ACC02-IEEE1378

September 21, 2001

Adaptive Stabilization and Disturbance Rejection for First-Order Systems^1 by Harshad S. Sane, Alexander V. Roup, Dennis S. Bernstein and Héctor J. Sussmann^2

hsane@intellisense.com, {aroup, dsbaero}@umich.edu, sussmann@math.rutgers.edu

Abstract

We consider the use of a discontinuous adaptive control algorithm to achieve simultaneous stabilization and disturbance rejection for a first-order linear system. Lyapunov methods are used to prove stability of the closed-loop system and convergence to zero of the measurement. Closed-loop performance is compared to standard high-gain methods.

1This research was supported in part by the Air Force Office of Scientific Research under grant F49620—98–1–0037 and a François-Xavier Bagnoud Foundation Fellowship.

2Harshad S. Sane is from Intellisense Corporation, 36 Jonspin Rd. Wilmington, MA 01887. Alexander V. Roup, and Dennis S. Bernstein are from Department of Aerospace Engineering, University of Michigan, Ann Arbor, MI 48105-2140. Héctor J. Sussman is from Department of Mathematics, Rutgers, The State University of New Jersey, New Brunswick, NJ 08903

1 Introduction

In this paper we consider the problem of feedback stabilization of a first-order linear system in the presence of exogenous disturbances. These disturbances include both plant disturbances and measurement noise. This case is of particular interest as it has been shown in [1] that several direct adaptive control schemes for minimum phase plants with relative degree 1 (such as those in [2, 3]), exhibit parameter divergence eventually leading to instability. In general, non-identifier based adaptive controllers based on high gain feedback tend to suffer from lack of robustness with respect to bounded disturbances.

A minimum-phase system with relative degree 1 can be stabilized by output feedback u = −ky, provided that k > k_s, with k_s sufficiently large. To ensure that k grows beyond k_s the controller takes the form [2, 3, 4] u = −ky, (1) k̇ = γy^2. (2)

With y → 0 as t → ∞ it can be proved [2, 4] that k converges. However, there is a practical limitation in implementing this controller. In the presence of sustained plant disturbance or measurement noise, k diverges eventually leading to instability. There have been several fixes to amend this problem in the literature and some of them are summarized below.

To avoid divergence of the gain k, (2) is replaced by [5]

k̇ = −σk + γy^2, (3)

where σ > 0 is a small damping term. This modification yields bounded k for bounded y. However, (3) leads to an undesirable response [6] for unstable systems. To see this, suppose |k| grows so that it is large enough to stabilize the unstable plant. As y → 0, the term −σk dominates y^2 leading to a decrease in k, which destabilizes the system. This leads to bursting of the plant output. This behavior occurs regardless of the presence of disturbances.

To avoid bursting, [7] proposes the gain update law k̇ = −β|y|k + γy^2, (4) where σ in (3) is replaced by β|y|, the rationale being that such a term tends to zero with the measured output. However,(4) introduces new equilibria (p. 312 in [4]) which are functions of the tuning parameter β. The analysis of the resultant adaptive system is considerably difficult.

Another proposed modification to (2) is the dead-zone modification [4, 8, 9] given by

k̇ = { γy^2, |y| ≥ γα, 0, |y| < γα, (5) where γ > 0 and α is a known bound on the disturbance or measurement noise. This scheme stops the gain adaptation when y is in a neighborhood of zero, assuring boundedness of all signals, but requiring knowledge of the disturbance bound α. Furthermore, since the modification contains a dead-zone, this method cannot assure asymptotic convergence of the plant output even when the disturbance is not present.

Adaptive stabilization algorithms that are robust to disturbances have been developed in the nonlinear context [10, 11, 12]. These results use various techniques that are not closely related to the algorithm presented in this paper.

In this paper, we provide an adaptive controller that guarantees convergence of the measured output in the presence of measurement noise as well as plant disturbances. In Theorem 2.1 we provide a controller for first-order relative degree 1 systems, which guarantees convergence of the measured plant output and boundedness of all parameters for unknown bounded measurement noise d_m and plant disturbance d_p. As in [4, 13, 14] we assume the plant is minimum phase and that the order of the system, relative degree, and sign of the high frequency gain are known. For this case, the certainty equivalence controller is comprised of two elements, namely, a parameter estimator, and a disturbance rejection controller. Our proof of convergence is Lyapunov based.

