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Preface

This is a preliminary version of an unpublished book on the automorphism
tower problem, which was intended to be intelligible to beginning graduate students

in both logic and algebra.

Simon Thomas
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Introduction

If G is a centreless group, then there is a natural embedding of G into its
automorphism group Aut(G), obtained by sending each g € G to the corresponding
inner automorphism i, € Aut(G). It is easily shown that the group Inn(G) of inner
automorphisms is a normal subgroup of Aut(G) and that Cpueq)(Inn(G)) = 1.
In particular, Aut(G) is also a centreless group. This enables us to define the

automorphism tower of G to be the ascending chain of centreless groups
G=Gy<dG19G29...G4 9Gpy1 <.

such that for each ordinal a

(a) Got1 = Aut(G,); and

(b) if v is a limit ordinal, then G, = | Gp.
B<a

(At each successor step, we identify G, with Inn(G,,) via the natural embedding.)

The automorphism tower is said to terminate if there exists an ordinal a such
that G,41 = G4. Of course, this occurs if and only if there exists an ordinal « such
that Aut(G,) = Inn(G,). In this case, the height 7(G) of the automorphism tower
is defined to be the least ordinal « such that G,4+1 = G,. In 1939, Wielandt proved
that if G is a finite centreless group, then its automorphism tower terminates after
finitely many steps. However, there exist natural examples of infinite centreless
groups whose automorphism towers do not terminate in finitely many steps. For
example, it can be shown that the automorphism tower of the infinite dihedral group
D, terminates after exactly w+ 1 steps. The classical version of the automorphism
tower problem asks whether the automorphism tower of an arbitrary centreless
group G eventually terminates, perhaps after a transfinite number of steps.

In the 1970s, a number of special cases of the automorphism tower problem were
solved. For example, Rae and Roseblade proved that the automorphism tower of a
centreless Cernikov group terminates after finitely many steps and Hulse proved

ix



x INTRODUCTION

that the automorphism tower of a centreless polycyclic group terminates after
countably many steps. In each of these special cases, the proof depended upon
a detailed understanding of the groups G, occurring in the automorphism towers
of the relevant groups G. But the problem was not solved in full generality until
1984, when I proved that the automorphism tower of an arbitrary centreless group
G terminates after at most (2|G|)+ steps. The proof is extremely simple and uses
only the most basic results on automorphism towers, together with some elemen-
tary properties of the infinite cardinal numbers. Of course, this still leaves open the
problem of determining the best possible upper bound for the height 7(G) of the
automorphism tower of an infinite centreless group G. For example, it is natural
to ask whether there exists a fixed cardinal k such that 7(G) < k for every infinite
centreless group GG. This question turns out to be relatively straightforward. For
each ordinal «, it is possible to construct an infinite centreless group G such that
7(G) = a. However, if we ask whether it is true that 7(G) < 2!€I for every infinite
centreless group G, then matters become much more interesting. For example, it
is independent of the classical ZFC axioms of set theory whether 7(G) < 2™ for
every centreless group G of cardinality Np; i.e. this statement can neither be proved
nor disproved using ZFC.

This book presents a self-contained account of the automorphism tower prob-
lem, which is intended to be intelligible to beginning graduate students in both
logic and algebra. There are essentially no set-theoretic prerequisites. The only
requirement is a basic familiarity with some of the fundamental notions of algebra.
The first half of the book presents those results which can be proved using ZFC
and also includes an account of the necessary set-theoretic background, such as the
notions of a regular cardinal and a stationary set. This is followed by a short intro-
duction to set-theoretic forcing, which is aimed primarily at algebraists. The final
three chapters explain why a number of natural problems concerning automorphism
towers are independent of ZFC.

In more detail, the book is organised as follows. In Chapter 1, we introduce the
notion of the automorphism tower of a centreless group and illustrate this notion
by computing the automorphism towers of a number of groups. In Chapter 2, we

present a proof of Wielandt’s theorem that the automorphism tower of a finite
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centreless group terminates after finitely many steps. In Chapter 3, we prove that
the automorphism tower of an infinite centreless group G terminates after strictly
less than (Q‘G‘)Jr steps. This chapter also contains an account of the basic theory
of regular cardinals and stationary sets. Much of the remainder of this book is
concerned with the problem of constructing centreless groups with extremely long
automorphism towers. Unfortunately it is usually very difficult to compute the
successive groups in the automorphism tower of a centreless group. In Chapter 4,
we introduce the normaliser tower technique, which enables us to almost entirely
bypass this problem. Instead, throughout most of this book, we only have to
deal with the much easier problem of computing the successive normalisers of a
subgroup H of a group G. As a first application of this technique, we prove that
if k is an infinite cardinal, then for each ordinal o < k™, there exists a centreless
group G of cardinality x such that the automorphism tower of G terminates after
exactly a steps. In Chapter 5, we present an account of Hamkins’ work on the
automorphism towers of arbitrary (not necessarily centreless) groups. Chapter 6
contains an introduction to set-theoretic forcing, which is intended to be intelligible
to beginning graduate students. In Chapter 7, we show that it is impossible to find
a better bound in ZFC than (2|G‘)+ for the height of the automorphism tower
of an infinite centreless group G. For example, it is consistent that there exists a
centreless group G of cardinality N; such that the automorphism tower of G has
height strictly greater than 2%, On the other hand, in Chapter 9, we show that it is
consistent that the height of the automorphism tower of every centreless group G of
cardinality N is strictly less than 28, In Chapter 8, we consider the relationship
between the heights of the automorphism towers of a single centreless group G
computed in two different models M C N of ZFC.

I am very grateful to David Nacin and Steve Warner for carefully reading
the manuscript of this book and for supplying me with a substantial number of
corrections.

Thanks are due to the many friends and colleagues with whom I have discussed
the material in this book, especially Greg Cherlin, Warren Dicks, Ulrich Felgner, Ed
Formanek, Ken Hickin, Wilfrid Hodges, Otto Kegel, Felix Leinen, Peter Neumann,
Dick Phillips and John Wilson. Particular thanks are due to my coauthors Joel
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Hamkins and Winfried Just. Of course, like so many logicians, my greatest debt of
gratitude is owed to Saharon Shelah, who I would like to thank for all that he has
taught me over the last twenty years.

Finally it is a pleasure to acknowledge the generous financial support of the
Alexander von Humboldt Foundation, Rutgers University and the National Science

Foundation.



CHAPTER 1

The Automorphism Tower Problem

In this chapter, we shall introduce the notion of the automorphism tower of a
centreless group, and we shall illustrate this notion by computing the automorphism
towers of a number of groups. In particular, we shall prove that for any integer
n € w, there exists a finite centreless group F' such that the automorphism tower
of F' terminates after exactly n steps; and we shall show that the automorphism
tower of the infinite dihedral group D, terminates after exactly w + 1 steps. Sec-
tion 1.2 contains some fundamental algebraic results which will be used repeatedly
throughout this book. As we shall see later, Theorem 1.1.10 is the algebraic heart
of the proof of the automorphism tower theorem; and Theorem 1.2.8 is the key to

the construction of centreless groups with extremely long automorphism towers.

1.1. Automorphism towers

If G is a group, then the automorphism group of G is denoted by Aut(G). In
this book, we shall always work with the left action of Aut(G) on G. Thus if ¢,
¥ € Aut(G), then the product ¢ is the automorphism defined by

for each z € G. If g € G, then the corresponding inner automorphism i, € Aut(G)

is defined by

ig(x) = gzg™!

for each x € G. Notice that if g, h € G, then
igin(x) = gheh™g™" = (gh)z(gh) ™" = ign(x)

for all x € G. Thus there is a natural homomorphism from G to Aut(G), obtained
by sending each g € G to the corresponding inner automorphism iy, € Aut(G). The
image of this homomorphism is the group Inn(G) of inner automorphisms of G and

the kernel is the centre Z(G) of G.
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LEMMA 1.1.1. Let G be an arbitrary group.

(a) If g € G and m € Aut(G), then mign ™ =ir(y).
(b) Inn G is a normal subgroup of Aut(G).

PRrROOF. (a) For each z € G, we have that

(mign™")(x) = w(gn " (x)g ")

= m(g)am(g)"

= iﬂ(g) (JJ)
(b) This is an immediate consequence of (a). O

Inn(G) may be regarded as the group of “obvious” automorphisms of the group
G. An automorphism 7 € Aut(G) \ Inn(G) is called an outer automorphism and

the quotient group
Out(G) = Aut(G)/ Inn(G)

is called the outer automorphism group of G. In most of this book, we shall be
interested in the case when G is a centreless group. In this case, the natural

homomorphism g — i, is an embedding and G ~ Inn(G).

LEMMA 1.1.2. If G is a centreless group, then Cayy(c)(Inn(G)) = 1. In partic-

ular, Aut(G) is also a centreless group.

PROOF. If m € Cpyy()(Inn(G)), then for each g € G, we have that
. . . —1 —
Zﬂ.(g) = 7T’Lg’/T = Zg
and hence 7(g) = g. Thus 7 = 1. O

EXAMPLE 1.1.3. Let n be an integer such that n > 2 and n # 6. Let Sym(n)
be the group of all permutations of the set {0,1,2,...,n — 1} and let Alt(n) be
the subgroup of even permutations. Then Alt(n) is a normal subgroup of Sym(n).
Hence each 7 € Sym(n) yields a corresponding automorphism ¢, of Alt(n), defined
by cr(¢) = mon~! for each ¢ € Alt(n). In fact, every automorphism of Alt(n)
arises in this manner. (See Suzuki [48, Section 3.2].) Thus Aut(Alt(n)) ~ Sym(n)

and Out(Alt(n)) is the cyclic group of order 2.
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It is well-known that if n > 2 and n # 6, then every automorphism of Sym(n)
is inner. (Once again, this result can be found in Suzuki [48, Section 3.2].) Thus we
have found a natural embedding of Alt(n) into a complete group, i.e. a centreless

group with no “nonobvious” automorphisms.

DEFINITION 1.1.4. A centreless group H is complete if Aut(H) = Inn(H).

We obtain a similar situation if G is an arbitrary centreless group. Identify G
with Inn(G) via the natural embedding, g — 44, so that G 9 G; = Aut(G). By
Lemma 1.1.2, G is a centreless group; and by Lemma 1.1.1(a), every automorphism
of G is induced by an inner automorphism of G;. Of course, it is possible that G
might possess outer automorphisms. In this case, we can continue on to the larger
centreless groups G2 = Aut(G1), Gs = Aut(Gs), ..., etc. And by making suitable

identifications, we obtain an ascending chain of groups

G=G4G19G29--- 4G, IGpy1 -

such that G,11 = Aut(G,) for each n € w. This chain is the beginning of the
automorphism tower of G. A classical result of Wielandt [52] says that if G is
finite, then there exists an integer n such that G,, is a complete group. In other
words, the automorphism tower of a finite centreless group G terminates after
finitely many steps. (We shall present a proof of Wielandt’s theorem in Section
2.1.) However, there are natural examples of infinite centreless groups G such that

the automorphism tower of G does not terminate after finitely many steps.

ExAMPLE 1.1.5. A group D is said to be a dihedral group if D is generated by
two involutions a and b. (An involution is an element of order 2.) A dihedral group
D is determined up to isomorphism by the order of the element ¢ = ab. If ¢ has
finite order n > 1, then D is the dihedral group Ds,, of order 2n. If ¢ has infinite
order, then D is the infinite dihedral group D.

Let Dy, = (a,b) be the infinite dihedral group. Then D, = (a) * (b) is the free
product of its cyclic subgroups {a) and (b). It follows easily that D is a centreless
group and that D, has an outer automorphism 7 of order 2 which interchanges

the elements a and b. In Section 1.4, we will prove that Aut(Ds) = (m,4,). Thus
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Aut(Dy) is also an infinite dihedral group and so
Inn(Do) < Aut(Dyo) =~ Do

It follows that for each n € w, the nth group in the automorphism tower of D, is
isomorphic to Ds; and hence the automorphism tower of D, does not terminate

after finitely many steps.

The above example suggests that we should extend the notion of the automor-

phism tower past the finite stages and on into the transfinite.

DEFINITION 1.1.6. Let G be a centreless group. Then the automorphism tower

of G is the ascending chain of groups
G=GydG1 9G24+ dGy IGaq1 -

such that for each ordinal a
(a) Got1 = Aut(G,); and
(b) if v is a limit ordinal, then Go = Uz, Gg-

(At each successor step, we identify G, with Inn G, via the natural embedding.)

The automorphism tower of GG is said to terminate if there exists an ordinal «
such that G, = Go41. Of course, this occurs iff there exists an ordinal « such that

G, is a complete group.

ExXAMPLE 1.1.7. Let n be an integer such that n > 3 and n # 6. Then
our earlier remarks show that the automorphism tower of Alt(n) terminates after

exactly 1 step.

ExaMpPLE 1.1.8. In Section 1.4, we shall prove that the automorphism tower

of the infinite dihedral group D, terminates after exactly w + 1 steps.

The original version of the automorphism tower problem simply asked whether
the automorphism tower of an arbitrary centreless group G eventually terminates.
This question will be answered positively by the automorphism tower theorem,
which we shall prove in Section 3.1. The proof is extremely simple and uses only
the most basic results on automorphism towers, together with some elementary

properties of the infinite cardinal numbers. To some extent, this is to be expected.
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It is inconceivable that the proof could make use of a detailed understanding of the
structure of the automorphism tower of an arbitrary centreless group, since no such
understanding exists, nor is it ever likely to exist. However, the automorphism
tower theorem is not merely a set-theoretic triviality. To see this, consider the
following superficially similar problem. (I am grateful to Warren Dicks for pointing
this out to me.)

Let R be a ring and let Endz(R) be the ring of endomorphisms ¢ : R — R
of the additive group of R. Then there is a natural ring homomorphism of R into
Endz(R), obtained by sending each r € R to the corresponding left multiplication
map A, € Endz(R), defined by A\.(z) = rz for each x € R. Since A\.(1) = r,
this homomorphism is an embedding; and so we can identify R with the subring
{Ar | r € R} of Endz(R). Continuing in this fashion, we obtain an ascending chain
of rings

R=Ry< Ri<Ry< - <Ry<Roy1 <+
such that for each ordinal «,
(a) Ra+1 = Endz(R,); and
(b) if a is a limit ordinal, then Ry =z, 3.
This chain is called the endomorphism tower of R. The endomorphism tower

problem asks whether the endomorphism tower of an arbitrary ring eventually ter-

minates. The following result shows that most endomorphism rings never terminate.

THEOREM 1.1.9. If R is a noncommutative ring, then R, is a proper subring

of Roy1 for all ordinals a.

Proor. If R is a noncommutative ring, then R, is also noncommutative for
each ordinal a. Hence it is enough to prove that if S is a noncommutative ring,
then {A\s | s € S} is a proper subring of Endz(S). To see this, let s € S be a
noncentral element and let p; € Endz(S) be the corresponding right multiplication
map, defined by ps(x) = xs for all z € S. Suppose that there exists ¢ € S such that
ps = M. Then s = ps(1) = A (1) = ¢. This means that xs = ps(z) = As(z) = sz

for all z € S, which contradicts the assumption that s is a noncentral element. []

So what is the essential algebraic difference between automorphism towers of

centreless groups and endomorphism towers of rings? Recall that Lemma 1.1.2
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says that if G is a centreless group, then Cy(q)(Inn(G)) = 1; ie. Cg,(Go) = 1.
In Section 3.1, we shall see that the automorphism tower theorem is an easy set-

theoretic consequence of the following generalisation of Lemma 1.1.2.

THEOREM 1.1.10. Let G be a centreless group, and let
G=Gy)4G, <G21--- 4G, G411 D -
be the automorphism tower of G. Then Cq_ (Go) =1 for all ordinals a.

We shall prove Theorem 1.1.10 in the next section. Notice that, by taking
a = 2, it follows that if G is a centreless group, then each element 7 € G5 = Aut(Gy)
is uniquely determined by its restriction 7 [ G. The analogous statement is false

for every noncommutative ring.

ProrosITION 1.1.11. If R is a noncommutative ring, then there exist elements

© #1 in Ry = Endg(Ry) such that ¢ | R=1 | R.

PROOF. Once again, if S is a ring and s € S, then Ay, ps € Endy(S) will
denote the corresponding left multiplication and right multiplication maps. Let R
be a noncommutative ring and let » € R be a noncentral element. Consider the
endomorphisms ¢ = X\, and ¢ = p, of Ry = Endz(R). Since p, is a noncentral
element of Ry, it follows that ¢ # 1. On the other hand, in passing from R to Ry,

each element s € R becomes identified with the endomorphism Ag; and so

(p(s) = )‘p7.<)\s) = pPr©° As = As0 Pr = pp,.(/\s) = w<s)

Consequently ¢ [ R=1 | R. O

1.2. Some fundamental results

In this section, we shall prove a number of fundamental group-theoretic results,
which will be used repeatedly throughout this book. In particular, we shall prove
Theorem 1.1.10, which forms the algebraic heart of the proof of the automorphism
tower theorem.

During the proof of Theorem 1.1.10, we shall make use of some basic properties

of commutators and commutator subgroups.

DEFINITION 1.2.1. Let G be a group.
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(a) If a, b € G, then the commutator of a and b is defined to be
[a,b] = a='b " tab.

(b) If A, B are nonempty subsets of G, then the commutator subgroup of A
and B is defined to be

[A,B] = ([a,b] | a € A,b € B).

LEMMA 1.2.2. If G is a group and a, b, ¢ € G, then
(a) [a,0]7! = [b,q],
(b) [ab,c] = [a,d]’[b, ],
(c) [c,ab] = [e,b][c, a)’.

PRrROOF. Each of these identities is easily checked using the definition of the

commutator. For example,

[ab, ] = (ab)~tc tabe

=b"la e tabe

=b Y a e tac)b(b e he)
=b"a, cJbb, ]

= [a, d]°[b, d].

LEMMA 1.2.3. Let A and B be subgroups of the group G.
(a) [A,B] =B, A].
(b) [A, B] < A iff B < Ng(A).

PRrROOF. Clearly (a) is an immediate consequence of Lemma 1.2.2(a). Thus it
is enough to prove (b). First suppose that [A, B] < A. Then for any a € A and
b € B, we have that a='b~'ab = [a,b] € A and so b=tab € A. Tt follows that
b=rAb = Afor all b € B and so B < Ng(A). Conversely, suppose that B < Ng(A).
Then for each a € A and b € B, [a,b] = a~1(b~tab) € A and so [A, B] < A. O
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Suppose that G is a centreless group and that
G=GpdG1 4G9 Gy IGayr I
is the automorphism tower of G. Then for each ordinal «,

CGQ+1 (GOL) = CAUE(G(,)(IDH(GOC)) = ]‘

Thus Theorem 1.1.10 is an immediate consequence of the following slightly more

general result.

LEMMA 1.2.4. Let G be a centreless group and let
G=GydG1 4G4 4G DGy D+

be an ascending chain of groups such that
(a) Ca,..,(Ga) =1 for all a; and
(b) if a is a limit ordinal, then G, = Uﬁ<a Gg.

Then Cq_(Go) =1 for all ordinals .

PROOF. Suppose that the result fails and let « be the least ordinal such that
C = Cg,(Gyp) # 1. Since G is centreless, it follows that o > 0. Also it is clear that

« is not a limit ordinal. Hence there exists an ordinal § such that « = g + 1.
CramMm 1.2.5. [G,,C] =1 for all v < .

PrOOF OF CraiM 1.2.5. Once again, suppose that the result fails and let ~
be the least ordinal such that [G.,, C] # 1. Since [Gg, Cq, (Go)] = 1, it follows that
~v > 0; and it is clear that «y is not a limit ordinal. Hence there exists an ordinal §

such that v = 6 4+ 1. By the minimality of 7, we have that [Gs,C] =1 and so
Ce,(Go) = C < Cg, (Gs).

Since Gy < Gg, we also have that
Ca., (Gs) < Cq, (Gy) = C.

Hence C' = Cg,, (Gs).
Next we shall show that G., normalises C = Cg,_(Gs). Suppose that g € G,.
Since G5 4 G541 = G, it follows that 9Gsg~ ' = Gs. Because v < a, we have



1.2. SOME FUNDAMENTAL RESULTS 9

that g € G, and so gG,g9~ ' = G,. Consequently, gCq, (Gs)g~' = Cq,, (Gs), as
required.

Since G, normalises C, Lemma 1.2.3 yields that [G,,C] = [C,G,] < C. Now
notice that G-, < Gg and that C' = Cg, (G5) < Go = Gay1. Since Gg41 normalises
G, it follows that (G, C] < [Gg, Gp+1] < Gg. Thus we have established that

[GW,C} <CNGg=Cg, (Go) NGg = Cgﬁ (Go)

By the minimality of o, we have that Cg,(Go) = 1 and so [G.,,C] = 1, which is a

contradiction. O

By Claim 1.2.5, C < Cg, (Gp) = Cg,,,(Gp) = 1, which is the final contradic-
tion. This completes the proof of Lemma 1.2.4. (I

In the next two sections, we shall compute the automorphism towers of some
well-known groups. The following result provides a useful criterion for recognising

when an automorphism tower has reached a complete group.

DEFINITION 1.2.6. Let H be a subgroup of the group G. Then H is said
to be a characteristic subgroup of G, written H char G, if 7 [H] = H for every
automorphism 7 € Aut(G).

If H is a characteristic subgroup of the group G, then gHg™' =i ,[H| = H for
every g € G and so H is a normal subgroup of G. However, the converse need not
be true. For example, let G = (u) x (v) be an elementary abelian p-group of order
p?. Then H = (u) is a normal subgroup which is not characteristic in G. Of course,

if G is a complete group and H < G, then H < G iff H char G.

THEOREM 1.2.7 (Burnside). If G is a centreless group, then the following state-
ments are equivalent.
(a) Aut(G) is a complete group.
(b) Inn(G) is a characteristic subgroup of Aut(G).

ProoF. If Aut(G) is a complete group, then the normal subgroup Inn(G) is
clearly a characteristic subgroup of Aut(G). Conversely, suppose that Inn(G) is a
characteristic subgroup of Aut(G). Let

G=Gy4G1 9G24+~ Gy 9Goq1 Do



10 1. THE AUTOMORPHISM TOWER PROBLEM

be the automorphism tower of G. Notice that Aut(G) is a complete group iff
G1 = Gs. Let g € G3. Then g induces an automorphism of G; via conjugation;

L = Gy. Hence there exists an element

and since G char Gy, it follows that ¢Ggg~
h € G1 = Aut(Go) such that hah~! = gxg=! for all z € Gy. This implies that

g 'h € Cq,(Go) =1 and so g = h € G;. Hence G| = Gb. O

Using Theorem 1.2.7, we can now easily prove that the automorphism tower of

any simple nonabelian group terminates after at most 1 step.

THEOREM 1.2.8 (Burnside). Let S be a simple nonabelian group, and let G be

a group such that Inn(S) < G < Aut(9).

(a) Inn(S) is the unique minimal nontrivial normal subgroup of G.

(b) Aut(S) is a complete group.

PRrROOF. (a) It is clear that Inn(S) is a minimal nontrivial normal subgroup
of G. Suppose that there exists a second minimal nontrivial normal subgroup
N. Applying Lemma 1.2.3, we find that [Inn(S), N] < Inn(S) N N. As Inn(S)
and N are distinct minimal nontrivial normal subgroups, Inn(S) N N = 1 and so
N < Caugs)(Inn(S)) = 1, which is a contradiction.

(b) Since Inn(S) is the unique minimal nontrivial normal subgroup of Aut(.S),
it follows that Inn(S) is a characteristic subgroup of Aut(S). By Theorem 1.2.7,
Aut(9) is a complete group. O

1.3. Some examples of automorphism towers

In this section, we shall present some examples of automorphism towers. First
we shall show that for each integer n € w, there exists a finite centreless group F
such that the automorphism tower of F' terminates after exactly n steps. Then we
shall compute the automorphism towers of some well-known infinite permutation
groups: the alternating group Alt(k) for x > w and the automorphism group
Aut(Q) of the linearly ordered set Q of rational numbers. We shall also introduce

some important notions and notation from the theory of permutation groups.

ExampLE 1.3.1. For each n € w, we shall construct an example of a finite

centreless group F'(n) such that the automorphism tower of F(n) terminates after
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exactly n steps. First we define an auxiliary sequence of groups 7;, inductively as
follows.

(a) To = Sym(5).

(b) Tht1 = [T, x T,,] % (on,), where o, is an involution which interchanges

the factors T;, x 1 and 1 x T;, of the direct product T,, x T, ; i.e.
on(t, o, = (1,1)

forallt € T,,.

We shall show that F'(n) =Ty x [[,.,, T¢ satisfies our requirements.

Before becoming involved in the details of the proof, we shall explain the idea
behind this construction. Consider F(3) = To x Ty X Ty x To. Then F(3) has an
obvious outer automorphism o of order 2, which interchanges the first two factors
of the product Ty x Ty x Ty x Tp. We shall see that Aut(F'(3)) = (Inn(F'(3)), o), so
that F'(3); = Aut(F(3)) ~ Ty xT1 x Tz. Similarly we shall find that F'(3)s ~ Ty x T
and that the automorphism tower of F'(3) terminates with the group F(3)3 ~ T3.

Our argument is based upon the uniqueness of the Remak decomposition of
F(n), together with a result of Peter Neumann on the structure of wreath products
of groups. First we shall recall some of the basic theory of Remak decompositions

of finite groups.

DEFINITION 1.3.2. A nontrivial group G is said to be decomposable if there
exist nontrivial normal subgroups Hi, Hs of G such that G = H; x Hy. Otherwise,

G is said to be indecomposable.

Clearly if G is a nontrivial finite group, then G can be expressed as the direct
product of finitely many indecomposable subgroups. Such a direct product decom-
position, G = Hj X---x H,, is called a Remak decomposition of G. The set of factors
{Hy,...,H,} is generally not uniquely determined. For example, if G = (u,v) is
an elementary abelian p-group of order p?, then (u) x (v) and (u) x (uv) are Remak
decompositions of G with distinct sets of factors. However, if G is a nontrivial finite

centreless group, then there is essentially a unique Remak decomposition of G.

THEOREM 1.3.3. Suppose that G is a nontrivial finite centreless group. If

G=H; x - xH, =Ky x-x K,
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are Remak decompositions of G, then r = s and there exists a permutation ©™ of

{1,...,7} such that H; = Ky ;) for all 1 <i <.
PROOF. See Suzuki [48, Section 2.4]. O

Next we shall introduce the notion of the (standard) wreath product A Wr G
of the groups A and G. First we define the base group B to be the group of all
functions b : G — A. If by, bs € B, then their product b1by € B is the function
such that bibo(x) = bi(x)bz(z) for all x € G. Thus B = [[, .4
A, ={be B |bly) =1forall y # a} ~ A. The wreath product A Wr G is defined
to be the semidirect product B x G, where (gbg~')(z) = b(g~'z) for each b € B

A,, where each

and g, z € G. Thus gA,g ! = A,, for each g, x € G.
Notice that Ty = Sym(5) is a complete indecomposable group and that T),41
is isomorphic to T;, Wr Cs. Hence the following result of Peter Neumann implies

that T;, is a complete group for each n € w.

LEMMA 1.3.4. Let A be a complete indecomposable group such that A # Dg,
the dihedral group of order 6. Then A Wr Cy is also a complete indecomposable

group.

PROOF. See the end of Section 10 of Neumann [34]. (Neumann does not men-
tion explicitly that A Wr Cy is indecomposable. However, this is an immediate
consequence of Theorem 6.1 [34], which says that if a wreath product A Wr G
decomposes nontrivially into a direct product P x @, then one of the factors P, Q

must be central in A Wr G.) O
It is now easy to prove the following result.

THEOREM 1.3.5. For each 0 < m < n, the mth group in the automorphism

tower of F(n) is given by

Hence the automorphism tower of F(n) terminates after exactly n steps.
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PROOF. Fix some integer n. We shall argue by induction on m < n. Suppose

that m < n and that

F(n)pm = T X H Ty =T X Ty X H Ty.

m<L<n m+1<l<n

By Lemma 1.3.4, each of the groups Ty is indecomposable. Thus we have just dis-
played a Remak decomposition of F(n),,. Furthermore, since F(n),, is centreless,
this is the unique Remak decomposition of F(n),,, up to the order of the factors.

Let 0 € Aut(F(n)m) be the obvious outer automorphism of order 2 such that

(a) o interchanges the first two factors of the above Remak decomposition,
and

(b) o acts as the identity automorphism on the remaining factors.

Then
(In(F(n)m),0) ~ Ty x [ T
m+1<<n

and so we must show that Aut(F(n),,) = (Inn F(n)m,, o). Let ¢ € Aut(F(n)m,)
be an arbitrary automorphism. Then ¢ must permute the factors of the Remak
decomposition of F'(n),,. After replacing ¢ by oy if necessary, we can suppose
that @[T] = T for each factor T. Since each factor T is a complete group, there
exist elements gr € T such that ¢ [ T' =iy, [ T. Let g = [[; 97 € F(n)m. Then
=14 € InnF(n)pn.

Finally note that F(n), = T, is a complete group. Thus the automorphism

tower of F(n) terminates after exactly n steps. (]

Next we need to introduce some notions and notation from the theory of per-
mutation groups. Let Q be a nonempty set. Then Sym(f2) denotes the group of
all permutations of €. A group G is said to be a permutation group on Q if G
is a subgroup of Sym(2). Suppose that G is a permutation group on 2 and that
A C Q. Then

Giay =1{9€ G |g[Al=A}
and

Gay={9€G|g(x)=2xforal zecA}
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are the setwise and pointwise stabilisers of A in G. When A = {z} is a singleton,

then we usually write G, for the stabiliser of A in G. If x € Q, then

Orbg(z) = {g(z) | g € G}

is the G-orbit containing z. In this book, we shall make repeated use of the fact
that
[G: G;] = |Orbg(z)|

for all x € Q. (For example, see Suzuki [48, Section 1.7].)

EXAMPLE 1.3.6. Let x be an infinite cardinal. Remember that x is the set
of ordinals « such that a < x and so k is itself a canonical example of a set of

cardinality k. If ¢ € Sym(k), then the fixed point set of ¢ is

fix(p) ={a e r [ p(a) = a}

and the support of ¢ is
supp(p) = {a € k| (@) # a}.
If X\ is an infinite cardinal such that A < k, then we define
Symy (k) = {m € Sym(x) [ |supp(m)| < A}.

Clearly Sym, (x) is a normal subgroup of Sym(k). If A = w, then we also write
Fin(k) for the group Sym, (k) of finite permutations of x. The alternating group
Alt(k) on k is the subgroup of finite even permutations of .

