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Abstract—We present a general necessary condition for A. Bressan (cf. [4]) found an explanation for this fact,
separation of the reachable set of a Lipschitz control system py proving, by means of a counterexample, that the
from another given set, expressed in terms of an "approximat- ,q;a| necessary conditions for set separation that can be

ing multicone” to the set in a sense that contains as special . . . .
cases the Clarke and Mordukhovich cones. We then show how derived for a pair of sets and corresponding Boltyanskii

this separation result implies a stronger form of the usual approximating cones, as well as for a pair of sets and

necessary condition for optimality. corresponding Clarke or Mordukhovich normal cones, can
fail to be true if a Boltyanskii aproximating cone is specified
I. INTRODUCTION for one of the sets and the Clarke or Mordukhovich normal

This paper announces results, proved in [24], pursuing tHRON€ iS usgd for_the other one. Th|s.s.hows that versions of

investigation, initiated in [22], of the possibility of deriving the€ PMP with “mixed” technical conditions—some suitable

general versions of the finite-dimensional Pontryagin maxfr the topological approach and others for the limiting

mum principle (PMP) by means of a unified method, baseff€thod—are likely to be false in general, and that there

on set separation. probably dpes not exist a single unified version of the PMP
Proofs of various versions of the PMP using sefht contains both types of results.

separation together with a topological argument based The second—besF alt.ernative is that, even though a single
on the Brouwer fixed point theorem have appeared ijfommmon generalization of both approaches does not exist,

Pontryaginet al. [14], Berkovitz [1], as well as in many it may at least be possible to deal with both kinds of results

papers that incorporate high-order conditions (cf. Bianchiry Méans of set-separation techniques, using different but
[2], Knobloch [10], Krener [11], Stefani [15] Sussmannpara”el separation theorems for the two kinds of results.

[16]). Another set of proofs use a different approach, baset 2 first step in this direction, we proposed in [22] a
on a limiting argument, in which a sequenge- {r,},.y NOton of “approximating multicone” to a set at a point

of approximate terminal adjoint vectors—normalized so that extends the concepts of (Hllarke and Mordu_khowch
that ||| = 1—is constructed, and then an exact adjoinFO”eS and has the property that “strong transversality of the

vector is obtained by taking the limit of some convergen?pprOXimating cones implies nontrivial intersection of the
subsequence of. These proofs (cf. Clarke [5], [6], Clarke sets.” (In our setting, “convex multicones” have polars that
et al. [7], loffe [8], loffe-Rockafellar [9], Mordukhovich &€ ordinary cones but can fail to be convex. In particular,
[13], Vinter [25]) have successfuly dealt with nonsmootthe usual Mordukhowch normal c“one IS the_polar of a
Lipschitz dynamical laws, which appeared inaccessible {5°NVex multicone, that we call the "Mordukhovich tangent
the topological method. multicone.”) _

In 1993, S. tojasiewicz Jr. ([12]) discovered a powerful .In th's note we apply the sef[—separatlon gpproach to
new technique that made it possible to deal witt1pschitz control problem's'. we f'rSI. 'present, n Theprem
nonsmoothness by means of the topological set separati%r?’ a necessary and sufficient condition for two multicones

method. Subsequently, in a series of papers (cf. [18], [19 yot to be strongly transversal, expressed in terms of polar
[20], [21], [23]), we pursued this idea and develope ovectors. We then use this result to obtain, in Theorem

topological methods for the non-smooth PMP, based Ozlll'l’ a general necessary condition for separation of the

generalized differentials, flows, and general variationg.e"jmh"’Ible seR of a control system from another given

These methods, however, always led to results where tREL 5 ' .expr:essed in tefrms ofhan approglm%tlng mulrtllconi
transversality conditions involved a tangent cone to th In the sense or our t eory, anc. Observe that, !
target set that was a Boltyanskii approximating cone d e necessary condition is not satisfied, then there exists

some generalization thereof, and resisted all attempts fp nonconstant Lipschitz curv@, 1] > s — ((s) e RN S

deal with transversality conditions involving the ClarkeSUCh that;(0) = &.(b), whereg, is the reference trajectory

tangent cone or the Mordukhovich normal cone. Recentlﬁndb is the terminal t!me. We then show how this condition
can be used to derive a strengthened form of the usual

Research supported in part by NSF Grant DMS-05-09930 necessary conditions for optimal control.



