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1 Sets

The language of sets was introduced into mathematics in the 19th cen-
tury, when the great mathematician George Cantor (1845-1918) almost
single-handedly created Set theory.

You should read the article “A history of set the-
ory”, in MacTutor.

Today, set theory is not only an important branch of mathematics, but the
foundational pillar on which all of mathematics rests. Most mathematicians
no longer ask questions that they used to ask, such as “what is a natural
number?”, or “what is a real number?”, or “what is a function?”, because
they think that all these objects are just special kinds of sets.

This does not mean that they have answered those questions. It just
means that they have reduced those questions to just one question: what
is a set? Once you know what a set is, then all the other questions are
answered.

As for the fundamental question “what is a set?”, I am not going to
answer it here. What I am going to do is start telling you about sets, until
you get used to working with them and talking about them. The question
about the ultimate nature of sets will remain unanswered.

1.1 What kind of thing is a set?

Sets are things that we invent in order to combine several objects and form
with them a single thing, so that we can talk about the objects as one thing,
a “collective entity”.

This “grouping” operation, of forming a single thing out of several things,
is something we perform very often, using different words, called “collective
nouns”, to create these collective objects.

Here are some examples of collective nouns.

1. Crowds. When you see a number of people standing together and
shouting something (say, “long live the Queen”), you create a single
thing, called “the crowd”, so that, instead of saying
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the people are shouting “long live the Queen”

you can use the collective noun “crowd” and say

the crowd is shouting “long live the Queen”

Notice that “the people” have become a single object, “the crowd”. So,
instead of using the verb in plural (“the people are shouting”) when
you talk about the people, you use the verb in singular (“the crowd is
shouting”) when we talk about the crowd.

2. Flocks of birds. When we see a number of birds flying in formation,
we create an entity called “the flock”, so that, instead of saying

I see several birds, and they are flying East,

we can use the collective noun “flock” and say

I see a flock of birds, and it is flying East.

Notice that “the birds” have become a single object, “the flock”. So,
instead of using the verb in plural (“the birds are flying”) when we talk
about the birds, we use the verb in singular (“the flock is flying”) when
we talk about the flock.

3. Orchestras. When several musicians are playing together, we intro-
duce into our discourse the collective noun “orchestra”, so that, instead
of saying

The musicians are playing

we can use the collective noun “orchestra” and say
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The orchestra is playing.

Once again, “the musicians” have become a single object, “the orches-
tra”. So, instead of using the verb in plural (“the musicians are play-
ing”) when we talk about the musicians, we use the verb in singular
( “the orchestra is playing”) when we talk about the orchestra.

4. Juries. When several people are brought together to sit in judgemebnt
and decide if a defendant is guilty, the people are called jurors, and
are said to be members of the jury.

And then, instead of saying things like

The jurors are deliberating

we say
The jury s deliberating..

Once again, when we talk about “the jurors” we use the verb in plural
(“are deliberating”) but when we talk about “the jury” itself we use the
verb in singular (“is deliberating”) because the jury is a single object.

5. The sets N, Z, Q and R. When numbers of a certain kind are
discussed together, we create entities called IN (“the set of all natural
numbers”), Z (“the set of all natural integers”), Q (“the set of all
rational numbers”), IR (“the set of all real numbers”), so that, instead
of saying

there are infinitely many natural numbers

we can use the collective noun “IN” and say

the set IN is infinite.

Similarly, instead of saying
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all integers are real numbers,

we can use the collective nouns “IN” and “Z” and say

Z is a subset of IR.

And, instead of saying

the rational numbers form an ordered field,

or

the real numbers form a complete ordered field,

we can use the collective nouns “Q”, “IR” and say

Q is an ordered field

and

R is a complete ordered field.

Notice that “the natural numbers”, “the integers”, “the rational num-
bers”, and “the real numbers” have become single objecta, “IN”. “Z7.
‘“Q”, “R”. So, instead of using verbs in plural (“there are infinitely
many natural numbers”, “all integers are real numbers”, “the real num-
bers form...”), when we talk about the numbers, we use verbs in sin-
gular (“the set N is infinite”, ‘“Z is a subset of R”, “R is a complete
ordered field”) when we talk about the sets.
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1.1.1 Sets with structure

Most of these collective entities have a structure; that is,

1.

The members are not all equal and interchangeable. On the contrary,
some play special roles.

The pairs of members are not all equal and interchangeable. On the
contrary, some pairs of members are different from others.

The triples of members are not all equal and interchangeable. On the
contrary, some triples of members are different from others.

For example,

1.

A flock of birds flying in formation has a special member, the leader.
And, even more importantly, each bird has neighbors, that is, a few
other birds that are right next to it, to the left or to the right or in front
or behind, and the bird communicates with its neighbors. The flock
stays in formation because each bird, knowing which way its neighbors
are moving, tries to move in the same way. “Being neighbors” is what
we have called in these notes a binary relation. If we use “xNy” for
“x is a neighbor of y”, then the “neighbor” relation N singles out some
pairs (x,y) of birds as different from other pairs.

2. A number system such as IN, or Z, or IR has

e special members (1 for N, 0 and 1 for Z and R),

e special sets of members (for example, for Z or for R, the set of all
positive members of the set),

e special pairs of members of the set (for example, for N, Z, or R,
the pairs (x,y) such that = < y are different from the other pairs),

e special triples (z,y,z) of members. (For example, the triples
(x,y, 2z) such that z = x + y play a special role: they determine
the operation of addition, in the sense that if you know the set
S of all the triples (z,y, z) such that # + y = z then you know
the operation of addition, because, if I give you numbers x, y, then
you can compute x,y by looking in the set S until you find a triple
(x,y,z) that is in S, and then the sum =z +y is z.)
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1.1.2 How sets are different from other collective entities

Usually, you cannot form collective entities by putting together any objects
you want, because the objects have to be related in some way. For example,

e You would never form a “crowd” consisting of yourself, the prime min-
ister of Australia, and five people living in Wyoming. To form a crowd,
the people have to be together, doing something together.

e And you would never take a bunch of wolves living in Wyoming together
with some other wolves who live in Sweden and call that a “pack”. To
form a pack, the wolves have to be together, run together, and hunt
together.

Sets are different, in that they are collective entities that can be formed to
put together into a single object any objects you want. The things you
put together to form a set do not have to be related in any way. For example,

1. You can form a set whose members are all the wolves in Wyoming.

2. You can form a set whose members are all the wolves in Wyoming
together with all the wolves in Sweden.

3. You can form a set whose members are three wolves you like who live in
Wyoming, together with the musicians of the New York Philharmonic,
your uncle Billy, the planets Earth, Mars and Jupiter, the numbers 5, 7
and 23, the numbers 7 and 3 4+ /5, and all the integers that are larger
than 377.

The only thing you need in order to be able to form a set S, is a “mem-
bership criterion”, i.e., a sentence C'(x) that specifies the condition that an
object x has to satisfy in order to qualify as a member of the set. And any
sentence will do!.

1.1.3 Terms and sentences with variables: a review

In mathematical writing, there are two kinds of meaningful phrases?, namely,
terms and sentences.

LAt least for now. Later we will se that we cannot allow absolutely any sentence,
because if you do allow that serious trouble ensues, in the form of the “Russell paradox”.
So we will have to put some limitations. But we are not there yet.

2A “phrase” in a particular language is, according to the dictionary, “a small group of
words standing together as a conceptual unit”. (The “small group” could be just a single
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e Terms are phrases that stand for things or people: for example, “Obama’”,
“Alice”, “Ronald Reagan”, “the table”, “the case where I put my sun-
glasses yesterday”, “2 4 37, are terms, because they stand for specific
things.3

e Sentences are phrases that make an assertion that can be true or false:
for example, “cows eat grass”, “I have no idea where I left the case
where I put my sunglasses yesterday”, “the planets move around the
Sun”, “cows like to attack lions and fight them to death”, “2+4+3 = 5",
“243 =6, and “every odd number is prime”) are sentences. (Actually,
“cows eat grass” is true, “the planets move around the Sun” is true,
“cows like to attack lions and fight them to death” is false, “2+3 = 5"
is true, “24 3 = 6” is false, and “every odd number is prime” is true.)

Remark 1. Terms are basically the same as “noun phrases”, that is, phrases

that can serve as the subject of an “is” sentence. So, for example,
e In the sentence “2 4 3 is an odd number”, the subject is “2 4+ 2”7, so
“2 427 is a term.

e In the sentence “the case where I put my sunglasses yesterday is on the
table”, the subject is “the case where I put my sunglasses yesterday”,
so “the case where I put my sunglasses yesterday” is a term. O

Terms and sentence can contain variables, that is, letters or expressions
that do not stand for a definite object, but represent slots where the name
of a person or object can be inserted. Then, when you actually put specific
names of persons or objects in the slots,

e A term has a value, i.e., becomes the name of a specific object.

e A sentence has a truth value, i.e., becomes true or false.

word. Most phrases are meaningless. For example, the words “Obama” and “Alice” and
the longer phrases “Ronald Reagan”, “the table”, “the case where I put my sunglasses
yesterday”, “cows eat grass”, “the planets move around the Sun”, “cows like to attack
lions and fight them to death”, “2+ 3”7, “243 = 5", “2+ 3 = 6”7, “every odd number is
prime”, are all phrases.

3These things may be concrete,material objects or people, or abstract entities such as
numbers. For example, “2 + 3” stands for a number, that happens to be the number 5.
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But if you leave some of the the slots unfilled (i.e., if you keep some “free
variables”) then the terms do not have a definite value and the sentences
do not have a truth value. In that case, we say that he term or sentence is
meaningless, because it does not stand for a specific object or assertion.

Example 1. The term (i.e., noun phrase) “his mother” contains the posses-
sive adjective “his”, which is a variable. If you plug in “Barack Obama” for
“his” the term becomes “Barack Obama’s mother”, which stands for a defi-
nite person. (In mathematical language, we would talk about “z’s mother”.
And, again, when we plug in “Barack Obama” for “z” the term becomes
“Barack Obama’s mother”, which stands for a definite person.) O

Example 2. The sentence “he is a friend of mine” contains the pronoun
“he”. If you do not tell me who “he” is, then I don’t know what you are
talking about. But if you tell me who “he” is, that is, if you assign a
value to the variable “he” (by saying, for example, that “he” stands for
“Bill Clinton”) then the sentence becomes “Bill Clinton is a friend of mine”,
which has a definite truth value. (In mathematical language, we would say
“r is a friend of mine”, and then, when we plug in “Bill Clinton” for “z”,
we get when we plug in “Barack Obama” for “x” the term becomes “Barack

Obama’s mother”, which stands for a definite person.) O

Example 3. The term “x + 3y” contains the letters “z” and “y”. If you do
not tell me which numbers the letters  and y stand for, then I cannot make
sense of which object (in this case, a number) this term stands for. If, on
the other hand, you assign specific values to x and y then I can figure out
the value of the term. (For example, if you let x = 4, y = —6, then I can tell
that “z + 3y” has the value —14, i.e., that z + 3y = —14. O

Example 4. The sentence “x + 3y > 6”7 contains the letters “x” and “y”. If
you do not tell me which numbers the letters x and y stand for, then I cannot
make sense of which assertion the sentence is making, and cannot decide if
it is true or false, If, on the other hand, you assign specific values to x and y
then I can figure out the truth value of the sentence. (for example, if you let
x =4,y = —6, then I can tell that “z + 3y = 6” has the truth value “false”,
because x +3y =4 -3 x 6 = —14, and ~ —14 > 6. But if z = 3 and y = 2,
then x +3y =9, and 9 > 6, so “x + 3y = 6" is true.. U
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1.1.4 Forming sets

As long as you can write a sentence C'(z) about a variable object x, you can
form the set
{z:C(z)}

that is, the set of all  for which C'(z) is true. And you could give this set a
name. For example, suppose you want to form the set {z : C(z)} and give
it the name S. You would do that by writing

Let S={z:C(x)}.

Let us formulate this rule for forming sets as an axiom:

The naive axiom of set formation

Given any sentence C(x) having x as an open vari-
able, we can form the set whose members are all
the objects = for which C'(x) is true.

A name for such a set is

{z . C(x)}.

And we read this as

The set of all z such that C'(x).

Remark 2. Why did I call the set formation axiom “naive”? The reason is
this: in a few days, we will discover that the set formation axiom, as we have
formulated it, causes serious problems that can only be solved by changing
the statement of the axiom. Instead of a “naive” axiom that allows us to take
any sentence C'(z) whatsovever and form the ser {z : C'(z)}, we will have to
adopt a “sophisticated” axiom in which nto all sentences are permitted. [

1.1.5 The membership criterion

Suppose we use the sentence “x is a cow” to form a set, and we want to call
this set S. To do this, we would write

Let S={z:2 is a cow }.
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This means: “I am creating a new set, the set of all z such that = is a cow,
and I am calling this set S.” or, in much better English, “I am creating
a new set, the set of all cows, and I am calling it S”.

Then we can decide whether or not an object a belongs to the set S (that
is, whether or not a € S) by applying the following simple test

1. Find out if a is a cow or not.
2. If a is a cow, then a belongs to S.

3. If a is not a cow, then a does not belong to S.

In other words, the sentence “x is a cow” is the membership criterion,
or membership condition, for S. A particular object a belongs to the set
{x :x is a cow } if a is a cow, and doesn’t belong to the set of a is not a
COW.

For a general sentence C(x):

Suppose C(z) is a sentence having x
as an open variable, and you define a
set S by writing

Let S={z:C(z)}.
Then

e The sentence C(x) is called
the membership criterion, or

membership condition, for the
set S.

e An object a belongs to S if
C'(a) is true, and doesn’t be-
long to S if C(a) is not true.
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1.1.6 Forming sets of members of a given set

Suppose we want to form the set of all natural numbers n that are even, i.e.,
such that 2|n, and we want to call this set A.
Then we can say:

Let A={n:neNA2n},
and we can also say
Let A={neN:2n}.

The first ssentence is read as “Let A be the set of all things that are natural
numbers and are even”, whereas the second sentence is read as “Let A be
the set of all natural numbers that are even”.

And, clearly, both define the same set.

Suppose U is a set, C'(x) is a sentence
having x as an open variable, and you
define a set S' by writing

Let S={xz:2€¢UANC(x)}.

Then the membership criterion is the
sentence “z € U A C(x)”.

And you can also write

Let S={xzeU:C(x)}.

Example 5. Suppose the membership criterion C'(x) is the sentence “x is a
natural number that can be written as the sum of the squares of two natural
numbers”. Let

S={z:C(x)}.
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Clearly, C(z) is the sentence

r€NAGBmeN)(In € Nz =m?+n?,

so we could have written the definition of S as follows:

or as

S={r:2€NAG@BmeN)3ncNz=m?+n},

S={zreN:(3mecN)(3InecNz=m?+n’}, (1.1)

(We read this as “S is the set of all natural numbers z such that there exist
natural numbers m, n for which m? + n? = 2”. And an even better reading
is “S is the set of all natural numbers that are the sum of two squares of
natural numbers”.)

Let us consider several possible values of x, and in each case let us figure
out whether this x belongs to the set S.

1.

Suppose z is the Math 300 textbook. Then x is a book, not a natural
number. So = ¢ S, that is, x is not a member of S.

Suppose © = 5. Then z is a natural number. And z is the sum of
the squares of two natural numbers, because x = 22 4 12. Therefore
x satisfies the criterion for membership in S. So x is a member of S,
that is, z € S.

Suppose & = —5. Then z is not a natural number. So C'(x) is not true.
That is, x does not satisfy the criterion for membership in S. So x is
not a member of S.

Suppose x = 7. Then z is a natural number. Can x be written as
the sum of the squares of two natural numbers? The answer is “no”.
How do we know that? Well, for example, the only suqares of natural
numbers that are less than 7 are 1 and 4. And every sum of two of
these squares is diffrent from 7. (Indeed: 14+ 1 =2, 1 +4 = 5, and
444 =9.) So 7 is not the sum of two squares. So x is not a member
of S, that is, x ¢ S. O
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1.1.7 How to read the symbol “&”

How to read the “€” symbol

If S is a set and a is an object, we write

a €S

to indicate that a is a member of S.

And we write

a¢ S

to indicate that a is not a member of S.
The expression “a € S” is read in any of the following
ways:

- a belongs to S,
- a is a member of S,
-aisin S.

The expression “a ¢ S” is read in any of the following
ways:

- a does not belong to .S,

- a is not a member of S,

- ais not in S.

Remark 3. Sometimes, “a € S” is read as “a belonging to S”, or “a in 5”7,
rather than “a belongs to S”, or “a is in S.” For example, if we write

Pick an a € S,
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then it would be very bad to say “pick an a belongs to S”. But “pick an a
belonging to S”, or “pick an a in S”, is fine. 0J

2

Never read “€” as “is contained in”, or "is

included in”. The words “contained” and “in-
cluded” have different meanings, that will be dis-

cussed later.

1.2 When are two sets equal?

As we have explained, sets have members. And, even more importantly,
knowledge of the members of the set determines the set. Two
sets that have the same members are the same set.

Let us make this precise:

The axiom of set equality

Two sets are equal if and only if they
have the same members.

In semiformal language:
If A, B are sets, then A = B if and only if

(Vx)(x € A<=z € B).

And, in formal language,

(VA)(VB) (A — B (Va)(z € A= B)) .

Example 6. Let
A = {zeR:z>0},
B = {rcR:3ycR)yy*=2a}.

Let us prove that A = B.
To prove that A = B, we have to prove that (Vz)(x € A <= = € B).
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So, let x be arbitrary. We have to prove that x € A <=z € B.

To prove this, we have to prove that xt € A = x € B and that
re€B=uz¢€A

Let us first prove that r € A =z € B.

Assume that z € A.

Then 2 € R and z > 0. (Reason: “x € R Az > 07 is the
membership criterion for A.)

But every nonnegative real number has a square root.
So z has a square root. That is, (Jy € R)y* = z.
So x satisfies the membership criterion for B.

Hence x € B.
Therefore r € A = z € B.
We now prove that x € B =z € A.

Assume that z € B.

Then z € R and (3y € R)y? = z. (Reason: “z € RA (Jy €
R)y? = 27 is the membership criterion for B.)

Pick y € IR such that y? = z.

Then y* > 0. (Reason: (Vu € R)u? > 0.)
Soz > 0.

So x satisfies the membership criterion for A.

Hence z € A.
Therefore x € B=— 1 € A.
So z € A<= x € B. Since x is arbitrary, we can conclude that
(Vz)(x € A<=z € B).

Hence A = B. Q.E.D.
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Example 7. Let

A = {zeR:2>0},
B = {rcR:3ycR)y*=2a}.

Let us prove that A # B.
To prove that A # B, we have to prove that it is not true that (Vz)(z €
A<z € B).

Suppose? (Vz)(z € A < = € B).
Then we can specialize to = 0, and conclude that 0 € A <= 0 € B.

But “0 € B” means that “(3y € R)y* = 0, which is true, because
72 = 0.

On the other hand, “0 € A” means that “0 > 07, which is false.
Hence it is not true that 0 € A < 0 € B.

So(OeA<:>OeB)/\(~(OeA&OeB)),whichisa

contradiction .

Hence A # B. Q.E.D.

Example 8. Let A={n € Z:6|n}, and let B={n € Z:2|nA3|n}.
Let us prove that A = B.
To prove that A = B, we have to prove that (Vz)(x € A <= = € B).

So, let x be arbitrary. We have to prove that x € A <— z € B.

