A General Result on the Stabilization of Linear Systems Using Bounded Controls^∗

Héctor Sussmann, Eduardo Sontag and Yudi Yang Department of Mathematics, Rutgers University, New Brunswick, NJ 08903 E-mail: sussmann@hamilton.rutgers.edu, sontag@control.rutgers.edu, yang@hilbert.rutgers.edu

Abstract We present two constructions of controllers that globally stabilize linear systems subject to control saturation. The only conditions imposed are the obvious necessary ones, namely that no eigenvalues of the uncontrolled system have positive real part and that the standard stabilizability rank condition holds. We use essentially arbitrary saturations σ, subject only to the requirement that (i) σ is locally Lipschitz, (ii) sσ(s) > 0 whenever s ≠ 0, (iii) σ is differentiable at 0 and σ^′(0) > 0, and (iv) lim inf |s|→∞ |σ(s)| > 0. 1. Introduction

We consider linear time-invariant continuous-time systems Σ : ẋ = Ax + Bu , (1)

where A ∈ IR^{n×n} and B ∈ IR^{n×m} for some integers n and m, for which the control values u(t) are restricted to lie in a bounded set U ⊆ IR^m. We assume that U contains zero in its interior.

The study of such systems is motivated by the possibility of actuator saturation or constraints on actuators, reflected sometimes also in bounds on available power supply or rate limits. These systems cannot be naturally dealt with within the context of standard (algebraic) linear control theory, but are ubiquitous in control applications. To quote the recent textbook [7] (page 171): “saturation is probably the most commonly encountered nonlinearity in control engineering.”

We will present results on global stabilization of systems of this form, concentrating on several explicit architectures for controllers. Of course, there are general limits as to what can be achieved, no matter what type of control law is allowed. Asymptotic null-controllability of the system (that is, the existence of open-loop controls that steer each state to the origin, in the limit as t → ∞ ) is equivalent to the following pair of algebraic conditions:

(a) all eigenvalues of A have nonpositive real part, and

(b) all eigenvalues of the uncontrollable part of Σ have strictly negative real parts (that is, the pair (A, B) is stabilizable in the ordinary sense).

(The theory of controllability of linear systems with bounded controls is a well-studied topic; see e.g. the fundamental paper [5], as well as the different, more

�This research was supported in part by US Air Force Grants

91-0343 and 91-0346 and by NSF Grants DMS-8902994 and DMS92-02554.

algebraic approach discussed in [8].) Note that under Conditions (a) and (b) there may very well be nontrivial Jordan blocks corresponding to critical eigenvalues, so that the system ẋ = Ax need not be asymptotically stable, or even Lyapunov-stable. This is what makes the problem interesting, and allows inclusion of examples of practical importance such as systems involving integrators.

In very special cases, including all one- and twodimensional systems, stabilization is possible by simply using a saturated linear feedback law of the type: u = σ(F x) , (2) where F is an m × n matrix and σ is a function that computes a saturation in each coordinate of the vector F x, for instance, u_i = tanh((F x)_i), or u_i = sat((Fx)_i) where, sat(s) = sign(s) min{|s|, 1} . (3) A similar solution is possible in the case of systems that are neutrally stable (i.e. such that the Jordan form of A has no off-diagonal ones corresponding to imaginary eigenvalues), using the “Jurdjevic-Quinn” approach. (See [2] and [6].) Thus it is natural to ask if simple control laws as in Equation (2) can also be used for more general systems. This was negatively answered in a paper by A.T. Fuller as far back as the late 1960s. He showed in [1] that already for triple integrators such saturated linear feedback is not sufficient, at least under certain assumptions on the saturation σ. (A stronger negative result, which applies to basically arbitrary σ’s, was more recently given, independently, in [12].)

The fact that linear feedback laws when saturated can lead to instability has motivated a large amount of research. (See for instance [3] and [4], and references therein, for estimates of the size of the regions of attraction that result when using linear saturated controllers.) Here we take a different approach. Rather than working with linear saturated control laws u = σ(F x), and trying to show that they are globally stabilizing, or to estimate their domains of attraction, we allow more general bounded (and hence necessarily nonlinear) laws. This is not a new idea since, for example, bounded stabilizing control laws have been derived using optimal control techniques. Optimal control laws, however, may be highly discontinuous. If, on the other hand, we ignore optimality questions, then it reasonable to expect to be able to find more regular controllers with a simpler structure. Indeed, taking this point of view, we were able to obtain, in the previous work [11], a general result on bounded stabilization by means of infinitely differentiable feedback laws. The result in [11] holds under the weakest possible conditions, namely those reviewed above for open-loop asymptotic null-controllability.