II. PRELIMINARIES AND BACKGROUND

Some abbreviations and basic notations. We use
“FDRLS” for “finite-dimensional real linear space”.

If X,Y are FDRLSs, therlin(X,Y) will denote the
space of all linear maps fronX to Y. If X is a FDRLS,

IIl. CONES, MULTICONES, TRANSVERSALITY, AND SET
SEPARATION

Cones, multicones, polars. A cone in a FDRLS
X is a nonempty subse€ of X such thatr.-cec C
wheneverc € C,r € R andr > 0. If C is
a cone in X, the polar of C is the convex cone

then dim X, X' denote, respectively, the dimension andC+ = {A € XT: \(c) <0 for all ce C}. ThenC+ is a

the dual of X (so thatX' = Lin(X,R)). We identify the
double dualXt" with X in the usual way.

closed convex cone iX T, andC+t+ is the smallest closed
convex cone containing'. In particular,C++ = C if and

We write R, R,, to denote, respectively, the spaces oPnly if C is closed and convex.

all real n-dimensional column vectors = (z',...,z")f
and of all realn-dimensional row vectorg = (p1,...,pn).
We identify Lin(R™,R™) with the spaceR™*™ of real

A multiconein X is a nonempty set of convex cones in
X. A multiconeC is convexif every memberC of C is
convex andclosedif every C € C is closed. Thepolar of

m x n matrices in the usual way, by assigning to eack is the setC* = Clos(U{CL :C e C}), soC* is a (not

M € R™*™ the linear maR” > x — M -z € R™. Also,
we identify R,, with (R™)f, by assigning to & € R,, the
linear functionalR™ > z — y-x € R. If X, Y are FDRLSSs,
and L € Lin(X,Y), then theadjoint (or transpos¢ of L
is the mapL': YT+ XT such thatL(y) = y o L for
y € YT. In the special case whek = R™ andY = R™,
so L € R™*", the mapL' goes fromR,, to R,,, and is
given by Lt(y) =y - L for y € R,,.

If meZy, x€R™ reR,andr > 0, thenB™(z,7),

necessarily convex) closed cone i .

Transversality of cones. We say that two convex cones

C1, Cy in a FDRLSX aretransversa) and WriteCJﬁCg, if
C; — Cy =X, e, if for everyz € X there existe; € C1,
co € Cy, such thatr = ¢; — co. We say thatC; andCs are

strongly transversal and WriteclﬁﬁCg, if ClFHOQ and in

addition C; N Cy # {0}. Then “~ C1MCy", “~ C1MCy”
will stand for “C; andCs are not transversal,” and’} and

B™(z,r) denote, respectively, the closed and open balls i@z are not strongly transversal,” respectively.

R™ with centerz and radiusr. We write B™(r), B™(r)
for B™(0,r), B™(0,7), andB™, B™ for B™(1), B™(1).

Generalized Jacobians and Warga derivate containets.
Q is open inR", andy : Q — R™ is locally Lipschitz, we

usediff(¢) to denote the set of points of differentiability

The following is easily proved.

Lemma 3.1:Assume that X is a FDRLS
and C;, C, are convex cones inX. Then
C1hCy & CiMCs < C+ N (—=C4#) = {0}.  Furthermore,

C1MCs if and only if either (i) C1MCs, or (i) C; and O,

of ¢. It follows from the well known Rademacher theoremare both linear subspaces afig & C> = X. u

that Q\diff (v) is a null subset of2. If x € Q, we let
Op(z) be the set of all limits ag — oo of convergent
sequences Dp(z) 72, such thatey, € diff(p) for all &

andlimy o, x, = z. Thendp(x) is a nonempty compact

If C' is a convex cone in a FDRLS, then span(C)
will denote the linear span oC. It is then clear that

span(C) = span(C). It is then easy to see that
Lemma 3.2:Assume thatX is a FDRLS andC is

subset ofin(R", R"™). We usedy () to denote the convex @ CONvex cone inX. Then Intg,c)(C) =C and

hull of dp(x), and refer to it as theClarke generalized
Jacobianof ¢ at z.

“Warga derivate containers” are defined as follows.

Definition 2.1: Assume that{) is open in R", and
Q3 z+— F(x) CR™ is a multivalued map fron to R™.

