WN (C(E) X {1}) # 0.
Hence, if we take Z,, to be the set W, we see that (i) Z, is compact connected,
(i) Z, € Zn (C(E) x [p(a), 1]), and (iii) Z, has a nonempty intersection with
both C(e) x {p(a)} and C(e) x {1}.

Now, if (z,t) € Z,, we know that 0 € H.(z,t), and then (A) implies that

ty € F(x) and ||z|| < kt||yl|, since p(a) < ¢ < 1. This shows that Z, satisfies
all the conditions of our statement, and completes our proof. a

Approximating multicones. Assume that M is a manifold of class C*, S
is a subset of M and Z, € S.

Definition 4.32 An AGDQ approximating multicone to S at T, is a
convex multicone C in Tz, M such that there exist an m € Z,, a set-valued
map F : R™ +—» M, a convex cone D in R™, and a A € AGDQ(F,0,Z,, D),
such that F(D) C S and C = {LD : L € A}. If A can be chosen so
that A € GDQ(F,0,%,, D), then C is said to be a GDQ approximating
multicone to S at x,. O

Transversality of cones and multicones. If S1, S, are subsets of a linear
space X, we define the sum S1 + Sy and the difference S — S by letting

S1+Sz={81+82181 651782652}, 51—522{81—82281 651,82652}.

Definition 4.33 Let X be a FDRLS. We say that two convex cones C, C?
in X are transversal, and write C*MC2, if C* — €2 = X. O

Definition 4.34 Let X be a FDRLS. We say that two convex cones C', C?

in X are strongly transversal, and write ClﬁﬁCQ, if C'hC? and in addition
ClncC? +#{0}. O
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The definition of “transversality” of multicones is a straightforward extension
of that of transversality of cones.

Definition 4.35 Let X be a FDRLS. We say that two conver multicones

C' and C? in X are transversal, and write ClFHCQ, if cihe? for all pairs
(Ct,C?) ect xC2. O

The definition of “strong transversality” for multicones requires more care.
It is clear that two convex cones C'', C? are strongly transversal if and only

if (i) C*MC2, and (ii) there exists a nontrivial linear functional A € X such
that C'NC%N{x € X : A(z) > 0} # (. It is under this form that the definition
generalizes to multicones.

Definition 4.36 Let X be a finite-dimensional real linear space. Let C*, C?
be convex multicones in X. We say that C* and C? are strongly transversal,

and write C*MC2, if (i) C*MC2, and (i) there exists a nontriwial linear
functional A € X1 such that C* N C?* N {x € X : XN(z) > 0} # 0 for every
(CH,C?)ect x C. O

The nonseparation theorem. If S;, Sy are subsets of a topological space
T, and s, € S1 NSy, we say that S; and S are locally separated at s, if there
exists a neighborhood U of 3, such that S; NSeNU = {35,}. If T is metric,
then it is clear that S7 and S5 are locally separated at s, if and only if there
does not exist a sequence {s;} ey of points of (51 MN.S2)\{0} converging to §..

Theorem 4.37 Let M be a manifold of class C1, let S1, Sy be subsets of M,
and let 5, € S1NSs. Let C1, Co be AGDQ-approzimating multicones to S1, Sz

at 5, such that ClﬁﬁCg, Then S1 and Sy are not locally separated at 5, (that
is, the set S1 N Sy contains a sequence of points s; converging to 5. but not
equal to 8. ). Furthermore,

(1) if &€ : 2 — R™ is a coordinate chart of M, defined on an open set {2
containing S, and such that £(5.) = 0, then there exist positive numbers
a, k, o, and a function p :10,&] — [0, 1] such thatlim, o p(a) = 0, having
the property that whenever 0 < o < &, the set £(S1 N Sa N §2) contains a
nontrivial compact connected set Z,, such that Z, contains points x_ (),
w4(@), for which o (a)]| < kp(@)a and o4 (a)| > oa,

(2) if C1, Co are GDQ-approzimating multicones to Sy, S at §.. then S1 NSy
contains a nontrivial compact connected set Z such that 5, € Z.

In view of our definitions, Theorem 4.37 will clearly follow if we prove:

Theorem 4.38 Let ny,nq, m be positive integers. Assume that, for i = 1,2,
(1) C; is a conver cone in R™, (2) F; : R™ +—» R™ is a set-valued map, and
(8) A; € AGDQ(F;,0,0,C;). Assume that the transversality condition

L.1Cy — LyCy =R™ for all (Ll,Lg) € Ay X Ay (41)
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holds, and there exists a nontrivial linear functional p : R™ +— R such that

LiCiNLCyn {y eR™: u(y) >0} 7é ¢ for all (Ll,Lg) €Ay x Ay (42)

Let T = {(xl,mg,y) € C1 x Cy xR™:y € Fi(zy) N Fy(x2) } Then there
exist positive constants @, k, o, and a function p :]0,a] — [0,1] such that
limy o p(o) = 0, having the property that

(*) for every a for which 0 < o < @& there exist a compact connected subset
Za OfI7 and pOintS (xl,a,fny,a,77ya,*)7 (ml,a,+ax2,a,+7ya,+) Of Zou fOT
which [[yo+ | > oo and [[ya, | < rp(a)a

Furthermore, if A; € GDQ(F;,0,0,C;) for i = 1,2, then it is possible to
choose p(a) = 0.

Proof. Define a set-valued map F : R™ x R™ x R™ +—» R™ x R™ x R by
letting F(x1,x2,y) = (y — Fi(x1),y — Fa(xa), u(y)) for 1 € R™ xo € R™2,
y € R™. (Precisely, this means that F(x1,x2,y) is the set of all triples
(Y — Y1,y — y2, u(y)), for all y1 € Fi(z1), y2 € Fa(x2).)

Also, define a cone C C R™ x R™ x R™ by letting C' = C; x Cy x R™,
and a subset £ of Lin(R™ x R"2 x R™ R™ x R™ x R) by letting £ be the set
of all linear maps Ly, r,, for all (L1, Ls) € Ay X Ay, where L, 1, is the map
from R x R™ x R™ to R™ x R™ x R such that

Lr, 1y(z1,22,y) = (y—L121, y—Loxa, p(y)) if (x1,22,y) ERMXR™2xR™. (43)

It then follows immediately from the definition of AGDQs and GDQs that
L € AGDQ(F,0,0,0,C), and also that £ € GDQ(F,0,0,0,C) if A; is in
GDQ(F;,0,0,C;) fori=1,2.

Let @, = (0,0,1). We want to show that the conditions of the directional
open mapping theorem are satisfied, that is, that w, € Int(LC) whenever
L e L Let L € £, and write L = Ly, 1,, with Ly € Ay, Ly € Ay. Using
(42), find ¢ € Ci, ¢a € Cy, such that L1¢; = Lacy and p(Lic;) > 0. Let
a = u(L1¢1). Let v1,v2 € R™ be arbitrary vectors. We claim that the equation

L(xy1,x2,y) = (v1,va,7) (44)

has a solution (z1,x2,y) € C provided that r is large enough. To see this,
observe first that (41) implies that we can express vo — v1 as a difference

v —v1 = Licy — Locy, ¢ € Cy, co € Cy. (45)

Then, if we let § = v; + Lycy (so that (45) implies that § = v + Lacy as well),

it is clear that L(cy,c2,9) = (§ — Lic1,§ — Laca, () = (v1,ve,7), if we let

Fdéfu(g]). If r > 7, then we can choose

r—r r—r r—r

y=y+— -L1¢,, z1=c1+——-¢, Xa=Co+—-C2.
a a a
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With this choice, we have

- r—r _ r—T _ -
y—Lix1 =9 —Lici + —— - L1161 — a -Licy =y — Licy = vy,
- r—r _ r—r _
y—Lgxg :y—L202+ — - [161 — —— - Loy
a «a
- r—r _ r—r _ N
:y7L202+ — - [161 — — ~L101:y7L262:1}2,

and p(y) = (@) + =Lu(Lié) = 7 +r — 7 = r. It then follows that
L(x1,22,y) = (v1,v2,7), and we have found our desired solution of (44).