We shall compute the automorphism tower of A = Alt(x). Since A is a simple
group, Theorem 1.2.8 says that Aut(A) is a complete group and so we need only
determine Aut(A). Since Alt(k) < Sym(k), each ¢ € Sym(k) yields a corresponding
automorphism ¢, of Alt(k), defined by c,(z) = zp~! for each z € Alt(k). We
shall eventually show that every automorphism of Alt(x) arises in this manner.
Thus Aut(A) = Sym(k).

To begin our analysis, we shall define a natural action of Aut(A) on an associ-

ated graph I' = (Q, E). Let
Q= {(o) | o € Alt(k) is a 3-cycle }.

Notice that the elements of €2 are exactly those subgroups T' of Alt(x) such that
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(a) T ~ Cjs, the cyclic group of order 3, and

(b) Care(s)(T) ~ C3 x Alt(k).
Hence if ¢ € Aut(A), then ¢ induces a permutation @ of €2, defined by B(T') = ¢[T].
For each T' = (o) € €, let Ap = supp(o). Note that if Ty, T are distinct elements
of ©, then the subgroup (T3,7T3) is isomorphic to

(i) Als(4), if |Ap, N Aq,| =25

(ii) Alt(5), if |An NAL| =1;

(iii) C3 x Cs, if |[Ap, NAg,| =0.

We define a graph structure on €2 by specifying that
{Tl,TQ} e FE iff <T1,T2> ~ Alt(4)

Clearly if ¢ € Aut(A), then the corresponding permutation @ of €2 is an automor-
phism of I' = (Q; E)). Let m : Aut(A) — Aut(I") be the homomorphism defined by

m(p) = .
LEMMA 1.3.7. 7 is an embedding.

PROOF. Let ¢ € AN 1. Let o € supp(¢)) and let o = (aS) be a 3-cycle such
that supp(¢) Nsupp(c) = {a}. Then

iy(0) = o™t = (Y(a) Y(B) ¥(v)) ¢ (o).

Thus iy ((0)) # (o) and so iy ¢ ker 7. Hence ker 7 is a normal subgroup of Aut(A)
such that kerm N Inn(A) = 1. So Lemma 1.3.7 is an immediate consequence of

Lemma 1.3.8. O

LEMMA 1.3.8. Let G be a centreless group and let N be a normal subgroup of
Aut(G). If NNnInn(G) =1, then N = 1.

ProOOF. By Lemma 1.2.3, we have that [N,Inn(G)] < N NInn(G) = 1 and
hence N < Cpui(e)(Inn(G)) = 1. O

In order to make the argument as transparent as possible, we will identify T"
with the isomorphic graph (V, ~), where
(1) V is the set of 3-subsets of x; and
(2) Ay ~ Ag iff |A1 N Ag| =2.
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Of course, this corresponds to identifying each subgroup T = (o) € Q with its
support Ap € V. Notice that if ¢ € Sym(x) and T'= ((a87)), then

colT] = T~ = ((¢(a) o(B) ¢(7)))-

Hence the associated action of Sym(x) on (V,~) is the natural one, defined by

for each ¢ € Sym(k) and A € V. We shall show that every automorphism of
I’ = (V,~) is induced by an element of Sym(k) in this manner; and thus complete

the proof that Aut(A4) = Sym(r).

DEFINITION 1.3.9. (a) f a < B <k, then Crapy ={A €V |, 8 €A}
(b) If « < K, then Doy = {A eV ]|ac A}

We shall show that each ¢ € Aut(I") induces permutations of the collections
C={Ciapy |a<pB <r}and D= {Dy | @ <k}. The next lemma shows that C

is invariant under the action of Aut(T").

LEMMA 1.3.10. If C is an infinite maximal complete subgraph of ', then there

erist « < B < K such that C = Cy, gy

PROOF. Let C be an infinite maximal complete subgraph of I'. Fix some
Ag e C. It A € C~{Ag}, then |[AgNA| = 2. Hence there is an infinite subset
{A, |1 <n < w}of C and a pair of ordinals aw < § <  such that AgNA, = {«, 8}
forall 1 < n < w. It is easily checked that if A ~ A,, for all n < w, then {«, 8} C A.
Thus C' C Cy, gy By the maximality of C', we must have that C' = C{, gy- ([l

Notice that Cq gy N Cyy6y # 0 iff {a, B} N {, 6} # 0. Using this observation,

we can easily give an Aut(T')-invariant characterisation of the elements of D.

LEMMA 1.3.11. Suppose that D is a subgraph of I' which is mazximal subject to
the following conditions.
(a) There exists an infinite subset {C; | i € I} of C such that D = {J,¢; Ci;
and
(b) ifi, j €I, then C; N C; # 0.

Then D = Dyqy for some a < k.
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PROOF. Suppose that D satisfies the hypotheses of Lemma 1.3.11. For each
i €1,let C; = Cyq, 5,3- Then {{ay, B;} | i € I} is an infinite collection of 2-subsets
of k, which is maximal subject to the condition that {a;, 3;} N {c;, 5} # 0 for all
i, j € I. Arguing as in the proof of Lemma 1.3.10, we see that there exists o < k

such that {{a;, 8;} | i € I} = {{a, B} | a # B < k}. Hence D = Dyq;. O

If A={a, 3,7} €V, then {A} = Doy N Dygy N Dyyy. Thus each ¢ € Aut(I")
is uniquely determined by its action on D. Moreover, for each ¢ € Aut(T"), there
is a corresponding permutation ¢ € Sym(x) such that ¢ [D{a}} = D{y(a)) for each
a < k. But we clearly have that ¢ [D{a}] = D{y(a) for each a < k. Consequently,
1 = ¢ € Sym(k). This completes the proof of the following result.

THEOREM 1.3.12. If k > w, then Aut(A4) = Sym(k).
O

Theorem 1.3.12 is an important and useful result, which we shall make use of
in Section 3.2. In contrast, the final example of this section is neither important

nor useful. But it does present a pleasant application of the strong small index

property.

ExaMPLE 1.3.13. Let M be a countable structure. Then the automorphism
group G = Aut(M) is said to have the strong small index property if whenever H
is a subgroup of G with [G : H] < 2%, then there exists a finite subset X C M
such that G(x) < H < Gx;. Let Q be the rational numbers regarded as a linearly
ordered set. Then Truss [51] has shown that G = Aut(Q) has the strong small
index property. Of course, since every finite linear ordering is rigid, we have that
G(x) = Gyxy for each finite subset X of Q. (Recall that a structure M is said
to be rigid iff the identity map ida is the only automorphism of M.) Thus if
[G : H] < 2¢, then there exists a finite subset X of Q such that H = G(x). In
particular, the maximal proper subgroups H with [G : H] < 2“ are precisely those
of the form H = G, for some ¢ € Q. We shall use this result to compute the
automorphism tower of G = Aut(Q). (It is an easy exercise to show that G is a
centreless group.)

First we shall compute Aut(G). Let ¢ € Aut(G). Then ¢ must permute the
set of those maximal proper subgroups H of G such that [G : H| < 2*. Thus there
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is an associated permutation % € Sym(Q) such that ¢ [G] = Gg(,) for each ¢ € Q.
It is easily checked that the mapping 7 : Aut(G) — Sym(Q), defined by 7(¢) = B,

is a homomorphism.

LEMMA 1.3.14. (a) w(ig) =g for each g € G.
(b) 7 is an embedding.
(C) w[Aut(G)] = NSym(Q) (G)

PROOF. (a) If g € G and q € Q, then iy [G4] = gGqag~ " = Gy(q)-

(b) Since ker 7 is a normal subgroup of Aut(G) such that ker 7 N Inn(G) = 1,
Lemma 1.3.8 yields that ker 7 = 1.

(c) Using the facts that Inn(G) < Aut(G) and 7[Inn(G)] = G, it follows that
m[Aut(G)] < Nsym(@)(G). But clearly every element of Ngym(g)(G) induces an
automorphism of G via conjugation. Hence n[Aut(G)] = Ngym(q)(G). O

We have just seen that Aut(G) can be naturally identified with Ngy, (@) (G). To
compute Ngym(g) (@), we shall make use of the following basic result on permutation

groups.

LEMMA 1.3.15. Let (H,Q) be a permutation group. Suppose that N < H and
that A is an orbit of N on Q. Then h[A] is also an N-orbit for each h € H.

PRrROOF. By assumption, there exists « € {2 such that
A = Orby(z) = {g(x) | g € N}.
Let h € H and y = h(z). Since N < H, we have that hN = Nh and hence

hA] = {hg(z) | g€ N} ={9(y) | g € N}
is the N-orbit containing y. O

We shall apply the above lemma to the action of Ngym(g)(G) on Q x Q. Note
that G = Aut(Q) has three orbits on Q x @Q; namely,

(a) Ao={(¢;7) €QxQ|g=r},
(b) A1 ={(¢,r) €eQxQ|g<r},
(c) Ao ={(q,7) €QxQ[g>r}.
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Let g € Ngym(@)(G). Then g must permute the three G-orbits Ag, A; and As.
Clearly g[Ag] = Ap. Thus there are only two cases to consider. If g[A;] = Ay,
then g is an order-preserving permutation of Q and so g € G = Aut(Q). Otherwise,
g[A1] = As and g is an order-reversing permutation of Q. Thus Ngym(q)(G) is the
group B of permutations of Q which either preserve or reverse the order. (B is
the group of those permutations of Q which preserve the ternary “betweenness”
relation R, defined by R(a,b,c) iff either a < b < ¢ or ¢ < b < a.) Notice that the
product of two order-reversing permutations is an order-preserving permutation. It
follows that [B : G] = 2.

Finally we shall prove that B is a complete group. By Theorem 1.2.7, it is
enough to show that G is a characteristic subgroup of B. Let m € Aut(B) be
an arbitrary automorphism. Then [B : 7[G]] = 2 and so [G : 7[G]NG] < 2. If
[G: 7[G]NG] =1, then G < 7[G] and so G = 7[G]. Otherwise, [G : 7[G]NG] = 2.
Let H = 7[G] N G. Since 1 < [G : H] < 2%, there exists a finite nonempty subset
X of Q such that H = G(x). But then [G : H] = w, which is a contradiction. We

have now completed the proof of the following result.

THEOREM 1.3.16. The automorphism tower of Aut(Q) terminates after exactly

1 step.

1.4. The infinite dihedral group

In this section, we shall show that the automorphism tower of the infinite
dihedral group G = D, terminates after exactly w + 1 steps. Before we can
compute Aut(G), we must first present a more detailed account of the structure
of G. Remember that G = (a) * (b) is the free product of the cyclic subgroups
generated by the involutions a and b. Let ¢ = ab. Then ¢ is an element of infinite
order and

aca” ' = aaba = ba = ¢ 1.

Thus C = (¢) is a normal subgroup of G and G is the semidirect product C' x {(a).
In fact, C' is a characteristic subgroup of G. To see this, note that each element
g € G~ C has the form g = ¢"a for some n € Z and that

(c"a)? = c"ac"a"t =" = 1.
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Thus G \ C is the set of involutions of G.

LEMMA 1.4.1. (a) [G,G] = (c?).
(b) G has two conjugacy classes of involutions; namely, a® = {c*"a | n € Z}

and b¢ = {"Fla | n € Z}.

PROOF. (a) Note that ¢ = abab = [a,b] and so (c?) < [G,G]. Since the
quotient group G/(c?) is abelian, it follows that [G,G] = (c?).

" = ¢2"q. Since every element of G

(b) An easy calculation shows that ¢"ac™
has the form ¢ or c"a for some n € Z, it follows that a® = {¢®"a | n € Z}. Using

the fact that b = ac, we also see that b¢ = {c*"*la | n € Z}. O

Let m be the outer automorphism of order 2 which interchanges the elements

a and b of G = (a) * (b).

LEMMA 1.4.2. Aut(GQ) = (7, 1i,).

ProOF. First notice that mi,m !

=14y € (m,i,) and so Inn G < (m,i,). Now
let ¢ € Aut(G) be an arbitrary automorphism. Then ¢ must permute the set
A = {a% b%} of conjugacy classes of involutions of G. Replacing ¢ by my if
necessary, we can suppose that ¢ [a®] = a®. Thus ¢(a) = ¢*"a for some n € Z.
Let g = ¢ ™ and ¥ = igp. Then ¢(a) = a. Since C is a characteristic subgroup
of G, we must have that ¢ [C] = C. Hence either 1(c) = c or ¥(c) = ¢~!. In the

former case, ¥ = idg; and in the latter case, ¢ = i,. Thus ¢ € (7, i4). O

We have now shown that Aut(G) is also an infinite dihedral group. It follows
that G,, is a proper subgroup of G,41 for all n € w. In order to understand the
group G = U, c,, Gn, we must first describe the embedding, Inn(G) < Aut(G), in

a little more detail.

LEMMA 1.4.3. (a) [Aut(G) : Inn(G)] = 2.
(b) (igm)? = i..
(c) (ic) = [Aut(G), Aut(G)].
(d) Any two involutions of Inn(G) are conjugate in Aut(G).

PROOF. (a) We have already noted that each automorphism of G permutes

the elements of the set A = {a®,b%}. This yields a surjective homomorphism
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0 : Aut(G) — Sym(A). The proof of Lemma 1.4.2 shows that ker § = Inn G. Hence
[Aut(G) : Inn(G)] = |Sym(A)] = 2.
(b) It is easily checked that

(iamiqm)(a) = ababa = (ab)a(ab) ™' = cac™*

and that
(iqmiqm)(b) = aba = (ab)b(ab)™ = cbc™ .
Thus (ia7)? = ie.
(c) This is an immediate consequence of Lemmas 1.4.1(a), 1.4.2 and 1.4.3(b).

(d) This follows from the fact that mi,m = = is. O

Hence for each n € w, the nth group in the automorphism tower of G is
G, = C,, % {a), where
(1) Cp, = {cyp) is infinite cyclic;

-1

(2) acpa™! =¢;1; and
(3) 2,1 =cn.
Thus G, = C,, % {(a), where
(i) Co = Uney Cn is isomorphic to the additive group of dyadic rationals
Z11/2] = {m/2" | m € Z,n € N}; and
(ii) the automorphism induced by a on C,, corresponds to the automorphism
o € Aut(Z[1/2]) such that o(z) = —z for all z € Z[1/2].

In order to simplify notation, we will identify G,, = C,, x {(a) with Z[1/2] x (o).

LEMMA 1.4.4. (a) Gy has a single conjugacy class of involutions.
(b) [Gwv Gw] =17 [1/2}'

PrOOF. (a) By Lemma 1.4.3(d), any two involutions of G,, are conjugate in
Gp+1. Thus G, has a single conjugacy class of involutions.

(b) By Lemma 1.4.3(c), [Gnt1, Gny1] = Cn. Hence [G,,G,] = C, = Z[1/2].

O

Since Z [1/2] = [Gy,, G is a characteristic subgroup of Gy, each ¢ € Aut(G.,,)
induces an automorphism of Z[1/2]. Now it is easy to see that any automorphism
of Z[1/2] is just multiplication by some element v € U = {£2" | n € Z}, the
group of multiplicative units of the ring of dyadic rationals. Let HolZ[1/2] be
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the holomorph of Z[1/2]; i.e. the semidirect product Z [1/2] x Aut(Z[1/2]), where
0z6~1 = O(x) for all § € Aut(Z[1/2]) and = € Z[1/2]. Since Aut(Z[1/2]) ~ U is

abelian, it follows that
G, =7Z][1/2]) x (o) <HolZ][1/2]

and so each element of HolZ [1/2] induces an automorphism of G, via conjugation.
We claim that every automorphism of G, arises in this fashion, so that G,4+1 =
HolZ [1/2]. To see this, let ¢ € Aut(G,,) be an arbitrary automorphism. By Lemma
1.4.4(a), the involutions ¢ and (o) are conjugate in G,. Thus after replacing
¢ by ig,¢ for a suitably chosen g € G,, we can suppose that (o) = o. Let
0= | Z[1/2] € Aut(Z[1/2]). Then 0x0~' = 0(z) = p(z) for all x € Z[1/2] and
000~ = o0 = p(0). Thus Oyd~1 = p(y) for all y € G,,. This completes the proof
that G,+1 = HolZ[1/2].

Finally we shall prove that G,4+1 is a complete group.

LEMMA 1.4.5. (a) [Got1,Gut1] =Z[1/2].

(b) G is a characteristic subgroup of Gu1.

PrOOF. (a) Lemma 1.4.4(b) implies that Z[1/2] < [Gu+1, Gwt1]. Since the
quotient Gy41/Z[1/2] is abelian, it follows that [G,+1, Gwt1] = Z[1/2].

(b) We have just seen that Z[1/2] is a characteristic subgroup of G,11. Let
¥ € Aut(Z[1/2]) be the automorphism such that (x) = 2z for all z € Z[1/2].
Then

Guy1/Z[1/2] ~ Aut(Z[1/2]) = (o) & ()

is the direct sum of the cyclic group (o) of order 2 and the infinite cyclic group
(). Clearly (o) is a characteristic subgroup of (o) ® (¢). It follows that G, =
Z[1/2] x (o) is a characteristic subgroup of G1. O

Since G, is a characteristic subgroup of G,4+1, Theorem 1.2.7 yields that G, 4+1

is a complete group. Summing up, we have now proved the following result.

THEOREM 1.4.6 (Hulse [17]). The automorphism tower of the infinite dihedral

group Do, terminates after exactly w + 1 steps.
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1.5. Notes

The notion of the automorphism tower of a centreless group dates back to at
least 1937, when Zassenhaus [53] asked whether the automorphism tower of every
finite centreless group terminates after finitely many steps. In his classical paper
[62], Wielandt proved that this is indeed the case. One of the key ingredients of

Wielandt’s proof was his result that if
G=Gy <G, <--- 4G, -G, Q-

is the automorphism tower of the centreless group G, then Cg, (Go) = 1 for all
integers n > 0. This was later generalised by Hulse [17] to the statement that
Cea,(Go) = 1 for all ordinals @ > 0. The analysis of the automorphism tower of
the infinite dihedral group D, in Section 1.4 is also due to Hulse [17].

Plotkin [36] contains an interesting account of the automorphism tower prob-

lem, including the results of Section 1.2 and a proof of Wielandt’s Theorem.






CHAPTER 2

Wielandt’s Theorem

In this chapter, we shall present a proof of Wielandt’s theorem that the auto-
morphism tower of a finite centreless group terminates after finitely many steps.
Wielandt’s theorem is by far the deepest result in this book. Its proof involves an
intricate analysis of the subnormal subgroups of a finite centreless group, together
with some very ingenious commutator calculations. Section 2.1 contains an outline
of the proof, modulo two technical results which are proved in Sections 2.2 and
2.3. The reader should not feel too discouraged if he finds some of the material
in this chapter rather difficult, especially that in Section 2.3. Nothing from this
chapter will be used in the later chapters, and so the reader will not experience any
disadvantage in understanding the rest of the book if he simply skips the difficult
parts of the proof. I have included a complete proof of Wielandt’s theorem for two
reasons. Firstly, it provides a striking contrast to the extremely simple proof of
the automorphism theorem for infinite groups, which will be proved in Chapter 3.
But more importantly, sixty years after its original publication, Wielandt’s theorem

remains the high point in the study of automorphism towers.

2.1. Automorphism towers of finite groups

In this section, we shall present an outline of the proof of Wielandt’s theorem

on the automorphism towers of finite centreless groups.

THEOREM 2.1.1 (Wielandt [52]). If G is a finite centreless group, then the

automorphism tower of G terminates after finitely many steps.

Theorem 2.1.1 is an easy consequence of the following important theorem on

finite subnormal subgroups.

DEFINITION 2.1.2. Let H be a subgroup of the group G. Then H is said to
be a subnormal subgroup of G, written H sn G, if there exists a finite series of

25
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subgroups Hy, Hy, ..., H, such that

H=Hy<H <---<H, =G.

The defect s(G : H) of the subnormal subgroup H is the least integer n > 0 for

which such a series exists.

In particular, s(G : H) = 0iff H = G, and s(G : H) = 1 iff H is a proper

normal subgroup of G.

THEOREM 2.1.3 (Wielandt [52]). There exists a function f :w — w such that
whenever H is a finite subnormal subgroup of a group G with Cq(H) = 1, then
G| < f(|H]).

Most of this chapter will be devoted to the proof of Theorem 2.1.3. But first
we shall show how to complete the proof of Theorem 2.1.1. So let G be a finite

centreless group and let
G=G4G1 949G 9 4G, IGoq1 D+

be the automorphism tower of G. Notice that for each n < w, G is a subnormal
subgroup of G,, such that Cg (G) = 1. So Theorem 2.1.3 says that there is an
integer ¢ = f(|G]) such that |G,| < ¢ for all n < w. Consequently there is an
integer n such that G,, = G,,41. This completes the proof of Theorem 2.1.1.

Of course, this argument does nothing to clear up the mystery of why Theorem
2.1.1 is true. So in the rest of this section, we shall present the main points of
the proof of Theorem 2.1.3. (Towards the end of the proof, we shall appeal to two
technical results on finite subnormal subgroups. These will be proved in Sections 2.2
and 2.3.) In order to understand the main difficulty, let us reconsider the statement
of Theorem 2.1.1. Suppose that H is a finite subnormal subgroup of the group G
and that Cq(H) = 1. Let

H:HOﬁHlﬁ"'<H7L:G

be a finite series from H to G. For each 0 </ < n — 1, we can define a homomor-
phism ¢, : Hy 1 — Aut(Hy) by @e(g) = iy | Hy. Since Cy,,,(Hy) < Cq(H) =1, it

follows that each ¢y is an embedding and so |Hy41| < |Hg|!. Thus it is obvious that
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G is a finite group and that |G| can be bounded in terms of |[H| and n. However,
it is far from obvious that n can be bounded in terms of |H|.
Our strategy in the proof of Theorem 2.1.3 will be to first construct a strictly

increasing series of characteristic subgroups in H
1=5<5<---<85=H

and then construct a corresponding series of characteristic subgroups in G

such that S; < R; for each 0 < ¢ < t. In particular, H = S; < R;.
CLAM 2.1.4. It is enough to bound |R| in terms of |H|.

PROOF. Since R; is a characteristic subgroup of GG, we can define a homomor-
phism ¢ : G — Aut(R,;) by ¢(g9) = ig [ R;. Furthermore, since H < Ry, it follows
that Ca(R:) < Ca(H) =1 and so ¢ is an embedding. Hence

|G| < |[Aut(Ry)| < | R\
O

Also notice that ¢t < |H|. Hence it is enough to bound |R;;1| inductively in
terms of |R;| and |H|.

Before we can define the series (S; | 0 < ¢ < t), we need to introduce some
important characteristic subgroups. Let G be any group and let p be a prime.
Suppose that H and K are normal p-subgroups of G. Then HK/K ~ H/HN K is
a p-group and hence HK is also a normal p-subgroup of G. It follows that G has
a unique maximal normal p-subgroup, namely the subgroup generated by all the

normal p-subgroups of G.

DEFINITION 2.1.5. If G is a group and p is a prime, then O,(G) is the unique

maximal normal p-subgroup of G.

Clearly O,(G) is a characteristic subgroup of G. If G is a finite group, then
Theorem 2.1.7 gives a useful criterion for the existence of a prime p such that

0,(G) #1.
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LEMMA 2.1.6. Let G be a group and let p be a prime. If P is a subnormal
p-subgroup of G, then P < Op(G).

PRrROOF. We shall prove the result by induction on the defect s = s(G : P) of
P. If s <1, then P <G and so P < O,(G). Suppose that s > 1 and let

P:HOSI"'S]HS—lﬂHs:G

be a series of finite length from P to G. Then s(H;_1 : P) = s—1 and by induction
hypothesis, we have that P < O,(H,_1). But O,(H,_1) is a characteristic subgroup
of Hs_1 and hence O,(H;s_1) is a normal subgroup of Hy; = G. This means that
Op(Hs—1) < Op(G) and so P < Op(G). O

THEOREM 2.1.7. If G is a finite group, then the following statements are equiv-

alent.

(a) G has a nontrivial normal abelian subgroup.
(b) G has a nontrivial subnormal abelian subgroup.

(c) There exists a prime p such that O,(G) # 1.

ProoOF. (a) = (b). This is clear.
(b) = (c). Suppose that A is a nontrivial subnormal abelian subgroup of G. Let p
be any prime divisor of |A|. Then A contains a cyclic subgroup P of order p. Since
P is a subnormal subgroup of G, Lemma 2.1.6 implies that O,(G) # 1.
(c) = (a). Suppose that there exists a prime p such that P = O,(G) # 1. As P
is a nontrivial finite p-group, Z(P) # 1. Since Z(P) is a characteristic subgroup
of P = 0,(G), it follows that Z(P) is a normal subgroup of G. Thus Z(P) is a

nontrivial normal abelian subgroup of G. O

DEFINITION 2.1.8. A finite group G is said to be semisimple if G has no non-

trivial normal abelian subgroups.

Thus if G is a finite semisimple group, then every minimal nontrivial subnormal

subgroup of G is simple nonabelian.

DEFINITION 2.1.9. If G is a group, then o(G) is the subgroup generated by
the simple nonabelian subnormal subgroups of G. If G has no simple nonabelian

subnormal subgroups, then we set o(G) = 1.
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Clearly o(QG) is a characteristic subgroup of G.

THEOREM 2.1.10. If G is any group, then o(G) is the internal direct sum of

the simple nonabelian subnormal subgroups of G.

Theorem 2.1.10 is a straightforward consequence of the following theorem,

which we shall prove in Section 2.2.

THEOREM 2.1.11. If H is a simple nonabelian subnormal subgroup of the group

G, then H normalises every subnormal subgroup of G.

PROOF OF THEOREM 2.1.10. Let {S; | i € I} be the set of simple nonabelian
subnormal subgroups of G. Let i, j be distinct elements of I. By Theorem 2.1.11,
S; and S; normalise each other. Hence S; N S is a normal subgroup of S; and so

S;NS; =1. Applying Lemma 1.2.3(b), we obtain that
[S:,5;] <SinS; =1.
It follows that (S; | j € I \ {i}) centralises .S; and hence
SN (S; je T~ {if) =1
for all ¢ € I. Thus o(G) = (S, | i € I) is the internal direct sum of the subgroups
{Si|iel}. O

Now we are ready to begin the proof of Theorem 2.1.3. Suppose that H is a
finite subnormal subgroup of the group G such that Co(H) = 1. Then G is also a
finite group and we shall find a bound for |G| which depends only on the integer

First we construct a strictly increasing series of characteristic subgroups in H
1=5 <S8 <---<8=H

as follows. Suppose inductively that S; has been constructed. If H/.S; is semisimple,
then S;11/S; = o(H/S;) is the product of all the simple nonabelian subnormal
subgroups of H/S;. If H/S; is not semisimple, then there exists a prime p; such
that O, (H/S;) # 1 and we define S;11/S; = Oy, (H/S;).

Next we construct a corresponding series of characteristic subgroups in G

1=Ry<Ri < <R <G
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as follows. If H/S; is semisimple, then R;11/R; = o(G/R;) is the product of
all the simple nonabelian subnormal subgroups of G/R;. Otherwise, R;11/R; =
O,, (G/R;), where p; is the prime such that S;11/S; = O,, (H/S;).

LEMMA 2.1.12. S; < R; for each 0 <i < 't.

PRrROOF. We argue by induction on ¢ > 0. The result is clearly true when ¢ = 0.
Suppose that i < ¢t and that S; < R;. If S;11R;/R; =1, then S;1; < R; < Riy1.
So we can assume that S; 1 R;/R; # 1. First notice that

Sit1Ri/R; ~ Sit1/Sit1 N R;

and so S;+1R;/R; is a homomorphic image of S;+1/S5;. Thus S;+1R;/R; is either
a product of simple nonabelian groups or else a p;-group, depending on whether

H/S; is semisimple or not. Next note that
Siv1Ri/Ri <--- QSR /R; = HR; [ R;;

and that HR;/R; sn G/R;, because H sn G. Hence S;11R;/R; is a subnormal
subgroup of G/R;.

Thus if H/S; is semisimple, then S;;1R;/R; is a product of simple nonabelian
subnormal subgroups of G/R; and so S;y1R;/R; < Rix1/R; = 0(G/R;). And if
Sit1/Si = Op, (H/S;), then S;11R;/R; is a subnormal p;-subgroup of G/R;; and
so by Lemma 2.1.6,

In both cases, we have obtained that S;;1 < R;y1. [l

As we explained earlier in Claim 2.1.4, in order to bound |G| in terms of |H|,
it is enough to bound |R| in terms of |H|. And since ¢t < |H|, we need only bound
|R;+1| inductively in terms of |R;| and |H|. The following two results will enable

us to accomplish this.

LEMMA 2.1.13. Suppose that H is a subnormal subgroup of the finite group G
and that Cq(H) =1. If N < G and R/N = o(G/N), then |R| < |HN|..

PROOF. We can suppose that o(G/N) # 1. So R/N is the product of all
the simple nonabelian subnormal subgroups of G/N. By Theorem 2.1.11, each
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simple nonabelian subnormal subgroup of G/N normalises the subnormal subgroup
HN/N. Hence R/N normalises HN/N and this implies that R normalises HN.
Let ¢ : R — Aut(HN) be the homomorphism defined by ¢(g) = i, [ HN. Since
Cr(HN) < Cg(H) =1, it follows that ¢ is an embedding. Thus

IR| < [Aut(HN)| < |HN]L.

The next result will be proved in Section 2.3.

LEMMA 2.1.14. Let p be a prime. Suppose that H is a subnormal subgroup of
the finite group G and that Cq(H) = 1. If N < G and R/N = O,(G/N), then
|R| < |N|.|HN|\.

Let m; = |R;| for each 0 < i < ¢. Then mg = 1, and we can bound m;y; in
terms of m; and h = |H| as follows. If H/S; is semisimple, then R;1/R; = 0(G/R;)
and so, applying Lemma 2.1.13, we obtain that

mir1 = |Ripa1| < (hmy)!.

If H/S; is not semisimple, then R;11/R; = O,,(G/R;) and Lemma 2.1.14 yields
that

mip1 = |[Rip1] < mi(hmg)l

In both cases, m;y1 < m;(hm;)!. This completes the proof of Theorem 2.1.3.

2.2. Subnormal subgroups

In this section, we shall prove Theorem 2.1.11. But first we need to develop

some of the basic theory of subnormal subgroups.

DEFINITION 2.2.1. If X is a nonempty subset of the group G, then the normal

closure of X in G is the subgroup
X ={9Xg"|geq).
Thus X ¢ is the smallest normal subgroup of G which contains X. Notice that

if H is a subgroup of G, then H is a normal subgroup iff H® = H. The following

lemma characterises subnormal subgroups in terms of iterated normal closures.
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DEFINITION 2.2.2. If X is a nonempty subset of the group G, then the ith
normal closure of X in G is the subgroup X defined inductively by

(a) XG0 =@G.
(b) XGitl = XX

An easy induction shows that X C XG for all i > 0 and hence Xt < X6,

LEMMA 2.2.3. Let H sn G and suppose that

is a series of finite length from H to G. Then H® < H; for all 0 < i < n and so
H=HE",

PRrROOF. We shall prove that H%* < H; by induction on i < n. Clearly the
result is true for ¢ = 0. Suppose that ¢ < n and that H%' < H,. Since H,.1 < H,,
we have that Hﬁjl = H;y1. Thus

FGi+l _ pHE! < g

iv1 = Hiy1.

