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Héctor J. Sussmann
Department of Mathematics

Rutgers, the State University of New Jersey
Hill Center—Busch Campus

110 Frelinghuysen Road
Piscataway, NJ 08854-8019, USA

sussmann@math.rutgers.edu

Abstract— We present a general necessary condition for
separation of the reachable set of a Lipschitz control system
from another given set, expressed in terms of an “approximat-
ing multicone” to the set in a sense that contains as special
cases the Clarke and Mordukhovich cones. We then show how
this separation result implies a stronger form of the usual
necessary condition for optimality.

I. I NTRODUCTION

This paper announces results, proved in [24], pursuing the
investigation, initiated in [22], of the possibility of deriving
general versions of the finite-dimensional Pontryagin maxi-
mum principle (PMP) by means of a unified method, based
on set separation.

Proofs of various versions of the PMP using set
separation together with a topological argument based
on the Brouwer fixed point theorem have appeared in
Pontryaginet al. [14], Berkovitz [1], as well as in many
papers that incorporate high-order conditions (cf. Bianchini
[2], Knobloch [10], Krener [11], Stefani [15], Sussmann
[16]). Another set of proofs use a different approach, based
on a limiting argument, in which a sequenceπππ = {πj}j∈N
of approximate terminal adjoint vectorsπj—normalized so
that ‖πj‖ = 1—is constructed, and then an exact adjoint
vector is obtained by taking the limit of some convergent
subsequence ofπππ. These proofs (cf. Clarke [5], [6], Clarke
et al. [7], Ioffe [8], Ioffe-Rockafellar [9], Mordukhovich
[13], Vinter [25]) have successfuly dealt with nonsmooth
Lipschitz dynamical laws, which appeared inaccessible to
the topological method.

In 1993, S. Łojasiewicz Jr. ([12]) discovered a powerful
new technique that made it possible to deal with
nonsmoothness by means of the topological set separation
method. Subsequently, in a series of papers (cf. [18], [19],
[20], [21], [23]), we pursued this idea and developed
topological methods for the non-smooth PMP, based on
generalized differentials, flows, and general variations.
These methods, however, always led to results where the
transversality conditions involved a tangent cone to the
target set that was a Boltyanskii approximating cone or
some generalization thereof, and resisted all attempts to
deal with transversality conditions involving the Clarke
tangent cone or the Mordukhovich normal cone. Recently,
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A. Bressan (cf. [4]) found an explanation for this fact,
by proving, by means of a counterexample, that the
usual necessary conditions for set separation that can be
derived for a pair of sets and corresponding Boltyanskii
approximating cones, as well as for a pair of sets and
corresponding Clarke or Mordukhovich normal cones, can
fail to be true if a Boltyanskii aproximating cone is specified
for one of the sets and the Clarke or Mordukhovich normal
cone is used for the other one. This shows that versions of
the PMP with “mixed” technical conditions—some suitable
for the topological approach and others for the limiting
method—are likely to be false in general, and that there
probably does not exist a single unified version of the PMP
that contains both types of results.

The second-best alternative is that, even though a single
commmon generalization of both approaches does not exist,
it may at least be possible to deal with both kinds of results
by means of set-separation techniques, using different but
parallel separation theorems for the two kinds of results.
As a first step in this direction, we proposed in [22] a
notion of “approximating multicone” to a set at a point
that extends the concepts of Clarke and Mordukhovich
cones and has the property that “strong transversality of the
approximating cones implies nontrivial intersection of the
sets.” (In our setting, “convex multicones” have polars that
are ordinary cones but can fail to be convex. In particular,
the usual Mordukhovich normal cone is the polar of a
convex multicone, that we call the “Mordukhovich tangent
multicone.”)

In this note we apply the set-separation approach to
Lipschitz control problems. We first present, in Theorem
3.5, a necessary and sufficient condition for two multicones
not to be strongly transversal, expressed in terms of polar
covectors. We then use this result to obtain, in Theorem
4.1, a general necessary condition for separation of the
reachable setR of a control system from another given
set S, expressed in terms of an approximating multicone
to S in the sense of our theory, and observe that, if
the necessary condition is not satisfied, then there exists
a nonconstant Lipschitz curve[0, 1] 3 s 7→ ζ(s) ∈ R ∩ S
such thatζ(0) = ξ∗(b), whereξ∗ is the reference trajectory
andb is the terminal time. We then show how this condition
can be used to derive a strengthened form of the usual
necessary conditions for optimal control.



