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1. Introduction

The purpose of this note is to present some new results,
together with a number of particularly simple and user-
friendly versions of results obtained in recent years
by the author and M. Malisoff, on the uniqueness
of solutions of the Hamilton-Jacobi-Bellman equation
(HIJBE) for deterministic finite-dimensional optimal
control problems under non-standard hypotheses. Our
approach is completely control-theoretic and totally self-
contained, using the systematic construction of special
trajectories of various kinds, and not involving any PDE
methods. We will not assume that the Lagrangian is
positive, or that the dynamics is Lipschitz-continuous.

We  will consider autonomous  Lagrangian
optimization problems involving a state wvariable x
which takes values in an open subset € of R", a control
variable u taking values in a control space U, and a
target set T, which is a closed subset of the closure of
Q disjoint from €2 itself. The dynamics is given by an
ordinary differential equation

T = f(ajv u) ) (1)
the cost functional to be minimized is
(&)
J = © L(&(t),n(t)) dt, (2)
(where 7_(¢), 74+(§) are, respectively, the initial

and terminal times of the trajectory &), and the
minimization is supposed to be, for each initial state

z € Q, over the set A2 of all pairs = (& &) such
that

(i) E consists of a trajectory & of (1) (i.e., a locally
absolutely continuous function & that satisfies

&(t) = f(&(t),n(t)) for almost all ¢) corresponding
to some U-valued control n, and a “running cost”
function ¢p corresponding to £ and n (ie., a
locally absolutely continuous function &y such that

£o(t) = L(£(t),n(t)) for almost all t);

(ii) € starts at z, and “ends at the target” in a sense to
be defined precisely later.

We will refer to a pair 2 = (£,&p) for which (i) above
holds as an “augmented trajectory” of our system,
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because it really is a trajectory of the “augmented
control system”

z = f(x,u), Zo = L(z,u) (3)

obtained from (1) by “adding the cost as an extra
variable” in a well known way. We will write J(E),
rather than just J, for the left-hand side of (2), because
it is easy to see that the natural arguments for our
cost functional J are really augmented trajectories, since
(i) one cannot just regard J as a functional of £ only,
because the integral of (2) involves the control 7 as well
as &, but on the other hand (ii) the cost is completely
determined once we know ¢ and a running cost &,

because in that case L(£(t),n(t)) = &o(t).
The infimum V(z) of the costs J(Z) of all augmented

trajectories = € A?T is the wvalue of our problem at

x. (If the set AE’T is itself empty, then of course
V(z) = +00.) The function V : Q — RU {—o00, +o0} is
the value function of our problem.

Our goal is to prove uniqueness theorems, showing
that a viscosity solution of the HJBE that satisfies
an appropriate boundary condition is necessarily the
value function. “Uniqueness” is to be understood as
“uniqueness within a class defined by some additional
properties,” such as the class of all functions that are
continuous and bounded below.

We will work with a class of systems which
is sufficiently general to capture some interesting
phenomena not commonly addressed in the
literature, and at the same time restricted enough
to make it possible to prove strong theorems.
In particular, we will asume that the sets
Fe(z,U) ={(f(z,u), L(z,u)) :u € U}  are  closed
and convex, but will not require them to be compact,
and will instead impose a “local coerciveness” condition,
according to which, locally, an inequality of the form
If(z,w)||" < L(z,u) + C, with C > 0 and r > 1,
holds uniformly with respect to u. We will also require
f(z,u) and L(z,u) to be continuous with respect to
x, with the continuity being uniform with respect to u
locally in x.

On the other hand, we will most definitely not require
that the dynamics f(z,u) be Lipschitz-continuous with
respect to x, since one of the main purposes of this work
is to clarify the exact role of the Lipschitz-continuity
assumptions often made in the viscosity literature. The
answer we will propose is as follows:

(a) Without any Lipschitz-continuity hypotheses, one
can prove, for continuous viscosity solutions V' of
the HIJBE, an existence theorem for trajectories,
asserting that, starting at every point of x of ,
there is a maximally defined “augmented trajectory
of steepest descent,” that is, a maximally defined



pair E = (§,&) defined on a interval I such
that 0 = min I, and having the property that the
inequality

V() + &o(t) = V(E(s)) + So(s) (4)

holds whenever s,¢ € I and s < ¢t. (This is Theorem
6.1 below.)

(b) As a trivial corollary of the existence of steepest
descent trajectories (applied to —V and —L),
we get the existence of “DPI trajectories”
(where “DPI” is an acronym for “Dynamic
Programming Inequality”), i.e., augmented
trajectories & = (&, &y) along which the inequality

V(@) + &o(t) < V(E(s) + &ols) (5)
(that is, the exact opposite of (4)) is satisfied.

(c) The existence result of (b) says that for every
“sufficiently nice” (e.g., piecewise constant) control
7 there exists a trajectory of n with the given initial
condition along which the DPI holds. This is
almost, but not quite, what is needed to prove that
V' is bounded above by the value function.

(d) The gap between the existence result for DPI
trajectories and what would actually be needed
to prove that V is bounded above by the value
function is that to achieve the latter goal one needs
the DPI to hold for all trajectories, and it is not
enough to have just one DPI trajectory for every
intial condition and every control.

(e) The gap described in (d) clearly does not exist when
there is uniqueness of trajectories for every given
control and initial condition.

(f) In particular, the gap does not exist when, for
every admissible control 7, the corresponding time-
varying vector field (x,t) — f(x,n(t)) satisfies a
Lipschitz-Carathéodory condition that guarantees
uniqueness of trajectories.

(¢) Naturally, the Lipschitz-Carathéodory condition
can be replaced by weaker conditions that
guarantee uniqueness, such as the requirement that
a bound

(f(w,n() = fly,n(t),x —y) < k@®)|lz—yl*, (6)
with k integrable, hold locally.

(h) Even more generally, the only property that
really matters is that, if we pick a sequence
{n;}j=1 of piecewise constant controls such that
our augmented trajectory Z can be approximated
by augmented trajectories Z; corresponding to the
n;—with, say, the same initial condition—then the
E; converge to Z uniformly no matter how the Z;
are chosen. We call such trajectories “uniquely
limiting,” and use this concept in the statement of
our main theorem.

The following important issues will not be discussed
here:

(1) Whether the value function itself satisfies the
conditions of our main theorem, i.e., whether it is
a continuous viscosity solution of the HJIBE and
whether it is bounded below.

(2) What happens when the sets F(x,U) are not
closed and convex. (This would require considering
relaxed controls, and using trajectories for which
the steepest descent property holds approximately
rather than exactly. It turns out to be
possible to extend our results under fairly general
conditions, provided our system has appropriate
local controllability properties.)

Remark 1.1 The approach followed here owes a great
deal to the book [11] by A.I. Subbotin. We point out,
however, that Subbotin considers viscosity solutions
of PDEs of the form F(x,u(z), Du(z)) = 0, where
the Hamiltonian F(x,u,p) is required to be globally
Lipschitz with respect to the momentum variable p
(cf. Equation (2.2) in page 9 of [11]). A somewhat
weaker hypothesis is also considered later, in which the
Lipschitz requirement is replaced by the condition that
for any A > 0 there exists a positive constant p(A) such
that the estimate

[F(2,2,8) = F(a,2z,p)| < p(A)(L+ s —pl)

holds for all s € R™ such that |s|] < A and all
p € R™ (cf. page 37 of [11]). In particular, even with
the weakened requirements, these hypotheses are not
sufficient to cover, for example, coercive problems of
the kind discussed here, such as linear quadratic optimal
control. (For example, for the optimal control problem
of minimizing the integral 3 [(2? + u?), with a scalar
state x and a scalar control u, and dynamics & = u, the
function F' is given by F(x, z,p) = %(pzfxz). Therefore

F(SL’,Z,S) - F(J],Z7p) = %(82 - p2) = %(S +p)(8 - p)’
and for the desired estimate to be satisfied the sum s+p
would have to be bounded by a constant p(A) for all
s € R™ such that ||s|] < A and all p € R", and such a
bound obviously does not hold. O

2. The main theorem

If n is a positive integer, an n-dimensional control
system is a triple ¥ = (Q,U, f) such that Q (the state
space of X0) is an open subset of R™, U (the control space
of X)) is a nonempty set, and f (the dynamics of X)) is a
map Q@ x U 3 (z,u) — f(z,u) € R™

An n-dimensional augmented control system is a
4-tuple ¥ = (Q,U, f,L) such that ¥ = (Q,U, f,L) is
an n-dimensional control system and L (the Lagrangian
of ¥) isamap Q@ x U > (z,u) — L(z,u) € R. (In
that case, the state space, control space, and dynamics
of ¥ are also called the state space, control space, and

dynamics of 3.)
An augmented control system ¥ = QU f, L) is

continuous if the maps Q > z — f(z,u) € R™ and
>z +— L(z,u) € R are continuous for each fixed

u. We call & uniformly continuous on a subset S of )
if there exists a function w :]0,00[— [0, 0] such that
limg) o w(s) = 0, having the property that

1f (2, w) = Fy, w)ll + [ Lz, u) = Ly, w)| < w([lz—yl)



whenever z,y € S and u € U. We call ¥ locally
uniformly continuous if it is uniformly continuous on
every compact subset of Q, and globally uniformly
continuous if it is uniformly continuous on 2. We

say that Y s Lipschitz continuous if the maps
Q>z+— f(r,u) eR™ and Q@ > z — L(z,u) € R
are Lipschitz continuous for each fixed u. We call
uniformly Lipschitz continuous on a subset S of  if
there exists a positive constant C' such that

I1f (@, u) = fy, w)|| + [L(z, u) = L(y, u)| < Clle —y||

whenever z,y € S and v € U. We call ¥
locally uniformly Lipschitz continuous if it is uniformly
Lipschitz continuous on every compact subset of €2, and
globally uniformly Lipschitz continuous if it is uniformly
Lipschitz continuous on 2.

Remark 2.1 Naturally, the concepts of continuity,
uniform continuity, Lipschitz continuity, and uniform
Lipschitz continuity, also make sense for a control
system ¥ = (Q,U, f), by taking the same definitions
given above and omitting the parts that refer to L.
In order to avoid having to make a similar remark
for other concepts to be introduced in the future, we
adopt the convention that any concept X that we define
for an augmented control system ¥ = (Q,U, f, L) is
automatically understood to apply to a control system
¥ =(Q,U, f), in the sense that “X of ¥” means “X of

the augmented system 3 = (Q,U, f,0).” &

The augmented control system > = (Q,U, f,L) is
coercive on a subset S of € if there exist real constants
r, A, C, such that A >0, C >0, r > 1, and

|f(z,uw)]|" < AL(z,u)+ C forallz € S,ucU. (7)

We call 3 locally coercive if it is coercive on every
compact subset of 2, and globally coercive if it is coercive
on ().

Remark 2.2 If ¥ is coercive on a set S, then it is
always possible to choose C, r, such that C' > 0, r > 1,
and (7) holds with A = 1. Indeed, let A, C, r be such
that A > 0, C > 0, r > 1, and (7) holds. Pick p such
that1<p<r,andlet5:ﬁ. Let x € Q, u € U.

Then, if || f(z,u)||"? > A, we have

N e
17wl = el
AN AL(z,u) + O)

IN

C
= L —_
(e,0) +

< L(z,u)+ % + A%,
while on the other hand, if || f(z,u)||"™” < A, we find

that
1 (z, w)[|? ([f (@, w)[|"7)*
AS

A7 f ()| + A°
AN AL(z,u) + O) + A*

INININ I

C s
L(:mu)—i—z—&—A .

Hence (7) holds if r, C; A are replaced by p, % + As,
and 1. &

For an augmented control system 3 = (U, f,L), we
define a map Fy : QO x U R"™*1 (called the augmented
dynamics of ) by letting Fy(z,u) = (f(x,u), L(z,u))
for x € 2, u € U. We say that N satisfies the convexity
and upper semicontinuity condition if, for each x € Q,

o, U) = oo UtFs @, 0) : |2/ ~all <&}, (8)

e>0
where “Co” stands for “closed convex hull,” and
def

P, U2 (£(w, u), L(z,u)) : w € U}.

Remark 2.3 If & = (Q,U, f,L) is locally uniformly
continuous, then 3 satisfies the convexity and upper
semicontinuity condition if and only if the set Fy(z,U)
is closed and convex for every = € (). Indeed, the
“only if” assertion is trivial, since the right-hand side
of (8) is obviously closed and convex. To prove the
“if” part, we fix x € Q and assume that Fy(z,U) is
closed and convex. We choose a § such that 6 > 0 and
Bg(;v)déf{m’ € R™: |2/ —z| < ¢} C Q and a func-
tion w :]0, c0[— [0,00] such that limsjgw(s) = 0 and
| Fs,(y,u) — Fs(2,u)|| <w(|ly—z|) whenever v € U and
Y,z € Bs(x). We then pick

ve N @(U{Fi(x’, U): ||z — | < g})
e>0
and prove that v € Fy(z,U). We let g, = 27F, and
use the fact that v € @(U{Fi(',U) Sl =z < 5k})

to find, for each sufficiently large k, a member vy
of the convex hull of J{Fg(z',U): 2" — x| < er}
such that |lv — || < ek. We then write
v = E;liol ag,;jFs(Tk,j, uk,;), where the xy ; belong to
 and satisfy ||y ; — || < e, the ug ; belong to U, and

. . 1
the oy ; are nonnegative and satisfy E?io ap; = 1.

Then || Fy(z,uk,j) — Fs(x,ur ;)| < w(er). Therefore,

. 1
if we let wp = Z;:o ag,jFs(z,up;), we have

lwr — vk|| < w(er). Hence wy, — v as k — oo.
Since Fy(x,U) is convex, the wy belong to Fy(z,U).
Since F(x,U) is closed, v € Fy(x,U), and the proof is
complete.