2 Adaptive Disturbance Rejection

Consider the first-order system q̇ + aq = bu + d_p. (6) We assume that only the measurement y = q + d_m (7) is available for feedback and we assume that

(A1) a is constant but otherwise unknown;

(A2) b is constant, nonzero, and μ^Δ= sign(b) is known, but b is otherwise unknown; (A3) The plant disturbance d_p is bounded but otherwise unknown; (A4) The measurement noise d_m is bounded and differentiable with bounded derivative but otherwise unknown.

The disturbance rejection problem constitutes finding a control input u such that y(t) → 0 and k converges as t → ∞.

Theorem 2.1 Consider the 2nd-order dynamic compensator

k̇ = γy^2, (8) ^̇α = λα̂^{3/2}|y|, (9) where γ and λ are positive constants, with the control input u given by

u = −μ(ky + α̂ sign(y)). (10)

Then y → 0 and k converges as t → ∞. Furthermore, α̂ is bounded, and inf_{t≥0} α̂(t) > 0.

Proof. First note that the closed-loop system (6)-(10) is a differential equation with right-hand side discontinuity at y = 0. The closed-loop system can be regularized into a differential inclusion with sign(y_i) replaced by a set-valued map S(y_i), where S(y_i) = 1 if y_i > 0, S(y_i) = −1 if y_i < 0, and S(y_i) ∈ [−1, 1] if y_i = 0. The sufficient conditions given in [15] for the existence and continuity of solutions are satisfied, and the closed-loop differential inclusion has an absolutely continuous solution. Noting continuous dependence on the initial conditions and using Theorem 2.2 in [16] we conclude that the solution set of the closed-loop differential inclusion equals the solution set of the closed-loop system (6)-(10).

Next, using (6) and (7) we obtain ẏ = −ay + bu + ψ, (11) where ψ(t)^Δ= ad_m(t) + ḋ_m(t) + d_p(t). Since d_m(t), d_p(t) and ḋ_m(t) are bounded, it follows that there exists α > 0 such that |ψ(t)| ≤ |ad_m| + |ḋ_m(t)| + |d_p(t)| ≤ |b|α, t ≥ 0. (12) Choosing f > 0, (10) and (11) yield ẏ + fy = −|b|k̃y + ψ − |b|α̂ sign(y), (13) where k̃^Δ= k −^{f−a}_{|b|} .

Next, let x̃^Δ= [ y, k̃, α̂ ]_T

. Note that since f, a, and b are constant, ˙k̃ = k̇. Therefore the equations defining the state x̃ are given by (11), (8), (9) in the order of the components of x̃.

Now define V : IR^2 × (0, ∞) → IR by

V (x̃)^Δ=^1_2 y^2 +^{|b|}_{2γ} k̃^2 +^{2|b|}_λ (√ α̂ +^{α√}_{α̂} ) −^{4|b|√α}_λ . (14) Note that V is unbounded as α̂ → 0 and radially unbounded as y, k̃, α̂ → ∞. Furthermore, V has its minimum at x̃_0 = [0, 0, α]^T at which V (x̃_0) = 0.

Suppose that α̂ vanishes on (0, ∞) and let t_1 = min{t > 0 : α̂(t) = 0}. Using the parameter update laws (8)-(9), we obtain, for t ∈ [0, t_1), V̇ (x̃(t)) = −^1_2 fy2 + yψ − α̂|by| +^{|b|}_γ k̃(k̇ − γy2) + |b|^{α̂−α}_{λα̂3/2} ^̇α ≤ −^1_2 fy^2 + |b|^{α̂−α}_{λα̂3/2} (^̇α − λ|y|α̂^{3/2}) = −^1_2 fy^2. (15)

Here we used ψy ≤ α|by|, which follows from (12).