To prove this, we have to prove that + € A = x € B and that
r€B=uz€A.

Let us first prove that r € A = x € B.

Assume that x € A.
Then = € Z and 6|z.
Since 6|z, we may pick k € Z such that x = 6k.

4A proof by contradiction , of course.
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Then = = 2 x (3k), and 3k € Z, so 2|x.
Also, x = 3 x (2k), and 2k € Z, so 3|x.
Hence 2|z A 3|z.

Sox € B.

Therefore x € A =z € B.
We now prove that x € B = x € A.

Assume that © € B.
Then = € Z, 2|z, and 3|x.
Since 2|z, we may pick j € Z such that x = 2j.
Since 3|z, we may pick k € Z such that x = 3k.
Thenz = 1.2 = (3—2)x = 30 —2x = 3% (2j)—2x(3k) = 6(j— k).
So 6|x.
Hence z € A.
Therefore x € B =z € A.

So x € A <= x € B. Since x is arbitrary, we can conclude that (Vz)(z €
A<=z € B). Hence A = B. Q.E.D.

Problem 1. Let

A = {zeR:2° > a},
B = {zeR:-1<z<0Vz>1}
C = {zeR:-1<z}.

Prove or disprove each of the following:
e A=DB,
e A=C.
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1.2.1 Subsets

Definition 1. Let A, B be sets. We say that A is a subset of B, and write

ACB,

if every member of A is a member of B.
In semiformal language, A is a subset of B if and only if

(Vz)(r € A=z € B).

In completely formal language:

(VA)(YB) (A CB+ (Va)z € A=z € B)) F

Example 9. The following are true:
e NC7Z,
* 2CQ,
e QC R,
e {recR:0<z<1}C{reR:0<z <1} O

Example 10.
The following are true:

e {reR:-1<z<0}C{reR:2®>z}.
e {neN:nisprimeAn#2} C{neN:2n—1}
o {(n€Z:4n} C{neZ:2n},

e {recR:0<z<1}C{reR:0<x <1}, O
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WARNING!

“is a subset of” is a binary relation. It does not make
sense to say things like “A is a subset”. What does make
sense is to say “A is a subset of B”.

If, in an exam, I ask you to define “subset”, and you
say “a set A is a subset if ....”, then that is completely

wrong and you get zero credit®
The definition of “subset” must start with the words:
“Let A, B be sets. We say that A is a subset of B if

”

?And if your definition starts with horrendous words “subset is when ...
then you lose 10,000,000 points, on a scale from 0 to 10.

THE SYMBOL “@”

The symbol “d” means “is not a subset of”. So, for
example, the following sentences are true:

R £ Q,

7 € NN,

{reR:0<z} € {reR:0<x}.

20
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ALWAYS UNDERLINE THE
DEFINIENDUM

In a definition, the term being defined is called the
definiendum. The definiendum must always be under-
lined, or highlighted in some way, in order to indicate
that we are writing a definition of that term, not just
making a true statement.

For example:

o If I write “elephants are four-legged animals”, then
[ am making a true statement about elephants.

e If, on the other hand, I write “elephants are four-
legged animals”, then I am saying that I am defin-
ing the word “elephant” to mean “four-legged an-
imal”, and this is of course wrong, because “ele-
phant” does not mean “four-legged animal”: there
are lots of four-legged animals that are not ele-
phants.

e If I write “an even integer is an integer that is di-
visible by 2”7, then I am making a true statement.
but I am not saying that this is what “even integer”
means.

e If I want to explain what “even integer” means, i.e.,
give a definition of “even integer”, then I have to
say “an even integer is an integer that is divisible
by 2”. By underlining “even integer” I am convey-

ing the message that this is my definition of “even
inteeger”.

e If in an exam you are asked to give a definition and
you do not underline the definiendum, you will lose
points.

21
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Question 1. In the first sentence of the previous box, why is the word “definien-
dum” underlined? O

Problem 2. Prove the four statements of Example 10.
The structure of your proofs should be as follows:

We want to prove that A C B.
For that purpose, we prove that (Vz)(z € A =z € B).

Let = be arbitrary. We want to prove “c € A = x € B”.

Assume z € A.
T € B.
Sox e A=z € B.

Therefore (Vx)(z € A= = € B).
So AC B. QED.

Problem 3. Prove that the binary relation “C” satisfies the following:

(VA)AC A, (1.2)
(VA)(VB)(AC B= BC A),

(%@W&WC«CAQBABQCUzﬁAQC>P (1.4)

(NOTE: Condition (1.2) says that “C” is reflexive. Condition (1.3) says
that “C” is symmetric. Condition (1.4) says that “C” is transitive.)

1.2.2 The empty set

An important example of a set is the empty set, that is, the set that has
no members at all.

The symbol for the empty set is

0.

One possible way to define this set is by the following formula:
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D={x:x#x}.

This means that the members of () are the things x that satisfy x # z.
But our Equality Axiom says that (Va)z = z. So “z = x” is true for every x.
This means that no z can be a member of (). So, indeed, ) has no members.

Let us make this precise:

Theorem 1. The empty set has no members. That is.
(Va)z ¢ 0.
Proof.
Let z be arbitrary. We want to prove that z ¢ ().

Assume® that z € (.

Then z satisfies the membership criterion for ), i.e.,

But (Vx)x = z, by the Equality Axiom.

So z = x, by the rule for using universal sentences.

Therefore x = x A x # x, which is a contradiction.

So x ¢ 0.
Therefore (Va)z ¢ 0. Q.E.D.

1.2.3 The empty set is a subset of every set

If you have a set A and a subset B of A, and you remove some members
from B, producing a subset C' of B, then it is clear that C' is still a subset
of A. This ought to be true even in the extreme case when you remove all
the members of B, so that C' is the empty set. In other words, the empty set
should be a subset of A, for every set A.

Let us prove a precise theorem:

A proof by contradiction !.
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Theorem 2. The empty set is a subset of every set. That is,
(VA)) C A.
Proof.
Let A be an arbitrary set. We want to prove that () C A.
Assume® that () is not a subset of A.
That is, assume that it is not true that every member of ) is in A.
That means that some members of () are not in A.
In other words, there exists an object  such that x € () and « ¢ A.
Pick one such object and call it a.
Then a € () and a ¢ A.
So in particular a € 0.
But we know from Theorem 1 that (Va)x ¢ 0.
So a ¢ (.
Hence a € D Aa ¢ 0.

So we have proved a contradiction.
Therefore ) C A.
So (VA)) C A. Q.E.D.

1.2.4 Sets with one, two, three or four members

If a is any thing, we can form a set that has a as a member, and no other
members. This name of this set is
{a} 7

which we read as “singleton of a.”
The precise definition of {a} is as follows.

6A proof by contradiction !
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Definition 2. Let a be any object. Then the singleton of a is the set {a}

given by
{a} ={z:x=a}.

In other words: to be a member of the set {a} you have to be a. If you are
a then you are a member, and if you are not a then you are not a member.

We can do a similar thing with two objects, say a and b. We can form the
set {a,b} whose members are a,b, and nothing else. The set {a,b} is the
unordered pair of a and b.

Definition 3. Let a, b be any two objects. Then the unordered pair of a
and b is the set {a,b} given by

{a,b} ={z:x=aVvVa=>}.
Definition 4. A two-member set is a set A such that

(Ja)(3b)(a £ bA A= {a,b}). (1.5)

Remark 4. Warning: The set {a,b} is mot necessarily a set with two
members. That depends on who a and b are. For example; if @ happens to
be equal to b, then {a,b} has only one member.

What is true is the following statement: the set {a,b} has two members
if a # b, and one member if a = b. 0J

Naturally, we can do the same things with three, four, or any number of
objects. For example:

Definition 5. Let a, b, ¢ be any three objects. Then the unordered triple
of a, b and ¢ is the set {a,b, c} given by

{a,b,c} ={z:z=aVae=bVz=c}.

Definition 6. A three-member set is a set A such that

(Ja)(Fb)(Fe)(a#bNa#cANb#cNA={ab,c}). (1.6)

Definition 7. Let a, b, ¢, d be any four objects.
Then the unordered quadruple of a, b, ¢ and d is the set {a,b, ¢, d} given
by

{a,bye,d} ={x:x=aVe=bVar=cVze=d}.
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Definition 8. A four-member set is a set A such that

(Ja)(3b)(Fe)(Fd)(a #bAa # cha# dNb# cANb# dNc# dA ={a,b,c,d}).
(1.7)

And, in principle, you could go on like this and define sets with five
members, sets with 6 members, and so on.

But as soon as the number of members gets large, this way of constructing
sets becomes very complicated, so it is better to do it differently.

Example 11. Suppose you want to define a set whose members are the first
five presidents of the U.S., and call this set A. That’s easy to do. We say:

Let A = {George Washington,John Adams,Thomas Jefferson,James Madi-
son,James Monroe}.

Now suppose you want to define a set whose members are the first 30 U.S.
presidents, and call this set B. That is going to be much more complicated
right? This is so for two reasons:

e Even if you know the names of the first 30 U.S. presidents, writing
them down will be a lot of work,

e In addition, it may happen that you do not know the names of all those
presidents.

Here is how you can do it. You can say:

Let
B={a: (3 eN)(<30nra=p)}

where, for each j € IN such that j < 30, p; is the j-th
president of the U.S.

This works perfectly! Indeed, let us see what has to be true of an object
x for x to qualify as a member of B. If you are given an object z, and you
have to decide whether z € B or not, you have to find out if there exists a
natural number j such that j < 30 and x is the j-th U.S. president. And
that’s exactly what we want! O
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Problem 4. How many members does the set B of Example 11 have?
HINT: The answer is not 30. If you think that the answer is 30, think
again! Go to a history book (or to a history Web site) and read about
Grover Cleveland, who was both the 22nd and the 24th president of the
United States. 0J

Problem 5. Let A = {1,2,3,4}. Write a list of all the subsets of A. (HINT:
There are 16 of them.) O

Problem 6. Write a definition, in the style of Example 11, of the set X
whose members are the first 325 prime numbers p such that p — 3 is divisible
by 4. 0

1.3 Operations on sets

There are several operations that enable us to construct new sets from given
sets.

1.4 The power set of a set

Definition 9. Let A be a set. The power set of
A is the set P(A) given by

PA) ={X: X CA}.

In other words, P(A) (read as “the power set of A”) is the set whose
members are all the subsets of A.

The membership criterion for the power set P(A) is the sentence
“X C A”. That is, for an object X to quality as a member of P(A), it has
to be shown that X is a subset of A.

Example 12. If A = {1,2,3} then
P(A) = { 0,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3} } : (1.8)

Notice that A is a finite set with 3 members, and P(A) has turned out to
be a finite set with 8 members. This s not a coincidence. We will
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prove later that: if A is a finite set and A has n members, then
the power set P(A) is a finite set with 2" members. O

Problem 7. Let A= {1,2,3,4}. Write a formula similar to (1.8) listing all
the members of P(A).

Problem 8. Let A= {0,{0}}. Write a formula similar to (1.8) listing all
the members of P(P(A)).

1.5 The union of two sets

Definition 10. Let A, B be sets. The union of
A and B is the set AU B given by

AUB={z:x€ AVvz e B}.

In other words, AUB (read as “A union B”) is the set whose mem-
bers are all the members of A as well as all the members of B.

The membership criterion for AUB is “c € AVx € B.” That is, for
an object z to quality as a member of AU B, it has to be shown that x is in
A or that z is in B.

Example 13.
o If A={1,2,3} and B ={2,3,4} then AU B = {1,2,3,4}.

o IfA={a,b,c}and B ={d,e, f,g,h,i,j}then AUB = {a,b,c,d,e, f,g,h,i,j}.
Notice that

1. A is a finite set with 3 members,
2. B is a finite set with 7 members,

3. A and B have no memebrs in common (that is, using the termi-
nology of the next section, AN B =1)),

4. and AU B has turned out to be a finite set with 10 members. This
is not a coincidence. We will prove later that: if A, B
are finite sets, A has m members, B has n members, and
ANB =1, then the union AUB is a finite set with m +n
members.
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5 IfA={ne€Z:n>0and B={n € Z :n < 0} then
AUB={neZ:n#0}.

6. NU {0} is the set of all nonnegative integers, i.e., the set {n €
Z :n > 0}.

7.IfA={reR:0<z <1} and B={r e R:1<x <2} then
AUB={zeR:0<z <2}

8 IfA={reR:0<zx<l}and B={z e R:1<x <2} then
AUB={zeR:0<z<2Az #1}. O

AUB::

(The shaded region is AU B)
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1.6 The intersection of two sets

Definition 11.  Let A, B be sets. The
intersection of A and B is the set A N B given
by

ANB={z:x€ ANz € B}.

In other words, AN B (read as “A intersection B”) is the set whose
members are all the things that belong both to A and to B.

The membership criterion for ANBis “c € AANx € B.” That is, for
an object z to quality as a member of AN B, it has to be shown that x is in
A and that z is in B.

Example 14.
o If A={1,2,3} and B ={2,3,4} then AN B = {2,3}.
e lfA={neZ:n>0}and B={n€Z:n <0} then AN B = 0.

elfA={reR:0<zx<2}and B={r € R:1< 2z < 3} then
AnNB={reR:1<z <2}
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ANB:

o

(The shaded region is AN B)

1.7 The difference of two sets

Definition 12 Let A, B be sets. The difference
of A and B is the set A — B given by

A—B={x:z€ ANz ¢ B}.

In other words, A— B (read as “A minus B”) is the set whose mem-
bers are all the things that belong to A but do not belong to B.

The membership criterion for A— Bis “c € AANx ¢ B.” That is, for
an object x to quality as a member of A — B, it has to be shown that z is in
A and that x is not in B.
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Example 15.
o If A={1,2,3} and B ={2,3,4} then A — B = {1}.
o f A=Zand B=Nthen A—B={ne€Z:n>0}

elfA={reR:0<z<2tand B={reR:1< a2 < 3} then
A-B={recR:0<2 <1}

A—B:

(The shaded region is A — B)

1.8 Complements

As you may have noticed, the operations of union and intersection are cloely
related to the logical connectives V and A:

AU B is the set of those z such that z € AV x € B
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AN B is the set of those x such that z € ANz € B

Given this, which is rhe set operation that corresponds to the negation
symbol ~? Since ~ is a unary connective (i.e., it can be applied to one
sentence S to produce the sentence ~ S. the corresponding operation, let us
call it #, should be a unary operation defined as follows:

#A is the set of those x such that ~ z € A.

In other words, # A should be the set of all the things that are not mem-
bers of A. This set #A could be called the “complement” of A, and would
be defined by #A = {x:z ¢ A}.

Now, the set #A would be truly huge. For example, if A = {1,2,3,4},
then #A would consist of all the things other than the numbers 1,2, 3,4. So
the members of # A would be the natural numbers other than 1,2, 3,4 (that
is, 5,6, 7 and so on), as well as the integers that are not natural numbers, all
the real numbers other than 1,2, 3,4, plus all the other things that are not the
numbers 1, 2, 3,4, that is, all the cows, sheep, giraffes, people, rocks, tables,
planets, stars, cells, viruses, molecules, atoms, electrons, protons, quarks,
black holes, books, teeth, jackets, socks, cars, planes, forks, knives, and on
and on and on.

Usually, when we are doing mathematics, we are studying a specific “uni-
verse” of mathematical objects. For example, when we do number theory
we study the natural numbers or the integers, when we do Calculus we work
with the real nunbers, and when we do Multivariable Calculus we work with
IR?, the set of pairs of real numbers )(i.e., the “zy plane”) or IR? (the set of
triples (z,y, z) of real numbers, i.e., “3-dimensional space”). If, for example,
our “world” is R, then when we have a set A of real numbers, i.e., a subset
A of IR, we would be interested in the set of real numbers that are not in A.
And this set is the difference R — A. Se we give the following definition:

Definition 13. Suppose U is a set that we regard as the “universe”, in the
sense that we are only interested in sets that are subsets of U. Then the
complement of a set A such that A C U is the set A¢ given by

A=U—A, (1.9)

that is,
A={x:x€UNnx ¢ A}. (1.10)

Remark 5. Strictly speaking, it is inappropriate to define a set as we did in
Definition 13 and call it “A¢”. This set depends very much on who U is, so
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the right thing to do would be to call it the complement of A relative to
A, and give it a name such as A%V, which shows that the set depends on U.

But, as long as we are working with a fixed “universe”, and it is clear
who U is, it is O.K. to use a notation such as A°. ]

A°€

(The shaded region is A°)
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1.9 The symmetric difference of two sets

Definition 14 Let A, B be sets. The
symmetric difference of A and B is the set AAB
given by

AAB ={x: (x € AAx ¢ B)V(x ¢ ANz € B)}.

In other words, AAB (read as “the symmatric difference of A and
B”) is the set whose members are all the things that belong to A
but do not belong to B, or belong to B but do not belomng to A.

That is, AAB s the set of all things that belong to one of the
sets A, B but do not belong to both.

The membership criterion for the symmetric difference AAB is the
sentence “(r € ANz ¢ B)V (xr ¢ AANx € B)”. That is, for an object z to
quality as a member of A — B, it has to be shown that x is in A and that =
is not in B, or that x is in B but not in A.
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AAB -

(The shaded region is AAB)

Example 16.
o If A={1,2,3} and B = {2,3,4} then AAB = {1,4}.

elfA={zeR:|z] >4} and B = {z € R : || < 10 then AAB =
{zeR:|z| > 10V |z| <4}.
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1.10 The Cartesian product of two sets
1.10.1 Ordered pairs

If a,b are any two objects, we would like to have a set, called “the ordered
pair of a and b”, such that wknowing this set would tell us who a is and who
b is, so we would be able to say things such as “the first coordinate of (a,b)
is a” and “the second coordinate of (a,b) is b”.

For example, suppose we are doing plane geometry, using the standard
procedure of drawing and “z axis” and a “y axis”, and then representing
each point P of the plane by a pair (a,b) of numbers, called the “coordinate
pair” of P. Each point P then has, attached to it, a coordinate pair (a,b)
of real numbers: the number a is the x coordinate (or “abscissa”) and the
number b is the y coordinate (or “ordinate”) of P.

We would like the pair (a,b) to be a set, constructed somehow from a and
b. And then the natural question is: which set is the pair (a,b)?

The most naive idea is to let the pair (a,b) be the unordered pair {a, b},
that is, the set whose members are a and b.

But this will not do. If we take (a,b) to be {a, b}, then it cannot happen,
for example, that the z-coordinate of (1,2) is 1, and the z-coordinate of (2, 1)
is 2, because, if (1,2) = {1,2} and (2,1) = {2,1}, then (1,2) = (2,1), so, if

(*) the z-coordinate of (2,1) is 2,

then it would also be true that
(**) the z-coordinate of (1,2) is 2,

(because (1,2) = (2,1)), but on the other hand
() the z-coordinate of (1,2) is 1,

so we would get 1 = 2, which is definitely not true.

The only solution is to define the ordered pair to be something other than
the unordered pair {a,b}. And then the question is, what set shall (a,b)
be?

There are many ways to answer this question, and it really makes no differ-
ence which one we use. So we shall choose one, but you must be warned that
the specific way we make this choce is not important. What is important is
that the following fact is true:

Theorem 3. Let a,b,c,d be any objects. Then, if the pairs (a,b) and (c,d)
are equal, that is, if (a,b) = (¢, d), it follows that c = a and d = b.
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This is exactly the property that we need. For example, the pairs (2,1) and
(1,2) are mot equal. (Proof: Suppose (2,1) = (1,2). Then Theorem 3 (with
a=2b=1 ¢=1, and d = 2, would imply that 2 = 1. But 2 # 1. So
2 =1A2# 1, which is a contradiction. So (2,1) # (1,2).)