II. PRELIMINARIES AND BACKGROUND

Some abbreviations and basic notations. We use
“FDRLS” for “finite-dimensional real linear space”.

If X,Y are FDRLSs, thenLin(X,Y ) will denote the
space of all linear maps fromX to Y . If X is a FDRLS,
then dimX, X† denote, respectively, the dimension and
the dual ofX (so thatX† = Lin(X,R)). We identify the
double dualX†† with X in the usual way.

We write Rn, Rn to denote, respectively, the spaces of
all real n-dimensional column vectorsx = (x1, . . . , xn)†

and of all realn-dimensional row vectorsp = (p1, . . . , pn).
We identify Lin(Rn,Rm) with the spaceRm×n of real
m × n matrices in the usual way, by assigning to each
M ∈ Rm×n the linear mapRn 3 x 7→M · x ∈ Rm. Also,
we identifyRn with (Rn)†, by assigning to ay ∈ Rn the
linear functionalRn 3 x 7→ y ·x ∈ R. If X,Y are FDRLSs,
andL ∈ Lin(X,Y ), then theadjoint (or transpose) of L
is the mapL† : Y † 7→ X† such thatL†(y) = y ◦ L for
y ∈ Y †. In the special case whenX = R

n andY = R
m,

so L ∈ Rm×n, the mapL† goes fromRm to Rn, and is
given byL†(y) = y · L for y ∈ Rm.

If m ∈ Z+, x ∈ Rm, r ∈ R, andr > 0, then B̄m(x, r),
B
m(x, r) denote, respectively, the closed and open balls in
R
m with centerx and radiusr. We write B̄m(r), Bm(r)

for B̄m(0, r), Bm(0, r), andB̄m, Bm for B̄m(1), Bm(1).

Generalized Jacobians and Warga derivate containers.If
Ω is open inRn, andϕ : Ω 7→ R

m is locally Lipschitz, we
usediff(ϕ) to denote the set of points of differentiability
of ϕ. It follows from the well known Rademacher theorem
that Ω\diff(ϕ) is a null subset ofΩ. If x ∈ Ω, we let
∂̃ϕ(x) be the set of all limits ask → ∞ of convergent
sequences{Dϕ(xk)}∞k=1 such thatxk ∈ diff(ϕ) for all k
and limk→∞ xk = x. Then ∂̃ϕ(x) is a nonempty compact
subset ofLin(Rn,Rm). We use∂ϕ(x) to denote the convex
hull of ∂̃ϕ(x), and refer to it as theClarke generalized
Jacobianof ϕ at x.

“Warga derivate containers” are defined as follows.
Definition 2.1: Assume that Ω is open in Rn, and

Ω 3 x 7→ F (x) ⊆ Rm is a multivalued map fromΩ to Rm.
Let (x, y) ∈ Ω × Rm, and letΛ be a compact subset of
Lin(Rn,Rm). We say thatΛ is aWarga derivate container
of F at (x, y), and write “Λ ∈WDC(F ;x, y),” if for every
open subsetO of Lin(Rn,Rm) such thatΛ ⊆ O there exist
(a) an open subsetU of Ω such thatx ∈ U , (b) a sequence
ϕϕϕ = {ϕk}∞k=1 of maps of classC1 from U to Rm, such
that (i) Dϕk(x′) ∈ O wheneverx′ ∈ U and k ∈ N, and
(ii) ϕϕϕ → ϕ uniformly for some locally Lipschitz function
ϕ : U 7→ R

m such thatϕ(x) = y andϕ(x′) ∈ F (x′) for
all x′ ∈ U .

The above definition reduces, whenF is single-
valued, to the standard one. IfF is signle-valued and
F (x) = y, we will write “Λ ∈ WDC(F ;x)” rather than
“Λ ∈WDC(F ;x, y).”

III. C ONES, MULTICONES, TRANSVERSALITY, AND SET

SEPARATION

Cones, multicones, polars. A cone in a FDRLS
X is a nonempty subsetC of X such that r · c ∈ C
whenever c ∈ C, r ∈ R and r ≥ 0. If C is
a cone in X, the polar of C is the convex cone
C⊥ = {λ ∈ X† : λ(c) ≤ 0 for all c ∈ C}. ThenC⊥ is a
closed convex cone inX†, andC⊥⊥ is the smallest closed
convex cone containingC. In particular,C⊥⊥ = C if and
only if C is closed and convex.