Unfortunately, the construction in [11] relied on a complicated and far from explicit inductive procedure. On the other hand, since saturated linear feedbacks suffice for up to two dimensions, it is natural to look, in higher dimensions, for other simple control structures consisting, for example, of linear combinations and compositions of saturation nonlinearities. (In the language of neural networks, one wants control laws that are implementable by feedforward nets using “hidden layers”, rather than the “perceptrons” represented by (2)). Recently, and motivated in part by [11] and [12], Andrew Teel showed in [13] how, in the particular case of singleinput multiple integrators, such combinations of saturations are indeed sufficient to obtain stabilizing feedback controllers. In this paper we obtain a general solution of the same type, for the full case treated in [11]. The approach is explicit and constructive. Our solution is inspired by the techniques introduced in [13] for the particular case treated there, but the details are far more complicated, due to the possibilities of having both multiple inputs and (perhaps multiple) purely imaginary eigenvalues, and to the need to deal with arbitrary saturations.

In addition to the design that employs linear combinations and compositions of saturation nonlinearities, we also exhibit a different design that uses linear combinations of saturated linear functions. (In neural network terms, it involves a “single hidden layer net.”)

Our result was first announced in [14], where we considered a very special type of feedbacks for which (i) the saturations are exactly linear near 0 and (ii) when a system has pure imaginary eigenvalues, saturations with up to three different slopes may be needed. In this work, the saturations that we use are essentially arbitrary, subject only to the four conditions listed above in the abstract. So, mathematically, the results in this paper show that one can use analytic functions to implement feedback laws —a conclusion that would not follow from the results in [14] and [13]— and, from an engineering point of view, they insure that rather general components can be employed, subject only to mild conditions which are robustly satisfied. In the terminology of current “artificial neural networks” technology, our results allow the implementation of feedback controllers using very general types of activation (neuron characteristic) functions.

2. Statement of the Main Results

We first define S to be the class of all functions σ from IR to IR such that

• σ is locally Lipschitz, • sσ(s) > 0 whenever s ≠ 0, • σ is differentiable at 0 and σ^′(0) > 0 , • lim inf |s|→∞ |σ(s)| > 0. For any finite sequence σ = (σ_1, · · · , σ_k) of functions in S, we define a set F_n(σ) of functions f from IR^n to IR inductively as follows:

• if k = 0 (i.e. if σ is the empty sequence), then F_n(σ) consists of one element, namely, the zero function from IR^n to IR, • F_n(σ_1) consists of all the functions h : IR^n → IR of the form h(x) = σ_1(g(x)), where g : IR^n → IR is linear, • for every k > 1, F_n(σ_1, · · · , σ_k) is the set of all functions h : IR^n → IR that are of the form h(x) = σ_k(f(x) + cg(x)), with f linear, g ∈ F_n(σ_1, · · ·, σ_{k−1}), and c ≥ 0.

We also define G_n(σ) to be the class of functions h : IR^n → IR given by h(x) = a_1σ_1(f_1(x)) + a_2σ_2(f_2(x)) + · · · + a_kσ_k(f_k(x)) , where f_1, · · · , f_k are linear functions and a_1, · · · , a_k are nonnegative constants such that a_1 + · · · + a_k ≤ 1.

Next, for an m-tuple l = (l_1, · · · , l_m) of nonnegative integers, define |l| = l_1 + · · · + l_m. For a finite sequence σ = (σ_1, · · · , σ_|l_|) = (σ^1 , · · · , σ^1_{l1} , · · · , σ^m_1 , · · · , σ^m_lm) of functions in S, we let Fl_n(σ) (respectively Gl_n(σ) ) denote the set of all functions h : IR^n → IR^m that are of the form (h_1, · · · , h_m), where h_i ∈ F_n(σ^i_1, · · ·, σ^i_li) (respectively h_i ∈ G_n(σ^i_1, · · · , σ^i_li)) for i = 1, 2, · · ·, m. (It is clear that Fl_n(σ) = F_n(σ), Gl_n(σ) = G_n(σ) if m = 1.) Let δ > 0. We say that a function f : [0, +∞) → IR^n is eventually bounded by δ (and write |f| ≤_{ev} δ), if there exists T > 0 such that |f(t)| ≤ δ for all t ≥ T . Given an n-dimensional system E : ẋ = f(x), we say that E is SISS (small-input small-state) if for every ε > 0 there is a δ > 0 such that, if e : [0, +∞) → IR^n is bounded, measurable, and eventually bounded by δ, then every solution t → x(t) of ẋ = f(x) + e(t) is eventually bounded by ε. For Δ > 0, N > 0, we say that E is SISS_L (Δ, N ) if, whenever 0 < δ ≤ Δ, it follows that, if e : [0, +∞) → IR^n is bounded, measurable, and eventually bounded by δ, then every solution of ẋ = f(x) + e(t) is eventually bounded by N δ. The system is SISS_L if it is SISS_L (Δ, N ) for some Δ > 0, N > 0. For a system ẋ = f(x, u), we say that a feedback u = k(x) is stabilizing if 0 is a globally asymptotically stable equilibrium of the closed-loop system ẋ = f(x, k(x)). If, in addition, this closed-loop system is SISS_L , then we will say that k is SISS_L -stabilizing.

