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Abstract—We present some new results, together with a number of particularly simple and user-
friendly versions of results obtained in recent years by the author and M. Malisoff, on the uniqueness
of solutions of the Hamilton-Jacobi-Bellman equation (HJBE) for deterministic finite-dimensional
optimal control problems under non-standard hypotheses. Our approach is completely control-
theoretic and totally self-contained, using the systematic construction of special trajectories of various
kinds, and not involving any PDE methods. We donot assume that the Lagrangian is positive, or
that the dynamics is Lipschitz-continuous.

1. Introduction

The purpose of this note is to present some new results, together with a number of particularly simple and user-
friendly versions of results obtained in recent years by the author and M. Malisoff, on the uniqueness of solutions
of the Hamilton-Jacobi-Bellman equation (HJBE) for deterministic finite-dimensional optimal control problems
under non-standard hypotheses. Our approach is completely control-theoretic and totally self-contained, using the
systematic construction of special trajectories of various kinds, and not involving any PDE methods. We will not
assume that the Lagrangian is positive, or that the dynamics is Lipschitz-continuous.

We will consider autonomous Lagrangian optimization problems involving a state variable x which takes values in
an open subset Q of R™, a control variable u taking values in a control space U, and a target set T, which is a closed
subset of the closure of  disjoint from £ itself. The dynamics is given by an ordinary differential equation

T = f(xa u) ) (1)
the cost functional to be minimized is ©
T
1= [ Lo, 2
7 (€)
(where 7_(§), 74(§) are, respectively, the initial and terminal times of the trajectory ¢), and the minimization is
supposed to be, for each initial state x € ), over the set Afj of all pairs E = (&, &) such that

(i) Z consists of a trajectory & of (1) (i.e., a locally absolutely continuous function ¢ that satisfies £(t) = f(&(£), n(t))
for almost all ¢) corresponding to some U-valued control n, and a “running cost” function &y corresponding to

¢ and 7 (i.e., a locally absolutely continuous function &, such that & (t) = L(£(t),n(t)) for almost all ¢);

(ii) & starts at x, and “ends at the target” in a sense to be defined precisely later.

)

We will refer to a pair = = (£, &) for which (i) above holds as an “augmented trajectory” of our system, because it

really is a trajectory of the “augmented control system”

i:f(xvu)v io:L(JJ,u) (3)

obtained from (1) by “adding the cost as an extra variable” in a well known way. We will write J(Z), rather than
just J, for the left-hand side of (2), because it is easy to see that the natural arguments for our cost functional J
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are really augmented trajectories, since (i) one cannot just regard J as a functional of £ only, because the integral
of (2) involves the control 7 as well as £, but on the other hand (ii) the cost is completely determined once we know

¢ and a running cost &y, because in that case L(£(t), n(t)) = &o(t).
The infimum V(z) of the costs J(Z) of all augmented trajectories Z € A%,T is the value of our problem at x. (If

the set A2 is itself empty, then of course V(2) = 400.) The function V : Q — RU{—00, +-00} is the value function
of our problem.

Our goal is to prove uniqueness theorems, showing that a viscosity solution of the HJBE that satisfies an
appropriate boundary condition is necessarily the value function. “Uniqueness” is to be understood as “uniqueness
within a class defined by some additional properties,” such as the class of all functions that are continuous and
bounded below.

We will work with a class of systems which is sufficiently general to capture some interesting phenomena not
commonly addressed in the literature, and at the same time restricted enough to make it possible to prove strong
theorems. In particular, we will asume that the sets Fy(z,U) = {(f(x,u), L(z,u)) : u € U} are closed and convex,
but will not require them to be compact, and will instead impose a “local coerciveness” condition, according to
which, locally, an inequality of the form | f(z,u)||” < L(xz,u) + C, with C > 0 and r > 1, holds uniformly with
respect to u. We will also require f(x,u) and L(x,u) to be continuous with respect to z, with the continuity being
uniform with respect to u locally in z.

On the other hand, we will most definitely not require that the dynamics f(x,u) be Lipschitz-continuous with
respect to x, since one of the main purposes of this work is to clarify the exact role of the Lipschitz-continuity
assumptions often made in the viscosity literature. The answer we will propose is as follows:

(a) Without any Lipschitz-continuity hypotheses, one can prove, for continuous viscosity solutions V' of the HIBE,
an existence theorem for trajectories, asserting that, starting at every point of x of €0, there is a maximally
defined “augmented trajectory of steepest descent,” that is, a maximally defined pair 2 = (&, &) defined on a
interval I such that 0 = min I, and having the property that the inequality

V(E()) + &o(t) = VI(£(s)) + &o(s) (4)
holds whenever s,¢ € I and s < ¢. (This is Theorem 6.1 below.)

(b) As a trivial corollary of the existence of steepest descent trajectories (applied to —V and —L), we get the
existence of “DPI trajectories” (where “DPI” is an acronym for “Dynamic Programming Inequality”), i.e.,
augmented trajectories = = (£, &) along which the inequality

V(E()) + &o(t) < V(E(s)) +&o(s) ()
(that is, the exact opposite of (4)) is satisfied.

(c) The existence result of (b) says that for every “sufficiently nice” (e.g., piecewise constant) control n there exists
a trajectory of n with the given initial condition along which the DPI holds. This is almost, but not quite, what
is needed to prove that V is bounded above by the value function.

(d) The gap between the existence result for DPI trajectories and what would actually be needed to prove that
V' is bounded above by the value function is that to achieve the latter goal one needs the DPI to hold for all
trajectories, and it is not enough to have just one DPI trajectory for every intial condition and every control.

(e) The gap described in (d) clearly does not exist when there is uniqueness of trajectories for every given control
and initial condition.

(f) In particular, the gap does not exist when, for every admissible control 7, the corresponding time-varying vector
field (z,t) — f(z,n(t)) satisfies a Lipschitz-Carathéodory condition that guarantees uniqueness of trajectories.

(g) Naturally, the Lipschitz-Carathéodory condition can be replaced by weaker conditions that guarantee unique-
ness, such as the requirement that a bound

(f(@,n(®) = fly,n®),z —y) < k(b)llz =yl (6)
with k integrable, hold locally.

(h) Even more generally, the only property that really matters is that, if we pick a sequence {n;},;=1 of piecewise
constant controls such that our augmented trajectory = can be approximated by augmented trajectories =;
corresponding to the n;—with, say, the same initial condition—then the =; converge to = uniformly no matter
how the Z; are chosen. We call such trajectories “uniquely limiting,” and use this concept in the statement of
our main theorem.

The following important issues will not be discussed here:

(1) Whether the value function itself satisfies the conditions of our main theorem, i.e., whether it is a continuous
viscosity solution of the HIBE and whether it is bounded below.



(2) What happens when the sets F(x,U) are not closed and convex. (This would require considering relaxed
controls, and using trajectories for which the steepest descent property holds approximately rather than exactly.
It turns out to be possible to extend our results under fairly general conditions, provided our system has
appropriate local controllability properties.)

Remark 1.1 The approach followed here owes a great deal to the book [11] by A.I. Subbotin. We point out, however,
that Subbotin considers viscosity solutions of PDEs of the form F(z,u(x), Du(z)) = 0, where the Hamiltonian
F(z,u,p) is required to be globally Lipschitz with respect to the momentum variable p (cf. Equation (2.2) in page
9 of [11]). A somewhat weaker hypothesis is also considered later, in which the Lipschitz requirement is replaced by
the condition that for any A > 0 there exists a positive constant p(A) such that the estimate
|F(2,2,5) - F(z,2p)| < u(A)(1+ |5 — p])

holds for all s € R™ such that ||s|| < A and all p € R™ (cf. page 37 of [11]). In particular, even with the weakened
requirements, these hypotheses are not sufficient to cover, for example, coercive problems of the kind discussed
here, such as linear quadratic optimal control. (For example, for the optimal control problem of minimizing the

integral % Ik (22 + u?), with a scalar state z and a scalar control u, and dynamics @ = u, the function F is given by
F(xz,z,p) = %(p2 —2?%). Therefore F(z,z,s) — F(z,2,p) = %(52 —p?) = %(s +p)(s—p), and for the desired estimate
to be satisfied the sum s+ p would have to be bounded by a constant p(A) for all s € R™ such that ||s|| < A and all
p € R™, and such a bound obviously does not hold. &

2. The main theorem

If n is a positive integer, an n-dimensional control system is a triple ¥ = (2, U, f) such that Q (the state space of
%)) is an open subset of R™, U (the control space of %) is a nonempty set, and f (the dynamics of X) is a map
QAxU> (z,u) — f(r,u) € R™

An n-dimensional augmented control system is a 4-tuple . = (Q,U, f,L) such that ¥ = (Q,U, f,L) is an
n-dimensional control system and L (the Lagrangian of ) is a map Q@ x U > (z,u) — L(z,u) € R. (In that
case, the state space, control space, and dynamics of 3 are also called the state space, control space, and dynamics
of ¥.)

An augmented control system X = (,U, f, L) is said to be continuous if the maps 2 3 z — f(z,u) € R™ and

Q> xz+— L(z,u) € R are continuous for each fixed u. We call N uniformly continuous on a subset S of € if there
exists a function w :]0, co[— [0, oo] such that limg)ow(s) = 0, having the property that

I f(z,u) — fy,w)|| + |L(z,u) — L{y,u)| <w(]|z—y]) whenever z,y €S and ueU.

We call & locally uniformly continuous if it is uniformly continuous on every compact subset of 2, and globally
uniformly continuous if it is uniformly continuous on 2. We say that X is Lipschitz continuous if the maps

Q32 f(zr,u) €ER" and Q 3 z +— L(z,u) € R are Lipschitz continuous for each fixed u. We call 3 uniformly
Lipschitz continuous on a subset S of € if there exists a positive constant C such that

IIf(x,u) = fy,w)|] + | L(z,u) — L(y,uw)| < C|lx —yl| whenever x,y € S and u € U.

We call & locally uniformly Lipschitz continuous if it is uniformly Lipschitz continuous on every compact subset of
Q, and globally uniformly Lipschitz continuous if it is uniformly Lipschitz continuous on 2.

Remark 2.1 Naturally, the concepts of continuity, uniform continuity, Lipschitz continuity, and uniform Lipschitz
continuity, also make sense for a control system 3 = (Q,U, f), by taking the same definitions given above and
omitting the parts that refer to L. In order to avoid having to make a similar remark for other concepts to be
introduced in the future, we adopt the convention that any concept X that we define for an augmented control
system X = (2,U, f, L) is automatically understood to apply to a control system ¥ = (Q,U, f), in the sense that

“X of ©” means “X of the augmented system 3 = (Q, U, f,0).” &

The augmented control system 3= (Q,U, f, L) is coercive on a subset S of Q) if there exist real constants r, A, C,
such that A >0, C >0, r > 1, and
I f(z,u)||" < AL(z,u)+ C forallz € S,ueU. (7

We call & locally coercive if it is coercive on every compact subset of €2, and globally coercive if it is coercive on ).

Remark 2.2 If 3 is coercive on a set S, then it is always possible to choose C, r, such that C > 0, r > 1, and (7)
holds with A = 1. Indeed, let A, C, r be such that A > 0, C > 0, r > 1, and (7) holds. Pick p such that 1 < p < r,
and lets = ;2. Let v € Q, w € U. Then, if || f(z,u)[|""" > A, we have
[, w)[]" -

I 0l = T < a0+ 0) = L +

while on the other hand, if || f(z,u)||"~? < A, we find that
C
1F @l = (If @, w)|7=)* < A* < A7\ f(@,w)|” + A* < AT (AL(w,u) + C) + A* = Liz,u) + — + A°.

Hence (7) holds if r, C, A are replaced by p, % + A?%, and 1. &

=l Q

C
< _ S



For an augmented control system 3 = (U, f, L), we define a map Fy, : Q x U — R™"! (called the augmented
dynamics of f)) by letting Fy(z,u) = (f(x,u), L(z,u)) for x € Q, u € U. We say that S satisfies the convewity and
upper semicontinuity condition if, for each x € €,

Fy(,U) = (oo UtFs @, )+ |2/ — o] <e}), (8)
e>0
where “co” stands for “closed convex hull,” and Fy (x, U)dEf{(f(x, u), L(z,u)) :u € U}.

Remark 2.3 If & = (Q,U, f, L) is locally uniformly continuous, then 3 satisfies the convexity and upper semicon-
tinuity condition if and only if the set Fy(z,U) is closed and convex for every x € . Indeed, the “only if” assertion

is trivial, since the right-hand side of (8) is obviously closed and convex. To prove the “if” part, we fix z € Q and
assume that Fy(z,U) is closed and convex. We choose a § such that § > 0 and Bg(x)déf{w’ ER": |la'—z|| <6} CQ
and a function w :]0,00[— [0,00] such that lim,jow(s) = 0 and [|[Fy(y,u) — Fy(z,u)|| < w(||y — z||) whenever
uw € U and y,z € Bs(xz). We then pick v € ﬂ5>0@(U{F2(x',U) e — x| < 5}), and prove that v € Fy(z,U).