A multicone in X is a nonempty set of convex cones in
X. A multicone C is convex if every memberC of C is
convex andclosedif every C ∈ C is closed. Thepolar of
C is the setC⊥ = Clos

(⋃
{C⊥ : C ∈ C}

)
, soC⊥ is a (not

necessarily convex) closed cone inX†.

Transversality of cones. We say that two convex cones

C1, C2 in a FDRLSX aretransversal, and writeC1∩|
−
C2, if

C1 − C2 = X, i.e., if for everyx ∈ X there existc1 ∈ C1,
c2 ∈ C2, such thatx = c1− c2. We say thatC1 andC2 are

strongly transversal, and writeC1∩||
−
C2, if C1∩|

−
C2 and in

additionC1 ∩ C2 6= {0}. Then “∼ C1∩|
−
C2”, “∼ C1∩||

−
C2”

will stand for “C1 andC2 are not transversal,” and “C1 and
C2 are not strongly transversal,” respectively.

The following is easily proved.
Lemma 3.1:Assume that X is a FDRLS

and C1, C2 are convex cones in X. Then

C1∩|
−
C2 ⇔ C1∩|

−
C2 ⇔ C⊥1 ∩ (−C⊥2 ) = {0}. Furthermore,

C1∩|
−
C2 if and only if either (i)C1∩||

−
C2, or (ii) C1 andC2

are both linear subspaces andC1 ⊕ C2 = X.
If C is a convex cone in a FDRLSX, then span(C)

will denote the linear span ofC. It is then clear that
span(C) = span(C̄). It is then easy to see that

Lemma 3.2:Assume thatX is a FDRLS andC is
a convex cone inX. Then Intspan(C)(C) = C̄ and
Intspan(C)(C̄) = Intspan(C)(C) 6= ∅.

Lemma 3.3:Assume thatX is a FDRLS,C1, C2 are

convex cones inX, andC1∩|
−
C2. ThenC1 ∩ C2 = C1 ∩C2

and (C1 ∩ C2)⊥ = C⊥1 + C⊥2 .
Lemma 3.4:Assume thatX is a FDRLS andC1, C2 are

convex cones inX. ThenC1∩||
−
C2 if and only if C1∩||

−
C2.

Transversality of multicones. Two convex multiconesC1,

C2 in a fdrlsX aretransversalif C1∩|
−
C2 wheneverC1 ∈ C1,

C2 ∈ C2. A linear functionalµ ∈ X† is intersection positive
on (C1, C2) if

(∀C1 ∈ C1, C2 ∈ C2)(∃x ∈ C1 ∩ C2)(µ(x) > 0) . (1)

The convex multiconesC1, C2 are strongly transversalif
they are transversal and in addition there exists aµ ∈ X†
which is intersection positive on(C1, C2).

We use for transversality of multicones the same

notations as for cones: “C1∩|
−
C2” (resp. “∼ C1∩|

−
C2”) means

that C1 andC2 are (resp. are not) transversal, and “C1∩||
−
C2”



(resp. “∼ C1∩||
−
C2”) means thatC1 andC2 are (resp. are not)

strongly transversal. IfC is a multicone in a FDRLSX, we
write C to denote the multicone{C̄ : C ∈ C}.

The following theorem is proved in [24].
Theorem 3.5:Assume thatX is a FDRLS andC1, C2 are

convex multicones inX. Then the following conditions are
equivalent:

(i) C1 andC2 are not strongly transversal;
(ii) C1 andC2 are not strongly transversal;

(iii) for every ν ∈ X†\{0} there existC1 ∈ C1, C2 ∈ C2,
ω1 ∈ C⊥1 , ω2 ∈ C⊥2 , ω0 ∈ [0,+∞[, such that
(ω1, ω2, ω0) 6= (0, 0, 0) andω1 + ω2 = ω0ν.

Mordukhovich tangent multicones. Let S be a subset of
R
n, and lets̄ ∈ S. TheBouligand tangent coneto S at s̄ is

the set of all vectorsv ∈ Rn such that there exist a sequence
{sj}j∈N of points of S converging tos̄, and a sequence
{hj}j∈N of positive real numbers converging to0, such that
v = limj→∞

sj−s̄
hj

. We useTBs̄ S to denote the Bouligand
tangent cone toS at s̄. It is clear, and well known, that
TBs̄ S is a closed cone. TheBouligand normal coneof S
at s̄ is the polar cone(TBs̄ S)⊥ of TBs̄ S, that is, the set of
all covectorsp ∈ Rn such thatp · v ≤ 0 for all v ∈ TBs̄ S.
The limiting normal cone, or Mordukhovich normal cone
of S at s̄ is the set of all covectorsp ∈ Rn such that
p = limj→∞ pj for some sequence{sj}j∈N of members
of S that converges tōs and some sequence{pj}j∈N of
members ofRn such thatpj ∈ (TBsjS)⊥ for eachj.