For a square matrix A, we let μ(A) denote the number of eigenvalues z of A such that Re z = 0 and Im z ≥ 0, counting multiplicities. Our main result is as follows:

Theorem 1 Let Σ be a linear system ẋ = Ax + Bu with state space IR^n and input space IR^m. Assume that Σ is asymptotically null-controllable, i.e. that all the eigenvalues of A have nonpositive real parts and all the eigenvalues of the uncontrollable part of A have strictly negative real parts. Let μ = μ(A). Let σ = (σ_1, · · · , σ_μ) be an arbitrary sequence of bounded functions belonging to S. Then there exists an m-tuple l = (l_1 , · · ·, l_m) of nonnegative integers such that |l| = μ, for which there are SISS_L -stabilizing feedback u = −k_F (x) (4) u = −k_G (x) (5) such that (a) k_F ∈ Fl_n(σ), k_G ∈ Gl_n(σ) and (b) the linearizations of the closed-loop systems are asymptotically stable.

We will say that (4), (5) are feedbacks of Type F, G, respectively.

3. Discrete Time

There is also a discrete-time version of our theorem. As an illustration, we quote a result from [15]. Let S be now the subclass of the previous class S consisting just of the functions of the type σ(s) = δ sat(s/δ), where sat(s) = sign(s) min{|s|, 1}. We define sets of functions F_n(σ) and G_n(σ) in a manner entirely analogous to what was done in continuous-time. Let ν(A) be the number of eigenvalues z of A such that |z| = 1 and Im z ≥ 0, counting multiplicities. Then we have the following (see [15], Chapter 6, where a stronger result, which involves a notion of “converging-input converging-state” is proved):

Theorem 2 Let Σ be a linear system x(t+1) = Ax(t)+ Bu(t) with state space IR^n and input space IR^m. Assume that Σ is asymptotically null-controllable, i.e. that all the eigenvalues of A have magnitude ≤ 1 and all the eigenvalues of the uncontrollable part of A have magnitude < 1. Let ν = ν(A). Then, for each ϵ > 0, there exists a sequence σ = (σ_1, · · · , σ_ν) of functions belonging to S, with ‖σ‖ ≤ ϵ, and an m-tuple l = (l_1 , · · ·, l_m) of nonnegative integers such that |l| = ν, for which there are globally stabilizing feedbacks u = −k_F (x) and u = −k_G (x) such that k_F ∈ Fl_n(σ) and k_G ∈ Gl_n(σ). 4. Preliminaries

In this section we present two technical lemmas that will be needed for the proofs of our main results. Lemma 4.1 Consider an n-dimensional linear singleinput system Σ : ẋ = Ax + bu . (6) Suppose that (A, b) is a controllable pair and that all the eigenvalues of A have zero real part. Fix a ν > 0. Then:

(i) If 0 is an eigenvalue of A, then there is a linear change of coordinates T x = (y_1, · · · , y_n)^′ = (ȳ^′, y_n)^′ of IR^n that puts Σ in the form

˙ȳ = A_1ȳ + b_1(y_n + νu) , ẏ_n = u , (7) where the pair (A_1, b_1) is controllable and y_n is a scalar variable.

(ii) If A has an eigenvalue of the form iω, with ω > 0, then there is a linear change of coordinates T x = (y_1, · · · , y_n)^′ = (ȳ^′, y_{n−1}, y_n)^′ of IR^n that puts Σ in the form:

˙ȳ = A_1ȳ + b_1(y_n + νu) , ẏ_{n−1} = ωy_n , ẏ_n = −ωy_{n−1} + u , (8) where the pair (A_1, b_1) is controllable and y_{n−1}, y_n are scalar variables.

Lemma 4.2 Let ω > 0. Then for every σ ∈ S there exist functions ε → δ_0(ε), δ_1(ε), δ_2(ε) from (0, ∞) to (0, ∞) such that (I) whenever e_0, e_1, e_2 are bounded measurable realvalued functions on [0, ∞) such that

lim sup t→+∞ |e_i(t)| < δ_i(ε) for i = 0, 1, 2 , (9)

then, if γ = (x(·), y(·)) : [0, ∞) → IR^2 is any solution of the system

ẋ = ωy + e_1(t) , ẏ = −ωx − σ(y − e_0(t)) + e_2(t) , (10) it follows that lim sup t→+∞ ||γ(t)|| < ε ; (11) and (II) there exist an ε̄ > 0 and ν_0, ν_1, ν_2 > 0 such that δ_i(ε) =^ε_νi for i = 0, 1, 2 and 0 < ε ≤ ε̄.