So we have shown that for every (v1,v2) € R™ x R™ the vector (vy,va,7)
belongs to L - C if r is large enough. This easily implies that the point
wsx = (0,0, 1) belongs to the interior of L - C. (This can be proved in many
ways. For example, let £ = (eq,...,e2,) be a sequence of 2m + 1 affinely
independent vectors in R™ x R™ such that the origin of R™ x R™ is an
interior point of the convex hull of E. Then we can find an 7 such that 7 > 0
and (e;,7) € LC whenever r > 7. It then follows that the vectors (e;, 7) and
(e;,7 + 2) belong to LC, so the vector (0,0,7 + 1) is in Int(LC'), and then
(0,0,1) € Int(LC) as well.)

We can then apply Theorem 4.30 to the map F and conclude that there
exist positive numbers @&, x, and a function p :]0,&] — [0,1[ such that, if
a €]0,a] and we let w.(a) = at., then there exists a compact connected
subset Z, of C(ka) x [p(a), 1] such that Z, intersects the sets C'(ka) x {p(a)}
and C(ka) x {1}, and the conditions

ri(a) € Fzi,x2,y) and [z + [Jz2fl + [yl < rra

hold whenever ((z1,2,y),7) € Zo and p(a) < r < 1. (Here we are writing
C(r) = {(z1,22,y) € Ot [loa]| + 2|l + [yl < r}.) We let o = ||u]~*.

If we now define Za:{(xl,xg,y):(ﬂre[p(a)71])(((m1,x2,y),r)62a)},
then Z, is a continuous projection of a compact connected set, so Z, is
compact and connected. If (z1,x2,y) € Z,, then there is an r € [p(a), 1] such
that ((z1,22,y),r) € Ze, and then (0,0,ra) € F(x1,22,y), so in particular
0=y—y =y — yo for some y; € Fi(z1) and some yo € Fr(x3). But then
Y1 =y2 =y, soy € Fi(x1) N Fa(xs2), showing that (z1,29,y) € Z. So Z, C Z,
as desired.

Finally, we must show that Z, contains points (21,,—,%2,a,—,Ya,—) and
(1,004 T2,0,+5 Ya,+) for which |lyo,—| < kp(a)o and ||ya,+| > oa. Let
((®1,0,— Z2,0,—, Ya,— ), Ta,—) and ((z1,a,4,%2,0, 43 Ya,+)s Ta,+) be members of
ZoN(C (k) x {p(@)}) and ZoN(C(ka)x {1}), respectively. Then ro_ = p(c),
and (0,0, p(a)a) = (0,0,rq —a) = rq _Wi(a) € F(x1,0,—, T2.0,— Ya,— ), frOm
which it follows that ||ya,—|| < £7q,—c. On the other hand, r + = 1, and then
(0,0,a) = (0,0,70,40) = ro+Ws(a) € F(T1,a,45%2,0,+sYa,+), from which
it follows that ((ya,+) = o, so that & = u(ya+) < ||l |Ya+|, and then
R o
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5 Variational generators

Assume that X and Y are FDNRLSs, S C X, and Z, € X. Recall that a
linear map L : X — Y is said to be a differential of F' at T, in the direction
of S if the linearization error E%”ng (h) = F(z«+h)—F(z.)—L-his o||h]])
as h — 0 via values such that . +h € S.

Remark 5.1 The precise meaning of the sentence “E%f‘Lj*(h) is o(||h]]) as
h — 0 via values such that z, +h € S” is:

o There exists a function 8 € © (cf. §4, page 23) having the property that
||Ef.%’jlg (Zs, )| < O(|RID|IR| for every h such that Z. +h € S. O

A natural generalization of that, when A is a set of linear maps, F' is
set-valued, and we have picked a point g, € Y to play the role of F(Z,), is
obtained by defining the linearization error via the formula

in def . _ _
Bt o g 0 inf {ly =5, —L-hl iy € F(a. +h), Le A} (46)

Definition 5.2 Assume that X and Y are FDNRLSs, (T.,y«) € X XY,
F:X—Y, and SC X. A weak GDQ of F at (ZT«,§«) in the direction of
S is a compact set A of linear maps from X toY such that the linearization
error E%?A,a‘c*,g* (h) is o(||h]]) as h — O via values such that T, + h € S. O

In other words, a weak GDQ is just the same as a classical differential,
except for the fact that, since the map F' is set-valued and the “differential”
A is a set, we compute the linearization error by choosing the y € F(Z, + h)
and the linear map L € A that give the smallest possible error.

We will write WGDQ(F, T, §«, S) to denote the set of all weak GDQs of
F at (Z,T«) in the direction of S.

The following trivial observations will be important, so we state them
explicitly. (The second assertion is true because infimum of the empty subset
of [0, +o0] is +00.)

Fact 5.3 Assume that X andY are FDNRLSSs, (Z.,9:) € X x Y, F: XY,
and SCX. Then

o If A € WGDQ(F,Z«,5s,S), A € CLin(X,Y), and A C A, then
A e WGDQ(F, T, ¥, S).
o (e WGDQ(F,Zu,Fx,S) if and only if T, ¢ Closure(S). O

We recall that the distance dist(.S,S’) between two subsets S, S’ of a metric
space (M, dyr) is defined by dist(S,S’) = inf{dp(s,s’) : s € S, s € S'}. Tt
follows that dist(5,S") > 0, and also that dist(.S,.S”) < +oo if and only if both
S and S’ are nonempty. Furthermore, the linearization error Eﬁ}’jlig(h)
defined in (46) is exactly the same as the distance dist(g. + A - h, F(Z. + h)).

The following two propositions are rather easy to prove, but we find it
convenient to state them explicitly, because they will be the key to the notion
of “variational generator” in GDQ theory.
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Proposition 5.4 Suppose X,Y are FDNRLSs, F: X — Y, S C X, (ZTu, Ux)
belongs to X XY, and A is a compact set of linear maps from X toY. Then
the following three conditions are equivalent:

(I)AEWGDQ(F7:E*7Q*7S)J _
(2) there exist a positive number 0, and a family {k°}o_5<5. of positive
numbers such that lims o k® = 0, having the property that

dist (m—&—A-h,F(@—i—h)) <0k? whenever ||h||<0<0, and T, +heS; (47)

(3)if {h;}ien is a sequence in X such that lim; oo h; = 0 and T, + h; € S
for all j, then there exist (i) a sequence {L;};en of members of A (ii) a
sequence {y;}jen for which y; € F(Z. + h;) for each j, (iii) a sequence
{rj}jen of positive numbers such that |\y; — g« — Lj - h;|| < r;||h;|| for all
j €N and hmJHoo r; = 0. O

Proposition 5.5 Let XY, F, S, Z.,y. be as in Proposition 5.4. Then

o IfAec AGQD(F, Ty, Y, S) it follows that A € WGQD(F, T, yx,S).
If A belongs to WGQD(F, Z, §«, S), A is convex, and the restriction F [ S
is upper semicontinuous with closed convex values, then it follows that
A e WGQD(F, Zy, §x, S). a

5.1 GDQ Variational generators

For a set-valued map F : X x R —» Y, we write F,, F', if z € X, t € R, to
denote the partial maps F,, : R— Y, F': X Y, such that

F.(s) = F(x,s) and F'(u) = F(u,t)if s€R, u€ X .