We let ¢, = 27%, and use the fact that v € @(U{Fg(’,U) e =z < ek}) to find, for each sufficiently large
k, a member v of the convex hull of J{Fx(2',U) : ||z’ — x| < ex} such that |[v— vk <ep. We then write
v = ZHJF(} ag,;j Fe(zk,j, uk,;), where the xk’j belong to © and satisfy ||z ; — || < ek, the ug ; belong to U, and
the ay, ; are nonnegative and satisfy Z 0 ag,; = 1. Then ||Fy(x,ur;) — Fe(r,up ;)| < w(er). Therefore, if we let

wy = Ej o i Fs (2, up j), we have ||wy — vi]| < w(ex). Hence wy — v as k — oo. Since Fy(x,U) is convex, the
wy, belong to Fy(x,U). Since Fy(x,U) is closed, v € F(x,U), and the proof is complete. &

A target for an augmented control system 3= (Q,U, f,L) is a closed subset 7 of R™ such that 7 C Closure Q and
TN=10. .
A trajectory of ¥ = (Q,U, f, L) is a locally absolutely continuous curve
I>t—E(t)eq, (9)
defined on a nonempty subinterval I of R, having the property that £(t) € f(£(t),U) for almost every t € I. An
augmented trajectory of ¥ is a locally absolutely continuous curve
It 2(1) = (€(t),€lt) € 2 xR, (10)
defined on a subinterval I of R, having the property that Z(t) € Fg(£(t), U) for almost every ¢ € I.
The initial time, or starting time of a trajectory £ (resp. an augmented trajectory Z = (£, &p)) with domain I is the
time 7_ (f)déf min I (resp. 7_ (E)déf min 7)), if the minimum exists, i.e., if I is bounded below and its infimum belongs
to I. If the initial time of £ (resp. Z) exists, then (i) the point 2 _ (§)d§f§(77(§)) (resp. x_ (2 )difg(p (2))) is the starting

point, or initial point, of £ (resp. E), and (ii) the ordered pair 0_ (g)dﬁf(T_ (&), x-(&)) (resp. O_(E )def(T_ (2),z-(2)))
is the initial condition of & (resp. E). If 0_(§) = (¢,x) (resp. 0_(=2) = (t,x)), we say that & (resp. E) starts at x at
time t. R

If 7 is a target for ¥ = (Q,U, f, L), then a trajectory £ or augmented trajectory Z = (§,&y) with domain I ends

at T if the limit f(T)déf limyysup 1 &(t) exists and belongs to 7.
For each x € 2, we let AET be the set of all augmented trajectories = = (§,&g) of 3 such that

(i) 0-(5) = (0 x),

(if) £0(0) =

(iii) = ends at the target,
(

iv) the limit §0(T)d§f limy1sup domain = &o(t) exists.
If=2= (&) € .A;?T then the cost of E is the number

J(E)Ze(1) (11)

The walue function of the optimal control problem defined by 3 and the target 7 is the function
VZ:QUT +— RU{—00, +0c0} given by
sy [ inf{J@E):Ze A} if zeQ
Vr(e) { 0 T zeT.
IfV:Q Ris a function, then an augmented trajectory offl of steepest descent with respect to V' is an augmented

trajectory = = (£,&) of & such that
&o(s) + V(E(s)) > &o(t) + V(E(®R)) whenever s,t € domain= and s < t. (12)



We use SDy, v to denote the set of all augmented trajectories of 3 of steepest descent with respect to V, and SDy
to denote the set of all = € SDy, ,, such that 0_(E) = (0,x).

2,V

If 2 € Q, a mazimal augmented trajectory of ¥ from = of steepest descent with respect to V is a 2 € SDs v,
that cannot be extended to a = € SDy, ,, defined on an interval which is strictly larger than domain(Z). We use

MSDy, .. to denote the set of all maximal augmented trajectories of 3 from z of steepest descent with respect to V.

Remark 2.4 We have set up our definitions in such a way that the notion of “maximal augmented trajectory of
steepest descent” always means “maximal within the class SDg |, . of augmented trajectories Z of steepest descent
with initial condition 0_(=Z) = (0,z), for a fixed z € Q.” (In other words, there is no such thing as a “maximal
augmented trajectory;” there are only “maximal augmented trajectories from a given point x.”) Since all the
members of SDE v.. Start at time 0 at the point z, the only way that a 2 € SDE Vi defined on an interval I (that
necessarily starts at time 0), could fail to belong to /\/IS’DZ Vi would be for = to be “extendable to the right,” that

is, such that there exists an extension & € SDg Vi which is defined on an interval I that also starts at 0 and is
strlctly larger than I. Naturally, it may also happen that = can be extended on the left, to an augmented trajectory

2 of steepest descent defined on an interval I =]-g,0] U I for some positive e. But such an extension will of course
no longer start at time 0, so its existence does not affect the possibility that = might belong to MS&Dy, y, .. &

Definition 2.5 . If Q2 is an open subset of R, and £:1—Q is a curve, we say that £ is right-unbounded if

(i) the interval I is open on the right (that is, if 7 = sup I, then either (a) 7 = 400 or (b) 7 is finite and does not
belong to I),

and

(ii) if 7 is finite, then for every compact subset K of  there exists a 7x such that 0 < 74 < 7 and £(¢) ¢ K
whenever 7 <t < 7.

(Equivalently, condition (ii) asserts that lim;;, &(t) = coq, where coq is the point at infinity of the one-point

compactification of 2.) &

The following observation is completely trivial given our definitions, but we state it explicitly as a separate result

for future reference. We emphasize that this trivial result is valid under no technical hypotheses whatsoever on S or
V. The reader is warned that the result is not a true “existence theorem” for trajectories of steepest descent, even
though at first sight it may appear to be, because the member Z of MSDy, |, . whose existence it asserts could very

well turn out to be the trivial trajectory =" where Z7% is the map Z: {0} — Q x R such that Z(0) = (z,0).
The true “existence theorem,” yielding the existence of a nontrivial maximal trajectory of steepest descent and, in
fact, asserting the stronger conclusion that every maximal trajectory of steepest descent is right-unbounded in the

sense of Definition 2.5. This will be proved later (cf. Theorem (6.1) and, naturally, will depend on our technical
hypotheses on ¥ and V.

=triv

Proposition 2.6 Iff] =(Q,U, f,L) is an augmented control system, V : Q+— R is a function, and x € Q, then the
set MSDyq , . of mazimal augmented trajectories of 3 from x of steepest descent with respect to V' is nonempty.

Proof. Fix . Let Z be the set of all pairs (I,Z) such that I is a subinterval of [0,00[, 0 € I, and

E=(&&) : I — Q xRisan augmented trajectory of ¥ which is of steepest descent with respect to V' and such that
£(0) = x. We partially order Z by stipulating that, if (I;,Z;) € Z for i = 1,2, then (I;,Z1) = (I3,Z2) iff I} C I,
and =, is the restriction of Z3 to I7. ‘ .

It is clear that Z # (), because the pair ({0}, Zl"")—where =t is the map defined above, in the paragraph
preceding the statement of our proposition—belongs to Z. If Z is a totally ordered subset of Z, we show that Z has
an upper bound (I,,=.) in Z. This conclusion is trivial if Z = ), for in that case we can take (I, =) = ({0}, Z{").
Assume that Z # ). Let I, be the union of the intervals I for all the members (I,=) of Z. Then I, is obviously a
subinterval of [0,00[, and 0 € I. If ¢ € I, we define Z,(t) = Z(t), where (I, E) is any member of Z such that ¢t € I.

Write 2, = (£4,80,+). Then E, is obviously well defined, and is an augmented trajectory of % such that £«(0) = z.
If ¢t € I, then we can pick (I,Z) € Z such that ¢ € I, and then Z,(s) = Z(s) for all s € I, and in particular
for all s € [0,¢], since [0,7] C I. Furthemore, if we write £ = (£,&o), then the fact that = € SDg, ;, implies that
Vi(x) > &(t) + V(E(t) = &o,«(t) + V(&4 (t)). Since t is an arbitrary member of I,, we have shown that =, € SDy, |,
Therefore (I,,&,) € Z. Furthermore, it is clear that (I,,=Z,) is an upper bound for Z. So we have shown that every

totally ordered subset of Z has an upper bound, and that Z # (). Therefore Zorn’s Lemma implies that Z has a
maximal element (I,,Z,). Clearly, such a maximal element is a member of MSDy ,, ., and our proof is complete.

¢

An augmented arc is an augmented trajectory whose domain is a compact interval. If E = (&, &) is an augmented
arc with domain La b, then an zmpmvement of Z is an augmented arc 2’ = (¢, &), with domain [a’, V'], such that

€(a') = &(a), € (1) = £(b), and E)1) — &)(a') < &(b) — £o(a).



If = (Q,U, f, L) is an augmented control system, then an augmented arc E = (£,&) of 3 with domain [a, b] is
uniquely limiting if there exists a sequence {n;}32; of piecewise constant functions 7; : [a,b] — U such that

(*) if {E;}52, is an arbitrary sequence of mazimally defined augmented trajectories of 3 such that a € domain(Z; )
and Z;(a) = E(a) for every j, then [a,b] C domain(E;) if j is large enough, and E; — = uniformly on [a,b] a
j — 00.

Example 2.7 Suppose = = (£, &) is an augmented arc of 3 with domain [a, b] such that

(#) there exist a positive number §, a function n: [a,b] — U, and a function ¢ : [a,b] — [0, 0], such that

(i) Z(t) = (f(ac,n(t)),L(x,n(t))) for almost every t € [a, b],

(ii) the map t — (f(JC,n(t)),L(ac,n(t))) , on the compact set I, {t a <t <bA|x—&(t)] <0}, is measurable
for each x €

(iii) the map x — (f(x,r](t)),L(ac,n(t))) , on the compact set Itdéf{x €0 : |z —£&@)| <8}, is measurable for
each t € [a, b,
(iv) ¢ is integrable,

(v) the inequality <f(m,7](t)) — f@,nt),z — J;’> < p(t)||lz — 2’||* holds whenever t € [a,b], ||z — £(t)]] < 4,
and ||z’ = £(@)]| <6,
(vi) the inequality |L(z,n(t))| < ¢(t) holds whenever t € [a,b] and ||z — &(t)| < 0.
Then = is uniquely limiting. The proof is essentially as follows. By dividing [a,b] into small intervals, we can

assume that there is a fixed compact ball B such that B C Q, £ is entirely contained in the interior of B, and
the bound of (v) holds whenever ¢ € [a,b] and z,2’ € B. We then write F*(z) = (f(z,u,L(z,u)) for each

r € B, u € U, and observe that the set F = {F"") : ¢ € [a,b]} is a subset of the separable Banach space
C%(B,R™1!). Then [a,b] > t > F"® is an L' C°(B,R"*!)-valued map. Therefore one can approximate this
map in L' by piecewise constant F-valued maps. In other words, one can find a sequence {nj};?il of piecewise
constant G-valued functions (where G = {n(t) : t € [a,b]}), and integrable functions k; : [a,b] — [0, +o0], such
that ||f(a: n(t)) — f(z, ;)| + |L(x,n(t)) — L(z,n,;(t))| < k;(t) whenever « < ¢t < b, x € B, and j € N, and
hmjﬁoof kj(t)dt = 0. Then, if a < ¢ <d < b, and ¢ : [¢,d] — B, 0 : [c,d] — B, are trajectories of 7, n;,
respectlvely, Gronwall’s mequahty yields the bound

I¢() = 0] < e e (kg 1 + 1¢(e) — o))

if t € [¢c,d]. If we apply this with ¢ = a and { = &, letting € be any trajectory &; of n; starting at £(a) at time
a, and defined on some subinterval [a,d] of [a,b], we see that, as long as j is large enough, the maximum of the
1€(t) — &;(¢)]| is bounded by a small constant. This guarantees that &; actually exists on the whole interval [a, b],

and then the Gronwall bound implies that {; — £ uniformly as j — co. Then the integrals f; L(&(s),n;(s)) ds differ
from f(f L(&;(s),n(s))ds by less than ||k;||z1, in view of the bound

|L(x,n(t)) — L(x, n;(1))] < k;(t),

(s))ds — [*L((s),n(s))ds as j — o0, because L(&(s),n(s)) — L(£(s),n(s)) for each s, and

ande n(s
< p(s). %

L& (s), n(s)

An augmented trajectory = = (£, &) with domain I is locally uniquely limiting if for every compact subinterval I’
of I the restriction of Z to I’ is uniquely limiting.

(s),
|

An augmented trajectory = = (£,&p) with domain I is almost uniquely limiting if there exists a finite subset B of I
such that the restriction of Z to every subinterval of I\ B is locally uniquely limiting.

If Q is an open subset of R™, we say that a function V' : Q — R satisfies the inequality
sup{—(VV(z), f(z,u)) — L(z,u) :u €U} >0 (13)
on ) in the viscosity sense if
(V) ifz € Q, and p € R"™ is a subdifferential of V' at z, then sup{—(p, f(z,u)) — L(z,u) :u € U} > 0.
(We recall that, if ) is open in R™, then a subdifferential of a function V' : Q — R at a point T € Q is a vector p € R"
Vi@)=V(@)—p(z=2) 0.)

lz—z]

such that liminf,_.;



Similarly, we say that V satisfies the inequality
sup{—(VV (), f(z,u)) — L(z,u) :u € U} <0 (14)

on 2 in the viscosity sense if
(V2) ifz € Q, and p € R" is a superdifferential of V at x, then sup{—(p, f(z,u)) — L(z,u) :u € U} <0.
(A superdifferential of V at x, is a vector p such that —p is a subdifferential of —V at x,.)
We say that V' satisfies the equation

sup{—(VV(z), f(z,u)) — L(z,u) :u €U} =0 (15)
on § in the viscosity sense if it satisfies (13) and (14) in the viscosity sense.

Remark 2.8 The definition of “viscosity solution” given here is known to be equivalent to the more common one
involving test functions, cf. [1]. &

Our main result is the following theorem:

Theorem 2.9 Let 3 = (Q,U, f, L) be an augmented control system, let T be a target for S, and let V:QUT — R
be a function. Assume that

(1) S s locally uniformly continuous, locally coercive, and such that Fg(x,U) is closed and convex for every x € ).

(2) V is continuous.
(3) V satisfies (15) on Q in the viscosity sense.
(4) V wvanishes on T .

(5) Every augmented arc has an almost locally uniquely limiting improvement.

(6) Whenever z € Q, E = ({,&) € MSDg ., and & is right-unbounded, it follows that = € Agj.

Then V = V?