Now we show how to define (a,b) in such a way that Theorem 3 is true.

Definition 15. Let a, b be any two objects. Then the ordered pair of a and
b is the set (a,b) given by

(a,b) ={{a}, {a,b}}. (1.11)

Proof of Theorem 3. Suppose that (a,b) = (¢, d).

Let p = (a,b), so p is also equal to (¢,d) because we are assuming that
(a,b) = (c,d).

Since p = {{a},{a,b}}, the set p has either two members (if b # a) or
one member (if @ = b, in which case {a,b} = {a}, so {{a},{a,b}} =
{{a},{a} } = {{a}}).

But in either case, a is the only object that belongs to all the members of p.
And, since p is also equal to (¢, d), it follows that ¢ is the only object that
belongs to all the members of p.

So [[c=al|
Next, let us prove that d = b.

We consider separately the two possible cases: b = a and b # «a.

Assume that b = a.

Then p has only one member, because, as explained before, {a,b} =

{a}, sop={{a},{a,0} } = {{a} }.

But then (¢, d) also has only one member, because (¢, d) = p. And this
implies that d = c.

So d = c and b = a, and we already know that ¢ = a.

Hence .

Now assume that b # a.

Then the sets {a} and {a, b} are different, because b € {a,b} but b ¢
{a}.
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So p has two different members.

And b is the only object that belongs to one of the members of p but
does not belong to both.

And, similarly, d is the only object that belongs to one of the members
of p but does nto belong to both.

Sold=b]

We have proved that d = b in both cases, when b = a and when b # a.
So ||d="0l||

So we have proved that ||[c = a A d = b]]| Q.ED.

1.10.2 The Cartesian product of two sets

Definition 16. Let A, B be sets. The
Cartesian product of A and B is the set A X B given
by

AxB = {u - (3a)(3b)(a € AAD € BAu = (a,b)) } .

In other words, A x B (read as “A times B”) is the set of all objects u such
that w is an ordered pair (a,b), with a € A and b € B.

Or, more succintly and elegantly, Ax B s the set of all ordered pairs
(a,b) for which a € A and b € B.

Example 17.
o Let A=={1,2,3} and B =1{2,3,4,5}. Then

AxB = {(172>7(173)7(174)7(175>7(272)7<273)7(2’4)7(275)7
(3,2),(3,3),(3.4), (3,5) } .
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Notice that A is a finite set with 3 members, B is a finite set with 4
members, and A X B is a finite set with 12 members. This is not
a coincidence. We will prove later that: if A, B are finite
sets, A has m members, and B has n members, then A x B
is a finite set and A x B has mn members.

e et A=R, B=1R. Then A x B is R x R, that is, the set of all
ordered pairs (z,y) such that z and y are real numbers. This is the
“r-y plane” of plane Fuclidean geometry. The members of
R x R are the “points” of plane geometry.

e Let

A = {reR:0<z <1},
B = {reR:1<z<3}.

Then A is the open interval (0,1) (not to be confused with the
ordered pair (0,1)!) and B is the open interval (1,3) (not to be
confused with the ordered pair (1,3)!). In this case, A X B, that
is, (0,1) x (1, 3), is the set of all pairs (x,y) of real numbers such that
0 <z < land 1 <y < 3. In other words, (0,1) x (1,3) is the
rectangle R characterized by the inequalities

0<x<1 and 1<y<3.

1.11 Important facts about the set operations

So far, we have defined:
e One very special set (the empty set),

e One binary predicate (i.e., relation), about sets, namely, the predicate
“is a subset of”.

e Five binary operations on sets (union, intersection, difference, symmet-
ric difference, and Cartesian product),

e One unary operation on sets (the power set).



Math 300, Spring 2019 41

By combining these nine things we can produce an enormous number of
possible facts, some of which might be true, while others are not true. It
would be pointless for me to give you a complete list and prove them all,
because there are so many of them, and they are all so easy to prove (if true)
or to disprove (if false).

And it would be pointless for you to memorize them all, because the list
is so long. On the other hand, if you understand what you are doing, you
ought to be able, in each case, to figure out if the statement is true or false,
and how to prove it (if it is true) or disprove it (if it is false).

So what I suggest is this: read carefully the list of facts, and pick
a few of them and prove them or disprove them. Keep in mind
that any of these facts could show up as a question in the exams.

And here is the list:

1. If Ais a set, then ) C A. (True)
2. If Ais a set, then ) € A. (False)

3. If Ais a set, then AU(Q = A. (True)
NOTE: If you think that O is like the number 0, and the operation “U”
15 like addition, then this statement is analogous to the statement that
x + 0=z for every real number x.

4. If A'is a set, then AU D = (. (False)
5. If Ais a set, then AN( = A. (False)

6. If Ais a set, then ANQ = (. (True)
NOTE: If you think that () is like the number 0, and the operation ‘N’
15 like multiplication, then this statement is analogous to the statement
that .0 = 0 for every real number x.

7. If Ais a set, then A C A. (True)

8. If A, B are sets, then A = B if and only if A C BA B C A. (True)
NOTE: This gives an another way to prove that two sets are equal: to
prove that A = B, you prove that A C B and that B C A.

9. If Aisaset, then AUA = A. (True)

10. If Ais a set, then AN A= A. (True)
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11.
12.
13.
14.

15.

16.

17.

18.

19.
20.
21.
22.

23.

24.

25.

26.

27.

If A, B are sets, then A C AU B. (True)
If A, B are sets, then A C AN B. (False)
If A, B are sets, then AU B C A. (False)
If A, B are sets, then AN B C A. (True)

If Ais aset, then A C A. (True)
NOTE: This aays that the binary relation “C7 is reflexive.

If A, B are sets, A C B, and B C A, then A = B. (True)
NOTE: This aays that the binary relation “C7 is antisymmetric.

If A,B,C are sets, A C B, and B C C, then A C C. (True)
NOTE: This aays that the binary relation “C7 is transitive.

If A,B,C aresets, AC B, BC (C,and C C A, then A =B = C.
(True)

If A, B are sets, then A C B if and only if AU B = B. (True)

(

If A, B are sets, then A C B if and only if AU B = A. (False)

If A, B are sets, then A C B if and only if AN B = A. (True)
(

If A, B are sets, then A C B if and only if AN B = B. (False)

If A, B are sets, then AUB = BU A. (True)
NOTE: This is the commutative law of the union operation.

If A, B are sets, then AN B = BNA. (True)
NOTE: This is the commutative law of the intersection opera-
tion.

If A, B,C are sets, then AU(BUC) = (AUB)UC. (True)
NOTE: This is the assoctative law of the union operation.

If A, B,C are sets, then AN (BNC)=(ANB)NC. (True)
NOTE: This is the associative law of the intersection operation.

If A, B,C are sets, and A C B, then AUC C BUC. (True)
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28.

If A, B,C are sets, and A C B, then ANC C BNC. (True)

29. If A, B, C are sets, then (AUB)NC = AU (BNC). (False)

30. If A, B,C are sets, then AU(BNC)=(AUB)N(AUC).(True)

31.

32.
33.
34.

35.

NOTE: This is the distributive law of union with respect to
intersection.

If A, B,C are sets, then AN (BUC) =(ANB)U(ANC).(True)
NOTE: This is the distributive law of intersection with respect
to union.

IMPORTANT NOTE: We have seen that union and intersection are
i some ways like addition and multiplication: they obey commoutative
and associative laws. and also ANQ = O (which is analogous to -0 = 0)
and AUD = A (which is analgous to x + 0 = z). But the analogy
should not be pushed too far:

e there is a distributive law of union with respect to intersection
(i.e., AU(BNC)=(AUuB)N(AU()),

e and there is also a distributive law of intersection with respect to
union (i.e., AN(BUC)=(ANB)U(ANCQC)),

e but this is totally unlike what happens for addition and multipli-
cation, because

e there is a distributive law of multiplication with respect to addition
(ie,x-(y+z)=ax-y+x-2)

e but there is no distributive law of addition with respect to multi-
plication (i.e., it is not true that x+ (y-z) = (x+y)- (z+2) since,
for example, if we take x =1, y =2, 2 =3, thenx+ (y-2) =7
and (x+y) - (v +2) =12).

If A, B are sets, then (A — B) U B = A. (False)
If A, B are sets, then (A — B)U B C A. (False)
If A, B are sets, then A C (A — B)U B. (True)
If A, B,C are sets, then AU(B —C)=(AUB)— (AUC). (False)
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36.

37.
38.
39.
40.

41.

42.
43.
44.

If A, B,C are sets, then AN (B—-C)=(ANDB)—(ANC). (False)

When we fix a “universe” U, then the complement of a subset
A of U is defined to be the set U — A. The complement of A
1s denoted by “A°”.

If A,U are sets, and A C U, then (A°)° = A. (True)
If A,U are sets, and A C U, then AU A° = U. (True)
If A,U are sets, and A C U, then AN A° == (). (True)
If A, B,U are sets, A C U, and B C U, then
(AUB) = A°N B°. (1.12)
(This is true.)
If A,B,U are sets, A C U, and B C U, then
(ANB)¢ = A°U B°. (1.13)

(This is true.)

NOTE: Equations (1.12) and (1.13) are the famous De Morgan laws.
They say that

e the complement of the union of two sets is the intersec-
tion of the complements of the sets,

and

e the complement of the intersection of two sets is the
union of the complements of the sets.

I strongly recommend that you read the article on “De Morgab laws” in
Wikipedia.

If A, B, U are sets, AC U, and B C U, then A— B = AN B¢. (True)
If A, B are sets, then A — B = B — A. (False)
If A, B,C are sets, then A — (B —C) = (A— B)—C. (False)
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45.
46.
47.
48.
49.
50.
ol.

52.

53.
b4.
99.
56.
S7.
98.
59.
60.

If A, B are sets, then AAB = (AU B) — (AN B). (True)
If A, B are sets, then AAB = BAA. (True)
If A, B,C are sets, then AA(BAC) = (AAB)AC. (True)
If A, B are sets, then A x B =B x A. (False)
If A, B are sets, and A x B = B x A, then A = B. (False)
If A, B are nonempty sets, and A x B = B x A, then A = B. (True)
If A, B,C, D are sets, then
(AxB)N(CxD)=(ANC)x (BND).
(This is true.)
If A,B,C, D are sets, then
(Ax B)U(Cx D)=(AUC)x (BUD).
(This is false.)
If Ais aset, then A € P(A). (True)
If Ais a set, then A C P(A). (False)
If Ais a set, then ) € P(A). (True)
If Ais a set, then ) C P(A). (True)
If A, B are sets, then A C B if and only if P(A) C P(B). (True)
If A, B are sets, then A = B if and only if P(A) = P(B). (True)
If A, B are sets, then P(A x B) = P(A) x P(B). (False)
If Ais aset, then ) x A =0 and A x 0 = 0. (True)

Problem 9. Prowve all the true statements of the list of 60 statements that
begins on page 41. and disprove all false ones. 0
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1.12 Some examples of proofs about sets

Let me give you the proofs of some of the results in the long list of the
previous section.

1.12.1 Proof of one of the distributive laws
Theorem 4. If A, B, C are sets, then
Au(BNC)=(AuB)Nn(AUC). (1.14)

Proof. To prove that the sets AU(BNC) and (AU B)N (AUC) are equal,
we prove that they have the same members, that is, we prove that

(Vw)(xeAU(BﬁC)@xe(AUB)H(AUC’)). (1.15)

Sentence (1.15) is a universal sentence, of the form (Vz)P(z). So, in order
to prove it, we let x be an arbitrary object and prove P(x).

Let x be arbitrary.

We want to prove

re AUBNC)<=zec(AUB)N(AUC). (1.16)

(1) The sentence “z € AU(BNC)” is equivalent to “c € Ave € BNC”.
(Reason: if XY are sets, then the criterion for membership in X UY
is ‘e XvaxeY”)

(2) And “z € BNC” is equivalent to “x € BAxz € C”. (Reason: if X, Y are
sets, then the criterion for membership in X NY is “c € X Az € Y”.)

(3) Hence “z € AU (BNC)” is equivalent to “z € AV (x € BAx € C)".
(4) Also, “z € (AUB)N(AUC)” is equivalent to “z € AUBAz € AUC”.
And

— “r € AU B” is equivalent to “z € AVzx € B”.
— “x e AUC” is equivalent to “c € AVx e (C”.
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(5) So “z € (AUB)N(AUC)” is equivalent to “(x € AVz € B)A(x €
Avze ).

It follows from (3) and (6) that “x € AU(BNC) <=z € (AUB)N
(AU C)”, the sentence that we have to prove, is equivalent to

mEAV(:z:EB/\a:GC)(z)<(a:€A\/x€B)/\(a:€A\/3:€C)>.
(1.17)

The sentence (1.17) is of the form

P\/(Q/\R):)<P\/Q)/\(P\/R)>, (1.18)

where P stands for “z € A”, @) stands for “x € B”, and R stands for
“re OV,

We now prove that (1.18) is true.

Sentence (1.18) is a biconditional, of the form £ <= M. And a
biconditional £ <= M is true if and only if £ and M have the same
truth value, i.e., are both true or both false. So we are going to prove
that M is true if £ is true and M is false if L is false.

Suppose that PV (Q A R) is true.

Then either P is true or Q A R is true.

Suppose P is true.

Then both PV () and PV R are true.
So (PV Q) A(PV R) is true.

Now suppose that Q A R is true.
Then both @) and R are true.

So PV @ and PV R are true.

And then (PV Q) A (P V R) is true.

So (PVQ)A(PVR) is true in both cases, and then (PVQ)A(PVR)
is true.

This proves that (P V Q) A (P V R) is true if PV (Q A R) is true.

Now suppose that PV (Q A R) is false.
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Then both P and Q A R are false.
Since ) A R is false, either @ is false or R is false.

Suppose @ is false.

Since P is false, P V @) is false, because both P and () are
false.

Hence the conjunction (P V Q) A (P V R) is false.
Now suppose R is false.

Since P is false, P V R is false, because both P and R are
false.

Hence the conjunction (P V Q) A (P V R) is false.

So (PVQ)A(PVR) is false in both cases, and then (PVQ)A(PVR)
is false.

This proves that (P V Q) A (P V R) is false if PV (Q A R) is false.

So we have proved that (1.17) is true, and this completes our proof,
Q.E.D.

Problem 10. Prove the other distributive law: If A, B, C' are sets, then

AN(BUC)=(AnB)U(ANC(). (1.19)
1.12.2 Proofs of the De Morgan laws
As we explained before, the De Morgan laws are the following two statements.
Theorem 5. Let U be a set, and let A, B be subsets of U. Then

(AUB) = A°N B,

and
Theorem 6. Let U be a set, and let A, B be subsets of U. Then

(AUB)® = A°NB°,
(ANB)® = A°NB°.
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I will give you a proof from first principles’ of the first theorem, and then
I will give you a short proof of the other using the first one, and ask you to
give a proof from first principles of the second theorem.
Proof. We want to prove that

(Vz € U) (x € (AUB) <=z € A°N BC> . (1.20)

The sentence we want to prove is a universal sentence, of the form (Vz)P(z).
So in order to prove it we let z be an arbitrary object and prove P(z).

Let x be an arbitrary member of U.

We want to prove that
r€(AUB) <=z e AN B°. (1.21)
But, for x € U, “z € (AU B)° is equivalent to “z ¢ AU B”, i.e., to
““wxre AU B.
And “x € AU B” is equivasent to “c € AVzx € B”.
So “z ¢ AU B” is equivalent to “~ (x € AV z € B)”".
Therefore “z € (AU B)®” is equivalent to “~ (xr € AV z € B)”".
On the other hand, “z € A°N B¢’ is equivasent to “x € A°Ax € B.

And the sentences “x € A", “x € B’ are equivalent to “~ x € A”
and “~x € B”.

So “z € A°N B is equivalent to “(~x € A) A (~x € B)”.

Hence (1.21) is equivalent to

(N(a;EA\/xeB))<:><(~a:€A)/\(~a:€B)>. (1.22)

A proof from first principles is a proof in which you do not use any intermediate
results proved before. For example, after we proved that 2 4+ 2 = 4 from first principles
we proved that 2 x 2 = 4 using the result that 2 4+ 2 = 4. That was not a proof from first
principles. In a proof from first principles, you would just have used the basic facts and
the definitions, and no theorem proved before.
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If we use P to stand for “x € A”, and ) to stand for “z € B”, then
(1.22) is the sentence

(~PvQ) = (~PIA(~Q). (1.23)

The biconditional sentence (1.23) is of the form £ <= M. And a
biconditional £ <= M is true if and only if £ and M have the same
truth value, i.e., are both true or both false. So we are going to prove
that M is true if £ is true and M is false if L is false.

Proof that if ~ (P V Q) is true then (~ P) A (~ Q) is true.

Suppose that |~ (P V Q) is true|.

Then P V () is false.
So both P and () are false.

Hence ~ P and ~ @ are true.

So the conjunction | (~ P) A (~ Q) is true|.

Proof that if ~ (P V Q) is false then (~ P) A (~ Q) is false.

Suppose that |~ (P V Q) is false|.

Then PV (@ is true.

So either P is true or @) is true.

Suppose that P is true.

Then ~ P is false.

So the conjunction (~ P) A (~ Q) is false.
Now suppose that () is true.

Then ~ @ is false.

So the conjunction (~ P) A (~ Q) is false.

We have shown that (~ P) A (~ @) is false in both cases, when P
is true and when (@) is true.

Hence

(~ P)A(~ Q) is false .

So we have proved (1.21) for an arbitrary member x of U, and we can

go to

(Vz € U) (x € (AUB) <=z € A°N BC> . (1.24)
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And (1.24) says that the sets (AU B)¢ and (AN B)° have rhe same members,
so the sets are equal, that is

(AUB)¢ = A°N B°. (1.25)
This is exactly what we wanted to prove. Q.E.D.
Now let us give a simple proof of Theorem 6 using Theorem 5.
Proof. We want to prove that
(AN B)°= A°U B*. (1.26)
Theorem 5 says that, if X, Y are any subsets of U, then
(XUY)=X°NnYe". (1.27)
Apply this with X = A¢ and B =Y*“. We get
(AU B¢ = (A9)°N (B9)°. (1.28)
But (A°)¢ = A, and (B°)° = B. So
(A°UB°)=ANB. (1.29)
Now take the complement of both sides. We get
(acu BC)C>C — (AN B). (1.30)
But (X°)¢ = X for every subset X of U. Therefore
((AC U BC)C>C — A°U B¢ (1.31)
Combining (1.30) and (1.31), we get
A°U B = (AN B)°, (1.32)

which is the formula we were trying to prove. Q.E.D.
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Problem 11. Write a proof from first principles® of Theorem 6. I strongly
recommend that you use the same style as in the proof of Theorem
5. The proof of Theorem 5 is really very simple, and almost
mechanical. It looks long because it was written on purpose to
show you a proof written in a very precise, very detailed way,
displaying the use of the rules of logic. Usually one does not
write p;roofs like that, but I would like you to do it at least once,
to show that you can do it. 0
1.12.3 A proof involving the symmetric difference

Let us prove Fact 45 from our list. Recall that the symmetric difference
of two sets A, B is the set AAB given by

AAB = (A— B)U (B — A).