O

Hence if H is a subnormal subgroup of G, then s(G : H) is the least integer n
such that H¢™ = H; and

H:HG,YL ﬂHG’n_l ﬂ ﬁ HG’I S] HG,O -G
is a series of minimal length from H to G. Consequently, if s(G : H) = n > 0, then
s(HY :H)=s(H"' : H)=n — 1.

This observation is often useful in arguments which proceed by induction on the
defect s = s(G : H). In the remainder of this chapter, we shall make repeated use

of the following two results.

THEOREM 2.2.4. Suppose that H and K are subgroups of the group G and that
J=(H,K). Then
(a) [H,K] < J; and
(b) K/ = [H,K|K.
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PROOF. (a) Let h, g € H and k € K. By Lemma 1.2.2(b),
[h, k)? = [hg, k]lg. k] € [H, K].

It follows that H normalises [H, K]. By Lemma 1.2.3(a), [H, K| = [K, H]. Hence
K also normalises [H, K| and so [H, K] < J.

(b) We must show that [H, K]K is the smallest normal subgroup of J which
contains K. First we shall prove that [H, K]K < J. By (a), [H, K] = [H, K] for
all g € J. Hence if g € K, then

([H, KK’ = [H,KJK? = [H, K]K.
Thus K normalises [H, K]K. Now suppose that ¢ € H and k € K. Then
g 'k lg= (¢ kT gk)kT! = [g,k]kT! € [H, K]|K.
Hence if g € H, then K9 < [H, K]K and so
([H, KK’ = [H, KK’ < [H, K]K.

This implies that H also normalises [H, K|K. Hence [H, K|K < J.

Finally suppose that N is a normal subgroup of J such that K < N < J. Then
for each h € H and k € K, we have that [h, k] = (h"'k~'h)k € N. It follows that
[H,K] < N and so [H,K|K < N. O

LEMMA 2.2.5. If K sn G and H < G, then H N K sn H. Furthermore,
s(H: HNK) <s(G: K).

PRrROOF. Let n = s(G : K) and let
K=Ky<dK; 4---4dK,, =G

be a series of finite length from K to G. Intersecting this series with H, we obtain
the series

HNnK=HNKy<---<HNK, =H.

Thus H N K is a subnormal subgroup of H and s(H: HNK) <n=s(G:K). O

Theorem 2.1.11 is an easy consequence of the following result.

LEMMA 2.2.6. Suppose that H and K are subnormal subgroups of the group G
and that HN K = 1. If H is a simple nonabelian group, then [H, K] = 1.
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PROOF. Let H be a simple nonabelian subnormal subgroup of G. Suppose that
K is a subnormal subgroup of G such that HNK =1 and [H, K| # 1. We suppose
that K has been chosen so that s = s((H, K) : H) is minimal. Let J = (H, K).
First suppose that s < 1. Then H < J. In particular, K normalises H and hence
Lemma 1.2.3 implies that [H, K| < H. By Theorem 2.2.4(a), [H, K] < J. It follows
that [H, K] < H. Since H is a simple group and [H, K] # 1, we must have that
[H,K] = H. Applying Theorem 2.2.4(b), we find that H < [H,K]K = K’ and
hence K/ = J. But K is a subnormal subgroup of J and so Lemma 2.2.3 implies
that K = J. But then H = HNJ = H N K =1, which is a contradiction.

Now suppose that s > 1. Then H is not a normal subgroup of J and so there
exists an element g € K such that H # HY9. Note that HY is also a subnormal
subgroup of G and so H N HY is a subnormal subgroup of H. Since H is simple,
we must have that H N H9 = 1. Remember that

s(H' :H)=s(J:H) —1=s—1.

Since (H, H9) < H”, it follows that s ((H, H9) : H) < s — 1. By the minimality of
s, we have that [H, H9] = 1. Therefore if hq, hy € H, then

1= [hy, h§] = [h1, halha, g]] = [h1, [ha, g]][h1, ho]"29).

(The last equality follows from Lemma 1.2.2(c).) By Theorem 2.2.4(a), H nor-
malises [H, K] and so [H,[H, K]] < [H, K]. Thus

[h17h2][h2’g] = [hlv [h27g“71 € [Hv K]

and so [h1, he] € [H, K] for all hy, hg € H. Thus [H,H] < [H, K]. Since H is a
simple nonabelian group, it follows that [H, H| = H. Hence we have shown that
H < [H,K]. Arguing as in the first paragraph of this proof, we now find that
K7 = J; and again this leads to the contradiction that H = 1. (I

PROOF OF THEOREM 2.1.11. Suppose that H is a simple nonabelian subnor-
mal subgroup of the group G and let K be an arbitrary subnormal subgroup of G.
By Lemma 2.2.5, H N K is a subnormal subgroup of H. Since H is simple, either
HNK =H or HN K = 1. In the former case, H < K; and in the latter case,
Lemma 2.2.6 yields that [H, K] = 1. So in both cases, we find that H normalises
K. O
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2.3. Finite p-groups

In this section, we shall prove Lemma 2.1.14. We shall make use of the following
two results. The first result is well-known and a proof can be found in any of the

standard textbooks in group theory. (For example, see Section 2.1 of Suzuki [48].)

THEOREM 2.3.1. If P is a finite p-group, then P 1is nilpotent. Hence if N is a
nontrivial normal subgroup of P, then N N Z(P) # 1.

O

The second result is more technical; and requires some preliminary explana-
tion. Let H be a finite group and let p be a prime. Suppose that Nj, Ny are
normal subgroups of H such that H/N; and H/Ny are p-groups. Consider the

homomorphism

T H‘)H/Nl X H/N2
defined by w(h) = (hN1,hNs2). Then kerm = N7 N Ny and so H/Ny N No is
isomorphic to a subgroup of H/N; x H/Ny. In particular, H/N3 N N is also a
p-group. This implies that there exists a smallest normal subgroup N of H such

that H/N is a p-group.

DEFINITION 2.3.2. Let H be a finite group and let p be a prime. Then OP(H)
is the smallest normal subgroup of H such that H/OP(H) is a p-group.

PROPOSITION 2.3.3. Suppose that H is a subnormal subgroup of the finite group

G and that p be a prime. Then O,(G) normalises OP(H).

Before proving Proposition 2.3.3, we shall complete the proof of Lemma 2.1.14.
Suppose that H is a subnormal subgroup of the finite group G and that Cq(H) = 1.
Let N 9 G and let R/N = O,(G/N).

CrLAam 2.3.4. OP(HN/N) = OP(H)N/N.

PRrROOF. Let M be the subgroup such that N < M and M/N = OP(HN/N).

Since

(HN/N) / (OP(H)N/N) ~ HN/OP(H)N
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is a p-group, it follows that M < OP(H)N. Now consider the homomorphism
o H— HN/M

defined by 9 (h) = hM. Then kertp = HN M and so H/H N M is isomorphic to
a subgroup of the p-group HN/M. This implies that OP(H) < H N M and hence
OP(H)N < M. Thus M = OP(H)N. O

It is easily checked that HN/N is a subnormal subgroup of G/N. Thus Propo-
sition 2.3.3 yields that R/N = O, (G/N) normalises OP(H)N/N = OP(HN/N);
and this implies that R normalises OP(H)N. Let ¢ : R — Aut(O?(H)N) be the
homomorphism defined by ¢(g) =i, [ OP(H)N and let C' = Cr(OP(H)N). Then
ker p = C and so

[R:C] <|Aut(OP(H)N)| < |HN]|.
We shall prove that C' < N. This implies that

[R| < |CLIHN|! < |N|JHN],

as required.

First notice that H normalises OP(H), N and R; and hence H normalises
C = Cr(OP(H)N). Now let P be a Sylow p-subgroup of H and let @ be a Sylow
p-subgroup of HC such that P < Q. Let T'=C N Q. Clearly P normalises T.

Cramm 2.3.5. T =1.

PROOF. Suppose that T" # 1. We shall derive a contradiction by finding an
element 1 # 2 € TN Cg(H). First remember that if S is a Sylow p-subgroup of a
group K and M < K, then SM/M is a Sylow p-subgroup of K/M. In particular,
since H/OP(H) is a p-group, we must have that H/OP(H) = POP(H)/OP(H) and
so H=POP(H).

Since P normalises T, it follows that PT is a p-group. By Theorem 2.3.1,
there exists an element 1 # z € TN Z(PT). But since z € C < Cg(OP(H)) and
H = POP(H), this means that z € Cq(H). O

Now recall that if S is a Sylow p-subgroup of a group K and M < K, then M NS
is a Sylow p-subgroup of M. In particular, since C < HC', we have that T = CNQ
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is a Sylow p-subgroup of C'. Thus p does not divide |C|. Since R/N = O,(G/N) is
a p-group, we must have that C' < N. This completes the proof of Lemma 2.1.14.

The proof of Proposition 2.3.3 will involve some intricate commutator calcula-
tions. In particular, we shall make use of the following characterisation of H%? in

terms of iterated commutator subgroups.

DEFINITION 2.3.6. If n > 2 and Xg, Xi,..., X, are nonempty subsets of the

group G, then we inductively define
[Xo,.--, Xn] =[[Xo,- -y Xn-1], Xn]-
For each n > 1, we also define

(X, Y] =[X,Y,...,Y].
——

n

PROPOSITION 2.3.7. If H is a subgroup of the group G, then H%' =[G, ;H] H

for each i > 1.

PROOF. It is easily checked that H normalises [G, ;H| H for each ¢ > 1. Thus
(G, ;H],H) = |G, ;H] H. By Theorem 2.2.4, the proposition holds when i = 1.
Assuming that the result holds for 7 > 1, then applying Theorem 2.2.4 once again,

we obtain that

HEH = g = o T G, :H],H]H =[G, i+1H] H.

We shall also make use of the following result.

LEMMA 2.3.8. Suppose that H and K are subgroups of the group G, and that
K normalises H. Then [HK, K| = [H, K|[K, K].

ProOF. First note that
[H, K|[K, K] < [HK, K|[HK, K] = [HK, K.
Now let h € H and z, y € K. Applying Lemma 1.2.2(b), we obtain that
[ha, yl = [h,y]" [z, y] = [P, y" [z, y] € [H, K][K, K].

Thus [HK, K] < [H, K]|K, K]. O
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Finally we are ready to begin the proof of Proposition 2.3.3. So suppose that

H is a subnormal subgroup of the finite group G and that p is a prime.
CLAamM 2.3.9. [O,(G),0P(H)] = [0,(G),0P(H),OP(H)).

Before proving Claim 2.3.9, we shall show how to complete the proof of Propo-
sition 2.3.3. Let T' = (0,(G),0?(H)) = O,(G)OP(H). Since OP(H) <4 H and
H sn G, it follows that OP(H) sn G. Hence OP(H) sn T. Applying Proposition
2.3.7 and Lemma 2.3.8, we see that

OF(H)™! = [T,O"(H)]O" (H)
= [0,(G)O"(H), O (H)]O"(H)
= [0p(G), OP(H)]OP(H).
Similarly we have that OP(H)"2 = [0,(G), OP(H), OP(H)]O?(H). Applying Claim
2.3.9, we obtain that OP(H)T"t = OP(H)T? and so OP(H)T-! = OP(H)T for all

i > 1. Since OP(H) sn T, Lemma 2.2.3 implies that there exists an integer n > 1
such that OP(H) = OP(H)™"". But this means that

OP(H) = OP(H)™™ = O(H)™ = OP(H)T
and so O, (@) normalises OP(H).

ProOOF OF CLAIM 2.3.9. Clearly both O,(G) and [O,(G), OP(H)] are normalised
by OP(H). Hence [O,(G),OP(H)] < Op(G) and
[0p(G),0°(H),0"(H)] = [[0p(G), O (H)], 0" (H)] < [0,(G), OP(H)].
The proof of the opposite inclusion is more involved. First note that, by Theorem
2.24, [0,(G),0P(H),O0P(H)] < [O,(G),0P(H)]. Fix some element g € O,(G) and
let z, y € OP(H). Using the definition of the commutator, it is easily verified that
[zy, 9] = [z, 9] [[=, 9]yl [y, 9].
Thus
[zy, 9] = [7,9][y,9] mod [OP(G>7 OP(H),0"(H)],
since [z, g}, ] = [lg,2]"%,4] € [0y(G), OP(H), 0P (H)]. Thus we can define a ho-

momorphism

¢ : OP(H) = [0,(G),07(H)] / [0p(G), O"(H), O"(H)]
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by

p(x) = [z,9][0,(G), O"(H),O"(H)] .
Let K = ker . As [0,(G),0F(H)] < O,(G), it follows that OP(H)/K is a p-group.
Let L = (,cp K". Then L is a normal subgroup of H such that L < K < OP(H).
Let H = {h1,...,ht}. Then we can define a homomorphism

Y :OP(H) = OP(H)/K"M x - x OP(H)/K"

by ¢¥(x) = (mKhl, e ,thf). Clearly kert¢ = L and so OP(H)/L is a p-group.
This implies that H/L is also a p-group and so L = K = OP(H). Consequently
[z,9] € [0,(G),0P(H),OP(H)] for all x € OP(H) and g € Op(G); and hence
[0,(G),0P(H)] < [0,(G),0P(H),OP(H)]. This completes the proof of Claim 2.3.9.

(]

2.4. Notes

My account of Wielandt’s Theorem is closely based on that in Robinson’s text-
book [39]. The same material can also be found in Plotkin [36]. Alternative proofs
of Theorem 2.1.3 can be found in Pettet [35] and Schenkman [40]. Pettet [35] also
solves the problem of finding an explicit bound in the statement of Theorem 2.1.3
as follows. Suppose that H is a finite subnormal subgroup of the group G and
that Cg(H) = 1. Let H* be the nilpotent residual of H; i.e. the smallest normal
subgroup of H such that H/H® is nilpotent. Then

|G| < (1Z(H)]] Aut(H™)])!.






CHAPTER 3

The Automorphism Tower Theorem

In this chapter, we shall present two proofs of the automorphism tower theo-
rem. The first proof, which is given in Section 3.1, uses only the most elementary
properties of regular cardinals; and shows that the automorphism tower of an infi-
nite centreless group G terminates after at most (2‘G|)+ steps. The second proof,
which is given in Section 3.3, makes use of Fodor’s Lemma on regressive functions
defined on stationary sets; and shows that actually the automorphism tower of G
always terminates after strictly less than (2|G‘)+ steps. Most of Sections 3.1 and
3.3 will be devoted to a development of the basic theory of regular cardinals and
stationary sets.

In Section 3.2, we shall prove that if w < A < k and H is a centreless group
of cardinality A whose automorphism tower terminates after exactly a > 1 steps,
then there exists a centreless group G of cardinality £ whose automorphism tower
also terminates after exactly « steps. Finally, in Section 3.4, we shall discuss the

question of finding better upper bounds for the heights of automorphism towers.

3.1. The automorphism tower theorem

In this section, we shall prove that the automorphism tower of an arbitrary
infinite centreless group G eventually terminates. As this theorem turns out to be
an easy consequence of the result that every successor cardinal is regular, most of
this section will be devoted to an account of some of the basic properties of regular

cardinals. First we need to introduce the notion of cofinality.

DEFINITION 3.1.1. Let a and 8 be ordinals. Then the mapping f : o — [ is

cofinal iff ran f is unbounded in 3.

DEFINITION 3.1.2. Let 8 be an ordinal. Then the cofinality of 8, written cf(53),
is the least ordinal « such that there exists a cofinal mapping f : a — .

41
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For example, it is clear that cf(w) = w. The notion of cofinality is only inter-
esting when  is a limit ordinal. For suppose that (8 is a successor ordinal; say,
B=~v4+1=~U{y}. Then we can define a cofinal map f:1 — 3 by f(0) =+ and
so cf(8) = 1.

LEMMA 3.1.3. There exists a cofinal map f : cf(8) — B such that f is strictly

mncreasing.

PRrOOF. Clearly we can suppose that § is a limit ordinal. Let g : cf(8) — 8 be
any cofinal map, and define f : ¢f(8) — 8 recursively on & < 3 by

f(&) = max{g(§),sup{(f(n) +1) | n < &}}-

Notice that if £ < cf(8), then {f(n) + 1| n < £} must be bounded in S. Thus the
map [ is well-defined. Since f(§) > g(§) for all £ < cf(8), it follows that f is a

cofinal map; and it is clear that f is strictly increasing. O

LEMMA 3.14. If a is a limit ordinal and f : « — [ is a strictly increasing

cofinal map, then cf(a) = cf(B).

PROOF. Let g : cf(a) — a be a cofinal map. Since f is strictly increasing and
cofinal, it follows that f o g: cf(«) — S is also cofinal. Thus cf(5) < cf(«).
To see that cf(a) < cf(B), let h : cf(8) — B be a cofinal map and define

¢ :cf(f) = a by
©(&) = the least n < a such that f(n) > h(€).
Then it is easily checked that ¢ : ¢f(8) — «a is a cofinal map. O

For example, we can define a strictly increasing cofinal map f : w — N, by

f(n) =XR,,. Hence cf(X,) = w.

DEFINITION 3.1.5. (a) An infinite cardinal & is regular if cf(k) = k.

(b) An infinite cardinal & is singular if cf(k) < k.

If X is an infinite cardinal, then the least cardinal greater than A is denoted
by A*T. Thus R = R, for every ordinal a. Cardinals of the form A™ are called

successor cardinals.

THEOREM 3.1.6. If )\ is an infinite cardinal, then \T is regular.
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PRroOF. Suppose not. Then there exists a cofinal map f : A — AT. For each
a<\let B, ={8|8< f(a)}. Then A\ =J,_, Ba. But |B,| < A for all & < A

and so ‘U Ba| < A, which is a contradiction. O

a<A

a<A

Notice that if £ is a cardinal and X is a set of cardinality &, then cf(k) is the

least cardinal § such that we can express X = J,_,_, Xo, where | X, | < k for each

a<f
a < 6. We shall make use of this observation in the proof of the next theorem,

which will be needed in Section 3.3.
THEOREM 3.1.7 (Konig). If A is an infinite cardinal, then cf(2}) > \.

PrROOF. Let k = cf(2*) and suppose that x < A. Since [P()\)| = 2%, this
implies that there exist sets S, C P(A) for a < k such that

(a) |Sa| < 2* for all @ < k; and
(b) P()‘) = Ua</-i SO“

Since k < A, we can express A = | | X, as the disjoint union of x subsets such

a<k

that |X,| = A for all @ < k. For each a < &, let
P, ={Y € P(X,) | There exists Z € S, such that Y = Z N X,}.

Then |P,| < [Sa| < 2* and hence there exists a subset 4, € P(X,) \ P,. Let
A=|],c.Aa- Then A € S, for some a < k. But since A, = AN X, this means
that A, € P,, which is a contradiction. O

DEFINITION 3.1.8. Let s be a regular uncountable cardinal.

(a) A subset C' C & is closed in & if for every limit ordinal § < x and every

increasing d-sequence
ap<ap << <

of elements of C, we have that sup{a¢ | £ <0} € C.
(b) A subset C' C & is a club if C is both closed and unbounded in &.

The notion of a club is of central importance in many applications of set theory
to algebra; and in Section 3.3, we shall present a detailed account of clubs and
the related notion of stationary sets. In this section, we shall only prove Theorem

3.1.10, which is the set-theoretic key to the automorphism tower theorem.
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DEFINITION 3.1.9. Let X be a set and let x be an infinite cardinal. We say

that X = X, is a smooth strictly increasing union if the following conditions

a<k

are satisfied.
(a) If @ < B < K, then X, & X3.
(b) If @ is a limit ordinal such that o <k, then Xo =, Xe.

THEOREM 3.1.10. Let k be a regular uncountable cardinal. Suppose that X =
Uacr Xa andY =, ., Ya are smooth strictly increasing unions such that | Xo| <

Kk and Y| < k for alla < k. If f: X =Y is a bijection, then
C={a<n|f[Xa] =Ya}
is a club of k.

PROOF. It is clear that C' is closed. The main point is to show that C is

unbounded in k.
CrAam 3.1.11. If a < k, then there exists < k such that f [X,] C Yp.

PrOOF OF CLAIM 3.1.11. Let |X,| = A and write X, = {x¢ | £ < A}. Let
@ : A = Kk be the map defined by

(&) = the least v < k such that f(z¢) € Y,,.

Since A < k = cf(k), there exists 8 < & such that ¢(¢) < g for all £ < A\. Thus
£[Xa] C V. O

CLAM 3.1.12. If B < K, then there exists v < k such that Yg C f[X,].

ProOOF OF CLAIM 3.1.12. By applying Claim 3.1.11 to the inverse function
/71 Y — X, we see that there exists v <  such that f~![Y3] C X,. The result
follows. (]

Let o < k. We shall find an element 5 € C' such that o < 5 < k. Using Claims

3.1.11 and 3.1.12, we can inductively define a strictly increasing sequence
a=0q)g <o < - <ap,<---<K
for n € w such that

f [Xao] c Yal - f [Xoéz] c---C f [Xazn] C YOth,+1 (GRS
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Let 8 = sup{a, | n € w}. Since w < k = cf(k), it follows that 8 < k. Furthermore,

f[XB] = U f[XOQn] = U Ya2n,+1 = Yﬁ'

new new

Thus g € C. O

THEOREM 3.1.13. If G is an infinite centreless group, then the automorphism

tower of G terminates after at most (2|G‘)+ steps.

PrOOF. Let G be an infinite centreless group and let
G=GydG1 4Gy 4Gy dGaq1 -

be the automorphism tower of G. By Theorem 1.1.10, C¢_ (G) =1 for all ordinals
a. Suppose that « > 1 and that g € Ng_ (G). Then g induces an automorphism
of G via conjugation, and so there exists an element h € G; = Aut(G) such that
grg~t = hxh™! for all x € G. Thus h™lg € Cg_(G) = 1. Therefore g = h € Gy
and we have shown that Ng_(G) = G; for all @ > 1. It follows that

[Gat1 : G1] = [Gat1 : Ne,, (G)]

equals the cardinality of the set of all conjugates of G in G441. Since G < G, and
Go 9 Gay1, each such conjugate is contained in G, and so [Gay1 : G1] < \Ga|lG‘.
Hence

Gast] = [G1] [Gasr : G1] < |G1][Gal/S! = |Gq|1€

and an easy transfinite induction shows that |G| < 2/¢I for all a < (2|G‘)+.
Let k = (2‘G|)+. Suppose that the automorphism tower of G does not terminate

in less than k steps. Thus G, & Gg forall o < § < kK and G, = J G, is a

a<k
smooth strictly increasing union. We shall show that G, = G.41. Let m € Aut(G,,)
be an arbitrary automorphism. Since s is a regular uncountable cardinal and

|Go| < & for all @ < K, Theorem 3.1.10 yields that
C={a<kr|n[Gs] =Gu}

is a club of k. If @ € C, then there exists an element g, € G441 = Aut(G,) such
that gorg,! = w(x) for all z € G,. Notice that if a, 8 € C and a < 3, then
9at9s € Ci, (Go) < Cg,(G) =1 and so g, = gg. Thus there is a fixed element
g € G, such that 7 [ G, = iy | G4 for each o € C. Since C is unbounded in &,
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this implies that 7 = i, € Inn(G,). We have now shown that Inn(G,) = Aut(G.,);
i.e. that G, = Gry1. O

DEFINITION 3.1.14. If G is a centreless group, then the height 7(G) of the

automorphism tower of G is the least ordinal « such that G,y = Gg4.

Most of this book will be concerned with the problem of finding an optimal
upper bound for 7(G) in terms of the cardinality x of G.

DEFINITION 3.1.15. If & is an infinite cardinal, then 7, is the least ordinal such

that 7(G) < 7 for every centreless group G of cardinality .

Theorem 3.1.13 says that 7, < (2%)7 4 1. In Section 3.3, we shall use Fodor’s
Lemma to prove that 7, < (2”)+. In the other direction, in Section 4.1, we shall
show that for every a < k™, there exists a centreless group G of cardinality x such
that 7(G) = a. Thus k* < 7, < (2%)". Tt is natural to ask whether better upper
and lower bounds for 7, can be proved in ZFC'. In Chapter 7, we shall show that
no such upper bounds can be proved in ZFC'. It remains an open problem whether

a better lower bound can be proved.

QUESTION 3.1.16. Let k > w. Does there exist a centreless group G of cardi-

nality & such that 7(G) > k7

In Chapter 7, we shall see that if kK > w, then it is consistent that such a group
exists. However, it is unknown whether it is consistent that there exists a countable
centreless group G such that 7(G) > w;.

Nothing is known concerning the exact value of 7,; in any model of ZFC.

PrROBLEM 3.1.17. Find a model M of ZFC and an infinite cardinal x € M

such that it is possible to compute the exact value of 7, in M.

In Chapter 7, we shall see that it is consistent that 7, is not a cardinal. But it
remains open whether 7, can be a successor ordinal. This seems a remote possibility,
for it would mean that there was a centreless group G of cardinality x with an
automorphism tower of mazimum height 7(G) = 7, — 1. However, it seems likely
that given a centreless group G of cardinality x such that 7(G) = «, it should be
possible to construct a related group H of cardinality x such that 7(H) = a + 1.
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Thus I expect that 7, must be a limit ordinal. Similar considerations lead me to
expect that cf(7,) > k. For suppose that a = sup,.,. «; and that for each i < &,
there exists a centreless group G; of cardinality x such that 7(G;) = a;. Then
it should be possible to construct a centreless group G of cardinality x such that
7(G) = a. A first approximation to such a group G might be the direct sum
Bi<xGi.

CONJECTURE 3.1.18. If £ is an infinite cardinal, then 7, is a limit ordinal such

that cf(7,) > x.

It is also natural to ask which ordinals a < 7, are actually realised as the

heights of automorphism towers of centreless groups of cardinality «.

CONJECTURE 3.1.19. For every a < 74, there exists a centreless group G of

cardinality s such that 7(G) = a.

3.2. 7, is increasing

In this section, we shall prove that the function, x — 7, is increasing. This
result is an immediate consequence of the following theorem, which will also be

needed in Chapter 7.

THEOREM 3.2.1. Let w < XA < k. If H is a centreless group of cardinality A
such that T(H) > 1, then 7(H x Alt(k)) = 7(H).

COROLLARY 3.2.2. If w < A < K, then 7\ < Ty.

O

The remainder of this section will be devoted to the proof of Theorem 3.2.1. Let
G = H x Alt(x) and let Hg, G be the Sth groups in the automorphism towers of H,
G respectively. We shall prove by induction that Gg = Hg x Sym(x) for all g > 1.
To accomplish this, we need to keep track of p[Alt(x)] for each automorphism ¢
of Gg. The next lemma shows that for all ¢ € Aut(Gp), either p[Alt(k)] < Hp
or ¢[Alt(x)] < Sym(x). The main point will be to eliminate the possibility that
@[Alt(x)] < Hpg. This will be straightforward when § is a successor ordinal. To
deal with the case when [ is a limit ordinal, we shall make use of the result that

Alt(k) is strictly simple.
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LEMMA 3.2.3. Suppose that A is a simple nonabelian normal subgroup of the

direct product H x S. Then either A< H or A< S.

PROOF. Let 1 # g = 2y € A, where x € H and y € S. If y = 1, then the
conjugacy class g4 = 24 is contained in H and so A = (¢4) < H. So suppose that
y # 1. Let m: H xS — S be the canonical projection map. Then 1 # y € n[4] < S
and 7[A] ~ A. Hence there exists an element z € 7[A] < S such that zyz~—1 # y.

Since A < H x S, it follows that

1 -1

29z g = zxyz_ly_l

7l = zyz_ly_1 #1
is an element of AN S. Arguing as above, we now obtain that A < S. g

The notion of an ascendant subgroup generalises that of a subnormal subgroup.

DEFINITION 3.2.4. Let H be a subgroup of the group G. Then H is said to
be an ascendant subgroup of G if there exist an ordinal 5 and a strictly increasing
chain of subgroups {H,, | « < 8} such that the following conditions are satisfied.

(a) Hy=H and Hg =G.
(b) If « < 8, then H, < Hpyq.
(c) If 6 is a limit ordinal such that § < 3, then Hs = J, .5 Ha-

For example, let G be a centreless group and let 7 = 7(G). If (G4 | a < 7)
is the automorphism tower of G, then G is an ascendant subgroup of G, for each

a<T.

DEFINITION 3.2.5. A group A is strictly simple if it has no nontrivial proper

ascendant subgroups.

Clearly if A is strictly simple, then A is simple. However, Hall [13] has shown

that the converse does not hold.

THEOREM 3.2.6 (Macpherson and Neumann [28]). For each k > w, the alter-

nating group Alt(k) is strictly simple.

PROOF. Suppose that H is a nontrivial proper ascendant subgroup of Alt(x).
Then there exists an ordinal 8 and a strictly increasing chain {H, | o < S} of

subgroups such that the following conditions are satisfied.
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(a) Hop = H and Hg = Alt(k).
(b) If « < 3, then H, < Hpyyq.
(c) If 6 is a limit ordinal such that § < j3, then Hs = {J, 5 Ha-

Since Alt(x) is simple, it follows that § is a limit ordinal. Let v be the least ordinal
such that H, contains a 3-cycle m. Then H, is also a nontrivial proper ascendant
subgroup of Alt(k) and so we can suppose that 7 € Hy. Let A = supp(w). Let
o € Alt(x) be any 3-cycle such that supp(c) N A = (§ and let ® = supp(o). Then
A, = Alt(A U D) is a finite simple group. Let o < 3 be the least ordinal such that
A, < H,. Clearly « is not a limit ordinal. Suppose that & = v + 1 is a successor

ordinal. Then

mEA,NHy 4 A, N Hyypy = A,

and so A, N H, is a nontrivial proper normal subgroup of A,, which is a contra-
diction. Thus o = 0. We have now shown that o € Hy for every 3-cycle o € Alt(k)
such that supp(c)NA = (). Since each alternating group is generated by its 3-cycles,
it follows that Alt(k \ A) < Hp. Finally note that if o € Alt(k) is any 3-cycle such
that supp(c) N A =}, then Alt(k) = (Alt(k ~ A), A,). Hence Alt(x) < Hy, which

is a contradiction. O

LEMMA 3.2.7. Suppose that H is a centreless group. Let 7 = 7(H) and let
(Ho | @ < 7) be the automorphism tower of H. If A is a strictly simple normal
subgroup of H., then A < Hy.