R A target for an augmented control system
YX=(Q,U, f,L) is a closed subset 7 of R™ such
that 7 C Closure Q2 and 7 N Q = 0.
A trajectory of ¥ = (Q,U, f, L) is a locally absolutely
continuous curve
I>t—¢(t) e, 9)
defined on a nonempty subinterval I of R, having the
property that £(t) € f(£(¢),U) for almost every t € I.

An augmented trajectory of X is a locally absolutely
continuous curve

15t 2(1) = (€(1), &) €Q xR, (10)
defined on a subinterval I of R, having the property that
E(t) € F(&(t),U) for almost every t € I.

The initial time, or starting time of a trajectory &
(resp. an augmented trajectory 2 = (&, &y)) with domain
I is the time 7_ (f)déf min I (resp. 7_ (E)déf min [)), if
the minimum exists, i.e., if I is bounded below and



its infimum belongs to I. If the initial time of ¢
(resp. Z) exists, then (i) the point x_ (f)def§(7_(£))

(resp. m,(E)défg(T,(E))) is the starting point, or initial
point, of & (resp. =), and (ii) the ordered pair
0_ (O (r_(6).2_(6)) (resp. O_(E)< (r_(2), ()
is the initial condition of € (resp. 2). If 0_(§) = (¢, z)
(resp. O_(E) = (t,x)), we say that £ (resp. Z) starts at
z at time t. R

If T is a target for X = (, U, f, L), then a trajectory
¢ or augmented trajectory Z = (£,&y) with domain [
ends at T if the limit

EME lim £(t)

tTsup I
exists and belongs to 7. )
For each =z € €, we let Afﬂ— be the set of all

augmented trajectories 2 = (£, &) of 3 such that
(i) 0-(8) = (0 z),
(ii) £(0) =

(iii) = ends at the target,

(

iv) the limit fo(T)dif limy jsup domain = &o(t) exists.

If=2= (&) € AiT then the cost of E is the number
def
J(E)=&(1). (11)

The wvalue function of the optimal control problem
defined by S and the target 7 is the function
VZ:QUT +— RU{—00,+0c0} given by

b3 inf{J(Z): 2 € A> if z€Q
VT(”:):{ 0 e Aer} if zeT.

Ifv . Q — Ris a function, then an augmented
trajectory of by of steepest descent with respect to V is
an augmented trajectory = = (£, &) of 3 such that

Sols) +VI(E(s)) = &lt) + V(&)

whenever s,t € domain= and s <t. (12)
We use SDg ,, to denote the set of all augmented

trajectories of S of steepest descent with respect to V,
and SDg ., to denote the set of all = € 8Dy, such

that 0_(E) = (0, z).

If x € Q, a mazimal augmented trajectory of N from
x of steepest descent with respect to V is a = € 8Dy , .

that cannot be extended to a = € 8Dy, y,,, defined on

an interval which is strictly larger that the domain of
E. We use MSDy ,, . to denote the set of all maximal

augmented trajectories of 3 from z of steepest descent
with respect to V.

Remark 2.4 We have set up our definitions in such a
way that the notion of “maximal augmented trajectory
of steepest descent” always means “maximal within the
class SDi_sz of augmented trajectories = of steepest

descent with initial condition Jd_(Z) = (0,z), for a
fixed z € Q.” (In other words, there is no such thing
as a “maximal augmented trajectory;” there are only
“maximal augmented trajectories from a given point

z.”) Since all the members of 8Dy, start at time
0 at the point z, the only way that a = € SDE Vs
defined on an interval I (that necessarily starts at time

0), could fail to belong to MSDy, y, ., would be for =
to be “extendable to the right,” that i is, such that there

exists an extension = € SD¢ which is defined on

X, Ve
an interval I that also starts at 0 and is strictly larger
than I. Naturally, it may also happen that = can be
extended on the left, to an augmented trajectory = of
steepest descent defined on an interval I =]-¢,0] U I for
some positive €. But such an extension will of course no
longer start at time 0, so its existence does not affect
the possibility that = might belong to MSDyg,, .. <&

Definition 2.5 . If Q is an open subset of R", and
&:1—Q is a curve, we say that £ is right-unbounded if

(i) the interval I is open on the right (that is, if
T =sup I, then either (a) 7 = 400 or (b) 7 is finite
and does not belong to I),
and
(ii) if 7 is finite, then for every compact subset K of

Q there exists a 7x such that 0 < 7 < 7 and
&(t) ¢ K whenever 7 <t < 7.

(Equivalently, condition  (ii) asserts  that
limy 1, £(t) = 0coq, where coq is the point at infinity of
the one-point compactification of €2.) &

The following observation is completely trivial given
our definitions, but we state it explicitly as a separate
result for future reference. We emphasize that this
trivial result is valid wunder mo technical hypotheses

whatsoever on % or V. The reader is warned that the
result is not a true “existence theorem” for trajectories
of steepest descent, even though at first sight it may
appear to be, because the member Z of M‘S‘Div,x
whose existence it asserts could very well turn out
to be_the trivial trajectory Eirv where Z is the
map =: {0} — Q x R such that =(0) = (z,0). The
true ex1stence theorem,” yielding the existence of
a nontrivial maximal trajectory of steepest descent
and, in fact, asserting the stronger conclusion that
every maximal trajectory of steepest descent is right-
unbounded in the sense of Definition 2.5. This will
be proved later (cf. Theorem (6.1) and, naturally, will

depend on our technical hypotheses on S and V.

Proposition 2.6 If ¥ = (QU, f,L) is an augmented
control system, V. : Q — R is a function, and
x € Q, then the set MSDy, , . of mazimal augmented

trajectories of )y from x of steepest descent with respect
to V is nonempty.

Proof. Fix x. Let Z be the set of all pairs (I,Z)
such that I is a subinterval of [0,00[, 0 € I, and
2=(£&):I— QxR is an augmented trajectory of

> which is of steepest descent with respect to V' and
such that £(0) = x. We partially order Z by stipulating
that, if (1;,=;) € Z for i = 1,2, then (I1,51) < (I2,E2)
iff Il C I, and = is the restrlctlon of 25 to I

It is clear that Z # (), because the pair
({0}, Elriv)—where E is the map defined above,

in the paragraph preceding the statement of our



proposition—belongs to Z. If Z is a totally ordered
subset of Z, we show that Z has an upper bound (I, E,)
in Z. This conclusion is trivial if Z = (), for in that
case we can take (I,,Z,) = ({0}, Elrivy. Assume that
Z # (. Let I, be the union \ of the intervals I for all the
members (I, Z) of Z. Then I, is obviously a subinterval
of [0, 0], and 0 € I. If t € I, we define =, (t) = Z(t),
where (I, Z) is any member of Z such that ¢t € I. Write
Z« = (&, €0,%). Then E, is obviously well defined, and
is an augmented trajectory of 3 such that £,(0) = z.
If t € I, then we can pick (I,Z) € Z such that t € I,
and then =Z,(s) = E(s) for all s € I, and in particular
for all s € [0,¢], since [0,¢] C I. Furthemore, if we
write 2 = (&, §o), then the fact that = € SDg, |, implies
that V(2) > &(t) + VIE(L) = €o,. () + V(. (1)), Since
t is an arbitrary member of I,, we have shown that
=, € SDXA:,V. Therefore (I,,&x) € Z. Furthermore,
it is clear that (I.,Z,) is an upper bound for Z. So we
have shown that every totally ordered subset of Z has an
upper bound, and that Z # (). Therefore Zorn’s Lemma
implies that Z has a maximal element (I, E,). Clearly,
such a maximal element is a member of MSDyg, , ., and

our proof is complete. &

An augmented arc is an augmented trajectory whose
domain is a compact interval. If = = (£,&) is an
augmented arc with domain [a, b], then an improvement
of = is an augmented arc =/ = (& ,f’ ), with domain

[, 1], such that &'(a) = &(a), &) = £(b), and
&) = &a) < &) - &la).

Ify = (Q,U, f,L) is an augmented control system,

then an augmented arc 2 = (§,&y) of 3 with domain
[a,b] is umquely limiting if there exists a sequence
{n;}52, of piecewise constant functions 7; : [a,b] — U

such that

(*) if {E;}52, is an arbitrary sequence of mazimally
defined augmented trajectories of S such that
a € domain(=Z;) and Z;(a) = E(a) for every j,
then [a,b] C domain(=;) if j is large enough, and
=; — Z uniformly on [a,b] as j — co.

Example 2.7 Suppose E = (£,&) is an augmented arc
of ¥ with domain [a, b] such that

(#) there exist a positive number 9§, a function

n:la,b) — U, and a function ¢ : [a,b] — [0, 00],
such that
(i) 20) = (fl@n®) Lin(t)) for almost
every t € [a,b],

(ii) the map t = (f(z.0(t)), L(,n(1))) , on the
compact set
LE{ta<t <bA e —£(0)] <),
is measurable for each x € Q,
(iii) the map x +— (f(:c,n(t)),L(z,n(t))) , on the
compact set
'Sz e Q: lz - @) < ),
is measurable for each t € [a, b,

(iv) @ is integrable,
(v) the inequality

(f@n®)=f@ n(e),2=a’) < p()]la—a’|
holds whenever t € [a,b], ||x — &(¢t)|| < §, and
2" =@ <9,

(vi) the inequality |L(z,n(t))] < ¢(¥)
whenever t € [a,b] and ||z — £(t)]] < 4.

holds

Then Z is uniquely limiting. The proof is essentially as
follows. By dividing [a, ] into small intervals, we can
assume that there is a fixed compact ball B such that
B C Q, ¢ is entirely contained in the interior of B, and
the bound of (v) holds whenever t € [a,b] and z,z’ € B.
We then write F*(x) = (f(z,u, L(x,u)) for each x € B,
u € U, and observe that the set F = {F"®) : t € [a,b]}
is a subset of the separable Banach space C°(B,R"*1).
Then [a,b] > t — F7® is an L' CO(B,R"*!)-valued
map. Therefore one can approximate this map in L'
by piecewise constant F-valued maps. In other words,
one can find a sequence {7;}52; of piecewise constant
G-valued functions (where G = {n(t) : t € [a,b]}), and
integrable functions k; : [a, b] — [0, +-00], such that
(

1S (@, n(t)) = f (2, m; ()| +| L, m(t) = Lz, m; (8)] < k; (t)
whenever ¢ < t < b, x € B, and j € N, and
limj oo [ kj(t)dt = 0. Then, if a < ¢ < d < b, and
¢ :le,dl — B, 8 :[c,d — B, are trajectories of 1, n;,
respectively, Gronwall’s inequality yields the bound

16(6) = B(E) ] < el 7% (s |+ 1c(c) — ()]

if t € [e¢,d]. If we apply this with ¢ = a and { = ¢,
letting 6 be any trajectory §; of n; starting at £(a) at
time a, and defined on some subinterval [a,d] of [a,b],
we see that, as long as j is large enough, the maximum
of the [|£(t) — &;(¢)]| is bounded by a small constant.
This guarantees that &; actually exists on the whole
interval [a,b], and then the Gronwall bound implies
that £; — & uniformly as j — oo. Then the integrals
f; L(&;(s),ni(s))ds differ from fat L(&;(s),n(s))ds by
less than ||k;||p1, in view of the bound

| Lz, n(t)) = L(z, ﬂj(t))l < k;(0),
)

andftL s,n(s)ds—>f L(&(s),m(s)) ds as j — oo,
because L( i(s),n(s)) — L(&(s), ( )) for each s, and
IL(&;(s),n(s)] < (s). &

An augmented trajectory E = (£, &) with domain I is
locally uniquely limiting if for every compact subinterval
I’ of I the restriction of = to I’ is uniquely limiting.

An augmented trajectory = = (£,&) with domain I is
almost uniquely limiting if there exists a finite subset B
of I such that the restriction of = to every subinterval
of I\B is locally uniquely limiting.

If Q2 is an open subset of R™, we say that a function
V : Q+— R satisfies the inequality

V(z), f(z,u)) — L(z,u) :u €U} >0 (13)

sup{—(V



on () in the viscosity sense if

(Vi) whenever © € Q and p € R" is a
subdifferential of V' at x, it follows that

sup{— (p, f(z,u) — L(z,u) :u € U} > 0.

(We recall that, if  is open in R"™, then a subdifferential
of a function V : Q +— R at a point & € ) is a vector
p € R™ such that

o V@) = V@ —p- (@)

e [ — 2|

>0.)
Similarly, we say that V satisfies the inequality

sup{—(VV(z), f(z,u)) — L(z,u) :u e U} <0 (14)

on €2 in the viscosity sense if

(V_) whenever x € Q and p € R" is a
superdifferential of V' at x, it follows that

sup{7<p,f(x,u)> - L(x,u) RS U} <0.

(A superdifferential of V' at z, is a vector p such that
—p is a subdifferential of —V at z,.)

We say that V' satisfies the equation

sup{—(VV(z), f(z,u)) — L(z,u) :u € U} =0 (15)

on ) in the viscosity sense if it satisfies (13) and (14) in
the viscosity sense.

Remark 2.8 The definition of “viscosity solution”
given here is known to be equivalent to the more
common one involving test functions, cf. [1]. &

Our main result is the following theorem:

Theorem 2.9 Let & = (QU, f,L) be an augmented

control system, let T be a target for S, and let
V:QUT — R be a function. Assume that

(1) S s locally uniformly continuous, locally coercive,
and such that Fg(x,U) is closed and convex for
every x € ().

(2) V is continuous.
(8) V satisfies (15) on Q in the viscosity sense.
(4) V wanishes on T .

(5) Every augmented arc has an almost locally uniquely
limiting tmprovement.

(6) Whenever x € Q, E = (§,§) € MSDgy,,, and §
is right-unbounded, it follows that = € AQ%T.
Then V = V;.