For a subset S of X x R, we write S,, S, if + € X, t € R, to denote
the sections S, C R, S* C X, given by S, = {s € R : (x,5) € S} and
St={ue X:(ut)eS}.

We would like to define the notion of “variational generator” as follows,
assuming that:

(VGAL) X and Y are FDNRLSs, a,b € R, and a < b;

(VGA2) & € C%Ja,b); X)) and 0. is a ppd single-valued function from
[a,b] to Y;

(VGA3) S C X x R;

(VGA4) F: X xR+—Y is a set-valued map.

Tentative definition: Assume that (VGA1,2,3,4) hold. A GDQ wvariational
generator of F along (§«,0.) in the direction of S is a set-valued map
A [a,b] — Lin(X,Y) such that, for every t € [a,b], the set A(t) is a weak
GDQ of F* at (£.(t),04(t)) in the direction of St. 0
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The trouble with this definition is twofold:

o First of all, there at least two natural ways to define the “linearization
error” at a particular time ¢, because we could
«“ : 99 3 def )
(1) use the ﬁxed time error” h— E{Y o (h,t) EE%QA(t)yg*(t),g*(t)(h),
where E%?7A(t),£*(t)7o*(t)(h) is obtained by applying Formula (46) to the
map F*?, so that

Bl e. 0. (hit) = dist(0u(t) + A(t) - h, F(€(t) + h, 1)) (48)

(2) work instead with a “robust” version of the error, in which we try to
approximate F(&.(t + s) + h,t+ s) — 0.(t + s) by A(t) - h not just for
s = 0 but also for s in some neighborhood of 0; this leads to defining

B2 (h,s,t) = dist(o. (t+5)+ A(t)-h, F(&(t+5)+h,t+5)) . (49)

e Second, once we have settled on which form of the error to use, this
will lead to introducing functions ¢ ~ r%(t), t — k>*(¢) such that
I o o (ht)]| < 6k%(t) and | ERTEY, (s t)| < 0k%5(t) whenever
|h]| < ¢, and require that these functions “go to zero.” However, when
functions are involving, “going to zero” can mean many different things,
since the convergence could be, for example, pointwise, in L', or uniform.

It follows that, in principle, there are at least twice as many reasonable notions
of “variational generators” as there are notions of convergence of functions,
since for each convergence notion we can require that the convergence take
place for the fixed-time error or for the robust one.

It turns out, however, that of all these possible notions of “variational
generator,” only two will be important to us. So we will define these two
notions and ignore all the others.

L' fized-time GDQ variational generators. Let us assume that X, Y,
a, b, &, 0., S, F are such that (VGA1,2,3,4) hold.

Definition 5.6 An L' fized-time GDQ wvariational generator of the
map F along (&,,0,) in the direction of the set S is a set-valued map
A fa,b] — Lin(X,Y) such that,

e there exist a positive number & and a family {I€5}0<5§g of measurable
functions k° : [a,b] — [0,+00] such that lims)o fab K(t)dt = 0 and, in

addition, dist(o.(t) + A(t) - h, F(£.(t) + h,t)) < 0k%(t) whenever h € X,
t € la,b], (£(t) +h,t) €S, and ||h]| < 6. O

We will write VGg[’)g (F,&.,04,9) to denote the set of all L! fixed-time GDQ
variational generators of F' along (&, 0.) in the direction of S.



Non-smooth maximum principle 49

Pointwise robust GDQ variational generators. Again, let us assume
that X, Y, a, b, &, o4, S, F are such that (VGA1,2,3,4) hold.

Definition 5.7 A pointwise robust GDQ variational generator of the
map F along (&.,0.) in the direction of the set S is a set-valued map
A a,b] — Lin(X,Y) such that,

o there exist & > 0, 5 > 0, and a family {x**}o_s5<50<5<s Of functions
k%% ¢ [a,b] > [0, 400], such that (i) lims|o s ;0 K>5(t) = 0 for every t € [a, b]
and (i) dist(o.(t+5)+A(t)-h, F(&(t+5)+h,t+s5)) <5k%%(t) whenever
heX, ||h <4, tela,b], t+s € [a,b], and (& (t+s)+h,t+s) € S. O

We write VGg’jj’g’b(F, &+, 04, 5) to denote the set of all pointwise robust GDQ
variational generators of F' along (&, 0,) in the direction of S.

5.2 Examples of variational generators

We now prove four propositions giving important examples of variational
generators.

Clarke generalized Jacobians. Recall that 0, f(q,t) denotes the Clarke
generalized Jacobian (cf. Definition 2.9) at @ = ¢ of the map = — f(z,t).

Proposition 5.8 Assume that X, Y are FDNRLSSs, and f is a single-valued
ppd map from X x R to Y, whose domain contains a tube T (£.,0) about a
continuous curve &, : [a,b] — X. Assume that each partial map t — f(z,1)
is measurable and each partial map x — f(x,t) is Lipschitz with a Lipschitz
constant C(t) such that the function C(-) is integrable. Let Z = Lin(X,Y),
and define A(t) = 0, f(&x(t),t) and o.(t) = f(&(t),t) for t € [a,b]. Then A
is an integrably bounded measurable set-valued function from [a,b] to Z with

a.e. nonempty compact convex values, and A is an L' fized-time variational
GDQ of f along (&, 04) in the direction of X X [a,b].

Proof. To begin with, we observe that the bound || L] < C(t) holds for every
t € [a,b] and every L € A(t), so A is integrably bounded. Furthermore, A
clearly has compact convex a.e. nonempty values. A somewhat tedious but
elementary argument proves that A is measurable.

Now, let x°(t) denote the maximum of the distances dist(L, A(t)) for all
L € A¥(t), where A®)(t) is the closed convex hull of the set of all the
differentials D f*(z) for all z € Df, and D} is the set of all points z in the the
open ball Bx (£.(t),6) such that f* is differentiable at z. Then x° is easily seen
to be measurable, and such that limgs|o x°(t) = 0 for every ¢. Furthermore, if
||l < &, then the equality f(&,(t) + h,t) — f(€.(t),t) = L - h holds for some
L € A©)(t), and we can pick L € A(t) such that ||L—L|| < x%(t), and conclude
that 3

F&(t) +ht) = f(&(t),t) = L-h=(L—L) h,

from which it follows that || f(&.(t) 4+ h,t) — f(&.(t),t) — L - h|| < 6x°(t).
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On the other hand, it is clear that x%(t) < 2C(t). So the functions x°
converge pointwise to zero and are bounded by a fixed integrable function.

Hence limg)o fab x°(t) dt = 0, and our proof is complete. O

Michel-Penot subdifferentials. Recall thatif f : X xR < R then 99 f(q,t)
is the Michel-Penot subdifferential (cf. Definition 2.11) at = g of the function
x +— f(x,t), and that the notion of epimap was defined in §2.1, page 5.

Proposition 5.9 Let X be a FDNRLS, and let f be a single-valued ppd map
from X xR to R, whose domain contains a tube T~ (€.,8) about a continuous
curve &, : [a,b] — X. Assume that each partial map t — f(x,t) is measurable
and each partial map x — f(x,t) is Lipschitz with a Lipschitz constant
C(t) such that the function C(-) is integrable. Let A(t) = 02f(&.(t),t), and
let o.(t) = f(&«(t),t). Let F be the epimap of f. Then A is an integrably
bounded measurable set-valued function with a.e. monempty compact conver
values, and A is an L' fized-time variational GDQ of F along (&.,0.) in the
direction of X X [a,b].

Proof. To begin with, we observe, as in the previous proof, that (i) the bound
IL|| < C(t) holds for every ¢ € [a,b] and every L € A(t), so A is integrably
bounded, and (ii) A clearly has compact convex a.e. nonempty values.