PROOF. Let a < 7 be the least ordinal such that A < H,. First suppose that
a is a limit ordinal. Then A = (s, (AN Hg) and AN Hg 4 AN Hgyq for all
B8 < a. It follows that if v < « is the least ordinal such that AN H, # 1, then
AN H, is a nontrivial proper ascendant subgroup of A. But this contradicts the
assumption that A is strictly simple.

Next suppose that oo = 3 + 1 is a successor ordinal. Since AN Hg is a proper
normal subgroup of A, it follows that AN Hg = 1. Since A < Hg11 < Ng, (Hp)
and Hg < Ny, (A) = H;, Lemma 1.2.3 implies that [4, Hg] < AN Hz = 1. But
then A < Cp,_ ,(Hg) = 1, which is a contradiction. The only remaining possibility
is that a = 0. (]
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PROOF OF THEOREM 3.2.1. Let 7 = 7(H) and let
H=HydH Q- <dHy,AHy 1 Q- A H, =Hr =
be the automorphism tower of H. Let G = H x Alt(x) and let
G=Gy4G 4G9 d4Ga 4Gaq1 D -+

be the automorphism tower of G. We shall prove by induction on a > 1 that
G, = H, x Sym(k).

First consider the case when o« = 1. Let ¢ € Aut(G) be any automorphism.
Then ¢[Alt(x)] is a simple nonabelian normal subgroup of G = H x Alt(x). By
Lemma 3.2.3, either ¢[Alt(x)] < H or ¢[Alt(k)] < Alt(k). Since

lp[Alt(r)]] = & > A = [H],

it follows that p[Alt(x)] < Alt(k). As ¢[Alt(k)] is a normal subgroup of G, we
must have that p[Alt(k)] = Alt(k). Note that Cg(Alt(k)) = H. Hence we must
also have that ¢[H| = H. By Theorem 1.3.12, Aut(Alt(x)) = Sym(k). It follows
that

G1 = Aut(G) = Aut(H) x Aut(Alt(k)) = Hy x Sym(k).

Next suppose that & = 841 and that Gg = Hg x Sym(k). Let ¢ € Aut(Gg) be

)
any automorphism. By Lemma 3.2.3, either p[Alt(k)] < Hg or [Alt(x)] < Sym(x
(

(k)] <8 ).
As Alt(k) is a strictly simple group, Lemma 3.2.7 implies that ¢[Alt(k)] < Sym(k).
Since @[Alt(k)] is a normal subgroup of Gg, it follows that ¢[Alt(k)] = Alt(x).
Using the facts that Cg,(Alt(x)) = Hg and Cg,(Hg) = Sym(k), we now see that

p[Hg] = Hp and ¢[Sym(k)] = Sym(x). Hence
Gp+1 = Aut(Gg) = Aut(Hg) x Aut(Sym(k)) = Hp1 X Sym(k).
Finally no difficulties arise when « is a limit ordinal. O
QUESTION 3.2.8. Is 7,; a strictly increasing function of 7

In Chapter 7, we shall prove that it is consistent that 7, is a strictly increasing

function of k.
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3.3. A better bound

In Section 3.1, we proved Wielandt’s theorem that if H is a finite subnormal
subgroup of a group G with Cg(H) = 1, then there is an upper bound for |G|
depending only on |H|. In [7], Faber proved the following analogous result for

infinite ascendant subgroups.

THEOREM 3.3.1. If H is an infinite ascendant subgroup of the group G and
Cg(H) =1, then |G| < 2!H1,

Clearly Theorem 3.3.1 gives the best possible bound. (For example, consider the
inclusion Alt(k) < Sym(k).) It also yields the following improvement on Theorem

3.1.13.

COROLLARY 3.3.2. If G is an infinite centreless group, then 7(G) < (2'6‘)+.

PROOF. Let G be an infinite centreless group and let
G=GydG1 4G4 4G Gy D+

be the automorphism tower of G. Let 7 = 7(G). Then G is an ascendant subgroup
of G, and Cg, (G) = 1. Thus |G,| < 26l Since G, & Gy for all a < 7, it
follows that |G| > |7|. Hence 7 < (2|G‘)+. O

Theorem 3.3.1 is a straightforward consequence of Fodor’s Lemma on regressive
functions. Before we can prove Fodor’s Lemma, we must first present a little more
of the theory of clubs. As Kunen points out in [25], there is a suggestive analogy
between measure theory and the theory of clubs; namely, clubs can be imagined
as being large or of probability measure 1. The following lemma is an analogue of
the result that in a probability space, the intersection of countably many sets of

measure 1 also has measure 1.

LEMMA 3.3.3. Let k be a reqular uncountable cardinal and let A < k. If Cy, is

a club of k for each o < A, then C = (., Cq is also a club of k.

PrROOF. It is easily checked that C' is closed. The main point is to show that
C is unbounded in k. To this end, for each o < A, define the function f, : kK — Kk
by
fa(B) = the least v € C, such that v > 5.
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Let g : k — Kk be the function defined by g(8) = sup{fa(8) | @ < A}. Since
A < cf(k) = kK, we have that g(8) < k. Thus g is well-defined. For each 1 <n < w,
let

n

gt =go---0g:K—=K
—_—

n times

be the n-fold composition of g; and define ¢g* : kK — k by

g“(B) =sup{g"(B) | 1 <n <w}.

Clearly 8 < ¢g*(B) < k. We claim that ¢*(8) € C' = [),.5 Ca. To see this , fix

some ordinal @ < A. Then

fa(B) < 9(B) < falg(B)) < g*(B) < -+ < falg"(B)) < "7 (B) < -+

Thus ¢*(8) = sup{fa(¢g"(8)) | 1 <n < w}. Since fo(g"(B)) € Cy foralll < n < w,
it follows that g« (B) € C,. O

DEFINITION 3.3.4. Let k be a regular uncountable cardinal. A subset S C « is

stationary in k if SN C # O for every club C of .

If T C k is nonstationary, then there exists a club C such that T'C k ~ C. So
continuing with our measure theoretic analogy, nonstationary sets can be imagined
as being small or of probability measure 0. Consequently, stationary sets can be
imagined as having positive measure. By Lemma 3.3.3, every club is stationary. If
k > AT, then the next result provides an example of a stationary set which is not
a club. (To see that T is not a club, for each £ < AT, let 3¢ be the £th element of
T. Then sup{fe¢ | E < AT} ¢ T.)

LEMMA 3.3.5. Let k be a reqular uncountable cardinal. If X is a regular cardinal

such that w < A < Kk, then
T={a<k|cf(a)=A}
s a stationary subset of k.

PROOF. Let C be a club of k and let {a¢ | £ < K} be the increasing enumeration
of C. Then ay = sup{ae | £ < A} and so cf(ay) = cf(A) = A. Thusay e TNC. O
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Algebraists often experience more difficulty in grasping the significance of the
notion of a stationary set than that of a club. So before giving the definition
of a regressive function, I will give a simple example which illustrates the natural

manner in which stationary sets arise in the construction of uncountable structures.

EXAMPLE 3.3.6. A linear ordering L is said to be a DLO if L is dense and
has no endpoints. It is well-known that every countable DLO is isomorphic to
the ordered set Q of rational numbers. Now consider the problem of constructing
nonisomorphic DLOs of cardinality w;. For each A C wq, we shall construct a DLO

p*=[J DZ
a<wi
as the smooth strictly increasing union of a suitably chosen sequence of countable
DLOs. In the successor steps of our construction, we shall make use of two kinds

of embeddings D7 C D2, ;.

DEFINITION 3.3.7. An embedding D; C Dy of countable DLOs is said to be a
rational embedding if
(a) Dj is an initial segment of Dy; and
(b) D; has a least upper bound in Ds.

In this case, the embedding Dy C Dy is isomorphic to (—oo, 1) N Q C Q.

DEFINITION 3.3.8. An embedding D; C Dy of countable DLOs is said to be
an irrational embedding if
(a) D; is an initial segment of Dy; and
(b) D; has no least upper bound in Ds.

In this case, the embedding D; C Dy is isomorphic to ( —o0, v/2) N Q C Q.

For each A C wy, let DA = U(KW1 DZ be the smooth strictly increasing union

of the countable DLOs D?' chosen so that

(i) if « € A, then D C D2, | is a rational embedding; and

(i) if a ¢ A, then D C D4, is an irrational embedding.
It is natural to expect that if A and B are “sufficiently different” subsets of wy, then
DA o DB. As the next result shows, stationary sets provide the correct notion of

“sufficiently different”.
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PROPOSITION 3.3.9. D4 % DB iff the symmetric difference A /\ B is a sta-

tionary subset of wy.

PrOOF. First assume that S = A A B is a stationary subset of w;. Suppose

that f: DA — DP is an isomorphism. By Theorem 3.1.10, the set
C={a<w | [f[D3]=Dg}

is a club of wy. Hence there exists an ordinal o € SNC. Without loss of generality,
we can suppose that a € A~ B. But then D2 has a least upper bound in D4 and
f[DA] = DB has no least upper bound in D, which is a contradiction.

Now assume that S = AA B is a nonstationary subset of w;. Then there exists
a club C such that SNC = 0. Let {o¢ | £ < w1} be the increasing enumeration
of C. Note that for each & < wy, D;‘6 has a least upper bound in DA iff Df6

Qet1
B
Qet1”

of isomorphisms f¢ : Dﬁg — DaB5 such that f, C fe for all n < £ < wy. Then

has a least upper bound in D Hence it is easy to inductively define a sequence

f= U£<w1 fe is an isomorphism from D4 onto DB. (]

It is well-known that for every regular uncountable cardinal k, there exists
a family {A¢ | € < 2"} of subsets of x such that A¢ A A, is stationary for all
€ < n < 2". (Since we shall not require this result in the main body of this book, we
shall not give a proof here. A clear treatment of this result can be found in Section
I1.4 of [6].) Hence our construction yields a family of 2! pairwise nonisomorphic

DLOs of cardinality w;.

DEFINITION 3.3.10. Let x be a regular uncountable cardinal and let T C k.

The function f : T — k is regressive if f(a) < « for all a« € T.

For example, suppose that T is a nonstationary subset of x such that 0 ¢ T
Then there exists a club C such that TNC = @) and 0 € C. So we can define a
regressive function f : T — k by

fla) =sup{f <a|BeC}
=max{f < a|peCC}
Notice that for each v < &, the set {a € T'| f(«) = ~} has cardinality less than

k. In contrast, Fodor’s Lemma implies that every regressive function defined on a

stationary subset of x is constant on a set of cardinality k.
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THEOREM 3.3.11 (Fodor’s Lemma). Let x be a regular uncountable cardinal
and let T be a stationary subset of k. If f : T — kK is a regressive function, then

there exists an ordinal v < Kk such that
S={aeT|f(e) =1}

s a stationary subset of k.

Fodor’s Lemma is an easy consequence of the following somewhat technical

lemma.

LEMMA 3.3.12. Let x be a regular uncountable cardinal and let C,, be a club of
K for each v < k. Then the diagonal intersection
D={B<k|Be[)C}
v<B

is also a club of k.
PRrOOF. First we shall show that D is closed in k. So suppose that

Bo<Br<--<Pe<...

is an increasing d-sequence of elements of D for some limit ordinal § < k. Let
B =sup{Be | £ < d}. If v < B, then there exists § < ¢ such that v < S for all
& <& < 6. Thus fe € C, for all § <& < and so B =sup{fe | & <€ < 6} € C,.
Hence g € D.

To see that D is unbounded in x, define the function g : kK — x by

g(B) = the least a € ﬂ C, such that o > B.
v<B
By Lemma 3.3.3, ﬂ'v<B C, is also a club of k. Thus g is well-defined. Once again,
for each 1 < n < w, let ¢" : Kk — Kk be the n-fold composition of g; and let
9“(B) = sup{g"(B) | 1 < n < w}. Clearly 8 < ¢¥(8) < k. We claim that
g“(8) € D. To see this, fix some v < g*(8). Then there exists an integer m such
that v < ¢™(p) for all m < n < w. Thus ¢"(8) € C, for all m < n < w and so

g¥(B) =sup{g"(B) | m <n <w} € C,. Hence g*(B) € D. O

PrROOF OF FODOR’S LEMMA. Suppose that the regressive function f : T — &k

is a counterexample. Then for every v < &, there exists a club C, of s such
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that f(8) # ~ for all 8 € C, NT. By Lemma 3.3.12, the diagonal intersection
D ={B<r|B €50y} is also a club of k. Hence there exists an ordinal
B €TnND. Since 8 € D, we have that f(8) # « for all v < 5. But this contradicts
the fact that f(38) < 8. O

We are now ready to prove Faber’s theorem on infinite ascendant subgroups.

PrOOF OF THEOREM 3.3.1. Suppose that H is an infinite ascendant subgroup
of the group G and that Cg(H) = 1. Then there exist an ordinal 8 and a strictly
increasing chain of subgroups {H, | & < 5} such that the following conditions are
satisfied.

(a) Hyo=H and Hg =G.

(b) If @ < 3, then H, < Hyq1.

(c) If 6 is a limit ordinal such that § < 3, then Hs = J, 5 Ha-
We shall prove inductively that |H,| < 2IH| for all a < B. This is certainly true
when « = 0. Next consider the case when « is a successor ordinal; say, a = v + 1.
For each h € H,, let oy, : H — H, be the embedding such that ¢, (z) = hah~! for
all z € H. Since H < H, < H,, we have that ¢,[H] < H, for all h € H,. Thus

{on | he Ho}| < [H, | < 2N = ol

If 5, = g, then h™tg € Cy (H) =1 and so h = g. Hence |H,| < 2/H1,

Finally suppose that « is a limit ordinal. If a < (Q‘H |)+, then it is clear that
|H,| < 21, Thus to complete the proof of Theorem 3.3.1, we need only show that
B < (2‘H‘)+. Suppose not. Let k = (2|H|)+ and A = cf (2‘H|). By Lemma 3.3.5,
T = {a < k| cf(a) = A} is a stationary subset of k. For each « € T, choose an

element hy € Hyq1 \ H,. Since H < H, < H, 41, we have that
haHhy' < Ho = | H,.
y<a

By Lemma 3.1.4, |H| < cf (2]) = X\ = cf(a). Hence there exists an ordinal
f(a) < a such that ho Hhy' < Hy(). Applying Fodor’s Lemma to the regressive

function f : T — k, we see that there exists an ordinal v < k such that

S={aeT| fl)=7)
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is a stationary subset of k. For each o € 5, let ¢, : H — H, be the embedding
such that ¢, (z) = hozh,! for all z € H. Then

{pa | a e Sy < |H,[H <2 < k.

Since |S| = &, there exist distinct ordinals ay, as € S such that ¢,, = @a,. But

then 1 # hglha, € Cp, (H), which is a contradiction. O

We shall end this section with the following easy observation, which shows that

Corollary 3.3.2 does not give the best possible upper bound for 7.
THEOREM 3.3.13. If & is an infinite cardinal, then 7., < (2%)7".

ProOOF. By Corollary 3.3.2, if G is a centreless group of cardinality x, then
7(G) < (2%)%. Since there are only 2% centreless groups of cardinality & up to

isomorphism, it follows that

sup{7(G) | G is a centreless group of cardinality x} < (2%)%.

3.4. The automorphism tower problem revisited

We have just seen that Corollary 3.3.2 does not give the best possible upper
bound for 7. So it is natural to ask whether a better upper bound on 7, can
be proved in ZFC, preferably one which does not involve cardinal exponentiation.
Since the proofs in this chapter are extremely simple and use only the most basic
results in group theory, together with some elementary properties of the infinite
cardinal numbers, it is not really surprising that Corollary 3.3.2 does not give the
best possible upper bound for 7. In contrast, the proof of Wielandt’s theorem
is much deeper and involves an intricate analysis of the subnormal subgroups of a
finite centreless group. The real question behind the search for better upper bounds
for 7, is whether there exists a subtler, more informative, group-theoretic proof of
the automorphism tower theorem for infinite groups. The main result of Chapter
7 says that no such bounds can be proved in ZFC', and thus can be interpreted as
saying that no such proof exists.

Of course, it is still possible that such proofs exist for various restricted classes

of infinite centreless groups. For example, Rae and Roseblade presented such a proof
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for the class of Cernikov groups in [38], where they showed that the automorphism
tower of a centreless Cernikov group terminates after finitely many steps. (The
definition of a Cernikov group can be found in Section 5.4 of Robinson [39].) And
in [17], Hulse gave an intricate proof that the automorphism tower of a centreless
polycyclic group terminates in countably many steps. (Once again, the definition of
a polycyclic group can be found in Section 5.4 of Robinson [39].) It turns out that
there is actually a much easier proof of Hulse’s theorem. Every polycyclic group is
finitely generated and so Hulse’s theorem is a consequence of the following stronger
theorem. However, a careful examination of Hulse’s proof should yield a better

upper bound for the height of the automorphism tower of a centreless polycyclic

group.
THEOREM 3.4.1. If G is a finitely generated centreless group, then T7(G) < w.

Once again, this result is an immediate consequence of the appropriate analogue

of Wielandt’s theorem on finite subnormal subgroups.

THEOREM 3.4.2. If H is a finitely generated ascendant subgroup of the group
G and Cg(H) =1, then |G| < w.

PROOF. Since the proof of Theorem 3.4.2 is almost identical to that of Theorem
3.3.1, we shall just mention the main points. Suppose that H = (hy,...h,) is a
finitely generated ascendant subgroup of the group G and that Cg(H) = 1. Then
there exist an ordinal 8 and a strictly increasing chain of subgroups {H, | o < 5}
such that the following conditions are satisfied.

(a) Hyo=H and Hg =G.

(b) If « < 3, then H, < Hyyq.

(c) If 6 is a limit ordinal such that § < 3, then Hs = J, 5 Ha-
By Theorem 2.1.3, we can suppose that H is an infinite group. We can now prove
inductively that |H,| = w for all « < 8. First consider the case when o = v + 1
is a successor ordinal. For each h € H,, let ¢} : H — H, be the embedding such
that oy (z) = hah™! for all x € H. Then ¢,[H| < H, for all h € H, and each

embedding ¢y, is uniquely determined by its restriction g | {h1,...,h,}. Thus

w < [Hapr| = {on | h € Hapr}| < |H,|" =" = w.
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Finally suppose that « is a limit ordinal. If @ < wy, then it is clear that |H,| = w.
Thus we need only show that 5 < wy. Suppose not. Let T' = {a < wy | cf(a) = w}
and for each a € T, choose an element h, € Hyy1 N H,. Then we have that
hoHh' < H, =
ordinal f(a) < « such that hoHh ! < Hy(o)- Applying Fodor’s Lemma to the

y<a H~- Since H is a finitely generated group, there exists an
regressive function f : T — wi, we see that there exists an ordinal v < w; such
that S = {a € T | f(a) = v} is a stationary subset of wy. Arguing as in the proof

of Theorem 3.3.1, we easily obtain a contradiction. O

DEFINITION 3.4.3. 7y, is the least ordinal such that 7(G) < 7144 for every

finitely generated centreless group G.

B. H. Neumann [33] has shown that there are 2“ two-generator centreless
groups up to isomorphism. So it is conceivable that Theorem 3.4.1 gives the best

possible bound.
QUESTION 3.4.4. Is 77y = w1?

We obtain an even more interesting problem when we restrict our attention to

the class of finitely presented groups.

DEFINITION 3.4.5. 7y, is the least ordinal such that 7(G) < 7y, for every

finitely presented centreless group G.

Since there are only countably many finitely presented groups up to isomor-

phism, it follows that 7y, is a countable ordinal.
PrROBLEM 3.4.6. Compute the exact value of 7¢p,.

Problem 3.4.6 is probably very difficult. But there is a special case that appears
to be much more managable. It is well-known that every polycyclic group is finitely
presented; and a careful reading of Hulse’s paper [17] may be enough to solve the

following problem.

DEFINITION 3.4.7. 7, is the least ordinal such that 7(G) < 7, for every

centreless polycyclic group G.

ProBLEM 3.4.8. Compute the exact value of 7.
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Finally it should be pointed out that the argument of Theorem 3.4.2 gives an
easy proof of the fact that if H is a finite ascendant subgroup of a group G such that
Cg(H) = 1, then G is necessarily a countable group. (Using the notation of the
proof of Theorem 3.4.2, it is clear that H,, is finite for each n € w. If H, is infinite,
then the argument of Theorem 3.4.2 shows that |H,| = w for all w < a < §.)
Of course, this implies that the automorphism tower of a finite centreless group
terminates in countably many steps. However, there does not seem to be an easy
reduction from countable to finite; and it appears that some form of Wielandt’s

analysis is necessary.

3.5. Notes

My account of clubs and stationary sets is closely based on that in Kunen’s
textbook [26]. Theorem 3.1.13 first appeared in my 1985 paper [49]. Soon af-
terwards, Ulrich Felgner and I noticed independently that Fodor’s Lemma implied
that the automorphism tower of an infinite centreless group actually terminates
after strictly less than (2|G‘)+ steps. While I gave a direct proof, which later ap-
peared in [50], Felgner realised that Corollary 3.3.2 was an immediate consequence
of Faber’s work [7] on infinite ascendent subgroups. I am very grateful to Felgner
for pointing out the connection between Faber’s work and the automorphism tower
problem. (Of course, I am even more grateful that nobody noticed this connection
before the publication of [49].) Theorem 3.4.1 was also noticed independently by
Felgner. Theorem 3.2.1 first appeared in Just-Shelah-Thomas [22].



CHAPTER 4

The Normaliser Tower Technique

Much of this book will be concerned with the problem of constructing centreless
groups with extremely long automorphism towers. Unfortunately it is usually very
difficult to compute the successive groups in the automorphism tower of a centreless
group. For example, we saw in Section 1.4 that it is already a nontrivial task just
to compute the automorphism tower of the infinite dihedral group. In this chapter,
we shall introduce the normaliser tower technique, which will enable us to entirely
bypass this problem. Instead, throughout this book, we shall only have to deal with
the much easier problem of computing the successive normalisers of a subgroup H
of a group G.

In Section 4.1, after defining the notion of a normaliser tower, we shall reduce
the problem of constructing centreless groups with long automorphism towers to
that of finding long normaliser towers within the automorphism groups of first-order
structures. Our reduction will make use of two “coding theorems”, which will be
proved in the remaining sections of this chapter. In Section 4.2, we shall prove
that if M is an arbitrary first-order structure, then there exists a graph I' such
that Aut(T") ~ Aut(M); and in Section 4.3, we shall prove that if T is any graph,
then there exists a field K such that Aut(Kr) ~ Aut(T"). Section 4.4 contains
the proof of a technical field-theoretic lemma which is needed in Section 4.3. In
some of the later chapters of this book, we shall make use of the observation that
the construction of the field Kp in Section 4.3 is upwards absolute. (The notion of
“upwards absoluteness” will be defined in Chapter 6.) So it is important that the
reader should at least read the definition of the field Kt in Section 4.3. However,
the reader will not experience any disadvantage in understanding the rest of this

book if he simply skips Section 4.4.

61
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4.1. Normaliser towers

In this section, we shall reduce the problem of constructing centreless groups
with long automorphism towers to that of finding long normaliser towers within the

automorphism groups of first-order structures.

DEFINITION 4.1.1. If H is a subgroup of the group G, then the normaliser
tower of H in G is defined inductively as follows.
a) No(H)=H.
b) If « = 8+ 1, then No(H) = Ng (Ng(H)).
(c) If o is a limit ordinal, then No(H) = U4z, Ns(H).

(
(

The height of the normaliser tower of H in G is the least ordinal « such that
No(H) = Not1(H). When it is necessary for the notation to include an explicit
reference to the ambient group G, we shall write N, (H) = N, (H, G).

The definition of the normaliser tower is motivated by the following observation,
which says that automorphism towers can be regarded as special cases of normaliser

towers.

PROPOSITION 4.1.2. Let G be a centreless group and let 7 = 7(G). Then
Na.(Go) = Gay1 for all a < 7. Hence the automorphism tower of G coincides

with the normaliser tower of G in Gr(q)-

PRrROOF. Let @ < 7. Since the inclusion G, < Gqy1 is isomorphic to the
inclusion Inn(Gy) < Aut(Gy), it follows that Goy1 < Ng.(Go). Conversely, sup-
pose that ¢ € Ng_(G,). Then g induces an automorphism of G, via conjugation,
and so there exists h € Goy1 such that hah™! = gaxg=! for all x € G,. Thus

h™lg € Cq. (Gy) =1andso g=h € Gqy1. Hence Ng, (Go) = Goy1. O

As we shall see later in this section, if a is any ordinal, then it is easy to
construct examples of pairs of groups, H < G, such that the normaliser tower of
H in G terminates after exactly « steps. The following results will enable us to

convert arbitrary normaliser towers into corresponding automorphism towers.

THEOREM 4.1.3. Let S be a simple nonabelian group and let G, H be groups
such that Tnn(S) < G, H < Aut(S). If 7 : G — H is an isomorphism, then there
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exists p € Aut(S) such that

m(9) = pge~!

forall g € G.

ProOOF. By Theorem 1.2.8, Inn(S) is the unique minimal nontrivial normal
subgroup of both G and H. It follows that 7[Inn(S)] = Inn(S) and hence there

exists ¢ € Aut(S) such that

m(c) = e~

for all ¢ € Inn(.S). Now let g € G be an arbitrary element. Then for all ¢ € Inn(S),
we have that

(pg)cleg) ™" = plgeg e~

=n(gcg™!') since geg™t € Inn(S),

= m(g)m(c)m(g)~"

Since Caugsy(Inn(S)) = 1, it follows that ¢g = 7(g)¢ and hence 7(g) = pgp~'. O

THEOREM 4.1.4. Let S be a simple nonabelian group and let G be a group such
that Inn(S) < G < Aut(S). Then the automorphism tower of G coincides with the

normaliser tower of G in Aut(S).

Proor. Clearly it is enough to show that if G is an arbitrary group such that
Inn(S) < G < Aut(S), then the inclusion Inn(G) < Aut(G) is naturally isomorphic
to the inclusion G I Npye(s)(G).

Applying Theorem 4.1.3 in the special case when G = H, we see that for every
automorphism 7 € Aut(G), there exists a corresponding element ¢, € Aut(S) such
that

(9) = prge7’
for all g € G. Furthermore, since Cpy(s)(Inn(S)) = 1, it follows that there exists
a unique such element .. Consider the homomorphism 6 : Aut(G) — Aut(S)
defined by 6(7) = . For each a € G, let i, € Inn(G) be the corresponding

inner automorphism. Then it is clear that 6(i,) = a for all @ € G. In particular,
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ker # N Inn(G) = 1 and hence Lemma 1.3.8 implies that 6 is an embedding. Since
Inn(G) < Aut(G) and [Inn(G)] = G, it follows that [Aut(G)] < Naye(s)(G). But
every element of Ny (s)(G) induces an automorphism of G via conjugation and

hence 0[Aut(G)] = Nau(s)(G)- O

COROLLARY 4.1.5. Let k be an infinite cardinal and let G be a group such that
Alt(k) < G < Sym(k). Then G is a centreless group and the automorphism tower

of G coincides with the normaliser tower of G in Sym(k).
Proor. In Example 1.3.6, we showed that the inclusion
Inn(Alt(k)) < Aut(Alt(k))

is naturally isomorphic to the inclusion Alt(x) < Sym(k). So the result follows

from Theorem 4.1.4. O

While Corollary 4.1.5 is certainly suggestive, it appears to be difficult to use
it to construct examples of long automorphism towers. Instead it is more useful to
apply Theorem 4.1.4 to the simple groups S = PSL(2, K) for suitably chosen fields
K.

THEOREM 4.1.6. Let K be a field such that |K| > 3 and let H be a subgroup of
Aut(K). Let

G=PGL(2,K)x H < PI'L(2,K) = PGL(2,K) x Aut(K).
Then G 1is a centreless group and for each ordinal «,
Go = PGL(2,K) x N (H),
where No(H) is the ath group in the normaliser tower of H in Aut(K).

PROOF. Since |K| > 3, it follows that PSL(2,K) is a simple group. (For
example, see Section 1.9 of Suzuki [48].) By a well-known theorem of Schreier and
van der Waerden [41], every automorphism of PSL(2, K) is induced via conjugation

by an element of PI'L(2, K); and so the inclusion

Inn(PSL(2,K)) < Aut(PSL(2,K))
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is naturally isomorphic to the inclusion PSL(2,K) < PI'L(2, K). Hence Lemma
1.1.2 implies that Cpprr2,x)(PSL(2,K)) = 1 and it follows that G is centreless.
Finally it is easily checked that if H < Aut(K), then

NPFL(2,K)(PGL(27K) el H) = PGL(2aK) X NAut(K)<H)
So the result follows from Theorem 4.1.4. O

It is well-known that every group G can realised as the automorphism group
of a suitable graph I'. (We shall prove this result in Section 4.2.) So the following
result implies that every group G can also be realised as the automorphism group

of a suitable field K.

THEOREM 4.1.7 (Fried and Kollar [10]). Let T' = (X, E) be any graph. Then
there exists a field Kt of cardinality max{|X|,w} which satisfies the following con-

ditions.
(a) X is an Aut(Kr)-invariant subset of Kr.

(b) The restriction mapping, © — w [ X, is an isomorphism from Aut(Kr)

onto Aut(T).

We shall prove Theorem 4.1.7 in Section 4.3. Combining Theorems 4.1.6 and
4.1.7, we have now reduced our problem to that of finding long normaliser tow-
ers within the automorphism groups of suitably chosen graphs. In fact, we can
do slightly better than this. The following theorem, which will be proved in Sec-
tion 4.2, reduces our problem to that of finding long normaliser towers within the

automorphism groups of arbitrary first-order structures.

THEOREM 4.1.8. Let M be a structure for the first-order language L and sup-

pose that k > max{|M|, |L|,w}. Then there exists a graph T’ of cardinality r such
that Aut(M) ~ Aut(T).

THEOREM 4.1.9. Let M be a structure for the first-order language L and let H
be a subgroup of Aut(M). Suppose that

(a) k= max{|M|,[L],|H|,w}; and
(b) the normaliser tower of H in Aut(M) terminates after exactly a steps.

Then there exists a centreless group G of cardinality k such that 7(G) = «.



66 4. THE NORMALISER TOWER TECHNIQUE

PrROOF OF THEOREM 4.1.9. By Theorem 4.1.8, we can assume that M is a
graph I' of cardinality x. By Theorem 4.1.7, there exists a field Kt of cardinality k
such that Aut(Kr) ~ Aut(T"). To simplify notation, identify Aut(Kr) with Aut(T)
and let G = PGL(2,Kr) x H. By Theorem 4.1.6, G is a centreless group of
cardinality s such that 7(G) = a. O

Next for each ordinal «, we shall construct a pair of groups, H < G, such that

the normaliser tower of H in G terminates after exactly a steps.