In the proof, we are going to use the following facts, that are valid for arbi-
trary subsets X,Y, Z of a set U:

e X Y =XNY¢

e XUX=Uand XNX¢=0,
e XNU =X and X N0 = 0.
e XUU=Uand XUD=X.

The commutative laws

XUY = YUX,
XnY = YnX,

The associative laws

XUu(Yuz) = (Xuy)uz,
XNniYnz) = (XnY)nZz,

8 “From first priciples” means “not using other theorems proved before”. In our case,
this means “not using Theorem 5”.
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e The distributive laws

XUu(ynz) = (Xuy)n(xuz),
XNnYuz) = (XNnY)u(XnZ2),

e The De Morgan laws

X°UY® = (XNY)°,
X°NY® = (XUY).

Theorem 7. If A, B are sets, then AAB = (AU B) — (AN B).

Proof. Choose as universe any set U such that A C U and B C U. (For
example, we could choose U to be AU B.)

Then

AAB = (A—B)U(B— A) (1.33)

= (ANBY)U (BN A (1.34)

- <AﬂBC uB) ((AHBC uAC> (1.35)

= (Bu AmBC> (ACU AﬂBC> (1.36)

- (BUA BUBC)> ((ACUA)H(AcuBC)) (1.37)

- (BUA mU) <Um(ACuBC)) (1.38)

= (BUA)N(A°U B°) (1.39)

= (AUB)N(A°U B°) (1.40)

— (AUB)N(ANB). (1.41)

So AAB = (AUB) — (AN B). QED.

Problem 12. Write the justfications of each of the nine steps (1.33), (1.34),
(1.35), (1.36), (1.37), (1.38), (1.39), (1.40), (1.41) of the proof of Theorem 7.
U

Problem 13. Prove or disprove each of the following distributive laws
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1. The distributive law of intersection with respect to symmetric difference.
If A, B, C are sets, then

AN (BAC) = (ANB)A(ANC). (1.42)

2. The distributive law of union with respect to symmetric difference. If
A, B, C are sets, then

AU(BAC) = (AUB)A(AUC). (1.43)
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2 Relations and functions

2.1 The definition of “relation”

Definition 17 A relation is a set of ordered pairs.

That is:

A relation is a set R such that every member of R is
an ordered pair.

That is:

A relation is a set R such that

(Vu) (u € R — (3a)(3b)u = (a, b)> (2.44)

2.1.1 How to think of a relation

You should picture an ordered pair as an arrow: the ordered pair
(u,v) is represented by an arrow going from u to v.

The ordered pair (a,b).

And you should picture a relation as a set of arrows: for each u and each v,
you draw an arrow from u to v to indicate that the pair (u,v) belongs to R.

Another way to think of a relation R is as some kind of device that
takes in “inputs” and produces “outputs”. The pairs belonging to R are the
input-output pairs produced by R.

Example 18. Consider the relation R given by
R={(1,2),(1,3),(1,4),(2,1),(2,2),(3,1),(3,5), (4,5) }, (2.45)
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Then

e If you think of R as an input-output device, each pair in R gives you
an input and a corresponding output, so that
— the input 1 will produce the outputs 2, 3, and 4,
— the input 2 will produce the outputs 1 and 2,
— the input 3 will produce the outputs 1 and 5,
— the input 4 will produce the output 5.

e [f you think of R as a collection of arrows, here is R:

The relation
{(1,2),(1,3),(1,4),(2,1),(2,2),(3,1),(3,5), (4,5) }.

2.1.2 Input, outputs, domain, range, source and target

Definition 18. If R is a relation, an input of R is an object x such that
(z,y) € R for some y. O

(That is, 2 is an input of R if (Jy)(z,y) € R.)

Definition 19. If R is a relation, an output of R is an object y such that
(x,y) € R for some z. O
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(That is, y is an output of R if (3z)(z,y) € R.)

Definition 20. If R is a relation and z is an input for R, an output of R
for the input z is an object y such that (z,y) € R.
(That is, y is an output of R for z if (z,y) € R.) O

Definition 21. If R is a relation, the domain of R is the set of all inputs of
R. We use Dom(R) to denote the domain of R. Therefore

Dom(R) = {z : (Jy)(z,y) € R} . (2.46)

Definition 22. If R is a relation, the range of R is the set of all outputs of
R. We use Ran(R) to denote the range of R. Therefore

Ran(R) = {y : (3x)(x,y) € R}. (2.47)
Definition 23. If R is a relation and S, T are sets, then

e we say that S is a source for R if every input of R belongs to 9, i.e., if
Dom(R) C S,

e we say that T is a target for R if every output of R belongs to T, i.e.,
if Ran(R) C T,

e we say that R is a relation from S to T if S is a spource for R and T

is a target for R. O
Problem 14. Prove that if R is a relation and S, T are sets, then R is a
relation from S to T if and only if RC S x T. O

Definition 24. If R is a relation and A is a set, then we say that R is a
relation on A if R C A x A. O

It then follows from the result of Problem 14 that R is a relation on A if and
only if Dom(R) C A and Ran(R) C A.

Example 19. Let
R={(z,y) eRxR:2*+y*=1}. (2.48)
Then
(I) R is a relation on R,
(II) Dom(R) = [—1, 1], where
—Lll={reR:-1<z<1}.

(I1) Ran(R) = [~1,1]. O
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2.2 Functions
2.2.1 An example of a function: the word “giraffe”

What kind of thing is the word “giraffe”? Since we are doing set theory here,
and we would like to do everything using sets, we can ask, more precisely,
what kind of set is the word “giraffe”?.

A bad answer. The most obvious answer that one might think of is the
word ‘giraffe’ is a set of letters, namely, the ‘seven member set’

{g7i7r7a7f7f76}'
This, however, cannot be right, for several reasons:

e The set {g,i,7,a, f, f,e} is exactly the same as the set {g,i,r,a, f,e}.
So this set is not a seven-member set at all. It is a six-member set.
Just because I have written the letter “f” twice does not mean that the
set “has f as a member twice”, whatever that might possibly mean. A
set is specified by specifying for each object x whether it is a member
of the set or not. Whether I write that the letter “f” is a member of
the set once, or twice, or three times, or 300 times, all this means is
that “f” is a member of the set. (If I say ten times that Trump is the
president, that doesn’t make him “president ten times”. All it means is
that he is the president, and for some mysterious reason I have chosen
to repeat that ten times.) So the set {g,i,7,a, f, f,e} (that is, the
set {g,i,7,a, f,e}), does not contain the information that in the word
“oiraffe” the letter “f” appears twice.

e The set {g,7,7,a, f, f,e} (that is, the set {g,4,7,a, f,e}) is exactly the
same as the sets {e, f,a,7,4,9},{g,r, f,i,a,e},or {f,a,r i,9,e}. When
I write the letters g, i, r, a, f, e, in that order, all that means is that
the answer to the membership question “is x a member of the set?”
is “yes” if x is the letter “g”, or the letter “i”, or the letter “r”, or
the letter “a”, or the letter “f”, or the letter “e”, and the answer is
“no” if x is anything else. It makes no difference whether I write this
information in this particular order or not. So the set {g,7,7,a, f, f, e}
(that is, the set {g,i,7,a, f,e}), does not contain the information that
in the word “giraffe” the letter “g” appears first, the letter “i” appears
in the second place, the letter “r” appears in the third place, and so

on.
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The right answer. Now that we know that the word “giraffe” is not ade-
quately represented by the set {g,,7,a, f, f, e}, we can either

(a) give up on the idea of representing the word “giraffe” as a set,
or
(b) try to represent the word “giraffe” as a set in a more intelligent way.

Naturally, we choose (b). And we take advantage of the fact that we can use
ordered pairs. We represent the word “giraffe” as the following set:

{(1.9),2.),(3,7). (4,0), 5,1), (6. ), (7,0)) }. (2.49)

This tells us that the first letter is a “g”, the second letter is an “i”, and so
on.

Notice that it does not matter in which order we write the members of
the set. For example, the sets

{7.€,6.),6.5),(4,0),3,7),(2,0). (1.9)} (2.50)

and

{(.9).(3.7),(5, 1), (6.). (21). (4,0), (7,)) | (2.51)

are exactly the same set as the one of (2.49). And they all give us exactly
the same information: the first letter is “g”, the second letter is “i”, and so
on.

The set (2.49), that we use to represent the word “giraffe”, is a set
of ordered pairs (x,y), where = is a natural number belonging to the set
{1,2,3,4,5,6,7}, and y is a letter. So the set (2.49) is a relation.

But there is more. the set (2.49) is a relation that has a very
special additional property that not all relations have.

To understand what that property is, ask yourself which word would be

represented by the set

{19, 20,67, (4,0).8,0), 5., 6.0).(7.))}. (252

Is it “giraffe” or “giwaffe”? You cannot tell, right? You cannot tell which
letter occupies the third site, right? The set (2.52) tells us two contradictory
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things: that the third letter is an “r” and that the third letter is a “w”. So
the set is “bad”: we cannot use it to represent a word.

Why is the set (2.52) bad? The reason is that it contains the pairs (3, 7)
and (3,w). That is, the set (2.52) contains two pairs (z,y) with the
same x but different y’s. This implies that we cannot tell which is the y
that occupies site x.

e A relation that contains two pairs (v,y) with the same x but
different y’s is not a function.

e A relation that does not contain two pairs (r,y) with the
same x but different y’s is a function.

o The set (2.49) does not contain two pairs (z,y) with the same
x but different y’s. Therefore this set is a function.

e The set (2.52) contains two pairs (v,y) with the same = but
different y’s. Therefore this set is not a function.

Let us say the same thing in a slightly different way:

A function is a set f of ordered pairs, i.e., a relation, that has
the following additional “unique output property”:

(UOP) For each x, there do not exist two different “values of
the function at x”, i.e. there do not exist y,z such that

(z,y) € [, (z,2) € f, and y # 2.

Example 20 The set (2.49) is a function. The set (2.52)
is not a function. []

Functions as input-output correspondences with the Unique Out-
put Property. The property of the set (2.49) that makes is a function
rather than a mere relation is Property (UOP). If you think of the function
as representing a device, or rule, that for every “input” x produces an “out-
put” y, the UOP says: i¢f I specify an input, the function produces
only one output for that input.
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2.2.2 The precise mathematical definition of “function”

Definition 25 A function is a relation f such that
every input of f has the unique output property. [

That is,

A set f is a function if
(i) f is a set of ordered pairs.
(ii) for all x,y, 2z, if (x,y) € f and (x,2) € f then
Y=z

In purely formal language,

A set f is a function if
(D) (Vu € f)(Fz)Fy)u = (z,y),
(11) (%2)(vy)(v2) (2. y) € FA(2, 2) € f) =y =2).

2.2.3 The definition of “value” of a function at a member of its
domain

Definition 26. If f is a function and = € Dom(f) (that is, = is an input of
f), then the value of f at z is the object f(z) such that f(z) is the unique
output of f for x. (Recall that the definition of function tells us that every
input of f has the unique output property, so the output for = is indeed
unique. ) O
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2.2.4 The definition of “set where a function takes values”

Definition 27. If f is a function and V' is a set, we say that f takes values in V',
or that f is a function with values in V', or that f is a V-valued function, if
f(z) € V for every x € Dom(f). O

2.2.5 When are two functions equal?

The following theorem is the analogue for functions of the axiom on equality
of sets: two sets are the same set if they have the same members. Here,
the result says: two functions are the same function if they have the same
domain and, for each member x of this domain, have the same values at x.
And the result for functions is not an axiom; it’s a theorem that we can
prove.

Theorem 8. Let f,g be functions. Then f = g if and only if Dom(f) =
Dom(g) and f(x) = g(z) for every x € Dom(f).

Proof. 1t is clear that of f = g then Dom(f) = Dom(g) and f(z) = g(x)
for every x € Dom(f). (Proof: Assume that f = g. We want to prove first
that Dom(f) = Dom(g). By the equality axiom, (Vu)u = u. Specializing to
u = Dom(f)—using Rule V,5.—we get Dom(f) = Dom(f). Now, using SEE,
since f = g, we can substitute “g” for the second f of “Dom(f) = Dom(f)”
and get Dom(f) = Dom(g). Now let us prove that (Vz € Dom(f))f(z) =
g(x). Let z be an arbitrary member of Dom(f). Since (Vu)u = u, we can
use Rule V¢ and get f(z) = f(x). Then, using SEE, since f = g, we can
substitute “g” for the second f of “f(z) = f(z)” and get f(x) = g(x). Since
we have proved “f(x) = g(x)” for arbitrary = belonging to Dom(f), we can
conclude that (Vz € Dom(f))f(x) = g(z).)

Now let us assume that Dom(f) = Dom(g) and f(z) = g(z) for every
x € Dom(f). We want to prove that f = g.

Since f and g are sets, it suffices to prove that f C g and ¢ C f. Both
proofs are the same, so I will do only one of them.

Let us prove that f C g. Let u be an arbitrary member of f. Since f is
a set of ordered pairs and u € f, u is an ordered pair, so we may pick z,y
such that v = (z,y). Since (z,y) € f, x is an input of f, so x € Dom(f),
and y is an output of f for z, so y = f(z). Since Dom(f) = Dom(g), and
x € Dom(f), we see that © € Dom(g). Since g(z) = f(x) and y = f(z), it
follows that y = g(z). Then (z,y) € g. Sou € g
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So we have proved that every v € f is in g. Hence f C g.
As explained before, the proof that ¢ C f is identical, so we do omit it.
Q.E.D.

2.2.6 The definition of “function mapping a set to a set”

Definition 28. If f, A, B are sets, we say that f is a function mapping A to B,
and write

f:A— B,
if
1. fis a function,
2. A is the domain of f,
3. The range of f is a subset of B. O

In other words, “f : A+ B” means “f is a function, A is the domain of
f,and f(z) € B for every x € A”. Equivalently, “f : A — B” means “f is a
function, A is the domain of F', and B is a target for f”.

2.2.7 The “input-to-output” way to write names of functions

Let f be the integer part function that we have introduced before. We have
seen how to describe this function

1. as a set of ordered pairs:

f={(rv,y) eR*:yeZAy<azAy>z—1}. (2.53)

2. by specifying the domain and giving a rule for computing
f(x) for each z in the domain:

f(z) = the largest n € Z such that n <z, forz € R, (2.54)

or

f(z)=[z] forzelR. (2.55)
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There is a third way to write the name of a function, namely, the “‘nput-
to-output” way. This is a very convenient way to write functions, so we are
going to use it a lot.

Here is how it goes, for the integer part function: we write

the function R 3 z — [z], (2.56)

and read this as “the function that takes an x belonging to R and sends it
(or “maps it”) to the integer part of z”.
If we want to indicate that the values are real numbers, we can also write

the function R >z — [z] € R. (2.57)

And if we want to stress that the values are actually integers, then we can
write
the function R>z+— [z] € Z. (2.58)

2.3 Examples of functions
2.3.1 The integer part function
The “integer part function” is the function f given by
f={(r,y) eR*:yeZAy<zAy>z—1}. (2.59)
It is easy to prove that
VeeR)3yeZ)(y<zAy>z-—1). (2.60)

(I AM ASKING YOU TO PROVE THIS IN PROBLEM 15 BE-
LOW.)
If follows from (2.60) that

If f is the relation defined by (2.59, then
(IP1) f is a function,
(IP2) f satisfies

(*) If x is a real number, then f(x) is the largest integer
n such that n < x. That is,

(Vo € R) (f(x) € ZNf(x) <zA(Vn € Z)(n <xr=n< f(x))) . (2.61)
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Definition 29.
e The function f defined by (2.59) is called the integer part function.

e Instead of “f(x)”, it is customary to write “[x]”.

e And we read “[x]” as “the integer part of z”. O
Example 21. Here are some values of the integer part function: [9] = 9,
0] =0, [6.2] =6, [r] =3, [-4.6] = —5. O

Problem 15. Prove statement (2.60).

2.3.2 The “absolute value of a real number” function
The “absolute value of a real number function” is the function f given by
f={(z,y) eRxR:(z>0ANy=2)V(<0Ay=—x)}. (2.62)

It is easy to prove that the set f defined by (2.62) is a function. (1 AM
ASKING YOU TO PROVE THIS IN PROBLEM 16 BELOW.)

Definition 30.

e The function f defined by (2.62) is called the absolute value of a real number
function.

e Instead of “f(x)”, it is customary to write “|z|”.
e And we read “|z|” as “the absolute value of z”. O

We can also describe this function by specifying its domain and the rule
for computing it, as follows:

Definition 31. The absolute value of a real number z is the real number
|z| given by

z if x>0
|ﬂ_{_w f 20 (2.63)

And we can describe it in input-to-output notation by saying: “absolute
value” is the function R > = +— |z|, where |z| is given by (2.63)”.

Example 22. Here are some values of the absolute value function: |9| = 9,
|—9/=9,10=0, |7|=m, | —7| =m. O
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2.3.3 Other “absolute value” functions

Naturally, we could also consider the “absolute value of a rational number”
function f given by

f={(z,y) €eQxQ:(z>0=y=2)A(z>0=y=—2)}, (2.64)
and the “absolute value of an integer” function f given by
f={x,y) €ZXZ:(2>0=y=2)AN(z>0=y=—x)}, (2.65)

These functions can also be described by specifying the domain and the rule
for computing the function:

e The ‘“absolute value of a rational number” function is the function f
given by

z if x>0
f(x):{_x i or<0 for z€@Q. (2.66)

e The “absolute value of an integer” function is the function f given by

r i x>0
—x if <0’

f(z) = for z€Z. (2.67)

And they can also be described with the ”input-to-output” notation:

e The “absolute value of a rational number” function is the function Q >
x> |z|, where |z| =z if x > 0 and |z| = —x if x <9,

e The “absolute value of an integer” function is the function Z > z +—
|z|, where |z| =z if 2 > 0 and || = —z if z <9,

Example 23. Here are some values of the absolute value function: |9| = 9,
|—9/=9,10=0, |7|=m, | —7| =m. O

Problem 16.
1. Prove that the set f defined by
f={(zy) e RxR:(z>0ANy=2+1)V(@<0Ay=-x—1)} (2.68)

is not a function. (Give a precise, detailed proof. The main thing
you have to do is prove for some real number z there exist two different
real numberss y such that (z,y) € f. That is, you have to find a
real number x such that for two different real numbers y the sentence
“>0=y=z+1)AN(z>0=y=—x—1)" is true.)
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2. Prove that the set f defined by equation (2.62) is a function. (Give
a precise, detailed proof. The main thing you have to do is prove
that for every real number = there exists a unique real number y such
that the sentence “(z > 0Ay =2)V (x > 0Ay = —x)” is true.)

3. Determine the range of the function f defined by equation (2.62).

2.3.4 Squaring functions

We would like to define “the squaring function”, that is, “the function f
given by the formula f(x) = z?”. But, on order to define a function, we need
to specify the domain, and if we do this in different ways we will get different
functions, even if the formula f(z) = 22 is the same.

The “square of a real number” function.
We define a function f : R +— IR by letting

f(z)=2* for z € R. (2.69)
As a set of ordered pairs, f is given by
f={zy) e RxR:y=2%}. (2.70)

And in input-to-output notation, f is the function R 3 = — 22

This is the “square of a real number” function. The domain of this
function is the set IR of all real numbers. The range is the set IR>( of all
nonnegative real numbers.