Remark 2.10 Condition (6) was essentially introduced
by M. Malisoff, cf. especially [9]. &

3. Examples

Example 3.1 (Linear-quadratic — optimal  control.)
Consider the standard linear-quadratic optimal control
problem, in which z, u take values in R", R™,
respectively, the dynamical law is

& = Ax + Bu, (16)
the Lagrangian is given by
L(z,u) = 2" Rz + u'Su,
the square matrices R, S are strictly positive definite,
and the pair (A, B) is stabilizable. We take the target
set 7 to consist of the origin of R™. (In order to satisfy
the condition that Fy (z,U) is convex for every x € €,

we add a new scalar nonnegative control variable v,
in such a way that the dynamical law (16) remains

unchanged but the Lagrangian L is replaced by L, where

L(Jc,u,v)défL(x,u) + v.) The crucial technical issue
here is the fact that the Lagrangian is not bounded
away from zero. The hypotheses of our main theorem
(including the coerciveness, which follows from the
positive definiteness of S) are easily verified as long as
V is bounded below. The only nontrivial point is the
verification of condition (6). To prove that this holds,
let = : [0,7[— R™ x R be a right-unbounded maximal
trajectory of steepest descent with respect to V' that
does not end at the target, and write 2 = (£, &) in
the usual way. Then 7 has to be infinite, because if
7 was finite then the boundedness of the cost (arising
from the fact that Z = (&,&) is of steepest descent
and V is bounded below) would trivially imply an L?
bound on the control, from which it would follow that
= can be extended to the closed interval [0,7], and
then the assumption that = does not end at the target
would enable us to use Proposition 2.6 and Theorem 6.1
(applied with Q = R™\{0}) to extend Z even further,
contradicting maximality. So 7 is infinite. On the other
hand, the fact that V is bounded below and = is of
steepest descent implies that the integral

/OOO (f(t)TRg(t) + ,,(t)fsn(t))dt

is finite, if 7 is an open-loop control that generates =.
But then ¢ and 7 are square-integrable, so the condition
that £ = A+ Bn implies that £ is square-integrable and
has a square-integrable derivative, and then Barbalat’s
lemma implies that & ends at the target, as desired. <

Example 3.2 (Fuller’s problem, cf., e.g., [18].) This
is the optimal control problem for the dynamical law

8
|
<

with control constraint —1 < w < 1. The target
set 7 consists of the origin of R2. The Lagragian
is L(z,y,u) = 2%. The crucial technical issue here
is the fact that the Lagrangian is not bounded away
from zero, and in fact has a whole line of zeros. The
hypotheses of our main theorem are easily verified as
long as V is bounded below. The only nontrivial point
is the verification of condition (6). To prove that this
holds, let = : [0, 7 [ R3 be a right-unbounded maximal
trajectory of steepest descent with respect to V' that



does not end at the target, and write = = (&,&) in
the usual way. Then 7 has to be infinite, because if 7
was finite then the boundedness of the control would
trivially imply that = can be extended to the closed
interval [0, 7], and then the assumption that Z does not
end at the target enables us to use Proposition 2.6 and
Theorem 6.1 (applied with Q = R?\{(0,0)}) to extend =
even further, contradicting maximality. So 7 is infinite.
On the other hand, the fact that V is bounded below
and Z is of steepest descent implies that the integral
JoT @(t)?dt is finite, if we write £(t) = (x(t), y(t)). But
then z(-) is a square-integrable function on [0, co [ whose
second derivative is bounded. By a straightforward
generalization of Barbalat’s lemma, this implies that
both z(-) and y(-) go to zero, i.e., that £ ends at the
target, as desired. &

Example 3.3 (The reflected brachistochrone problem.)
This is the minimum time problem for the dynamical
law

o= u/|yl,

v o= vVl
with control constraint u2 + v2 < 1. The target set 7
consists of a single point B € R2. The crucial technical
issue here is the fact that the dynamical law is not
Lipschitz-continuous with respect to the state. The
hypotheses of our main theorem are easily verified. The
only nontrivial point is the verification of condition (5).
To prove that this holds, we pick an arbitrary integral
arc £ : [a,b] — R2 and observe that either (i) £(t)
never belongs to the z axis X = {(z,y) € R : y =0} or
(ii) there exist t_,t4 € [a,b] such that t_ <t,,&(t) ¢ X
whenever @ < t < t_ orty >t < b, £(t_) € X, and
&(ty) € X. If (i) holds, then £ satisfies the conditions of
Example 2.7, so ¢ is uniquely limiting. If (i) holds and
t, = t_, then the restriction of £ to each of the intervals
[a,t_ [+,, ]ty,b], is locally uniquely limiting, so ¢ is
almost locally uniquely limiting. Finally, if (ii) holds
and t4 < t_, then the restriction £ of £ to the interval
[t—,t1] is such that the set S = {t € [a,b] : £(t) ¢ X} is
the union of a finite or countable infinite collection Z
of pairwise disjoint relatively open subintervals of [a, b].
If I € 7, then the restriction &; of £ to I is entirely
contained in the open upper half-plane or in the open

lower half-plane. By reflecting §; with respect to X,

if necessary, we may assume that &; is entirely con-
tained in the open upper half-plane for every I € T.

Then £ is a trajectory of our system entirely contained
in the closed upper half-plane. It is well known that
the problem in the closed upper half-plane Hy is the
famous “brachistochrone problem,” whose time-optimal
trajectories ¢ : [a, 8] — H are cycloids such that ((t)
is an interior point of H, whenever a < t < . It

follows that we can always replace §~ by a cycloid (,
thereby obtaining an almost locally uniquely limiting
improvement of &.

Example 3.4 (An  ezample with a continuous
non-Lipschitz  dynamics where uniqueness fails.)
Let ¢ : [0,1] — R be a nonnegative continuous function
such that (a) the set {z € [0,1] : ¢(x) = 0} is exactly
the Cantor set, and (b) fol % < 00. (For example, we
may take ¢ to be given by ¢(z) = dist(z, C)?, where

C is the Cantor set and p is a positive number such
that p < 1 —log, 2. An explicit calculation shows that
01 w”éi) =(1-p)t2r Z;’il 69, where 6 = 2 x 3°. Our
choice of p guarantees that § < 1, so the integral is
finite.) Extend ¢ to a function defined on R by making
it periodic of period 1. Then consider the optimal
control problem on R whose dynamics is & = up(z),
|u] < 1, and where the goal is to reach the origin
in minimum time. It is easy to see that the optimal
trajectory from each point z exists and is obtained
by “moving towards the target as fast as possible.”
Precisely, this means the we use the control v = —1
as long as we are to the right of the origin, and we
use u = 1 if we are to the left. This, however, does
not suffice to specify the optimal trajectories, because
of the lack of uniqueness of solutions. The complete
specification of the optimal trajectories is as follows.
Suppose < 0. Define a function 7 : [Z,0] — R by

letting 7(z) = [ %. Then 7 is aboslutely continuous,

strictly increasing, and such that 7(Z) = 0. Therefore
7 maps the interval [Z,0] homeomorphically onto the
interval [0,7(0)]. Let & be the inverse function, so &
maps [0,7(0)] homeomorphically onto [Z,0]. Then ¢ is
absolutely continuous, and £(t) = ¢(£(¢)) for almost all
t € [0,7(0)]. So ¢ is a trajectory of our system which
goes from Z to 0 in time 7(0), and it is easy to see that
¢ is the optimal trajectory from Z to 0. It follows that

. . - . .0 4
optimal time to go from Z to 0 is 7(0), that is, [ WZ)'

A similar contruction applies when > 0. Then the
value function V for our problem is given by

B max(z,0)
V(2) = / b
min(z,0) @(y)

The HJBE for our problem is
V' (@)lp(x) —1=0. (17)
The function V' is a solution of this equation on R\{0}
in the viscosity sense. (This follows from the fact
that, for problems such as this one, the value function
is automatically a viscosity solution of the HJBE. In
addition, one can also verify this directly. Let O be the
set of points where p(z) > 0. Then on O the func-
tion V is smooth, and its derivative is é when z < 0,
and 7% when = > 0, so (17) holds. At points x where
w(z) = 0, the viscosity solution requirements say that
—1 > 0 whenever p is a subdifferential of ‘:/ at x, and
—1 < 0 whenever p is a superdifferential of V' at x. The
second condition is trivially true. To verify the first
condition, we need to show that it is satisfied vacuously,
i.e., that there are no subdifferentials of V" at . But this
easy. Suppose, say, that x < 0. The difference quotient
+(V(z+h) —V(x)) is equal, if A > 0, to —F ff—h %,
which is bounded above by ((h) = — max{«p(y):zl;e[x,z—s-h}}'
Since ¢(x) = 0, ¢(h) goes to —oo as h — 0. This shows
that the right derivative of V at x is equal to oo, from
which it follows easily that there exist no subdifferentials
of V at x. A similar argument shows that if z > 0 the
left derivative of V' at x is equal to +oo, from which it
follows once again that there are no subdifferentials of
V at z.
We now show that there exist nonnegative continuous

functions V : R — R other than V that satisfy the HIBE




on R\{0} and are such that V(0) = 0. To see this,
we let W be a continuous monotonically nondecreasing
real-valued function on [0, 00| such that (a) W(0) =0,
(b) W is constant on each connected component of the
set {z 1z > 0Ap(z) > 0}, and (c) W(x) < W(y)
whenever 0 < z < y and the interval [x,y] contains a
zero of . (Such a function is easily constructed using
the well known Cantor function.) We then extend W
to all of R by defining W(z) = W(—z) when z < 0.

I;Ising W, we defme V =V +W. Then V is continuous,
V(0) =0, and V(x) > V(z) whenever x # 0. Let us
show that V is also a solution of the HIBE for our
problem on R\{0}. Near points x such that ¢(z) > 0,

the functions V and V differ by a constant, so the
fact that V satisfies the HIBE implies that the same

is true for V. If = # 0 but @(z) = 0, the viscosity
solution requirements say that —1 > 0 whenever p is

a subdifferential of V at z, and —1 < 0 whenever p
is a superdifferential of V at z, and the second one
of these conditions is trivially true. As for the first
condition, if < 0 then we have already shown that
the right derivative of V at x is equal to oo, and this
clearly implies that the right derivative of V at z is

equal to oo as well, since V =V 4+ W and W is
monotonically nonincreasing near x. Hence there exist

no subdifferentials of V at . A similar argument applies
if z > 0, and we conclude that first one of the viscosity
requirements is satisfied vacuously.

It follows that for our example the value function is
not the unique continuous nonnegative function that
vanishes at the target and satisfies the HJBE. In the
example, the reason for the failure of uniqueness is easy
to understand, and clearly related to the non-uniqueness
of trajectories. Notice that the spurious value function

V' is bounded below by the true value function, so what
goes wrong is the other inequality, which is related to the
dynamic programming inequality (DPI). And, indeed,
the DPI fails, and this makes it impossible to draw the
conclusion that V' < V. Furthermore, the failure of
the DPI happens exactly as described in our general
analysis: given any control u(-) and any initial condition
Tg, it is easy to construct a maximal trajectory & for

u(-) starting at xo along which the DPI for V holds.
(It suffices to follow the only possible trajectory for u(-)
as long as ¢ # 0, and stopping at Z and staying there
for ever as soon as we reach the first point £ where ¢
vanishes.) This £ is not, however, the only trajectory
for u(-) starting at xo. And the fact that the DPI holds
along £ does not imply that that the DPI holds for
every trajectory for u(-) that starts at xg. (Indeed, if
for example zg < 0 and u(t) = 1, then in addition to
the € given by our construction we could also consider
&opt, the optimal trajectory described earlier. The DPI

for V clearly fails along &,p¢, because if it was true it
would imply that V (z¢) < V(z0), whereas we know that
V({,Co) > V(.”L'())) &

4. The main technical lemma

Let ¥ = (Q,U, f,L) be an augmented control system.
For every z € Q and every positive number § such
that dist(z,R"\Q2) > §, we let ®;«(z) be the closed

convex hull of all the vectors Fy(2',u), for all pairs

(2',u) such that 2’ € Q, |2/ — | < 4§, and v € U.
Then ®; 4 () is a closed convex subset of R+, Clearly,
Ps5(x) C @6/’2(30)7 whenever 0 < 6 < §'.

Let V : Q — R be a real-valued function, and let
x4 € ). We say that VAsatz'sﬁes the infinitesimal steepest
descent condition for ¥ at x, if
(ISD) there exist sequences {x;}52, {v;}521, {A\j}521,

{hj}_(]?ilf {’YJ};).;l in Q! R", R; R, and R,
respectively, such that

(1) hj >0, v > 0, (vj,);) € Fg(x4,U), and
lz; — xw — hjv;|| < hjy; for all 7,

(2) hj 10, x; =z, and v; | 0 as j — oo,
and
(3) V(.”L'j) < V(Q?*) - hj)\j + hj’)/j for all ]

We say that V' satisfies the weak infinitesimal steepest
descent condition for ¥ at x, if

(WISD) there ewist sequences {x;}32,, {v;}524,
{)‘j}gx:p {hj}?ih {51‘};0'.;1: {'Yj}]o'i1 in 2,
R" R, R, R, and R, respectively, such that
(1) hj > 0, 5j > 0, Y;oo> 0,
(v, Aj) € O5, w(ws), [z =zl <65,
and ||zj — . = hjv;|| < hyv; for all 7,
(2) hj 10,6; 10, and~y; | 0 as j— oo,
and
(3) V(l‘]) < V(x*)—hj)\j—th’}/j for all J-
We say that V' satisfies (13) on Q in the ISD sense if V
satisfies the infinitesimal steepest descent condition for

S at z for every z € Q. We say that V satisfies (13) on
Q in the WISD sense if V satisfies the weak infinitesimal
steepest descent condition for ¥ at x for every x € Q.

Theorem 4.1 Let S = (Q,U, f, L) be an n-dimensional
augmented control system and let 'V :Q+— R be a
continuous function. Then

(1) Condition (WISD) holds at every point x, € €
where (ISD) holds. In particular, if V' satisfies (13)
on Q in the ISD sense then V satisfies (13) on Q
in the WISD sense.