Intspan(C) (C) = Intspan(C’) (C) 7é (Z) n
Lemma 3.3:Assume thatX is a FDRLS,(C,, C, are

convex cones inX, andC,MCy,. ThenC, N Cy = C1 N Cy

and(ClﬁCb)L :Cf‘—FCQJ' | |
Lemma 3.4:Assume thatX is a FDRLS and”,, C, are

Let (z,y) € Q x R™, and letA be a compact subset of convex cones inX. ThenC;MC, if and only if C;hC..m

Lin(R™,R™). We say thaf\ is aWarga derivate container
of F at (z,y), and write ‘A € WDC(F; z,y),” if for every
open subse® of Lin(R™, R™) such thatA C O there exist
(a) an open subséf of Q such thatr € U, (b) a sequence
¢ = {pr}72, of maps of clasC! from U to R™, such
that (i) Dpi(z’) € O whenevere’ € U andk € N, and
(i) ¢ — ¢ uniformly for some locally Lipschitz function
¢ : U — R™ such thatp(z) = y and p(2’) € F(z') for
all ' e U. [ |

The above definition reduces, wheh' is single-
valued, to the standard one. K is signle-valued and
F(z) =y, we will write “A € WDC(F;x)” rather than
“A e WDC(F;z,y).”

Transversality of multicones. Two convex multicone§,

Cy in a fdrls X aretransversalif leﬁcg whenevelC; € Cq,
Csy € Co. Alinear functionalu € X is intersection positive
on (Cl, CQ) if

(VOl € C1, Cy € CQ)(HI ceCin Cz)(,u(l‘) > 0) . (1)
The convex multiconeg,, C; are strongly transversalif
they are transversal and in addition there exisjs @ X'

which is intersection positive ofCy, Cs).
We use for transversality of multicones the same

notations as for conesCIFﬁcg” (resp. “~ leﬁcg”) means
thatC; andC, are (resp. are not) transversal, anidﬂﬁcg”



def

(resp. ~ Clﬂﬁcg“) means thaC; andC, are (resp. are not) A-C={L-C:Le A, CeC}.

strongly transversal. If is a multicone in a FDRLSX, we
write C to denote the multicon¢C : C € C}.

The following theorem is proved in [24].

Theorem 3.5:Assume thatX is a FDRLS and’y, C, are

Definition 3.6:If s ¢ S C R", andC is a convex
multicone inR", we say thatC is a WDC approximating
multicone of S at 5 if there exist (i) a nonnegative integer
d, (i) a compact subset{ of R¢ such that0 ¢ K,

convex multicones inX. Then the following conditions are (iii) an open neighborhood/ of K in R?, (iv) a set-

equivalent:
(i) Cy andC, are not strongly transversal;
(i) C; andC, are not strongly transversal;
(iii) for every v € XT\{0} there existC; € Cy, Cy € Ca,
w1 € Cf, we€Cs, wy € [0,+00], such that
(wl,wg,wo) 7é (0, 0, 0) andw; + wy = woV. |

valued mapU > u+— F(u) CR"™, (v) a compact subset

A of Lin(R4R"), and (vi) a convex multiconeD in
R4, such that () F(K) € S, () A€ WDC(F;0,3),
(n D xTMK, and, finally (IV)C = A - D. [
We will use WDCAM(S,5) to denote the set of
all WDC approximating multicones ofS at 5, so

] ] “C e WDCAM(S,5)" is an alternative way of saying that
Mordukhovich tangent multicones. Let S be a subset of «¢ js 3 WDC approximating multicone f at 5.”

R™, and lets € S. TheBouligand tangent condo S at s is

the set of all vectors € R™ such that there exist a sequencel he transversal intersection propertylf X is a topological
{s;}jen of points of S converging tos, and a sequence SPace, and, S, are subsets ok, we say thats; and S
{h;};en of positive real numbers converging@psuch that are locally separatedat a pointp € X if there exists a
v = lim;_o 2=, We useTZS to denote the Bouligand Neighborhood of p in X' such that5, NS, NU C {p}.

h; . . .
tangent cone toS at 5. It is clear, and well known, that  The following result is p;roved in [24]..
2

T3S is a closed cone. ThBouligand normal coneof S Theorem 3.7:Let 5, be subsets ofR", and
at 5 is the polar condT2 )+ of TBS, that is, the set of 1€t € 51 NS,. Let €1, C;, be WDC approximating
all covectorsp € R,, such thatp - v < 0 for all v € T2S. multicones of S;, Sy at z. Assume thatC; and C, are
The limiting normal cone, or Mordukhovich normal cone  Strongly transversal. Ther; and S; are not locally
of S at 5 is the set of all covectorp € R, such that Separated at. (That is, there exists a sequenge; }jen
p = lim, .. p; for some sequencés,};cy of members Of points of (S1 N S2)\{z} such thatlim; .., z; = .)

of S that converges t¢ and some sequenc;}jen Of
members ofR,, such thatp; € (TS’fS)L for eachj.