We useNMo
s̄ S to denote the Mordukhovich normal

cone of S at s̄. For each p ∈ Rn, we let
p⊥ = {v ∈ Rn : p · v ≤ 0}, so p⊥ is a half space if
p 6= 0, and p⊥ is the whole spaceRn if p = 0. The
Mordukhovich tangent multicone toS at s̄ is the set
TMos̄ S

def= {p⊥ : p ∈ NMo
s̄ S} , so TMos̄ S is a set all whose

members are closed half-spaces inTs̄M , except for one
“trivial member,” namely, the whole spaceTs̄M .

The Clarke tangent and normal cones. If S is a closed
subset ofRn, and s̄ ∈ S, then theClarke tangent cone
to S at s̄ is the set of all vectorsv ∈ R

n such that,
whenever{sj}j∈N is a sequence of points ofS converging
to s̄, it follows that there exist Bouligand tangent vectors
vj ∈ TBsjS such thatlimj→∞ vj = v. We useTCls̄ S to
denote the Clarke tangent cone toS at s̄. It is well known
that TCls̄ S is a closed convex cone. Also, it is well-known
that TCls̄ S is the polar of the Mordukhovich coneNMo

s̄ S.
ThereforeTCls̄ =

⋂
{C : C ∈ TMos̄ S}. The Clarke normal

coneNCl
s̄ S of S at s̄ is the polar(TCls̄ S)⊥ of the Clarke

tangent cone, so(TCls̄ S)⊥ is the smallest closed convex
cone inRn containingNMo

s̄ S.

WDC approximating multicones. If C, D are convex
multicones, then we say thatC is a full submulticone ofD,
and writeC � D, if for everyD ∈ D there exists aC ∈ C
such thatC ⊆ D.

If X, Y are FDRLSs, C is a multicone
in X, and Λ ⊆ Lin(X,Y ), then we define

Λ · C def= {L · C : L ∈ Λ, C ∈ C}.
Definition 3.6: If s̄ ∈ S ⊆ R

n, and C is a convex
multicone inRn, we say thatC is a WDC approximating
multicone of S at s̄ if there exist (i) a nonnegative integer
d, (ii) a compact subsetK of Rd such that0 ∈ K,
(iii) an open neighborhoodU of K in R

d, (iv) a set-
valued mapU 3 u 7→ F (u) ⊆ Rn, (v) a compact subset
Λ of Lin(Rd,Rn), and (vi) a convex multiconeD in
R
d, such that (I)F (K) ⊆ S, (II) Λ ∈WDC(F ; 0, s̄),

(III) D � TMos̄ K, and, finally (IV) C = Λ · D.
We will use WDCAM(S, s̄) to denote the set of

all WDC approximating multicones ofS at s̄, so
“C ∈WDCAM(S, s̄)” is an alternative way of saying that
“C is a WDC approximating multicone ofS at s̄.”

The transversal intersection property.If X is a topological
space, andS1, S2 are subsets ofX, we say thatS1 andS2

are locally separatedat a pointp ∈ X if there exists a
neighborhoodU of p in X such thatS1 ∩ S2 ∩ U ⊆ {p}.

The following result is proved in [24]..
Theorem 3.7:Let S1, S2 be subsets ofRn, and

let x̄ ∈ S1 ∩ S2. Let C1, C2, be WDC approximating
multicones ofS1, S2 at x̄. Assume thatC1 and C2 are
strongly transversal. ThenS1 and S2 are not locally
separated at̄x. (That is, there exists a sequence{xj}j∈N
of points of (S1 ∩ S2)\{x̄} such that limj→∞ xj = x̄.)
Furthermore, there exists a Lipschitz arcγ : [0, 1] 7→ R

n

such thatγ(0) = x̄, γ(t) does not identically equal̄x, and
γ(t) ∈ S1 ∩ S2 for all t ∈ [0, 1].

IV. T HE MAXIMUM PRINCIPLE

If U is a set, aU -control is aU -valued functionη whose
domainDo η is a nonempty compact subinterval ofR.