Remark 2.10 Condition (6) was essentially introduced by M. Malisoff, cf. especially [9]. &

3. Examples

Example 3.1 (Linear-quadratic optimal control.) Consider the standard linear-quadratic optimal control problem,
in which x, u take values in R™, R™, respectively, the dynamical law is

# = Az + Bu, (16)
the Lagrangian is given by
L(z,u) = z' Rz + u'Su,

the square matrices R, S are strictly positive definite, and the pair (A, B) is stabilizable. We take the target set 7
to consist of the origin of R™. (In order to satisfy the condition that Fy(x,U) is convex for every x € €2, we add a
new scalar nonnegative control variable v, in such a way that the dynamical law (16) remains unchanged but the

Lagrangian L is replaced by L, where L(z,u, v)défL(x, u) +v.) The crucial technical issue here is the fact that the
Lagrangian is not bounded away from zero. The hypotheses of our main theorem (including the coerciveness, which
follows from the positive definiteness of S) are easily verified as long as V' is bounded below. The only nontrivial
point is the verification of condition (6). To prove that this holds, let = : [0,7[+— R™ x R be a right-unbounded
maximal trajectory of steepest descent with respect to V' that does not end at the target, and write = = (£, &p) in the
usual way. Then 7 has to be infinite, because if 7 was finite then the boundedness of the cost (arising from the fact
that = = (£,&) is of steepest descent and V is bounded below) would trivially imply an L? bound on the control,
from which it would follow that E can be extended to the closed interval [0, 7], and then the assumption that = does
not end at the target would enable us to use Proposition 2.6 and Theorem 6.1 (applied with Q = R™\{0}) to extend
= even further, contradicting maximality. So 7 is infinite. On the other hand, the fact that V' is bounded below and
= is of steepest descent implies that the integral

| (e + nteytsueya

is finite, if 7 is an open-loop control that generates =. But then £ and 7 are square-integrable, so the condition that

€ = A¢ 4 Br implies that € is square-integrable and has a square-integrable derivative, and then Barbalat’s lemma
implies that £ ends at the target, as desired. O



Example 3.2 (Fuller’s problem, cf., e.g., [13].) This is the optimal control problem for the dynamical law
=y, y=u,

with control constraint —1 < u < 1. The target set 7 consists of the origin of R?. The Lagragian is L(z,y,u) = x2.
The crucial technical issue here is the fact that the Lagrangian is not bounded away from zero, and in fact has a
whole line of zeros. The hypotheses of our main theorem are easily verified as long as V' is bounded below. The only
nontrivial point is the verification of condition (6). To prove that this holds, let Z : [0, 7 [~ R3 be a right-unbounded
maximal trajectory of steepest descent with respect to V' that does not end at the target, and write Z = (&, &)
in the usual way. Then 7 has to be infinite, because if 7 was finite then the boundedness of the control would
trivially imply that = can be extended to the closed interval [0, 7], and then the assumption that = does not end
at the target enables us to use Proposition 2.6 and Theorem 6.1 (applied with Q = R?\{(0,0)}) to extend Z even
further, contradicting maximality. So 7 is infinite. On the other hand, the fact that V' is bounded below and =
is of steepest descent implies that the integral [;° 2(t)?dt is finite, if we write £(t) = (2(t),y(t)). But then z(:) is
a square-integrable function on [0, 00| whose second derivative is bounded. By a straightforward generalization of
Barbalat’s lemma, this implies that both z(-) and y(-) go to zero, i.e., that £ ends at the target, as desired. O

Example 3.3 (The reflected brachistochrone problem.) This is the minimum time problem for the dynamical law

& =uy/lyl, y=ovVlyl,
with control constraint u? + v? < 1. The target set 7 consists of a single point B € R2. The crucial technical issue
here is the fact that the dynamical law is not Lipschitz-continuous with respect to the state. The hypotheses of
our main theorem are easily verified. The only nontrivial point is the verification of condition (5). To prove that
this holds, we pick an arbitrary integral arc ¢ : [a,b] — R2, and observe that either (i) £(¢) never belongs to the x
axis X = {(z,y) € R? : y = 0} or (ii) there exist {_,t; € [a,b] such that t_ < t,, £(t) ¢ X whenever a <t < t_
orty >t <0b &¢t) € X, and £(t4) € X. If (i) holds, then & satisfies the conditions of Example 2.7, so £ is
uniquely limiting. If (ii) holds and ¢y = t_, then the restriction of £ to each of the intervals [a,t_ [+,, ]t,b],
is locally uniquely limiting, so £ is almost locally uniquely limiting. Finally, if (ii) holds and ¢, < ¢_, then the

restriction £ of € to the interval [t_,¢;] is such that the set S = {t € [a,b] : £(t) ¢ X} is the union of a finite or
countable infinite collection Z of pairwise disjoint relatively open subintervals of [a,b]. If I € Z, then the restriction

§~ 1 of §~ to [ is entirely contained in the open upper half-plane or in the open lower half-plane. By reflecting §~ I
with respect to X, if necessary, we may assume that &; is entirely contained in the open upper half-plane for every

I € 7. Then é is a trajectory of our system entirely contained in the closed upper half-plane. It is well known
that the problem in the closed upper half-plane H is the famous “brachistochrone problem,” whose time-optimal
trajectories ¢ : [, 3] — Hy are cycloids such that ((¢) is an interior point of H; whenever o < t < 3. It follows

that we can always replace £ by a cycloid (, thereby obtaining an almost locally uniquely limiting improvement of

£ o

Example 3.4 (An example with a continuous non-Lipschitz dynamics where uniqueness fails.) Let ¢ : [0,1] — R
be a nonnegative continuous function such that (a) the set {z € [0,1] : p(x) = 0} is exactly the Cantor set, and

(b) fol % < o0. (For example, we may take ¢ to be given by ¢(x) = dist(x, C)?, where C is the Cantor set and

p is a positive number such that p < 1 —log 2. An explicit calculation shows that fol (p(é’;) =(1-p)~t2r Z;’il 67,

where 0 = % x 3”. Our choice of p guarantees that § < 1, so the integral is finite.) Extend ¢ to a function defined on
R by making it periodic of period 1. Then consider the optimal control problem on R whose dynamics is & = up(z),
|u|] < 1, and where the goal is to reach the origin in minimum time. It is easy to see that the optimal trajectory
from each point x exists and is obtained by “moving towards the target as fast as possible.” Precisely, this means
the we use the control u = —1 as long as we are to the right of the origin, and we use v = 1 if we are to the left.
This, however, does not suffice to specify the optimal trajectories, because of the lack of uniqueness of solutions.
The complete specification of the optimal trajectories is as follows. Suppose Z < 0. Define a function 7 : [Z,0] — R

by letting 7(z) = f; %. Then 7 is aboslutely continuous, strictly increasing, and such that 7(Z) = 0. Therefore

7 maps the interval [Z,0] homeomorphically onto the interval [0,7(0)]. Let & be the inverse function, so & maps
[0, 7(0)] homeomorphically onto [Z,0]. Then & is absolutely continuous, and £(t) = ¢(£(¢)) for almost all ¢ € [0, 7(0)].
So ¢ is a trajectory of our system which goes from Z to 0 in time 7(0), and it is easy to see that £ is the optimal
trajectory from Z to 0. It follows that optimal time to go from Z to 0 is 7(0), that is, f; %. A similar contruction

applies when z > 0. Then the value function V for our problem is given by

B max(z,0)
V(a) = / 4y
min(z,0) Qo(y)

The HJBE for our problem is )
V'(@)lp(z) —1=0. (17)

The function V is a solution of this equation on R\{0} in the viscosity sense. (This follows from the fact that, for
problems such as this one, the value function is automatically a viscosity solution of the HJBE. In addition, one



can also verify this directly. Let O be the set of points where p(x) > 0. Then on O the function V is smooth,
and its derivative is % when z < 0, and f% when > 0, so (17) holds. At points x where p(z) = 0, the viscosity

solution requirements say that —1 > 0 whenever p is a subdifferential of V at z, and —1 < 0 whenever p is a
superdifferential of V' at x. The second condition is trivially true. To verify the first condition, we need to show
that it is satisfied vacuously, i.e., that there are no subdifferentials of V at x. But this easy. Suppose, say, that

z < 0. The difference quotient 3 (V(z + h) — V() is equal, if h > 0, to —+ ff+h %, which is bounded above by

C(h) = 7max{tp(y):é6[m ZFAy - Since ¢(z) =0, ((h) goes to —oco as h — 0. This shows that the right derivative of V
at x is equal to oo, from which it follows easily that there exist no subdifferentials of V at z. A similar argument
shows that if z > 0 the left derivative of V' at x is equal to +oo, from which it follows once again that there are no
subdifferentials of V" at x. . ~

We now show that there exist nonnegative continuous functions V : R — R other than V that satisfy the HIBE
on R\{0} and are such that V(0) = 0. To see this, we let W be a continuous monotonically nondecreasing real-
valued function on [0,00[ such that (a) W(0) = 0, (b) W is constant on each connected component of the set
{z:2>0Ap(x) >0}, and (c) W(x) < W(y) whenever 0 < z < y and the interval [z, y] contains a zero of . (Such
a function is easily constructed using the well known Cantor function.) We then extend W to all of R by defining
W(z) = W(—z) when z < 0. Using W, we define V =V + W. Then V is continuous, V(0) = 0, and V(x) > V(z)
whenever © # 0. Let us show that V is also a solution of the HIBE for our problem on R\{0}. Near points x
such that ¢(z) > 0, the functions V and V differ by a constant, so the fact that V satisfies the HJIBE implies that
the same is true for V. If z # 0 but p(z) = 0, the viscosity solution requirements say that —1 > 0 whenever p is
a subdifferential of V at z, and —1 < 0 whenever p is a superdifferential of V' at x, and the second one of these
conditions is trivially true. As for the first condition, if < 0 then we have already shown that the right derivative
of V at z is equal to oo, and this clearly implies that the right derivative of V' at x is equal to oo as well, since
V =V +W and W is monotonically nonincreasing near x. Hence there exist no subdifferentials of V" at z. A similar
argument applies if z > 0, and we conclude that first one of the viscosity requirements is satisfied vacuously.

It follows that for our example the value function is not the unique continuous nonnegative function that vanishes
at the target and satisfies the HJBE. In the example, the reason for the failure of uniqueness is easy to understand,
and clearly related to the non-uniqueness of trajectories. Notice that the spurious value function V' is bounded below
by the true value function, so what goes wrong is the other inequality, which is related to the dynamic programming
inequality (DPI). And, indeed, the DPI fails, and this makes it impossible to draw the conclusion that V' < V.
Furthermore, the failure of the DPI happens exactly as described in our general analysis: given any control u(-) and
any initial condition zg, it is easy to construct a maximal trajectory & for u(-) starting at o along which the DPI for

V holds. (It suffices to follow the only possible trajectory for u(-) as long as ¢ # 0, and stopping at Z and staying
there for ever as soon as we reach the first point Z where ¢ vanishes.) This £ is not, however, the only trajectory
for u(-) starting at xg. And the fact that the DPI holds along £ does not imply that that the DPT holds for every
trajectory for u(-) that starts at zo. (Indeed, if for example zog < 0 and w(t) = 1, then in addition to the £ given by

our construction we could also consider &, the optimal trajectory described earlier. The DPI for 1% clearly fails
along &,,¢, because if it was true it would imply that V(zo) < V (z0), whereas we know that V(zo) > V(z0).) <

4. The main technical lemma

Let 3 = (Q,U, f,L) be an augmented control system. For every x €  and every positive number § such that
dist(z, R™\Q) > J, we let ®; () be the closed convex hull of all the vectors Fg(z',u), for all pairs (z',u) such that

¥ €Q, ||z’ —z| <6, and u € U. Then ®; 4 (z) is a closed convex subset of R**1. Clearly, @, (z) C D, «(z)

whenever 0 < § < ¢'.
Let V : Q — R be a real-valued function, and let x, € ). We say that V satisfies the infinitesimal steepest descent

condition for 3 at T, if

(ISD) there exist sequences {x;}521, {v;}721, {N\j}5721, {hi}52q, {15 in 2, R™, R, R, and R, respectively, such
that

(1) hj >0,7; >0, (vj, X)) € F (2., U), and ||z; — 2. — hyjv;|| < hyry; for all j,
(2) hj 10, x; — x, and v; | 0 as j — oo,
and
(3) V(z;) < V(xs) — hjAj + hyy; for all j.
We say that V satisfies the weak infinitesimal steepest descent condition for S at z, if

(WISD) there exist sequences {3521, {v;}521, {Ni}521, {hit52e, {01521, {152, in Q, R", R, R, R, and R,
respectively, such that



(1) hj >0,0; >0, v >0, (v;,\) € <I>6j72(a:*), lz; — z]| <65, and ||z; — s — hjvj|| < hjy; for all j,
(2) hj 10,0; 10, and~; | 0 asj— oo,

and

(3) V(:L']) < V(l'*) - hj)\j + hj")/j for all j.

We say that V satisfies (13) on 0 in the ISD sense if V satisfies the infinitesimal steepest descent condition for ¥ at
x for every x € Q. We say that V satisfies (13) on Q in the WISD sense if V satisfies the weak infinitesimal steepest

descent condition for 3 at x for every x € (.

Theorem 4.1 Let Y = (Q,U, f, L) be an n-dimensional augmented control system and let V : Q — R be a continuous
function. Then

(1) Condition (WISD) holds at every point x. € Q where (ISD) holds. In particular, if V' satisfies (13) on § in the
ISD sense then V' satisfies (13) on Q in the WISD sense.

(2) If 3 is locally uniformly continuous and such that F(z,U) is convex for every x € €1, then (ISD) holds at every

point x. where (WISD) holds, and in particular if V satisfies (13) on Q in the WISD sense then V satisfies
(13) on Q in the ISD sense.