Next, we prove that A is measurable. For this purpose, we need to review
how the Michel-Penot subdifferential A(t) is defined: for each ¢t € [a,b], let
ft be the function Bx (£.(t),0) > = +— f(x,t) € R; extend f* to all of X by

defining it in an arbitrary fashion outside Bx (£.(¢),9); for x,h € X, define
d°f*(x, h) = supyex limsup, ot~ (f(ert(kJrh))ff(a?thk)) , so that, for each
x € X, the function X 3 h +— df (z,h) € [—00,+00] is convex and positively
homogeneous; then A(t) is the set of all linear functionals w € XT such that
d°ft(&.(t), h) > (w, h) whenever h € X.

We define the support function o, using (4), with R in the role of Y,
and XT = Lin(X,R) in the role of X, so 0, is a function on [a,b] x X. The
measurability of A will follow if we prove that the function [a,b] > t — o 4(t, h)
is measurable for each h € X.

Fix an h € X and a t € [a,b]. If w € A(t), then (w,h) < d°f(E.(t), D).
Therefore o (t, h) < d°f*(£.(t), h). We will prove that the opposite inequality
is also true. Define E = {(h,r) € X x R:r > d°f'(&.(t),h)}, Then E is the
epigraph of the function X > h+— d°f*(.(t),h) € R, which is everywhere
finite, convex, and positively homogeneous. In particular, F is a closed convex
cone in X x R with nonempty interior. If we let ¥ = d°ft(£,(t),h), then
the point (h,7) belongs to the boundary of E. Hence the Hahn-Banach
theorem implies that there exists a linear functional 2 € (X x R)"\{0} such
that 0 = Q(h,7) < Q(h,r) for all (h,r) € E. Then there exist a linear
functional w : X — R and a real number wq such that 2(h,r) = —w(h) +wer
for all (h,r) € X xR, and (w,wp) # (0,0). Clearly, wy > 0, because

0 = —w(h) + woT < —w(h) + wo(7 + 1). Furthermore, wy # 0, because if
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wo = 0 then w(h) = —£2(h,7) = 0, and then the inequality 2(h,7) < 2(h,r)
implies 0 = —w(h) < —w(h) for all h € X, so w = 0 as well. So we may assume
that wy = 1, and then 0 = —w(h) + 7 < —w(h) + r for all (h,r) € E. Hence
w(h) <rforall (h,7) € E, so in particular w(h) < d°f*(£.(t),h) forall h € X.
It follows that w € A(t). On the other hand, the fact that —w(h) +7 = 0 tells
us that w(h) = d°ft(¢.(t), h). Hence o4 (t, h) > df (& (1), h).

It follows that o4 (t,h) = d°f!(&(t),h) for all h € X. This implies the
desired measurability of the function [a,b] > t ~— o4(t,h) € R, because
[a,b] 3t d°f(&(t), h) is clearly measurable.

Now fix ¢ € [a,b]. For h € R such that ||| <6, let

0t (h) = min{f(&.(t) + h,t) — 0u(t) —w-h:w e At)}. (50)

If in addition h#0, write 0% (h) = %. We claim that lim supy, ¢ 5,0 0*(h) <0.
Indeed, if this was not so there would exist a positive € and a sequence {h;}jen
converging to zero and such that h; # 0 and 6'(h;) > e for all j. Then
f&(t) + hj,t) — f(&u(t),t) —w - h; > ¢||h;|| for all j and all w € A(t). Let
7 = ||h]l, w; = ’;—]J_', so ||w;|| = 1. By passing to a subsequence, if necessary,
assume that the limit w = lim;_, o, w; exists. Let e; = w; —w, so e; — 0. Then
h; = jw; = 7;(w +e;), s0 f(&(t) + 15(w +e5),t) — f(&(t),t) —w - h; > eT;
for all 7 € N and all w € A(t).

It follows that limsup;_, ., 7; 1(f(§*(t)+'rJ( i), t)— f(ﬁ*(t),t)—whj) >e
i w € A(L). Bub f(€ ()15 (we)), 1)~ (- (8) +7w, ) < ) les]|. Hence
limsup;_ 7-].*1 (f(f*(t) + Tjw,t) — f(&(t),t) —w - hj ) > ¢, and then we

find that limsup;_, T{l(f(f*( ) + mw,t) — f(& t)) > ¢+ w - w, from
)

which it follows that limsup, |, 7~ ( (&(t) +Tw, t) — f(@(t),t)) >etw-w.
So we have shown that d°f!(£.(t),w) > € +w - w for all w € A(t). But
this is impossible, because we already know that d°f!(&,.(t),w) = oa(t, w),
so d°f'(&.(t),w) = w - w for some w € A(t). This proves our claim that
lim sup,,_,, 0% (h) < 0.

Now define 9 (t) =max (0, sup{6*(h):| Al 35}). Then the functions x° are
measurable and nonnegative, and converge pointwise to zero. In addition, they
clearly satisfy k9 < 2C(t), since (50) implies that (k) < 2C(t)||h||. Therefore
lims o f; K‘s(t) dt = 0.

Given t € [a,b] and h € X such that ||h|| < §, we can pick w € A(t) such
that f(&.(t) + h,t) — 0.(t) —w - h = 0*(h), and then

FE&() +hyt) = 0u(t) —w- h = [[h]|0"(h) < [|h]|s°(t) < 6K°(2).
It then follows that we can pick a real number r € F(E.(t) + h,t) such that

|1 — 0u(t) —w - h| < 6k5(t). (Indeed, if f(&.(t) + h,t) — 0u(t) —w-h >0, we
may pick r = f(&(t) + h,t), and if f(&.(t) + h,t) — 0x(t) — w - h < 0 pick
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r = o.(t) + w - h.) But then dist (F(g*(t) ht),0u(t) + A(t) - h) < 6RO(1),
since 0. (t) + w - h € o.(t) + A(t) - h and r € F(&.(t) + h,t). This completes
our proof. 0

Classical differentials. If (M, dyr), (N, dy) are metric spaces, and Z,. € M,
amap F : M — N is calm at Z, if there exist positive constants C,S such
that € Do(F) and dy(F(x), F(Z.) < Cdp (2, Z.) whenever dps(x,Z.) < 6.
If a,b € R, a < b, and &, : [a,b] — M is continuous, then a ppd map
F: M X [a,b] — N is integrably calm along &, if there exist a positive constant
§ and an integrable function C : [a,b] + [0,+oc] such that, for almost all
t € [a,b], the following two conditions are satisfied whenever dps(x,&.(t)) < d:
(i) © € Do(F), and (ii) dy(F(x,t), F(&«(t),t)) < C(t)dpar(x,€x(t)). Then the
following is easily proved.

Proposition 5.10 Assume that X,Y are FDNRLSSs, and f is a single-valued
ppd map from X x R to Y. whose domain contains a tube T (£,,0) about a
continuous curve &, : [a,b] — X. Assume that each partial map t — f(x,t) is
measurable. Assume in addition that

e for each t the map x — f(x,t) is differentiable at &.(t),
o f is integrably calm along &, .

Let 04(t) = f(&(t),t), and let A(t) = {D.f(&(t),t)}. Then A is an integrable
single-valued map. Furthermore, A is an L' fized-time variational GDQ of f
along («,04) in the direction of X X [a,b). O

The set-valued maps 5~ g. We are going to assume that

(A) X is a FDNRLS, ¢, € C°([a,b], X), § >0, and T = TX(&,,9).

(B) g : T — R is a single-valued everywhere defined function such that
(i) g(&«(t),t) <0 forallt € [a,b], and (ii) each partial map x — g(x,t)
is Lipschitz on {x € X : ||z — &.(t)|| < 6}, with a Lipschitz constant C
which is independent of t for t € [a,b].