Furthermore, there exists a Lipschitz ayc [0,1] — R”
such thaty(0) = z, (t) does not identically equat, and

We use NM°S to denote the Mordukhovich normal 7(t) € 51N Sz forall ¢ € [0,1].

cone of § at 5. For eachp ¢ R,, we let
pt={veR":p-v<0}, so p- is a half space if
p #0, and p* is the whole spac®” if p = 0. The
Mordukhovich tangent multicone toS at s is the set
TMeg (L. pe NMoS} soTMS is a set all whose
members are closed half-spacesTinM, except for one
“trivial member,” namely, the whole spadé M.

The Clarke tangent and normal cones.If S is a closed
subset ofR™, and s € S, then theClarke tangent cone
to S at s is the set of all vectorsy € R™ such that,
whenever{s; };en is a sequence of points ¢f converging

IV. THE MAXIMUM PRINCIPLE

If U is a set, &/-control is aU-valued functiory whose
domainDo 7 is a nonempty compact subinterval Rf

We will considerLipschitz control systems with a fixed
time interval

E(t) = f(E(t),n(t),t) for ae. t€ [a,b],

n(t) € U for all t€a,b],

&) € whi(Mm), n(-)eU, and Do¢ =Don,
specified by giving a system data T7-tuple

to 5, it follows that there exist Bouligand tangent vectors? = (1€, a,b, f,U,U) such that

v; € TS such thatlim; .. v; = v. We useT<'S to
denote the Clarke tangent coneSaoat s. It is well known

(H1) n is a nonnegative integer and (the state space) is
an open subset d@&";

that T€!S is a closed convex cone. Also, it is well-known(H2) U (the control space) is a set;

that TS is the polar of the Mordukhovich con&y 2 S.
ThereforeT¢! = N{C : C € TM°S}. The Clarke normal
cone N¢US of S at 5 is the polar(TELS)* of the Clarke

tangent cone, sg¢7¢'S)+ is the smallest closed convex

cone inR,, containing N2 S.

WDC approximating multicones. If C, D are convex
multicones, then we say thétis a full submulticone ofD,
and writeC < D, if for every D € D there exists & € C
such thatC C D.

If X, Y are
in X, and A C

FDRLSs, C is a multicone
Lin(X,Y), then we define

(H3) [a,b] (the time interval) is a nonempty compact
subinterval ofR;

(H3) f (the dynamical law) is a family f,, }.,.cy of maps
fu: QX [a,b] — R™;

(H4) U (the class of admissible controllers) is a setlof
controls defined ofa, b].

Given such &D,
o We usef(z,u,t) as an alternative notation gy, (z, t).
« If nis aU-control defined orja, b], then
— the expression f, denotes the
Q x[a,0] 5 (,t) — f(z,n(t),t) € R™;

map



— if t € [a,b], then f,, denotes the vector field
Q>z— f(x,n(t),t) € R™;
—if £ : [a,f] — Q and [o, 5] C [a,b], , then

FoeOEF(E(),n(1), 1) for t € [a, B];

— atrajectoryfor 7 is an absolutely continuous curve

¢ : [a,b] — Q such thatt(t)
almost allt € [a, b];

« A trajectory-control pair (abbr. TCP) is a pai(¢,n)
such thatp is a U-control and¢ is a trajectory fom.

o If v = (&) is a TCP, then thelomain Do+ is the
setDon, which, by definition, is the same &% €.

« An admissible controlis a member ot/.

« ATCP (&, 1) is admissibleif 7 € U.

« We write TCP(D), TCP,im (D), to denote,
respectively, the set of all TCPs @ and the set of
all admissible TCPs oD.

In addition, we specifyc.., S such that
(H5) z. € Qand S C Q;
as well as aeference trajectory-control pair¢., n.), that
is, a pair(&,,n.) such that
(H6a) (f*, 77*) ETCPadm(D)r
(H6.b) &.(a) = ., and&,.(by) € S.