(8) If 3 is locally coercive, and and such that Fy(x,U) is closed and convex for every x € Q, then

(3.3) if V satisfies (13) on Q in the ISD sense then V satisfies (13) on Q in the viscosity sense;
(8.43) if V satisfies (13) on Q) in the viscosity sense it follows that if V satisfies (13) on Q in the WISD sense.

In particular, if Y s locally uniformly continuous, locally coercive, and such that Fg(x,U) is closed and convex for
every x € Q, then the three concepts of solution of (13) on Q (viscosity, ISD, and WISD) are equivalent.

Proof. We first prove (1). We assume that V z, is a point of 2 where (ISD) holds, and prove that (WISD) is true
as well. Let {z;}32,, {v;}521, {N\;j}521, {h;}52, {7j}521 be sequences that satisfy the properties of (ISD). Define
d; = ||lx; — x4|. Then all the conclusions of (WISD) are true, so (WISD) holds, and (1) is proved.

Next, we prove (2). We assume that 3 is locally uniformly continuous and (WISD) holds at a point z, € 2, and
prove that (ISD) holds at x. as well. To do this, we pick sequences {z;}72,, {v;}521, {A\;j}521, {hs}521, {61524,
{7j}32, with the properties specified in (WISD). We pick § such that

Bs(z.) ={x e R" : ||z —z.| <0} CQ,
and a function w : |0, +o0[ + [0, +00] such that lims|ow(s) = 0 and
1f (2, u) = f(2" w)ll + [ L(z, w) — L(2, u)| < w(]|lz = 2”[])
whenever z,z’ € Bs(z.). We then pass to a subsequence, if necessary, and assume that ¢§; < ¢ for all j. We use the
fact that (v, A;) € @5.712(:5*) to find a (w;, £;) of the form ZZ:é a; 1 Fs (21, uj k) such that oy > 0, ZZ:é ajr =1,
lzjr — x| <65, and |Jw; —vj]| + |€; — A;j| < 277. We then define
n+1 ~ n+1
'l~}j = Z ajykf(x*, 'Ll,jyk) y )\j . Z ajykL(x*, Uj’k) s
k=0 k=0
and conclude that [|7; — w;|| < w(d;) and ||A; — £;]] < w(;). We then let 7; = v; + 277 + w(d;), s0 7; — 0 as
j — oo. It is then clear that ||z; =z, — h;0,|| < h;7; and V(z;) < V(z,) — hA; + h;7; for all j. Finally, we have
(0, A)) = Zi_é aj e Fs (s, uj 1), s0 (05, ;) € Fy(,,U), since Fy(24,U) is convex. This completes the proof that
(WISD) implies (ISD).

We now turn to the proof of (3), for which purpose we assume that 3 is locally coercive and such that Fs(z,U)
is closed and convex for every x € Q. To prove (3.1), we assume in addition that V satisfies (13) on € in the ISD
sense, and show that V satisfies (13) on  in the viscosity sense. To prove this, we pick z, € Q and a subdifferential
p of V at z,, and show that

sup{—p - f(zs,u) — L(zs,u) :u €U} > 0. (18)
Using (ISD), we pick sequences {z;}52, {v;}521, {\j}521, {hs 1520, {75152 in @, R", R, R, and R, respectively, such
that h; >0, v; >0, (vj, ;) € Fa(x.,U), ||xj — x4 — hjvs|| < hyvyy, and V(x;) < V(wy) — hjA; + hjy; for all j, and
hj 10,z; =z andy; | 0as j — oo. Let J = {j : ; = x.}. Then for j € J the inequality ||z; — z. — h;jv;|| < hjy;
implies ||v;]| < 7, so lim; .o jesv; = 0. On the other hand, the inequality V(z;) < V(zy) — hjA; + hj~y; implies
hjA; < hjyj, ie., Aj < ;. Since the sequence {\; }?’;1 is bounded below (for example, because the local coercivity
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implies a bound A; > |lv;]|” — C), we may assume, after replacing J by a smaller infinite set, if necessary, that
A = limj .00 jes Aj exists. Since A; < v, A must be < 0. Furthermore, the vector (0,\) is a limit of vectors
(vj,Aj) € Fg(xy), s0 (0,A) € F(xy,U), since Fy(z,,U) is closed. Hence there exists 4 € U such that f(z.,u) =0
and L(z,,u) < 0. But then —p - f(x,, @) — L(x,, @) > 0, so (18) holds.

We now consider the case when the set J is finite. In this case, after passing to a subsequence, if necessary, we
may assume that J is empty, i.e., that x; # z, for all j. Since p is a subdifferential of V" at x,, we have

Vie) = Viz.) —p-(x —x.)

lim  inf >0. (19)
T T BT |z — .|
Since the x; converge to x, and are different from ., (19) implies
lim inf L&) ZV@)mp @ ma) (20)
j—o0 [ — .||
Since V(z;) < V(zy) — hjA; + hj7;, (20) implies
lim gof N E R = e @ ma) (21)
=00 B

e . . . . . = . . . . = _1 Ppp— — . .
Now, xj — x4 = xj — x4 — hjv; + hjv; = hj(w; +v;), where w; = hj " (2; — 2« — hjv;). Hence

lim inf A Rttt (wj + )
j—o0 llwj +v;l

>0. (22)

Hence, given a positive ¢ there exists a j(¢) such that
—Xj+7; —p- (wj +vj) > —¢|lwj + v;|| whenever j > j(e).
Therefore

A —p vy 2 =gyl = ellwill +p-w; =5 i 5 > j(e).
Since w; — 0, there is—for each e—a j'(¢) such that
—\j —p-v; > —¢llvj|| — € whenever j > j'(e). (23)
The coercivity bound yields |lv;]|” < A; +C, so —A; < —Jjv;||” + C. Hence

~[loj|" + C = p-v; > —¢llv|| — € whenever j > j'(¢),

SO

=llo; " + ellvg | + llpll-lv; || = —e = Cif 5 = 5'(e) - (24)

Now, if the sequence {||v;[|}52; was unbounded, then we could pick an infinite subset J of N such that [lv;]| — +oo
as j — oo via values in J. But then, taking for example ¢ = 1, we would contradict (24), because the number
—lvi[I” + [Jv;|| + llpll-llv;]| is equal to vajHT(l = (L+ [lpIDllvjII*="), which goes to —co as j — oo via values in J.
Therefore the sequence {|[v;[|}52; is bounded. Pick a constant K such that [[v;|| < K for all j. Then, for each ¢, if
u is such that v/ (o) = f(z4,uc) and Ajioy = L2y, ue), (23) implies

—p - f(@a,te) — L(zs,ue) > —e(K +1).
Hence

sup{—p - f(z.,u) — L(zs,u) :u € U} > —e(K +1).

Since ¢ is arbitrary, we see that (18) holds. This concludes the proof of (3.i).

We now proceed to proving (3.ii). We assume that V satisfies (13) on Q in the viscosity sense, pick an z, € ),
and prove that condition (WISD) holds. We do this by assuming that the sequences whose existence is asserted by
(WISD) do not exist and deriving a contradiction. We will assume, as we clearly may without loss of generality,
that z* = 0 and V(z*) = 0, i.e., V(0) = 0. In particular, this implies of course that 0 € Q.

Since (WISD) is not satisfied, there must exist a 7 such that 0 < 7,

feeR": o] <7} C O, (25)

and

V(h(v+v")) + hX > hy (26)
whenever 0 < h < 7, (v,A) € ®, 4(0), hllv+2'|| <4, and [[v'|| < 5. (Indeed, if ¥ did not exist, then for each
sufficiently large natural number j we could define 7; = 277, and find hj, v;, Aj, v}, x;, such that 0 < h; <
Vir (05, A5) € @5 (0), hyllu; + il <5, [ljll < 5, and V(R (v; + v5)) + hyAj < 55h;. But then, if we take
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x; = hj(v; +v}), §; = ;, the sequence {(z;,v;,\;, hj,d;,7;)}52, satisfies conditions (1), (2) and (3) of (WISD),
contradicting the fact that V' does not satisfy (WISD).)

By making 4 smaller, if necessary, we can assume that there exist real numbers C, r, such that C' > 0, r > 1 and
I f(z,u)||” < L(z,u) + C whenever ||z|| <7 and u € U. It then follows, if we let

(v, A) = |jv]|" = A= C for (v,\) eR" xR,

that
¥(w) <0 whenever w = F(z,u), ||z < J,ueU. (27)
Since 1) is convex, the inequality ¥ (w) < 0 holds whenever w € (IJ;Y,E(O), and then
[v[" <A+ C  whenever (v,A) € @ (0). (28)

If (v,A) € ©_ 5(0), v" € R", and [[v'|| < 7, then the inequality (a + 8)" < 2"(a” 4 "), valid for nonnegative a, 3,
implies
lv+ oI < (loll + D" < 27(loll” + [I']7) < 27 (A + C+77).-
Pick 7 such that 1 < 7 < r. Let A = 277 Then
o+ 0" = [lo+ 0|7 flo+ 0T S AT o+ T S AT+ C+AT) =272 A+ O+ ) = A+ C 4+
if lu+ 4’| > A. On the other hand, if [[v + || < A, then [jv 4+ o'[|” < A™ < [v]|" + A" < A+ C + A”. Therefore, if
we let C' = C' + max(A”™,4"), and then relabel 7, C' as our new r and C, we have shown that

((U,A) €. (0) AV ER™ A V]| < w) = [+ |F <A+C. (29)
For 0 < § <7, we define
E(;(O)def{(v + 0 A+ X) 1 (0,2) € By (0),0' €R™, V]| <7, X €R, N > o} .
Then
(a) If 0 < 6 <4, then Z5(0) is a closed, convex, nonempty subset of R"*1
(The fact that Z5(0) is nonempty follows because Fy(0,U) C @, (0) € E5(0), and Fy(0,U) # 0 because U # (). The

fact that Z5(0) is closed follows because, if a sequence {(v; +v%, )\ +A})}52, with the property that (v;, A;) € @5 5(0),

v € R, l0f]] <5 € R™, X} > 0 converges to a limit (9, ), then the sequence {v}}52, is bounded, so we may assume
after passing to a subsequence that lim; . v} = v" exists, and then of course ||v’|| <y e R" and limj_,cv; = v
exists as well, since v; + v; — 0, and then © = v + v'. Furthermore, the bound |[lv;[|" < A; + C implies that
A 2 ol = € > ~C, 50

Np= N+ X)) =X <N+ X)) +C.

Hence the sequence {\}}22; is bounded above, because {\; + \;}72; is convergent. Since \; > 0, the sequence
{)\' ©, is bounded, so we may assume it is convergent to a hmlt N, after passing to a subsequence Clearly,
then, A >0, and the limit lim;_ . A\; = X exists as well, and satisfies A =X+ ). Since (v, A) = im0 (5, Aj),
(vj,Aj) € @55(0), and @, 4 (0) is closed, we see that (v,A) € @5 (0). Since [[v'[| <7 € R", and A" > 0, we see that
(9, A) € Z5(0). The convexity of Z5(0) is trivial.)

Let A = {0} x [¥,+00[, so A CR"". We let ¥5(0) be the convex hull of A UZs(0). We show that

(b) If 0 < § <4 then ¥s(0) is a nonempty closed convex subset of R™F1.

(¢) There exist real numbers r,C such that r > 1 and
lv" <A+ C  whenever (v,A) € U5(0). (30)

(d) The inequality
V(hv) + hA > hy (31)

holds whenever 0 < h <7, (v,\) € ¥5(0), and hljv|| < 7.
(e) (0,¢) ¢ W5(0) whenever £ <7

We will prove the above assertions in order, except for the statement that Ws(0) is closed if 0 < § < 4, which will
be proved last.

The fact that ¥s(0) is convex is trivial, and the fact that ¥s(0) is nonempty follows from (a), because E5(0) C
Us(0).

T(‘o)prove (c), we choose r, C' such that » > 1, C' > 0, and (29) holds, and observe that (29) trivially implies that
the inequality ||v]|” < A+ C' is true whenever (v, A\) € 25(0). Since C' > 0, the inequality is also true whenever
(v,A) € A. Hence ||v||” < A+ C whenever (v, )\) =5(0 ) U A, from which it follows that ||v]|” < A + C' whenever
(v,A) € ¥5(0), since the function (v, A) — |[v||” — A — C' is convex.
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To prove (d), we observe that (26) trivially implies that V (hv) +hX > h¥y whenever (v, ) € 25(0), 0 < h < h, and
R|jv]| < 4. (Indeed, if (v, ) € Z5(0), 0 < h < h, and hlv| < 7, then (v,A) = (v, A) + (v/, X'), with (v,A) € P +(0),
v € R", V'] €7, N € R, and M > 0. Then we can apply (26), with @, A in the roles of v, A, and conclude that
V(h(9 +v")) + hA > h7, since h||v +v'|| < 5. Therefore V(hv) + hA > h7, and then a fortiori V (hv) + hA > h7,
since A = A+ A and X > 0.) Assume that (v,\) € ¥5(0). Then we can write (v,\) = a(v’,X) + (1 — «)(0,¢),
with (v/,\) € E5(0), £ > 7, and 0 < o < 1. Let h be such that 0 < h < 7 and hljv|| < 7. If & = 0, then
hv =0and A\ = £ > 7, so V(hv) + hA = V(0) + hé = h¢ > h7. If a > 0, define h = ah. Then 0 < h < 7 and
hllv|| = ah||v'|| = h|jv|| < 7, since v = av’. Therefore V (hv') +hX > h7, since (v',\') € ¥5(0). On the other hand,
(1 —a)ht > (1 — a)hy, since £ > 7. Therefore
V(hv) + hA = V(haw') + haX + h(1 — a)l = V(h') + AN + h(1 — a)l > hy + h(1 — a)§ = hay + h(1 — a)y = h7y,
completing the proof of (d).