The “square of a rational number” function.
We define a function f : Q — Q by letting

f(z)=2* for 1 €Q. (2.71)
As a set of ordered pairs, f is given by

f={(z,y) €eQxQ:y=2"}. (2.72)

And in input-to-output notation, f is the function Q > = — 22

This is the “square of a rational number” function. The domain of this
function is the set Q@ of all rational numbers. The range is the set of all
nonnegative rational numbers whose square root is rational. (So, for example,
0, 1, 4, g belong to the range of f, but —1, 2, 3, and % do not.)



Math 300, Spring 2019 68

The “square of an integer” function.
We define a function f : Z +— Z by letting

f(z) =2 for v €7Z. (2.73)
As a set of ordered pairs, f is given by
f={(v,y) €EZXZ y=2"}. (2.74)

In input-to-output notation, f is the function Z > x > z2.

This is the “square of an integer” function. The domain of this function
is the set Z of all integers. The range is the set of all integers that are perfect
squares. (An integer n is a perfect square if n = m? for some integer m.)
(So, for example, 0, 1, 4, 9, 36, 121 belong to the range of f, but 2, 3, 7, 21,
do not.)

The “Square of an integer modulo N functions”

If N is a natural number and n > 2, the integers modulo N, (also known
as residues modulo V), are the integers 0,1,2,..., N —1. The set of all these
residues modulo N is the denoted by Zy. So, for example:

ZQ = {Oa ]-}7
Z3 = {07 17 2} )
Z4 = {07 17273} )

le = {Oa172737475a6777879710}7

2243 = {nEZO§n<243},

Each Zy has an addition and multiplication operation, called +5 and
X n, which turn it into a commutative ring with identity.

Addition in Zy is defined as follows: the sum = +5 y of z and y in
Zy is the ordinary sum “reduced modulo N”. (This means that z +y y is
the remainder of dividing x + y by N. For example: 5 +1; 8 = 2, because
5+ 8 = 13, and when we divide 13 by 11 we get a remainder of 2.) Similarly,
the product x x1; y is the remainder of dividing = x y by N. For example:
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5 x11 8 = 7, because 5 x 8 = 140 and when we divide 40 by 11 we get a
remainder of 7.

It follows that we can talk, in Zy, about the “square” of a member x
of Zy. The square of a member x of Zy is the member 22 of Zy given by
22 =1 Xy 7.

And then we can consider the “squaring in Zy” function. Let us call this
function Sq,,. Then Sgq, is the set of ordered pairs

Sqy, = {(2,y) € Zy X Ty : y = 2°}. (2.75)

And we can describe it as a rule
Sq, () =2 for x € Zy. (2.76)

Or, in input-to-output notion, as
Sq, is the function Zy > x+ 2° € Zy . (2.77)

The domain of Sgq, is Zy.

A very interesting a very important question is “how many members
does the range of Sq, have?”. We will have a lot to say about that issue
later. But here I will just give you a few examples:

1. The range of Sq. is the set {0,1,2,4}, because in Z; the following are
true: 02 =0,12=1,22—-4,32=2,42=2,52 =4, and 62 = 1, so the
members of Z; that are squares are 0, 1, 2 and 4.

2. The range of Sq, is the set {0,1,4}, because in Zg the following are
true: 02=0,12=1,22=4,32=1,42=0,52=1,62 =4, and 72 = 1,
so the members of Zg that are squares are 0, 1, and 4.

3. The range of Sq,; is the set {0, 1,3, 4,5,9}, because in Z1; the following
are true: 02=0,12=1,22=4,32=9,42=5,52=3,62=3, 7 =5,
82 =9, 9%2 =4, and 10 = 1, so so the members of Z;; that are squares
are 0, 1, 3, 4, 5, and 9.

2.3.5 Functions of two variables

Definition 32. A function of two variables is a function whose domain is a
set of ordered pairs. ([l
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Example 24. Let f be the function
RxR>3(z,y) — 3z -2y e R. (2.78)

This function takes as input a pair (z,y) of real numbers, and produces as
output the real number 3z — 2y.

Remark 6. If we wanted to write the function (2.78) using the familiar
“f(z)” notation, we would have to write “f((x, y)) = 3x — 2y”. However,

it is customary to omit one of the pairs of parentheses, and just
write “f(x,y) = 3z — 2y”. O

The function (2.78) can be described as a set of ordered pairs:

f:{((x,y),z)E(IRX]R)X]R:z:?)x—Qy}.

Notice that f is a set of ordered pairs (u,v) for which u itself is an
ordered pair. The expression “((z,y),z)” stands for “the ordered pair of
the ordered pair (z,y) and the real number 2”.

One can also write the function (2.78) by specifying the domain and the
rule for computing the function, that is, by writing

flx,y) =3z —2y for (z,y) e RxR. (2.79)

Example 25. The operations of addition, subtraction, multiplica-
tion and division of real numbers are functions of two variables.
For example,

e addition of real numbers is the function
RxR>3(xz,y)—z+yeR,
that is, the set

{((x,y),z) € (R x R) x ]R:z:m—l—y};
e subtraction of real numbers is the function

RxR>3(z,y)—z—yeR,
that is, the set

{((x,y),z)e(le]R)x]R;Z:x_y};
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e multiplication of real numbers is the function
RxR>(z,y) »zyeR,

that is, the set
{((377?/)72) € (IR,XR) X]Rszy}’

e division of real numbers is the function
R x (R—-{0})> (z,y) »zy R,
that is, the set
{((m,y),z) € (R x (R —{0}) ><]R:y7é0/\y.z:x},
where R — {0} (“R with zero removed”) is the set {z € R : = # 0}.

Remark 7. In the formulas involving the division function, we have had to
restrict the values of y by requiring that y # 0. That is, the domain of
the division function is not R xR, the set of all pairs (z,y) of real
numbers, but only R x (R — {0}), the set of all pairs (z,y) of real
numbers for which y # 0.

The reason for that is that, as you know very well, it is not possible to
divide by zero. So the function (x,y) — %, i.e. the function that takes a pair
(x,y) and produces = as its output, cannot admit a pair of the form (z,0) as
an input. 0

2.3.6 Binary operations as functions

A “binary operation” on a set S is, roughly, a “rule” (whatever that means)
that for every two members x, y of the set produces a third member z, called
“the result of applying the operation to x and y”.

The precise meaning of this should now be clear.

Definition 33. A binary operation on a set S is a function f : Dom(f) +— S
whose domain Dom( f) is a subset of S x S.
The binary operation f is everywhere defined on S if Dom(f) =S x S.
The binary operation f is partially defined on S if Dom(f) # S x S. O
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Example 26.

Addition, subtraction and multiplication of real numbers are every-
where defined binary operations on IR.

Division of real numbers is a partially defined binary operation on IR.

Addition, subtraction and multiplication of integers are everywhere
defined binary operations on Z.

Division of integers is a partially defined binary operation on Z. 0

Addition and multiplication of natural numbers are everywhere defined
binary operations on IN.

e Subtraction and division of natural numbers are partially defined bi-
nary operations on IN. [
Problem 17.

1.

Wrrite down the definitions of the operations of addition, subtraction,
multiplication and division on the set IN of natural numbers (a) as sets
of ordered pairs, (b) as rules specifying the domain and how to compute
the function, and (c) as input-to-output descriptions.

. Prove that subtraction and division of natural numbers are partially

defined operations and describe precisely the domains of each of the
operations. 0

How we write operations: the infix notation. As you well know, if f
is the addition of real numbers operation, we do not write “f(x,y)” for the
value of this function at (x,y); we write “x 4+ y”, which means two things:

we don’t use the symbol ¢ f”; we use he symbol “+” instead,

we put the symbol in the middle, not before the pair (z,y).

A symbol or string of symbols that is added to word by putting it in the
middle of a word is called an infix. In English, it is very common to use
prefirzes and suffires. (A prefix is a symbol or string if symbols added at
the beginning of a word, such as, for example, “re” in “recover” or “reheat”,
or “up” in “upbringing”. A suffix is a symbol or string if symbols added at
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the end of a word, such as, for example, “ing” in “carrying” or “pushing”.)
Even though prefixes and suffixes are very common in English, infixes are
extremely rare, but they do occur. (Example: the “s” in “passersby”.)

In Mathematics, infixes are used all the time. In particular, many binary
operations are written as infixes. For example:

e For addition, we use the symbol “+” and infix notation, and write
“r 4+ y” rather than either (a) calling the operation “f” and writing
“f(z,y)”, or (b) calling the operation “+” and writing “+(x,y)”.

7

e For subtraction, we use the symbol “—” and infix notation, and write

7

LL.,L,_y .

e For multiplication, we use the symbols “x” and “.”, and write “x x y”,

or “z-1y”. And sometimes we just write? “xy”.

e For division, the symbol “+” is used sometimes, in infix notation, so

we write “z + y”. But, as you well know, it is much more common to
write “£”

Problem 18. Define a binary operation “” on R by letting

o i 2>y,
asTy—{y i oy> (2.80)

Then x 1 y is the larger of x and y.
1. Write a description of 1 as a set of ordered [airs.
2. Prove that the operation “1” satisfies the commutative law
VeeR)VyeR)zTy=yTz, (2.81)
and the associative law

VreR)(MyeR)(VzeR)z 1T (y12)=(1Ty) T 2. (2.82)

3. Prove that the operations “1” and “+” satisfy the distributive law of
addition with respect to 1:

VzeR)(VyeR)(VzeR)z+(yT2)=(r+y) T (x+2). (2.83)

9How shall I call this? “Zerofix”? “Nofix”? “Nothingfix”?
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4. Prove or disprove that the operations “1” and “+4” satisfy the dis-
tributive law of T with respecto to addition:

VreR)(VyeR)(VzeR)zT (y+2)=(z+y) T (x+2). (2.84)

5. Prove that

T +y+|v—yl

VzeR)(VyeR) zty= 5

(2.85)

2.4 Composition of functions
Definition 34. If A, B, C are sets, f : A+~ B and g : B — (|, the
composite function of f and g is the function go f : A — C given by

go f(z)=g(f(z)) for every x € A.

The following theorem says that the operation of composition of functions
satisfies the associative law in the sense that when both ho(go f) and (hog)o f
are defined, they are equal

Theorem 9. Let A, B, C, D be sets, and assume that f : A — B,
g:B—C,and h:Cw D. Then

ho(gof)=(hog)of. (2.86)

Proof. YOU DO IT.
Problem 19. Prove Theorem 9. O

2.4.1 The definition of “one-to-one function”

Definition 35. A function f is one-to-one (or injective) if whenever two
inputs are different, the values of f at those inputs are different as well.
In other words: f is one-to-one if

(Yu € Dom(f))(Yv € Dom(f))(u # v => f(u) £ f()).  (287)

Equivalently, f is one-to-one if

(Vu € Dom(f))(Vv € Dom(f))(f(u) = f(v) = u=v). (2.88)
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2.4.2 The composite of two one-to-one functions

Theorem 10. Let A, B, C be sets, and assume that f : A— B, g: B+ C,
and both f and g are one-to-one. Then go f is one-to-one.

Proof. Let h = go f. We want to prove that h is one-to-one.

For that purpose, we prove that if x; € A, 2o € A, and x1 # x4, it follows
that h(z1) # h(zs).

Let y; = f(x1), yo = f(x2), Since f is one-to-one and x; # x5, we can
conclude that y; # ys.

Then, since ¢ is one-to-one and y; # 2, we can conclude that g(y;) #

9(y2)-
But g(y1) = g(f(x1)) = h(z1) , and g(y2) = g(f(x2)) = h(2:2). So
h(x1) # h(zs), as desired. Q.E.D.

2.4.3 The definition of “function onto a set”

Definition 36. A function f: A+~ B is onto B if B = Ran(f).
In other words, f is onto B if

(Vb€ B)(da € A)f(a) =b. (2.89)

Example 27. Let f be the “squaring a real number” function.

The domain Dom(f) is R, the set of all real numbers. And, for z € R,
the value f(z) is given by

f(z) =22,

Then the range Ran(f) is R>o, the set of all nonnegative real numbers.
(Reason: every nonnegative real number has a square root.)

Then both statements “f : R — R” and “f : R — IR>(" are true. And
f is onto IR>o but f is not onto RR. U

Remark 8. The previous example shows that the sentence “f is onto”

s meaningless, in the same way as the the sentence “a is divisible” is

meaningless.
There is no such thing as “being divisible”. What makes sense is “being
divisible by some number”. “Divisible” is a 2-argument predicate: we say

things like “a is divisible by b”, and we do not say things like “a is divisible”.
Similarly, “is onto” is a 2-argument predicate: we say things like “f is onto
B”, and we do not say things like “f is onto”. 0
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2.4.4 The composite of two onto functions

Theorem 11. Let A, B, C be sets, and assume that f : A— B, g: B+ C,
f is onto B and g is onto C'. Then go f is onto C.

Proof. YOU DO IT.

Problem 20. Prove Theorem 11. O

2.5 The definition of “bijection”

Definition 37. A function f : A — B is a bijection from A to B if it is
one-to-one and onto B.

In other words, a function f : A+— B is a bijection from A to B
if f is one-to-one and Ran(f) = B. O
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A bijection

We can tell that A (the set of circles) and B (the set of squares) have the
same number of members because f (the set of arrows, i.e. of ordered
pairs) is a bijection from A to B:

e the arrows send every circle to one and only one square (that is,
f is a function),

e different circles are sent to different squares (that is, f is one-to-
one),

e no square is left out (that is, f is onto).

Theorem 12. The empty set is a bijection from the empty set to the empty
set.

Proof. YOU PROVE THIS.

Problem 21. Prove Theorem 12.
You have to prove several things:

1. that ) is a relation, i.e., a set of ordered pairs. (So you have to prove
that every member of () is an ordered pair.)

2. that ) is in fact a function. (So you have to prove that

(Vm)(Vy)(‘v’z)(((x,y) EDN(z,2)€l) = y= z) ,
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3. that the domain of () is 0,
4. that 0 : 0 — 0,
5. that () is one-to-one,

6. that () is onto (. O

2.5.1 The exchange lemma

The following theorem is rather simple, but very important. To understand
what it says, think of of an example. Suppose you have several couples
dancing in a large ballroom: every man is dancing with one and only one
woman, every woman is danving with one and only one man. That means
that we have in front of our eyes a bijection f from M to W, where M is the
set of all the men that are dancing, and W is the set of all the women. The
bijection f : M — W is defined as follows: for m € M, f(m) is the woman
with whom m is dancing.

Theorem 13 then says that, if we are interested in a particular man a
and a particular woman b, we can rearrange things so that a will be dancing
with . And the way we do that is as follows: if a is already dancing with
b then we do not have to do anything. And if a is not dancing with b, that
means that a is dancing with some other woman ¢/, and b is dancing with
some other man a’. So in this case we just have the two couples (a,b'), (', b)
exchange partners: we remove the pairs'® (a,b), (a’,b) from f and put,
instead, the pairs (a,b) and (a’,0'), this gives rise ot a new bijection f. And
(a) is b, as we wanted.

Do not forget that f is a set of ordered pairs. The fact that a is dancing with & and
a’ is dancing with b means that ¥ = f(a) and b = f(a’), and this in turn means that the
pairs (a,b’) and (a’,b) are members of f.
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The bijection f sends a to b, but we want a bijection f that sends a to b.
We construct f by finding @’ such that f(a’) = b, and having a and a’ “trade
parners”: f sends a to b, and @’ to b'. The partners of the other members of
Dom(f) are not changed.

Theorem 13. Suppose A, B are sets, f: A— B, and [ is a bijection from
A to B. Then for every a € A and every b € B there exists a bijection f
from A to B such that f(a) =b.

Proof. YOU PROVE THIS.
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Problem 22. Prove Theorem 13. Make sure you write a complete, detailed
proof of the fact that the function f that you define is a bijection.

HINT: Read carefully the explanation before the statement of the theorem,
and look at the pictures. All you have to do is repeat the same construction
of f in general, for any sets A, B, and bijection f, without mentioning “men”,
“women”, and “dancing”. O

2.5.2 The composite of two bijections

Theorem 14. Let A, B, C be sets, and assume that f is a bijection from A
to B and g is a bijection from B to C. Then the composite function go f is
a bijection from A to C.

Proof. Let h = go f. We want to prove that h is a bijection.

Since f and g are bijections, they are one-to-one. Hence h is one-to-one
by Theorem 10.

Since f and g are bijections, f is onto B and g is onto C. Hence h is onto
C by Theorem 11.

So h is one-to-one and onto C. Therefore h is a bijection from A to C.

Q.E.D.

2.5.3 The identity function of a set

Definition 38. If A is a set, the identity function of A, or identity map of A,
is the function 14 : A — A such that

la(z) =2 for every z € A. (2.90)

The reason 1,4 is called the “identity function” is that it behaves, with re-
spect to the operation of function composition, very much like the number 1
behaves with respect to the operation of multiplication of numbers:

e Multiplying a number by 1 yields the same number: x -1 = x for every
number z.

e Composing a function with 1,4 yields the same function, except only for
the detail that now we have to be careful about domains: f o1, makes
sense for functions f : A — B (for any B), whereas 14 o f makes sense
for functions f : B — A (for any B). The precise result is Theorem 15
below.
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Theorem 15. If A, B are sets, then

fola=f if f:A— B, (2.91)
laof=f if f:B—A. (2.92)

Proof. Suppose f: A+~ B. Since 14 : A — A, it follows that fols : A +— B.
So both f and f o 14 have domain A.

To prove that the functions f o 14 and f are equal it suffices, according
to Theorem 8, to prove that they have the same domain and that they have
the same value for every z in that domain.

We already know that f o1, and f have the same domain, because both
have domain A. If x € A, then

(f oLa)(z) = f(la(x)) = f(z),

So (fola)(x)= f(x). This completes the proof that .

Now let us suppose that f : B+ A. Since 14, : A — A, it follows that
lpof: B+ A. Soboth f and 14 o f have domain B.

To prove that the functions 14 o f and f are equal it suffices, according
to Theorem 8, to prove that they have the same domain and that they have
the same value for every x in that domain.

We already know that 14 o f and f have the same domain, because both
have domain B. If x € B, then

(Lao f)(x) = 1a(f(x)) = f(2),
So (140 f)(x) = f(z), and this completes the proof that .Q.E.D.

Theorem 16. If A is a set, then 14 is a bijection from A to A.
Proof. YOU DO IT.

Problem 23. Prove Theorem 16. O

2.5.4 The inverse of a relation

If you think of a relation R as a set of arrows (or of ordered pairs, which
amounts to the same thing), then it is clear that can define another relation
R* by just reversing the arrows of R: for every arrow of R going from a point
r to a point y, we put in R™! an arrow going from y to z. (Or, in terms of
ordered pairs: R™! consists of all the pairs (u,v) such that (v,u) € R.)
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Definition 39. If R is a relation, then the inverse of R is the relation R~!
given by

Rt ={(u,v): (v.u) € R}. (2.93)

Now that we know what the inverse of a relation is, it is clear that various
properties of R correspond to properties of R71.

For example, consider the following relation (i.e., set of ordered pairs, or
set of arrows) R:

and its inverse R~!:
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We see that R s not a function, because there is one point a which is
the source of two different arrows ending at two different points p, ¢. (So R
violates the unique output property: the input u gives rise to two different
outputs, p and q.)

What does this tell us about R=1? It tells us that R~! is not one-to-one,
because there are two different squares (i.e, inputs for R~') that are sources
of arrows going to the same point. (Reason: both p and g are sent by R™!
to the same point a.)