= f(&(t),n(t),) for

A. The maximum principle for set separation

For the set separation problem, we specify a dattuple

Dsep:(n7Qaaab7f7Uau7$*aSa€*7n*7c)' (2)

We letD = (n,,a,b, f,U,U), and define th&®-reachable
def

set fromx, over [a,b] to be the seRp,(, 4 (7) = {£(b) :

(g TI) € TCPn,dm( ) 5(61*) = Ty }
The local separation condition is then

(H#¢P) there exists a neighborhodd of £,.(b) in €2 such
that Rop, (a5 (2.) NS NV = {£(D)}.

It will also be convenient to single out the following strong
form of the negation of Ef?, that we will call theLispchitz
arc intersection property

(HEPiny There exists a nonconstant Lipschitz arc
7:[0,1]=Rp,[q,5 (2+) NS having the property
that 7(0) = £.(b) andy(1) # 7(0).

We define the Hamiltonian of f by first writing
Z=0xR, xU x[a,b], and then lettingd/ : Z—R be the

In order to state precisely the technical hypothesesinction given by the formulal/(z)=p- f(x,u,t), for

denote the set of

on the map f, we first let Ug,
and define

all constant U-controls def|ned onla, b},

Uy = UG U {nst, soUy,

z=(z,p,u,t)€ Z.
The following is then our version of the Lipschitz

consists of the reference maximum principle for set separation. The proof is given

control 7, and all the constant controls whose domain ign [24]..

[a, b].

Theorem 4.1:Assume that the dataD*°? satisfy

The key technical hypothesis on our control dynam|ce\l.|ypo»meseS (H1) to (H9). Let be the set of all pairéu, 7)

law is then
(H7) For eachn € L[a o the vector fieldf, is integrably
Lipschitz nearg*
(This means that: (H7.i) the mdp, b] > ¢t — f(z,n(¢),t)
is measurable for eachh € Q, and (H.7ii) there exist
an integrable functionk,, la,b] +— [0,400] and a
positive numbers,, such that|| f(z,n(t),t)|| < k,(t) and
If (@, n(t),t) — f(',n(t),t)]| < ky(t)|lz — 2’| whenever
max([|z — & @), 2" — & (8)]]) < by andt € [a, b].)
In addition, we also specif¢ such that
(H8) C is a WDC approximating multicone ¢f at &.(b),
Our last hypothesis will require the concept of equal-
time measurable-variational neighborho¢abbr. ETMVN)
of a controllern. We say that a seV of controllers is an
ETMVN of a controllery if
o« for every N € Z, and every N-tuple
u=(uy,...,uy) of members ofU, there exists
a positive numbee = (NN, u) such that whenever
n:la,bl— U is a map obtained fromy, by first
selecting anV-tuple M = (M, ..., My,) of pairwise
disjoint measurable subsets [of, b] with the property
that E —,meas(M;) < e, and then substituting
the constant values; for the valuen,(t) for every
j=1,...,N and everyt € M;, it follows thatn € U.
We will then assume
(H9) The clasd/ is an ETMVN ofy..

such thatu € U, 7 €]a,b[, and 7 is a Lebesgue point of
both functions — f(&.(t),u,t) andt — f(&(t), n«(t),1).
Then either (") holds, or

(*) for every covector p € R,\{0} there exists
a triple (my,n%,L) having the property that
() L is a measurable selection of the set-
valued map [a,b] 3t~ 0f,. +(& (1)) CR™*™,
(i) 7 € [0,+o0[, and (iii) ## € R,, such that,
if [a,b] — R, is the unique absolutely
continuous solution of the adjoint Cauchy problem
7(t) = —7(t) - L(t), n(b) = =, then the following
three conditions are satisfied:

I. Hamiltonian maximization:  The
HY (&u(r),m(r),nu(7),7) > HI (6.(7),
holds whenevefu, T) € L.

inequality

w(T),u,T)

Il. Transversality: mou — 7% € Ct.

1. (mo, ) # (0,0).
In particular, if the local separation condition®*# is
satisfied, then (*) holds. [ ]

Nontriviality:

B. The maximum principle for optimal control

We now show how the maximum principle for Lipschitz
optimal control (Clarke [5]) follows from Theorem 4.1.