We will considerLipschitz control systems with a fixed
time interval,

ξ̇(t) = f(ξ(t), η(t), t) for a.e. t ∈ [a, b] ,
η(t) ∈ U for all t ∈ [a, b] ,
ξ(·) ∈ W1,1(M) , η(·) ∈ U , and Do ξ = Do η ,

specified by giving a system data 7-tuple
D = (n,Ω, a, b, f, U,U) such that

(H1) n is a nonnegative integer andΩ (the state space) is
an open subset ofRn;

(H2) U (the control space) is a set;
(H3) [a, b] (the time interval) is a nonempty compact

subinterval ofR;
(H3) f (the dynamical law) is a family{fu}u∈U of maps

fu : Ω× [a, b] 7→ R
n;

(H4) U (the class of admissible controllers) is a set ofU -
controls defined on[a, b].

Given such aD,

• We usef(x, u, t) as an alternative notation forfu(x, t).
• If η is aU -control defined on[a, b], then

– the expression fη denotes the map
Ω× [a, b] 3 (x, t) 7→ f(x, η(t), t) ∈ Rn;



– if t ∈ [a, b], then fη,t denotes the vector field
Ω 3 x 7→ f(x, η(t), t) ∈ Rn;

– if ξ : [α, β] 7→ Ω and [α, β] ⊆ [a, b], , then

fη,ξ(t)
def= f(ξ(t), η(t), t) for t ∈ [α, β];

– a trajectoryfor η is an absolutely continuous curve
ξ : [a, b] 7→ Ω such thatξ̇(t) = f(ξ(t), η(t), t) for
almost allt ∈ [a, b];

• A trajectory-control pair (abbr. TCP) is a pair(ξ, η)
such thatη is aU -control andξ is a trajectory forη.

• If γ = (ξ, η) is a TCP, then thedomain Do γ is the
setDo η, which, by definition, is the same asDo ξ.

• An admissible controlis a member ofU .
• A TCP (ξ, η) is admissibleif η ∈ U .
• We write TCP (D), TCPadm(D), to denote,

respectively, the set of all TCPs ofD and the set of
all admissible TCPs ofD.

In addition, we specifyx∗, S such that
(H5) x∗ ∈ Ω andS ⊆ Ω;

as well as areference trajectory-control pair(ξ∗, η∗), that
is, a pair(ξ∗, η∗) such that

(H6.a) (ξ∗, η∗)∈TCPadm(D),
(H6.b) ξ∗(a) = x∗, andξ∗(b∗) ∈ S.

In order to state precisely the technical hypotheses
on the map f , we first let Uc[a,b] denote the set of
all constant U -controls defined on[a, b], and define
Uc,∗[a,b] = Uc[a,b] ∪ {η∗} , so Uc,∗[a,b] consists of the reference
control η∗ and all the constant controls whose domain is
[a, b].

The key technical hypothesis on our control dynamical
law is then
(H7) For eachη ∈ Uc,∗[a,b], the vector fieldfη is integrably

Lipschitz nearξ∗.
(This means that: (H7.i) the map[a, b] 3 t 7→ f(x, η(t), t)
is measurable for eachx ∈ Ω, and (H.7ii) there exist
an integrable functionkη : [a, b] 7→ [0,+∞] and a
positive numberδη such that‖f(x, η(t), t)‖ ≤ kη(t) and
‖f(x, η(t), t) − f(x′, η(t), t)‖ ≤ kη(t)‖x − x′‖ whenever
max(‖x− ξ∗(t)‖, ‖x′ − ξ∗(t)‖) ≤ δη and t ∈ [a, b].)

In addition, we also specifyC such that
(H8) C is a WDC approximating multicone ofS at ξ∗(b),

Our last hypothesis will require the concept of anequal-
time measurable-variational neighborhood(abbr. ETMVN)
of a controllerη. We say that a setV of controllers is an
ETMVN of a controllerη if
• for every N ∈ Z+ and every N -tuple

u = (u1, . . . , uN ) of members ofU , there exists
a positive numberε = ε(N,u) such that whenever
η : [a, b] 7→ U is a map obtained fromη∗ by first
selecting anN -tupleM = (M1, . . . ,MM ) of pairwise
disjoint measurable subsets of[a, b] with the property
that

∑M
j=1 meas(Mj) ≤ ε, and then substituting

the constant valueuj for the valueη∗(t) for every
j = 1, . . . , N and everyt ∈Mj , it follows thatη ∈ U .