(2) If ¥ is locally uniformly continuous and such that
Fs(2,U) is convex for every x € Q, then (ISD)
holds at every point x, where (WISD) holds, and
in particular if V' satisfies (13) on Q wn the WISD
sense then V satisfies (13) on Q in the ISD sense.

(3) If 3 is locally coercive, and and such that Fs(z,U)
is closed and convex for every x € Q, then

(8.4) if V satisfies (13) on Q in the ISD sense then
V' satisfies (13) on § in the viscosity sense;

(8.4) if V satisfies (18) on Q in the viscosity sense
it follows that if V' satisfies (13) on S in the
WISD sense.

In particular, if X is locally uniformly continuous, locally
coercive, and such that Fe(x,U) is closed and convex for
every x € §), then the three concepts of solution of (13)
on Q (viscosity, ISD, and WISD) are equivalent.



Proof. We first prove (1). We assume that V x, is a
point of € where (ISD) holds, and prove that (WISD) is
true as well. Let {xj};?‘;l, {fuj};?';l, {)\j};";l, {hj};?‘;l,
{v; 521 be sequences that satisfy the properties of
(ISD). Define §; = ||x; — z||. Then all the conclusions
of (WISD) are true, so (WISD) holds, and (1) is proved.

Next, we prove (2). We assume that ¥ is locally
uniformly continuous and (WISD) holds at a point
z. € Q, and prove that (ISD) holds at z, as well. To
do this, we pick sequences {7;}72;, {v;}721, {A\;}521,
{hi}52y, {05152, {7332, with the properties specified
n (WISD). We pick ¢ such that

Bs(z,) ={x € R":
10, 400

e — .| <6} € Q,

and a function w [0,4+00] such that

limg)pw(s) =0 and

I1f(z,u) = f(@", w)|| + [L(z,u) — L2, v)| < w(]lz — 2'])
whenever z,2’ € Bs(z,). We then pass to a
subsequence, if necessary, and assume that §; < § for
all j. We use the fact that (v;,A;) € @, s(zs) to
find a (wj,¢;) of the form ZZ:é a;j i Fs (x5, uj%) such
that ajr > 0, ZZJFS ajr = 1, lzjk — 2] < 45, and
lw; —v;l| + [€; — Xj| <277. We then define

n+1
5= D ekf (@ us),
k=0
~ ntl
)\j = Zaj,kL(x*;uj,k)7
k=0
and conclude that [0, — w;|| < w(d;) and
[X; — 4] < w(d;). We then let
B =7+ 27 +w(d)),
so 5 — 0 as j — oo It is then
clear that |z =z — h;0;|| < h;A; and
V(x;) < V(z.) —h\j+hjy; for all j. Finally,
we have (ﬁj,;\j) = Z+éa3,kF (T4, uj k), SO
(95, \;) € Fy(24,U), since Fg(x,,U) is convex.

This completes the proof that (WISD) implies (ISD).

We now turn to the proof of (3), for which purpose we
assume that X is locally coercive and such that Fy(z,U)

is closed and convex for every x € Q. To prove (3.1), we
assume in addition that V satisfies (13) on € in the
ISD sense, and show that V satisfies (13) on  in the
viscosity sense. To prove this, we pick z, € Q and a
subdifferential p of V' at xz,, and show that

sup{—p- f(zs,u) — L(zs,u) :u € U} > 0. (18)
Using (ISD), we pick sequences {z;}%2;, {v;}72,
{)‘j}}?ih {hj};ilﬁ {’Vj}?il in ©, R", R, R, and
R, respectively, such that h; > 0, ~; > 0,
(vj, ;) € Fa(x,U), |lxj — xw — hjv|| < hjy;, and
V(zj) < V(zy) — hjAj + hjvy; for all j, and h; |0,
T; — %y, and 7 | 0 as j — oo Let
J={j:xzj==x,}. Then for j € J the inequality
|2 — @« — hju;| < hyy; implies |lul| < 75, so

lim; o jesv; = 0. On the other hand, the inequality

V(JZJ) < V(Z‘*) — hj/\j + hj’}/j implies hj)\j < hj’}/j, ie.,
Aj < ;. Since the sequence {);}?2; is bounded
below (for example, because the local coercivity implies
a bound A; > |v;]|” — C), we may assume, after
replacmg J by a smaller infinite set, if necessary, that
A = limj_. jesA; exists. Since )\ < 74, A must
be § 0. Furthermore, the vector (0,)\) is a limit
of vectors (vj, ;) € Fy(wy), so (0,A) € Fy(x.,U),
since Fy(z4,U) is closed. Hence there exists u € U
such that f(zs,u) =0 and L(z,,a) < 0. But then
—p- f(xs, @) — L(xz4, @) > 0, so (18) holds.

We now consider the case when the set J is finite. In
this case, after passing to a subsequence, if necessary,
we may assume that J is empty, i.e., that 2; # x, for
all j. Since p is a subdifferential of V' at x., we have
V@) = Vie)—p-(=2) o o

[ — .|
Since the z; converge to x, and are different from .,
(19) implies

lim inf
LTy, TF T

j—o0 [ = .||
Since V(x;) < V(xx) — hjA; + hj7v;, (20) implies
—hjA + hyy —p - (z; —
lim nf N ER mP @ @) S gy
i—oo [ — .|

>0. (20

Now, Tj— Ty = Tj — Ty — hj’l)j + hj’Uj = hj(wj + Uj),
where w; = hj_l(xj — 2, — hjv;). Hence
iy Cn (ws ,
lim nf TN TP W) g
j—o0 [[w; + v

Hence, given a positive € there exists a j(e) such that

—Aj+7;—p-(wj+v;) = —¢l|wj+v;| whenever j > j(e).
Therefore
—Aj —p-v; > —ellysl| —ellwjll +p-w; — ;i 5 > jie).

Since w; — 0, there is—for each e—a j’(¢) such that

—&||lvj|| — € whenever j > j'(). (23)
< X\ +C, so

—Aj—pv; =
The coercivity bound yields |v;]|"”
—Aj < —||v;||" + C. Hence
—llvsll"+C =p-v; =
s0

—e||vj|| — & whenever j > j'(e),

—llo; 1"+ ello | + lIpll-lvsll = —e = Cif 5 = j'(e) - (24)
Now, if the sequence {|[lv |}, was unbounded, then
we could pick an infinite subset J of N such that
llvj]] = 400 as j — oo via values in J. But then,
taking for example ¢ = 1, we would contradict (24),
because the number —|lv;||” + ||v;]| + ||p|l-||v;]| is equal

w—MW@—ﬂHMMw“%wmm@%m—w
j — oo via values in J. Therefore the sequence
{||v]||} °, is bounded. Pick a constant K such that
llvj]| < K for all j. Then, for each ¢, if u. is such that
Vjr(e) = f(@x,ue) and Njs(o) = L(w4,uc), (23) implies
—p- f(xu,ue) — L(ws,ue) > —e(K +1).

Hence

sup{—p - f(zw,u) — L(zs,u) :u € U} > —e(K +1).
Since € is arbitrary, we see that (18) holds. This
concludes the proof of (3.i).



We now proceed to proving (3.ii). We assume that V'
satisfies (13) on Q in the viscosity sense, pick an x, € Q,
and prove that condition (WISD) holds. We do this by
assuming that the sequences whose existence is asserted
by (WISD) do not exist and deriving a contradiction.
We will assume, as we clearly may without loss of
generality, that 2* = 0 and V(z*) = 0, i.e,, V(0) = 0
In particular, this implies of course that 0 € Q.

Since (WISD) is not satisfied, there must exist a 7
such that 0 < 7,

{z eR":

=] <7} €€, (25)

and

V(h(v+v")) + hA > by (26)
whenever 0 < h < 7, (v,A) € @, (0), hljv+']| <7,
and V'] < 4. (Indeed, if ¥ did not exist, then for
each sufficiently large natural number j we could define
v = 277, and find h;, v;, A;, vj, x;, such that
0 < hj < v, (vj,4) 6 éfy (0), hjllv; +v;‘” <%
[yl < 2. and V(v + o)) + Ay < by But
then, if we take x; = h;(v; + v}), d; = 7;, the sequence
{(.Tj,?]j,Aj,hj,éj,’Yj)}?il satisﬁes conditions (1), (2)
and (3) of (WISD), contradicting the fact that V' does
not satisfy (WISD).)

By making 4 smaller, if necessary, we can assume that
there exist real numbers C, r, such that C > 0, r > 1
and ||f(z,u)||” < L(z,u) + C whenever |z|| < ¥ and
u € U. It then follows, if we let

P, \) =|jv]|" = A= C for (v,A) e R" xR,

that
P(w) <0 whenever w = F(z,u), ||z| < F,u € U. (27)
Since 1) is convex, the inequality ¥ (w) < 0 holds when-
ever w € ¢_ ¢(0), and then

[v[" <A+ C  whenever (v,A) € @, (0).  (28)
If (v,A) € @, 5(0), v € R", and [[v'[| < ¥, then the
inequality (a+8)" < 27(
a, (3, implies

lo+ )"

a4+ "), valid for nonnegative

(ol + 110" 1D"
2"(flolI" + [lo"1I")
2"A+C+7").
Pick 7 such that 1 < 7 <r. Let A =27+ Then

o+ IF = o+ IF o+
AF7T||1)+’U/||T
ATTTN(AN+C +77)
272"(AN+ C+7")

= A+ C+7

if [lv+2'[| > A. On the other hand, if [|v+2'|| < A, then
lo+0|" < A" < |ju||"+ A" < A+ C + A", Therefore

if we let C' = C' + max(A”,5"), and then relabel 7, C as
our new 7 and C', we have shown that

((U,)\) € Cpfy,i(o) AV € R™ A HU/H < ,7)

VAVANVAN

<
<

= v+ ||" <A+ C.
For 0 < § <%, we define

Ea(O)def{(v +o' A+ X))

(29)

(v,0) € D3 5(0),0' €R™, /]| <7, N €R, X =0}

Then
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(a) If 0 < 0 < #, then Z5(0) is a closed, conver,
nonempty subset of R™"*1

(The fact that Z5(0) is nonempty follows because
F5(0,U) C @55(0) C =5(0), and F(0,U) # () because
U # . The fact that E5(0) is closed follows because, if
a sequence {(v; + v}, Aj + \})}32; with the property
that (vj,\;) € (I)&,E(O) v, € R, |l <7 € R”,
A > 0 converges to a limit (9, ), then the sequence
{v}}52, is bounded, so we may assume after passing
to a subsequence that lim;_o, v; = v’ exists, and then
of course ||v'|| < 7 € R”, and lim; .o v; = v exists
as well, since v; + v; — 9, and then o = v + v".
Furthermore, the bound ||v;||” < A;j + C implies that
)\j > ||’UjHr -C > —C, SO
Ny= N+ X)) =X <N+ X))+ O

Hence the sequence {/\’ }321 is bounded above, because
{A; + AN }52, is convergent. Since A’ > 0, the sequence
Aoy 1s bounded SO we may assume it is convergent
to a 1imit X', after passing to a subsequence. Clearly,
then, A > 0, and the limit lim;_,, A\; = A exists as well,
and satisfies A = A + X, Since (v,\) = lim; oo (v, Aj),
(vj, A7) € ©;55(0), and ®;5(0) is closed, we see that
(v,A) € @55(0). Since [[v'[| <5 € R", and X' > 0,
we see that (8,)) € Z5(0).
trivial.)

Let A = {0} x [¥,+oo[, so A C R"FL. We let ¥;(0)
be the convex hull of A UZ5(0). We show that

The convexity of Z45(0) is

(b) If 0 < § < 7 then Us(0) is a nonempty closed
convex subset of R*H1,

(¢) There exist real numbers r,C such that r > 1 and

lv" <A+ C whenever (v,A) € ¥5(0). (30)

(d) The inequality
V(hv) + hA > hy (31)
holds whenever 0 < h < 7, (v,\) € U5(0), and

hllvll <7
(e) (0,¢) ¢ ¥5(0) whenever £ <7

We will prove the above assertions in order, except for
the statement that ¥s(0) is closed if 0 < ¢ < 7, which
will be proved last.

The fact that ¥s(0) is convex is trivial, and the
fact that Ws(0) is nonempty follows from (a), because
=5(0) C ¥4(0).

To prove (c), we choose r,C such that r > 1, C > 0,
and (29) holds, and observe that (29) trivially implies
that the inequality |[v]|” < A+ C is true whenever
(v,A) € E5(0). Since C > 0, the inequality is also
true whenever (v,A) € A. Hence ||v|" < X+ C
whenever (v,\) € 25(0) U A, from which it follows that
[lv]|” < A+C whenever (v, X) € ¥s(0), since the function
(v, A) = |lv||” — A = C' is convex.

To prove (d), we observe that (26) tr1V1ally implies

that V(hv) + hA > hy whenever (v, € Z5(0),
0<h<h,and h|lv|| < 7. (Indeed, if ( 2\) € 25(0),
(0, 2) + (v, X),

0 < h < h, and hljv|| <7, then (v,\) =
| <7, X €R, and

with (9,) € &, ¢(0), v' € R", ||v/|



X > 0. Then we can apply (26), with @, A in the roles
of v, A\, and conclude that V(h(v + v')) + hA > h7,
since h||v + v'|| < 7. Therefore V(hv) + hA > h¥, and
then a fortiori V(hv) + hA > h’y, since A = X+ X
and X' > 0.) Assume that (v,\) € ¥5(0). Then
we can write (v,A) = a(v/, X) + (1 — a)(0,¢), with
(W, X)) €25(0),>7% and 0 < o < 1 Let h be such
that 0 < h < 7 and hlv|| <5 Ifa =0, then hv = 0
and A = ¢ > 7, so V(hv) + hA = V(0 )+h£—h£>h7
If « > 0, define h = ah. Then 0 < h < 4 and
h|[v'|| = ah|v'|| = h|jv|| < 7, since v = av’. Therefore
V(hv') + hN > b7, since (v/, ') € ¥(0). On the other
hand, (1 — a)hf > (1 — a)h?y, since ¢ > 7. Therefore

V() +h\ = V(hav')+ ha)X + k(1 —a)l
= V(') +hN +h(1l—a)
> hy+h(l—a)y
= hay+h(l—-a)y
= hy,

completing the proof of (d).