Statement (e) now follows easily: if (0,¢) € ¥5(0), then we can apply (d) taking h =7, v =0, A = ¢, and conclude
that ¢ > 42, so that £ > 7.

We now prove that Ws(0) is closed if 0 < § < 7. Let {w;}32; be a sequence of points of W;(0) that converges
to a limit w € R"". We will show that w € U5(0). Let w; = a;(vs, Aj) + (1 — ;)(0,4;), where (vj, A;) € E5(0),
¢; > 7, and 0 < a; < 1. Let w = (v,\). By passing to a subsequence, if necessary, we may assume that the
a; converge to a limit &. If the sequence {(v;, A;)} is bounded, then we may pass to a subsequence and assume
that (6,)) = lim; oo (vj, \;) exists. Then (9,A) € Z5(0). Furthermore, the limit lim; .. a;(vj, \;) exists, so
po=lm;_, (1 — a;)¢; exists as well, and p > 0. Clearly, w = &(?, A) 4 (0,1). If & = 1, then w = (8, \) + (0, ), so
w € B5(0)—and a fortiori w € Ws5(0)—because (0, \) € Z(0) and x> 0. If & < 1, then £ = lim; .o ¢; exists and
satisfies £ = #= and £ > 7. Then w = &(9, A) 4 (1 —@)(0,€), and (9, ), (0,¢), belong to Z5(0) and A, respectively,
so w € ¥s(0). Now suppose that the sequence {(v;, A;)} is unbounded. Then (30) implies that {);} is unbounded.
Since the \; are bounded below, we may assume, after passing to a subsequence, that \; — 400 as j — co. On the
other hand, a;;u; — v and a;A; + (1 —a;)¢; — A. Since both sequences {a;A;}, {(1 —a;)¢;} are bounded below, we
may pass to a subsequence and assume that the limits g = lim;_, o (1 — a;)¢; and v = lim; o a;A; exist. But then

O\1r _ C\1r
ajllvll < a;(hg + O = @A) (1 + Y) = AN 1(1 i Y) =0,
Y Y
since \; 5=z + o0, ajA; 5=z v, and v > 1. Then v = lim; . ajv; = 0. This implies, in particular, that
~ajllvi|| < 7 if j is large enough. So we can apply (d) with A = Ja; and (v, ;) in the role of (v, ), and conclude
that V(yajv;) + Yo\ > Ya;7. On the other hand, (1 — «;)¢; > (1 — «;)7, because ¢; > 7. Therefore

V(’_)’ajvj) + ’_}/Oéj)\j + ’_)/(1 — Ozj)fj > Yo,y + :Y(]_ _ Oéj)f—y _ ,72

for large enough j. If we let j — oo, and use the facts that ajv; —= 0, V is continuous, and V' (0) = 0, we find that

j— o0
AN = limj o0 (Fa; Aj +F(1 — a;)€;) > 72, so A > 7. Therefore w = (0, ) and A > 7, so w € A and then w € ¥s(0).
We have now completed the proofs of (b), (c), (d) and (e). Let w* be the member of ¥5(0) such that

lw*|| < JJwl]| whenever w € U5(0).

(The existence and uniqueness of w* follows from the fact that ¥5(0) is closed and convex.) Since (0,0) ¢ ¥5(0), it
follows that w* # (0,0). Furthermore, the inequality

(w*, w) > [lw*||? (32)

holds whenever w € U5(0), because if w € U5(0) then ||w* + t(w — w*)||* > [w*||* whenever 0 < ¢ < 1, since
w* + t(w — w*) € ¥5(0) for such ¢, and then

[w 1 + [l — w||* + 2t{w”, w — w") > [Jw*]?,

so 2w — w*||? + 2t{w*,w — w*) > 0, which implies t|w — w*||? + 2(w*,w — w*) > 0if 0 < ¢t < 1, and then
(w*,w —w*) > 0 (since we can let ¢ | 0), so (32) holds.

We now let Q be the set of all vectors ¢ € R™™! such that ¢ = hw for some h,w such that h € [0,00[ and
w € ¥5(0). We will show that

(f) Q is a closed convex cone such that Q\{(0,0)} # 0.

(g) (w,q) >0 for all g € Q and (w*,q) > 0 for all g € Q\{(0,0)}.

(h) there exist real constants k_, k4, such that 0 < k_ < k4 and k_||g|| < (w*, ¢) < Kk1]|g|| whenever g € Q.
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Indeed, @ is obviously a convex cone. The fact that Q\{(0,0)} # 0 follows because ¥U5(0) C Q, ¥5(0) # 0, and
(0,0) ¢ W5(0). To show that @ is closed, we pick a sequence {g;}32 0f points of Q) that converges to a limit
g € R""1 and show that ¢ € Q. Write ¢; = hjw;, h; > 0, w; € U5(0). If ¢ = (0,0) then ¢ € @, so we may assume
that ¢ # (0,0) and that g; # (0,0) for all j. Then h; # 0 as well. If the sequence {w;}32; is bounded, then we
may pass to a subsequence and assume that the w; converge to a limit w, which must belong to ¥5(0) because

U5 (0) is closed. In particular, w and the w; are # (0,0). But then h; = Ill‘Z)j-Ill\ = %dgh. Therefore ¢ = hw,
J

so ¢ € Q. Now suppose that the sequence {w;}52, is unbounded. Write w; = (v;,);), and use (c) to conclude

that [[v;||" < A; + C for all j. Then the sequence {);}32; is unbounded, and we may assume, after passing to a

subsequence, that \; — + oco. Since ¢ = lim;_oo(h;vj, hjA;), the sequence {h;\;}52; converges to a finite limit

) j—oo j—oo

. Since p > 0 and (0,%) € ¥5(0), it is now clear that ¢ € (). This completes the proof

1_ 1/r
t, 80 hj —= 0. Then hj|v;|| < hj(\; + C)Y/" = hj)\j)\ji 1(1 + %) == 0. So hjv; == 0. Therefore g = (0, ),
so g = h(0,%), where h =
of (f).

The fact that (w*,q) > 0 for all ¢ € @ follows trivially from the definition of @, because if ¢ € @ then g = hw
for some w € ¥5(0) and some nonnegative h, so (w*,q) = h(w*,w) > h|lw*||* > 0. Furthermore, if ¢ # (0,0) then
h #0,s0 h >0, and then (w*,q) > h|lw*||* > 0, since w* # 0. This proves (g).

Let K = {q € Q : ||g|| = 1}. Then K is compact, so the continuous function K 3> ¢ — (w*,¢) € R attains a
minimum value k_ and a maximum value k4 on K. Clearly, k_ > 0, because (w*, ¢) > 0 for all ¢ € K. Furthermore,

k_llgll < (w*,q) < ky||q| for all ¢ € Q, because the inequalities hold when ||¢|| = 1 and involve functions of ¢ that
are positively homogeneous of degree 1. This proves (h).

==

Next, we define a function o : Q — R by letting o(q) be, if ¢ € @, the largest h € R such that ¢ = hw for some
w € U5(0). (The existence of such a largest h is trivial if ¢ = 0, for in that case the only possible value of h is 0,

since (0,0) ¢ V5(0). If g€ Q and ¢ #0,let H ={h € R: h >0, h~'qg € ¥5(0)}. Then H must be bounded, for
otherwise (0,0) would be a limit of points of ¥5(0), and then (0,0) would have to belong to ¥~(0). If h = sup H,

then the fact that ¥~ (0) is closed implies that h € H, so o(q) exists and is equal to h.) We prove the following
properties of o.

(1) o s strictly positive on Q\{(0,0)}.
(j) o is positively homogeneous of degree 1 (that is, o(rq) = ro(q) whenever ¢ € Q and r > 0).
(k) There exists a constant k € R such that o(q) < k||q|| whenever q € Q.

Statements (i) and (j) are immediate consequences of the definition of o. To prove (k), we assume it is not true,
and find a sequence {gn }5°_; of points of @ such that o(gm) > m/|gn| for all m. We then write gn, = 0(gm)wm,
with w,, € ¥5(0), and use (j) to conclude that o(wy,) = 1 and o(w,) > mllwy,|| for all m. Then [jwy,| < =+, so
wm — (0,0) as m — oo. Since w,, € ¥5(0), and ¥5(0) is closed, we conclude that (0,0) € ¥5(0), contradicting (e).
This completes the proof of (k).

Next, we define

wdef y wdef "
T Qé{quiﬂanV}-
max(1, k)

Then Q* is a convex, compact subset of R"*! such that (0,0) € Q* but Q* contains at least one point other than
(0,0) (because of (f)). In addition, if ¢ = (z,z¢) € Q*, then [|z| < v* < 7, so (25) tells us that x € Q, and then
q € Q2 x R. Hence Q* C Q x R.

We then define a function W : Q x R — R by letting W (x,xg) = V() + x¢ for (z,20) € 2 x R, and observe that
W(q) is defined whenever g € @Q*, because Q* C Q x R.

We then claim that

W(q) > Jo(q) whenever g € Q*. (33)

To prove (33), we first observe that the inequality is clearly true if ¢ = 0. Let us pick ¢ € Q*\{0} and write ¢ = hw,
where h = o(q) and w = (v,A) € U5(0). Then 0 < h, since ¢ # 0, and h < 7, because o(q) < klg|| < ky* < 7.
Furthermore, ||q|| < 7 (because v* < ¥), and g = (hv, hA), so h|lv|]] < 7. It then follows from (26) that W(q) =
V(hv) + hA > hy = Jo(q), completing the proof of (33).

It follows from (33) and (i) that

W(q) >0 whenever g € @*\{(0,0)}. (34)
Now fix a number p such that 0 < p < k_~*, and define
Q" ={g€ Q" : (w*,q) > p}. (35)
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If ¢ is any member of @ such that ||g|| = v*, then ¢ € Q*, and in addition (w*,q) > k_||q|| = k_7* > p, so ¢ € Q.

Hence Q7 is nonempty, and it is clear that Q7 is compact and convex. If ¢ € Q#, then ¢ € Q*\{(0,

0)}, s0o W(q) > 0.

It follows that i > 0, if we let i = min{W(q) : ¢ € Q#}. Since W(0,0) = 0, we may pick a u such that 0 < u < ji,
and use the Clarke-Ledyaev mean value theorem (cf. [4, 5, 6]) to conclude that if 3 is any positive number, and we

use N3 to denote the B-neighborhood of the set ./\/odéf{hq :q € Q7,0 < h <1}, then there exists a subdifferential

(m,m) of W at some point ¢# belonging to Az such that
((m,m0),q) >p forall qeQ¥.
Write ¢# = (#, ). Then, if we write ¢ = (z, x) for ¢ near ¢# , we have

W(g) =W (g#)—m - (e —a#) —mo(zo )

lim inf Z >0.
a—a* o —2#||+|zo — 27 |
Taking ¢ = (, m#), this implies
— #Y . (p — o#
lm inf V(z) =V (x#) -7 (x — a¥) >0,
so 7 is a subdifferential of V at z7.
Taking ¢ = (27, 2¢), we get
o _
lim inf —0 %0 70 (io 20) -,
IQHZO# |],‘o — JJO ‘
so mo = 1.
Now, if u € U, and we let w = (f(«#,u), L(x¥,u)), then w € P, 5(0), sow € Q. Let ¢ = quﬁ

so ¢ € Q*. Furthermore, (w*,q) > r_||q|| = k_v* > p, so ¢ € Q#. Therefore

<(7T77T())7 q> > u,

that is,
’V*

(s ) + L6# ) > 0

Therefore
i (o) + Lo, u) > Ll s letlle
oA v

o)

~r, fa#, ) — L) < 1L

Y

Since (40) is true for every u € U, we can conclude that

Sup{ o <7T,f($#,u,)> - L(x#,u) = U} < ”u’}:JN <0.

(36)

- Then |[¢| = ~7,

(37)

(41)

But 7 is a subdifferential of V' at 27, and then (41) contradicts the fact that V is a solution of (13) on (2 in the

viscosity sense. This contradiction establishes (3.ii) and completes our proof.

5. The compactness theorem.

O

Ify = (Q,U, f, L) is an augmented control system, and ¢ is a positive number, an e-approzimate augmented trajectory
of 3 is a locally absolutely continuous curve I > t — Z(t) = (£(t),&(t)) € R™T! having the property that there exists

a measurable function I 3 ¢ — v(t) € R™ such that

(1) |lv(@)]| < e for almost all ¢t € I,

(2)

(1]

(t) = (v(t),0) € F(&(t), U) for almost all t € 1.
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Remark 5.1 Roughly speaking, an e-approximate augmented trajectory of ¥ is an augmented trajectory of the

“c_extended system” 3¢ = (Q,Us®, f¢, L*) whose control space U¢ is the Cartesian product U x {v € R™ : |jv|| < e},
and whose dynamics f¢ and Lagrangian L° are given by

[z, u,0) = f(z,u) +v, L(z,u,v) = L(z,u).