DEFINITION 4.1.10. The ascending chain of groups
W0<W1 <~-~<WQSWQ+1<...

is defined inductively as follows.
(a) Wy = Cy, the cyclic group of order 2.
(b) Suppose that a = 8+ 1. Then

Wi =Wgd1l< [Wg @Wg] X (op41) = Wpt1.

Here W} is an isomorphic copy of Wjs; and o441 is an element of order
2 which interchanges the factors W @ 1 and 1 & Wj of the direct sum
W@ W} via conjugation. Thus W1 is isomorphic to the wreath product
Wg Wr Cs.

(c) If « is a limit ordinal, then W, = |J Wjs.

B<a

LEMMA 4.1.11. |W,| < max{|a|,w} for all ordinals a.
ProOOF. This follows by an easy induction on «. ([

LEMMA 4.1.12. (a) If 1 <n < w, then the normaliser tower of Wy in W,
terminates after exactly n 4+ 1 steps.
(b) If @ > w, then the normaliser tower of Wy in W, terminates after exactly

o steps.
PRrROOF. (a) It is easily checked that
N (W, Wy) =WooWieWy® oW, _,

and that
No(Wo, Wy,) =Wr @ Wi @--- @ Wy _g;
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and that, in general, for each 0 < /¢ <n —1,
Nep (Wo, W) =W, 0 €D Wy,
<m<n
(b) For example, consider the case when o > w. Then for each ¢ € w,
Nepr(Wo, Wo) =Wed @ Wp;
(<p<a
and for each ~y such that w < v < «a,

N,(Wo, W) =Wy € W5
v<B<a

(]

THEOREM 4.1.13. Suppose that o is any ordinal and that £ > max{|a|,w}.

Then there exists a centreless group G of cardinality k such that 7(G) = a.

PROOF. First we shall find a pair of groups, H < W, such that
(i) |W| < max{|a|,w}, and
(ii) the normaliser tower of H in W terminates after exactly « steps.
Applying Lemmas 4.1.11 and 4.1.12, we see that if & > w, then we can take H = W
and W = W,; and if 2 < a < w, then we can take H = Wy and W = W, _1. This
just leaves the cases when @ = 0, 1. When a = 0, then we can take H = W = Cy;
and when o = 1, we can take H = Alt(3) and W = Sym(3).
Next we shall construct a first-order structure M such that Aut(M) ~ W.
For each w € W, let R,, be a binary relation symbol and let L be the first-order
language {R,, | w € W}. Let

M = (W;Rﬁﬂ)wew

be the L-structure such that RM = {(x,2w) | * € W} for each w € W. For each
g € W, let A\, € Sym(W) be the left multiplication map, defined by A,4(x) = gz for
all z € W. Then it is easily checked that A\, € Aut(M) for all g € W. We claim
that

Aut(M) ={X; | g W}
To see this, let 7 € Aut(M) be any automorphism and let g = 7(1). If z € W, then
(1,z) € Ry and so (g, m(x)) € R,. Thus m(x) = gz for all € W and so m = Ag.
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By Theorem 4.1.9, there exists a centreless group G of cardinality x such that

7(G) = a. O

COROLLARY 4.1.14. If k is an infinite cardinal, then 7, > k™.

4.2. Coding structures in graphs

In this section, we shall prove Theorem 4.1.8. We shall begin by showing how an
arbitrary structure M can be coded within a structure M’ for a suitable countable

language.

LEMMA 4.2.1. Let M = (M,...) be a structure for the first-order language L
and let k > max{|M|, |L|,w}. Then there exists a countable first-order language L'
and a structure M’ for L' of cardinality k such that the following conditions are
satisfied.

(a) M is an Aut(M')-invariant subset of M’.
(b) The restriction map, ™ — 7 | M, is an isomorphism from Aut(M’) onto

Aut(M).

PrOOF. We can suppose that L is a relational first-order language. (If f is an
n-ary function symbol, then we replace it by an (n+1)-ary relation symbol R which
represents the graph of the associated function f™; and if ¢ is a constant symbol,
then we replace it by a unary relation symbol C which represents the subset {c*}.)
Let L =, Ln, where L,, = {Ry, o | @ < A, } is the set of n-ary relations symbols
of L. Let L' = {P,<} U{S, | n > 1} be a first-order language such that

(i) P is a unary relation symbol;
(ii) < is a binary relation symbol; and
(iii) for each n > 1, S, is an (n + 1)-ary relation symbol.
Let M’ be the structure for the language L’ defined as follows.
(1
2

) The universe of M’ is the disjoint union M U .
(2) PM =g,
(3) <M’ is the usual well-ordering of .
(4) For each n > 1, (ay,...,an,a) € SM iff ay,...,a, € M, a < X, and

(a1,...,an) € R,
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Clearly M is an Aut(M’')-invariant subset of M’; and since the well-ordered set
is rigid, 7 | K = id,; for each m € Aut(M’). Tt follows easily that M’ satisfies our

requirements. [

Next we shall show how a structure M for a countable language can be coded
within a suitably chosen connected graph I'. ( In Section 4.3, we shall present Fried
and Kolldr’s coding of graphs within fields. As we shall see, their argument requires
the additional hypothesis that the encoded graph I' has no isolated vertices. How-
ever, if the graph I" happens to have isolated vertices, then we can first use Lemma
4.2.2 to code I' within a connected graph I't and then apply the construction of
Fried and Kolldr to I'".) The proof of the following lemma is essentially a proper

subset of that of Hodges [16, Theorem 5.5.1].

LEMMA 4.2.2. Let M = (M,...) be a structure for the countable first-order
language L and let k > max{|M|,w}. Then there exists a connected graph I'ys of

cardinality k such that the following conditions are satisfied.

(a) M is an Aut(T pq)-invariant subset of T pq.
(b) The restriction map, ™ — w | M, is an isomorphism from Aut(I'x) onto

Aut(M).

PROOF. We can suppose that M has cardinality . (If M| < k, then we can
first use Lemma 4.2.1 to code M within a structure M’ of cardinality x.) As in the
proof of Lemma 4.2.1, we can suppose that L is a relational first-order language; say
L={S,]1<n<A}, where 1 < X <w and each S, is an r,-ary relation symbol.
In order to ensure that our construction always produces a connected graph, we
shall also assume that S; is a binary relation symbol which represents the “trivial
connected relation” S{ = {(a,b) € M? | a # b}.

We shall begin by describing the main ingredients of our coding construction.

Let T be a graph and let n > 3. Then a vertex v of I" is said to be n-tagged if T’
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contains an induced subgraph of the form:

v bo b 1 bn bn —1

O O I O O -------- |
O O O OERETEEPES ‘
¢ ba bs by

In this case, we say that the induced subgraph {c, b, ..., by} is an n-tag of v. Note
that the induced subgraph {v, ¢, bo, ..., by} is rigid.

Next we shall describe the construction of the graph I'y. First we regard M
as a null graph. Now for each 1 < n < X and each tuple (a1, ...a,,) € SM, we add

a corresponding finite graph I'y, (a1, ..., a,, ) as follows.

(i) First we adjoin a vertex d, together with an (n + 2)-tag T of d.
(ii) Then we adjoin pairwise disjoint paths py of length ¢ + 1 from a, to d for

each1 </ <r,.

For example, if a; # ag € M, then the graph I'1 (a1, az) has the form:
O—0Oa.

O O O as
Note that each of the induced subgraphs I';, (a1, ..., a,, ) is also rigid. This com-

pletes the construction of I' 4.

Finally we shall check that 'y satisfies our requirements. First notice that
since SM = {(a,b) € M? | a # b}, it follows both that T'y( is connected and that
each vertex m € M has infinite valency in I »4. By construction, each vertex v ¢ M
has finite valency. Hence M is an Aut(I"yq)-invariant subset of I' 4. It is clear that
every automorphism ¢ € Aut(M) extends to an automorphism 7 € Aut(Tr).
Thus it only remains to show that if # € Aut(T' ) satisfies 7 | M = idy;, then

™ = idr,,. So consider any vertex v ¢ M. Then v lies in a 7-invariant induced
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subgraph I'g of the form I',, (a1, ..., a,, ) for some n > 1 and a4, ...,a,, € M. Since

Ty is rigid, it follows that 7(v) = v. O

Clearly Theorem 4.1.8 is an immediate consequence of Lemmas 4.2.1 and 4.2.2.

We shall end this section with some observations which will be needed in Chapter 8.
Suppose that L = {S,, | 1 < n < A} is a countable relational first-order language.
Let C be the category of infinite structures for L and let G be the category of
graphs. For each M € C, let I"y4 be the corresponding graph of cardinality |M],
constructed as in the proof of Lemma 4.2.2. Then if M, M5 € C,

(a) My~ My iff Ty, ~ T pg,; and

(b) Aut(M1) >~ Aut(Tpq, ).
In Chapter 8, we shall also make use of the fact that the construction of I'y from
M is upwards absolute. (The notion of “upwards absoluteness” will be defined
in Chapter 6.) Hence properties (a) and (b) will continue to hold in any generic

extension of the set-theoretic universe.

4.3. Coding graphs in fields

In this section, we shall prove Theorem 4.1.7. Let I' = (X, E') be any graph. We
shall construct a field Kt of cardinality max{|X|,w} which satisfies the following

conditions.

(a) X is an Aut(Kr)-invariant subset of K.
(b) The restriction mapping, m + m [ X, is an isomorphism from Aut(KT)

onto Aut(T).

If the I' happens to have isolated vertices, then we first use Lemma 4.2.2 to
code T" within a connected graph I't. To simplify notation, we shall assume that T’

has no isolated vertices.

DEFINITION 4.3.1. Let F be a field of characteristic 0 and let p be a prime.
Let S be a set of algebraically independent elements over F' and let F(S) be the
corresponding purely transcendental extension of F. Then F'(S)(S,p) denotes the
field which is obtained by adjoining the elements {s(¢) | s € S,¢ € w} to F(S),

where

(a) s(0) =s, and
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(b) s(£+1)P = s(0).

Note that the field F(S)(S,p) is uniquely defined up to isomorphism. Let
(pn | m € w) be the increasing sequence of odd primes. We shall construct Kt as
the union of an increasing chain {K,(I') | n € w} of fields. At each stage of
the construction, we shall also define a distinguished subset H,,(I") of K, (T"). To
begin the construction, regard the set X of vertices of I' as a set of algebraically

independent elements over the field QQ of rational numbers; and let
Ko(I') = Q(X) (X, po)

and

Hy(T)={u+v](u,v) € E}.
Suppose inductively that we have defined K,,(T') and H,(T'). First let ¢, be a
transcendental element over K, (T") and let L,, = K, (T)(¢,)({tn}, Pn+1). Then let

K, +1(T) be the splitting field over L,, of the set of polynomials
Py ={y’ — (ta —a) | a € Hy(I)}

and let H,,11(T) be a set which contains exactly one root of each of the polynomials
in P,. Finally let Kt =, ., Kn(I).

The idea behind this construction is easily explained. In the first two stages of
the construction, we attempt to encode the graph I" within the field K (T"). Later
we shall see that K7 (T") satisfies the following conditions.

(1) Both X and {to} are Aut(K;(T"))-invariant subsets of K (T').
(2) The restriction mapping, 7 — 7 [ X, is a surjective homomorphism from
Aut(K;(T)) onto Aut(T).
However, the restriction map is not injective. While each automorphism ¢ € Aut(I")
can be extended uniquely to an automorphism 6 € Aut(Lg) satisfying 0(tg) = to,
there are then many ways to extend 6 to an automorphism of the splitting field

K1 (I") of the set of polynomials
Py = {y2 — (to — a) ‘ a e H()(F)}

So at the next stage of the construction, we use K»(I") to pick out a distinguished
root of each of the polynomials in Py. Iterating this procedure w times, we obtain

a field K1 which satisfies all of our requirements.
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It is relatively straightforward to show that every automorphism ¢ € Aut(T")
lifts inductively through automorphisms of the K, (T") to an automorphism of Kr.
The only thing that needs to be checked is that we cannot accidently block an au-
tomorphism by an “unfortunate choice” of the roots in some Hy,41(T"); and Lemma
4.3.2 will deal with this point. On the other hand, it will require a substantial effort
to show that all automorphisms of Ky arise in this manner; and Lemma 4.3.2 will

also play an important role in the proof of this result.

LEMMA 4.3.2. Let F be a field of characteristic 0 and let t be a transcendental
element over F'. Suppose that Ty,...,T, are mutually prime nonconstant polyno-
mials in F[t], each having no multiple factors; and for each 1 < i < n, let ¥;
be an element such that 9? = T;. Let Fy = F(t) and for each 1 < i < n, let
F,=F(t,01,...,9;). Then the following statements hold for each 1 <i <n.

(a) U; ¢ Fi1.

(b) Ifn € F; satisfies n? € Fy, then there exist an element ¢ € Fy and a subset
Z of {1,...,i} such that n = c]],c, Oe.

(¢) Ifn € F; and n is algebraic over F, thenn € F.

PRrooF. First we shall prove by induction on ¢ > 1 that both (a) and (b) hold.
Clearly (a) holds when ¢ = 1. Assume inductively that (a) holds for all k¥ < ¢ and
that (b) holds for all k < i. Suppose that € F; \ F;_; and that n?> = a € Fy.
Let n = b+ ¢¥;, where b, ¢ € F;_;. Since ¥; ¢ F;_1, there exists an automorphism
7w € Gal(F;/F;_1) such that m(9;) = —9;. Since 7(n) = b — ¢, is also a root of the

polynomial 22 — a € Fy|x], it follows that
b—cd; =m(n)=—n=—-b—cd.

Hence n = ¢¥;. Notice that n/9; = ¢ € F;_; and that (77/191-)2 = a/T; € Fp.
Hence by inductive hypothesis, there exists an element d € Fj and a subset Y of
{1,...,i—1} such that /9; = d]],cy ¥¢. Thus n = di; [],cy ¥ and (b) also holds
for i.

Now suppose that ¥;11 € F;. Since 62, = Tj11 € Fy, (b) implies that there
exists relatively prime polynomials f(t), g(t) € F[t] and a subset Z of {1,...,i}
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such that ¥;11 = f(t)/g(t) [[,c z Ve and so

P OTiv1 = F2(t) H Ty.

lez
Since the polynomials {Ty | £ € Z} are mutually prime and have no multiple factors,
it follows that g(t) € F. Similary we find that f(¢) € F' and then that Z = (. But
this is a contradiction. Hence 9,11 ¢ F; and (a) also holds for i + 1.

Finally we shall prove that (c) holds by induction on ¢ > 0. Clearly (c) holds
when ¢ = 0. Assume inductively that (c) holds for all k < i. Suppose that n = b+ct;
is algebraic over F', where b, ¢ € F;_1. Then clearly ¢ remains transcendental over
F= F(n). Furthermore, the polynomials T1,...,T, are mutually prime noncon-
stant polynomials in ﬁ[t], each having no multiple factors. Let ﬁo =F (t) and for
each 1 <i<n,let F; = ﬁ(t,ﬂl, ...,9%). Applying (a), we obtain that ¢; ¢ Fiq.
Since n = b+ c¥; € F C F,_y, this implies that ¢ = 0. Thus n=>5be F,_y. By
inductive hypothesis, 7 € F' and so (c) also holds for . O

COROLLARY 4.3.3. Suppose that n € w and b € Kp. If b is algebraic over
K, (T), then b € K, (T).

PRrROOF. We shall prove that for each n € w, if b € K,,41(T") is algebraic over
K, ('), then b € K,,(T'). Then an easy inductive argument yields Corollary 4.3.3.
Fix some n € w. Let p = ppy1 and F = K,(T"). Suppose that b € K, 1(T) is
algebraic over K, (T"). There exists a finite subset {a; | 1 < i < s} of H,(I") such

that b is in the splitting field over L,, of the set of polynomials
{* = (th —ai) | 1 < i < s}
For each 1 <i < s, let ¥; € K,,11(T) be an element such that ¥? = ¢, — a;. Choose
an integer k and an element ¢t € L,, such that
(a) " =1t,, and
(b) be F(t,¥1,...,9).
Foreach 1 <i <s, let T; = " a; € F[t]. Then T1,...,Ts satisfy the hypotheses

of Lemma 4.3.2. So applying Lemma 4.3.2(c), we obtain that b € FF = K,,(I'). O

In the proof of Lemma 4.3.8, we shall make use of the fact that —1 has no
square root in Kp. This result is an immediate consequence of Corollary 4.3.3,

together with the observation that —1 has no square root in Ko(T').



4.3. CODING GRAPHS IN FIELDS 75

We are now ready to prove that every automorphism ¢ € Aut(I') extends to

an automorphism of Kr.

LEMMA 4.3.4. For each ¢ € Aut(T'), there exists a unique m € Aut(Kr) such
that the following conditions are satisfied.
(a) m [ X = ¢.
(b) 7(t,) =t, for alln € w.
(c) m[H,(T)] = H,(T) for alln € w.

Proor. We shall define the sequence of approximations m,, = 7 | K,(T") by
induction on n > 0. First note that there exists a unique myp € Aut(Ky(I")) such
that 7o [ X = ¢. Now suppose that we have defined 7,, € Aut(K, (")) such that
that 7, (ty) = t for all k < n and that 7, [Hi(I")] = H(T) for all £ < n. Clearly
there is a unique extension n), to L, such that «},(¢,) = ¢,. For each a € H,(I'),
let r, € H,+1(T') be the corresponding root of y? — (t, — a). Arguing as in the
proof of Corollary 4.3.3, we see that v, ¢ L,({ry | b € Hn(T') \ {a}). It follows
that there is a unique extension 7,41 € Aut(K,41(I")) such that m,11(tn) = tn

and 7,41(7a) = T, (o) for each a € H,(I'). O

The rest of this section will be devoted to the proof that every automorphism

of Kr arises in the above manner.

DEFINITION 4.3.5. Let F' be a field and let p be a prime. Then a nonzero
element u € F is said to be a p-high element of F if the equation y?" = u is

solvable in F' for all n € w.

In the hope of distinguishing these elements, each of the vertices of I' and each
of the transcendal elements {¢,, | n € w} has been made p-high in Kt for a suitably
chosen odd prime p. Of course, these will not be the only p-high elements of Kr.

m/3" s also 3-high

For example, since each vertex x of T" is 3-high, it follows that +x
for each m € Z and ¢ € N. The next two lemmas tell us that every p-high element
of Kt arises in essentially this manner. The rather technical proof of Lemma 4.3.6

will be given in Section 4.4.

LEMMA 4.3.6. Let F be a field of characteristic 0 and let t be a transcendental
element over F. Let p be an odd prime, and let {t(¢) | £ € N} be a set of elements
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such that t(0) =t and t(£ + 1)P = t(¢). Let
L =F((0),t(1),...,t(£),...) = F(t)({t},p).

Let {T; | i € I} be a set of mutually prime polynomials in F[t], none of which is
divisible by t or has a multiple factor; and for each i € I, let 9; be an element such
that 92 =T;. Let M = L(...,9;,...).
(a) If u is a p-high element of M, then u = ct(€)™ for some £ € N, m € Z
and some p-high element ¢ of F'.
(b) If p’ is an odd prime such that p’ # p and u is a p'-high element of M,
then u is a p’-high element of F.

LEMMA 4.3.7. Let p be an odd prime, and suppose that u is a p-high element
Of KF,
(a) If p = po, then either u or —u is a product of elements of the form a?m/pz,
where x is a vertex of ', m € Z and ¢ € N.
m/p

(b) If p = pny1 for some n € w, then either u or —u is of the form t, ",

where m € Z and ¢ € N.

PrROOF OF LEMMA 4.3.7. The result is an easy consequence of Lemma 4.3.6,

together with the observation that +1 are the only p-high elements of Q. (I

LEMMA 4.3.8. Let n € w and suppose that b € Kr satifies the equation

where 2 =1, a € K,(T) ~ {0}, and r = m/p’, ., for some m € Z~ {0} and ¢ € N.
Thene=r=1 and a € H,(T).

ProOOF. Let p = pp41 and F = K, (T"). By Corollary 4.3.3, b € K, +1(I).
Thus there exists a finite subset {a; | 1 < < s} of H,(T') such that b is in the
splitting field over L,, of the set of polynomials {y? — (¢, —a;) | 1 < i < s}. For
each 1 <i < s, let ¥; € K,,41(T') be an element such that ¥? = ¢,, — a;. Choose an
integer k > ¢ and an element ¢ € L,, such that

(a) " =t,, and
(b) be F(t,91,...,9s).
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Foreach1 <i<s, let T; = - a; € F[t]. Then Ty, ..., T satisfy the hypotheses
of Lemma 4.3.2. Note that

4

b =e(th —a) = e(tm”l% —a) € F(t).
By Lemma 4.3.2, there exist polynomials f(¢), g(t) € FJ[t] and a subset Z of
{1,..., s} such that
4
p 1) 117
o0 1L

It follows that

£

Ft)e(™"”

—a)= 20 [ ~a).
i€z

First suppose that m > 0. Then we must have that eg?(t) = f2(t), since the

other factors do not have multiple roots. Hence
@ —a) =TT — as).
i€z

We claim that |Z| = 1. To see this, suppose that |Z| = z > 2; say, Z = {i1,...,i,}.
By considering the coefficient of t*~D?" in the expansion of Hiez(tpk —a;), we
find that » ,_, a; = 0. But this is impossible. For if n = 0, then each a; has the
form u 4 v for some u, v € X; and if n > 0, then we have already noted that the
proof of Corollary 4.3.3 shows that a;, ¢ Ly,—1(ai;,...,ai, ,). Thus |Z| =1 and
so tmP* T g = " — a; for some 1 < i < s. Consequently, r = m/p’ = 1 and
a=a; € Hy(T). Also since e = f2(t)/g?(t) and —1 has no square root in Kr, it
follows that e = 1.

Now suppose that m < 0. Then multiplying by ™" ", we obtain that

g el —at= ) = £20) [T —apr™
i€z

and so

12 £

—a Y = £2) [T - anem"

i€z

—eag? (1)(t™"
Arguing as above, we must have that
—eag®(t) = f(t)t*°
for some integer ¢ such that 0 < —mp*—¢ —2¢ < 1 and

ot = el T - ),
i€Z
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where d = —mp*—¢ — 2¢. It follows that d = 0 and that —mp*—* = p*. But then

p* = 2¢, which is impossible since p is odd. [
Finally Theorem 4.1.7 is an immediate consequence of Lemmas 4.3.4 and 4.3.9.

LEMMA 4.3.9. If 7 € Aut(Kr), then
(a) m[X] = X;
(b

(c
(d

)
) w(tn) =ty for alln € w;

) w[Hp(T)] = Hp(T) for alln € w; and

) there exists p € Aut(T) such that w | X = .

PROOF. If v € X, then m(v) is a pp-high element of K1 and so Lemma 4.3.7(a)
yields that 7(v) € Ko(T'). Similarly, if n € w, then 7(t,,) is a pp41-high element of
Kr, and so 7(t,) € Kp4+1(T). Applying Corollary 4.3.3, we obtain inductively that
7 [K,(T)] C K, (T') for all n € w.

Now fix some integer n € w. By Lemma 4.3.7(b), we have that =(t,) = et],
where e? = 1 and r = m/p,,, for some m € Z ~ {0} and ¢ € N. Let a € H,(T).
Then there exists an element ¢ € K,,11(T") such that ¢® = t,, —a. Hence there exists

b€ K,4+1(T) such that
b’ = e(t! — 7(ea)).

Since 7(ea) € K, (T"), Lemma 4.3.8 yields that e = r = 1 and 7(a) = w(ea) € H,(T).
Thus 7(t,) = t, and 7 [H,(T)] € H,(T). Similarly, 7= [H,(T')] € H,(T') and so
7 [Hp, ()] = Hp(T).

In particular, if (u,v) € E, then w(u) + w(v) = w(u + v) € Ho(I'). Thus there
exists an edge (u’,v') € E such that m(u) + 7(v) = v’ +v'. Since 7(u) is a po-high
element of Kr, either w(u) or —7(u) is a product of elements of the form am/Po,
where € X is a vertex of I', m € Z ~ {0} and ¢ € N. The same is true of 7 (v).
This easily implies that {7 (u),n(v)} = {v/,v’'}. Since I" has no isolated vertices, it
follows that m(u) € X for all u € X. It is now clear that 7 [ X € Aut(T"). O

4.4. A technical lemma

In this section, we shall prove Lemma 4.3.6. So let F be a field of characteristic

0 and let ¢t be a transcendental element over F. Let p be an odd prime, and let
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{t(£) | £ € N} be a set of elements such that ¢(0) = ¢ and (¢ + 1)? = t(¢). Let

L= F(#(0),t(1),....t(0),...) = F@)({t},p)-

Let {T; | i € I} be a set of mutually prime polynomials in F[t], none of which is
divisible by ¢ or has a multiple factor; and for each i € I, let 9; be an element such
that 92 = T;. Let M = L(...,9;,...). Suppose that ¢ is an odd prime and that
u is a g-high element of M. Then we must prove that u is one of the “obvious”

g-high elements; namely:

(a) if ¢ = p, then u = ct(£)™ for some £ € N, m € Z and some p-high element
cof F;
(b) if ¢ # p, then u is a g-high element of F'.

At various points during the proof of Lemma 4.3.6, it will be helpful if F
contains various primitive roots of unity. Fortunately, it is enough to prove Lemma
4.3.6 in the special case when F' is algebraically closed. To see this, suppose that
Lemma 4.3.6 is true whenever F' is an algebraically closed field. Now let F' be
an arbitrary field of characteristic 0 and let F be the algebraic closure of F. Let
L=F(0),t(1),...,t(),...) and let M = L(...,9;,...).

First suppose that w is a p-high element of M. Then w is also a p-high element
of M. Hence u = ct(¢)™ for some £ € N, m € Z and some p-high element ¢ of
F. Since t()™ is p-high in M, it follows that ¢ = u/t(¢)™ is also p-high in M.
Consequently, ¢ is a p-high element of M N F. But the proof of Corollary 4.3.3
shows that M N F = F. Hence c is a p-high element of F. A similar argument
shows that if u is a g-high element of M for some odd prime ¢ # p, then u is a
g-high element of F.

So from now on, we shall assume that F' is an algebraically closed field. In
particular, every nonzero element of F' is ¢-high.

Suppose that u is a g-high element of M. Then there exists an integer £ > 0
and a finite subset {iy,...,i,} of I such that u € F(t(¢),9;,,...,%;, ). There are
essentially two possibilities to consider.

Possibility (I): u is already a ¢-high element of F(¢(¢),%;,,...,%;, ).
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Possibility (IT): As n gets larger, in order to obtain solutions to the equation
y?" = w, it is necessary to pass to progressively larger algebraic extensions of
Ft),9:,...,%,).

First we shall use valuation theory to show that if possibility (I) holds, then
u € F. Afterwards we shall use some basic Kummer theory to deal with possibility

(11).

DEFINITION 4.4.1. Let K be any field. Then a wvaluation v of K is a map

v : K — R such that for every a, b € K, the following properties hold:

(a) v(a) >0, and v(a) =0 iff a = 0;

(b) v(ab) = v(a)v(b); and

(¢) v(a+b) <v(a)+v(b).
The subgroup v[K*] of R is called the value group of v; and the valuation v is said
to be discrete if the value group v[K*] is an infinite cyclic group. Two valuations
v1, V9 of the field K are said to be equivalent iff there exists a positive r € R such

that vo(a) = v1(a)" for all a € K.

EXAMPLE 4.4.2. Let Ky be any field and let = be a transcendental element
over Ko.Let K = Ky(z) be the corresponding rational function field. Fix some real
number r such that 0 < r < 1. For each irreducible polynomial f € Ky[z], we can

define a discrete valuation vy of K by
vi(a) = r=tde8) iff 4 = (b/c) f*,

where £ € Z and b, ¢ € Ky[z] are polynomials which are relatively prime to f. We

can also define a discrete valuation v, of K by setting
Voo (b]c) = rdeg(b)—deg(6)7

for each nonzero quotient of polynomials b, ¢ € Ky[x]. It is easily checked that the
set

S ={veo} U{vs | f € Koz] is irreducible }
of pairwise nonequivalent discrete valuations of K satisfies the product formula; i.e.
for every 0 # a € K,

(i) there exist only finitely many v € S such that v(a) # 1; and
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(ii) HVES v(a) =1.
It is also easily checked that the following property holds.

(iii) Ko ={0}U{a € K |v(a) =1 for all v € S}.

In our analysis of possibility (I), we shall make use of the fact that for every
finite extension of a rational function field, there exists a corresponding set of

discrete valuations satisfying the appropriate analogues of the above properties.

THEOREM 4.4.3. Let Ky be any field and let E be a finite extension of the
rational function field Ko(x). Then there exists a set {v; | j € J} of pairwise

nonequivalent discrete valuations of E which satisfies the following properties.

(i) If0# a € E, then there exist only finitely many j € J such that vj(a) # 1.
(i) If0#a € E, then J[;c;vi(a) = 1.
(iif) {0} U{a € E | vj(a) =1 for all j € J} is the algebraic closure of Ky in
E.

PRrROOF. This is proved in Chapter 12 of Artin [1]. |

LEMMA 4.4.4. Let q be any prime. Let £ > 0 be an integer and let {i1,...,im}
be a finite subset of I. If u is a q-high element of F(t(¢),;,,...,%;, ) thenu € F.

PRrROOF. Let = t(¢). Then E = F(t(¢),V;,,...,V,;, ) is a finite extension of
the rational function field F'(x). Let {v; | j € J} be the set of discrete valuations
of E, which is given by Theorem 4.4.3. Consider the abelian group homomorphism

T Ef— H vi[E7]
=
defined by 7(a) = (v;(a))jes. Then m[E*] is a subgroup of the free abelian group
@®,csvi[E*] and so w[E*] is a free abelian group. By Lemma 4.3.2, if a € E is
algebraic over F, then a € F. Thus kerm = F*. Hence if a € E \ F, then 7(a) is a
nonidentity element of the free abelian group w[E*] and this implies that a is not

a g-high element of F. O

LEMMA 4.4.5. If u is a q-high element of M for some odd prime q # p, then
u€ekF.
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PROOF. There exists an integer £ > 0 and a finite subset {i1,...,%,} of I such
that w € B = F(t(£),Y;,,...,9,,). Suppose that there exists an integer n > 0
such that the equation yqn+1 = wu is not solvable in E. Let n be the least such
integer and let v € E be such that v¢" = u. Let w € M satisfy w? = v. Then
[E(w) : E] = q. But clearly if E’ is a finite extension of FE such that E C E' C M,
then [E' : E] = 2"p® for some r, s > 0. Thus u must already be g-high in F and so
uekl. (I

It now only remains for us to analyse the case when u is a p-high element of
M such that v ¢ F. (The above analysis shows that this case correponds exactly
to possibility (IT).) Once again, there exists an integer £ > 0 and a finite subset
{#1,...,im} of I such that v € E = F(t(¢),¥;,,...,Y;,). Let E = L(¥;,,...,Y;,)-
If E' is a finite extension of E such that £ C E' C M, then [E’ : E] = 2" for some
r > 0 and it follows that u is already p-high in E. Thus in order to complete the

proof of Lemma 4.3.6, it is enough to prove the following two lemmas.