We define Av, = {(z,t) € TX(&,0) : g(z,t) > 0}, so Av, is the domain of
the constraint indicator map x§° (cf. §2.1, page 5).

Remark 5.11 For an optimal control problem with an inequality state space
constraint g(x,t) < 0, Av, is the set to be avoided, that is, the set of points
(x,t) such that any trajectory & for which (£(t),t), for some ¢, is one of these
points fails to be admissible. a

We define 07 g(Z,t) to be the convex hull of the set of all limits lim;_, wj,
for all sequences {(zj,tj,w;)};jen such that lim; . (z;,t;) — (Z,t) and, for
all j, (1) (z;,t;) € Avg, (2) the function « — g(z,t;) is differentiable at z;,
and (3) wj = Vag(z;,t5).

We let K be the set of all t € [a,b] such that (£.(¢),t) belongs to the
closure of Avy. Then K is compact.
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Remark 5.12 The set K could be empty. (This happens if and only if the
closure of Av, does not contain any point of the form (£.(¢),t), ¢t € [a,b].) O

Proposition 5.13 Assume that X, a, b, &, 6, T = TX(&.,0), g, C are such
that (A), (B) hold, and Avy, 07 g, K are defined as above. Let o.(t) =0 for
t € [a,b], and define A(t) = 97 g(&.(t),t) fort € [a,b]. Then

(1) A is an upper semicontinuous set-valued map with compact convex
values;

(2) K ={t € [a,b] : A(t) # 0};

(8) A'is a pointwise robust GDQ variational generator of xg° along (&, 0+)
in the direction of Avy.

Proof. The desired conclusions do not depend on the choice of a norm on X,
so we will assume that the norm on X is Euclidean. For each ¢ € [a, b], let g*
denote the function x +— g(z,t), with domain B! = Bx (£.(t),4), and let D?
be the set of points x € B! such that g* is differentiable at x. Then D! is a
subset of full measure of Bt.

Let us show that A is upper semicontinuous and has compact convex
values. The convexity of the sets A(t) is clear from the definition of A. We
will prove that the graph of A is compact, from which it will follow that A is
upper semicontinuous and has compact values.

First, we observe that every member (¢,w) of Gr(A) is a limit of sequence
{(tj,w;)};jen such that |w;|| < C for all j. Therefore ||w| < C whenever
t € [a,b] and w € A(t).

Now, take a sequence {(t;,w;)};en of points in Gr(A). Then [jw;|| < C
for all j, so we may find an infinite subset J of N such that the sequence
{(tj,w;)};jes converges to a limit (t,w) € [a,b] x XT. We need to show
that w € A(t). For each j € J, the covector w; is a convex combination
> oho @ kwyk, where ajp > 0, Y7 jasr =1, and w; = lim wj e,
with x50 € Dtike, 9(xj ke tine) > 0, wjpe= %(Z‘Lk,g,tj,k,g), and
limy— oo (25 1,0, tjk,e) = (§4(t5), ;). Pick an infinite subset J' of J such that the
limits @y, = lim;j . jey wjr and & = lim;_.o jej o1 exist. Then ap > 0,
Soh_obr =1, and Y drwr = w. Therefore the conclusion that w € A(t)
will follow if we show that @, € A(t) for each k. For j € J', k € {0,...,n},
pick £(j,k) € N such that

19,6 = Wikl + 11 &0 — &t + [Eip — t5] <277,

where @, = Wi k,0(5,k) Tk = xj,k,é(j,k): ik :tjlk,é(j,k% Then
W = hmj_,oo,zejl Wik, with — @; 1 € 8xg(.fj7k,tj7k), g(a?ﬁk,tj,k) > 0, and
lim; oo (@5, t5%) = (£«(t),t). Therefore &, € A(t) for each k, and then
w € A(t), completing the proof that A is upper semicontinuous and has
compact values. So we have proved (1).

Now let us prove (2). Fix a t € K. Then there exist, for j € N, pairs
(Z;,t;) € Sy such that g(Z;,¢;) > 0 and ||Z; — &(8)]| + |t; — t| < 277, Pick
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x; € D% such that g(x;,t;) > 0 and ||z; — 7;|| < 277. Let w; = %(xj,tj).
Then ||w;|| < C for all j. Therefore, we can pick an infinite subset J of N
such that w = lim,_ __ ,_, w; exists. Then w € A(t), so A(t) # 0. Next, fix
at € [a,b]\K. Then no sequence {(z;,t;,w;);jen of the kind specified in the
definition of 97 g exists, so 9; g(Z, t) is empty, that is, A(¢) = 0. This completes
the proof of (2)

We now prove (3). We take a point ¢ € [a,b], a sequence {(¢;,h;)};en of
points of S, such that lim; .., h; =0, and lim;_, t; = ¢, and show that
Jim p; =0, where 1; = ﬁv p; = dist(xg" (& (t;)+hy, t;), A(t)-hy) . (51

o J
Write z; = & (t;)+hj, T = & (t) (so that lim;_,. x; = Z). Suppose (51) is not
true. Then we can pick an infinite subset J of N and an ¢ € R such that € > 0
and p; > ¢ for all j € J. Fix a j € J. Then g(x;,t;) > 0. Let v; = g(x;,t;),
and use X; to denote the sphere {h € X : ||h| = ||h;||}. (Recall that h; # 0,
so X; is a true sphere, not reduced to a point.) For h € X\{0}, let o} denote
the segment {£.(t;) + sh : 0 < s < 1}. It then follows from Fubini’s theorem
and Rademacher’s theorem that the function g% is differentiable at almost all
points of oy, (that is, & (t;) + sh € D% for almost all s € [0,1]) for almost all
h € X;. Therefore we can pick iLj € X; such that, if we let &; = &,.(¢;) + izj,
then ||h; — h;|| < (2C)~1y; and &.(t;) + sh; € D% for almost all s € [0, 1].
Thortone g ) = 2CY 1y w3509 = 963, < Cll = 1 <
from which it follows (since g(z;,t;) = 7;) that g(Z;,t; ) > 1. Clearly,

905 15) = 9(6 (1), 1) + (/Olg—i@*(tjwsﬁj,tj)ds)-ﬁj.

Since g(&.(t;),t;) <0, and g(Z;,t;) > %, we conclude that

1
99 z PR
S (6uty) + shyoty)ds) by = 2
(/0 8x(£(J)+5] j)ds i=
We claim that we can pick s; € [0,1] such that the three conditions

El iR €D, g6t )hs 1)>0, Ot sy t) s> D (52)

hold. To see this, let n(s) = g(&(t;) + sﬁj,tj) — g(&(t)),t;) for s € [0,1],
so n(0) = 0, n(1) > 0, n is Lipschitz, and n(s) = %(@(tj) + shj,t;) - hy
for almost all s € [0,1]. Let 7 = sup{s € [0,1] : n(s) < 0}. Then 7 < 1,
n(r) = 0, n(1) > %, and n(s) > 0 for s > 7. Therefore, there exists an s

such that 7 < s < 1, &(t;) + sh; € D%, and 5(s) > L (because if such

an s did not exist it would follow that 7(s) < % for all s €]r,1[ such that
£.(tj) + sh; € DY, ie., that i(s) < % for almost all s € [r,1], and then
f: i(s)ds <, son(1) —n(r) < 4, contradicting the fact that n(r) = 0 and
n(1) > %). This s is our desired s;, and the claim is proved.
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Now let h; = s;hjk & = E.(t) + hj, wj = %(aﬁj, t;). Then the sequence