More precisely, a curve = = (&, &) : I — R™"! is an e-approximate augmented trajectory of 3 if and only if Z is
locally absolutely continuous and there exist functions I 3 ¢ — n(t) € U, I 5t — v(t) € {v € R : ||v]| < €} such that

v is measurable and Z(t) € F.. (&(t),U°®) for almost every t € I. The definition of an augmented trajectory of 3° s
exactly the same, except that in that case the requirement that v be measurable is omitted. O

Theorem 5.2 Let 3 = (Q,U, f,L) be an n-dimensional locally uniformly continuous, locally coercive augmented
control system such that Fs(x,U) is closed and convex for every v € Q. Let K be a compact subset of 2, let T' be

a positive time, and let k € R. Let {¢, }J"‘;l be a sequence of positive numbers such that e; — 0 as j — o0, and let

== ({j,fg) be, for each j, an €;-approzimate augmented trajectory of S, defined on the interval [0,T], such that

gty € K for all t € [0,T], €(0) = 0, and &(T) < k. Then there exist a subsequence {ZI*)12  of the sequence
=J 221 and an augmented trajectory = = (£>°,£5°) of = (U, f,L) such that

(i) §°(0) =0,
(ii) the sequence {§j(k)}z‘;1 converges uniformly to £°°, and

(iti) liminfy .o inf {ATR)(2,5):0<s<t <T} >0, where, if j,j' € NU {400}, we define
A (1) (€ (1) — € (9) — (& (1) = & (9)). (42)

Proof. Pick constants r, C, such that r > 1, C' >0, and || f(z,u)||” < L(z,u) + C whenever z € K, u € U, and
a function w :]0, 400 [+ [0, 400] such that lim, o w(s) and ||Fy(z,u) — Fy(2',u)|| < w(s) whenever z,2" € K and
|z — 2’| < s. Choose, for each j, a measurable function v/ : [0, 7] — R™ and a function 1’ : [0,7] — U such that

o)l < &5, €7(8) = (&2 (), 77 (1)) + v(t), and &(t) = L(/(s), 77 (s)) for almost all ¢ € [0, T).

Let C" =2"(C +€"). Then for each j the coerciveness condition implies the inequality

€7 (1)]|" < 2" L(& (t), 77 (t)) + C” for almost all ¢,

because
£ (), (2)) +
(I @),n’ (t)
2" £ (), 0’ )" + 27l |"

( (0.7 (1) +C) +27¢"

TL(E (1), (1) + C7,

from which it follows that fOT |€7(t)||"dt < 2"k + C'T. Then the sequence {7 (t )}524 is uniformly bounded in L", so
we may assume, after passing to a subsequence if necessary, that the weak L"- hmlt ¢ =w-lim; . & exists. Then

the ¢/ converge uniformly as j — oo to a limit £ such that £ (t) — £°(s) = f: C(r)dr for all s,t € [0,T]. After
passing to a subsequence once more, if necessary, we assume that

€7 )11 v(®)"

M+ o))"

ININIA

167 (t) — €2 ()| <277 forall j €N, t€[0,T]. (43)

Let 67 (t) = éé(t)—i—C. Then the 67 are nonnegative, because & (t) = L(&7(t), 77 (t)) > —C. Furthermore, the sequence
{Qj ;?021 is bounded in Ll([O,T],]R)7 because

T T
167 1 :/ 07 (1) dtz/ (E()+C)dt < k+CT.
0 0
The space L'([0,7],R) can be embedded in the usual way in C°([0,T],R)" (the dual of C°([0,T],R)), which is the

space of finite Borel measures on [0, 7], by means of the map v — 1, that assigns to each function ¢ € L*([0,T],R)
the Borel measure fi,; such that

©) :/0 Y(t)p(t)dt for every ¢ € C°([0,7],R).
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Then we may assume, after passing to a subsequence for a third time, if necessary, that the weak* limit p° of

the measures p/ déf/,bgj defined by the #7 exists as j — co. The measure ;™ then has a decomposition
oo __ Moo,ac + Moo,at + Moo,sing
into the sum of an absolutely continuous part, an atomic part, and a singular part. Since the measure p>° is positive,
because it is a limit of positive measures, the three components %€, ;1o [;°:5"9 are positive as well. Let §>°
be the Radon-Nikodym derivative of 1°°, so §°° is an integrable function on [O T such that
T

o) = / 0= ()p(t) dt for € CO((0,T), R).
Define

€°(t) = —Ct + / 0> (s (44)
and then set 2 = (£%°,£5°).

We will show that Z°° is an augmented trajectory of the system 3. To see this, we observe first of all that
by construction the functions £> : [0, 7] — R™ and &° : [0, 7] — R are absolutely continuous, and their derivatives
at t are equal to ((t) and 6°°(t), respectively, for all ¢ in a subset G of [0,7] such that [0 T)\G has measure
zero. Let A be the set of atoms of u> ot and let B be a subset of [0,7] of Lebesgue measure zero such that
wuos9(10, TI\B) = 0. Then the set G’ = G\(AU B U {T}) has measure T and pu**(G’) = p°>>5"9(G") = 0. Let
G" be the set of points of density of G’ that are Lebesgue points of ¢ and 6°°, so G” has measure T as well.
(Recall that a Lebesgue point of a Scalar— or vector-valued integrable function o defined on an interval [a,b] is a
point ¢ €]a,b[ such that limy o + ft lo(s) —o(t)||ds =0.) Let t € G”, and fix an h such that 0 < h < T —t. Let
Ein=1[t+h NG, so the Lebesgue measure |Ey | of By, satisfies limy o h™1|Ey | = 1. Using the facts that the
Borel measure p°% + ;559 is regular and (% + p**™"9)(E, ) = 0, we can find a relatively open subset Uy j,
of [0,T] such that E;j C Uy p and (u®? + po5m9)(Uy ) < h%. We then let Uy, = U pN]t,t+ [, so Uy is an
open subset of R, Uy, C]t,t+ h[, and (u° + p°*"9)(U, ;) < h%. Using the regularity of Lebesgue measure we
can find a compact subset K 5, of Ey 5 \{t,t+h} such that |K; | > |Epp| — h?. Then of course limp, o h ™! |K¢ p| = 1,
and Ky, C Uy, for each h. Let @ p(s) = dist(s,R\U; ), so ¢ : R — R is continuous, @, 5(s) = 0 whenever
s & Upp, and @y 5 (s) > 0 whenever s € Ky j,. If we let

B = min{@in(s):s€ Kypt,
@t,h(s) = min(@t,h(s), 5t,h) )
ern(s) = 5{;1@,}1(5) )

then ¢, 5, is a continuous real-valued function on R such that 0 < ¢, 5 (s) <1 for all s, ¢ n(s) =1 for all s € Ky,
and ¢ (s) = 0 for all s € R\U, 3. In particular, ¢ 1 (s) = 0 whenever s ¢|¢,t+ h|.
Let a;p = ftt+h orn(s)ds = fjoo: ©¢,n(s)ds. Then

|Et,h| — h? < at.h <h,

from which it follows that
. Gth
lim ——

hlo h

t+h
/ P.p(s)ds =
t

5;(h) =279 4 WM P(2"|k| + C"T)V/".

=1.

Let ¢y, = a;,:tgouh. Then

If h > 0, write

Then, if s € [t, + h], we have . 4 4
1€7(s) =€ < [1€7(8) = €= @)+ [1€7(s) = & ()]

A

iy [ )
< 2 [ g
. s 1/r
9—J — /e J Td
< 20+ -0( [ 1€ )
, o 1/
277 4 plle I(r)||" dt
< 2wl [ )
T ,
< 2wl [ L@@+ )
0
279 4 WM P(27|k| + C'T)YT

A

dj(h).
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For almost all s € [t,t + h], the derivative Z7(s) exists and is equal to Fy(€7(s),77(s)) + (v7(s),0). Hence

1=7(s) = F5 (€ (1), 77 ()| < w(d;(h)) +e5,

dist(Z (s), F(6(1),U) < w(8;(h)) +¢; -

Aih_/ Yen(s dé‘—/ Vi (s

dist(A] j,, F(6(1), U) < w(8;(h)) +¢;, (45)

from which it follows that

Therefore the average

also satisfies

because Fy (£>°(t),U) is closed and convex. As j — oo, the vector functions 55 converge weakly in L™ to (, so

Yen(s)€ (s)ds — G (s)((s)ds = Gn($)€7(s) ds
[ [ [

as j — 00, j € J. The integral ft wtyh(s)fc’o(s) ds satisfies
t+h t+h

Yin(s)E%(s) ds = Ve n(8)EX(t)ds + Erp = E°(t) + Evn
¢

t

where
t+h

Eip = ¢t,h(3)(éoo(3) - foc(t)) ds

t

and we have used the fact that f:+h Pp(s)ds =1
The error term &, j, satisfies

t+h . . A A~
|En| < max { Yy p(s):s€0,T]} x / 1€ (s) — £°(t) || ds = ha;ic‘)tﬁ = nin,
t

where ay p, = hat ny S0 oy — 1l as h | 0, and Ein= t+h |€2°(s) — £(t)| ds. Then
lim sup | / wt,h@)éﬂ'(s) ds — (1) < aunéun. (46)
j—oo,j€J t

To analyze the behavior of the integrals
def
L= / Yin(s)85(5) ds
we write £)(s) = 67(s) — C, so

T
I, =—Ch+ / V()09 (s) ds = —Ch + / Grn($)09(s)ds = —Ch+ [ ndpd
t 0

(0,77]
Hence
1}, — —Ch+ o Yr.p(8) du™(s) as j — o0 (47)
Write
wt h / e n( s)ds + e n(s)dp™(s),
(0,7 0,7
where (% = p° + M°°75i"9. Since £5°(s) = 69 (s) — C, (47) implies
By= [ i@ s+ [ v di(s) asi— oo, (43)
[0,T7] [0,77

The integral f[o by Yen(s)dp™(s) that occcurs in (48) is a nonnegative number, and is bounded above by
max{y; p(s) : s € [0,T]} times 4> (Uy,p), since 1), vanishes outside Uy j,. Therefore

0< Yen(s)dp™(s) < h2a[,1 = hayp, (49)
(0,77 ’

On the other hand, the integral f[o 7] Vi (5)E5°(s) ds satisfies

. t+h . . .
Prn(s)8o° (s) ds = /t Prn(8)65°(s) ds = §5°(8)) ds + By = &7 () + Evn (50)

(0,77
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where
t+h

Ein = Ve ()€ (s) = £5°(¢)) ds

t

and we have used the fact that ftHh Y n(s)ds = 1.

The error term E} ;, satisfies

t+h . R .
|E¢.p| < max {Q/Jt’h(s) 1S € [O,T]} X / 1€5°(s) — &5°(t) | ds = ha;iEnh =B,
¢
where
. 1 [t .
Ba=y [ - wlas.
t

It follows from (48), (49), (50), and the bound |E, | < ozthf?t?h, that

lim sup ’Itj)h - §8°(t)‘ < aynh+ EAtyh) . (51)

j—oo,jed

If we now combine (46) and (51), we find that

limsup HAi,h_Eoo(t)H Sat7h(h+Et7h+gt7h). (52)

j—oo,jed
Then (45) implies that

dist(Eoo(t), Fy(£>(1))) < at’h(h—i—EA’t,h—&-St,h)—i-lir_n sup(w(d;(h))+e;) .
J—00
Hence, given any j,., we have
dist(2°°(t), Fe(€°(1))) < arn(h+Eop+E 1) +sup{w(d;(h))4ej : § > jut.

Given any positive number 3, we can find a positive v such that w(s) < § whenever 0 < s < v, and then find j,, h.
such that 6j(h) < v whenever j > j. and 0 < h < h,, and €; < 8 whenever j > j,. Then we can pick h such that
0 < h < hy, and a;p(h+FEyp+E.1) < 8. Then dist(Eoo(t),Fﬁ(foo(t))) < 38. Since B was arbitrary, we conclude
that dist(Z(t), F(6<(1))) = 0, so 2%(t) € Fg(£(t)), because Fg(£>(t)) is closed. Since this is true for almost

all t € [0,T], and = is absolutely continuous, we have shown that Z*° is an augmented trajectory of .

By construction, the & converge uniformly to £€°°. Also, it is clear from (44) that £5°(0) = 0. To conclude our
proof, we have to show that

liminf ;o inf {A?®(2,5):0<s<t<T} >0, (53)

where A7>°(t,s) is the quantity defined in (42). Suppose that liminf; . inf {A?>(t,5):0<s<t<T}<0. Pick a
number 3 such that 3 > 0 and liminf;_, inf {Aj"x’(t, 8):0<s StST} < —30. Then there exists a subsequence
{Ej(k)},;";l of {Ej};»";l such that inf {Aj’oo(t,s) 0<s<t< T} < —20 for all k. We can then choose, for each k,
members s and t; of [0, 7] such that s; < t; and

(60 (1) = & (s1)) — (€ (tr) — £ (1)) < =P (54

By passing to a subsequence, if necessary, we may assume that the s; and the ¢; converge to limits s, t. Clearly,
then, s < 't.
If s =t, then

12

190 -89 = [ gPwan= [ @00 - 0)de = - 50,

k

so the fact that limy_ o (£5°(tx) — £5°(sk)) = O implies the inequalities
timinf (6% (0) = 6% (1)) = (6°(0) — &2(s0) ) = iminf (6% (1)~ ® (54)) — Tim (63 (1) €5 (s1))
lim inf (™ () — & (1)
lim inf(=C(tx — sx))
klij;o(—c(tk — 51))
0,

[ VAR

which clearly contradict (54).
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Now assume that s < ¢. Fix a positive number 7 such that 2y <t — s, and let ®,; - be the set of all continuous

nonnegative functions ¢ : R — R that vanish outside the interval [s 4+ v,¢ — 7] and are such that ¢(v) < 1 for all
v € R. Then

k—oo sk

. . e
tmint (6% (00 - §9(0) = tmint [ g 0o

123
= liminf / "9 (0) — C) dv

k—oo

tr .
= liminf ( —C(ty — sk) + / 93 (k) (v) dU)
Sk
123

= —C(t—s)+ likm inf 03 (v) dv
—00 Sk

tr )
> —C(t—s)+ likm inf/ ©(v)07 ) (v) dv

Sk

— —C(t—8)+liminf/ p(v)dp’™® (v)

k—oo

= —C(t—s)+ lim o(v)dp? ®) (v)
k—oo [O,T]

= C(t-9)+ / (W)™ ()
[0,T7]

> (- + / (W) Ay (v)
[0,T7]

= —C(t—2s) +/ ©(v)0%°(v) dv

/ P(0) (07 (v) — C) dv
- / PR () dv,

where, for the first inequality, we have used the fact that [s +v,t — 7] C [s, tx] when k is large enough. Therefore
. - t .
timinf (5 (t) - € (s)) = / (V)& (v) dv

for every ¢ € @, . Hence

t—y

. . . t . .
timinf () (t) ~ " (s1)) = sup { / PO (V) dv: 9 € Dy} = / () dv = §°(t =) = (s +7).
00 s s+
Since 7 is arbitrary, we can let v | 0, and conclude that

timinf (&* () = €M (1)) 2 67(0) — 66°(5) = lim_ (&6°(t) — €5°(s1))
so liminfy_, (( g(k)(tk) - g(k)(sk)) — (& (tk) — 680(81@))) > 0, contradicting (54). This completes the proof of
(53). &

6. Trajectories of steepest descent.

We recall from §2 that MSDy, |, denotes the set of all maximal augmented trajectories of Y from z of steepest
descent with respect to V' and that, as explained in Proposition 2.6 and the remarks preceding its statement,
MSDy, ,, . is always nonempty for trivial reasons, because the trivial trajectory ZL" always belongs to SDy,
and once we know that SDy, |, . # 0 it follows immediately from Zorn’s Lemma that SDg, y, . must have a maximal
element.