This tells us that if R is a function then R~! should be one-to-one, and
if R is one-to-one then R~! should be a function. In particular, we have:

Theorem 17. If f is a function, then
e the relation f~1 is a function if and only if f is one-to-one,

e if f is one-to-one, then the domain of f~! is the range of f.

Proof. YOU DO THIS.

Problem 24. Prove Theorem 17. O

2.5.5 The inverse of the inverse

Theorem 18. If R is a relation, then the inverse of the inverse of R is R.
That 1is,

R= (R

Proof. YOU DO THIS.

2.5.6 The inverse of a bijection

Theorem 19. If A, B are sets, and f is a bijection from A to B, then f=!
is a bijection from B to A.

Proof. We use Theorem 17 repeatedly.

Since f is a bijection, f is one-to-one, so by Theorem 17, f~! is a function.
Since the inverse of f~!is f, and f is a function it follows from Theorem 17
that f~! is one-to-one.
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Since f is a function from A onto B, the range of f is B, so by Theorem
17 the domain of f~!is B.

Since f~! is a one-to-one, Theorem 17 tells that the domain of (f~!)~! is
the range of f1. But (f~!)~! = f, so the domain of F is the range of f~*.
But the domain of f is A, so the range of f~!is A, which menas that f~!is
a function onto A.

So f='': B+ A, f~!is one-to-one, and f~! is onto A. So f~lis a
bijection from B to A. Q.E.D.

2.5.7 Some problems
Problem 25. Prove Theorem 18.

HINT: This is trivial. The proof should be no more than one or two lines. []

Problem 26. Prowve that if f: A+ B, then f is a bijection from A to B
if and only if the following is true:

(#) There exists a function g : B — A such that gof =14 and fog = 1.

(The meaning of the notation “1,” is explained in section 2.5.3.) U

Problem 27. For each of the following relations R:

1. Find the domain and the range of R, and give rigorous proofs of
your assertions;

2. determine whether R is a function and prove your answer;

3. if R is a function, express R in “input-to-output” notation, as ex-
plained in section 2.2.7. (For example, if R was the function {(z,y) €
ZXZ :y = x°+3}, you would write “R is the function Z 3 z + z%+3”.)

4. if R is a function, determine whether it is one-to-one or not and prove
your answer.

5. If R is a function, give examples of

(a) aset B such that R: Dom(f) — B and R is onto B.
(b) a set C' such that R : Dom(f) — C but R is not onto C'.
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R = {(z,y) e RxR:2* +y* =1}, (2.94)

R = {(z,y) eRxR:2* +y*=1Ay >0}, (2.95)

R = {(z,y) eRxR:a2*+y*=1Ay >0}, (2.96)

R = {(z,y) e RxR:zy=1}, (2.97)
1

R = {(x,y)elRXIR.yzlerz}, (2.98)

R = {(v,y) e RxR:2°+y* =2}, (2.99)
T

R = {(x,y)ele]P{.y:1+x2}, (2.100)

R = {(z,y) €eZxR:2%y =1}, (2.101)

R = {(z,y) e NxR:2% =1}. (2.102)

Problem 28. Prove or disprove each of the following statements. (NOTE;
two of the statetents are true; the other four are false.)

1. If A, B, C are sets, f : A— B and g : B — (' are functions, and go f
is one-to-one, then f is one-to-one.

2. It A, B, C aresets, f: A— B and g : B+ C are functions, and go f
is one-to-one, then g is one-to-one.

3. If A, B, C' are sets, f: A+ B and g : B+ C are functions, and go f
is onto C' then f is onto B.

4. If A, B, C are sets, f : A~ B and g : B+ C are functions, and go f
is onto C', then ¢ is onto to C.

5. If A, B, C' are sets, f: A~ B and g : B+ C are functions, and g o f
is a bijection from A to C, then g is a bijection from B to C.

6. If A, B, C'are sets, f: A— B and g : B+ C are functions, and g o f
is a bijection from A to C, then f is a bijection from A to B.
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3 Finite sets

3.1 An important notational convention: the sets IN;

In what follows we will be making lots of statements about “the natural
numbers 1,2, ..., k", that is “all the natural numbers j such that j < £”. So
it will be convenient to give a name to the set of all such js.

THE SETS N; (A.K.A. {1,2,....k})

The expression “IN,” stands for the set of all natural numbers that are
less than or equal to k. That is,

Ny={neN:n<k}. (3.103)

Another notation often used for this set is “{1,...,k}", or “{1,2,... k}".
We will use “IN;” when k is a natural number, and also when k£ = 0. (So
IN). makes sense when k € INU {0}.)

Naturally, for n = 0 the set defined by (3.103) has no members, because
there are no natural numbers % such that £ < 0. So INy = 0.

Here are other examples:

]Nl - {1}7 ]N2 - {1a2}7 N3 = {17273}7
N4:{1’27374}a N5 :{172737475}a ]1\]6:{1727374’576}7

Then

J € Ny
is just another way of saying “7 € N and 5 < k7.

3.2 Finite lists (a.k.a. finite sequences, or n-tuples)

Definition 40. If n € INU {0} (i.e., if n is a nonnegative integer), then a
function whose domain is the set IN,, is called a finite list of length n, or a
finite sequence of length n, or an n-tuple. OJ




Math 300, Spring 2019 87

Example 28. The set L given by
L={(1,2),(2,3),(3,5),(4,7)}
is is a finite list of length 4, because
e [ is a set of ordered pairs, so L is a relation,
e [ has the unique output property, so L is a function,

e the domain of L is the set INy, so L is a list of length 4. OJ

3.2.1 The entries of a list: entries vs. members

Definition 41. If f is a finite list of length n and j € IN,,, then f(j) is the
J-th entry of the list. 0

Lists have entries, not members.
Sets have members, not entries.

Example 29. We saw in Example 28 that the set L given by

L= {(17 2)7 (27 3>’ (3’ 5)7 (47 7)}
is is a finite list of length 4.

The name of this list, written in a way that shows that it is a list, is
(2,3,5,7).

So we can say things like “The list of the first four prime numbersis (2, 3, 5,7).”
We can also write this in dummy variable notation, and call the list

(pj)?:p where, for each j € Ny, p;is the j—th prime number.

Example 30. The word "giraffe” is a list of seven letters: (g,%,7,a,f,f,e).
As we say in section 2.2.1, on page 58, this list is a function, namely, the
set of ordered pairs

sgiraf fe' = {(1,9).(2.4), 3.7), (4,0), (5./), (6. /). (T.€))}.  (3.104)

This means that:
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[}

the first entry is “g”,

[19eM

the second entry is “”,
the third entry is “r”,
the fourth entry is “a”,
the fifth entry is “f”,

«

the sixth entry is “f”,

(190

the seventh entry is “e”.

The domain of this list is IN;, and the range is the set {g,,7,a,f,e}. That
is,

Ran(“giraffe”) = {g,4,7,a,f, e} . (3.105)

Notice that the list (i.e. function) “giraffe” has seven entries, but the set
Ran(“giraffe”) has six members.

Notice also that the function “giraffe” is not one-to-one. And these two
facts are related: as we will see soon, if A is a finite set, and f is a function
with domain A, then Ran(f) has the same number of members as A if and
only if f is one-to-one. 0
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3.2.2 Describing sets and lists by enumeration

Sets and finite lists can be described directly by enumer-
ating all the members of the set or all the entires of the
list, that is, by just writing the names of the members or
entries, separated by commas, and

e between curly brackets (braces), for sets, as in
the following two examples:

e {7,3,15,31} is the set whose members are 3, 7, 15,
and 31

e {a,c, b} is the set whose members are a, b, c,

e between parentheses, for lists, as in the following
two examples:

— {7,3,15,31} is the list of length 4 (i.e., the 4-
tuple) whose entries are 7, 3, 15, and 31, in that
order.

— (a,c,b) is the list of length 3 (i.e., the triple)
whose entries are a, ¢, b, in that order.

Notice that, for example,
{7,3,15,31} = {3,7,31,15} = {3,7,3,15,31, 3,7},

{a,c,b} = {b,a,c} ={c¢,b,a} ={a,a,b,c,c,c,b,c,a,c},

but
(7,3,15,31) # (3,7,31.15),

(7,3,15,31) # {3,7,3,15,31,3,7} ,
and (a,c,b) # (b,a,c) and (a,c,b) # (a,c,c,b) .
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3.2.3 Describing sets and lists using dummy variable notation

Sets and finite lists can be also be described using dummy
variable notation, as in the following examples:

e the set of all prime numbers is the set

{n €N :n is a prime number },
or
{nE]N:n>1/\(Vm€]N)<m|n:(m:1\/m:n))},

or

{nG]N:n>1/\(Vj€]N)(Vk:€]N)(jk:n:>(jzl\/j:n)>},
e the list of the squares of the first ten thousand natural

numbers is the list

(nj)]l-oz’g)oo, where, for each j € Nigop0, pj = j°.

e the list of the first ten thousand prime numbers is the

list

(p;) 10000
j

=1 where, for each j € INyg o0, p; is the j-th

prime number.

e the list of all the U.S. presidents so far, in chronolog-
ical order, is the list

(pj)?il, where, for each j € INy5, p; is the j-th U.S.

president.
Notice, once again, that

e we use curly brackets (i.e., braces), for sets,

e we use parentheses for lists.
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3.3 Finite sets

Definition 42 A finite set is a set A such that

(F) there exist a nonnegative integer® n and a

function f: N, — A such that Ran(f) = A.

“Recall that “nonnegative integer” means “natural number or zero”. So “n is
a nonnegative integer” means exactly the same as “n € N U {0}”.

Since, for a function f : N, — A, “f is onto A” is equivalent to “Ran(f) =
A” | Definition 42 is equivalent to the following statement:

A finite set is a set A such that

(F) there exist a monnegative integer n and a
function f : IN,, — A which is onto A.

And, since “function f :IN, — A” means “function whose domain is the set
IN,, taking values in A”, and “function whose domain is IN,,” means “finite
list of length n”, Definition 42 is also equivalent to the following:

A finite set is a set A such that

(F) there exist a nonnegative integer n and a list
L of length n such that L s a list of all the
members of A.

3.3.1 What do we mean by “a list of all the members of A”

Definition 43. If n € NU{0}, and L = (a;)7_, is a list of length n, we say
that

e [ is a list of members of A if all the entries of L belong to A, that is,
if a; € A for every j € IN,,.
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e [ is a list of all the members of A if all the entries of L belong to A,
that is, if a; € A for every j € IN,,, and every member of A is an entry
of L, that is, if (Va € A)(3j € N,))a = q;).

In other words,

e [ is a list of members of A if L, regarded as a function, takes values in
A (that is, Ran(L) C A);

e [ is a list of all members of A if L, regarded as a function, takes values
in A and is onto A (that is, Ran(L) = A).

Example 31. The list (2,3,5,7,11) is a list of prime numbers, because all
the entries of this list are prime numbers.

But (2,3,5,7,11) is not a list of all the prime numbers, because, for
example, 13 is a prime number but is not an entry of the list. O

3.3.2 Lists without repetitions and one-to-one functions

Definition 44. If n € NU{0} and f is a function such that Dom(f) = IN,,
(that is, f is a list of length n), we say that

e f is a list without repetitions if f is a one-to-one function.

That is, f is a list without repetitions if f there do not exist indices j € IN,,,
k € IN,, such that j # k but f(j) = f(k). O

Simply put, f is without repetitions if in f there are no “repeated entries”,
that is, pairs (j, k) of indices such that j # k but f(j) = f(k).

Example 32.

e The list
f=1(g,i,r.a.f.f e
has repetitions (that is, is not a list without repetitions), because
f(5) = £(6).
e The list
9=1(9.i,7,a,f€)

is a list wthout repetitions. 0
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3.3.3 Eliminating repetitions: an example

Example 33. Let A be the set of all U.S. presidents from George Washington
to Donald Trump. Since Donald Trump is the 45-th U.S. president, we can
define a function f : INy5 — A by letting

f(k) = the k—th U.S. president, for [ € INys.

(Using dummy variables list notation, we could equally well have said: “let
f= (pj);il, where, for each j € INys, p; is the j-th U.S. president”.)
So, for example,

f(1) = George Washington ,

f(2) = John Adams,

f(3) = Thomas Jefferson,
f(16) = Abraham Lincoln,
f(44) = Barack Obama,
f(45) = Donald Trump.

Then f is a finite list of all the U.S. Presidents. (That is, f : N4y — A and
f is onto A.)

But f is not a one-to-one function (that is, f is not a list without repe-
titions), because Grover Cleveland is both the 22nd and the 24th U.S. pres-
ident, so f(22) = f(24). O

How can we create a list g of all the U.S. presidents without
repetitions?

The trick is to eliminate the repetition (or repetitions, if the list
has more than one repetition). Here is how you can do that:

Define g : Ny — A by letting

| f(k) if k<23
g(k) = { Fk+1) if k>23
(In other words: from k£ =1 up to k = 23 we don’t change anything, so g(k)
is the same as f(k). But for k = 24 we start changing things: we do not let

g(24) be f(24), because of we did that we would get g(24) = g(22), and there
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would be a repetition, What we do instead is skip over Grover Cleveland,
and let ¢g(24) be f(25) (that is we let g(24) =William McKinley, tbe 25-th
president of the United States). And the we go on: ¢(25) is f(26), g(26) is
f(27), and so on.)

Then g is a list without repetitions of all the U.S. presidents. (That is, g
is a one-to-one function from N4 onto A. So g is a bijection from IN,, to A.)

O

3.3.4 Eliminating repetitions: a general theorem

What we did in Example 33 can be done in general. For every finite list
f with repetitions, it is possible to eliminate the repetitions and create a
fnite list without repetitions, having the same range as f. We then have the
following general theorem.

Theorem 20. If A is a set, n is a nonnegative integer, and f is a list of
length n of all the members of A (that is, f : N, — A and f is onto A),
then there exist a nonnegative integer m such that m < n, and a list g of
length m of all the members of A such that g is without repetition (that is,
g: N, — A, g is onto A, and g is one-to-one).

Proof. YOU DO THIS.

Problem 29. Prove Theorem 20.

HINT: In this hint I am basically giving you the whole proof. All you have
to do is write it up. But you should write it up well, clearly and precisely.
What you have to do is eliminate the repetitions that occur in f, one
at a time, until there are none left. Read Example 33 above to see how
to eliminate one repetition. Then, in your proof, you have to eliminate all
the repetitions, one at a time. The best way to do this is with a proof by
induction. Prove by induction on n that for every n P(n) is true, where
P(n) is the predicate “if A is a set and f : N, — A is a list of length n
such that Ran(f) = A, then there exists a list g : IN,,, — A of length m,
for some m € IN U {0} such that m < n, such that Ran(g) = A and g is
without repetitions.” In the inductive step, when you are assuming P(n)
and trying to prove P(n + 1), preceed as follows: take f : IN,,;; — A such
that Ran(f) = A; if f is without repetitions, take g = f and you are done;
if f is with repetitions, eliminate one repetition using the procedure used in
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Eaxmple preslist; this results in a list f : IN,, — A such that Ran( f ) = A; and
then, by the inductive hypothesis, you can make from f a list ¢ : IN,, — A,
for some m < n, such that Ran(g) = A. UJ

3.4 Finie sets and bijections
We have defined a “finite set” to be a set A such that
(F) There exist
(a) a nonnegative integer n,
(b) a function f: N, — A,
such that Ran(f) = A.

And Theorem 20 tells us that, when such n, f exist, wwe can eliminate
the repetitions and produce a function g : IN,, — A, for a possibly different
n, such that Ran(f) = A, and in addition g is without repetitions,
that is, g is one-to-one. This g is also onto A, becaue ran(g) = A.

So we have proved the following important result.

Theorem 21 A set A is finite if and only if
there exist

(a) a nonnegative integer n,
(b) a function f,
such that f is a bijection from IN,, to A.

3.5 Infinite sets

Definition 45 A set A is infinite if it is not a
finite set.
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Problem 30. Prove that IN, Z, Q and IR are infinite sets. (HINT: Prove
by induction on n that is f : IN,, — IN then (FIk € IN)(Vj € IN,)k > f()).
Then conclude that f cannot possibly be onto IN. A similar strategy works
for Z, qq and IR as well.) O
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4 Cardinality of sets

4.1 Sets with the same cardinality

If you look at the picture of a bijection on page 77, you can see right away,
without having to count them, that the number of squares is exactly the
same as the number or circles. This is the crucial insight that leads to the
following definition:

Definition 46. Let A, B be sets. We say that

e B has the same number of members as A,

or that

e B has the same cardinality as A,

and write

card(A) = card(B), (4.106)

if there exists a bijection from A to B,

Some authors call two sets “equivalent” if they have the same cardinality
in the sense of our defintion. I do not like this because in mathematics there
are already too many different meanings of thw word “equivalent” and I do
not want to add one more meaning to the list.

Other authors use the word “equipotent”, and you are welcome to use it
if you wish. I just do not like it so I will not use it.

But it is true that “having the same number of members” is an equiva-
lence relation, in the sense of the following theorem:

Theorem 22. Let A, B, C be sets. Then:
(1) A has the same cardinality as A;

(2) if B has the same cardinality as A, then A has the same cardinality as
B .

)
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(3) if B has the same cardinality as A, and C has the same cardinality as
B, then C has the same cardinality as A,

Proof. To prove (1) we have to show that A has the same cardinality as A,
For that purpose, we need a bijection from A to A. But we already know
such a bijection, namely, the identity function 14. We proved in Theorem 16
that 14 is a bijection from A to A, so ’A has the same cardinality as A |

To prove (2) we have to show that if B has the same cardinality as A, then
A has the same cardinality as B. Assume that B has the same cardinality
as A, Then there exists a bijection f from A to B. And Theorem 19 tells us
that f~! is a bijection from B to A. So there exists a bijection from B to A.
Hence ‘A has the same cardinality as B ‘, and we have proved (2).

Finally, we prove (3). Aasume that B has the same cardinality as A and
C has the same cardinality as B. Then there exist a bijection f from A
to B and a bijection g from B to C' Theorem 14 then tells us that g o f is
a bijection from A to C. So ’C has the same cardinality as A|, and (3) is
proved. Q.E.D.

4.2 Finite sets and their cardinality

Definition 47 If n is a nonnegative integer, and
A is a set, we say that A has n members, or that
A has cardinality n, or that A is of cardinality n, if
there exists a bijection from IN,, to A. ]

If we compare this definition with Theorem 21, we see that the following
is true:

Theorem 23 A set A is finite if and only if it
1s a set of cardinality n for some nonnegative
nteger n.

Equivalently, a set A is finite if and only if there exist a nonnegative
integer n and a bijection from N, to A.
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Problem 31. Write detailed proofs, using the definitions, of the follow-
ing:

1. The empty set is a set of cardinality 0. (HINT: Use Theorem 12.)

2. Any singleton {a} is a set of cardinality 1. (HINT: if A = {a}, define
f: Ny — A by letting f(1) = a. Prove that f is a bijection from INy
to A.)

3. An undordered pair {a,b} is a set of cardinality 2 if and only if a # b.

4. An undordered triple {a,b,c} is a set of cardinality 3 if and only if
a=#b,a+#c, and b # c.

5. If n € INU {0}, then the set IN,, is a set of cardinality n. O

4.2.1 Can we talk about the cardinality of a finite set? The fun-
damental theorem of finite set cardinality theory

Now that we know what a finite set is, we would like to go further and
give the following definition: If A is a finite set and f is a bijection from
IN,, to A for some nonnegative integer n, then the number n is said to be
the number of members of A, or the cardinality of A.