{w;}jes, is bounded (because |lw;|| < C) so we may find an infinite subset J’

of J such that w = lim;_, jes w; exists. It then follows from the definition
of A that w € A(t). Then, if j € J', we have

LU'hj :(W7Wj)'hj+wj"(hj7hj)+w]"hj. (53)
It follows from (52) that w; - h; > %, while on the other hand we also have
|wj - (hy = hy)| < %, since [[h; — hyl| < (2C) 7" and |Jwy|| < C. Then (53)

allows us to conclude that
w-hj > —[lw—wjl - [[hy]]- (54)

Since x§°(&«(t;) + hyj,t;) = [0,400], and w - h; belongs to A(t) - hy, (54)
implies that the distance p; between the sets A(t) - h; and x§°(«(t;) + hy, t5)

is not greater than [w — wj|| - ||h;||. Hence p; < |lw — wj||. Therefore
lim;_ o jesr ptj = 0. But this contradicts the facts that J' C J and p; > €
for all j € J. This contradiction concludes our proof. ad

6 Discontinuous vector fields

In this section we will study classes of discontinuous vector fields f that
have good properties, such as local existence of trajectories, local Cellina
approximability of flow maps, and differentiability of the flow maps
(t,s,z) — @ (t,s,2) at points (£,7,Z). (The flow map of a ppd time-varying
vector field was defined in §2.1, page 6.)

These classes have already been studied in great detail in [24], so here we
will just limit ourselves to presenting the relevant definitions, referring the
reader to [24] for the proofs.

6.1 Co-integrably bounded integrally continuous maps.

The goal of this subsection is to define (i) the class of “co-IBIC” time-
varying maps K > (z,t) — f(x,t) €Y, where X,Y are FDNRLSs and K
is a compact subset of X x R, and (ii) the lower semicontinuous analogue
of the co-IBIC condition—called “co-ILBILSC,”—in the case when Y = R.
(The two abbreviations “co-IBIC” and “co-ILBILSC” stand, respectively, for
“co-integrably bounded and integrally continuous” and “co-integrably lower
bounded and integrally lower semicontinuous.”)

The co-IBIC class will be interesting when ¥ = X, i.e., when f is a
time-varying vector field on X. Roughly speaking the co-IBIC condition is
the minimum requirement that has to be satisfied so that local existence of
trajectories can be proved using the Schauder fixed point theorem. For a
time-varying vector field f : X x R — X, and an initial condition (¢, Z), one
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would like to prove existence of a trajectory £ of f, defined on some interval
[t —&,t+ €], by finding a fixed point of the map

¢
Siez 28— I(§) € Z such that Z(&)(t) == +[ f(&(s),s)ds,
7

where Z = CY([t—¢,t+¢], X), and =z, ; is the set of all £ € CY([t—¢,t+¢], X)
for which £(¢) = Z. To guarantee the existence of a fixed point, one needs 7
to map Zj . ; continuously into a compact convex subset of 57, ;.
Traditionally, this is done—if, for example, f is continuous with respect
to = for each t and measurable with respect to ¢ for each z—by assuming
that a bound ||f(x,t)|| < k(t) is satisfied for all x,¢, where the function
k:R — [0,400] is locally integrable. (Naturally, it suffices to assume that
a function kj; exists for every compact subset J of z.) In that case, the
functions Z(§), for £ € Zj. z, are absolutely continuous with derivatives

&(t) bounded in norm by k(¢), and the Ascoli-Arzela theorem guarantees
the desired compactness, while the continuity of the map follows from the
Lebesgue dominated convergence theorem.

Here we will consider a much large class of time-varying vector fields, and
in particular we will not require that f(x,t) be continuous with respect to
z. The main condition is going to be the continuity of the map Z. We will
still want to assume the existence of the integral bounds k, and the continuity
of the integral map will only be assumed on the set of absolutely continuous
arcs & whose derivatives are bounded by the same function k. That is, we
will single out, for each compact subset S of X x R, the set Arc(S) of all
arcs £ : I — X, defined on a &-dependent compact interval I, and such that
(&(t),t) € S for all t € I, and the subset Arc(S) of Arc(S) consisting of
all absolutely continuous & € Arc (S) such that ||£(t)]| < k(t) for almost all
t. This leads us to the concept of “co-IBIC” time-varying ppd vector fields,
that is, maps f : X X R < X such that, on a given compact subset S of
X x RX, satisfy a bound || f(x,t)|| < k(t) and also give rise to a continuous
integral map Z on Arcy/(S), with the integrable functions k and k' equal to
each other.

Finally, we point out that, for the integral map to be continuous, an
obvious prerequisite is that it be well defined. If £ € Arc(S), and Do(§) = I,
then of course the map I 5t — f(£(¢),¢) will be bounded by an integrable
function of ¢ as long as f satisfies a bound || f(z,t)|| < k(t). But in addition
we have to make sure that the map is measurable, and this will require that
f be measurable with respect to (x,t) in some appropriate sense. This is why
our discussion will begin with the definition of “essential BorelxLebesgue
measurability.”

Measurability conditions. If X is a FDNRLS, we use Bo(X), Leb(X),
BLeb(X,R), to denote, respectively, the Borel and Lebesgue o-algebras of
subsets of X, and the product o-algebra Bo(X) @ Leb(R). We let N'(X,R)
denote the set of all subsets S of X x R such that ITx(S) is a Lebesgue-null
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subset of R, where ITx is the canonical projection X x R 3 (z,t) —t € R.
Finally, we use BL®(X,R) to denote the o-algebra of subsets of X x R
generated by BLeb(X,R) U N(X,R). It is then clear that the relations
Bo(X x R) C BLeb(X,R) C BL(X,R) hold, and both inclusions are strict.

Definition 6.1 Let X,Y be FDNRLSs, let f be a ppd map from X xR to Y,
and let K be a compact subset of X x R.

o We say that f is essentially Borelx Lebesgue measurable on K, or
BL¢(X,R)-measurable on K, if K C Do(f) and f~*(U)N K belongs to
BL(X,R) for all open subsets U of Y.

o We use Mpre(X xR, K,Y) to denote the set of ppd maps from X x R to
Y that are BL(X,R)-measurable on K.

Integrable boundedness. Assume that XY are FDNRLSs, f is a ppd map
from X x Rto Y, let K is a compact subset of X x R.

e An integrable bound for f on the set K is an integrable function
R>t— ¢(t) € 0,400] such that ||f(z,t)|| < @(t) for all (x,t) € K.

o IfY =R, an integrable lower bound for f on K is an integrable function
R 3>t — ¢(t) € [0,+00] such that f(z,t) > —p(t) for all (z,t) € K.

e We call f integrably bounded (IB)—resp. integrably lower bounded
(ILB)—on K if f is BL°(X,R)-measurable on K and there exists an
integrable bound—resp. an integrable lower bound—for f on K.

o Wewrite IB(X xR, K,Y), TLB(X x R, K,R) to denote, respectively, the
sets of (i) all ppd maps from X x R toY that are IB on K, and (i) all
ppd maps from X x R to R that are ILB on K. a

Spaces of arcs. If S C X x R, and [ is a nonempty compact interval,
we write Arc (I,S) to denote the set of all curves £€C9(T; X ) such that
(&(t),t) € Sforallt € I. If k : R — Ry U {+o0} is a locally integrable
function, then Arcy(I,S) will denote the set of all £ € Arc (1, .S) such that &
is absolutely continuous and ||£(¢)|| < k(t) for almost all t € I. We then write
Arc (S), Arc(S) to denote, respectively, the union of the sets Arc (J,.S) and
the union of the Arc(J,S), taken over all nonempty compact subintervals J
of R. It is then easy to show that