The truly nontrivial and useful result is the statement that maximal steepest descent trajectories not only exist
but are “large,” in the sense that they are “right-unbounded.” Precisely, if £ : I +— § is a curve, we say that £ is
right-unbounded if (i) the interval I is open on the right (that is, if 7 = sup I, then either (a) 7 = +o0 or (b) 7 is
finite and does not belong to I), and (ii) if 7 is finite, then for every compact subset K of Q) there exists a 7 such
that 0 < 7 < 7 and &(¢t) ¢ K whenever 7 < t < 7. (Equivalently, condition (ii) asserts that lim,;, £(t) = ocoq,
where cog is the point at infinity of the one-point compactification of €2.)
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Theorem 6.1 Let S = (Q,U, f,L) be a locally coercive, locally uniformly continuous augmented control system such
that Fe(x,U) is closed and convex for every x € Q2. Let V : Q +— R be a continuous function that satisfies (138) on

Q in the viscosity sense. Let x, € ), and let = = (£,&) be a mazimal augmented trajectory of S from x, of steepest
descent with respect to V', defined on an interval I. Then £ is right-unbounded.

Proof.  We assume that the conclusion is not true and derive a contradiction. Pick a = = (£,6§) € MSDg

that violates the conclusion. This means, to begin with, that = is defined on a bounded interval I, and, in addition,
this interval is either of the form [0, 7], with 0 < 7 < 400 (the “right-closed case”), or of the form [0,7 [, with
0 <7 < +0o0o (the “right-open case”). Furthermore, in the right-open case there exist a compact subset K of 2 and
a sequence {t;}52, such that t; € I and {(t;) € K for all j, and lim; ... t; = 7. In order to treat the right-open and

right-closed cases together, we also choose a compact subset K of Q and a sequence {t;}22, in I in the right-closed
case, subject to the only requirements that {(¢) € K for all ¢ € [0, 7] and ¢; — 7 as j — oo. (For example, we could
just choose K = {£(t) : 0 <t <7}, ¢t; =7 for all j.) Then in both cases the t; belong to I and converge to 7, and

the &(t;) belong to K. In addition, we pick a function 7 : I +— U such that Z(t) = F(£(t),n(t)) for almost all ¢t € 1.
Fix a positive number ¢ such that the compact set

Ks = {z € R" : dist(z, K)| < 6}

is contained in 2. Then use the fact that ) is locally coercive to choose r,C such that r > 1, ¢ > 0, and
[[f(z,uw)||” < L(z,u)+ C for all x € K5, u € U. Let

V = max{|V(z)| : z € Ks}.
If p = =5, so that % + % =1, and we define
5(0) 2o (01/”(2|V| +(C+ 1))+ 0) ,

then &(o) goes to zero as o | 0. Therefore we can pick o such that §(o) < 6.
Now suppose that we are in the right-open case. Given any j, the point x; = £(¢;) belongs to K. Let

Sj:{te]:tztjA(vs)((tjgsgt):»g(s)eK(;)}.
Then S; is a subinterval of I, whose left endpoint is ¢;.
If t,t' € S;, and t' <, then the steepest descent property of Z implies that
o(t) + V(E(1) < &(t) + VI(E(H)),
SO _
o(t) — (') < V(E() — V() <2V,
since both £(t) and £(t') belong to Ks. Furthermore, the inequality
[1£(&(s),n(s)II" < L(&(s), n(s)) + C

is true for all s € S;, since £(s) € K for all such s. Therefore

o -ew = | [ éa

N

< I1€(s)] ds
"

I
-
—
oy
—~

w
N~—
3
—
»
N~—
=
QU
%

t

IA

—~

~

\

~
~
~
—
-~

©

(
< a-ty( [ weo e+ ow)”

= (= tYP(C(t— 1)+ Eolt) — &)YV
= (t=t)YrCH—t)+ 2V
< %5(t—t’).

Now pick j so large that 7 —t; < o, and apply the above inequality with ¢’ = ¢;. Then
1- 1
lE®) — &) < 55(0) < 55 for all te€S;. (55)
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Hence, if we let ¢ = sup S}, it is impossible that ¢ < 7, because if ¢ < 7 then ¢ € I, and (55) implies that
[£(¢) — &(t;)|| < 36, from which it follows, by continuity, that there exists a positive o such that [|£(¢) — &(t;)]| < 0
for t <t <t+4a; but then £(t) € K5 if t <t < t+a, since {(t) € K; therefore t+a € S;, contradicting the definition
of t.

Therefore t = 7, and this implies that S; = [t;, 7 [, so £(t) € Ks for all ¢ € [t;, 7 [. Then the bound

L(&(s),n(s)) + C = [[f(&(s), ()"

holds for almost all s € [t;, 7 [, showing in particular that the function

[tj,7[3 5 $(s)EL(E(s),n(s) + C

which is measurable because L(£(s),n(s)) = £o(s), is nonnegative. Hence, to prove that 1 is Lebesgue-integrable on
[tj, T [, it suffices to show that the integrals ftt] (L(&(s),m(s)) + C)ds, for t; <t < 7, are bounded above by a fixed
constant. But, if £; <t < 7, then

¢
[ @) + 0 ds = &o(t) = &olts) + e~ 1)) <2V + Co.
tj
Therefore 9 is Lebesgue-integrable on [t;, 7 [, and then £ is also Lebesgue-integrable on [tj, T [, because Go=v—C.
Since & is Lebesgue-integrable on [0,¢,], we conclude that & is Lebesgue-integrable on [0,7[. Hence the limit
2 = limyp &(t) exists, and the extended function & : [0,7] — R defined by &7 (t) = &(t) if 0 < t < T,

58# (1) = x# , is absolutely continuous.
In addition, the bound

)™ = 1 ECs) ()" < LE(s),m(s)) + C = w(s),

valid on [t;, 7 [, shows that £in L” on [sj,T[, so a fortiori ¢ is Lebesgue-integrable on [sj,7 [, and then the limit
x# = limyy, (t) exists and belongs to Ks (because 27 = limy_,« £(t,) and the £(t¢) belong to Ks), and the extended
function &7 : [0, 7] — Q defined by &7 (t) = £(¢) if 0 <t < 7, (1) = xo#, is absolutely continuous.

Hence we have constructed an absolutely continuous extension Z# = (5#75# ) of E to the closed interval [0, 7].
Clearly, Z# is also an augmented trajectory of ) starting at x, at time 0, and the fact that = is of steepest descent
with respect to V and V is continuous implies that Z# is of steepest descent with respect to V as well. Therefore =
is not maximal, because we have constructed an extension to a strictly larger interval. It follows that the “right-open
case” cannot arise at all.

We now analyze the right-closed case, and show that it cannot arise either. We do this by constructing an
extension =# of = to a =# € MSDy, . defined on the interval [0,7 + o]. This will, of course, contradict the
assumed maximality of =, and conclude our proof.

=€

To construct =#, we construct e-approximate augmented trajectories Z° : [1,7 + o] — Q x R of Y that are
“e-approximately of steepest descent,” and such that =Z¢(7) = Z(7). We then pass to the limit as € | 0, using the

compactness theorem (5.2), and get an exact augmented trajectory 2 : [r, 74+0] — QxR of 3 such that Z(7) = Z(7),
which is exactly of steepest descent.

Write # = ¢(7), 27 = & (7). Fix an e such that 0 < ¢ < 1. Let Z. be the set of all triples (I',Z’, S") such that
1) I’ is a subinterval of 7,7 + o] such that 7 € I,
2) 2 = (¢,&) : I' — Ks x R is an e-approximate augmented trajectory of 3,
(1) = (a#, 2},

S’ is a strongly e-dense subset of I’ such that £y(s) + V(£'(s)) + e(t — s) > &,(t) + V(£'(¢)) for all s,¢ € S’ such
that s <'t.

3

)
)
)
4)

(
(
(
(

(We say that a subset S of an interval J is strongly e-dense if for every ¢ € J there exist s,s’ € S such that s <t < &
and &' — s <e.)

We partially order Z. by stipulating that, if (I;,=2;,5;) € 2. for ¢ = 1,2, then (I1,Z1,51) = (I2,E2,S2) iff I} C I,
=1 is the restriction of Z5 to Iy, and S1 = Sy N 1.
It is clear that Z. # (), because the triple ({7},Z,# ,, {7})—where Z,# . is the map Z: {7} — Q x R such that

E(7) = (z%,&(7))—belongs to Z.. If Z is a totally ordered subset of Z., we show that Z has an upper bound
(I,,=,,S.) in Z.. This conclusion is trivial if Z = (), for in that case we can take (I,Z,S.) = ({7}, Z.# ., {7}).
Assume that Z # (). Let I, be the union of the intervals I’ for all the members (I',=',S’) of Z. Then I is clearly

=/

a subinterval of [7,7 + o], and 7 € I'. If t € I, we define E/ (t) = Z'(t), where (I',=',5") is any member of Z such
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that t € I. Write =, = (£],& ). Then Z| is obviously well defined, and is an e-approximate augmented trajectory
of & such that ¢.(7) = z# and §o0..(1) = 2. We then let

s= U 9. (56)
(I',2",8 ez
We want to prove that the triple (I}, =/, S.) is an upper bound for Z in Z.. If we show that
(I.,=.,5.) € Z., (57)

then the fact that (I, 2., S.) is an upper bound for Z is immediate, so all we really need is to prove (57).
It is evident that the trlple (I.,Z.,5%) satisfies the first three of the four conditions in the definition of Z.. Let

* ‘—‘*a
us show that it satisfies the fourth one as well. If ¢ € I, we can find (I"”,Z",8"”) € Z such that t € I, Since S”
is a strongly e-dense subset of I”, there exist s1,s9 € S” such that s; <t < s5 and s5 — s; < . Then s; and s
belong to S%, and this establishes that S’ is a strongly e-dense subset of I.. Now, if s1, sy are members of S/, such
that s; < s, then we can find (using the fact that Z is totally ordered) a member (I',Z',S") of Z such that s; and
s9 belong to I'. Tt then follows easily that s; and s must belong to S’. Then, if we write ' = (£, ), the fact that
s1€ 85, 82€ 8, 51 <s9,and (I',E,95) € Z,, imply that

o(51) + V(€' (51)) +e(s2 — 51) > &p(s2) + V(€' (s52)) -
Hence
£0.+(51) + V(E(51)) +e(s2 — 51) > & . (52) + V(EL(s2)) -

Since this is true for any two members s1, s of S. such that s; < sg, we conclude that the fourth condition holds
as well, and the proof of (57) is complete.

We have shown that every totally ordered subset of Z. has an upper bound in Z.. Therefore Zorn’s Lemma
implies that Z. has a maximal element (I’,Z’, S"). We claim that I’ = [r, 7 + o]. Suppose this was not true. Then
either

(A) I' =[r,¢] for some ¢ such that 7 < { <7+ o0,
or
(B) I' = [, (] for some ¢ such that 7 < { < 7+ 0.

We shall exclude both possibilities.

Write = = (£',§p). Let B- = {v € R" : ||lv|| < e}. Let I’ 5 ¢ — (1/(),v(t)) € U x B be a function such that the
function v(+) is measurable, and the equalities £'(t) = f(&'(t),n'(t)) + v(t) and &)(¢) = L(£'(¢),n'(¢)) hold for almost
allt e I'.

Let t € I'. Then there must exist a £ € S’ such that £ > ¢. Also, 7 must belong to S’, because 7 is the leftmost
point of I’. Then

§(m) + V(E(T) +e(t —7) = &) + V(E(D),

so (since € < 1)

€(t) = &o(r) < et — 1)+ V(§'(r) = V(E(®) <2[V[+0.
We then have (using the fact that ||v(s)|| < 1, which is true because € < 1),

/ 1€)ds = [ 1FE () () +v(s)]ds
(€(),7/()) + v(s) | ds

IA
=

IA
=
—~
753
—~
~—

'(s))lds + / lo(s))lds

< @ [IrEoaenrs) v
< ([ we@aen+as) vo
< o (gm - g +ci-n)" +o
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< Ul/p(2|V|+U+CU)1/T+0’
1.
1

< =0.