LEMMA 4.4.6. Ifu is a p-high element of L(0;,,...,%;, ) for some finite subset
{i1,.--yim} of I, then u € L.

(Of course, the argument of the previous paragraph implies that if v € L is a

p-high element of M, then u is already p-high in L.)

LEMMA 4.4.7. If u is a p-high element of L, then u = ct(£)™ for some £ € N,
méeZ andc e F.

In order to prove Lemma 4.4.7, we must check that in passing from F(¢(¢))
to F(t(£ 4+ 1)), only the “obvious” elements of F(¢(¢)) obtain pth roots. This is
one of the issues which is addressed by Kummer theory. More specifically, let n
be a positive integer and let K be a field of characteristic 0 containing a primitive
nth root of unity. Then an extension L of K is said to be a Kummer extension of

exponent n iff
L=K(VA)

for some subgroup A of K* containing the group (K*)™ of nth powers of K*; i.e. L
is the field generated by the roots /a for a € A. The most basic result of Kummer
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theory is that A is uniquely determined via the formula
A=(L""NK.

(For example, see Section VIIL.8 of Lang [27].) In other words, in passing from K
to the Kummer extension K({/A), only the “obvious” elements of K obtain nth

roots.

THEOREM 4.4.8. Letn be a positive integer and let K be a field of characteristic
0 containing a primitive nth root of unity. Let 0 # a € K and suppose that z is a
root of the equation y" = a. If 0 # b € K(z) satisfies b € K, then b = cz* for

somek € Z and c € K.

PrROOF. Let L = K(z). Then L is the Kummer extension K ({/A), where A is
the subgroup of K* generated by (K*)™ U {a}. Hence

e (L) NE = A

say, b" = c"a” for some k € Z and ¢ € K*. After multiplying ¢ by a suitable nth

root of unity if necessary, we obtain that b = cz*. |

PROOF OF LEMMA 4.4.7. Let £ > 0 be an integer such that u € F(t(¢)). Let
x = t(¢) and let u = 2™ f1(x)/g1(x), where m € Z and fi(z), ¢1(z) € F[z] are
relatively prime polynomials, neither of which is divisible by x. Since z is p-high in
L, it follows that ¢ = u/z™ is also p-high in L. Suppose that there exists an integer
n > 0 such that the equation y”"Jrl = ¢ is not solvable in F(z). Let n be the least
such integer and let b € F(x) be such that b”" = ¢. Then there exist relatively
prime polynomials fo(z), g2(z) € F[z], neither of which is divisible by x, such that
b= fo(x)/ga(x). After increasing ¢ if necessary, we can suppose that there exists
an element a € F(t(¢ 4 1)) such that a? = b. By Theorem 4.4.8, a = t(¢ 4 1)*d
for some k € Z and d € F(z). Note that since a ¢ F(x), it follows that k is not
divisible by p. Let d = 2" f3(x)/g3(x), where r € Z and fs3(x), gs(x) € F[z] are

relatively prime polynomials, neither of which is divisible by x. Since

2P fL(2) /g5 (2) = a” = b= fo(z)/g2(2),
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it follows that k + rp = 0. But this contradicts the fact that k is not divisible
by p. Hence c is already p-high in F'(z) and so by Lemma 4.4.4, ¢ € F. Thus

u = cz™ = ct(¢)™ has the required form. O

Finally we shall prove Lemma 4.4.6. We shall argue by induction on m > 1

that the following statement holds.

CLAIM 4.4.9. Let F be an algebraically closed field of characteristic 0 and let t
be a transcendental element over F. Let p be an odd prime, and let {t({) | { € N}
be a set of elements such that t(0) = ¢ and t( + 1)? = ¢(¢). Let

L =F(t0),t(1),....t(),...) = F)({t},p).

Let {T\,..., T} be a set of mutually prime polynomials in F[t], none of which is
divisible by t or has a multiple factor; and for each 1 < i < m, let J; be an element

such that 97 = T;. If u is a p-high element of L(¥1,...,9m), then u € L.

We shall begin by giving the relatively straightforward induction step of the
argument. So suppose that m > 1 and that w is p-high in L(¢4,...,9,). Let

N = L(¥3,...,%,). Then Lemma 4.3.2 implies that we can express u uniquely as
u=a-+ b1 + by + 195
where a, by, by, ¢ € N. Furthermore, there exist elements 71, 7o of the Galois group

Gal(N(¥1,92)/N) such that

[ 71'1(’[91) = —191 and 7'('1(’[92) = ’192;
[ ] 7T2(’L91) = 191 and 7T2(192) = —192.

Applying 7 and w5 to u, we see that the elements

uy = a — by + bads — cthi s
and

ug = a+ b1 — et — c1 92

are also p-high in N (¢, 92); and so uu; and uusg are also p-high in N (¢4, J3). Note
that uu; = um (u) € N(92) and that wus = ume(u) € N(¢1). It follows that

uuy and wug are already p-high in N(¥2) and N (1) respectively. By induction
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hypothesis, we obtain that uuq, uus € L. Hence there exists an element d € L such

that w1 = duo; i.e.
a — b1191 + b2192 — 0191?92 =da + db1191 — dbgﬁg — d0191192.

It follows that either
e d=1and b; =by =0; or
ed=—-landa=c=0.

Consequently, u can be expressed in one of the two following forms:
u=a-+chds or wu=b + byt)s.

In the first case, u is a p-high element of N(¢192) = L(¢¥192,93,...,9). Since
the polynomials 1175, T3,...,T,, also satisfy the hypotheses of Claim 4.4.9, the

induction hypothesis yields that u € L. In the second case,
u? = (b%Tl + b%Tg) + 2b1bo1 U5

is a p-high element of N(¥;92) and so u? € L. Thus biby = 0 and so either
u = bo¥y € N(J2) or u = byty; € N(¥1). Once again, the induction hypothesis
yields that u € L.

Finally we shall deal with the more difficult basis step of the argument. In order
to simplify the notation, let T'=T; and ¥ = ;. Suppose that u = a + b € L(9),
where a, b € L. Then u© = a — bJ denotes the image of u under the nontrivial

element of the Galois group Gal(L(9)/L).
CLAM 4.4.10. If b € L*, then the element v = b is not p-high in L(V).

PROOF. Suppose that there exists an element b € L* such that v = b¥ is p-high
in L(¢). Let £ > 0 be an integer such that b € F(¢({)). Let @ = t(¢) and let f(z),
g(x) € F[z] be relatively prime polynomials such that b = f(z)/g(x).
Since —1 is p-high in F, it follows that v> = —vT is p-high in L. Applying
Lemma 4.4.7, we find that either
o f2(x)T = cg?(x)x™; or
o fA(x)Ta" = cg*()
for some n > 0 and ¢ € F. In the first case, we obtain that g?(z) divides T; and

since T" has no multiple factors, this implies that g(x) € F. But this means that
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T divides =", which contradicts the hypothesis that T is not divisible by ¢. In the
second case, we must have that f(x) € F. After cancelling a suitable power of z,
we obtain that either Tz = dgi(z) or T' = dgi(z) for some d € F and ¢;(z) € F[z].
In the former case, we see that x divides T', which implies that ¢ divides T'. In the

latter case, T has a multiple factor. So both cases lead to a contradiction. O

Now suppose that u is any p-high element of L(}). Then we can express u
uniquely in the form v = a 4 b, where a, b € L and a # 0. For the sake of
contradiction, suppose that b # 0. Clearly

A=t =a’® - T

is a p-high element of L. Hence A = ct(¢)™ for some £ € N, m € Z and ¢ € F. Let
m = 2n + k, where k = 0,1. If k = 0, then v\ € L. So after dividing a and b
by VX if necessary, we can suppose that wz = 1. Similarly if & = 1, then we can

suppose that uuw = t(¢). Since wu is p-high, it follows that
v=—uut()"t =)' = (a® + LT)t() " + (2abt(¢)~ )W
is also p-high in L(¢). Furthermore,
0o = (um)*t(f)"2 = 1.

If we can show that 2abt(¢)~! = 0, then it follows that b = 0. Hence it is enough
to consider the case when vz = 1. Let a, b € F(t(¢)) and let « = t(¢). Then there

exist polynomials f, g, h € F[z] such that
u=a-+bd=(f/h)+ (g/h)V.

Since uu = 1, we have that f2 — ¢?T = h?. Since T has no multiple factors, we
can suppose that f, g and h are pairwise relatively prime; and we can also suppose
that h has been chosen so that its leading coefficient is 1. We shall eventually show
that f + g9 is already p-high in F(x,9). But then Lemma 4.4.4 implies that g = 0,
which contradicts the assumption that b = g/h # 0.

Fix some integer n > 1 and let m = p™. Let v € L(?¥) satisfy v™ = u. Let i > 0
be such that v € F(t(£+4)) and let z = (¢ + ). Then there exist polynomials ¢, d,
e € Fz] such that v = (¢/e) + (d/e)V. Since (v0)™ = wu = 1 and F is algebraically

closed, we can suppose that v = 1. This gives that ¢ — d?T = e?; and so we can
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suppose that ¢, d and e are pairwise relatively prime and that the leading coefficient

of e is 1. Since
[(c/e) + (d/e)I]™ = (f/h) + (g/h)Y,

it follows that

fem™ =ch {cm‘l + (m> BT 4 ( m )dm—1T<m—1>/z] .
2 m—1

Using the facts that d>T = c? — e? and that

(D) (D) ()

we obtain the equality
fe™ = ch2m ™ 4 e2D(c, e)],

where @ is a polynomial in two variables over Q. Let 0 < j7 < m be the greatest

integer such that e/ divides h and let h; = h/e’. Then
fem™ I =chi[2m ™ 4 e2D(c, e))].

Since ¢ and e are relatively prime, it follows that e does not divide the right-hand
side of this last equation. Hence m = j and so hy divides f. Since f, h are relatively
prime and the leading coefficients of h and e are 1, it follows that h; = 1. Thus
h=e¢" and (c+dv)™ = f + ¢9.

At this point, we only know that ¢, d € F[z], where z = ¢(£+ ) for some i > 0.
Now we shall use Kummer theory to show that ¢, d € F[z]. Clearly we can suppose

that ¢ was chosen so that p* > m = p”. Thus
(c+ dO)”" = (f + g0)"'/™ € F(x,9).

By Theorem 4.4.8, there exist rational functions ¢, ¥ € F(x) and an integer k € Z
such that

o(z) + d(2)0 = [p(x) + P(a)0]2* = [p(=P) + (=" )9]2".

Since ¢, d € F[z], we can choose @, ¥, k such that ¢, ¥ € Flz] and k > 0. Consider

the equality

() + g(2)9 = [p(x) + (x)9]" ="
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As f and g are relatively prime polynomials, we must have that k£ = 0; and so ¢ = ¢
and d = 1. Since m = p" was an arbitrary power of p, we have now shown that

f + g9 is already p-high in F(x, ), which is the desired contradiction.

4.5. Notes

The normaliser tower technique was first introduced in Thomas [49], where it
was used to prove Theorem 4.1.13. The proof of Theorem 4.1.8 is closely based upon
Hodges [16, Section 5.5]. The proof of Theorem 4.1.7 is an expanded version of the
original proof of Fried-Kollar [10]. (There is no mention of valuations or Kummer
theory in the purely computational proof of Fried-Kollar. While the introduction
of these notions neither shortens nor simplifies the proof, I think that it helps to

explain why Lemma 4.3.6 is true.)



CHAPTER 5

Hamkins’ Theorem

Recently Joel Hamkins has observed that it is possible to define the automor-
phism tower of an arbitrary (not necessarily centreless) group. The only complica-
tion is that, instead of defining the automorphism tower to be an ascending chain of
groups, it is now necessary to define the automorphism tower to be a suitable direct
system of groups and homomorphisms. In this chapter, we shall prove Hamkins’
theorem which says that if G is an arbitrary group, then the automorphism tower
of G eventually terminates. Perhaps the most interesting feature of Hamkins’ proof
is that it gives virtually no information concerning the height 7(G) of the automor-
phism tower of an arbitrary group G, apart from the fact that 7(G) is less than
the least inaccessible cardinal x such that £ > |G|. Even in the case when G is
a finite group, no better upper bound for 7(G) is currently known than the least

inaccessible cardinal.

5.1. Automorphism towers of arbitrary groups

In this section, we shall define the automorphism tower of an arbitrary (not
necessarily centreless) group; and we shall prove that the automorphism tower of an
arbitrary group eventually terminates. But before we can define the automorphism
tower of an arbitrary group, we first need to introduce the notion of the direct limit

of a direct system of groups and homomorphisms.

DEFINITION 5.1.1. A partial ordering (A, <) is said to be a directed set if for

all o, v € A, there exists an element A € A such that o < A and v < .

In this book, we shall only need to consider the case when A is an ordinal,

equipped with its usual well-ordering.

DEFINITION 5.1.2. Let A be a directed set. Then a direct system of groups and
homomorphisms indexed by A consists of

89
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(a) aset {Gx | A € A} of groups and

(b) aset {¢x,: G — G, | A< p € A} of homomorphisms
such that the following conditions hold.

(1) @ax: Gan — Gy is the identity map for all A € A.

(i) Yupo@ru=@ry forall A <p<w.

DEFINITION 5.1.3. Suppose that {Gx | A € A} and {¢or, | A < p € A}lisa
direct system of groups and homomorphisms indexed by A. Let G be a group and
let ¢y : Gx — G be a homomorphism for each A € A. Then (G, {px | A € A}) is
the direct limit of the direct system if the following conditions hold.

(a) ©x = pu 0, foral A < p.

(b) Suppose that H is a group and that for each A € A, ¥ : Gy — H is a
homomorphism such that ¥\ = 1, 0 oy, for all A < p € A. Then there
exists a unique homomorphism ¢ : G — H such that ¥, = ¥ o ¢, for all

Ae A

In this case, we write G = @GA.

It is clear that each direct system has at most one direct limit up to isomor-

phism.

THEOREM 5.1.4. Any direct system of groups and homomorphisms has a direct
limat.

PROOF. Suppose that {G) | A € A} and {px, | A < p € A} is a direct system
of groups and homomorphisms indexed by A. To simplify notation, assume that
the groups {G | A € A} are pairwise disjoint. Define an equivalence relation E on
X = |yea G as follows.

e Suppose that g € G, and h € G,. Then g E h iff there exists A\ > o, v
such that ¢, x(9) = wua(h).
For each g € X, let [g] = {h € X | g E h} be the corresponding E-equivalence class.
Then we can define a group operation on the set G = {[g] | g € X} of E-equivalence
classes as follows.

e Suppose that [g], [h] € G, where g € G, and h € G,,. Then

[9] - [h] = [por(9) - Lo (R)],
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where A € A is any element such that A > o, v.

Finally for each A € A, define the homomorphism ¢y : Gy — G by ¢x(g9) = [g]-
Then it is easily checked that G = HA’IG)\. (]

We are now ready to define the automorphism tower of an arbitrary (not nec-

essarily centreless) group.

DEFINITION 5.1.5. Let G be an arbitrary group. Then the automorphism
tower of G consists of the class of groups {G, | & € On}, together with the class
of canonical homomorphisms {73, : Gg = G4 | B < o € On}, defined inductively

as follows.

(a) Go =G and m = idg,.

(b) If @« = B+ 1, then G, = Aut(Gp) and 7g, : Gg = G, is the canonical
homomorphism which sends each g € G5 to the corresponding inner au-
tomorphism ¢, € Aut(Gg) = G,. Furthermore, 7, o = idg, and if v < 3,
then my o = 7g,q © Ty 3.

(c) If o is a limit ordinal, then we define (Gu, {mg,o | 8 < a}) to be the di-
rect limit of the direct system of groups {Gs | 8 < a} and canonical

homomorphisms {7, g | ¥ < 8 < a}; and we set 74 o = idg, .

The automorphism tower of G is said to terminate if there exists an ordinal «
such that the canonical homomorphism 7y n+1 : Go — Ga+1 is an isomorphism.
Once again, this occurs if and only if there exists an ordinal « such that G, is
a complete group. In order for the automorphism tower of G to terminate, it is
actually enough that there should exist an ordinal v such that G, is centreless;
since then Theorems 2.1.1 and 3.1.13 imply that there exists an ordinal « such that

G is complete.

THEOREM 5.1.6 (Hamkins [14]). If G is an arbitrary group, then the automor-

phism tower of G eventually terminates.

PROOF. Let G be an arbitrary group and let (G, | « € On) be the automor-
phism tower of G. For each a < 3, let mo 3 : Go — Gg be the corresponding

canonical homomorphism. As we explained above, it suffices to show that there
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exists an ordinal  such that G, is a centreless group. For each ordinal o, let
H, ={g9 € G, | There exists 8 > a such that 7, 5(g) = 1}.

For each g € H,, let 3, be the least ordinal such that 74 s,(g) = 1 and let

fla) =sup{By | g € Ha}.

It is easily checked that if o < 3, then a < f(a) < f(8). Now define a strictly

increasing w-sequence of ordinals by

(a) 70 =0,
(B) Ynt1 = f(rn +1),
and let v = sup{7, | n € w}. Then 7 is a limit ordinal such that f(«a) < « for every
o < vy. We shall prove that G is a centreless group.
Suppose that g € Z(G,), so that 7y ,41(9) = 1. Since v is a limit ordinal,
there exists o < «y such that g = 7, ,(h) for some h € G. Notice that

Taqy+1(R) = Ty y41 (Tay (R) = Ty 11(9) = 1.

Hence 7, f(a)(h) = 1. But this means that

9= Tan(h) =Ty (Ta,f@) (M) = Tra) A (1) = 1,

as desired. 0

DEFINITION 5.1.7. Let G be an arbitrary group.

(a) 7(G) is the height of the automorphism tower of Gj i.e. the least ordinal
« such that G, is a complete group.

(b) 7c(G) is the least ordinal v such that G is a centreless group.

By Theorem 2.1.1 and Corollary 3.3.2, if v = 7.(G), then
o 7(G) < v+ w if Gy is finite, and
o 7(G) < (219) " if G, is infinite.
Unfortunately theproof of Theorem 5.1.6 gives absolutely no upper bound for 7.(G).
However, with a little more effort, it is possible to obtain an upper bound for 7.(G),

albeit a seemingly terrible one.
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THEOREM 5.1.8 (Hamkins [14]). Let G be an arbitrary group. If k is a regular
uncountable cardinal such that |Go| < k for all o < K, then
(a) 7.(G) < k; and
(b) 7(G) < k.

PRrROOF. (a) This follows from a slight variation of the proof of Theorem 5.1.6.

For each ordinal a < &, let
Ko ={9€Ga|manlg) =1}

and for each g € K, let 8, be the least ordinal § such that m, g(g) = 1. Clearly
By < k each g € K,. Let

fla) =sup{fy | g € Ko}

Since & is regular and |K,| < &, it follows that f(a) < x. Arguing as in the proof
of Theorem 5.1.6, we can now find a limit ordinal v < k such that f(«) < for all
o < 7; and then the proof of Theorem 5.1.6 shows that G is a centreless group.

(b) Let v = 7.(G) < k. Then the groups from step v to step &
Gy—= - = Gy— =Gy

in the automorphism tower of G can be identified with the corresponding groups
in the classical automorphism tower of the centreless group G.; and we can apply

the argument in the proof of Theorem 3.1.13 to the increasing chain

Gy DGy 994G 4 Go= | Ga

yLa<k

Specifically, suppose that m € Aut(G,). By Theorem 3.1.10, there exists a club C
of k such that C' C k \ v and 7[G,] = G, for all « € C. For each o € C, there
exists an element g, € Goy1 = Aut(Gy) such that g,xg,t = n(z) for all z € G,.
If , B € C and a < B, then g, 'gs € Cg,(Go) < Cq,(G) = 1 and so g, = gg-
Hence there is a fixed element g € G,; such that 7 [ G =44 | G, for each a € C
and so ™ =i, € Inn(Gy;). Thus Aut(Gx) = Inn(G,) and so 7(G) < k. O

Of course, in order to apply Theorem 5.1.8, we must first find a regular un-

countable cardinal k such that |G| < &k for all & < k. In the special case when
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G is already centreless, Theorem 3.3.1 implies that we can take k = (2|G‘)+. Un-
fortunately this is not true in general. For example, in the next section, we shall
present an example of a countable abelian group G such that | Aut(G)| = 2* and
| Aut(Aut(G))| = 22°. At present, we can find no smaller value for x than the least
inaccessible cardinal greater than |G|. (In this case, we can obtain a slightly better

bound for 7(G) than that given by Theorem 5.1.8(b).)

DEFINITION 5.1.9. A regular uncountable cardinal x is inaccessible if 20 < x

for all cardinals 6 < k.

COROLLARY 5.1.10. Let G be an arbitrary group. If k is an inaccessible cardinal

greater than |G|, then 7(G) < k.

PROOF. An easy induction shows that |G,| < & for all & < k. Hence Theorem
5.1.8 yields that 7.(G) < k. Let v = 7.(G). Then |G,| < k and it follows that
7(G) < max{y + w, (2|G7‘)+} < K. O

It has to be admitted that the bound given by Corollary 5.1.10 is very un-
satisfactory, particularly when it is remembered that the existence of inaccessible
cardinals cannot be proved in ZFC. (For example, see Section IV.10 of Kunen
[26].) It is especially embarrassing that even when G is a finite group, no better

upper bound for 7(G) is currently known than the first inaccessible cardinal.

5.2. Two examples and many questions

The most interesting open problem on automorphism towers is that of finding
a satisfactory upper bound for 7(G) when G is an arbitrary group. As we saw in
the last section, this problem is essentially the same as that of finding a satisfactory
upper for 7.(G). These problems remain open even in the case when G is finite. We
shall begin this section by presenting a natural example of a finite group G such
that the automorphism tower of G does not terminate after finitely many steps.

Thus Wielandt’s theorem does not extend to arbitrary finite groups.

THEOREM 5.2.1. The automorphism tower of the dihedral group Dg terminates

after exactly w + 1 steps.
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PROOF. Let (G, | @ € On) be the automorphism tower of the dihedral group
G = Dg = (a,b | a* = b* = (ab)* = 1);

and for each o < B, let mq 3 : Go — Gp be the corresponding canonical ho-
momorphism. Clearly Dg has an outer automorphism ¢ of order 2 which inter-
changes the involutions a and b; and it is a straightforward exercise to show that
Aut(Dg) = (iq, ). Furthermore, an easy calculation shows that i,¢ has order 4
and so Aut(Dg) ~ Dg. Notice that Z(Dg) = ((ab)?) has order 2. Thus the canoni-
cal homomorphism Dg — Aut(Dg) is not an isomorphism; and it follows that the
automorphism tower of Dg does not terminate after finitely many steps.

Another easy calculation shows that (i,¢)? = i4. Hence 7o 1(ab) = i4p is the
central involution of Aut(Dsg). It follows that 7y 2(ab) = 1 and so 7 2(a) = 79 2(b).
Thus G, = (mow(a)) is cyclic of order 2. It follows that the automorphism tower

of G = Dg terminates after exactly w + 1 steps with the group G411 = 1. O

No examples are known of finite groups G such that 7(G) > w + 1. However,
this is probably because of the serious difficulty of computing the automorphism
towers of finite groups. It seems that if G is a finite group, then after a small

number of steps either

(a) the sequence (G, | n € w) becomes constant up to isomorphism; or

(b) the groups G,, become too complicated to compute.

Of course, the problem is even worse if G is an infinite group.

CONJECTURE 5.2.2. The automorphism tower of an arbitrary finite group ter-

minates after countably many steps.

Theorem 5.1.8 implies that if G is a counterexample to Conjecture 5.2.2, then

there exists an ordinal o < w; such that |G,| > w.

QUESTION 5.2.3. Does there exist a finite group G such that |G| > w for some

a < w?

Initially it seems reasonable to concentrate on the special case of whether there

exists a finite group G such that G, is infinite. (It is not obvious to me whether
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this special case is equivalent to Question 5.2.3.) If G is such a group, then clearly

|G| = 00 as n — oco. Thus we are led to consider the question of whether
(IGnl[n €w)

is a bounded sequence of integers for every finite group G. This question has already

been raised by Scott [42] in the following equivalent formulation.

QUESTION 5.2.4. Let G be an arbitrary finite group. Is the sequence of groups

(G, | n € w) eventually periodic up to isomorphism?

With this wording, Question 5.2.4 almost seems to imply a prior knowledge of
the existence of finite groups G such that
(i) G # Aut(G) and
(i) G ~ G, for some n > 1.
However, despite raising this question with a number of leading group theorists, I

have yet to find anyone who knows of an example of such a group.

QUESTION 5.2.5. Does there exist a finite group G such that the sequence of
groups (G, | n € w) is eventually periodic up to isomorphism, but not eventually

constant?

Virtually nothing is known concerning the problem of finding upper bounds for
the heights of the automorphism towers of arbitrary infinite groups. As we have
already seen, this problem is closely related to the problems of bounding 7.(G)
and |G,| in terms of |G|. The current state of ignorance concerning the first of
these problems is particularly embarrassing. While the only known upper bound
for 7.(G) is the next inaccesssible cardinal after |G|, no example is known of a group

such that 7.(G) > w + 1.

CONJECTURE 5.2.6. For each ordinal «, there exists a group G such that
7.(G) = a.

Conjecture 5.2.6 is most naturally approached via the notion of the (transfinite)

upper central series of a group.
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DEFINITION 5.2.7. The upper central series of a group G is defined to be the
series
1=20(G) < Z1(G) £ Z2(G) < -+ < Za(G) < -+

such that

(a) Zot+1(G)/Za(G) is the centre of G/Z,(G); and

(b) if a is a limit ordinal, then Z,(G) = Uz, Z5(G).
If « is the least ordinal such that Z,(G) = Z,+1(G), then we say that the upper
central series of G has length o and that ((G) = Z,(G) is the hypercentre of G. If

¢(G) = G, then we say that G is a hypercentral group.

It seems reasonable to expect that for each «, there exists a group G whose
upper central series has length exactly exactly a and which satisfies 7.(G) = a.
For example, it might be worth considering the hypercentral groups constructed
by McLain [31]. Of course, even if this approach to Conjecture 5.2.6 is successful,
each of the resulting groups G will satisfy |G| > |a| and so 7.(G) < |G|*. However,

the real question is whether 7.(G) can be substantially greater than |G|.
QUESTION 5.2.8. Does there exist an infinite group G such that 7.(G) > |G|*?

Very little is also known concerning the problem of bounding |G| in terms of
|G|. We have seen that if G is centreless, then |G,| < (2‘G|)+ for all ordinals o.

However, this result does not extend to arbitrary groups.

THEOREM 5.2.9. There exists a countable group G such that | Aut(G)| = 2¢
and | Aut(Aut(Q))| = 22°.

PROOF. For each prime p, let Z [1/p] = {m/p"™ | m € Z,n € N} be the additive
group of p-adic rationals. Let G = @p Z[1/p]. Clearly an element g € G is divisible
by p" for alln € Niff g € Z[1/p]. Hence if 7 € Aut(G), then 7 [Z [1/p]] = Z [1/p] for
each prime p. It is easy to see that any automorphism of Z [1/p] is just multiplication
by some element u € U, = {£p" | n € Z}, the group of multiplicative units of the
ring of p-adic rationals. Thus Aut(G) ~ [], Uy, and so | Aut(G)| = 2*.

Next note that U, ~ Z x Cy for each prime p. Hence Aut(G) ~ P x V, where
P is the direct product of countably many copies of Z and V is the direct product

of countably many copies of Cs. Since each nonzero element of V' has order 2, it



98 5. HAMKINS® THEOREM

follows that V is isomorphic to a direct sum of |V| copies of Cy. So we can identify

V' with the vector space of dimension 2% over the field Fy of two elements. Hence
Aut(Aut(G)) = Aut(P) x Aut(V) = Aut(P) x GL(V),
where GL(V) is the general linear group on the vector space V. It follows that

22" = |GL(V)| < | Aut(Aut(Q))| < 2%

DEFINITION 5.2.10. If k is an infinite cardinal, then the cardinal 3,(k) is
defined inductively as follows.
(a) Jo(k) = k.
(b) Tay1(k) =270,
(c) If o is a limit ordinal, then 3, (x) = supz,, (k)

QUESTION 5.2.11. Does there exist a fixed ordinal 8 such that if G is an arbi-

trary infinite group, then |G,| < 33(|G|) for all a?

In Chapter 7, we shall prove a result which shows that in the classical case of
centreless groups, the upper bound of 7(G) < (2|G|)+ cannot be improved in ZFC.
It is conceivable that the analogous result is true for the case of arbitrary groups.

We shall say a little more about this possibility at the end of Section 7.1.

5.3. Notes

In retrospect, it is surprising that the notion of the automorphism tower of an
arbitrary (perhaps centreless) group was not defined before Hamkins’ elegant paper
[14]. Theorems 5.1.6 and 5.1.8 are due to Hamkins [14]. Theorem 5.2.1 is an easy
consequence of Robinson [39, Exercise 1.5.6].

Joel Hamkins has pointed out that it is slightly inaccurate to say that no better
bound for 7(G) is known than the least inaccessible cardinal x such that & > |G|.
For example, let A be the least cardinal such that V), F ZFC and A > |G|. Then
an easy Lowenheim-Skolem argument shows that A is strictly less than k. Clearly

we can assume that G € V). Since ZFC proves that the automorphism tower of G
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eventually terminates, it follows that
V) E The automorphism tower of G terminates.

Clearly the notion of the automorphism tower of G is absolute between V) and V.

Hence 7(G) < A.






CHAPTER 6

Set-theoretic Forcing

The first half of this book presented those results on automorphism towers
which can currently be proved using the classical ZFC axioms of set theory. The
final three chapters will explain why a number of natural problems concerning
automorphism towers are independent of ZFC'. For example, we shall prove that
if k is a regular uncountable cardinal, then ZFC cannot decide the question of
whether there exists a centreless group G of cardinality « such that 7(G) > 2%. More
precisely, in Chapter 7, we shall prove that if  is a (possibly singular) uncountable
cardinal, then it is consistent with ZFC that there exists a centreless group G of
cardinality x such that 7(G) > 2%; and in Chapter 9, we shall prove that it is
also consistent with ZFC' that 7(G) < 2 for every centreless group G of regular
uncountable cardinality . In both cases, we shall use the technique of set-theoretic
forcing to construct a suitable model of ZFC which satisfies the relevant group-
theoretic statement.

The first five sections of this chapter contain a short introduction to set-
theoretic forcing, which is aimed primarily at nonlogicians. In these sections, we
shall present a detailed discussion of the fundamental concepts and basic results of
set-theoretic forcing. Proofs of results will be provided only when they are both
easy and also illustrate important ideas which will be needed in the later chapters of
this book. (For a thorough introduction to set-theoretic forcing, the reader should
consult the excellent textbook of Kunen [26].) In Section 6.8, we shall discuss
some of the basic ideas of iterated forcing, including the notion of a reverse Easton
iterated forcing.