But there is a problem. Suppose the following was possible, for some
finite set A:

1. m and n are nonnegative integers,

2. there exists a bijection f from IN,, to A,
3. there exists a bijection g from IN,, onto A,
4. m#n

(For example, there could exist bijections from Ny to A and from INyy to
A)

If this happened, then we would not know which number should be called
“the cardinality of A”. We would have to talk about “cardinalities of A”,
accepting that a finite set can have several different cardinalities, in the same
way as, for example, an integer can have several factors, and several multiples,
so we do not say “6 is the factor of 30”7, or “30 is the multiple of 67; we say
“6 is a factor of 30”7 and “30 is a multiple of 6”.
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Fortunately, this problem does not occur. The cardinality of a finite set
s unique, so we can talk about “the” cardinality of a finite set. This is so
because of the following theorem:

The fundamental theorem of the theory
of finite cardinals

Theorem 24. Assume that
1. A is a set,
2. m and n are nonnegative integers,
3. there exists a bijection f from IN,, to A,

4. there exists a bijection g from IN,, to A.

Then m = n.

Thanks to Theorem 24, if I know that a set A if of cardinality n, then I can
say that n is the cardinality (or the number of members) of A.

Proof of Theorem 24. The key point of the proof is the exchange lemma that
we proved earlier as Theorem 13.

Let us assume that f is a bijection from IN,, to A and ¢ is a bijection
from IN,, to A. We want to prove that m = n.

Since ¢ is a bijection from IN,, to A, Theorem 19 tells us that ¢~! is a
bijection from A to IN,,.

Now we have bijections

f:IN,, — A, g_ler—HNn.

And then Theorem 14 tells us that the composite function h : IN,, — IN,,,
defined by h = g~' o f, is a bijection from IN,, — IN,,.
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So all we need to do is prove the following lemma:

Lemma 1. If m € NU {0}, n € NU {0}, and there exists a bijection from
IN,, to IN,,, then m = n.

Proof of Lemma 1. First of all, we look at the case when m =0 or n = 0.

Lemma 2. [f
1. me NU{0} and n € NU{0},
2. there exists a bijection from IN,, to IN,,,
3. m=0o0rn=0,

then m = n.

Proof.  Suppose m = 0. Let f be a bijection from IN,, to IN,,. Then
Dom(f) = IN,,, i.e., Dom(f) = 0. Therefore f = (). So Ran(f) = 0, and
then IN,, = ), so n = 0. Hence m = n, as desired.
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Naturally, the same argument works if n = 0. So we have proved that
m =n. Q.E.D.

Now assume that m and n are both # 0. Let h be a bijection from IN,,
to IN,,. Then by Theorem 13, there exists a bijection k from IN,, to IN,, that
has the additional property that f(m) = n.

But then, if we remove the pair (m,n) from k, we get a bijection from
IN,,,_1 to IN,,_1. So we have proved:

Lemma 3. If m € N, n € IN, and there exists a bijection from IN,, to IN,,
then there exists a bijection from IN,,_1 to IN,,_;.

Once we have Lemma 3, we can easily prove Lemma 1.

Since there exists a bijection from IN,,, to IN,;, by Lemma 3 there exists a
bijection from IN,,_; to IN,,_;.

If either m—1 = 0 or n—1 = 0, then Lemma 2 tells us that m—1 =n—1,
and then m = n.

If both m — 1 and n — 1 are different from zero, so both m —1 and n — 1
are natural numbers, then we can apply Lemma 3 again and conclude that
there exists a bijection from IN,,_5 to IN,,_».

If either m—2 = 0 or n—2 = 0, then Lemma 2 tells us that m—2 =n—2,
and then m = n.

If both m — 2 and n — 2 are different from zero, so both m — 2 and n — 2
are natural numbers, then we can apply Lemma 3 again and conclude that
there exists a bijection from IN,,_3 to IN,,_3.

If either m—3 = 0 or n—3 = 0, then Lemma 2 tells us that m—3 = n—3,
and then m = n.

Continuing in this way, we will eventually find a natural number k such
that

(i) n—k=0orm—Fk=0.
(ii) there exists a bijection from IN,,_x to IN,, 3.
Then Lemma 2 tells us that m — k =n — k, and then [m = n].
Thios completes the proof of Theorem 24. Q.E.D.
4.2.2 Definition of “cardinality” of a finite set

Now that we have proved Theorem 24, we can talk about the cardinality (or
the number of members) of a finite set A.
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Definition 48. Let A be a finite set. Then the nonnegative integer n such
that

(*) there exists a bijection from IN,, to A,

is called the cardinality of A, or the number of members of A. (The number
n exists because A is finite, and is unique thanks to Theorem 24.)
We write “card(A)” to denote the cardinality of A. O

Problem 32. Prove that:

1. If A is a finite set, B is a set, and there exists a bijection from B to A,

then B is finite and card(B) = card(A).

2. If A and B are finite sets, and card(A) = card(B), then there exists a
bijection from B to A. O

4.2.3 A trivial but important lemma

The following lemma is very obvious but, as all obvious things is this game,
needs proof. The lemma says that if you have a set with n members and
remove one member then you are left with a set with n — 1 members.

Lemma 4. If A is a finite set, and a is a member of A, then the set A—{a}
is finite and has cardinality card(A) — 1.

Proof. Let n = card(A). Then we may pick a bijection f from IN, to A.
Thanks to the exchange theorem (i.e., Theorem 13) there exists a bijection
g from IN,, to A such that g(n) = a.

Let h = g—{(n,a)}. (That is, h is the set of ordered pairs obtained from
g by removing the pair (n,a).)

Then h is a bijection from IN,,_; to A—{a}. (This is easy to prove. YOU
SHOULD PROVE IT.)

So A — {a} is a finite set and card(A — {a}) = card(A4) — 1. Q.ED.

Problem 33. Prove that the function h that occurs in the proof of Lemma
4 is a bijection from IN,,_; to A — {a}. O
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4.2.4 Subsets of a finite set

Definition 49. A proper subset of a set A is a subset B of A such that
B # A. O

Theorem 25. Let A be a finite set, and let B be a proper subset of A. Then
B is finite and card(B) < card(A).

Proof. We will use induction.
Let P(n) be the predicate

P(n) If A is a finite set with cardinality n, then every proper subset B of A
is finite and has cardinality < n.

We prove that P(n) is true for every nonnegative integer n, by induction on
n starting at n = 0.

Basis step. P(0) is true because, if A if a finite set with cardinality 0, then
A must be the empty set, so A has no proper subsets, so the statement “if B
is a proper subset of A then B is finite and cars(B) < 0” is vacuously true.

Inductive step. Assume P(n) is true.
We want to prove P(n + 1). That is, we want to prove that

(#) If A is a finite set with cardinality n + 1, then every proper subset of
A is finite and has cardinality < n.

Let A be a finite set with cardinality n + 1, and let B be a proper subset of
A. We want to prove that

(##) B is finite and card(B) < n + 1.

Since B is a proper subset of A, B # A, so there exists a € A such that
a ¢ B. (Reason: if every member of A was in B, it would follow that A C B.
Since B C A, this would imply B = A, contradicting our assuption that
B# A) Let AA=A—{a}. Then B C A’

By Lemma 4, A’ is a finite set with cardinality n.

The set B is either equal to A" or a proper subset of A’.

If B= A’  then B is finite and card(B) = n, so (##) holds.

If B is a proper subset of A’ then, by the inductive hypothesis P(n), B
is finite and card(B) < n, so a fortiori (##) holds.

So (##) holds in both cases. Therefore P(n + 1) is true.

This completes the induction, and then the proof of Theorem 25.Q.E.D.
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The following is a slightly stronger version of Theorem 25, in which the subset
B is not required to be proper.

Theorem 26. Let A be a finite set, and let B be a subset of A. Then
1. B s finite,
2. card(B) < card(A),
3. if B is a proper subset of A then card(B) < card(A).

Proof. Let A be a finite set with cardinailty n, and let B be a subset of A.
If B is proper, them Theorem 25 tells us that B is finite and card(B) < n.
If B is not proper, then B = A, so B is finite and card(B) = n.
So our desired conclusion holds in both cases. Q.E.D.

4.2.5 The Dirichlet pigeonhole principle
We are going to use another very important result.

Theorem 27. Assume that A, B are finite sets and f : A— B is a one-to-
one function. Then

1. card(A) < card(B),
2. card(A) < card(B) if and only if f is not onto B.

Theorem 27 is known as the Dirichlet pigeonhole principle (DPHP), for the
following reason.

Think of A as a set of pigeons, and B as a set of holes. The function f
assigns a hole f(p) to each pigeon p. The fact that f is one-to-one says that
different pigeons go to different holes, i.e., that it does no happen that two
different pigeons are assigned to the same hole. The theorem then says that

1. there are at least as many holes as there are pigeons,

2. the number of pigeons is equal to the number of holes if and only if
every hole is occupied by a pigeon.

Here is another example: suppose that in a classroom there are m students
and n seats, and each student is seated, and no seat has more than one
student in it. Then the DPHP says that there are at least as many seats as
there are students.

Proof of Theorem 27. YOU DO IT.
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Problem 34. Prove Theorem 27.
HINT: Let C be the range of f, so C' is a subset of B. Prove first that f
is a bijection from A to C. Then use Theorems 25 and 26. OJ

Here is another version of the pigeonhole principle. This time, we look at
the case when every hole is occupied by at least one pigeon. The conclusion
in this case is that

1. there are at least as many pigeons as there are holes.

2. the number of pigeons is equal to the number of holes if and only if no
hole is occupied by more than one pigeon.

Theorem 28. Assume that A, B are finite sets and f : A~ B is a function
onto B. Then

1. card(A) > card(B),

2. card(A) > card(B) if and only if f is not one-to-one.

Proof. YOU DO IT.

Problem 35. Prove Theorem 28.

HINT: Construct a one-to-one “hole-to-pigeon” function by picking for
each hole h a pigeon p that occupies hole h. Show that this function is
one-to-one and the use Theorem 27. O

Theorem 29. Let A, B be finite sets. Then

1. card(A) < card(B) if and only if there exists a one-to-one function
from A to B,

2. card(A) < card(B) if and only if there exists a one-to-one function
from A to B but there does not exist a one-to-one function from B to

B.

Proof. YOU DO IT.

Theorem 30. Let A, B be finite sets. Then card(A) < card(B) if and only
if there exists a function from B onto A.
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1. card(A) < card(B) if and only if there exists a function from B onto
A

)

2. card(A) < card(B) if and only if there exists a function from B onto
A but there does not exist a function from A onto B.

Proof. YOU DO IT.

Problem 36. Prove Theorems 29 and 30. O

4.2.6 Unions of finite sets
Theorem 31. Let A, B be disjoint'! finite sets. Then AU B is finite, and

card(AU B) = card(A) + card(B) . (4.107)

Proof. YOU DO IT.

Problem 37. Prove Theorem 31.

HINT: You can do this in two ways. One way is to take bijections f :
N,, » A and g : N, — B and try to cpnstruct from them a bijection
h : Nypin — AU B. A second way is to use induction with respect to
card(A) or card(B). O

Theorem 32. Let A, B be finite sets. Then AU B s finite, and
card(AU B) = card(A) + card(B) — card(AN B). (4.108)

Proof. YOU DO IT.

Problem 38. Prove Theorem 32.

HINT: Divide AU B intro three sets C, D, E as follows: C = {zx:2x € ANz ¢
B}, D={z:2€ BANx ¢ A}, and E = AN B. Tnen C, D, F are finite by
Theorem 26.

Also, CNE =0, CUE =A DNE =0, DUE =B, AnD = (),
AUD=AUB. [

UTwo sets A, B are disjoint if AN B = ().
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4.2.7 Sets of subsets
Theorem 33. Let A be a finite set. Then the power set P(A) is finite, and

card (P(A)) — geard(4) (4.109)

Proof. YOU DO IT.

Problem 39. Prove Theorem 33.

HINT: Do it by induction on n = card(B).

Fix a € A, and let A = A — {a}. Then the subsets of A are of two
kinds: those that do not contain a as a member and those that do. The
subsets of the first kind are exactly the subsets of A’, so by the inductive
hyptohesis there are 2"~! such sets. If B is the set of all the subsets of the

second kind, then you should construct a bijection from B to P(A’). Then
P(A)=PA)YUB, P(A)NB =10, and card(B) = card(P(A’)). O

4.2.8 Cartesian products of finite sets
Theorem 34. Let A, B be finite sets. Then A x B is finite, and
card(A x B) = card(A) - card(B) . (4.110)

Proof. YOU DO IT.

Problem 40. Prove Theorem 34.

HINT: Do it by induction on m = card(B).
Prove that if b € B, and B’ = B — {b}, then

AxB=(AxB)YU(Ax{b}), and (Ax B )N (Ax{b})=0.

and use this in your inductive argument. 0

4.3 Infinite sets

We recall the definition of “infinite set”: A set is infinite if it is not a finite

set.
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Theorem 35. The set IN of all natural numbers is infinite.

In Problem 30, on page 96, I gave you hints for one proof of Theorem 35.
Here I am giving you another proof, based on the Dirichlet pigeonhole prin-
ciple.

Idea of the proof. 1f IN was finite, then it would have some cardinality n €
IN U {0}, and this means that we can pick a pigeon p; for each k£ € IN and
fit all these pigeons in n holes. But IN has at least m members, for every m.
So for every m we can fit m pigeons in n holes. So m > n by the Dirichlet
pigeonhole principle. So the number n is greater than every natural number,
But such an n cannot exist.

Now let us write this down in mathematical language.

Proof.

Suppose IN was finite.

Then there exist a natural number n and a bijection f from IN,, to IN.
The inverse function g = f~! is then a bijection from IN to IN,,.

Now let m be an arbitrary natural number.

Define a function g,,, with domain IN,,,, by letting

gm(k) = g(z) for k € N, .

Then ¢, : N,, — IN and g, is one-to-one. (Proof: if kq, ko € IN,,, and
Gm (k1) = gm(ko) then g(k1) = g(ks), so k1 = ks because g is one-to-one.

Furthermore, g : IN,,, — IN,,. It the follows from the Dirichlet pigeon-
hole principle (Theorem 27) that n > m.
Since m was an arbitrary natural number, we have proved that

(Vme N)n>m. (4.111)

So we have found a natural number n which is larger than every natural
number.

But we know that such a number cannot exist. (That is, (4.111) is
impossible. This is easily seen as follows: if (4.111) was true for some
n € IN, then we could specialize to m = n + 1 and conclude that
n>n+1. But n <n+ 1, so we have arrived at a contradiciton.)
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So the assumption that IN is finite has led us to a contradiction.Q.E.D.

Theorem 36. If A, B are sets, [ is a bijection from A to B, and A 1is
infinite, then B is infinite.

Proof. YOU DO THIS.

Problem 41. Prove theorem 36. ]

Theorem 37. If A is a set, B is a subset of A, and B is infinite, then A is
infinite. O

Proof. YOU DO THIS.

Problem 42. Prove theorem 37. O

Theorem 38. Define a function f from IN to Z as follows:

_ 5 if née€lN and n is even

J(n) { Lo if pneN andnis odd (4.112)
Then f is a bijection from IN to Z.

Proof. YOU DO THIS.

Problem 43. Prove Theorem 38. O]

Problem 44. Let £ be the set of all even natural numbers. That is,
Eso={neN:2|n}, (4.113)
and let £ be the set of all even integers, so
E={neZ:2n}, (4.114)

Construct bijections from IN to €5y and from IN to &. U
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NOTE: If f is a function whose domain in IN x IN, the set of all order
pairs (m,n) of natural numbers, and w is a member of the domain of f,
we have to write f(u) for the value of f at u. But u is itself an ordered
pair (m,n), so we should write f((m,n)) for the value of [ at u. i.e., at
(m,n). But we are going to follow the starnard practice of omitting one pair
of parentheses and just write “f(m,n)”, instead of “f((m, n)) 7,

Theorem 39. Define a function f from N x IN to IN as follows:
f(m,n) =2""12n —1) for (4.115)
Then f is a bijection from from IN x IN to IN.

Proof. YOU DO THIS.

Problem 45. Prove Theorem 39. O

Problem 46. Construct a partition of IN into infinitely many infinite sets.

NOTE: A partition of a set A is a set P such that
1. P#0,
2. ) ¢ P (that is, every member of P is nonempty),
3. every member of A is in S for some S € P,
4. if S, T are any two different members of P, then SNT = (.

An example of a partition of IN is given by letting P = {F, O}, where F
is the set of all even natural numbers and O is the set of all odd natural
numbers.

Another example of a a partition of IN is given by letting P be the set
whose members are all the singletons {n}, for all n € N. (Thatis, P = { X :
(FneN)X ={n}}.)

In the first example, the partition P is a finite set, and the members of
P are infinite sets. In the second example, the partition P is an infinite set,
but the members of P are finite sets.

What I am asking you to do is construct a partition P which is an infinite
set and is such that all the members of P are infinite sets.

HINT: Using the result of Theorem 39, this should juat require two or
three lines. O
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Theorem 40. There exists a bijection from IN, the set of all naatural num-
bers, to Q, the set of all rational numbers.

Proof. This proof is done in the book. You should look it up there.

Problem 47. Prowve that there exists a bijection from IN to Q x Q. O

4.3.1 Countable sets
Definition 50.

e A set A is countable if there exists a one-to-one function f: A — IN.

e A set A is countably infinite if it is countable and infinite. O

Example 34. It is clear that

1. IN is countable. (Proof: the function 1y is a bijection from IN to IN, so
in particular it is a one-to-one function from IN to IN.

2. Ewvery subset of a countable set is countable. (Proof: Let A be count-
able, and let B be a subset of A. Let f : A — IN be a one-to-one
function. Define g : B +— IN by letting g(z) = f(z) for each x € B.
Then ¢ is one-to-one.)

3. FEvery finite set is countable.

4. IN is countably infinite. (Proof: IN is countable, and IN is infinite
because of Theorem 35.)

5. If A, B are sets and f is a bijection from A to B, then A is countably
infinite if and only if B is.

6. Z, N x IN, and Q are countably infinite. (Reason: we have already
constructed bijections from IN to Z and from IN to IN x IN, and Theorem
40 tells us that there exists a bijection from IN to Q.)

7. The set of all prime numbers is countably infinite. (Indeed, we have
proved earlier in the course that the set if infinite. And in addition it
is a subset of IN, so it is countable.) O



Math 300, Spring 2019 113

4.3.2 Do all infinite sets have the same cardinality?

The results of Theorems 38, 39 and problems 44 show that sets as diverse as
Z, Esp, £, and IN x IN, some of which (for example, Z and IN x IN) appear
to be much larger than IN, have in fact the same cardinality as IN.

Could it be that all infinite sets have the same cadinality as IN?

The asnwer is a resounding no!!l. Here is a result which is very easy to
prove but has momentous consequences.

Theorem 41 (Cantor) If X is
a set, then there does not exist a
function from X onto the power

set P(X).

Proof of Cantor’s Theorem.

Suppose f: X — P(X) is onto P(X).
Let
S={zeX:z¢ f(x)}.

Then S is a subset of X, so S € P(X).
Since f is onto P(X), we can pick s € X such that f(s)=S.

We are going to prove that s € SAs & S.
First, lve that s € S.
Suppose s ¢ S.

Then s ¢ f(s), so s satisfies the membership criterion
for S (“x & f(x)”).