Fact 6.2 If X|Y are FDNRLSs, K C X x R is compact, I is a compact
interval, £ € Arc (K), and f belongs to Mpre(X x R, K,Y") then the function
Do(§) 3t~ f(&(t),t) €Y is measurable. O

The sets Arc (S) are metric spaces, with the distance d(&, ") between two
members & : [a,b] — X, & : [a',b'] — X of Arc(S) defined by
(&, €)= la—a'| + b=V +sup{||E(t) — €' (D) : t € R}

where, for any continuous map 7 : [a, 8] — X, ¥ denotes the extension of v
to R which is identically equal to y(a) on ] — oo, a] and to y(8) on [, +o0.
Clearly, then



58 Héctor J. Sussmann

Fact 6.3 If X is a FDNRLS and S C X x R, then

(1)if {€;} en is a sequence of members of Arc (S), with domains [aj,b;], and
¢ € Arc(S) has domain [a,b], then {&;};en converges to & if and only
if (a) lim;0a; = a, (b) limj_cb; = b, and (c) lim;_ &;(t;) = &(¢)
whenever {t;};en is a sequence such that t; € la;,b;] for each j and
limj_‘oo tj =tc [a,b],

(2)if S is compact, k : R — Ry U {+o0} is locally integrable, then Arc(S) is
compact. O

Integral continuity. If X,Y are FDNRLSs, K C X xR is compact, and
f€IB(X xR,K,Y), then it is convenient to define a real-valued integral
map Ly i : Arc(K) — R, by letting Z; x(§) = fDo(g) f(&(s), s)ds for every
EeArc(K). If S C Arc(K), we call f integrally continuous (abbr. IC)
on S if Iy i [ S is continuous. If f € TLB(X x R, K,R), then Zy k is still
well defined as a map into R U {+o0}, and we call f integrally lower
semicontinuous (abbr. ILSC) on S if Z; i [ S is lower semicontinuous.

We will be particularly interested in maps f that, for some integrable
function k, are both integrably bounded with integral bound % and integrally
continuous on Arc(K).

Definition 6.4 If X, Y are FDNRLSs, K is a compact subset of X xR, and
f: X XR <Y, we cal f co-IBIC (“co-integrably bounded and integrally
continuous”) on K if f € IB(X xR, K,Y) and there exists an integrable
bound k : R +— [0,4o00] for f on K such that f is integrally continuous on
Arcp(K). If f : X xR — R, we call f co-ILBILSC (“co-integrably bounded
and integrally lower semicontinuous”) on K if f € TLB(X x R, K,R) and
there exists an integrable lower bound k : R — [0,400] for f on K such that
f 1is integrally lower semicontinuous on Arc(K). O

6.2 Points of approximate continuity

Suppose that X and Y are FDNRLSs, f is a ppd map from X X R to Y, and
(Tx,tx) € X X R. A modulus of approzimate continuity (abbr. MAC) for f
near (Z.,t,) is a function ] 0, 00 [ xR 3 (8,7) — ¥ (8,7) €]0, +0oc] such that

(MAC.1) the function R > r +— ¥(8,7) €]0,4+00] is measurable for each
B €10, 400,
(MAC.2) im0 500 5 fpw(ﬁ,r) dr =0,
(MAC.3) there exist positive numbers By, px, such that
(MAC.3.a) f(x,t) is defined whenever ||z — Z.| < B and |t — t.] < ps,
(MAC.3.b) the inequality || f(z,t)— (T, ts)|| <(B,t—1.) holds whenever
0 €R, e X, teR are such that ||lx—z.||<F<[x and

‘t_t_*| < Px-

Definition 6.5 A point of approximate continuity (abbr. PAC) for f
is a point (T.,tx) € X X R having the property that there exists a MAC for f
near (Tu,ts). O
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An important example of a class of maps with many points of approximate
continuity is given by the following corollary of the well-known Scorza-Dragoni
theorem.

Proposition 6.6 Suppose X, Y are FDNRLSs, {2 is open in X, a,b € R,
a<b, and f: 2 x [a,b] — Y is such that

the partial map [a,b] ¢t — f(z,t) €Y is measurable for every x € (2,
the partial map 2 3 x — f(x,t) €Y is continuous for every t € [a,b], and
there exists an integrable function [a,b] 3 ¢ — k(t) € [0, 4+00] such that the
bound || f(z,t)|| < k(t) holds whenever (z,t) € 2 X [a,b)].

Then there exists a subset G of [a,b] for which meas([a,b]\G) = 0, such that
every (T.,t) € 2 X G is a point of approzimate continuity of f. O

Another important example of maps with many PACs is given by the
following result, proved in [24].

Proposition 6.7 Suppose that X and Y are FDNRLSs, a,b € R, a < b, and
F: X x[a,b] — Y is an almost lower semicontinuous set-valued map with
closed nonempty values such that for every compact subset K of X the function
[a,b] © t — sup{min{||y|| : y € F(x,t)} : © € K} is integrable. Then there
exists a subset G of [a,b] such that meas([a,b]\G) =0, having the property
that, whenever x, € X, t. € G, vy, € F(xy,t,), and K C X is compact,
there exists a map K x [a,b] 5 (z,t) — f(x,t) € F(x,t) which is co-IBIC on
K x [a,b] and such that (z.,t.) is a PAC of f and f(2«,ts) = vs. m]

7 The maximum principle

We consider a fized time-interval optimal control problem with state space
constraints, of the form

minimize w(E(b) + fab Jo(&(t),m(t),t) dt

€() € Whi([a,b], X) and  £(t) = f(§(t),n(1),1) ae.,
&(a) =7, and £(b) €S,
subject to < g;(£(¢),t) <0 for t € [a,b], i=1,...,m,
h;(§(b)) =0 for j =1,...,m,
n(t)eU forallt€la, and n()el,

and a reference trajectory-control pair (€., nx).

The technical hypotheses. We will make the assumption that the data
14-tuple D = (X, m,m, U, a,b, ¢, fo, [, T«, 8, h, S,U) satisfies:

(H1) X is a normed finite-dimensional real linear space, T, € X, and m,m
are nonnegative integers,
(H2) U is a set, a,b € R and a < b;
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) fo, [ are ppd functions from X x U x R to R, X, respectively;

) g=1(91,---,9m) is an m-tuple of ppd functions from X x R to R;

) h=(hy,...,hs) is an m-tuple of ppd functions from X to R;

) @ is a ppd function from X to R;

) S is a subset of X;

) U is a set of ppd functions from R to U such that the domain of every
n € U is a nonempty compact interval.

Given such a D, a controller is a ppd function 77 : R < U whose domain is a
nonempty compact interval. (Hence (H8) says that U is a set of controllers.)
An admissible controller is a member of U. If o, € R and o < 3, then we
use Whi([a, 8], X) to denote the space of all absolutely continuous maps
¢ [a,fB] — X. A trajectory for a controller n : [a, ] — U is a map
¢ € Wh([ay, 8], X) such that, for almost every ¢ € [a, 5], (£(t),n(t),t) belongs
to Do(f) and &(t) = f(&(¢),n(t),t). A trajectory-control pair (abbr. TCP) is a
pair (£,7n) such that 5 is a controller and ¢ is a trajectory for 7. The domain
of a TCP (&, 7) is the domain of n, which is, by definition, the same as domain
of &. A TCP (&,n) is admissible if n € U.
A TCP (&, n) with domain [a, §] is cost-admissible if

(&,1m) is admissible;
the function [a, 8] 2t — fo(&(t),n(t),t) is a.e. defined, measurable, and
such that faﬁ min (O,fo(f(t),n(t),t)) dt > —o0;

e the terminal point £(3) belongs to the domain of .