Statement (e) now follows easily: if (0,¢) € ¥5(0),
then we can apply (d) taking h =5, v =0, A = £, and
conclude that ¢ > &2, so that £ > 7.

We now prove that ¥;s(0) is closed if 0 < § < 7.
Let {w;}32, be a sequence of points of Ws(0) that
converges to a limit w € R"*+1., We will show that
w € Us(0). Let w; = oj(v5,Aj) + (1 — «;)(0,¢;),
where (vj,A;) € E5(0), £ > 7, and 0 < a; < 1. Let
w = (v,\). By passing to a subsequence, if necessary,
we may assume that the a; converge to a limit &. If the
sequence {(vj,A;)} is bounded, then we may pass to a
subsequence and assume that (0,) = lim;_o(v;, ;)
exists. Then (8,A) € Z5(0). Furthermore, the limit
lim; o0 0 (v, Aj) exists, so g = lim;j_oo(1 — a;)¢; ex-
ists as well, and g > 0. Clearly, w = &(0,\) + (0, p). If
& =1, then w = (9,A) + (0, 1), so w € E5(0)—and a
fortiori w € Us(0)—because (0,A) € E5(0) and p > O
If & <1, then £ = lim;_, ¢; exists and satlsﬁes ! = ﬂ
and £ > 7. Then w = &(d,\) + (1 — @)(0,£), and (9, \),
(0,£), belong to Z5(0) and A, respectively, so w € Ug(0).
Now suppose that the sequence {(v;, A;)} is unbounded.
Then (30) implies that {\;} is unbounded. Since the \;
are bounded below, we may assume, after passing to a
subsequence, that \; — 400 as j — oco. On the other
hand, ajv; — v and a;A; + (1 — a;)¢; — A. Since both
sequences {a;\;}, {(1 —«a;)¢;} are bounded below, we
may pass to a subsequence and assume that the limits

p=1lm; (1 —e;)l; and v = lim;_,o a;; A, exist. But
then
1/r
ajllujll < e (A + ) @ )‘W(l * f)
Y

C

7)1/7‘

Oéj)\j)\}/ril (1 + )\
J

—

j—o0 O’

since \; =z + 00, a;A; 5=z v, and r > 1. Then
v = lim; o o;v; = 0. This implies, in particular, that
yojllv;|l < 4 if j is large enough. So we can apply
(d) with h = Ja; and (vj, A;) in the role of (v, A), and

11

conclude that V(ja;v;) + Ja,;A; > Ja;7. On the other
hand, (1 —a;)¢; > (1 —«;)7, because £; > 7. Therefore

V(eju;)+7050+7(1—ay)l; > Jaa+3(1-ay)7 = 72
for large enough j. If we let j — oo, and use the facts
that ajv; —= 0, V' is continuous, and V(0) = 0, we find
that YA = limj oo (Yo \j +7(1 —j)¢;) > 7%, s0 A > 7.
Therefore w = (0,\) and A > 7, so w € A and then
w € Us(0).

We have now completed the proofs of (b), (c), (d) and
(e). Let w* be the member of ¥5(0) such that

[lw*|| < [Jwl]| whenever w € V5(0).

(The existence and uniqueness of w* follows from
the fact that W¥5(0) is closed and convex.) Since

(0,0) ¢ ¥5(0), it follows that w* # (0,0). Furthermore,
the inequality

(w*,w) > [Jw*||? (32)

holds whenever w € ¥5(0), because if w € ¥5(0) then
lw* + t(w — w*)||? > ||w*||? whenever 0 < t < 1, since
w* + t(w — w*) € ¥5(0) for such ¢, and then

lw |2 + £ |w — w*|* + 2tw*, w — w*) > [Jw*?,

so t2||lw — w*||? + 2t(w*,w — w*) > 0, which implies
tw — w*]|? + 2(w*,w — w*) > 0if 0 <t < 1, and then
(w*, w —w*) >0 (since we can let ¢ | 0), so (32) holds.

We now let @ be the set of all vectors ¢ € R**! such
that ¢ = hw for some h,w such that h € [0,00[ and
w € ¥~ (0). We will show that

(f) Q is a closed convex cone such that Q\{(0,0)} # 0.

(g) (w*,q) > 0 for all ¢ € Q and {(w*,q) > 0 for all
q€ Q\{(O 0)}.

(h) there exist real constants k_,
0<k-<ky and k_|¢]] < (w
whenever q € Q.

such that
< rtlldqll

Rts
Q)

Indeed, @ is obviously a convex cone. The fact that
Q\{(0,0)} # 0 follows because ¥5(0) C Q, ¥5(0) # 0,
and (0,0) ¢ U5(0). To show that @ is closed, we
pick a sequence {g;}32;of points of @ that converges

to a limit ¢ € R®"!, and show that ¢ € Q. Write

q; = hjwj, hj >0, w; € \I’;/(O) If ¢ = (0,0) then
g € @, so we may assume that ¢ # (0,0) and that
q; # (0,0) for all j. Then h; # 0 as well. If the

sequence {w;}22, is bounded, then we may pass to
a subsequence and assume that the w; converge to a
limit w, which must belong to ¥5(0) because ¥5(0)
is closed. In particular, w and the w; are # (0,0).

But then h; = llg; I llall dfy, * Therefore ¢ = hw,

'LU J 0 w
so q € Q. Nov‘slf sll‘lpposentlllat the sequence {w;}32;
is unbounded. Write w; = (v;,2;), and use (c) to
conclude that ||v;||” < A; + C for all j. Then the
sequence {\;}52; is unbounded, and we may assume,
after passing to a subsequence, that \; ——  + oo.
Since ¢ = lim; o0 (h;vj, hjA;), the sequence {h;\;}32,
converges to a finite limit u, so h; ——= 0. Then




L e
= (14 €)=

(0, 1), so g = 1(0,7),
where h = £. Since > 0 and (0,%) € ¥5(0), it is now
clear that ¢ € Q. This completes the proof of (f).

The fact that (w*,q) > 0 for all ¢ € @ follows
trivially from the definition of @, because if ¢ € ) then
q = hw for some w € ¥5(0) and some nonnegative h,

/\j + C)l/r

hillojll < R
So hj;v; ,-T’ 0. Therefore ¢ =

< ,q) = h{w*,w) > h|lw*||> > 0. Furthermore,
g # (0,0) then h # 0, so h > 0, and then
w*, q) > h||lw*||? > 0, since w* # 0. This proves (g).

Let K = {¢g € Q : |lg|| = 1}. Then K is compact,

so the continuous function K 3> ¢ — (w*,q) € R
attains a minimum value x_ and a maximum value x4
on K. Clearly, k— > 0, because (w*,q) > 0 for all
g € K. Furthermore, s_||q|| < (w*,q) < k4| q| for all
g € Q, because the inequalities hold when ||¢|| = 1 and
involve functions of ¢ that are positively homogeneous
of degree 1. This proves (h).

Next, we define a function o : Q — R by letting o(q)
be, if ¢ € @, the largest h € R such that ¢ = hw for
some w € V5(0). (The existence of such a largest h is
trivial if ¢ = 0, for in that case the only possible value
of his 0, since (0,0) ¢ ¥5(0). If g € Q and g # 0, let
H={heR:h>0 h'qge V5(0)}. Then H must be
bounded, for otherwise (0,0) would be a limit of points
of U5(0), and then (0, 0) would have to belong to U5 (0).
If h = sup H, then the fact that ¥5(0) is closed implies
that h € H, so o(q) exists and is equal to h.) We prove
the following properties of o.

(i) o is strictly positive on Q\{(0,0)}.

(j) o is positively homogeneous of degree 1 (that is,
o(rq) =ro(q) whenever g € Q and r > 0).

(k) There exists a constant k € R such that

o(q) < kl||q|| whenever q € Q.

Statements (i) and (j) are immediate consequences
of the definition of o. To prove (k), we assume it
is not true, and find a sequence {g;,,}5°_; of points
of @ such that o(gm) > m||gm| for all m. We then
write ¢m = 0(Gm )W, with w,, € ¥5(0), and use (j)
to conclude that U(wm) =1 and o(wy,) > m||wy,]| for
all m. Then |[w,| < ;-, s0 wy, — (0,0) as m — oo.
Since w, € ¥5(0), and U5(0) is closed, we conclude
that (0,0) € \II:Y(O), contradicting (e). This completes
the proof of (k).

Next, we define

s def Y
7 max(1, k)

% def *
Q= {qu:HqHSV}-

Then Q* is a convex, compact subset of R**! such that
(0,0) € @* but @* contains at least one point other than
(0,0) (because of (f)). In addition, if ¢ = (x,z9) € QF,
then ||z|| < ~+* <7, so (25) tells us that = € Q, and then
q € Q x R. Hence Q" C O x R.

We then define a function W : 2 x R — R by letting
W(z,z9) = V(x) + zo for (z,z9) € Q x R, and ob-
serve that W(q) is defined whenever ¢ € Q*, because
Q* C QxR

We then claim that
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W(q) > 7o(q) whenever ¢ € Q. (33)

To prove (33), we first observe that the inequality is
clearly true if ¢ = 0. Let us pick ¢ € Q*\{0} and
write ¢ = hw, where h = o(q) and w = (v, \) € U5(0).

Then 0 < h, since g # 0, and h < 7, because
a(q) < kllql] < ky* < 7. Furthermore, | ¢|| < % (because
¥ <), I < #. It then fol-

and ¢ = (hv, h\), so h|jv
lows from (26) that W(q) = V(hv) + h\ > hy = J0(q),
completing the proof of (33).

It follows from (33) and (i) that

W(q) >0 whenever ¢ € @*\{(0,0)}.  (34)

Now fix a number p such that 0 < p < k_~*, and
define

Q7 ={qeQ : (w',q) > p}. (35)
If ¢ is any member of @ such that ||g|| = ~*, then
q € Q*, and in addition (w*,q) > k_||q|| = k_v* > p,
so ¢ € Q%. Hence Q¥ is nonempty, and it is clear

that Q% is compact and convex. If g€ Q#, then
g € Q*\{(0,0)}, so W(q) > 0. It follows that i > 0,
if we let i =min{W(q):q€ Q¥}. Since W(0,0)
0, we may pick a pu such that 0 < pu <, and use
the Clarke-Ledyaev mean value theorem (cf. [4, 5, 6])
to conclude that if [ is any positive number, and
we use N3 to denote the [-neighborhood of the

set Nodéf{hq :q € Q7,0 < h <1}, then there exists a
subdifferential (7, ) of W at some point ¢* belonging
to Nz such that

((m,7m0),q) > p forall qe Q.

Write ¢# = (a#, 2
g near ¢# , we have

(36)

). Then, if we write ¢ = (z,xq) for

_ N (p—x _

g WO W) 7 o) mofoa)

a—a* [l — ﬂf#||+|$o —af|
Taking ¢ = (x, ] #), this implies

_ #Y . —_ #
lim inf Viz) = V(z#) —7- (x — x7) >0,
e o —o#]
so 7 is a subdifferential of V' at x7.
Taking ¢ = (7%, z0), we get
A A
lim inf —0 %0 ”O(io %) 59,
zo—>m0# |l‘0 — Iy |
so g = 1.

Now, if u € U, and we let w = (f(z%,u), L(z7,u)),
then w € @ (0), so w € Q. Let g ﬁ
Then |gq|| = 7% so ¢ € Q. Furthermore,
(w*,q) > Kk_||q|| = K_v* > p, so ¢ € Q#. Therefore

<(7T77T0)7q> >, (37)
that is,
fop (@ w4 L) > (39



Therefore

(m, f(a¥, ) + Lz, u) > ”:ﬂ/‘ > |uj;;||ﬂ7 (39)
SO
() — Lt ) < I g

Since (40) is true for every u € U, we can conclude that

u))—L(x# u) s u e U} < M <0.

(41)
But 7 is a subdifferential of V at z#, and then (41)
contradicts the fact that V' is a solution of (13) on € in

the viscosity sense. This contradiction establishes (3.1i)
and completes our proof. &

—

5. The compactness theorem.

IfY = (Q,U, f, L) is an augmented control system, and
€ is a positive number, an e-approrimate augmented

trajectory of 3 is a locally absolutely continuous
curve I3t Z(t) = (£(1),&(t)) € R*™ having the
property that there exists a measurable function
I >t~ v(t) € R” such that

(1) |lv(@)]| < e for almost all ¢t € I,
(2) Z(t) — (v(t),0) € Fg(£(t),U) for almost all ¢ € I.

Remark 5.1 Roughly speaking, an e-approximate
augmented trajectory of ¥ is an augmented trajectory
of the “c-extended system” 3¢ (Q,Us¢, f5, L)
whose control space U€ is the Cartesian product

Ux{veR":|v| <e}, and whose dynamics f¢ and
Lagrangian L are given by
fo@uv) = flo,u) +v, L(z,u,v) = L(z,u).