The proof of Lemma 4.1 is included in [14]. Here, we provide a sketch of the proof of Lemma 4.2.

It clearly suffices to find δ_0(ε), δ_1(ε), δ_2(ε) such that (I) Inequality (11) holds whenever γ : [0, ∞) → IR^2 is a solution of (10) for some triple of functions e_0, e_1, e_2 such that ||e_i||_L1 < δ_i(ε) for i = 0, 1, 2.

The hypotheses on σ imply that |σ| is bounded away from 0 on the complement of every interval (−θ, θ), θ > 0. Define φ(θ) = inf{|σ(s)| : |s| ≥ θ} , (12) ψ(θ) = sup{|σ(s)| : |s| ≤ 3θ} . (13) Then ψ(θ) ≥ φ(θ) > 0.

For each triple (δ_0, δ_1, δ_2) with δ_i > 0, let Γ(δ_0, δ_1, δ_2) denote the set of all γ : [0, ∞) → IR^2 that are solutions of (10) for some triple (e_0, e_1, e_2) of functions from [0, ∞) to IR such that ||e_i||_L1 < δ_i for i = 0, 1, 2.

Pick positive numbers α, β, θ, δ_0, δ_1, δ_2, A, B, C such that δ_0 ≤ θ , (14)

δ_1 ≤ 2θ , (15) δ_1 ≤ ωβ , (16) Aδ_2 + αω ≤ φ(θ) , (17) β < 2θ , (18) α(δ_1 + βω) < (2θ − β)Bδ_2 , (19) α < Cδ_2 , (20) and A − 1 ≥ max{B, C} . (21) Define the functions

V_{1,α,β}(x, y) = (x + α)^2 + (y − β)^2 , (22) V_{2,α,β}(x, y) = (x + α)^2 + (y + β)^2 . (23) Then we have (II) V_{1,α,β} is strictly decreasing along every trajectory γ ∈ Γ(δ_0, δ_1, δ_2) which is contained in the region R_1(θ) = {(x, y) : x ≤ 0, y ≥ 2θ} , (24) and V_{2,α,β} is strictly decreasing along every γ ∈ Γ(δ_0, δ_1, δ_2) which is contained in

R_2(θ) = {(x, y) : x ≥ 0, y ≥ 2θ} . (25)

For each L > 2α, we define a closed contour C(L) as follows. We let P_0(L) be the point (−L, 2θ). Let C̃_1(L) be the circle through P_0(L) with center (−α, β). Then define C_1(L) to be the arc of C̃_1(L) obtained by moving clockwise along C_1(L) from P_0(L) to the point P_1(L) where C̃_1(L) intersects the half-line {(x, y) : x = 0, y ≥ 2θ}. Then let C̃_2(L) be the circle through P_1(L) with center (−α, −β), and define C_2(L) to be the arc of C̃_2(L) obtained by moving clockwise along C_2(L) from P_1(L) to the point P_2(L) where C̃_2(L) intersects the half-line {(x, y) : x ≥ 0, y = 2θ}. Then let C_3(L) be the straight-line segment from P_2(L) to P_3(L), where P_3(L) = (L, −2θ). The concatenation C^+ (L) = C_1(L) ∪ C_2(L) ∪ C_3(L) is an arc from P_0(L) to P_3(L). By reflecting with respect to the origin, we get another arc C^−(L) = C_4(L) ∪ C_5(L) ∪ C_6(L) from P_3(L) to P_0(L). The concatenation C^+ (L)∪C^−(L) is our closed contour C(L). We let K(L) be the closed region bounded by C(L), so K(L) is compact.

We now let Γ_c(δ_0, δ_1, δ_2) be the set of those solutions γ of (10) that correspond to continuous functions e_i : [0, ∞) → IR such that ||e_i||_L1 < δ_i for i = 0, 1, 2. If γ ∈ Γ_c(δ_0, δ_1, δ_2) then γ̇(t) exists for all t. Then from (II), it is easy to prove

(III) if γ ∈ Γ_c(δ_0, δ_1, δ_2) and γ(t) ∈ ( C_1(L) ∪ C_2(L) ) − {P_0(L), P_2(L)}, then γ(s) ∈ Int(K(L)) for s > t, s near t.

The segment C_3(L) is a level curve of the function V_{3,ξ}, given by V_{3,ξ}(x, y) = ξx + y . (26)

We now impose the further requirement that β ≤ α/4 , (27) and let L_{crit} (the “critical” L) be defined by

L_{crit} =

8θ^2 α + 4θδ_1 αω + 2α + δ_2 ω + ψ(θ) ω . (28)

Then, if L > L_{crit}, we have V̇_{3,ξ} < 0 . (29)

Therefore, (IV) if L > L_{crit}, and γ ∈ Γ_c(δ_0 , δ_1, δ_2) is such that γ(t) ∈ K(L) for some t ∈ [0, ∞), it follows that γ(s) ∈ Int(K(L)) for s > t, s near t.