Therefore s € S.
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But we are assuming that s ¢ S, so we have reached a
contradiction.

So the assumption that s ¢ S had led us to a contradiction,

and then it follows that [s € S/|.

Now let us prove that s ¢ S:

Suppose s € S.

Then s € f(s), so s does not satisfy the membership
criterion for S (“z ¢ f(x)”).

Therefore s ¢ S.

But we are assuming that s € S, so we have reached a
contradiction.

So the assumption that s € S had led us to a contradiction,
and then it follows that |s ¢ S|.
We have proved that |s € S A s ¢ S|. So we have arrived at
a contradiction. The contradiction resulted from assuming
that there exists a function f from X onto P(X). Hence
a function f from X onto P(X) does not exist| Q.E.D.

4.3.3 Consequences of Cantor’s Theorem

Theorem 41 says that if X is any set then there does not exist a function
from X onto P(X). So in particular there cannot exist a bijection from X
to P(X).

This means that the sets X and P(X) do not have the same cardinality.
Can we say that one of them is “larger” than the other one? The answer is
“yes”, P(X) definitely has a larger cardinality than X. But before we say
that, we have to know what it means: what does it mean for a set A to
have a larger cardinality than that of a set B?

In order to asnwer that question, we first look at what happens for finite
sets:
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(I) First of all, if A and B are finite sets, then the cardinalities card(A)
and card(B) are nonnegative integers, and we know what it means for
a nonnegative integer to be larger than another nonnegative integer.

(IT) Second, Theorem 29 tells us that, if A and B are finite sets, then

1. card(A) < card(B) if and only if there exists a one-to-one function
from A to B,

2. card(A) < card(B) if and only if there exists a one-to-one function
from A to B but there does not exist a one-to-one function from
B to B.

The conditions of (II) make perfect sense for infinite sets as well, even though
we do not know what “card(A)” means. (We have only defined what it means
for two sets A, B to “have the same cardinality”. This does not say that
there is some object called “the cardinality of a set”, and that two sets have
the same cardinality if and only if that object is the same for both. For
finite sets, we were able to define such an object, and it turned out to be a
nonnegative integer. For infinite sets, this can be done too, but we have not
done it yet, so at this point we do not know what “card(A)” means. All we
know is what “card(A) = card(B)” means. And in the next section we are
going to assign a menaning to “card(A) < card(B)”, “card(A) < card(B)”,
“card(A) > card(B)”, and “card(A) > card(B)”, but we will still not know
what “card(A)” means.

4.3.4 Comparing sizes of sets. The Cantor-Schroeder-Bernstein
Theorem

We follow the idea of Theorem 29. (We could also follow the second one, and
it works, but there are some complications.)

Definition 51. Suppose that Let A, B are sets.

e We say that A has cardinality smaller than or equal to that of B, or
that B has cardinality larger than or equal to that of A, and write

card(A) < card(B),

or

card(B) > card(A4),

if there exists a one-to-one function from A to B.
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e We say that A has cardinality strictly smaller than that of B, or that
B has cardinality strictly larger than that of A, or that and write

card(A) < card(B)
or
card(B) > card(A),

if there exists a one-to-one function from A to B, but there does not
exist a bijection from A to B. O

As an important example of the use of these definitions, we prove the
following theorem.

Theorem 42 (Cantor) If X is
a set, then the cardinality of X
18 strictly smaller than the car-
dinality of the power set P(X).
That 1s:

card(X) < card(P(X)) .
(4.116)

Proof. First, we show that card(X) < card(P(X)), by constructing a one-
to-one function f: X — P(X).

This is very easy: define f: X — P(X) by letting
f(z) = {x} for ze€ X.

Then f is clearly one-to-one. (Proof: suppose z1,xs € X and f(x1) = f(x2);

then {x1} = {x2}; since x5 € {xs}, it follows that xo € {z1}; but z; is the
only member of {z1}; so xo = z1.)
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So we have constructed a one-to-one function from X to P(X).

On the other hand, Theorem 41 tells us that there does not exist a func-
tion from X onto P(X). In particular, there does not exist a bijection from
X to P(X).

This proves that (4.116) holds. Q.E.D.

The relations “<”, “>7, “<” “>" should behave like their homonyms'?
the relations “<” ) “>7 “<” “>”_ between real numbers.

So, for example, we would expect that there is a true theorem about
inequalities among cardinals corresponding to each of the following properties
of inequalities between real numbers:

—_

) If a,b € R, then a < b if and only if b > a.
) If a,b € R, then a < b if and only if b > a.
) If a,b,c € R, a <b,and b < ¢, then a < c.
) If a,b € R, then a < b if and only if a < b or a =b.
) If a,b € R and a < b, then a # b.
)
)
)

O O = W N

Ifa,be R, a<b, and b < a, then a = b.
Ifa,b,ce R, a<b b<c and either a <bor b < ¢, then a < c.
If a,b € R, then either a < b or b < a.

7

)

oo

It turns out that the analogues of the nine properties listed above
are all true; some are trivially true, but others are not at all
obvious and their proofs require a lot of work.

Let us start with the obvious ones: the analogues of (R1), (R2), (R3),
(R4), (R5) for cardinalities are trivially true. We say that in the following
theorem:

Theorem 43. Let A, B, C be sets. Then

(C1) card(A) < card(B) if and only if card(A) > card(B).

(C2) card(A) < card(B) if and only if card(B) > card(A).

(C3) If card(A) < card(B) and card(B) < card(C) then card(A) < card(C)

12 Homonyms are words or symbols that are spelled or written identically but have
different meanings. For example, “crane”, a mechanical lifting machine, and “crane”, a
bird, are homonyms. Mathematics is full of homonyms. For example, “<” as a binary
relation between real numbers, and “<” as a binary relation between cardinalities, are
different meanings of the symbol “<”.
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(C4) card(A) < card(B) if and only if either card(A) < card(B) orcard(A) =
card(B).

(C5) If card(A) < card(B) then it’s not true that card(A) = card(B).

Proof.  Statement (C1) is true because Definition 51 tells us “card(A) <
card(B)” and “card(B) > card(A)” are two ways of writing the same thing.

Similarly, statement (C2) is true because Definition 51 tells us “card(A) <
card(B)” and “card(B) > card(A)” are two ways of writing the same thing.

To prove (C3), assume that card(A) < card(B) and card(B) < card(C).
This means, according to Definition 51, that there exist one-to-one functions
f:A~ Band g: B~ C. Then the composite g o f is a function from
A to C', and Theorem 10 tells us that g o f is one-to-one. Hence go f is a
one-to-one function from A to C. So card(A) < card(C).

Next, we prove (C4). Wew have to prove that

card(A) < card(B) <= (card(A) < card(B) V card(A4) = card(B)).
(4.117)
To prove (4.117) we prove the implications

card(A) < card(B) = (card(A) < card(B) V card(A) = card(B)) .
(4.118)
and

(card(A) < card(B) V card(A) = card(B)) = card(A4) < card(B).
(4.119)
Finally, we have to prove (C5). But (C5) is completely trivial: by defini-
tion, “card(A) < card(B)” means “there is a one-to-one function from A to B
but there is no bijection from A to B”. So in particular if card(A) < card(B)
then there is no bijection from A to B, so it’s not true that card(A) <
card(B). Q.E.D.

To prove the analogues of (R6), (R7), and (R8), we need deeper results from
set theory.

Let us start with (C6), the analogue for cardinalities of property (R6).
We need to prove that

(&) if card(A) < card(B) and card(B) < card(A) then card(A) = card(B).

Translating this into English, (&) says:
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(&&) if there exist one-to-one functions f : A B, g : B+ A, then there
exists a bijection from A to B.

And we have to asnwer the question: is (&&true?.

For finite sets the answer is undoubtedly “‘yes”: if A, B have cardinalities
m, n, and there exist one-to-one functions f : A +— B, g: B — A, then it
follows from the Dirichlet pigeonhole principle that m < n and n < m, , so
m = n, and this implies that there exists a bijection from A to B.

Actually, even more can be proved:

Theorem 44. If A, B are finite sets, and f : A— B, g : B+ A are one-
to-one functions, then f is a bijection from A to B and g is a bijection from
B to A.

Proof. The range Ran(f) of f is a subset of A, and f is a bijection from A
to Ran(f).

Assume that Ran(f) is a proper subset of B, then card(Ran(f)) <
card(B) by Theorem 25, while on the other hand card(Ran(f)) = card(A), so
card(A) < card(B), and then the Dirichlet pigeonhole principle tells us that
there cannot exist a one-to-one function from B to A. Since g is a one-to-one
function from B to A, the assumptiom that Ran(f) is a proper subset of B
has led us to a contradiction.

So Ran(f) = B, and then f is onto B. A similar argument proves that g
is onto A. Q.E.D.

For infinite sets, the analogue of Theorem 44 is not true. Here is a sumple
example. Let £ be the set of all even natural numbers. Define f : IN — &,
and g : £ — IN by letting

f(n) = 4n  for nelN,
gln) = n  for nef.

Then f: N +— &, and g : £ — IN aare one-to-one functions but neither one
is a bijection.

And yet, even though f and g are not themselves bijecyion, a bijection
from IN to £ does exist: just define h : N — & by letting h(n) = 2n, and it
is clear that h is a bijection from IN to £.

It turns out that what happened in this example actually does happen in
general.
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Theorem 45 (Cantor-
Schroeder-Bernstein) If A, B
are sets and and f : A — B,
g : B — A are one-to-one
functions, then there exists a
bijection from A to B.

The proof of this theorem is given in the book, and I am not going to do
it here.

Thanks to the Cantor-Schroeder-Bernstein theorem, statement (&&) above
is true, and this implies that condition (C6), the analogue for sets of property
(R6), is true. So we get the following theorem:

Theorem 46. Let A, B be sets such that card(A) < card(B). Then
~ card(A) = card(B), that is, B does not have the same cardinality as A.

(We do not give a proof, because we have already proved this.
We now turn to (C7), the cardinality analogue of (R7).

Theorem 47. If A, B, C are sets such that card(A) < card(B), card(B)
card(C'), and one of the inequalities is strict (that is, either card(A)
card(B) or card(B) < card(C')) then card(A) < card(C).

<
<

Proof.  Assume that card(A) < card(B) and card(B) < card(C). Then we
pick one-to-one functions f: A+~ Band g: B~ C.

We want to prove that if one of the inequalities is strict, then card(A4) <
card(C).

We already know from Theorem 43, condition (C3), that card(A) <
card(C'), and this means that either card(A) < card(C) or card(A) = card(C).
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So, in order to prove that card(A) < card(C'), we have to exclude the
possibility that card(A) = card(C).

Suppose that card(A) = card(C'). Then there exist bijections h, k, from
A to C and from C to A, respectively.

So we have functions

f:A—=B, g:B—C, h:A—~C, k:C— A,

such that f and g are one-to-one and h and k are bijections.

Since the composite of two one-to-one functions is one-to-one, the com-
posite function ko g : B — A is one-to-one. So we have one-to-one functions
f:A— B, kog: B+ A. Then the Cantor-Schroeder-Bernstein theorem
tells us that there exists a bijection from A to B so |card(A) = card(B)|.

Similarly, the composite function f o k : C' — B is one-to-one. So we
have one-to-one functions g : B +— C, fok : C — B. Then the Cantor-
Schroeder-Bernstein theorem tells us that there exists a bijection from B to
C so|card(B) = card(C) |

So we have proved that both card(A) = card(B) and card(B) = card(C).
And this contradicts the assumption either card(A) < card(B) or card(B) <
card(C).

This contradction arose from assuming that card(A) = card(C). Hence
it is not true that card(A) = card(C). Q.E.D.

Finally, we need the cardinality analogue of (R8). This is indeed true, and
we state it as a theorem:

Theorem 48. If A, B are sets, then card(A) < card(B) or card(B) <
card(A). That is, one of the following is true:

e there exists a one-to-one function from A to B,
e there exists a one-to-one function from B to A.

The proof of this theorem requires methods that are above the level of this
course. So here we just leave the theorem without proof.

4.3.5 Infinitely many infinite cardinals

It follows from Theorem 42 that
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Theorem 49 The power set
P(N) is not countable.

So there are are least two different infinite cardinals: that of IN (and all
countably infinits sets), and that of P(IN). But then it is clear that there are
many more, in fact infinitely many more, because we can consider the sets

N, P(N), P(P(N)), P(P(P(]N))), P(P(P(P(]N)))) L

That is, we can define, inductively,

PyN) = N,
Pui(N) = P(Pu(N)) for n€Z,n>0,

o0
and in this way we obtain an infinite sequence (Pn(]N)> of sets each one
=1
of which has cardinality strictly larger than the previousnobe.
But the story does not end there. We can construct an enormous set

Poo(IN), defined by
Poe(N) = | Pu(IN)
n=0

and then stasrt again, contructiong the sets P, (POO(IN)) , and so on.

The result is an infinite tower of infinite towers of infinite towers ,,,, of
infinite cardinals.
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5 The paradoxes of set theory: Russell’s para-
dox and others

In the story I have been telling you so far there are serious problems.

5.0.6 The Cantor paradox

We said that the cardinality of the power set of a set X is strictly larger than
the cardinality of X. But what if we apply this to the set of
all sets?

That is, let

X:{x:xisaset}.

Then we have seen that | card(P(X)) > card(X) |.
But P(X) is a set whose members are sets, so P(X) is a subset of X,
and then |card(P(X)) < card(X) |.
So we get a contradiction! And this time we have done nothing wrong!

5.0.7 The Russell paradox

Here is another way to get a contradiction in Set Theory. It is the famous
Russell paradozx.
Let X be the set of all sets that are not members of themselves. That is,
we let
X={z:xisaset ANz ¢ x}.

Let us prove that X € X. Suppose that . Then is a set that is not
a member of itself. So X satisfies the membership criterion for X. Hence

X € X. But we are assuming that X ¢ X. SO‘X EXNX ¢ X‘, which is
a contradiction.
So the assumption that X ¢ X has led us to a contradiction. Hence

.

Now let us prove that X ¢ X. Suppose that . Then is a set that

is a member of itself. So X does not satisfy the membership criterion for X.
Hence X ¢ X. But we are assuming that X € X. So ’X EXNX¢X
which is a contradiction.

’
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So the assumption that X € X has led us to a contradiction. Hence

-

So we have proved that X € X A X ¢ X, which is a contradiction.
So

In set theory it is possible to prove
a_contradiction.

And, once you have proved a contradiction, then everything csn be proved,
because:

In a theory in which it is possible to
prove a contradiction, it is possible
to prove every statement, whether
it is true or false.

This is so for a simple reason: take any statement S you want (for exam-
ple, S could be “2+2 = 5", or “6 is a prime number”, or “the 45th president
of the U.S. is Hillary Clinton”, or “the Earth hs flat and rests on top of a
giant turtle”.

Let us prove S, assuming we know how to prove a contradction C.

To prove S, you do it by contradiction: start with “Assume ~ S”. Then
insert your proof of C, ending with C'. So, you see, assuming ~ C we got a
contradiction. Therefore we have proved S. Q.E.D.

What is wrong with this. Isn’t is wonderful that we can prove everything?
Shouldn’t we celebrate? No more having to study hard to learn how to prove
things!!! We have an easy method for proving everything, without doing any
work!

The trouble is,
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A theory in which it is pos-
sible to prove everything is
completely worthless.

The purpose of writing proofs is to make sure that the mathematical
statements we write are true. If we prove something, then we can be sure it
is true, because the rules of logic are designed to guarantee that everything
we prove is true.

The catch is: if we can prove everything, including statements that are
false, then the fact that we have proved something tells us nothing: it could
be true or it could be false.

Think of theorem-proving as analogous to smoke-detecting.

A naive person might think that, since the purpose of a smoke detector
is to detect smoke, a device that rings every time there is smoke is precisely
what is desired of a good smoke detector.

However, it may happen that the device rigns every time there is smoke
because it rings all the time,whetehr there is smoke or not.

Such a “smoke detector” is useless. What you want is a device that rings
when there is smoke and does not rignt when there is no smoke. That way,
when you hear the device ring, you know that there is smoke.

Similarly, theorem-proving is useful if you can prove the statements that
are true, and you cannot prove those that are not true. If you can prove too
muc=h, if you can prove assertion that are false, then your theorem-proving
has absolutely no value.

5.0.8 The need for Axiomatic Set Theory

The trouble with the paradoxes of the last section arose from the fact that
we made indiscriminate use of the Axiom of Set Formation. The axiom
says that “if we take any one-variable predicate P(x), we can form the set
{z : P(z)}.” Using this, we created the sets {x : x is a set} (the set of all
sets) and {z : z is aset A x ¢ x} (the set of all sets that do not belong to
themselves). And these sets led us to contradictions.

The solution that mathematicians have adopted is to develop “Axiomatic
Set Theory*“ (AST). In AST, axioms are stated that tell us under what
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conditions is is possible to create a set. And the axioms are carefully chosen
so that the sets that caused us trouble cannot be formed.
But this should be the subject of another course.

6 Some more problems

In the following problems, if a and b are real numbers, we write
“la,b]” to denote the closed interval {x € R : a < x < b}, and
“(a,b)” to denote the open interval {z € R :a < x < b}.

Problem 48. Prove that if X is a set then there does not exist a one-to-one
function f: P(X) — X. O

Problem 49.

1. Let f, g be the functions defined by

(a) Prove that f: R +— (—1,1),g:(=1,1) = IR, go f = Igr, and
fog=1I1.

(b) Conclude from this that IR and the open interval (—1,1) have
the same cardinality.

2. If a,b € R and a < b, let f,; be the function with domain (—1,1),
given by fo(z) =a+ 3(b—a)(z +1) for z € (—1,1). Prove that f is
a bijection from (—1,1) to (a,b), and conclude from this that IR and
the interval (a,b) have the same cardinality.

Problem 50. Construct a bijection from the closed interval [0,1] to the
open interval (0,1). (Recall that [0,1] is the set {x € R : 0 <z < 1}, and
(0,1)is theset {r e R: 0 <z < 1}.)
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HINT: Imagine an infinite hotel'® H, in which

e the points of the open interval (—1,1) are the numbers of the rooms of
H; each room has a number which is a member of (0, 1), and for eacm
member x of (—1,1) there is a room no. z. (So for example there is
room no. 0.00001, room no. 0.3, room no. %, room no. %, room no.
0.9, room no. 0.99, room no. 0.999, etc. But of course there is no room
0 or room 1, because the rooms of H correspond to the members of the

open interval (0, 1), so 0 and 1 are not possible room numbers.)

e At some time, the hotel has a set of guests, also labeled by the members
of the open interval (0, 1), and each guest occupies the room with the
same label (so guest no. 0.13 occupies room no. 0.13, guest no. %

occupies room no. %, and so on).

e Suddenly, two new guests, labeled 0 and 1, arrive and ask for rooms.

e And nobody, neither the old guests nor the new ones, is willing to share
a Toom.

e So you have to accomodate these two new guests, while making sure
that none of the old guests is left without a room.

If we were dealing with a finite hotel, this would be impossible. If a hotel
has 100 rooms, all of which are occupied, and two new guests arrive and ask
for a room, there is no way to oblige them.

But for an infinite hotel it can be done. The way you can do this is by
finding within (0, 1) an infinite sequence of rooms (for example, rooms %, %,
;11, %, %, and so on), and then move the guests in those rooms to other rooms
also in the sequence, making room for the two new guests.

13This ins known as “Hilbert’s holtel”.