More precisely, a curve = = (£,&): 1~ R"isan

e-approximate augmented trajectory of X if
and only if = is locally absolutely continuous
and  there exist functions I3t~ n(t)eU,
Ist—out)e{veR": v <e} such that v is
measurable and Z(t) € Fy.({(t),U*) for almost every
t € I. The definition of an augmented trajectory of

3E s exactly the same, except that in that case the
requirement that v be measurable is omitted. &

Theorem 5.2 Lety = (Q,U, f, L) be an n-dimensional
locally uniformly continuous, locally coercive augmented
control system such that Fy(x,U) is closed and convex

for everyx € Q. Let K be a compact subset of 2, let T be
a positive time, and let k € R. Let {€;}32, be a sequence

of positive numbers such that e; — 0 as j — oo, and
let & = (fj,fé) be, for each j, an e;-approzimate
augmented trajectory of 3, defined on the interval [0,T],
such that €1(t) € K for all t € [0,T], €(0) = 0, and
€(T) < k. Then there exist a subsequence {29k

of the sequence {=7 521 and an augmented trajectory

= (£%,6°) of ¥ = (O, U, f, L) such that
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(1) £°(0) =0,

(ii) the sequence {€7F)
and

(i) iminfy o inf {ATF2(2,5) 1 0< s <t < T} >0,
where, if j,j’ € NU{+oo}, we define

172, converges uniformly to £°,

.o def . v 7
AT (1, 5)Z (€5(8) = (s)) = (& (1) =& (s) . (42)
Proof. Pick constants r, C, such that r > 1, C' > 0, and
IIf(z,u)||” < L(z,u) + C whenever z € K, v € U, and
a function w :] 0,400 [ [0, +00] such that limg o w(s)
and [|[Fy(z,u) — Fy(2',u)|| < w(s) whenever z,2" € K
and ||z — 2'[| < s. Choose, for each j, a measurable
function v7 : [0, 7] — R" and a function 7’ : [0,T] — U
such that [[o(t)]) < &5, €1(t) = F(€(2), (1)) + o(2), and
€)(t) = L(&7(s),n/ (s)) for almost all t € [0,T7].

Let C' = 2"(C'+¢"). Then for each j the coerciveness
condition implies the inequality

||£J "< 2’“L(§j (t)717j(t)) -+ C' for almost all ¢,

because
IEON" = £ @), () + o)
< (IFE W)+ o)
< 2'FE @7 O+ 2" e
< 27(L(E (1)1 (1) + C) +27€"
= 2L (), (1) + .

from which it follows that fo HEJ Y[rdt < 27k + C'T
Then the sequence {&7(t)}32 %24 is uniformly bounded in
L", so we may assume, after passing to a subsequence
if necessary, that the weak L™-limit ¢ =w-lim; .o, &
exists. Then the & converge uniformly as j — oo to
a limit £ such that £°(t) — £>°(s) = fst ¢(r)dr for all
s,t € [0,T]. After passing to a subsequence once more,
if necessary, we assume that

67 (t) — €>=(t)|| <277 forall j €N, t €[0,T]. (43)

Let 69(t) = &)(t) + C. Then the 67 are nonnegative,
because &) (t) = L(&(t), 77 (t)) > —C. Furthermore, the
sequence {67}52 is bounded in L1([0,T],R), because

/OT 67 (t) dt

T ..
/O () +C)dt
k+CT.

The space L'([0,7],R) can be embedded in the usual
way in C°([0,T],R)" (the dual of C°([0,T],R)), which
is the space of finite Borel measures on [0, 7], by means
of the map % — py that assigns to each function

¢ € L'([0,T],R) the Borel measure s, such that

/ e

1671/

t)dt for every ¢ € C°([0,T],R).



Then we may assume, after passing to a subsequence
for a third time, if necessary, that the weak* limit x> of
the measures 1/ % 1155 defined by the 67 exists as j — co.
The measure p*>° then has a decomposition

’uoo —_ Moo,ac 4 Moo,at + Moo,sing

into the sum of an absolutely continuous part, an atomic
part, and a singular part. Since the measure p> is
positive, because it is a limit of positive measures, the

three components p°9¢, %, 11°:51"9 are positive as
well. Let 6 be the Radon—leodym derivative of p>
so > is an integrable function on [0, 7] such that

T
uw“wa:[;wﬂwﬂwﬁﬂnwec%mﬂmR»
Define ,
&o(t) =—Ct +/O 0°°(s)ds (44)

B2 = (£7,46°)-
We will show that =*° is an augmented trajectory

of the system . To see this, we observe first of
all that by construction the functions £ : [0,7] — R”
and £5° : [0,T] — R are absolutely continuous, and their
derivatives at ¢ are equal to {(t) and 6°°(t), respectively,
for all ¢ in a subset G of [0,7] such that [0,T\G
has measure zero. Let A be the set of atoms of
p> and let B be a subset of [0,7] of Lebesgue

measure zero such that p°*"9([0,T]\B) = 0. Then
the set G'=G\(AUBU{T}) has measure 7' and
pt (G = p>sI(G') = 0. Let G be the set of
points of density of G’ that are Lebesgue points of ¢
and 6, so G” has measure T as well. (Recall that a
Lebesgue point of a scalar- or vector-valued integrable
function o defined on an interval [a,b] is a point
t €]a,b[ such that limy, o = [/ [lo(s) — o(t)|| ds = 0.)
Let t € G”, and fix an h such that 0 < h <T —t.
Let Epp =[t,t+h]NG’, so the Lebesgue measure
|Eyn| of Eip satisfies limpjoh™'|E; | = 1. Using
the facts that the Borel measure poot o o0sing g
regular and (pu® + poosI)(E,,) = 0, we can
find a relatively open subset U, ; of [0,7] such that
Eip CUpp and (po% + p°5n9)(U, ) < h%. We then
let Upp =UpN]t,t+h[, so Uy is an open subset of
R, Upp Clt,t+ k[, and (u% 4 puo519) (U ) < h2.
Using the regularity of Lebesgue measure we can
find a compact subset K;, of E;,\{t,t + h}

such that |Kyn| > |Evn|— Then of course
limp o A=Y Ky | =1, and K;p, C U for each h. Let
Pr.p(s) = dist(s, R\U;.n), s0 @ : R— R is continuous,
&1 (s) = 0 whenever s ¢ Uy 5, and @ 5,(s) > 0 whenever
s € K p. If welet

Bepn = min{@n(s):s€ Kypn},
Grn(s) = min(@en(s), Ben)
Prn(s) = ﬁ;§¢t,h(3) )

then ¢, j is a continuous real-valued function on R such
that 0 < ¢, p(s) < lforalls, ¢, 5(s) =1foralls € Ky,
and ¢ p(s) = 0 for all s € R\Uy,. In particular,
©i.n(s) =0 whenever s ¢ t,t +h|.

and then set

Let atp = ftHh e n(s)ds = fj;o ot n(s)ds. Then

|Evn| — h* < agp < h,
from which it follows that
lim Qg h —1.
hio h
Let vy = a;i@t,h. Then
t+h
Yrn(s)ds =1.

t
If h > 0, write

6;(h) =279 4 hMP(2"|k| + C'T)V" .
Then, if s € [t,t + h], we have
I€(s) €< |
< €@ =€ @1 + 1€ (s)

szﬁ+[ﬂﬁﬂwt

Aol

) s 1/
< 97 _H\/e J T d
< 2+ -0( [ 1€ )
T
< 2—j+hl/P(/ Héj(T)HTdt)l/
0
T ”
< 2*J’+h1/P(/ (QTL(fj(T),Uj(T))+Cl)d7')1/
0
< 279 4 WMk + O’V
= §;(h).

For almost all s € [t,t + h|, the derivative 27 (s) exists
and is equal to Fy(&7(s), 77 (s)) + (v?(s),0). Hence

157 (s) = F(2(8),7 ()]l < w(8;5(h)) + ¢,

from which it follows that
dist(Z7(s), Fg,(£(t),U) < w(d;(h)) +¢; -
Therefore the average
t+h
Aih ] 7/1th dsf/ wth

also satisfies

dist(A],, Fs(6°(t),U) < w(;(h)) +¢; , (45)

because Fy,(£(t), U
the vector functions &7 converge weakly in L” to ¢, so

t+h L t+h
Gen()E(s)ds — / Pen(s)C(s) ds

t+h

=/ Ve (5)6(s) ds
" e n(5)€°(s) ds

) is closed and convex. As j — oo,

as j — o0, j € J. The integral f:Jr
satisfies

t+h .
Ven()E%(s)ds = / e

<(t) +En

)dS—F(‘:th

where
t+h

Ein = ben(s) (6 (s) —

t

£%(t)) ds



and we have used the fact that ftHh Yen(s)ds = 1.

The error term &, j, satisfies
En| < max {Yyu(s):s€[0,T]}

t+h
x / 1€%(s) - é

71 A
hat,hgt,h

=) ds

at,hgt,h )
where oy j, = ha;,i7 so agp, — 1 as h | 0, and

. 1 [th
Y ORI

|[7 @@

Then

lim sup

Jj—oo,j€]
< Oét,hét,h .
To analyze the behavior of the integrals
t+h

ben ()€ () ds
C, so

def
J
It h—
t

we write £)(s) = 67(s) —
t+h 4
~Cht [ ba(s)07(s) ds
t

1),
T .
—Ch + / Pi.n(9)60 (s) ds
0

—Ch + wt,hd,uj .
(0,77
Hence
Itjh — —Ch+ P.p(8) du™(s) as j — o0.
' [0,7]

Write
/ en(s) du>(s)
(0,7

T
/ Y. (8)0%(s) ds
0

+ Ye.n(s) dit

(0,7]

where 1°° = 1% 4 ;125179 Since £5°(s) = 67 (s)
(47) implies

- / Pen(s)Ese (s) ds
[0,7]

Oo(s)’
-C,

+ Yi,n(s)

(0,77
The integral f[o 7) Y1 (8) dp>(s) that occcurs in (48)
is a nonnegative number, and is bounded above by
max{i; p(s) : s € [0,T]} times n*>°(Uyy), since Py
vanishes outside Uy . Therefore

d
0< /[0 . Yy n(s)dp

di™(s) as j — oo. (48)

*(s) < h®agy = hayn,  (49)

B

On the other hand, the integral f[o 7] Yin(5)ES° () ds

satisfies
ben()EE(s)ds = / bun(s)ER (s) ds
[0,7]
= t))dS+Eth
= €o (t) + Etn, (50)
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where
t+h

Ein = Yen(8)(E°(s) — E5°(t)) ds

t
and we have used the fact that fttJrh Yrp(s)ds = 1.
The error term E, j, satisfies

Bl < max {thn(s) : 5 € [0,7]}

t+h .
<[ s
t
= hat_ﬁEA‘t’h
= Oét,hEt,m
where
. 1 [t
Bu=y [ -l
t

It follows from (48),
|Ein| < agnEy p, that

& (0] < aunlh+ Bun)

(49), (50), and the bound

lim sup

j—o0,j€J

(51)

If we now combine (46) and (51), we find that

lim sup HA{’h—E"O(t)HSat,h(h—l-EA't,h-&-&,h). (52)

Jj—oo,jed
Then (45) implies that

dist(Z(1), Fx(€(1)))
< app(h+ By +En) +Hlimsup(w(8;(h)) +¢5) -

j—oo

Hence, given any j,., we have

dist(Z% (1), Fy(£()))
<agn(htEyp+Ep)t+supfw(d;(h))+e; 0 j > ju}
Given any positive number 3, we can find a positive
v such that w(s) <  whenever 0 < s < «, and then

find j., h. such that §;(h) < v whenever j > j, and
0 < h < h,, and €; < 8 whenever j > j,.. Then we can

pick h such that 0 < h < h., and oy j,(h+Ey i +En) < B-

Then .

dist(E(t), Fy,(€7(1))) <36
Since [ was arbitrary, we conclude that
dist(E%(2), F,(£>(t))) = 0, so E*(t) € Fy(£>(1)),

Since this is true for

is absolutely continuous,
is an augmented trajectory of

because Fy(£™°(t)) is closed.
almost all ¢t € [0,T], and =
we have shown that =*°
DI

By construction, the &’ converge uniformly to £°°.
Also, it is clear from (44) that £5°(0) = 0. To conclude
our proof, we have to show that

liminf ;o inf {A?®(t,5):0<s<t<T}>0, (53)

where A7 (¢, 5) is the quantity defined in (42). Suppose
that liminf;_, . inf {Aj"’o (t,8):0<s<t< T} <0. Pick
a number 3 such that 8 > 0 and

lim inf inf {AJ ’

j*»OO

(t,s):0<s<t<T} < -38.



Then there exists a subsequence {Z/(*)}% | of {Z7
such that inf {AJ oo ( t,s).OSsStﬁT} < —24 for all k

We can then choose, for each k, members s, and t; of
[0, T] such that s < t; and

(6™ (1) =& (50)) = (63 (1) =% (1)) < = (54)

By passing to a subsequence, if necessary, we may
assume that the s; and the t; converge to limits s, t.

Clearly, then, s <t.
/ 1) (4

If s =t, then
[ evw-cw

i(k i(k
5(]]( )(tk) *5(])( )(Sk)

so the fact that limg_c0 (§5° (k) — £5°(sk
the inequalities

timinf (65 (81) = &%) (51)) = (&7 (1) — &5 (s1) )
= liminf (" (1)~ 6™ (1) - lim_ (&5° (1)~ &7 (s))
= liminf (€)™ (tx) — ™ (s1))

)) = 0 implies

k—oo
> likm inf(—C(tx — sk))
= klim (=C(tr, — sk))

which clearly contradict (54).

Now assume that s < ¢. Fix a positive number  such
that 2y < t—s, and let ®,; ., be the set of all continuous
nonnegative functions ¢ : R — R that vanish outside the
interval [s +v,t — 7] and are such that p(v) <1 for all
v € R. Then

likrgicgf ( g(k)(tk) - §é(k)(5k))

tr .
hmlnf fo( )( ) dv

k—oo Sk
k .
= liminf / ("™ (v) — C) dv
k . |
= likminf( C(tk — k) _|_/ 9](@( )dv)

—C(t—s) +11m1nf/ 0% (v

> C’(t—s)—&—hmmf/ ()07 *) (v) dv
Sk
= —C(t—s)+liminf o(v)dp? ™ (v)
k—oo [0,7)
= —C(t—s)+ lim o(v)dp? ) (v)
k—oco [0,T]
= —Clt-s)+ [ o))
[0,7]
> Clt-9+ [ e
0,7]
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—C(t—s)+ / ©(v)0%° (v) dv

/ p(0) (07 (v) — C) dv

/S )5 () v,

where, for the first inequality, we have used the fact that
[s+7,t—7] C [sk,tx] when k is large enough. Therefore

. . t .
lim in (gg,““)(tk)—gg(’“)(sk)) > / P(V)E° (v) dv

S

for every ¢ € ®, ;. Hence

hkﬂigf (53(k) (tx) — fg(k)(sk))

> sup{/t@ v)dv : weést,y}
- [Tawa

s+y
= &Gt—7)—&"(s+7).