Hence, V (x̃(t)) is bounded for t ∈ [0, t_1), which implies that α/ √ α̂(t) remains bounded for all t ∈ [0, t_1). Hence, there exists δ > 0 such that α̂(t) > δ for all t ∈ [0, t_1). Since α̂(t) is continuous, this contradicts α̂(t_1) = 0. Therefore the inequality (15) is valid for all t ∈ [0, ∞), and thus V (x̃(t)) is bounded for all t ∈ [0, ∞), which implies inf_{t≥0} α̂(t) > 0. It follows that V (x̃(t)) has a limit as t → ∞. Hence all components of x̃(t) are bounded for t ∈ [0, ∞).

Next, note that, for t ≥ 0, ∫_t 0 1 2 fy^2(τ)dτ ≤ V (x̃(0)) − V (x̃(t)). (16)

Since the right-hand-side of (16) is bounded as t → ∞, it follows that y ∈ L_2. Since x̃ is bounded it follows that u is bounded. From (12) it follows that ψ is bounded. Since y is bounded it follows from (11) that ẏ is bounded. Therefore Barbalat’s lemma [17] implies that y → 0 as t → ∞. From (8) note that lim_{t→∞}(k(t) − k(0)) = ∫_∞ 0 k̇(τ)dτ = γ ∫_∞ 0 y^2(τ)dτ. (17)

Since y ∈ L_2 it follows that k converges as t → ∞. □

Remark 2.1 The variable α̂ given by (9) attempts to estimate the overall disturbance bound characterized by α in (12). The variable α̂ in conjunction with the switching term in (10) achieves disturbance rejection. However, if d_m and d_p are identically zero, then it suffices to omit (9) and set α̂ = 0 in (10). The resulting simplified controller is equivalent to (1), (2) and can be shown to guarantee y = q → 0 as t → ∞. Therefore the controller presented in Theorem 2.1 achieves two purposes simultaneously, namely, adaptive stabilization and adaptive disturbance rejection.

3 Numerical Example

The control law (8)-(10) presented in Theorem 2.1 is discontinuous at y = 0, which makes exact implementation impractical. The signum function constitutes infinite gain control at y = 0, allowing for perfect disturbance rejection, but causing persistent control chatter once y reaches a neighborhood of 0. We therefore consider an approximation of the control law in Theorem 2.1 that does not have a discontinuity at y = 0. This approximate controller also includes a deadzone on the gain adaptation to prevent gain blow-up caused by imperfect disturbance cancellation.

Consider the plant (6), (7) with parameters a = −4 and b = 0.5 and noise signals

d_p =^1_2 sin(2πt) +^1_2 cos(10t), (18) d_m =^1_2 sin(4et) +^1_2 cos(7t). (19)

Figure 1 shows the dual-tone disturbances d_p and d_m used in the examples.

Define δ_ε : IR → {0, 1} and sat_ε : IR → [−1, 1] given by

δ_ε(x) = { 0, |x| ≤ ε, 1, |x| > ε, (20)

sat_ε(x) = −1, x < −ε, x/ε, |x| ≤ ε, 1, x > ε. (21)

Figure 2 illustrates δ_ε and sat_ε. Now replace the control equations (8)-(10) with k̇ = γy^2δ_{0.01}(y), (22) ^̇α = λα̂^{3/2}|y|δ_{0.01}(y), (23)

u = −μ(ky + α̂ sat_{0.01}(y)). (24)

Choose the controller parameters γ = 1 and λ = 1. Figures 3 and 4 show the response of the closed-loop system (6), (7), (22)-(24). Note that k and α̂ converge even with imperfect implementation of the sign function due to the use of a deadzone in (22) and (23). In Figure 3 the closed-loop response is compared to (6), (7), (1), (5). Controller (22)-(24) is shown to have significantly better disturbance rejection capability, yet uses similar control effort after the initial transient period.

Figure 5 shows y with an expanded vertical scale. Note that due to the use of δ_ε and sat_ε in (22)-(24), y does not converge asymptotically to zero but remains in a small neighborhood of zero.

4 Concluding Remarks

The controller presented in Theorem 2.1 is a high-gain adaptive-control algorithm that performs stabilization and disturbance rejection in the presence of bounded plant disturbances and measurement noise. The discontinuous functions present in the controller can be implemented imperfectly without loss of stability or significant degradation of performance. This algorithm represents an alternative to standard adaptive schemes, which may be unstable in the presence of disturbances (2). Other standard adaptive schemes maintain stability in the presence of disturbances, but are not formulated to reject the disturbances perfectly (3), (4), (5).