Using (IV), it is easy to strengthen the conclusion to “γ(s) ∈ Int(K(L)) for all s > t,” and we can even drop the restriction that γ ∈ Γ_c(δ_0, δ_1, δ_2), and allow arbitrary γ ∈ Γ(δ_0 , δ_1, δ_2). With further analysis, we can show that (V) if L > L_{crit} and γ ∈ Γ(δ_0, δ_1, δ_2), then there exists a T ≥ 0 such that γ(t) ∈ K(L) for all t ≥ T .

We now observe that K(L) is contained in the disk D(R) = {p ∈ IR^2 : ‖p‖ ≤ R}, provided that R ≥ L + 2θ. Therefore (V) implies:

(VI) if α, β, θ, δ_0, δ_1, δ_2, A, B, C are positive numbers such that (14)-(21) and (27) hold, L_{crit} is defined by (28), and R > L_{crit} +2θ, then every γ ∈ Γ(δ_0, δ_1, δ_2) satisfies lim sup t→+∞ ‖γ(t)‖ < R . (30)

To conclude our proof, it suffices to point out that, for every ε > 0, one can always choose α, β, θ, δ_0, δ_1, δ_2, A, B, C so as to satisfy (14)-(21) and (27), and such that L_{crit} + 2θ < ε. 2

The following corollary is an immediate consequence of Lemma 4.2:

Corollary 4.3 For n = 1 or 2, let J be an n × n skewsymmetric matrix. Let b = 1 if n = 1, and b = (0, 1)^′ if n = 2. Assume that (J, b) is a controllable pair. Then for every σ ∈ S there exist functions ε → δ_1(ε), δ_2(ε) from (0, +∞) to (0, +∞) such that (I) whenever e_1 : [0, +∞) → IR and e_2 : [0, +∞) → IR^n are bounded measurable functions such that lim sup t→+∞ |e_i(t)| < δ_i(ε) for i = 1, 2 ,

then, if γ : [0, ∞) → IR^n is any solution of the system

ẋ = Jx − σ(x_n − e_1(t))b + e_2(t) , (31) where x ∈ IR^n, it follows that lim sup t→+∞ ||γ(t)|| < ε ; and (II) there exist an ε̄ > 0 and ν_1, ν_2 > 0 such that δ_i(ε) =^ε_νi for i = 1, 2 and 0 < ε ≤ ε̄. 2

5. The Proof of Theorem 1

First, we notice that under the conditions of the theorem there exists a linear change of coordinates of the state space that transforms Σ into the block form Σ : { ẋ_1 = A_1x_1 + B_1u, x_1 ∈ IR^{n1} , ẋ_2 = A_2x_2 + B_2u, x_2 ∈ IR^{n2} , where (i) n_1 + n_2 = n, (ii) all the eigenvalues of A_1 have zero real part, (iii) all the eigenvalues of A_2 have negative real part, and (iv) (A_1, B_1) is a controllable pair. Suppose that we find a SISS_L -stabilizing feedback u = k(x_1) of Type F or Type G for the system ẋ_1 = A_1x_1 + B_1u such that the linearization of the resulting closed-loop system is asymptotically stable. Then it is clear that this same feedback law will work for Σ as well. Thus, in order to stabilize Σ, it is enough to stabilize the “critical subsystem” ẋ_1 = A_1x_1 + B_1u. Without loss of generality, in our proof of the theorem we will suppose that Σ is already in this form.

We start with the single-input case, and use by induction on the dimension of the system. As discussed earlier, we may assume that all the eigenvalues of A have zero real part and the pair (A, B) is controllable.

For dimension zero, there is nothing to prove. Now assume given a single-input n-dimensional system, n ≥ 1, and suppose that Theorem 1 has been established for all single-input systems of dimension ≤ n − 1. We consider separately the two possibilities: (i) zero is an eigenvalue of A, and (ii) zero is not an eigenvalue of A. Recall that μ = μ(A). We want to prove that for any finite sequence σ = (σ_1, · · · , σ_μ) of bounded functions in S there are SISS_L -stabilizing feedbacks u = −k_F (x) and u = −k_G(x) such that k_F ∈ F_n(σ), k_G ∈ G_n(σ), and the linearizations of the resulting closed-loop systems are asymptotically stable.