Those readers who are already familiar with the basic theory of set-theoretic
forcing need only read Sections 6.6 and 6.7. In Section 6.6, we shall prove that
the height 7(G) of the automorphism tower of an infinite centreless group G is

not necessarily an absolute concept. In Section 6.7, we shall prove some partial

101
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absoluteness results for the heights of automorphism towers, which will be used
repeatedly in the later chapters of this book.
In the first four sections of this chapter, V will always denote the actual set-

theoretic universe.

6.1. Countable transitive models of ZFC

Suppose that o is a sentence in the first-order language of set theory. By
Godel’s Completeness Theorem, o is consistent with ZFC', written Con(ZFC + o),
iff there exists a countable model (M, E) of ZFC + o. (Here the relation F is
the interpretation of the membership symbol € in M.) This chapter presents an
account of set-theoretic forcing: a technique for constructing countable models of
theories such as ZFC + 2% = ws, etc. Unfortunately, these constructions cannot be
carried out using just the axioms of ZFC, since Goédel’s Incompleteness Theorem
implies that Con(Z FC) is not a theorem of ZFC. Throughout this book, our basic
assumption is that ZFC is consistent and hence there exists a countable model
(M, E) of ZFC'. In fact, we shall make the stronger assumption that the axioms of
ZFC are true in the actual set-theoretic universe V. This implies that there exists
a countable model (M, E) of ZFC which satisfies the following further hypotheses.
(For more details, see Section IV.7 of Kunen [26]. As we indicated above, while it
is true platonistically that there exists a countable transitive model of ZFC, the
proof of its existence cannot be formalised within ZFC. A clear discussion of this
point, together with an account of other less platonistic approaches to forcing, can

be found in Section VIIL.9 of Kunen [26].)

6.1.1(a) The relation E is the genuine membership relation on M; i.e.
E={{z,y)e M xM |z €y}

Thus our model has the form (M, €).
6.1.1(b) M is a transitive set; i.e. if t € M and y € z, then y € M.

DEFINITION 6.1.1. If the countable model M of ZFC satisfies hypotheses
6.1.1(a) and 6.1.1(b), then M is said to be a countable transitive model (c.t.m.)

If M is a c.t.m., then M contains a canonically defined transitive submodel

LM such that LM = ZFC + GCH. (For example, see Chapter VI of Kunen [26].)
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Hence, whenever it is convenient, we can also assume that the c.t.m. M satisfies
GCH.

In the next chapter, we shall prove that there exists a c.t.m. M such that
M E There exists an infinite centreless group G such that 7(G) > 2/¢/.

To accomplish this, we must not only construct the c.t.m. M, but also calculate
the automorphism tower of G within M. More generally, we shall need to under-
stand the set-theoretic and algebraic properties of various sets and structures within
the c.t.m. M. Fortunately, this is not too difficult, since Hypotheses 6.1.1(a) and
6.1.1(b) imply that many basic set-theoretic and algebraic properties P(z1,...,z,)

are absolute for M; i.e. for all ay,--- ,a, € M,
ME P(ay,...,a,) iff VE P(ay,...,an).

For example, suppose that a, b € M. It is clear that if V Fa Cb, then M Fa Cb.
Conversely, suppose that M E a C b. Working within V| the transitivity of M
implies that if ¢ € a, then ¢ € M and hence ¢ € b. Thus V F a C b. Consequently,
for all @, b € M,

MEaCbH iff VEaCO.

DEFINITION 6.1.2. A transitive class model M of ZFC is a transitive class
such that (M, €) E ZFC. In particular, we allow the possibility that M is a proper
class. In this book, we shall only be interested in the cases when M is either a

c.t.m. or the actual universe V.

DEFINITION 6.1.3. Let ¢(x1,...,x,) be a formula with free variables z1, ..., z,
and let M be a transitive class model of ZFC'. Then ¢ is absolute for M if for all

Ay, 7an€Ma
MEp(al,...,a,) iff VEp(a,...,a,).

Notice that if ¢ is absolute for every transitive class model of ZFC, then

whenever M, N are transitive class models of ZFC such that M C N,
ME p(at,...,a,) if  NEp(a,...,an)

for all ay,--- ,a, € M.
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We have already seen that the formula “z C y” is absolute for every transitive
class model M of ZFC. With a little more effort, it can be shown that the formulas
“r is an ordinal” and “x = w” are also absolute for every transitive class model
M. On the other hand, if M is a c.t.m., then the formula “x is uncountable” is
not absolute for M. To see this, let M be a c.t.m. and let s € M be any element
such that M E s is uncountable. Since M is transitive and s € M, it follows that
s € M. Hence, working within the actual universe V', we see that s is really only
a countably infinite set. Of course, this means that if f : w — s is any of the
bijections which witness the countability of s, then necessarily f € V ~. M.

In order to determine whether a formula ¢ is absolute, it is usually sufficient to
consider whether or not ¢ is equivalent to a formula which only involves bounded

quantifiers.

DEFINITION 6.1.4. Let ¢ be a formula and let z, y be variables. Then we write
(3z € y)p as an abbreviation for 3z(z € yA ). Similarly, we write (V& € y)p as an
abbreviation for Vz(z € y — ). We say that (3x € y) and (Va € y) are bounded

quantifiers.

DEFINITION 6.1.5. The set of Ag-formulas are defined inductively as follows.

(i) “x € y” and “x = y” are Ap-formulas.
(ii) If ¢ and 1 are Ag-formulas, then =, ¢ A, @ V), ¢ = ¥ and ¢ < P
are also Ag-formulas.
(iii) If ¢ is a Ag-formula and z, y are variables, then (3x € y)¢ and (Va € y)y

are also Ag-formulas.

LEMMA 6.1.6. Let o(x1,...,2n), ¥(x1,...,2,) be formulas with free variables
X1y ey Tn. If 1 is a Ag-formula and ZFC F Yy - - -V, (@ < ), then ¢ is absolute
for every transitive class model M of ZFC.

PROOF. Since M is transitive, s C M for each s € M. Hence each bounded

quantifier (3z € s), (Vx € s) has the same interpretation in M and V. O

The next result mentions just a few of the many set-theoretic notions which

are easily seen to be definable by Ag-formulas.
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THEOREM 6.1.7. The following set-theoretic notions are definable by Ag-formulas

and hence are absolute for every transitive class model M of ZFC.

(a) z is an ordered pair.
(b) R is a binary relation on the set A.
c) f is a bijection from A onto B.

e) n is a natural number.

)
)
(c)
(d) « is an ordinal.
)
f)

(
(

z 18 a finite sequence.

O

Many algebraic notions are also easily seen to be definable by Ag-formulas. For
example, suppose that M is a transitive class model of ZF'C and that (G, f,e) € M,
where e € G and f is a binary operation on G. (Of course, since M is transitive,
it follows that e, f € M.) The axioms of group theory are naturally expressed as
Ag-formulas; e.g.

(Ve e G)(Fy € G)f(z,y) =e.
It follows that the notion “(G, f,e) is a group” is definable by a Ag-formula and
hence is absolute for every transitive class model M of ZFC. Similar remarks apply

to the notions of a graph, a field, etc.

THEOREM 6.1.8. The following algebraic notions are definable by Aqg-formulas
and hence are absolute for every transitive class model M of ZFC.
(a) (I, E) is a connected graph.
(b) (G, x,1) is a centreless group.
(¢) (F,+,%,0,1) is an algebraically closed field.

O

We have already seen that if M is a c.t.m., then the notion “z is uncountable”
is not absolute for M. Of course, this means that the notion “z is countable” is also
not absolute for M. However, suppose that s € M and that M F s is countable.
Then there exists a function f € M such that M E f : w — s is a surjection. Since
the notion of a surjection is definable by a Ag-formula, it follows that f is also a
surjection in the actual universe V' and hence V F s is countable. Consequently,

for all s € M, if M F s is countable, then V F s is countable.



106 6. SET-THEORETIC FORCING

DEFINITION 6.1.9. Let ¢(x1, ..., x,) be a formula with free variables x1, ..., x,
and let M be a transitive class model of ZFC. Then ¢ is upwards absolute for M if
for every transitive class model N of ZFC such that M C N, forallay, - ,a, € M,

ME p(ay,...,a,) implies N E@(a,...,a,).

As the above example suggests, there is a simple syntactical criterion which

usually suffices to determine whether a notion is upwards absolute.

DEFINITION 6.1.10. The formula ¢ is a X1 -formula iff ¢ has the form

1+ Iym P,

where v is a Ag-formula.

LEMMA 6.1.11. Let p(z1,...,2y), ¥(z1,...,2,) be formulas with free variables
Xly.eoy Tpn. Ifthis a Bq-formula and ZFC F Nz - -Va,(p < 1), then ¢ is upwards
absolute for every transitive class model M of ZFC.

O

The following theorem gives two more examples of notions which are easily seen
to be definable by 3;-formulas. As we shall see later, neither of these notions is

absolute.

THEOREM 6.1.12. The following notions are definable by X1 -formulas and hence
are upwards absolute for every transitive class model M of ZFC.
(a) (I'1, E1) and (T2, E3) are isomorphic graphs.
(b) (G, x,1) is a group such that 7(G) > 0.

O
It occasionally requires a little more thought to determine whether a notion
is absolute. For example, consider the notion “G is a simple group.” The most

obvious definition of this notion is:
—(3H)(H is a nontrivial proper normal subgroup of G,

which is certainly not a Ag-definition; and, at first glance, it seems conceivable that
there might exist a transitive class model M of ZFC and a group G € M such that
M E G is simple, while V E G is not simple. Of course, this would mean that G has
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nontrivial proper normal subgroups in V', but that each such subgroup H satisfies
H € V ~. M. However, notice that if G has a nontrivial proper normal subgroup in
V, then it has such a subgroup of the form H = (g%) for some 1 # g € G. But,
using Theorem 6.1.7(f), we see that (¢g“) has a Ag-definition in the language of
set theory using the parameters g, G € M. It follows that (¢%) € M and hence
M E @ is not simple, which is a contradiction. Hence the notion “G is a simple
group” is absolute for every transitive class model M of ZFC. An examination
of the above argument shows that the notion “G is a simple group” also has the

following slightly less obvious Ag-defintion:
(Vo € G)(Vy € G)(x # 1 implies y € (z)).

We have already noted that if M is a c.t.m., then every set s € M is really
countable within V. However, since M F ZFC, it follows that there exists an

ordinal o € M such that
M E « is the least uncountable cardinal.

We shall denote this ordinal by w} and use a similar notation for the M-versions
of other definable objects. For example, Sym™ (w) will denote the group G € M
such that

M E G is the group of permutations of w.

Since the notion of a permutation of w is absolute, we have that
Sym™ (w) = Sym(w) N M.

Here Sym(w) denotes the actual symmetric group on w. We shall occasionally use
notation such as Sym" (w) when we want to emphasise that we are referring to an
object within V' rather the M-version within some c.t.m. M.

In the remainder of this section, we shall say a few words concerning the basic
strategy of set-theoretic forcing. Suppose that we wish to prove the consistency of
-CH. Let M be any c.t.m. Working within the actual universe V, we see that
PM (w) is really only a countable subset of P(w) and that wl is a countable ordinal.
In particular, there exist uncountably many sets S € P(w) \ P (w) and it seems
reasonable to hope that we can obtain of model of ZFC + —-CH by extending M
to a suitable c.t.m. N such that PM(w) ¢ PN (w). For example, let f € V ~ M
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be an injection f : w}! — P(w) such that f(a) = S, € P(w) ~ PM(w) for each
a < wd and suppose that N 2 M is a c.t.m. such that f € N. Then N contains
the w)’-sequence (S, | @ < wi?) of distinct “new” subsets S, C w. At first glance,

this seems to imply that that C'H is false in N. Unfortunately, it only shows that
N E2¢¥ > |wy],

and there remains the possibility that the cardinal wl! of M has been “collapsed”
within N; i.e. that N also contains a bijection g : wM — wd or, even worse, a

bijection h : w — wi. If this occurs, then
NE W) <w

and we have accomplished nothing. To see that this is a genuine problem, suppose
that we inadvertently choose the sets (S, | @ < wi?) so that min S, # min Sg for

all @ < B < wd!. Then N also contains the injection h : w}! — w, defined by

h(a) = min Sy,

and so wd! is indeed a countable ordinal in N. However, it seems reasonable to

hope that this kind of problem will not arise if the sequence (S, | a < wd!) is
sufficiently “generic”. In the next section, we shall begin our study of set-theoretic
forcing: a technique for adjoining “generic” objects to countable transitive models

of ZFC.

CONVENTION 6.1.13. From now on, we shall often use phrases such as:
e “let k € M be a regular cardinal such that k<% = ",
instead of the more accurate:

”

e “let M F k is a regular cardinal such that k<% = k”.

6.2. Set-theoretic forcing
In this section, V will continue to denote the actual set-theoretic universe.
DEFINITION 6.2.1. A notion of forcing is an ordered triple (P, <, 1) such that

< partially orders P and 1 is the largest element of P. The elements of P are called

conditions.
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Slightly abusing notation, we shall usually say that P is a notion of forcing. On
the other hand, when more than one notion of forcing is under discussion, we shall

occasionally need to use the more explicit notation (P, <p, 1p).

A notion of forcing typically arises as a collection of approximations to some
object that we wish to “generically adjoin”. For example, suppose that we wish to
adjoin an wy-sequence (g, | @ < ws) of distinct functions g, € “2. Equivalently,

we wish to adjoin the associated function g : ws X w — 2, defined by

g(a, Tl) = ga(n)

Then a suitable notion of forcing would be the set Fn(ws X w,2) of finite approxi-

mations to such a function.

DEFINITION 6.2.2. If I, J are any sets, then Fn(I,.J) is the notion of forcing
consisting of all functions p such that
(a) domp C I,
(b) ranp C J, and
(©) lpl <w,

ordered by ¢ < p iff ¢ D p.

As this example suggests, if P is an arbitrary notion of forcing and p, ¢ € P are
conditions, then the intuitive meaning of ¢ < p is that “q contains more information

than p”.

DEFINITION 6.2.3. Let P be a notion of forcing.
(a) The conditions p, ¢ € P are compatible iff there exists r € P such that

r<p,q.

(b) Otherwise, p and g are incompatible, written p L q.

DEFINITION 6.2.4. Let P be a notion of forcing.
(a) A subset D C P is dense iff for all p € P, there exists ¢ € D such that
q=p
(b) A subset G C PP is a filter iff the following conditions are satisfied.
(i) For all p, g € G, there exists r € G such that r < p, q.
(ii) For all p, g € P, if p € G and p < g, then ¢ € G.
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For example, consider the notion of forcing P = Fn(ws X w, 2). For each pair of
ordinals o < 8 < wa, let Cy 3 consist of the conditions p € P for which there exists

an integer n € w such that
(1) (a,m), (B,n) € domp; and
(2) pla,n) # p(B,n).
Then C, g is dense in P for & < f < wy. Similarly, it is clear that for each pair

(o, n) € wy X w, the subset
Dyn={peP|{(a,n) e domp}

is dense in P. Now suppose that G C P is a filter. Then any two of the partial
functions p, ¢ € G are compatible and so g = |J G is a partial function from we X w
into 2. Clearly g will be a total function iff G N Dy, # 0 for all (o, n) € we X w. In
this case, the corresponding sequence (g, | @ < ws) will consist of distinct functions
o € “2UHE GNChp # 0 for all @ < f < wy. Of course, such a filter G exists iff
CH is false in the actual universe V.

Up to this point, our discussion of notions of forcing, dense sets, etc. has taken
place in V. However, if we wish to generically adjoin a sequence (g, | @ < wi?) of
functions g, € “2 to a c.t.m. M, then it is necessary to consider the corresponding
relativized versions within M. Fortunately, all of the basic ingredients of forcing
are absolute, including “< partially orders P”, “p < ¢”, “p L ¢”, “D is a dense

subset of P, etc.

DEFINITION 6.2.5. Suppose that M is a c.t.m. and that P € M is a notion of
forcing. Then the filter G C P is P-generic over M iff GN D # () for all dense
subsets D of P such that D € M.

But how can we tell whether a dense subset D of P is an element of the c.t.m.
M? In practice, this is not a source of difficulty, since each dense set D that is
actually used in our arguments will be explicitly definable; i.e. there will always
exist a formula ¢(y,x1, -+ ,x,) in the language of set theory with free variables

Y,x1, -, T, and elements aq,--- ,a, € M such that

D:{p€P|M':50(paala 7an)}'
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Since M F ZFC, it follows that D € M. In fact, the formula ¢(y,z1,- - ,2,) will
usually be absolute for M, so that

D={peP|VEppa, - ,a)}

The countability of the c.t.m. M is used only once in the development of set-
theoretic forcing; namely, in the following proof that there always exists a P-generic

filter over M.

LEMMA 6.2.6. Suppose that M is a c.t.m. and that P € M is a notion of forcing.
For each p € P, there exists a filter G C P such that p € G and G is P-generic over
M.

PrROOF. Let {D,, | n < w} be an enumeration of the countably many dense
subsets D of P such that D € M. (Of course, this enumeration is usually not an
element of M. But here we are working within the actual universe V' rather than

within the countable subuniverse M.) Then we can inductively define a sequence

of elements of P such that p,+1 € D, for all n < w. Let
G = {q € P| There exists n < w such that p, < g}.
Then G is a P-generic filter over M such that p € G. |
For example, let M be a c.t.m. and consider the notion of forcing
Q= Fn(wy x w,2)M = Fn(wy! x w,2) € M.

Let G be a Q-generic filter over M. For each a < 8 < wi! and (a, n) € wil x w, let
Cu,g and D, be the corresponding dense subsets of Q, defined in the discussion
following Definition 6.2.4. Then Cy g, Don € M and hence G N Cyp # 0 and
G N Dy, # 0 for each a < 8 < wd! and each (a,n) € w)! x w. Tt follows that
g =G is a total function from wd’ x w to 2 and that the corresponding sequence
(9o | & < W) consists of distinct functions g, € “2.

As we shall see next, for most notions of forcing P € M, the c.t.m. M does not

contain any P-generic filters. (The proof of Lemma 6.2.8 also shows that if P is an

atomless notion of forcing, then there does not exist a filter G which is P-generic
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over V. Thus it is essential that we force over a countable transitive model M of

ZFC rather than over the actual set-theoretic universe V.)

DEFINITION 6.2.7. Let P be a notion of forcing. An element p € P is said to
be an atom iff there do not exist elements ¢;, ¢o < p such that ¢; L go. The notion

of forcing P is nonatomic iff P does not contain any atoms.

Notice that if P € M and p € P is an atom, then G ={g € P | ¢ <por p < ¢}
is a P-generic filter over M such that G € M.

LEMMA 6.2.8. Suppose that M is a c.t.m. and that P € M 1is a atomless notion
of forcing. If G is a P-generic filter over M, then G ¢ M.

PROOF. Suppose that G is a P-generic filter over M such that G € M. Then
D =P~ G € M. We claim that D is a dense subset of P. To see this, let p € P
be any element. Since p is not an atom, there exist ¢, g2 < p such that gq; L go;
and since G is a filter, there exists ¢ € {1,2} such that ¢, € P~ G = D. As G
is P-generic over M, we must have that GN D = GN (P~ G) # (), which is a

contradiction. O

Suppose that M is a c.t.m., P € M is a notion of forcing and that G is a
P-generic filter over M. We shall next describe how to construct the corresponding
generic extension M[G]; i.e. the smallest c.t.m. N of ZFC such that M C N and
G € N. The basic idea is that since M[G] is the smallest c.t.m. containing G, for
each element a € MIG], there should be a corresponding P-name 7 € M which

describes how a may be constructed from G.

DEFINITION 6.2.9. Let P be a notion of forcing. Then 7 is a P-name iff

(a) 7 is a set of ordered pairs; and

(b) if (o,p) € T, then ¢ is a P-name and p € P.

DEFINITION 6.2.10. Suppose that M is a c.t.m. and that P € M is a notion
of forcing. Let G be a P-generic filter over M. Then for each P-name 7 € M, we

define the corresponding interpretation by

T7¢ = {o¢ | There exists p € G such that (o,p) € T}.
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For example, the empty set () is trivially a P-name and clearly g = () for every
P-generic filter G. Hence if p € P, then {(0, p)} also a P-name and
{@}, if p e G;
{<®7p>}G =
0, if p¢G.
Slightly less trivially, let 1 be the largest element of P. Then for each z € M, we

can recursively define the canonical P-name & € M by

& ={({y,1) |y e}

If G is any P-generic filter, then 1 € G and so an easy induction shows that &g = =

for all x € M.

DEFINITION 6.2.11. Suppose that M is a c.t.m. and that P € M is a notion of
forcing. If G is a P-generic filter over M, then the corresponding generic extension

is defined to be

M[G) ={rg | 7 € M is a P-name }.

THEOREM 6.2.12. Suppose that M is a c.t.m. and that P € M is a notion of

forcing. If G is a P-generic filter over M, then

(a) M[G] is a countable transitive model of ZFC;

(b) M C M[G] and G € M[G];

(¢) M and M|G] contain the same ordinals.
Furthermore, if N is a transitive class model of ZFC' such that M C N and G € N,
then M[G] C N.

A complete proof of Theorem 6.2.12 can be found in Chapter VII of Kunen [26].
In this section, we shall only check some of the easier parts of Theorem 6.2.12, in

order to illustrate the basic ideas. First we shall prove that the pairing axiom
(Vz)(Vy)(Fz)(x € z Ay € 2)

holds in M[G]. Suppose that a, b € M[G]. Then there exist P-names 7, 0 € M
such that 7¢ = @ and o = b. Let p = {{(r,1),(0,1)}. Then p € M is a P-name
and clearly pg = {a, b}.
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Next to see that M C M]G], recall that for each x € M, we have already
defined the canonical P-name & € M by & = {(g,1) | y € } and that ¢ = z for
all z € M.

Finally we shall check that G € M[G]. To see this, let I' € M be the P-name
defined by T' = {(p,p) | p € P}. Then we clearly have that I'q = G.

Returning to our earlier example, let M be a c.t.m.,
Q= Fn(wy x w,2)M = Fn(w)! x w,2) € M,

and suppose that G is a Q-generic filter over M. Then the c.t.m. M[G] contains the
wd-sequence (g, | @ < wd!) C “2 of distinct functions g, € “2. Unfortunately, as

we pointed out in Section 6.1, this only shows that
M[G) E 2% > |wy";

and if we wish to prove that M F —=CH, then it remains to be shown that w)? =
wéw [l In other words, we must show that the cardinal w)? of M has not been
collapsed. We shall deal with this problem in the next section. Once again, this is

a genuine problem. For example, consider the notion of forcing
R = Fn(w,wp)™ = Fn(w,wd’) € M
and suppose that H is an R-generic filter over M. For each a € wl?,
Do={peR|acranp} e M

is a dense subset of R and so H N D, # 0. It follows easily that h = |JH € M[H]

is a surjective function from w onto w}? and hence wi? is a countable ordinal in

We shall end this section with a short discussion of the forcing relation IF. It will
soon become clear that this is the key to understanding the relationship between
the combinatorial properties of the notion of forcing P and the statements which

are true in the corresponding generic extensions.

DEFINITION 6.2.13. Suppose that ¢(z1,...,z,) is a formula with free variables
T1,...,T, and that 7y,...,7, € M are P-names. If p € P, then we say that p forces
o(T1y- .., Tn), written p Ik (71, ..., 7,), iff whenever G is a P-generic filter over M

such that p € G, then M[G] E o((11)a,---, (Th)a)-
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Occasionally, when more than one forcing notion is under discussion, we shall

need to use the more explicit notation IFp.

To test his understanding of Definition 6.2.13, the reader should verify the

following basic property of the forcing relation I on P.
OBSERVATION 6.2.14. If p Ik o(71,...,7,) and ¢ < p, then ¢ IF p(11,..., 7).

A complete proof of the following theorem can be found in Chapter VII of
Kunen [26].

THEOREM 6.2.15. Let p(x1,...,x,) be a formula with free variables x1, ..., x,

and let T1,...,7, € M be P-names.

(a) If G is a P-generic filter over M, then M[G] E o((11)c,-.-,(Tn)a) iff
there exists p € G such that p Ik o(71,...,7s).

(b) It may be decided within M whether or not p I+ o(71,...,7,); i.e. there
exists an alternative relation \F* definable within M such that whenever

Ty, Tn € M are P-names, then
plbo(r,...om) iff MEpF o(r,..., )

In order to get some feeling for why statement 6.2.15(a) is true, let M be a

c.t.m. and let
Q =Fn(ws x w,2)M = Fn(w)! x w,2) € M.

Let G be a Q-generic filter over M. Then we have already seen that ¢ = |JG is a

function from wd! x w to 2. Since G € M|[G], it follows that
S={new|g(0,n) =1} € M[G].
In fact, if we define
o={{(n,p)|peP (0,n) € domp and p(0,n) =1},
then og = S. Notice that for each n € w,

M[G]|Eng € o¢ iff  there exists p € G such that p(0,n) =1

iff  there exists p € G such that p IFn € o.
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As for statement 6.2.15(b), first note that since the definition of IF involves
the collection of all P-generic filters, it is far from clear that the forcing relation
can be decided within M. However, there is an alternative approach IF* to forcing
which avoids any reference to objects which lie outside M. (This approach IF* is
essentially just the result of a tedious inductive analysis of the forcing relation I+,
which can be carried out within M. It is briefly described in Section 9.1, where it
is needed for another purpose.) But why should we care whether or not the forcing
relation I can be decided within M7 Mainly because it allows us to see that various
sets defined in terms of I are elements of the c.t.m. M. For a typical application,
let o(x1,...,2,) be a formula with free variables z1,...,z, and let 7,...,7, € M

be P-names. Since the relation IH* is definable in M, it follows that the set

D={peP|plko(r,...,m) or plk=p(r1,...,7)}

is an element of M. In fact, D € M is a dense subset of P. To see this, let p € P
be any element. By Lemma 6.2.6, there exists a P-generic filter G over M such
that p € G. Suppose, for example, that M[G] F ¢((m1)a, - .., (Tn)c). By Theorem
6.2.15(a), there exists ¢ € G such that ¢ I+ p(71,...,7,). Since G is a filter, there
exists r € G such that r < p, ¢ and Observation 6.2.14 implies that » € D. A

similar argument proves the following basic property of the forcing relation IF on P.

OBSERVATION 6.2.16. Suppose that B € M and that 7y,...,7, € M are P-
names. If plF (32 € B)p(x,71,...,7Ts), then the set

{q € P| There exists b € B such that qIF o(b,11,...,7,)} € M
is dense below p.

Here a subset ' C P is said to be dense below p iff for all ¢ < p, there exists
r € F such that r < gq.

6.3. Preserving cardinals

Throughout this section, M will denote a c.t.m. of ZFC and V will denote the

actual set-theoretic universe.
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Suppose that P € M is a notion of forcing. In this section, we shall isolate
certain combinatorial properties of P which are sufficient to ensure that P pre-
serves various cardinals § € M. We shall make frequent use of the following easy

observation.

LEMMA 6.3.1. Suppose that G is a P-generic filter over M and that p € G. If
E ¢ M is dense below p, then GNE # ().

ProOF. Let D = {¢ € P| g€ Forq L p}. Then D € M and it is easily
checked that D is a dense subset of P. Thus G N D # (. Since the elements of the
filter G are pairwise compatible and p € G, it follows that GN E # (. O

DEFINITION 6.3.2. Suppose that P € M is a notion of forcing and that k € M

is an infinite cardinal.

(a) P preserves cardinals greater or equal to k if whenever G is a P-generic
filter over M and 6 € M is a cardinal such that § > x, then 6 remains a
cardinal in M[G].

(b) P preserves cofinalities greater or equal to k if whenever G is a P-generic
filter over M and v € M is a limit ordinal with c¢f(y) > &, then
cf MG (y) = ofM (7).

If the cardinal § € M is collapsed in the generic extension M[G], then there
exists an ordinal o < 6 such that M[G] contains a surjective function f : a — .
Clearly this is impossible unless 6 is an uncountable cardinal in M. Hence if P
preserves cardinals greater or equal to wi, then P preserves every cardinal 0 € M.
In this case, we shall simply say that P preserves cardinals. A similar remark applies

to cofinalities.

LEMMA 6.3.3. Suppose that P € M is a notion of forcing and that Kk € M 1is

an infinite cardinal.

(a) If P preserves cofinalities greater or equal to k, then P also preserves
cardinals greater or equal to k.

(b) IfP does not preserve cofinalities greater or equal to K, then there exists a
reqular cardinal 8 € M with 0 > k and a P-generic filter G over M such
that M[G] E 0 is not a regular cardinal.
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PROOF. (a) Suppose P preserves cofinalities greater or equal to x and let G be
a P-generic filter over M. Let A € M be a cardinal such that A > k. First suppose
that A is a regular cardinal in M. Since cfM[¢(X\) = ¢fM () = A, it follows that A
is also a regular cardinal in M[G]. On the other hand, if X is a singular cardinal,
then there exists a sequence (X; | i < ¢f™ (\)) of regular cardinals in M such that
A =sup ); and each \; > k. Since each \; remains a cardinal in M[G], it follows
that A is also a limit cardinal in M[G].

(b) Suppose that whenever § € M is a regular cardinal such that § > k and
G is a P-generic filter over M, then # remains a regular cardinal in M[G]. Let
v € M be a limit ordinal such that A = cf (7) > k. By Lemma 3.1.3, there exists
a function f € M such that f : A\ — v is strictly increasing and cofinal. Applying
Lemma 3.1.4 in M[G], together with the fact that A remains a regular cardinal in
M]G], we obtain that cf™[¢(y) = cfME(x) = A, O

DEFINITION 6.3.4. Let P be a notion of forcing. A subset A C P is an antichain

iff the elements of A are pairwise incompatible.

DEFINITION 6.3.5. Let P be a notion of forcing and let x be an infinite cardinal.
Then P has the k-chain condition (k-c.c.) iff every antichain of PP has cardinality

less than k. If k = wy, then we say that P has the countable chain condition (c.c.c.)

THEOREM 6.3.6. Suppose that P € M is a notion of forcing and that kK € M
is a regular cardinal. If M E P has the k-c.c., then P preserves cofinalities and

cardinals greater or equal to k.