We will then assume
(H9) The classU is an ETMVN ofη∗.

A. The maximum principle for set separation

For the set separation problem, we specify a data12-tuple

Dsep = (n,Ω, a, b, f, U,U , x∗, S, ξ∗, η∗, C) . (2)

We letD = (n,Ω, a, b, f, U,U), and define theD-reachable
set fromx∗ over [a, b] to be the setRD;[a,b](x∗)

def= {ξ(b) :
(ξ, η) ∈ TCPadm(D) , ξ(a∗) = x∗}.

The local separation condition is then

(Hsep) there exists a neighborhoodV of ξ∗(b) in Ω such
thatRD;[a,b](x∗) ∩ S ∩ V = {ξ(b)} .

It will also be convenient to single out the following strong
form of the negation of Hsep, that we will call theLispchitz
arc intersection property:

(HLip,in) There exists a nonconstant Lipschitz arc

γ : [0, 1] 7→RD;[a,b](x∗)∩S having the property

that γ(0) = ξ∗(b) and γ(1) 6= γ(0).

We define the Hamiltonian of f by first writing
Z=Ω×Rn×U×[a, b], and then lettingHf : Z 7→R be the
function given by the formulaHf (z)=p · f(x, u, t), for
z=(x, p, u, t)∈ Z.

The following is then our version of the Lipschitz
maximum principle for set separation. The proof is given
in [24]..

Theorem 4.1:Assume that the dataDsep satisfy
Hypotheses (H1) to (H9). LetL be the set of all pairs(u, τ)
such thatu ∈ U , τ ∈]a, b[, and τ is a Lebesgue point of
both functionst 7→ f(ξ∗(t), u, t) andt 7→ f(ξ∗(t), η∗(t), t).
Then either (HLip,in) holds, or

(*) for every covector µ ∈ Rn\{0} there exists
a triple (π0, π

#, L) having the property that
(i) L is a measurable selection of the set-
valued map [a, b] 3 t 7→ ∂fη∗,t(ξ∗(t)) ⊆ Rn×n,
(ii) π0 ∈ [0,+∞[, and (iii) π# ∈ Rn, such that,
if π : [a, b] 7→ Rn is the unique absolutely
continuous solution of the adjoint Cauchy problem
π̇(t) = −π(t) · L(t), π(b) = π#, then the following
three conditions are satisfied:

I. Hamiltonian maximization: The inequality
Hf (ξ∗(τ), π(τ), η∗(τ), τ) ≥ Hf (ξ∗(τ), π(τ), u, τ)
holds whenever(u, τ) ∈ L.

II. Transversality: π0µ− π# ∈ C⊥.

III. Nontriviality: (π0, π
#) 6= (0, 0).

In particular, if the local separation condition Hsep is
satisfied, then (*) holds.

B. The maximum principle for optimal control

We now show how the maximum principle for Lipschitz
optimal control (Clarke [5]) follows from Theorem 4.1.



We consider afixed time-interval Lagrangian optimal
control problem

minimize
∫ b
a
f0(ξ(t), η(t), t) dt

subject to


ξ(·) ∈W 1,1([a, b],Rn) ,
ξ̇(t) = f(ξ(t), η(t), t) a.e. ,
ξ(a) = x∗ and ξ(b) ∈ S ,
η(t) ∈ U for all t ∈ [a, b] , and η(·) ∈ U .

We assume, as before, that we are given areference
trajectory-control pair(ξ∗, η∗). And, finally, we assume that
we are given a multiconeC. So we are specifying a data
12-tuple Dsep as in (2), and we will assume that all the
conditions (H1) to (H9) hold.

In addition to Dsep, we now need to specify a cost
functional. For this purpose, we givef0, such that

(H10) f0 is a real-valued function onΩ× U × [a, b].
Then, ifDopt=(n,Ω, a, b, f, U,U , x∗, S, ξ∗, η∗, C, f0) is

our data13-tuple,

• A TCP (ξ, η) with domain [a, b] is endpoint-cost-
admissible if it satisfies: (i) (ξ, η) is admissible,
(ii) ξ(a) = x∗, (iii) ξ(b) ∈ S, and, finally
(iv) the function [a, b]3 t 7→f0(ξ(t), η(t), t)∈R
is a. e. defined, measurable, and such that∫ β
α

min
(

0, f0(ξ(t), η(t), t)
)
dt > −∞.