< 3

Also, if we let 0(s) = £,(s) + C = L(£'(s),n'(s)) + C, then 6 is nonnegative and

/ 0(s)ds g/ 0(s)ds = €4(F) — €)(r) + C(F— ) < 27| + (C + D)o

Since t is an arbitrary member of I’, the above inequalities imply that the functions & and 6 are integrable
on I'. Since I' is bounded, & is integrable as well. This implies, in particular, that the limits limg, ;¢ £(t) and
limgt, 4 ¢ €)(t) exist. Hence, if (A) holds, we can extend Z’ to the closed interval I’ d§f[7',7' + (], and the result is a
curve =’ in R"*! which is obviously an e-approximate augmented trajectory of 3. If we then define S" = S"U{r+(},
then S’ is a strongly e-dense subset of I'. Now, if s1, s are members of S’ such that s; < so we have to prove that
Eh(s1) + V(€ (s1)) + e(s2 — s1) > E(s2) + V(€'(s2)). This is clearly true if s, < 74 ¢ or if s; = s5. So the only
remaining case for us to consider is when s; < so = 7+ (. But in that case we can take a sequence {v,}32, of points
of I such that vy T 7+ as £ — oo, and vy > s; for all £. Then we can pick, for each £, a wy, € S’ such that v, < wy.
On the other hand, s; € S, since s; < 7+ ¢. Therefore &)(s1) 4+ V(€' (s1)) + e(we — 51) > & (we) + V(€' (wy)) for all
£. If we let £ — oo and use the continuity of 56 and V, we find that

& (s1) + V(€ (s1)) +e(s2 — 51) = §(s2) + V(' (s2))

as desired. This completes the proof that the extension (I’,Z',S") of (I',E/,5’) is also in Z., a fact that of course
contradicts the maximality of (I’,Z’,5’) if (A) holds. We have thus derived a contradiction from the assumption
that (A) is true. Hence (A) is excluded.

We are thus left with Case (B), that is, the possibility that I’ = [r,7 4+ (] and ¢ < 0. We now proceed to exclude
this case. The integral calculation done above shows that

T+C .
[ i<

€t +0) -l < 3. (58)

Since &'(7) € K, (58) implies that, if ¢ = &’'(7 + ¢), then dist(q, K) < g. In particular, ¢ is an interior point of Kj.
Using Theorem 4.1, we construct sequences {z;}5%, {v;}32;, {A\;}521, {hi}521, {75152 in ©, R", R, R, and R,
respectively, such that

N >,

SO

(1) the inequalities ij > 0, v; > 0, [l&j — ¢ = hyvjll < hyjvj, V(z;) < V(g) = hyA;j + Ry, hold for all j,
(2) (v, ;) € Fy(q,U) for all j,
(3) hjlo,’}/jl(), andxj—>qasj_>oo_

We let (vj, A;) = Fy(q,uj), uj € U, and write 0; = hj_l(zj —q), so that

10 — vl <5 - (59)
Choose j so large that the following conditions are fulfilled:
h; < e, (60)
€
Vo< 5 ) (61)
lz; —all < B8, (62)

where 3 is a positive number such that § < % and w(f) < 5.
Then

hillogll < llzj —qll <5 <
Define a new trajectory &7 : I# +— R", where

Y + ¢+ by,
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by letting

e#(s) = €'(s) if T<s<rt+¢,
T at(s—T=Q; if TH(<s<TH(+hy,
and augment it by defining
& (s) =
€o(s) it T<s<THC,
Qo+ [7, LEF(v),u5) dv if T+(<s<TH(HDy,

where go = &)(7 + (). Let Z# = (¢7, 5# ). Then =% is clearly absolutely continuous, and its restriction to [7,7 + (]
is an e-approximate augmented trajectory of 3. If s belongs to [T + (, 7 + { + h;], then
. 1)
167 (s) = qll < hl5]] < 3
Therefore £#(s) € Ks. Then

E#(s) = (v, LE#(5),u5)) = (f(g,u5), L(EF (), u)) = Fy (€% (), u5) + (w;(s),0),
where w;(s) = f(q,u;) — F(€¥(s), uy).

Since [|€#(s) — q|| < hyl|vjl| < B, we have ||w;(s)|] < w(B) < e. Therefore Z# is an e-approximate augmented

trajectory of X.
Clearly, £# (7 + ¢ + h;) = zj. Therefore,

V(E#(T+(+hy) = V()
—hiAj +hiv
= V(E#(T +Q) = hiL(q, uj) + hj;

A
=

T+(+h; T+(+h;
= Vo) - [ e @apdo- [ (Law) - HEF@Lw)) dot
T4+C¢ T+(¢
VEFE+O) + G+ - r+C+hy) +E
where E = — :_:_<<+h ( q,u;) — L(£#(v), u])) dv + hjv; . Then E < hjw(B) 4+ hjv; < eh;. Therefore

V(EF(r+C+hy) SVEF(T+O) + & (1 + ) — €5 (T + ¢+ hy) + el B,
that is,
V(EH(T+ Q) + & (1 + ) +ehy > V(EF(T+C+hy) + € (T +C+ hy) . (63)

This last inequality implies that, if we define S# = S’ U {7+ ( + h;}, then we can easily show that S# is a strongly
e-dense subset of I# such that

V(E#(51)) + & (51) + (52 — 1) = V(E%(s2)) + & (52) (64)

whenever s1,s, € S# and sy > s1. The strong e-density follows because S’ is a strongly e-dense subset of I’ and
hj < e, since T + ¢ necessarily belongs to S’. Inequality (64) is clearly true if s; = sy or both s; and s, belong to
S’. To verify that it holds in the remaining case, that is, when s; € S” and sy = 7 + ( + h;, if suffices to use once
again the fact that 7+ ¢ € S, so

V(E#(s1) + & (s1) +e(r+ = s1) 2 V(E*(T + O + & (T +0) - (65)

If we add (63) and (65), and cancel the sum V(6% (7 + ) + & (7 + ¢) that appears on both sides of the result, we
get

V(E#(51) + & (s1) +e(r+C+ by —51) 2 V(EF(T+ C+ hy)) + & (T +C+ hy), (66)
that is,
V(€ (s1)) + & (s1) + (52 — 51) > V(€% (52)) + &8 (s2). (67)

It then follows that (I#,Z#,S#) belongs to Z.. Since (I',Z,S") < (I*#,Z#,8#) but (I',=',85") # (I*,E#,S%),
we have arrived at a contradiction, which this time has arisen from the assumption that (B) holds. Hence (B) is
excluded as well.

It now follows that I’ = [7,7 + o]. In other words, we have shown that there exists an e-approximate augmented
trajectory 2. = (&, &p,c) of 3 which is defined on [r, 7 + o], and is such that there is a strongly e-dense subset S. of
[, T + o] having the property that
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V(&(s1))+&o,c(s1)+e(s2—51) >V (€e(52)) +0,(52) (68)

whenever s1, 55 € S, and s; < ss.
Clearly, the points 7, 7 + ¢ must belong to S.. If we aplly (68) with s; = 7, so = 7 + o, we find the bound

50,5(7 + U) - 50,6(7-) < 2“7‘ +to.
Therefore, if {£;}52, is a sequence of positive numbers that converges to 0, we can apply Theorem (5.2) with T' = o
and 27 = (¢,€)) = (&, o,,), where &, (s) =&, (s +7) and &, () = &oe; (s +7) — &o.,(7) for s € [0,0. Then,

after passing to a subsequence, we may assume that there exists an augmented trajectory = = (£°°,£5°) of 3 such
that

(i) &°(m) =0,
(ii) the sequence {&7

0
Jj=1

converges uniformly to £*°, and
(i) liminf; o inf {AT°(t,5):0<s<t<T} >0, where, if j, ;' € NU {+00}, we define AIT" as in (42).

We now show that = is an augmented trajectory of steepest descent of S from z# with respect to V. For this

purpose, we pick s1, so € [0, 0] such that s; < s9, and prove that
V(E7 (1)) + &7 (s1) = V(£ (s2)) + §5° (s2) - (69)
For this purpose we pick, for each sufficiently large j, points s{, s% in S, such that
s{ §81+T§81+8j<Sg—8j§82+7'§8g.

(We assume that s; < s, because (69) is trivially true if s; = s5.) Then

V&, (s1) = VI, (s5) +25(sh — s1) = €oe, (53) — o, (s1) (70)
that is,
V(E(s]—7) = V(E(sh =) +ei(sh—s1) > &(s) 7)) g (s -7 | |
= (b —7) = &°(s] — )+ AT(sh — 78] — 7)
> €°(sh —7) = £°(s] — 1) +inf{AT®(t,5) 1 0< s < t < 0}

Then

V(ES(51) - VE(s2) = lim (V(E(s]-) V(€ (s}-)+es(s— )

j—oo

> liminf (£6<s% —7) = &(s] - 7))
J—00

— liminf (530(55 —7) = €°(s] — ) + AF®(sh — 7, 5] — T))
Jj—00

> liminf (530(5;' — 1) — €2(s] — 1) + Inf{AT®(£,5) 1 0< s <t < a})
j—00

= lim (580(5% —7) —EX(s] — 7)) + lim inf (inf{Aj’w(t, 5):0<s<t< O’})

j—o00 j—o0

= &°(s2) — &5°(s1) + liminf (inf{Aj’oo(t,s) 0<s<t< (T})
j—o0

£ (s2) = &5 (s1) -

We have thus proved (69), thereby establishing that = is an augmented trajectory of 3 from z# of steepest descent
with respect to V. If we now concatenate = and =°° in the obvious way, by defining

5#(5):{5(8) if 0<s<rT,

vV

Ex(s—71) if 71<s<7+40,

_J %ls) if 0<s<r,
5#(5)_{§8°<(>?57)+§0(7) if T§§§:+a,

then =# is an augmented trajectory of 3 from z, of steepest descent with respect to V, defined on [0,7 + o]. This
contradicts the maximality of =, and concludes our proof.
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7. The dynamic programming inequality.

Theorem 7.1 Let Q be an open subset of R™, and let f : Q— R", L: Q — R be continuous maps. Let V : Q+— R
be a continuous function that satisfies

—VV(z)- f(z)— L(x) <0 (71)

on ) in the viscosity sense. Then for every x,. € Q there exists a curve £ in , defined on an interval I that contains
0, such that

(1) € is an integral curve of f (that is, £ is locally absolutely continuous and E(t) = f(£(t)) for almost every t € 1,
from which it follows that £ is continuously differentiable and £(t) = f(&(t)) for everyt € I),

(2) £(0) = .,
(3) V(&(s)) S V() + f; L(&(v)) dv whenever s,t € I and s < t,
(4) & is right-unbounded.

Proof. Let U be a set consisting of a single point @. Let ¥ be the augmented control system (Q,U, 1, i), where
f(z,u) = f(z), L(z,a) = —L(x). Then ¥ satisfies all the hypotheses of Theorem 6.1.

Let V = —V. We claim that V satisfies sup{—VV(z) - f(x,u) — L(z,u) : w € U} > 0 in the viscosity sense. To

prove this, we have to pick a point = € 2 and a subdifferential p of V at x, and show that sup{—p- f(x, u) — L(z,u) :
ueU} >0, ie., that

—p- f(z)+ L(z) 2 0. (72)

But, if p is a subdifferential of —V at x, and we let m = —p, then it follows that « is a superdifferential of V' at z.
Since V satisfies (71) in the viscosity sense, this implies that —= - f(2) — L(xz) < 0. But then p- f(z) — L(z) <0, so
—p- f(x) + L(z) > 0, and (72) has been proved.

We can therefore apply the trivial Proposition 2.6 to the augmented system Y and the function V, and conclude
that there exists a maximal augmented trajectory = = (£,&y) of ¥ from z, of steepest descent with respect to V,

and then use the nontrivial Theorem 6.1 to conclude that ¢ is right-unbounded. The fact that € is a trajectory of %
means, of course, that £ is an integral curve of f. The steepest descent condition says that

V) 2 VE®) + [ (~LE@)) do

whenever 0 < s <t < 7. But this says precisely that

t
V(EW) < V(Ew) + [ LEw)ds
whenever 0 < s <t < 7. Hence ¢ satisfies all the desired prope(rties7 and our proof is complete. &

The following result is then a trivial corollary of Theorem 7.1.

Theorem 7.2 Let X = (QU,f,L) be an n-dimensional augmented system such that the map
Q>3 zw— (f(x,u), L(xz,u) is continuous for each w € U. Let V:Q— R be a continuous function that satis-
fies (14) on Q in the viscosity sense. Then for every x. € Q and every piecewise constant function n : [0,00 [— U
there exists a curve € : I — Q, defined on a subinterval I of [0,00([, such that

(1) 0 €I and £(0) = z,,

(2) € is a trajectory for the control n (that is, £ is locally absolutely continuous and f(t) = f(&(t),n(t)) for almost
everyt € I)

(3) V(&(s)) < V(1) + fst L(£(v),n(v)) dv whenever s,t € T and s <t,
(4) & is right-unbounded. o

Theorem 7.2 has the following immediate consequence.

Theorem 7.3 Let ¥ = (QU, f,L) be an n-dimensional augmented system such that the map
O3z (flx,u), L(xz,u) is continuous for each u € U. Let V:Q+— R be a continuous function that satis-
fies (14) on  in the viscosity sense. Let Z(£,&p) : I — Q X R be a locally uniquely limiting augmented trajectory of
3. Then the dynamic programming inequality

V(&(s)) < V(&) + &o(t) — &ols)
holds for all s,t € I such that s < t. &
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8. Proof of Theorem 2.9

According to Theorem 7.3, the dynamic programming inequality holds along every almost locally uniquely limiting
augmented trajectory. The hypothesis that every augmented arc has an almost locally uniquely limiting improvement
then implies that the dynamic programming inequality holds along every augmented trajectory. If we apply the
inequality to an augmented arc = that starts at a point x and ends at the target, and use the fact that V=0 on

the target, we find that V(z) < J(Z). Hence V is bounded above by the value function V.
To prove that V' > V7, we pick z €  and use Proposition 2.6 to conclude that there exists a maximal augmented

trajectory 2 = (&, &) of 3 from z of steepest descent with respect to V, and then use Theorem 6.1 to conclude that
¢ is right-unbounded. We then invoke our hypotheses to conclude that = ends at the target. Then V(z) > J(Z), so
V' is bounded below by the value function, and our proof is complete. &
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