We consider dixed time-interval Lagrangian optimal 0of,_ :(¢.(¢)), since f, ; does not depend on the first

control problem component. Thewf,, ;(£.(t)) is a compact convex subset
o of the spac&,, x R"*". So every member d¥f, ;(£.(t))
minimize f fO(f(t)ﬂ?l( ),t) dt . can be regarded as a pdito, L), where L, € R,, and
gg )) € W( (()[a l()])R)), L € R™*"_ It is then clear that
. t) = t),t) a.e.
subject 10 ¢(q) =, and £(b) € Oy, 1(6+(1)) € Ofon. 1 (6(1) X Dfy. 1(Ea(1)) . (3)

n(t) €U for all ¢ € [a, b] and 7(-) €U. 1t then follows that every measurable selection of the set-
We assume, as before, that we are giverreference Valued mapa,b] >t +— Of, :(£.(t)) can be regarded as a
trajectory-control pair(¢,, 7.). And, finally, we assume that pair (Lo, L), where

we are given a multicon€. So we are specifying a data (i) Ly : [a,b] — R, is a measurable selection of

12-tuple D*<P as in (2), and we will assume that all the la,b] >t Ofon. +(&(1)),
conditions (H1) to (H9) hold. (i) L : [a,b] — R™*™ is a measurable selection of the
In addition to D*?, we now need to specify a cost map [a,b] >t — df,, +(&(t)),
functional. For this purpose, we giv@, such that Then we can write the “inhomogeneous adjoint equation”
(H10) f, is a real-valued function o2 x U x [a,b]. & = —m - L + moLo, for any real numberr,. The
Then, if D' = (n,Q, a,b, f,U,U, ., S, &, n.,C, fo) is  corresponding Cauchy problem, with terminal condition
our datal3-tuple, n(b) = n#, clearly has a unique solution for any given

« A TCP (¢(,m) with domain [a,b] is endpoint-cost- (L.O’.L’W.O’W#)' A fie!d m of covectors_(qr a pai(mo, )
admissible if it satisfies: (i) (¢,7) is admissible, arising in this way is known as aadjoint covectoy or

- : djoint vector

(i) £a) = ., (i) €0b) € S, and, finally & _ . .
(i) (th)e function | b](a)tHfo(g(t) n(t),t) ER The hypothesis on the reference T@R, n..) is thatitis a
is a e defined n;easurable a’nd 7such thdpcal cost-minimizer iN'C Pagm, ec(D°PY). In other words,

2 i (0. fol€(®).0(0),1)) dt > —oc, (H™) (€.,1.) € TCPyuy.c(D™), and there exists

o We write TCPygm...(D°P") to denote the set of all Sr;;é?thb?rzgﬁ??g/ Of)i*(ﬁz gm)%orr]aglllngafpse
TCPs of D°P! that are endpoint-cost-admissible. y w7 ) = JG T

) ot (&,m) € TC Puam,ec(DP') such that(b) e V
It follows that if (5 m) belongs t0I'C Padm, (D) then We also single out the following very strong form of
the number.J(¢,n) f fo(&(®),n(t),t) dt —called the

the negation of K¥P?, that we will call theLispchitz arc
costof (&, n)—is well defined and belongs td— oo, +].

nonoptimality property
To the data D°rf, we associate the map P Y propery

f:QxUx[a,b] — RxR", defined by letting (HEPme) There exist a nonconstant Lipschitz arc
f(2) = (fo(2), f(2)) for z = (z,u,t) € QxU x[a,b]. We [0,1]2s—7(s) = (10(s),7(s)) € R x Q
refer tof as theaugmented dynamics and TCPs(&s, ns) € TCPagm,ec(DP")

If 7 is a U-control, we write fo ,(z,t) = fo(z,n(t), 1), for s € [0, 1], such that (i)(o,m0) = (§«,74),
f,(z,t)=1£(x,n(t),t), so fo,, is a function from x [a, b] and (i) v(s) = (J(&s,ms), Es(D)) and
to R, andf, is a map fromQ x [a,b] to R™. If in addition J(&s,ms) < J(&x,mi) TOr 0 < s < 1.

¢ [o,f] — Qis an arc inQ, we write fo,¢(t) =

Jo(€(@),n(t), ), £y,¢(8) =£(£(2), n(t), 1), : :
The precise tencfhnical hypothesis @nis family of functions Hg :Q xRy x U x [a.’ b =R,
(depending on the real parametet), given by
(H11) for each controly € L{[ , the time-varying function ¢ (2, p,ut) =p- fla,u,t) — afoz, u,t)

Jfo,n is integrably L'pSCh'tZ neag.. The following is our stronger form of the maximum
(The definition of the “integrably Lipschitz” property for principle for Lipschitz optimal control problems, extending
real-valued functions is identical to that for vector fieldsthe result proved by Clarke in [5]. The proof is given in
with the obvious tr|V|aI modlﬂcatlons.) [24].