References

[1] C. E. Rohrs, L. Velavani, M. Athans, and G. Stein, “Robustness of Continuous-Time Adaptive Control Algorithms in the Presence of Unmodeled Dynamics,” IEEE Trans. Autom. Contr., vol. AC-30, pp. 881-889, 1985.

[2] C. I. Byrnes and J. C. Willems, “Adaptive Stabilization of Multivariable Linear Systems,” Proc. 23rd Conf. Dec. Contr., Las Vegas, NV, pp. 1574-1577, 1984.

[3] A. Ilchmann, “Non-Identifier-Based Adaptive Control of Dynamical Systems: A Survey,” IMA J.

Math. Contr. Info., vol. 8, pp. 321-366, 1991.

[4] K. Narendra and A. Annaswamy, Stable Adaptive Systems, Englewood Cliffs, NJ: Prentice Hall, 1989.

[5] P. Ioannou and P. Kokotovic, “Instability Analysis and Improvement for Robustness of Adaptive Control,” Automatica, vol. 20, pp. 583-594, 1984.

[6] J. W. Polderman and I. M. Y. Mareels, “High Gain Adaptive Control Revisited: First and Second Order Case,” Proc. 38th Conf. Dec. Contr., Phoenix, AZ, pp. 3329-3333, 1999.

[7] K. Narendra and A. Annaswamy, “A New Adaptive Law for Robust Adaptive Control Without Persistent Excitation,” IEEE Trans. Autom. Contr., vol. AC-32, pp. 134-145, 1987.

[8] R. Ortega and R. Lozano-Leal, “A Note on Direct Adaptive Control of Systems with Bounded Disturbances,” Automatica, vol. 23, pp. 253-254, 1987.

[9] C. Samson, “Stability Analysis of Adaptively Controlled Systems Subject to Bounded Disturbances,” Automatica, vol. 19, pp. 81-86, 1983.

[10] M. Krstic, I. Kanellakopoulos, and P. Kokotovic, Nonlinear and Adaptive Control Design. New York, NY: John Wiley, 1995.

[11] I. M. Y. Mareels, H. B. Penfold, and R. J. Evans, “Controlling Nonlinear Time-varying Systems Via Euler Approximations,” Automatica, vol. 28, pp. 681-696, 1992.

[12] E. Skafidas, A. Fradkov, R. J. Evans, and I. M. Y. Mareels, “Trajectory-Approximation-Based Adaptive Control for Nonlinear Systems Under Matching Conditions,” Automatica, vol. 34, pp. 287-299, 1998.

[13] H. Sane, H. J. Sussmann, and D. S. Bernstein, “Output Feedback Adaptive Stabilization of Second- Order Systems,” Proc. Amer. Contr. Conf., pp. 3138-3142, Chicago, IL, June 2000.

[14] S. Sastry and M. Bodson, Adaptive Control: Stability, Convergence, and Robustness, Englewood Cliffs, NJ: Prentice Hall, 1989.

[15] A. Teel and L. Praly, “Results on Converse Lyapunov Functions from Class-KL Estimates,” Proc.

38th Conf. Dec. Contr., Phoenix, AZ, pp. 2545-2550, 1999.

[16] S. Hu, “Differential Equations with Discontinuous Right-Hand Sides,” J. Math. Anal. Appl., vol. 154, pp. 337-390, 1991.

[17] G. Tao, “A Simple Alternative to the Barbalat Lemma,” IEEE Trans. Autom. Contr., vol. 42, p. 698, 1997.

PSfrag replacements

Figure 1: Noise signals d_p and d_m

PSfrag replacements

Figure 2: Functions δ_ε and sat_ε

PSfrag replacements

Figure 3: System response using controller (22)-(24), shown with solid line, com-

pared to response using controller (1), (5), shown with dashed line

PSfrag replacements

Figure 4: Time history of k and α̂.

PSfrag replacements

Figure 5: Time history of y with expanded vertical scale