Since 7 is arbitrary, we can let v | 0, and conclude that

timinf (€ (1) — ¥ (s1))
£°() — €°(5)
Jim (67 (0) — €°(n) )

>

SO

timinf ( (6% (1) =€) (51)) = (667 (t) ~€5° (1)) ) = 0.
contradicting (54). This completes the proof of (53).

6. Trajectories of steepest descent.
We recall from §2 that MSDg ., ,

of all maximal augmented trajectories of ¥ from x
of steepest descent with respect to V and that, as
explained in Proposition 2.6 and the remarks preceding
its statement, MSDS,V,a: is always nonempty for trivial

denotes the set

reasons, because the trivial trajectory ZI always

belongs to SDE Vi and once we know that SDi,v,m £ 0
it follows 1mmed1ately from Zorn’s Lemma that SDy, y,
must have a maximal element.

The truly nontrivial and useful result is the statement
that maximal steepest descent trajectories not only exist
but are “large,” in the sense that they are “right-
unbounded.” Precisely, if £ : I — €2 is a curve, we say
that £ is right-unbounded if (i) the interval I is open on
the right (that is, if 7 = sup I, then either (a) 7 = 400
or (b) 7 is finite and does not belong to I), and (ii) if 7
is finite, then for every compact subset K of ) there ex-
ists a 7x such that 0 < 7x < 7 and £(¢) ¢ K whenever
Tk < t < 7. (Equivalently, condition (ii) asserts that
lim,1, £(t) = coq, where coq is the point at infinity of
the one-point compactification of €2.)



Theorem 6.1 Let Y = (Q,U, f, L) be a locally coercive,
locally uniformly continuous augmented control system
such that Fg,(z,U) is closed and convez for every x € .
Let V : Q +— R be a continuous function that satisfies
(13) on Q in the viscosity sense. Let x, € 2, and let
E = (&, &) be a mazimal augmented trajectory of X from
T4 of steepest descent with respect to V', defined on an
interval I. Then & is right-unbounded.

Proof. We assume that the conclusion is not true and
derive a contradiction. Pick a = = (§,&) € MSDg, y, -

that violates the conclusion. This means, to begin
with, that = is defined on a bounded interval I, and,
in addition, this interval is either of the form [0, 7],
with 0 < 7 < 400 (the “right-closed case”), or of
the form [0,7[, with 0 < 7 < 400 (the “right-open
case”). Furthermore, in the right-open case there exist
a compact subset K of 2 and a sequence {t;}32; such
that t; € I and £(t;) € K for all j, and hmjﬂoot =T.
In order to treat the right-open and right-closed cases
together, we also choose a compact subset K of 2 and a
sequence {t;}2°; in I in the right-closed case, subject to
the only requirements that £(t) € K for all ¢ € [0, 7] and
t; — 7 as j — oo. (For example, we could just choose
K ={{(t):0<t <7}, t; =7 for all j.) Then in both
cases the t; belong to I and converge to 7, and the £(¢;)
belong to K. In addition, we pick a function n: I — U
such that Z(¢) = F(&(t),n(t)) for almost all ¢t € I.
Fix a positive number ¢ such that the compact set

Ks = {x e R" : dist(z, K)|| < 6}

is contained in Q. Then use the fact that 3 is locally
coercive to choose r,C such that » > 1, C' > 0, and

| f(z,w)||” < L(z,u) + C for all z € K5, u € U. Let
V =max{|V(z)|: z € Ks}.

If p = =5, so that % + % =1, and we define

5(0)2(oM 21V + (€ + Do)/ +0)

then §(c) goes to zero as o | 0. Therefore we can pick

o such that 6(0) < 6.
Now suppose that we are in the right-open case.
Given any j, the point z; = £(¢;) belongs to K. Let

S; = {te[:tztjA(vs)((tj <s<t) = £(s) eK5)}.
Then S; is a subinterval of I, whose left endpoint is ¢;.

If t,¢' € S;, and ¢/ < ¢, then the steepest descent
property of = implies that

o(t) + V(£(1) < &(t') + V(E(L),

SO
V(&) - V(&) < 2V],
d &(t') belong to K.

So(t) —
since both £(t) a
the inequality
17 (&(s), ()" < L(&(s),m(s)) + C

is true for all s € S}, since £(s) € K for all such s.
Therefore

Solt )

<

Furthermore,
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I€(t) - €)1
= ||/ ¢
< /H£|m5
= [ isteneia
< -0 ( [ s meniras)”
< -0 [ e o)’
= (= OO~ )+ D) — Gt )
= )t + 2V
< %5@4’)

Now pick j so large that 7 —t; < o, and apply the above
inequality with ¢’ = ¢;. Then

1€(¢)

Hence, if we let ¢ = sup S}, it is impossible that ¢ < 7,
because if ¢ < 7 then ¢ € I, and (55) implies that
[£(F) — £(¢5)]| < 26, from which it follows, by continuity,
that there exists a positive o such that ||{(¢) —£(t;)|| < 0
fort <t <t+a; butthepi()EKglft<t<t+a
since {(t) € K; therefore t + o € S, contradicting the
definition of ¢.

Therefore ¢ = 7, and this implies that S; = [t;, 7],
so £(t) € Ks for all t € [tj,T[. Then the bound

L(&(s),n(s)) + C > || f(&(s),n(s))||" holds for almost all
s € Ly, T showmg in partlcular that the function

[t,7[3 s = ()= L(E(s),n(s)) + C

which is measurable because L(&(s),n(s)) = &o(s), is
nonnegative. Hence, to prove that ¢ is Lebesgue-
integrable on [tj, T [, it suffices to show that the integrals

ft n(s)) + C)ds, for t; < t < 7, are bounded
above by a ﬁxed constant. But, if t; <¢ < 7, then

1- 1
—€(t)] < 50(0) < 56 for all teS;.  (55)

€o(t) — &olty) + C(t — t;)
2lVi+Co.

Therefore 1 is Lebesgue-integrable on [t;,7[, and
then 50 is also Lebesgue-integrable on [t;, 7 [, because
€0 = 1 — C. Since & is Lebesgue-integrable on [0, t;], we
conclude that &, is Lebesgue-integrable on [0, 7 [. Hence
the limit x# = limyy, & (t) exists, and the extended
function & : [0,7] — R defined by & (t) = &(t) if
0<t<r, & (r) =¥, is absolutely continuous.
In addition, the bound

[uw&mm+®@

J

<

@)™ = 1 ECs)n(s)I™ < LE(s),m(s) + C = v(s),



valid on [t;,7[, shows that & in L" on [s;,7[, so a
fortiori & is Lebesgue-integrable on [s;,7[, and then
the limit z# = lim, £(t) exists and belongs to Kj
(because =7 = limy .o, &(t;) and the &(t;) belong to
Kj), and the extended function &7 : [0, 7] — Q defined
by £#(t) = £(t) if 0 <t < 7, #(1) = 2 | is absolutely
continuous.

Hence we have constructed an absolutely continuous
extension =# = (5#,5#) of Z to the closed interval
[0,7]. Clearly, Z# is also an augmented trajectory of
3, starting at x, at time 0, and the fact that = is of
steepest descent with respect to V and V is continuous

implies that Z# is of steepest descent with respect to V/
as well. Therefore = is not maximal, because we have
constructed an extension to a strictly larger interval. It
follows that the “right-open case” cannot arise at all.

We now analyze the right-closed case, and show that
it cannot arise either. We do this by constructing an

extension =# of = to a Z# ¢ MSDy V. defined on the

interval [0,7 + o]. This will, of course, contradict the
assumed maximality of =, and conclude our proof.
To construct =#, we construct e-approximate

augmented trajectories Z° : [1,7 + o] — Q xR of X
that are “c-approximately of steepest descent,” and such
that Z%(7) = Z(7). We then pass to the limit as ¢ 10,
using the compactness theorem (5.2), and get an exact

augmented trajectory 2 : [7,7 4+ o] — Q x R of 3 such
that Z(7) = Z(7), which is exactly of steepest descent.

Write 2# = £(7), zf = &(r). Fix an € such that
0 < e < 1. Let Z. be the set of all triples (I',Z',5")
such that

(1)
(2) 2'=(¢,¢):I'— Ks xR is an e-approximate
augmented trajectory of X,

E(r)=

S’ is a strongly e-dense subset of I’ such

that &(s) + V(£'(s)) +e(t —s5) = §(t) + V(E'(1))
for all s,t € S such that s <.

I' is a subinterval of [r, 7 + o] such that 7 € I’,

(33#,33#)’

3)
(4)

(We say that a subset S of an interval J is strongly
e-dense if for every t € J there exist s,s’ € S such that
s<t<s and ¢ —s<e.)

We partially order Z. by stipulating
that, if (IZ,H“S) €Z. for ¢ = 1,2, then
(11,~1751) U2,59,8) it Iy C I, Zp is the
restriction of =5 to I, and S1 = Sy N 1.

It is clear that Z. # (), because the triple
({T}, Eu# {T})—Where is  the map

{7} — QxR such that E(T) (z#, & (T))—
belongs to Z.. If Z is a totally ordered subset of Z.,
we show that Z has an upper bound (I;,:;,S’)
Z.. This conclusion is trivial if Z = (), for in that case
we can take (I},Z,S)) = ({r},E#,,{7}). Assume
that Z # (). Let I/ be the union of the intervals I’ for
all the members (I',Z',S") of Z. Then I, is clearly
a subinterval of [T T+o],and 7 € I'. Ift € I, we
define Z/, () '(t), where (I’,Z',5’) is any member
of Z such that t € I. Write =, = (£,,&),). Then

'—‘x# T

— =

—
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is obviously well defined, and is an e-approximate
augmented trajectory of ¥ such that ¢.(7) = z# and

§o..(7) = zf. We then let
ss= U ¢. (56)
(I',E’,S’)EZ
We want to prove that the triple (I},Z},S.) is an
upper bound for Z in Z.. If we show that
(Iiv:ims/)ezé‘? (57)

then the fact that (I,,Z,S%) is an upper bound for Z
is immediate, so all we really need is to prove (57).

It is evident that the triple (I,EL,S;) satisfies the
first three of the four conditions in the definition of Z..
Let us show that it satisfies the fourth one as well. If
t € I/, we can find (I”,Z",5") € Z such that t € I".
Since S” is a strongly e-dense subset of I, there exist
51,89 € S” such that s;1 <t < sy and sy —s; < e. Then
s1 and s2 belong to S7, and this establishes that S, is a
strongly e-dense subset of I.. Now, if 51, so are members
of S such that s; < s, then we can find (using the fact
that Z is totally ordered) a member (I',Z',S’") of Z
such that s; and sy belong to I’. It then follows easily
that s1 and so must belong to S’. Then, if we write
&', &}), the fact that s; € 57, s2 € 57, s1 < s9, and
(I’,:',S') € Z., imply that

o(51) + V(€' (51)) +e(s2 — 51) > &p(s2) + V(E(

Hence

82)) .

€0, (51) FV(E(51)) +e(s2 —51) > &, (52) + V(EL(s52)) -

Since this is true for any two members s1, so of S, such
that s; < so, we conclude that the fourth condition
holds as well, and the proof of (57) is complete.

We have shown that every totally ordered subset of
Z. has an upper bound in Z.. Therefore Zorn’s Lemma
implies that Z. has a maximal element (I’,Z',5"). We

claim that I’ = [1,7 + ¢]. Suppose this was not true.
Then either

(A) I' = [r,¢] for some ¢ such that 7 < ( < 7+ 0,

or

(B) I' = [, (] for some ¢ such that 7 < ( <7+ 0.

We shall exclude both possibilities.

Write 2/ = (£/,&). Let B. = {v e R™: ||v|| < e&}. Let
I' 35t~ ((t),v(t)) € Ux B: be a function such
that the function v(-) is measurable, and the equalities
g'(t) = f(E(1),n' (1)) + o(t) and & (t) = L(E'(),7'(1))
hold for almost all tel -

Let t € I'. Then there must exist a £ € S such
that ¢ > . Also, 7 must belong to S’, because 7 is the
leftmost point of I’. Then

§(7) +V(E (7)) +elt —7) = &) + VIE D),

so (since € < 1)

et — 1)+ V(E(7) = V(E(D)
2lV|+o.