We write & . (t f Jo(&«(8),m«(s),s) ds, so the func-  Theorem 4.2:Assume that the datal3-tuple D!
tion & . is the runnlng Lagranglan costalong (¢.,7.), satisfies Hypotheses (H1) to (H11). Létdenote the set
initialized so that.(a) = 0. We then let=.(t) = of all pairs (u,7) such thatu € U, 7 €la.,b.[, and
(€0.4(t), &4(t)), 8O . : [a,b] — R x M is the cost- is a Lebesgue time of both maps— f(.(t),u,t) and
augmented reference trajectonClearly, =, is an integral ¢ — £(£,(t),7.(t),t). Then either (H7:"°) holds, or
curve of f, , if we regardf, as a time-varying vector (x there exist
field on R x , as explained above, and our assumptions
imply thatf, is integrably Lipschitz neaE,. This makes
it possible to talk about the Clarke generalized Jacobian
of,. +(E(t)), for which we will also use the notation [a,b] >t (Lo(t), L(t)) € Of,,. +(&(t))

We define theHamiltonian of f to be the parametrized

1. a pair(mo, %) € [0, +00[x Ry,
2. a measurable selection



[4]
5

of the set-valued map+— 0f,, .(£.(t)),
having the property that, ifw [a, b]
R, is the unique absolutely continuous solution
of the “inhomogeneous adjoint Cauchy problem” [6]
7(t) = —m(t) - L(t) + moLo(t), m(b) = =, then the 7]
following three conditions are satisfied:

>

I.  Hamiltonian maximization: the inequality
HI (&.(7),n:(7),7) = HL (&(7),u,7) is satis-
fied (9]
whenever(u, 1) € L,

(8]

Il Transversality: —7# € Ct, [10]

lll.  Nontriviality: (7o, 7#) # (0,0). [11]
In particular, if the optimality condition (P?) is satisfied
then (*) holds. [ | [12]

An exampleWe now show, by means of an example, how3!
our result is stronger than the usual Lipschitz maximum
principle.

Consider the optimal control problem &2 in which 4]
it is desired to maximize the integrafolu(t) dt—i.e.,
to minimize fol(—u(t))dt—subject to 2(t) = w(t), [13]
yt) =v(t), >0, v € R, (z(0),y(0)) = (0,0), and
(z(1),y(1)) € S, where the target sefS is given [16]
by S={(z,zsinl/x): x>0} U{(0,0)}. The constant
trajectory z(t) = 0, y(t) = 0, corresponding to the (7]
control u(t) = 0, v(t) = 0, is obviously not opti-

mal. The Mordukhovich normal con& to S at (0,0)

is Ry, which means that the necessary conditions fdfe!
optimality of the usual Lipschitz maximum principle—
including the transversality conditiorr(1) € N—are
satisfied, becaus#/ also the Mordukhovich normal cone [19
to the setS = {(0,0)}, and if the target set waS rather
than S then our reference TCP would be optimal. On the
other hand, if we consider the optimal control problem
with targetS, whereS = {(z,y) : |y| < z}, then a simple [20]
calculation shows that our reference TCP does not sat-
isfy (*). (The adjoint equation obviously says that the
momentumr(t) = (w1 (¢), m2(t)) must be constant. The [21]
Hamiltonian ismu + mov + mou, SO Hamiltonian maxim-
imization impliesm, = 0 andm; + m9 < 0. Thenm; <0,
while —7(1) cannot be polar t& at (0,0) unlessr; > 0.
Som; =0, and thenry, = 0, contradicting the nontriviality
condition.) This implies that there exists a Lipschitz arc
v : [0,1] — R?® such thaty(0) = (0,0,0) and, if we

[22]

write v(s) = (y0(s),7(5)), theno(s) = J(&,7,) and 23]
Y(s) = &(1) for some cost-admissible TCE;,n,) such
that, if s > 0, then &(0) = (0,0), &(1) € S, and
v0(8) < 70(0). It follows immediately that;(1) € S for
somes, so the reference TCP is not optimal. [ |
24
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