• We write TCPadm,ec(Dopt) to denote the set of all
TCPs ofDopt that are endpoint-cost-admissible.

It follows that if (ξ, η) belongs toTCPadm,ec(Dopt) then
the numberJ(ξ, η) =

∫ b
a
f0(ξ(t), η(t), t) dt —called the

costof (ξ, η)—is well defined and belongs to]−∞,+∞].
To the data Dopt, we associate the map

f : Ω×U×[a, b] 7→ R×Rn, defined by letting
f(z) = (f0(z), f(z)) for z = (x, u, t) ∈ Ω×U×[a, b]. We
refer to f as theaugmented dynamics.

If η is a U -control, we writef0,η(x, t) = f0(x, η(t), t),
fη(x, t)= f(x, η(t), t), so f0,η is a function fromΩ× [a, b]
to R, andfη is a map fromΩ× [a, b] to Rn. If in addition
ξ : [α, β] 7→ Ω is an arc in Ω, we write f0,η,ξ(t) =
f0(ξ(t), η(t), t), fη,ξ(t)= f(ξ(t), η(t), t),

The precise technical hypothesis onf0 is

(H11) for each controlη ∈ Uc,∗[a,b], the time-varying function
f0,η is integrably Lipschitz nearξ∗.

(The definition of the “integrably Lipschitz” property for
real-valued functions is identical to that for vector fields,
with the obvious trivial modifications.)

We write ξ0,∗(t) =
∫ t
a
f0(ξ∗(s), η∗(s), s) ds, so the func-

tion ξ0,∗ is the running Lagrangian cost along (ξ∗, η∗),
initialized so that ξ0,∗(a) = 0. We then let Ξ∗(t) =
(ξ0,∗(t), ξ∗(t)), so Ξ∗ : [a, b] 7→ R × M is the cost-
augmented reference trajectory. Clearly, Ξ∗ is an integral
curve of fη∗ , if we regard fη∗ as a time-varying vector
field on R × Ω, as explained above, and our assumptions
imply that fη∗ is integrably Lipschitz nearΞ∗. This makes
it possible to talk about the Clarke generalized Jacobian
∂fη∗,t(Ξ∗(t)), for which we will also use the notation

∂fη∗,t(ξ∗(t)), since fη∗,t does not depend on the first
component. Then∂fη∗,t(ξ∗(t)) is a compact convex subset
of the spaceRn × Rn×n. So every member of∂fη∗,t(ξ∗(t))
can be regarded as a pair(L0, L), whereL0 ∈ Rn and
L ∈ Rn×n. It is then clear that

∂fη∗,t(ξ∗(t)) ⊆ ∂f0,η∗,t(ξ∗(t))× ∂fη∗,t(ξ∗(t)) . (3)

It then follows that every measurable selection of the set-
valued map[a, b] 3 t 7→ ∂fη∗,t(ξ∗(t)) can be regarded as a
pair (L0, L), where

(i) L0 : [a, b] 7→ Rn is a measurable selection of
[a, b] 3 t 7→ ∂f0,η∗,t(ξ∗(t)),

(ii) L : [a, b] 7→ R
n×n is a measurable selection of the

map [a, b] 3 t 7→ ∂fη∗,t(ξ∗(t)),
Then we can write the “inhomogeneous adjoint equation”
π̇ = −π · L + π0L0, for any real numberπ0. The
corresponding Cauchy problem, with terminal condition
π(b) = π#, clearly has a unique solutionπ for any given
(L0, L, π0, π

#). A field π of covectors (or a pair(π0, π))
arising in this way is known as anadjoint covector, or
adjoint vector.

The hypothesis on the reference TCP(ξ∗, η∗) is that it is a
local cost-minimizer inTCPadm,ec(Dopt). In other words,

(Hopt) (ξ∗, η∗) ∈ TCPadm,ec(Dopt), and there exists
a neighborhoodV of ξ∗(b) in Ω having the
property thatJ(ξ∗, η∗)≤ J(ξ, η) for all pairs
(ξ, η) ∈ TCPadm,ec(Dopt) such thatξ(b) ∈ V .

We also single out the following very strong form of
the negation of Hopt, that we will call theLispchitz arc
nonoptimality property:

(HLip,no) There exist a nonconstant Lipschitz arc
[0, 1]3s 7→γ(s) = (γ0(s), ~γ(s)) ∈ R× Ω
and TCPs(ξs, ηs) ∈ TCPadm,ec(Dopt)
for s ∈ [0, 1], such that (i)(ξ0, η0) = (ξ∗, η∗),

and (ii) γ(s) = (J(ξs, ηs), ξs(b)) and
J(ξs, ηs) < J(ξ∗, η∗) for 0 < s ≤ 1.