Assume that σ^′_μ(0) = κ > 0. In Case (i), we apply Part (i) of Lemma 4.1 and rewrite our system in the form˙ ȳ = A_1ȳ + (y_n +^1_κ u)b_1 , ẏ_n = u , (32) where ȳ = (y_1, · · · , y_{n−1})^′. (Note that if n = 1, only the second equation occurs.) In Case (ii), since n > 0, A has an eigenvalue of the form iω, with ω > 0. So we apply Part (ii) of Lemma 4.1 and make a linear transformation that puts Σ in the form ˙ȳ = A_1ȳ + (y_n +^1_κ u)b_1 , ẏ_{n−1} = ωy_n , ẏ_n = −ωy_{n−1} + u , (33)

where ȳ = (y_1, y_2, · · · , y_{n−2})^′. (Naturally, in the special case when n = 2, the first equation will be missing.) So, in any case, by using Lemma 4.1, we can rewrite our system in the form ˙ȳ = A_1ȳ + (y_n +^1_κ u)b_1 , ˙ỹ = Jỹ + ub_0 , (34)

where J is a skew-symmetric matrix, (J, b_0) is a controllable pair, and in Case (i) we have ỹ = y_n, b_0 = 1, in Case (ii) we have ỹ = (y_{n−1}, y_n)^′, b_0 = (0, 1)^′.

Let u = −σ_μ(y_n − ξv) − ηv , (35) where ξ and η are constants such that ξη = 0, ξ + η = 1, and v is to be chosen further. Define g(s) = σ_μ(s) − κs, where κ = σ^′(0). Then

y_n + 1 κ u = (ξ − 1 κ η)v − 1 κ g(y_n − ξv) . Therefore the first equation of (34) is written as ˙ȳ = A_1ȳ + vb_2 − g(y_n − ξv)b_3 , (36) where b_2 = (ξ−^1_κ η)b_1, b_3 =^1_κ b_1. Notice that ξ−^1_κ η ≠ 0, therefore (A_1, b_2) is still a controllable pair. From the inductive hypothesis we know that there exist k̄_F ∈ F_n(σ_1, · · · , σ_{μ−1}) and k̄_G ∈ G_n(σ_1, · · ·, σ_{μ−1}), for simplicity we use k̄ for both cases, such that the system ˙ȳ = A_1ȳ − k̄(ȳ)b_2 is SISS_L (Δ̄, N̄ ) for some Δ̄, N̄ > 0, and the linearization of the closed-loop system is asymptotically stable. (For instance, in Case (ii), there exists a SISS_L -stabilizing feedback u = −k̄_F for ˙ȳ = A_1ȳ + b_2v such that k̄_F ∈ F_{n−2}(σ_1, · · · , σ_{μ−1}). With the natural extension, k̄_F can be also viewed as a function from IR^n to IR. Thus k̄ ∈ F_n(σ_1, · · · , σ_{μ−1}).) Let λ > 0. Then ˙ȳ = A_1ȳ − λk̄(^ȳ_λ )b_2 is SISS_L (λΔ̄, N̄).

Besides, since k̄ is bounded and locally Lipschitz, and k̄(0) = 0, it follows that there exist positive numbers L, M such that |k̄(ȳ)| ≤ L|ȳ| and |k̄(ȳ)| ≤ M for all ȳ.

On the other hand, the second equation of (34) can be rewritten as ˙ỹ = Jỹ − σ_μ(y_n − ξv)b_0 − ηvb_0 . (37)

From Corollary 4.3, we see that there exist Δ_1, ν_1, ν_2 > 0 such that, whenever δ ≤ Δ_1, and e_1, e_2 are bounded measurable functions such that |e_i| ≤_{ev}^δ_νi , i = 1, 2, it follows that all the solutions of ˙ỹ = Jỹ −σ_n(y_n −e_1)+e_2 will be eventually bounded by δ.

Recall that σ_μ is differentiable at 0. So for any ε > 0 there exists Δ_2 > 0 such that

|g(s)| ≤ ε|s| for |s| ≤ Δ_2 . (38) Now, fix a positive number α < 1. (To get a feedback of Type F, we choose α close to 1; while to get a feedback of Type G, we choose α close to 0.) Choose ε > 0 so that ε ( M (ξν_1 + ην_2 + ξ) + Δ_1 ) ||b_3|| < αΔ̄ , (39) and εN̄ L(ξν_1 + ην_2 + ξ) < 1 4 . (40) Then there exists Δ_2 > 0 such that (38) is satisfied. (If σ_μ is linear around 0, then we can take ε = 0. Therefore (39) and (40) are valid and there exists Δ_2 > 0 such that (38) is still satisfied.)