It follows that if (£, n) is cost-admissible then the number

B
J(€m) = o(€(B) + / fol&(t),n(t). 1) dt

—called the cost of (§,n)—is well defined and belongs to ]—o0, +0o0].
A TCP (&,n) with domain [, §] is constraint-admissible if it satisfies all
our state space constraints, that is, if

(CAL) {(a) = 24,
(CA2) (¢(t).1) € Dolg,) and gi(€(t),t) < 0 if t € [, 8] and i € {1,.... 10},
(CA3) £(B) € SN (m;ﬁ;l Do(hj)) and h;(E(B)) = 0 for j =1,...,m.

For the data tuple D, we use ADM (D) to denote the set of all cost-admissible,
constraint-admissible TCPs (§,7), and ADMi, (D) to denote the set of all
(&,m) € ADM (D) whose domain is [a, b].

The hypothesis on the reference TCP (&, 7,) is that it is a cost-minimizer
in ADM, (D), i.e., an admissible, cost admissible, constraint-admissible
TCP with domain [a, b] that minimizes the cost in the class of all admissible,
cost-admissible, constraint-admissible, TCP’s with domain [a,b]. That is,

(H9) The pair (§.,n.) satisfies (€x,mx) € ADM[a,b}(D)7 J (&) < o0,
and J(&,m.) < J(&,m) for all pairs (§,n) € ADMq)(D).
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To the data D, &, n. as above, we associate the cost-augmented dynamics
f: XxUxR — RxX defined by

Do(f) = Do(fo) NDo(f), and f(z) = (fo(z), f(2)) for z = (z,u,t) € Do(f).

We also define the epi-augmented dynamics f: X x U x R+ R x X, given,
for each z = (z,u,t) € X x U x R, by

f(2) = [fo(2), +oo[x{f(2)} if =z €& Do(f), f(z) =0 if 2z¢ Do(f).

We will also use the constraint indicator maps xg?: X xR—R, fori=1,...,m,
and the epimap @ : X — R. (These two notions were defined in §2.1.)
For i € {1,...,m}, we let

oL () =F(&u(t),m(t), 1) and o (t)=g;(&(t), 1) if t € [a,b],
Avg, ={(z,t) € X x [a,b] : gi(x,t) > 0}

(so the Avg, are the “sets to be avoided”). We then define K to be the set
of all t € [a,b] such that (£.(t),t) belongs to the closure of Avg,. Then K; is
obviously a compact subset of [a, b].

We now make technical hypotheses on D, &, n., and five new objects
called Af, A8 AP, A® and C. To state these hypotheses, we let U [a,b]
denote the set of all constant U-valued functions defined on [a,b], and define
U a,b),« = Ue[ap) U {n«} . The technical hypotheses are then as follows.

(H10) For each n € U [q,p),«- there exist a positive number 6, such that
(H10.a) f(z,n(t),t) is defined for all (x,t) in the tube TX (&4, 6p);
(H10.b) the time-varying vector field TX (&,0,) 3 (x,t) — f(a,n(t),t) is
co-IBIC on T* (&4, 6,);
(H10.c) the time-varying function TX(£.,6,) 3 (z,t) — fo(z,n(t),t) € R
is co-ILBILSC on TX (£, 5,).

(H11) The number 6, can be chosen so that (i) each function g; is defined
on TX(&.,8,.), and (ii) for each i € {1,...,m}, t € [a,b], the set
{x € X :gi(z,t) >0, ||z — &(t)|| < 0y} is relatively open in the ball
{reX:z-&@®)) <by.}.

(H12) AY is a measurable integrably bounded set-valued map from [a,b]
to XTx L(X) with compact convex values such that Af belongs to
VGE(E, [a,8], &, 0f, X X R).

(H13) A% is an m-tuple (A9, ..., A9%) such that, for each i € {1,...,7},
A9 is an upper semicontinuous set-valued map from [a,b] to X1 with
compact convex values, such that A% € VG%%gb(XfJ? & 0, Avg,).

(H14) AP is a generalized differential quotient of h at (&.(b), h(£.(b))) in the
direction of X.

(H15) A® is a generalized differential quotient of the epifunction ¢ at the
point (&x(b), 0(&«(D))) in the direction of X.

(H16) C is a limiting Boltyanskii approzimating cone of S at &, (b).
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Our last hypothesis will require the concept of an equal-time interval-
variational neighborhood (abbr. ETIVN) of a controller . We say that a set
V of controllers is an ETIVN of a controller 7 if

o for every n € Zi and every m-tuple u = (uy,...,u,) of members
of U, there exists a positive number ¢ = e(n,u) such that whenever
7' :Do(n) — U is a map obtained from n by first selecting an n-tuple
I=(I1,...,1I,) of pairwise disjoint subintervals of Do(n) with the property
that 2?21 meas(I;) < e, and then substituting the constant value u; for
the value n(t) for everyt € I;, j=1,...,n, it follows that n € U.

We will then assume
(H17) The class U is an equal-time interval-variational neighborhood of 1.

We define the Hamiltonian to be the function H,, : X x U x XT x R — R
given by H, (x,u,p,t) =p- f(z,u,t) — afo(z,u,t), so H, depends on the real
parameter «.

The main theorem. The following is our version of the maximum principle.

Theorem 7.1 Assume that the data D, &, 0., Af, A8, AP A¢ C satisfy
Hypotheses (H1) to (H20). Let I be the set of those indices i € {1,...,m}
such that K; is nonempty. Then there exist

1. a covector # € X', a nonnegative real number my, and an -tuple
A= (\,..., \5) of real numbers,

2. a measurable selection [a,b] 3 t +— (Lo(t),L(t)) € XTx L(X) of the set-
valued map Af,

3. a family {v; }ier of nonnegative additive measures v; € bvadd([a,b],R) such
that support(v;) C |A;] for every i € I,

4. a family {vi}ier of pairs vi = (v; ;") such that v; : |A%| — XT and
v A% — XT are measurable selections of A%, and v; (t) = ~;" (t) for
all t in the complement of a finite or countable set,

5. a member LP = (LM ... L) € (XT)™ of AP and a member L¥ of A%,

having the property that, if we let 7 : [a,b] — XT be the unique solution of the
adjoint Cauchy problem

{dw(t) — (—(t) - L(O)+moLo(t))dt+3,c; diss(t)
w(b) =7 — Y A LE — moL#

(where p; € bvadd(A%) is the finitely additive X'-valued measure such that
du; = y; - dv;, defined in Page 9), then the following conditions are true:

1. the Hamiltonian maximization condition: the inequality

Hory (§(8), 1 (£), 7(8)) 2 Hory (&4 (8), 1, 70(F))

holds whenever u € U, t € [a,b] are such that (£.(t),t) is a point of
approzimate continuity of both augmented vector fields (x,t) — f(x,u,t)
and (z,t) — £(x,n.(t),t),
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II. the transversality condition: —7¢€CT,
II1. the nontriviality condition: ||7|| +mo + -7, [N+ X e; [Ivill > 0.

Remark 7.2 The adjoint equation satisfied by 7w can be written in integral
form, incorporating the terminal condition at b. The result is the formula

W(t)zﬁ—i /\jL?_WoL“"-F/tb (W(S) 'L(S)—WOLO(S))dS—Z/[tb] V' (s)dvi(s),

iel
from which it follows, in particular, that 7(b) =7 — Z;hzl )\jL? —moL?. O

Remark 7.3 The adjoint covector 7 can also be expressed using (8). This
yields = (t) = 7(b) — j;b M (s, t)T(ﬂ'oLo(S) ds+ > e d(y" - Vz)(s)) ,  where
w(b) =7 — Z;h:l )\jL?*TF()LLP, and My, is the fundamental solution of the
equation M =L - M. a
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