€o(t) — &(7)



We then have (Ebir)lg the fact that [[u(s)]| < 1, which s
[ eas

= [ I o)+ elolas

< [ IS0 + o0l

< [+ [ lulas

< @ ([ IrEaers) i

< o( [ wesion+yas) o

< (g -gn+ci-n) +o

< oV +0+Co) 0

= 3(0)

_—

Also, if we let 0(s) = )(s) +C = L(&'(s),7'(s)) + C,
then 6 is nonnegative and

/tH(S)ds < /0
= &) - &) +CE-7)
< 2V +(C+1)o

Since t is an arbitrary member of I’, the above
inequalities imply that the functions & and 6 are
integrable on I’. Since I’ is bounded, & is integrable
as well. This implies, in particular, that the limits
limypr4c&'(t) and limgpr4¢ &o(t)  exist. Hence, if
(A) holds, we can extend Z' to the closed interval

f’dif[T, 7 4 (], and the result is a curve =/ in R”*! which
is obviously an e-approximate augmented trajectory of

3. If we then define &' = S’ U {7 + ¢}, then S’
is a strongly e-dense subset of I'. Now, if s1,s9 are
members of S’ such that s; < sy we have to prove that

o(s1) + V(€ (s1) +e(s2 — s1) 2 60(52) + V(é( 2))-

This is clearly true if so < 7 —|—C or if 51 = s9. So
the only remaining case for us to consider is when
s1 < sy = 7+ (. But in that case we can take a
sequence {v/}32, of points of I’ such that v, T 7+ ¢
as { — oo, and vy > sp for all /. Then we can pick,
for each ¢, a w, € S’ such that v, < w,. On the
other hand, s; € ', since s; < 7 + (. Therefore

E(s1) + V(€ (1)) + e(we — 1) = & (we) + V(€ (we))

for all £. If we let £ — oo and use the continuity of &
and V, we find that

€o(s1) + V(€' (s1)) +e(s2 — 51) = Eols2) + V(€ (s2))
as desired. This completes the proof that the extension
(I',=2,8") of (I'/Z,5") is also in Z., a fact that of
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course contradicts the maximality of (I’,E',5) if (A)
holds. We have thus derived a contradiction from the
assumption that (A) is true. Hence (A) is excluded.

We are thus left with Case (B), that is, the possibility
that I' = [r,7 + (] and ¢ < 0. We now proceed to
exclude this case. The integral calculation done above

shows that
T+C |
[ <

I€'(m+¢) =&l <

Since &'(t) € K, (58) implies that, if ¢ = &'(7 + (),
then dist(q, K) < %. In particular, ¢ is an interior
point of K5. Using Theorem 4.1, we construct sequences
{1521, {o b2, {2 (b5 {152, in Q, R™,
R, R, and R, respectively, such that

N

SO

[NCRIS)

(58)

(1) the inequalities

hj > 0,
v > 0,
|z —q—hjvill < hyvy,
Viz;) < V(g)—hjXj+hjv,

hold for all 7,
(2) (vj,A;) € Fs(q,U) for all 4,
(3) hj 10,v; 10, and z; — q as j — oo.

We let (vj,A;) = Fylq,uj),
v; = hj—l(xj —q), so that

u; € U, and write
195 = w5l < ;- (59)

Choose j so large that the following conditions are
fulfilled:

hj < g, (60)
€
Y < 5 s (61)
lz; —all < B, (62)
where [ is a positive number such that § < % and
w(p) < 5.
Then

il < lleg —qll < 9 < 5.
Define a new trajectory £# : I# +— R", where
#Yr r+ ¢+ hy),
by letting
£'(s)

# —
f (S) - { q+(s—r—§)17j
and augment it by defining

&)=
&(s)
{ qo+f,,_+< L(

if 71<s<7+4¢,
if 7+(<s<74+(+h;,

if
if

T<s<T74C(,

5#(1)),uj)dv T+(<s<174+(+h,,



where gy = &(7 + (). Let =% = (f#,fgé). Then Z#
is clearly absolutely continuous, and its restriction to
[7,7 + (] is an e-approximate augmented trajectory of

3. If s belongs to [T+ (, 7+ ¢+ hy], then

I€#(s) — all < hyllosl < 3
Therefore £#(s) € Ks. Then
E*(s) = (v, L(EF(s), u5))
(f(q,Uj),L(f#(S),Uj))
Fy (€% (s), uz) + (w;(5),0),

where
w;(s) = f(q.u;) — F(EF(s),uy) .
Since
1€#(s) — qll < hyllv;|| < B,
we have

[[w;(s)ll <w(B) <e.
Therefore Z# is an e-approximate augmented trajectory
of X.
Clearly, £# (7 + ¢ + h;) = zj. Therefore,

V(E#(r +C+hy))
= V()
< Vig) = hiAj + by

V(E* (1 + ) — hjL(q,u;) + hjv;
T+(+h;
VErr o) - [ L)
T+¢
T+(+h;
[ () - L@ ) o+
T4+C
= VER(T+ Q)+ (r+ Q) - (r+ ¢+ hy) + B,
whnere

T+(+h;
E= - /
T+¢

Then

(L) = LE# (0),u))) dv+ ;.

Therefore

V(EF(T+(+hy)) <

V(EF(r+ Q)+ e (1 +Q) —€F (T + ¢+ hy) +ehyE,
that is,

VEHT +0O) + & (T +) +ehy
> VEF(r+ ¢+ hy) + & (r+C+hy) . (63)
This last inequality implies that, if we define
§* =5 U{r+(+hy},

then we can easily show that S# is a strongly e-dense
subset of I# such that

V(E#(s1)) + & (s1) +e(s2 — 51)

> V(€#(s2)) + & (52) (64)
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whenever s1, 59 € S# and so > s;. The strong e-density
follows because S’ is a strongly e-dense subset of I’ and
hj < e, since T + ¢ necessarily belongs to S’. Inequality
(64) is clearly true if s; = s2 or both s; and sy belong
to S’. To verify that it holds in the remaining case, that
is, when s; € S" and sy = 7+ ( + hy, if suffices to use
once again the fact that 7+ ¢ € 5’, so

V(E#(s1) + & (s1) +e(r + ¢ = s1)
> VEFr+ O+ (r+0). (65)
If we add (63) and (65), and cancel the sum

V(E# (T + ) + € (7 + ¢) that appears on both sides of
the result, we get

V(E#(s1)) + & (s1) + (T + ¢+ hy — s1)
> V(E*(r+(+hy) + & (r+ ¢+ hy), (66)
that is,

V(E#(s1)) + &5 (s1) + (52 — 51)

> V(€#(s2)) + & (52) - (67)
It then follows that (I#,Z#,5%) belongs to
Z.. Since (I',Z,8") = (I#,2#,5%) but

(I',=,8") # (I*,=#,8%), we have arrived at a
contradiction, which this time has arisen from the
assumption that (B) holds. Hence (B) is excluded as
well.

It now follows that I’ = [r,7 + o]. In other words,
we have shown that there exists an e-approximate

augmented trajectory =, = (&,80,) of S which is

defined on [7, 7+ o], and is such that there is a strongly
e-dense subset S of [r, 7 + o] having the property that

V(&:(51))+E0,e(s1)+e(s2—51) >V (€(52))+0,c(52) (68)

whenever s1, 59 € S, and s; < so.
Clearly, the points 7, 7 + ¢ must belong to S.. If we
aplly (68) with s; =7, s3 =7 + o, we find the bound

Coc(T+0)—&e(r) <2V +o0.
Therefore, if {sj};?‘;l is a sequence of positive num-
bers that converges to 0, we can apply Theorem (5.2)
with 7 = o and 27 = (&,&) = (&,,%.,), where
ij (S) = gaj (S + T) and EO,E]' (S) = 50,87' (5 + T) - fO,Ej (T)
for s € [0,0. Then, after passing to a subsequence, we
may assume that there exists an augmented trajectory

2% = (£%°,£8°) of 3 such that

(i) &°(m) =0,

(i) the sequence {¢’ 32, converges uniformly to >,
and

(iii) liminf; o inf {A?®(t,s) : 0 < s <t < T} >0,
where, if 5,7/ € NU {400}, we define A% as in
(42).

We now show that =°° is an augmented trajectory of

steepest descent of 3 from z# with respect to V. For
this purpose, we pick s1, 2 € [0, 0] such that s; < so,
and prove that

V(E7(s1)) + &5 (s1) = V(€7 (s2)) + &5° (s2) -

oo

(69)



For this purpose we pick, for each sufficiently large j,
points s1,s3 in Se, such that

s{§51+T§51—|—sj<sg—€j§52+7§sg.

(We assume that s; < sa, because (69) is trivially true

if s = s2.)
Then
V(fé‘j (5]1)) - V(@:‘j (S;)) + Ej(SJQ. - sjl)
Z 50,5]- (S%) - 50,5]- (Sjl) ) (70)
that is,
V(E (5}~ 7)) ~ VIE (s~ ) + (s — 5])
> €t =)~ iiol ) o
= (b —7) =& (s] — ) + A (sp — 78] = 7)
> & (52 7) = &° (31 -7)
—|—1nf{AJ°°(t,s) :0<s<t<o}
Then
V(€< (s1)) = V(£ (s2))
= Jim (V(E(s] =)= V(& (s 7) (s —51))
> liminf (§(sh — ) — €i(s1 — 7))
j—00
= liminf (68"(8% — )= &0l =)
+A?® (s — T, 7 — 7'))
> liminf (fo (s5—7) =& (s = 7)
j—00
+inf{A7>®(t,5): 0< s <t < a})
= Jim (6°(sh— ) - &°(sf - )
+ lim inf (inf{Aj’Oo(LS) 0<s<t< 0’})
j—o0
= &5 (s2) = &5 (s1)
+ lim inf (inf{Aj’oo(t,s) 0<s<t< a})
j—00
> &5 (s2) =& (s1)-

We have thus proved (69), thereby establishing that =

is an augmented trajectory of S from z# of steepest
descent with respect to V. If we now concatenate = and
= in the obvious way, by defining

if 0<s<r,
et ={ Sl VSIS,
” o(s) if 0<s<T,
£ (s) = 500(5 T)+&(r) if 1<s<7+0,

then Z# is an augmented trajectory of ¥ from z, of
steepest descent with respect to V, defined on [0, 7+ o].
This contradicts the maximality of Z, and concludes our
proof. &
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7. The dynamic programming inequality.

Theorem 7.1 Let 2 be an open subset of R™, and let

f:Q— R" L:Q—R be continuous maps. Let
V: QR be a continuous function that satisfies
—VV(z)- f(z) = L(z) <0 (71)

on ) in the wviscosity sense. Then for every x, € ()
there exists a curve & in ), defined on an interval I that
contains 0, such that

(1) € is an integral curve of f (that is, £ is locally

absolutely continuous and £(t) = f(£(t)) for almost
every t € I, from which it follows that & is

continuously differentiable and £(t) = f(&(t)) for
every t € 1),

(2) £(0) =z,
(3) V(§(s)) < V(¢

and s <'t,

(4) & is right-unbounded.

+f L(&(v)) dv whenever s, t € T

Proof. Let U be a set consisting of a single point u. Let
¥ be the augmented control system (Q,U, f, L), where
f(z,u) = f(x), L(z,u) = —L(z). Then X satisfies all
the hypotheses of Theorem 6.1.
Let V = —V. We claim that V satisfies
sup{—VV(z) - f(x,u) — L(z,u) :u e U} >0

in the viscosity sense. To prove this, we have to pick a
point x € Q and a subdifferential p of V at x, and show
that

L(x,

sup{—p - f(z,u) — uw):ueU} >0,

i.e., that
—p- f(x)+ L(z) > 0. (72)

But, if p is a subdifferential of —V at x, and we let
m = —p, then it follows that = is a superdifferential of
V at z. Since V satisfies (71) in the viscosity sense,
this implies that —7 - f(z) — L(z) < 0. But then
pf(5)— L(z) <0, 50 ~p - f(z) + L(z) > 0, and (72)
has been proved.

We can therefore apply the trivial Proposition 2.6

to the augmented system 3 and the function V),
and conclude that there exists a maximal augmented

trajectory = = (&, &) of Y from z, of steepest descent
with respect to V, and then use the nontrivial Theorem
6.1 to conclude that £ is right-unbounded. The fact

that & is a trajectory of ¥ means, of course, that & is an
integral curve of f. The steepest descent condition says
that

VIEE) 2 V) + [ (~LEw) do

whenever 0 < s <t < 7. But this says precisely that

V(E(s)) < VIEWD) + / L(€(v)) dv

whenever 0 < s <t < 7. Hence ¢ satisfies all the desired
properties, and our proof is complete. &

The following result is then a trivial corollary of
Theorem 7.1.



Theorem 7.2 Let X (QU, f,L) be an
n-dimensional augmented system such that the map
N5z (f(x,u), L(z,u) is continuous for each u € U.
Let V : Q+— R be a continuous function that satisfies
(14) on Q in the viscosity sense. Then for every x,. € §)
and every piecewise constant function 1 : [0,00[— U
there exists a curve £ : I — §, defined on a subinterval
I of [0,00][, such that

(1) 0 €I and £(0) = z.,

(2) & is a trajectory for the controln (that is, £ is locally

absolutely continuous and E(t) = f(E(t),n(t)) for
almost every t € I)

(3) V(&(s)) < V(E(

s,telands<t

) + f; L(&(v),n(v)) dv whenever

(4) & is right-unbounded. O
Theorem 7.2 has the following immediate

consequence.

Theorem 7.3 Let 3 = QU f,L) be an

n-dimensional augmented system such that the map
Q5 xzw— (f(x,u), L(x,u) is continuous for each u € U.
Let V : Q2 +— R be a continuous function that satisfies
(14) on Q in the viscosity sense. Let Z(£,&) : [ — QxR
be a locally uniquely limiting augmented trajectory of

$. Then the dynamic programming inequality

VI(£(s)) < VI(E@1) +&o(t) — &ols)
holds for all s,t € I such that s < t.

8. Proof of Theorem 2.9

According to Theorem 7.3, the dynamic programming
inequality holds along every almost locally uniquely
limiting augmented trajectory. The hypothesis that
every augmented arc has an almost locally uniquely
limiting improvement then implies that the dynamic
programming inequality holds along every augmented
trajectory. If we apply the inequality to an augmented
arc = that starts at a point x and ends at the target,
and use the fact that V' = 0 on the target, we find that
V(xz) < J(Z). Hence V is bounded above by the value

function V%.

To prove that V > V%, we pick z € Q and use
Proposition 2.6 to conclude that there exists a maximal
augmented trajectory E = (&, &p) of ¥ from x of steepest
descent with respect to V), and then use Theorem 6.1 to
conclude that ¢ is right-unbounded. We then invoke
our hypotheses to conclude that = ends at the target.
Then V(z) > J(E), so V is bounded below by the value

function, and our proof is complete. &
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