Now, choose δ_0 > 0 so that δ_0 ≤ min{Δ_1, αΔ_2} , (41) and let λ > 0 satisfy λ ≤ 1 , (42)

λξM ≤ (1 − α)Δ_2 , (43) λ(ξν_1 + ην_2)M ≤ αδ_0 . (44) Then define

Δ = min{δ_0, (1 − α)λδ_0 ν_2 , (1 − α)λΔ̄} . Let v = −λk̄(^ȳ_λ ) in (36) and (37). Then it is enough to show that the resulting closed-loop system

˙ȳ = A_1ȳ − λk̄(^ȳ_λ )b_2 − g(y_n + λξk̄(^ȳ_λ ))b_3 ,

˙ỹ = Jỹ − σ_μ(y_n + λξk̄(^ȳ_λ ))b_0 + ληk̄(^ȳ_λ )b_0

(45)

is SISS_L (Δ, N ) for some N > 0. Therefore, the conclusion of Theorem 1 for the single-input case is proved.

Indeed, note that the linearization Σ_L of (45) is obviously asymptotically stable because the ỹ-part in Σ_L has all eigenvalues with negative real parts, and the ȳpart in Σ_L is just the linearization of ˙ȳ = A_1ȳ − k̄(ȳ)b_2 and therefore is asymptotically stable by the inductive hypothesis. As a consequence, the local asymptotic stability of (45) is no problem. To get a feedback of the form of (4), we take ξ = 1, η = 0. Then the feedback u = −σ_μ(y_n + λk̄(^ȳ_λ )) is as desired. To get a feedback of the form of (5), we take ξ = 0, η = 1. Then, for any r > 0, the closed-loop system of (34), with u = −rσ_μ( y_n r ) − rλk̄( ȳ rλ ) , (46)

is SISS_L (rΔ, N ). Choosing r sufficiently small, we can make the sum of the coefficients of all saturations in (46) to be bounded by 1. It turns out that the feedback defined by (46) is as desired. So we only need to show that (45) is SISS_L (Δ, N ) for some N > 0.

Given δ ≤ Δ, let ē(t), ẽ(t) be of the same dimensions as ȳ, ỹ and such that ē, ẽ are bounded, measurable, and ≤_{ev} δ. Consider the system:

˙ȳ = A_1ȳ − λk̄(^ȳ_λ )b_2 − g(y_n + λξk̄(^ȳ_λ ))b_3 + ē ,

˙ỹ = Jỹ − σ_μ(y_n + λξk̄(^ȳ_λ ))b_0 + ληk̄(^ȳ_λ )b_0 + ẽ . (47) From (44) we have λξ|k̄( ȳ λ )| ≤_{ev} λξM ≤ δ_0 ν_1

, (48)

and (because δ ≤^{(1−α)λδ0}_{ν2} )

|ληk̄( ȳ λ )b_0 + ẽ| ≤_{ev} ληM + δ ≤ δ_0 ν_2

. (49)

So applying Corollary 4.3 to the second equation in (47), we conclude that |ỹ| ≤_{ev} λM (ξν_1 + ην_2) + δν_2 , (50) and therefore |y_n + λξk̄( ȳ λ )| ≤_{ev} λM (ξν_1 + ην_2) + δν_2 + λξM . (51)

Inequality (44) and δν_2 ≤ (1 − α)δ_0 then imply that the right-hand side of (50) is bounded by δ_0. Therefore, it follows from (41) that |ỹ| ≤_{ev} min{Δ_1, αΔ_2} . (52) So, |y_n + λξk̄(^ȳ_λ )| ≤_{ev} Δ_2 follows from (52) and (43). From (38), we then get |g(y_n + λξk̄( ȳ λ ))| ≤_{ev} ε|y_n + λξk̄( ȳ λ )| . (53)

In particular, since δν_2 ≤ (1 − α)λδ_0 and δ_0 ≤ Δ_1, using (51), we obtain |y_n + λξk̄( ȳ λ )| ≤_{ev} λ ( M (ξν_1 + ην_2 + ξ) + (1 − α)Δ_1 ) . Therefore |g(y_n + λξk̄( ȳ λ ))b_3 + ē| ≤_{ev} λε ( M (ξν_1 + ην_2 + ξ) + (1 − α)Δ_1 ) ||b_3|| + δ . (54) From (39) we see that the right-hand side of (54) is bounded by λΔ̄. Since the system ˙ȳ = A_1ȳ − λk̄(^ȳ_λ )b_2 is SISS_L (λΔ̄, N̄ ), it follows that

|ȳ| ≤_{ev} λN̄ Δ̄ . (55)

Now, suppose lim sup_{t→∞} |ȳ(t)| = ρ > 0. Then |ȳ| ≤_{ev} 2ρ.