We define theHamiltonian of f to be the parametrized
family of functions Hf

α : Ω× Rn × U × [a, b] 7→ R,
(depending on the real parameterα), given by
Hf
α(x, p, u, t) = p · f(x, u, t)− αf0(x, u, t) ,
The following is our stronger form of the maximum

principle for Lipschitz optimal control problems, extending
the result proved by Clarke in [5]. The proof is given in
[24].

Theorem 4.2:Assume that the data13-tuple Dopt
satisfies Hypotheses (H1) to (H11). LetL denote the set
of all pairs (u, τ) such thatu ∈ U , τ ∈]a∗, b∗[, and τ
is a Lebesgue time of both mapst 7→ f(ξ∗(t), u, t) and
t 7→ f(ξ∗(t), η∗(t), t). Then either (HLip,no) holds, or

(*) there exist

1. a pair(π0, π
#) ∈ [0,+∞[×Rn,

2. a measurable selection

[a, b] 3 t 7→ (L0(t), L(t)) ∈ ∂fη∗,t(ξ∗(t))



of the set-valued mapt 7→ ∂fη∗,t(ξ∗(t)),
having the property that, ifπ : [a, b] 7→
Rn is the unique absolutely continuous solution
of the “inhomogeneous adjoint Cauchy problem”
π̇(t) = −π(t) · L(t) + π0L0(t), π(b) = π# , then the
following three conditions are satisfied:

I. Hamiltonian maximization: the inequality
Hf
π0

(ξ∗(τ), η∗(τ), τ) ≥ Hf
π0

(ξ∗(τ), u, τ) is satis-
fied

whenever(u, τ) ∈ L,
II Transversality: −π# ∈ C⊥,

III. Nontriviality: (π0, π
#) 6= (0, 0).

In particular, if the optimality condition (Hopt) is satisfied
then (*) holds.

An example.We now show, by means of an example, how
our result is stronger than the usual Lipschitz maximum
principle.

Consider the optimal control problem inR2 in which
it is desired to maximize the integral

∫ 1

0
u(t) dt—i.e.,

to minimize
∫ 1

0
(−u(t)) dt—subject to ẋ(t) = u(t),

ẏ(t) = v(t), u ≥ 0, v ∈ R, (x(0), y(0)) = (0, 0), and
(x(1), y(1)) ∈ S, where the target setS is given
by S = {(x, x sin 1/x) : x > 0} ∪ {(0, 0)}. The constant
trajectory x(t) ≡ 0, y(t) ≡ 0, corresponding to the
control u(t) ≡ 0, v(t) ≡ 0, is obviously not opti-
mal. The Mordukhovich normal coneN to S at (0, 0)
is R2, which means that the necessary conditions for
optimality of the usual Lipschitz maximum principle—
including the transversality condition−π(1) ∈ N—are
satisfied, becauseN also the Mordukhovich normal cone
to the setŜ = {(0, 0)}, and if the target set waŝS rather
thanS then our reference TCP would be optimal. On the
other hand, if we consider the optimal control problem
with targetS̃, whereS̃ = {(x, y) : |y| ≤ x}, then a simple
calculation shows that our reference TCP does not sat-
isfy (*). (The adjoint equation obviously says that the
momentumπ(t) = (π1(t), π2(t)) must be constant. The
Hamiltonian isπ1u + π2v + π0u, so Hamiltonian maxim-
imization impliesπ2 = 0 andπ1 + π0 ≤ 0. Thenπ1 ≤ 0,
while −π(1) cannot be polar tõS at (0, 0) unlessπ1 ≥ 0.
Soπ1 = 0, and thenπ0 = 0, contradicting the nontriviality
condition.) This implies that there exists a Lipschitz arc
γ : [0, 1] 7→ R

3 such thatγ(0) = (0, 0, 0) and, if we
write γ(s) = (γ0(s), ~γ(s)), then γ0(s) = J(ξs, ηs) and
~γ(s) = ξs(1) for some cost-admissible TCP(ξs, ηs) such
that, if s > 0, then ξs(0) = (0, 0), ξs(1) ∈ S̃, and
γ0(s) < γ0(0). It follows immediately thatξs(1) ∈ S for
somes, so the reference TCP is not optimal.
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