Since |k̄(y)| ≤ L|y|, we have |λξk̄( ȳ λ )| ≤_{ev} 2ξLρ (56) and |ληk̄( ȳ λ )b_0 + ẽ| ≤_{ev} 2ηLρ + δ . (57)

Applying Corollary 4.3 to the second equation in (47) and using (56) and (57), we obtain |ỹ| ≤_{ev} 2(ξν_1 + ην_2)Lρ + ν_2δ . (58)

(Note that if the right-hand side of (58) is ≥ Δ_1, then the inequality is trivial since we know from (52) that |ỹ| ≤_{ev} Δ_1.) From (53), (56), and (58), we have |g(y_n + λξk̄( ȳ λ ))| ≤_{ev} ε ( 2(ξν_1 + ην_2 + ξ)Lρ + ν_2δ ) . Now, if ε ( 2(ξν_1 + ην_2 + ξ)Lρ + ν_2δ ) + δ ≤ λΔ̄ , (59)

then, since the system ˙ȳ = A_1ȳ − λk̄(^ȳ_λ )b_2 is SISS_L (λΔ̄, N̄ ), it follows that |ȳ| ≤_{ev} εN̄ ( 2(ξν_1 + ην_2 + ξ)Lρ + ν_2δ ) + N̄ δ . (60)

If (59) is not satisfied, then εN̄ ( 2(ξν_1 + ην_2 + ξ)Lρ +

ν_2δ ) +N̄ δ > λN̄ Δ̄. However, from (55) we see that (60) still holds. So we established (60) in all cases. From (40) we then get |ȳ| ≤_{ev} 1 2 ρ + N̄ (εν_2 + 1)δ . (61) Taking the lim sup_{t→∞} of the left-hand side of (61), we have ρ ≤^1_2 ρ + N̄ (εν_2 + 1)δ i.e. ρ ≤ 2N̄(εν_2 + 1)δ. Sub-

stituting this into (58) and (61), we get |ỹ| ≤_{ev} ( 4(ξν_1 +

ην_2)LN̄ (εν_2 + 1) + ν_2 ) δ, and |ȳ| ≤_{ev} 2N̄(εν_2 + 1)δ . So,

if we take N = 2N̄(εν_2 + 1)(1 + 2L(ξν_1 + ην_2)) + ν_2 , the conclusion follows.

To complete the proof, we need to deal with the general case of m > 1 inputs. This is done by induction on m, as in the proof in [14], and will be omitted here. 2

References

[1] Fuller, A.T., “In the large stability of relay and saturated control systems with linear controllers,” Int. J. Control, 10(1969): 457-480.

[2] Gutman, P-O., and P. Hagander, “A new design of constrained controllers for linear systems,” IEEE Transactions on Automat. Contr. AC-30(1985): 22-23.

[3] Kosut, R.L., “Design of linear systems with saturating linear control and bounded states,” IEEE Trans. Autom. Control AC-28(1983): 121-124.

[4] Krikelis, N.J., and S.K. Barkas, “Design of tracking systems subject to actuator saturation and integrator wind-up,” Int. J. Control 39(1984): 667-682.

[5] Schmitendorf, W.E. and B.R. Barmish, “Null controllability of linear systems with constrained controls,” SIAM J. Control and Opt. 18(1980): 327-345.

[6] Slemrod, M., “Feedback stabilization of a linear control system in Hilbert space,” Math. Control Signals Systems 2(1989): 265-285.

[7] Slotine, J-J.E., and W. Li, Applied Nonlinear Control, Prentice-Hall, Englewood Cliffs, 1991.

[8] Sontag, E.D., “An algebraic approach to bounded controllability of linear systems,” Int. J. Control 39(1984): 181-188.

[9] Sontag, E.D., “Remarks on stabilization and input-to-state stability,” Proc. IEEE CDC, Tampa, Dec. 1989, IEEE Publications, 1989, pp. 1376-1378.

[10] Sontag, E.D., Mathematical Control Theory: Deterministic Finite Dimensional Systems, Springer, New York, 1990.

[11] Sontag, E.D., and H.J. Sussmann, “Nonlinear output feedback design for linear systems with saturating controls,” Proc. IEEE CDC, Honolulu, Dec. 1990, IEEE Publications, 1990, pp. 3414-3416.

[12] Sussmann, H. J. and Y. Yang, “On the stabilizability of multiple integrators by means of bounded feedback controls” Proc. IEEE CDC, Brighton, UK, Dec. 1991, IEEE Publications, 1991: 70-73.

[13] Teel, A.R., “Global stabilization and restricted tracking for multiple integrators with bounded controls,” Systems and Control Letters 18(1992): 165-171.

[14] Yang, Y., H.J. Sussmann and E.D. Sontag, “Stabilization of linear systems with bounded controls,” Proc. June 1992 NOLCOS, Bordeaux, (M. Fliess, Ed.), IFAC Publications, pp. 15-20.

[15] Yang, Y., Global Stabilization of Linear Systems with Bounded Feedback, Ph. D. Thesis, Mathematics Department, Rutgers University, 1993.