Of course, if P € M is a notion of forcing, then P is really countable and hence
has the c.c.c. in the actual set-theoretic universe V. However, as the statement
of Theorem 6.3.6 indicates, in order to determine whether P preserves cardinals
or cofinalities, we need to understand the combinatorial properties of P within
the c.t.m. M. For example, consider the notion of forcing P = Fn(w,w;)™ =
Fn(w,w}) € M. For each o < w} | let p, € P be a condition such that p,(0) = a.
Then A = {p, | @ < wM} € M and M F A is an uncountable antichain in P. It
is easily checked that if G is a P-generic filter over M, then g = |JG € M[G] is a

surjective function from w onto wi?. Thus P does not preserve wi.
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As we shall soon see, Theorem 6.3.6 is an easy consequence of the following

important result.

LEMMA 6.3.7. Suppose that P € M is a notion of forcing, k € M is a regular
cardinal and that M E P has the k-c.c.. Let G be a P-generic filter over M. Suppose
that A, B € M and that f € M[G] with f : A — B. Then there exists a function
F e M such that

(a) F: A— P(B);
(b) for alla € A, f(a) € F(a); and
(¢c) forallae A, M E |F(a)| < k.

ProOOF. Let 7 € M be a P-name such that 7¢ = f. Then there exists p € G
such that

p I 7 is a function from A into B.

Define the function F : A — P(B) by
F(a) = {b € B| There exists ¢ < p such that ¢ I- 7(a) = b}.

Since the relation IF is decidable in M, it follows that F' € M. Let a € A and
suppose that f(a) = b. Then there exists 7 € G such that r I- 7(d) = b. Let ¢ € G
satisfy ¢ < p,r. Then ¢ IF 7(a) = bandso b e F(a).

Finally we shall show that M F |F(a)| < . Applying the Axiom of Choice
within M, there exists a function Q € M with @Q : F(a) — P such that for all
b € Fla), Qb) < p and Q(b) I+ 7(a) = b. We claim that if by, by € F(a) are
distinct, then Q(b1) L Q(b2). If not, then there exists a P-generic filter H over M
such that Q(b1), Q(b2) € H. Clearly we also have that p € H and so

M[H] E The function 7g : A — B satisfies 7 (a) = by and 75 (a) = by,

which is a contradiction. Thus @ : F(a) — P is an injection and {Q(b) | b € F(a)}
is an antichain in P. Since M F P has the k-c.c., it follows that M F |F(a)| < k. O

PROOF OF THEOREM 6.3.6. Suppose not. Then by Lemma 6.3.3, there exists
a regular cardinal § € M with 8 > x and a P-generic filter G over M such that
M|G] E 6 is not a regular cardinal. Thus there exists an ordinal o < 6 and a func-
tion f € M[G] such that f maps « cofinally into §. By Lemma 6.3.7, there exists
a function F' € M such that
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(a) F:a— PO,
(b) for all £ < «, f(&) € F(&); and
(c) forall ¢ <o, M E|F(§)| < k.

Let S =gy F(§). Then S € M and S is a cofinal subset of 6. But computing the
cardinality of S in M, we see that M F |S| < 0 and this contradicts the assumption
that M F 0 is a regular cardinal. (]

Let Q = Fn(wa x w,2)M = Fn(w) x w,2) € M and let G be a Q-generic filter
over M. In Section 6.2, we saw that M|[G] F 2% > |wd?|. Our next target will be
to prove that M E Q has the c.c.c. This implies that Q preserves cofinalities and
cardinals. In particular, w)? = wéw[G] and so M[G] F 2¥ > ws.

Since M E ZFC, in order to prove that M E Q has the c.c.c., it is enough
to prove in ZFC that P = Fn(ws X w,2) has the c.c.c. in the actual set-theoretic

universe V.

DEFINITION 6.3.8. A family D of sets is said to be a A-system iff there exists
a fixed set R such that AN B = R whenever A, B are distinct elements of D. In

this case, R is said to be the root of the A-system.

THEOREM 6.3.9. If B is any uncountable family of finite sets, then there is an

uncountable family D C B which forms a A-system.

PROOF. After passing to a suitable subset of B if necessary, we can assume
that |B| = w;. Since cf(w;) = wy, we can also assume that there exists an integer
n > 1 such that |B| = n for all B € B. Suppose inductively that the theorem holds
for every family F of finite sets such that |F| = w; for which there exists an integer
m < n with |[F| =m for all F € F. Let S = |J{B | B € B}. There are two cases
to consider.

First suppose that there exists an element s € S such that C = {B € B | s € B}
has cardinality wy. Applying the inductive hypothesis, there exists an uncountable

A-system D* C C* = {B \ {s} | B € C} with root R*. It follows that
D={DU{s} | DeD*} CB

is an uncountable A-system with root R = R* U {s}.
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Otherwise, for each s € S, there exist only countably many sets B € B such
that s € B. In this case, we shall show that B contains an uncountable subfamily
D = {Bg | B < wi} of pairwise disjoint sets. Of course, this means that D is an
uncountable A-system with root R = §). Suppose that o < w; and that we have
defined the set Bg € B for each § < a. Let Sy = |U{Bs | § < a}. Then S,
is a countable set and hence there exist only countably many B € B such that

BN S, # (. Consequently, there exists B, € B such that B, NS, = 0. O
THEOREM 6.3.10. If J is a countable set, then Fu(1,J) has the c.c.c.

PROOF. Suppose that A = {p, | @ < wi} is an uncountable antichain in
Fn(I,J). Since J is countable, if F' C I is a finite subset, then there exist only
countably many functions f : ' — J. Hence, after passing to a suitable subset of .4
if necessary, we can suppose that if o < 8 < wy, then domp, # dompg. Applying
Theorem 6.3.9 to the family {domp,, | & < w;}, there exists a subset X C w; with
|X| = w1 and a finite subset R C I such that {domp, | & € X} forms a A-system
with root R. Since there are only countably many possibilities for p, [ R, there
exists a subset Y C X with |Y| = wy and a fixed function f : R — J such that
Do | R = f for all & € Y. But this means that the conditions {p, | « € Y} are

pairwise compatible, which contradicts the hypothesis that A is an antichain. O

Hence if Q = Fn(wy x w,2)™ € M, then M F Q has the c.c.c. Hence if G is a
P-generic filter over M, then w)! = wéw I and so M [G] E 2¥ > wy. This completes
the proof of the consistency of ZFC + —-CH.

Unfortunately, many useful notions of forcing fail to have the c.c.c. For example,

consider the following variant of Fn(7, J).

DEFINITION 6.3.11. If x is an infinite cardinal and I, J are any sets, then
Fn(I, J, k) is the notion of forcing consisting of all functions p such that
(a) domp C I,
(b) ranp C J, and

(c) Ip| <&,

ordered by ¢ < p iff ¢ D p.
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If T is infinite, |J| > 2 and k > w, then Fn(I,J, k) contains uncountable
antichains. However, we still have the following analogues of Theorems 6.3.9 and

6.3.10.

THEOREM 6.3.12 (The A-System Lemma). Let x be an infinite cardinal. Let
0 > kK be a regular cardinal such that X< < 0 for all cardinals X\ < 0. If B is a
family of sets such that |B] > 6 and |B| < k for all B € B, then there exists a
A-system D C B such that |D| = 6.

PRrROOF. This is Theorem II.1.6 of Kunen [26]. O

In practice, we shall usually use the following special case of the A-System

Lemma.

COROLLARY 6.3.13. Let x be an infinite cardinal such that k<% = k. If B is
a family of sets such that |B| = k™ and |B| < k for all B € B, then there exists a
A-system D C B such that |D| = k.

]

THEOREM 6.3.14. If k is an infinite cardinal and I, J are any sets, then
Fn(1, J, k) has the (|J|<")*-c.c.

PROOF. This is Lemma VII.6.10 of Kunen [26]. O

In particular, suppose that x € M is a regular uncountable cardinal such
that M F 2<% = k. Let P = Fn(s™t x k,2,k)™ € M. By Theorem 6.3.14,
M E P has the x'-c.c. Hence, by Theorem 6.3.6, P preserves cofinalities and car-
dinals greater or equal to kT. As we shall soon see, IP also preserves cardinals less
than or equal to k. In the remainder of this section, we shall discuss the relevant

combinatorial property of P.

DEFINITION 6.3.15. Suppose that P € M is a notion of forcing and that k € M

is an infinite cardinal.

(a) P preserves cardinals less than or equal to k if whenever G is a P-generic
filter over M and 6 € M is a cardinal such that § < k, then 6 remains a

cardinal in M[G].
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(b) P preserves cofinalities less than or equal to k if whenever G is a P-
generic filter over M and v € M is a limit ordinal with ch(’y) < K,
then cf MG (y) = cfM(v).

The proof of the following lemma is essentially identical to that of Lemma 6.3.3.

LEMMA 6.3.16. Suppose that P € M is a notion of forcing and that k € M is

an infinite cardinal.

(a) If P preserves cofinalities less than or equal to k, then PP also preserves
cardinals less than or equal to k.

(b) IfP does not preserve cofinalities less than or equal to k, then there exists
a reqular cardinal 0 € M with 0 < k and a P-generic filter G over M such
that M[G] E 0 is not a regular cardinal.

O

DEFINITION 6.3.17. Let P be a notion of forcing and let x be an infinite cardinal.
Then P is k-closed iff whenever v < k and (pg | £ < ) is a decreasing sequence of

elements of P, then there exists an element ¢ € IP such that ¢ < p¢ for all £ < 7.

LEMMA 6.3.18. If k is a regular cardinal and I, J are any sets, then Fn(I, J, k)

is k-closed.

PROOF. Suppose that v < x and that (ps | £ < ) is a decreasing sequence
of elements of Fn(l,J,x). Then ¢ = U§<,Yp5 € Fn(I,J,k) and g < pg for all
&< . O

THEOREM 6.3.19. Suppose that P € M is a notion of forcing and that k € M 1is
an infinite cardinal. If M E P is k-closed, then P preserves cofinalities and cardinals

less than or equal to k.

As we shall soon see, Theorem 6.3.19 is an easy consequence of the following

important result.

LEMMA 6.3.20. Suppose that P € M is a notion of forcing, k € M is an infinite

cardinal and that M = P is k-closed. Let G be a P-generic filter over M. Suppose
A, B € M with |A| < k and that f € M|G] with f : A— B. Then f € M.
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PROOF. Let 7 € M be a P-name such that 7¢ = f. Then there exists p € G
such that

p Ik 7 is a function from A into B.

Let E € M be the set consisting of the conditions ¢ € P such that there exists a
function g € 4B N M with ¢l 7 = §. By Lemma 6.3.1, it is enough to prove that
FE is dense below p.

Let g € P with ¢ < p. For the rest of this proof, we shall work within M. Let
|A] = A < k and let {as | @ < A} be an enumeration of the elements of A. We shall
define sequences (g, | @ < A) and (b, | @ < A) of elements of P, B respectively by
transfinite recursion such that the following conditions are satisfied.

(a) g0 =gq.

(b) If B < a < A, then g < gp.

(¢) If a < A, then goy1 IF 7(dg) = ba.
First suppose that a < A is a limit ordinal. Since P is x-closed, there exists ¢, € P
such that g, < gg for all § < a. Now suppose that o« = 8 + 1. Since gg < p, it
follows that

qs - (3z € B)7(ap) = =.

Hence there exist g, < g and bg € B such that ¢, IF 7(dg) = bs. Finally let
g € 4B be the function defined by g(as) = b, for all « < A. Then ¢y IF7=g. O

Of course, if P € M is an arbitrary notion of forcing, then PP is trivially w-closed.
Hence if A, B € M and A is finite, then (4B)M = (AB)MIC] for every P-generic
filter G over M.

PROOF OF THEOREM 6.3.19. Suppose not. Then by Lemma 6.3.16, there ex-
ists a regular cardinal 6 € M with # < k and a P-generic filter G over M such
that M[G] E 6 is not a regular cardinal. Thus there exists an ordinal o < § and a
function f € M[G] such that f maps « cofinally into . By Lemma 6.3.20, f € M,

contradicting the assumption that 6 is a regular cardinal in M. O
Combining Theorems 6.3.6 and 6.3.19, we obtain the following important result.

THEOREM 6.3.21. Suppose that P € M is a notion of forcing and that Kk € M
is an infinite cardinal. If M E P is k-closed and has the k™ -c.c., then P preserves

cofinalities and cardinals.
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6.4. Nice P-names

In this section, M will denote a c.t.m. of ZFC.

Let Q = Fn(ws x w,2)™ € M and let G be a Q-generic filter over M. Then we
have already seen that M[G] E 2 > wq. In this section, we shall study the problem
of computing the exact value of 2* within M[G]. There is an obvious approach to
finding an upper bound for 2¥ in M[G]; namely, we should calculate the number
of Q-names 7 € M such that 7¢ C w. Unfortunately, this initial approach does
not give any useful information, since the collection of such Q-names is a proper
subclass of M. To see this, let ¢ € Q be any condition such that ¢ ¢ G. Then for
every € M, 1, = {(Z,q)} € M is a Q-name such that (7)) = 0. Of course, if
x ¢ w, then 7, seems a perverse choice for a Q-name for a subset of w. The next
three results show that the above stategy works if we restrict our attention to more

natural Q-names for subsets of w.

DEFINITION 6.4.1. Let P be a notion of forcing and let B be any set. Then 7

is a nice P-name for a subset of B iff 7 has the form

(e} x 4, |b e BY,

where each A, is an antichain in P.

LEMMA 6.4.2. Suppose that P € M is a notion of forcing and that G is a
P-generic filter over M.
(a) If B € M and C € M[G] with C C B, then there exists a nice P-name
T € M for a subset of B such that 1¢ = C'.
(b) Suppose that A, 0 € M are cardinals and that

M E 0 is the number of nice P-names for subsets of \.
Then M[G] E 2* < |6].

PrOOF. (a) This is a special case of Lemma VII.5.12 of Kunen [26].
(b) If (14 | @ < 8) € M is an enumeration of the nice P-names for subsets of

then (7o) | @ < 0) € M[G] is an enumeration with repetitions of P(\)MICl. O
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LEMMA 6.4.3. If P has the k-c.c., then for every set B, there exist at most

(|P|<*)IBl nice P-names for subsets of B.

PROOF. Let A be the set of antichains of P. Since P has the k-c.c., it follows
that |A] < |P|<%. Each nice P-names for a subset of B is essentially just a function

from B to A and there are at most (|P|<*)/Z| such functions. O

THEOREM 6.4.4. Suppose that k, A\, 6 € M are infinite cardinals such that
K" =k <A< 0 and 0 =X Let P=Fnd x \,2,s)™ € M and let G be a

P-generic filter over M.

(a) M E P is k-closed and has the k¥ -c.c.
(b) P preserves cofinalities and cardinals.

(c) M[G]E 2> = 0.

PRrROOF. Throughout this proof, we shall work within the c.t.m. M. First note
that since k<% = k, it follows that x is a regular cardinal and hence PP is x-closed.
It also follows that 2<% = k and so Theorem 6.3.14 implies that P has the x*-c.c.
Consequently, by Theorem 6.3.21, P preserves cofinalities and cardinals. To see
that M[G] F 2* > 0, let ¢ = |JG € MJ[G] and for each o < 0, let go : A — 2
be the function defined by g,(£) = g(a,&). By considering the appropriate dense
subsets of P, it is easily checked that g, # gg for all @ < § < 6. Finally to see
that M[G] F 2* < 0, it is enough to show that there are at most § nice P-names for
subsets of A. Since there are only <" possibilities for the domain D of an element
p of P and at most 2<% possibilities for p once the domain D is fixed, it follows
that |P| = 6<% - 2<% = §. Hence, by Lemma 6.4.3, the number of nice P-names for

subsets of \ is at most (|P|<%)* = 6. O

By Konig’s Theorem, if X is an infinite cardinal, then cf(2*) > A. Theorem
6.4.4 implies that this is the only constraint on 2* that can be proved in ZFC. To
see this, let M F GCOH. If \, § € M are infinite cardinals, then 6* = @ iff cf() > \.

Hence, in this case, if
P=Fn(d x \,2,w)™ =Fn(@ x \,2)M ¢ M

and if G be a P-generic filter over M, then M[G] F 2* = 6. It is easily checked that if
k € M is any cardinal such that w < k < A, then we also have that M[G] F 2" = 6.
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If A € M is a regular cardinal, then the following result shows that we can force
simultaneously that 2* is arbitrarily large and also that ) is the first cardinal which

violates GCH.

COROLLARY 6.4.5. Suppose that M F GCH and that A\, § € M are infinite
cardinals such that X is reqular and cf(0) > X. Let P = Fn(0 x X\,2,\)™ € M and
let G be a P-generic filter over M.

(a) P preserves cofinalities and cardinals.
(b) M[G]) E2*=46.
() M[G]E 2" = ut for every cardinal p such that w < u < A.

PROOF. Once again, we shall work within the c.t.m. M. Using GCH, since
A is regular and cf(f) > ), it follows that A<* = X\ and #* = X. Hence (a) and
(b) are immediate consequences of Theorem 6.4.4. Finally suppose that u is a
cardinal such that w < p < A. By Lemma 6.3.20, since P is A-closed, it follows that
(#2)MIC] = (#2)M  Hence M[G] F 2+ = ut. O

The situation is much more interesting when A is a singular cardinal. In 1974,
confounding all expectations, Silver [46] proved that GCH cannot first fail at a
singular cardinal of uncountable cofinality. Assuming the consistency of suitable
large cardinals, Magidor [29] had already shown that it was consistent that GCH
first fails at N,,. Later, again assuming the consistency of suitable large cardinals,
Gitik and Magidor [12] proved that if « is any countably infinite ordinal such that
a > w, then it is consistent that GCH first fails at X, and that 2% = X,,;. On
the other hand, Shelah [44] has used PCF theory to prove the remarkable result
that if 2% < R, for all n < w, then 2% < X, . A well-written survey of this

fascinating area can be found in Jech [21].

6.5. Some observations and conventions

In this section, we shall make a number of simple but useful observations; and
we shall discuss some of the conventions that will be used in the remaining sections
of this book.

Suppose that we wish to establish the consistency of ZFC + o, where o is a

sentence in the first-order language of set theory. Then it is enough to find a c.t.m.
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M and a notion of forcing P € M for which there exists a P-generic filter G over M
such that M[G] F o. In practice, we usually find a notion of forcing P € M such
that M[G] E o for every P-generic filter G over M. For this reason, we are usually

not concerned about which particular P-generic filter is chosen.

CONVENTION 6.5.1. If P € M is a notion of forcing, then we often denote the
corresponding generic extension by MT if we do not wish to specify a particular

P-generic filter over M.

We have already defined what it means for a condition p € P to force a state-
ment to be true in the generic extension MFT. In the later chapters of this book, it

will be useful to have the notion of a condition p € P deciding a statement in MT.

DEFINITION 6.5.2. Suppose that ¢(z1,...,z,) is a formula with free variables
Z1,...,T, and that 71,...,7, € M are P-names. If p € P, then we say that p

decides (T1,...,7) M plF @(T1,...,m) or plk —p(T1, ..., ).
In Section 6.2, we observed that
D ={peP|pdecides p(r1,..., )} €M

is a dense subset of P. It will also be useful have the notion of a condition p € P

deciding a function or relation in MF.

DEFINITION 6.5.3. Suppose that A, B € M and that f, R € M are P-names

for which there exist conditions ¢, r € P such that
¢ IF f is a function from A to B

and

r I R is an n-ary relation on A

Then we say that p decides f iff p < ¢ and there exists a function g € M with
g: A — B such that p IF f = §. Similarly, we say that p decides R iff p < r and
there exists an n-ary relation S € M on A such that p I+ R = S.

For example, suppose also that P € M is k-closed and that A € M satisfies
|A| < k. Then the proof of Lemma 6.3.20 shows that

D = {p e P|p decides f}
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is dense below ¢; and a similar argument shows that
E = {p € P|p decides R}

is dense below r.
Next suppose that M F GCH and that A, § € M are infinite cardinals such that

A is regular and cf(f) > A. In Section 6.4, we saw that if P = Fn( x A, 2, \)™ € M,
then the following statements are true in MF:

(i) 2* = 0; and

(ii) 2# = p* for every cardinal p such that w < p < A.
In Chapter 9, it will be useful to notice that we could just as well have used the
slightly simpler notion of forcing Q = Fn(6,2,\)™ € M. To see this, let ¢ € M
be a bijection between 6 and 6 x A. Then ¢ induces a corresponding isomorphism
f:P— Q, defined by

fp)=poe.

As the reader would expect, isomorphic notions of forcing give rise to identical

generic extensions.

THEOREM 6.5.4. Suppose that P, Q € M are notions of forcing and that f € M

is an isomorphism from P onto Q. If G is a P-generic filter over M, then H =
fIG] € M[G] is a Q-generic filter over M and M|G] = M[H].

PROOF. Tt is easily checked that H = f[G] is a Q-generic filter over M. Since
H = f|G] € M[G], it follows that M[H] C M|G]. Similarly, since G = f~1[H] €
MIH], we have that M[G] C M[H] and so M[G] = M[H]. O

The analogous result is also true when Q is a dense sub-order of P.

THEOREM 6.5.5. Suppose that P, Q € M are notions of forcing and that P is

a dense sub-order of Q.

(a) If G is a P-generic filter over M, then

H={qeQ|@Fpe@p<q}

is a Q-generic filter over M.
(b) If H is a Q-generic filter over M, then G = H NP is a P-generic filter

over M.
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Furthermore, in both cases, M|G] = M[H].

ProoF. (a) This is completely routine.

(b) Tt is easily checked that G satisfies the following properties:

(i) For all p, g € G, there exists r € P such that r < p, g.
(ii) For all p, ¢ € P, if p € G and p < ¢, then ¢ € G.
(iii) If D € M is a dense subset of P, then GN D # 0.

Thus it only remains to prove that for all p, ¢ € G, there exists r € G such that

r < p, q. To see this, let p, ¢ € G and consider
D,,={reP|rLlporr Lqorr<p,q}.

It is easily checked that D, , € M is a dense subset of I’ and hence there exists an
element » € GN D, ,. Since the elements of G are pairwise compatible, it follows

that r < p, q. O

In the early stages of an account of set-theoretic forcing, it is necessary to
carefully distinguish between a notion of forcing such as Fn(ws X w,2) and its
relativised version Fn(wy x w,2)M = Fn(w)! x w,2) within the c.t.m. M. For this
reason, in the first four sections of this chapter, the symbol V' was reserved to stand
for the actual set-theoretic universe, and we kept track of which arguments took
place within V' and which within M. However, after the basic ideas of forcing are
understood, this extremely careful approach begins to feel increasingly tedious and
clumsy. For example, in order to prove that Fn(ws x w,2)™ preserves cofinalities

and cardinalities, we first proved that Fn(ws X w,2) has the c.c.c. within V' and

then deduced that

M E Fn(ws x w,2)M has the c.c.c.

However, notice that it was not really necessary to conduct any of our argument
within V; since M E ZFC, our original argument relativised to M shows directly
that Fn(wy x w,2)™ has the c.c.c. within M.

From now on, V will denote some fixed c.t.m., usually referred to as the
ground model; and, unless otherwise specified, all of our arguments will take place
in V. Furthermore, we shall usually write Fn(ws X w,2), Sym(w), we, etc. for

the relativised versions of these objects within V, instead of the more accurate
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Fn(ws X w,2)V, Sym" (w), wY, ete. (Of course, whenever it seems genuinely help-
ful, we shall revert to using notation such as Sym"’ (w). For example, this occurs in
the next section when we compute the automorphism tower of Symv (w) within a
generic extension M of the ground model V.) In a similar vein, if P € V is a notion

of forcing, then we shall usually use phrases such as
e “P has the c.c.c.”
instead of the more accurate

e “V E P has the c.c.c.”

In summary, we shall write as though V still continued to denote the actual set-
theoretic universe. (As we mentioned earlier, there is only one point in the develop-
ment of forcing where it is essential that V is a c.t.m. rather than the set-theoretic

universe; namely, the proof of the existence of a P-generic filter over V.)

6.6. 7(G) is not absolute

Throughout this section, V will denote the ground model.

In this section, we shall prove that the height 7(G) of the automorphism tower
of an infinite centreless group G is not necessarily an absolute concept. First we
shall present an example of a centreless group G € V for which there exists a notion
of forcing P € V such that 7V (G) > 7V(G). The idea is very simple: we shall let G
be a suitably chosen complete group and let P be a notion of forcing which adjoins
a “new automorphism” 7 € AutVP(G) <~ Aut"(@). Then clearly 7 must be an outer
automorphism and so 7V (G) > 7V(G) = 0. Of course, G cannot be an arbitrary
complete group. For example, it is impossible to adjoin a new automorphism to
a finitely generated group H. (To see this, suppose that H is generated by the
finite subset I’ and let P be any notion of forcing. If 7 € AutVP(G), then 7 is
uniquely determined by its restriction m [ F. By the remark following Lemma
6.3.20, 7 | F € V and hence m € V.) For a more interesting example of such a
group, consider G = Sym(w). In Section 1.3, we proved that Sym(w) is a complete
group. Now let P € V' be any notion of forcing which adjoins a new permutation

to w; for example, we could take

P = {p € Fn(w,w) | p is an injection }.
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Then
VP E G = Sym" (w) is a proper subgroup of Sym(w),

and so the results of Section 1.3 can no longer be applied to G within V?. However,

the following result shows that G remains complete within VF.

THEOREM 6.6.1. Let G = Sym" (w). If P € V be any notion of forcing, then

G remains a complete group in the generic extension V.

PROOF. It is more convenient to consider the isomorphic group H = SymV(Z).
We shall work within the generic extension M = VP. Let 7 € Aut™(H) be an

arbitrary automorphism. Since
AltM(z) = AtV (Z) < H < Sym™ (Z),

Corollary 4.1.5 implies that there exists a permutation ¢ € Sym™ (Z) such that
n(h) = @hp~! for all h € H. In particular, this is true when o € H is the
permutation such that o(z) = 2+ 1 for all z € Z. Let g = pop~!. Then g € H
and g(¢(z)) = ¢(z + 1) for all z € Z. Hence if n > 0, then p(n) = ¢"(¢(0)) and
o(—n) = (g7 1)"(p(0)). Since g € H = Sym" (Z), it follows that g € V and hence

@ € V. Thus 7 is an inner automorphism of H. O

The situation becomes more interesting if we consider the setwise stabiliser Sy,

of a nonprincipal ultrafilter over over the set w of natural numbers.

DEFINITION 6.6.2. A nonprincipal ultrafilter over the set w is a collection U of

subsets of w satisfying the following conditions:

(i) f A, BelU, then ANB eU.

(ii) f Ael and A C B Cw, then B € U.

(iii) For all A Cw, either AcU orw~ A clU.

(iv) If F' is a finite subset of w, then F' ¢ U.

Equivalently, if u : P(w) — {0,1} is the function such that u(A4) = 1 if and
only if A € U, then p is a finitely additive probability measure on w such that
w(F) = 0 for all finite subsets F of w. Tt is well-known that there are exactly 22°

distinct nonprincipal ultrafilters over w. For example, see Theorem 56 of Jech [19].
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DEFINITION 6.6.3. If I/ is a nonprincipal ultrafilter filter over w, then its setwise

stabiliser is the group
Sy = {m € Sym(w) | Forall X Cw, X €U iff n[X] € U}.

The next two results collect together some of the basic algebraic properties of

the group Sy,. Recall that if 7 € Sym(w), then
fix(m) = {n e w | w(n) =n}

and

supp(r) = {n € w | 7(n) # n}.

THEOREM 6.6.4. Let U be a nonprincipal ultrafilter on w.
(a) Sy = {7 € Sym(w) | fix(7) € U}.
(b) Sy is a mazimal proper subgroup of Sym(w).

(c) Sy is a complete group.

ProOF. Clauses (a) and (b) are a restatement of Theorem 6.4 of Macpherson
and Neumann [28]. Clearly Sy, contains the subgroup Fin(w) of finite permutations
of w. Hence Corollary 4.1.5 implies that Sy, is centreless and that the automorphism
tower of Sy, coincides with the normaliser tower of Sy in Sym(w). Since Sy is a
maximal proper subgroup of Sym(w), it follows that Ngym(.)(Sy) = Sy and hence

Sy is a complete group. ([l

THEOREM 6.6.5. If A, B are nonprincipal ultrafilters over w, then the following
are equivalent.
(a) Sq~S5s.
(b) There exists m € Sym(w) such that 7[A] = B.

(c) There exists m € Sym(w) such that t1Sam~! = Sp.

. w . . . .
Hence there exist 22 pairwise nonisomorphic groups of the form Sy for some non-

principal ultrafilter U over w.

PRrROOF. Clearly that (b) and (c) are equivalent. It is also clear that (c) implies
(a). Finally if 8 : S4 — Sp is an isomorphism, Theorem 4.1.3 implies that there

exists m € Sym(w) such that §(g) = mgr—! forall g € S4. Hence tSam~t = Sz. O
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Now suppose that & € V is an ultrafilter and let
G =28} ={necSym"(w)| Forall X € PV(w), X €U iff n[X] € U}.

By Theorem 6.6.4(c), V E G is a complete group. Our next target is to show that
there exists a c.c.c. notion of forcing P € V' which adjoins an outer automorphism

of SZE,/ . Our argument is based upon the following simple observations.

DEFINITION 6.6.6. If A, B C w, then A C* B iff |A \ B| < w. In this case, we

say that A is almost contained in B.

LEMMA 6.6.7. If U is a nonprincipal ultrafilter filter over w, then there does

not exist an infinite subset T C w such that T C* A for all A€ U.

PROOF. Suppose that such a set T exists. If T ¢ U, then w N\ T € U and
hence T' C* w \. T, which is a contradiction. Hence T" € U. Express T = X UY
as the disjoint union of two infinite subsets. Since T € U, it follows that either
X el or'Y € U. But this implies that either T'C* X or T C* Y, which is also a

contradiction. O

LEMMA 6.6.8. Let U € V be a nonprincipal ultrafilter filter over w. Suppose
that the notion of forcing P € V' adjoins an infinite subset T' C w such that T C* A

for all A€ U. Then P adjoins an outer automorphism of Sy, .

PROOF. Let G = S/. Throughout this proof, we shall work within the generic
extension M = V. (Of course, U will no longer be an ultrafilter in M.) Let T C w
be an infinite subset such that 7 C* A for all A € U and let ¢ € Sym™ (w) be any
permutation such that supp(p) = T. By Lemma 6.6.7, ¢ ¢ V and so ¢ ¢ G. We
shall show that ¢ normalises G in Sym™ (w). To see this, let 7 € G be an arbitrary
element. By Theorem 6.6.4(a), fix(r) € Y. Since T' C* fix(7) and

supp () Nsupp(m) = supp(p)  fix(m) = T~ fix(m),
it follows that |supp(p) N supp(r)| < w. Hence pmp~tr~! € Fin(w) and so
emp~ ! € Fin(w)r C G.

Since ¢ normalises G and ¢ ¢ G, it follows that ¢ induces an outer automorphism

of G via conjugation. O
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DEFINITION 6.6.9. Let U be a nonprincipal ultrafilter on w. Then the associated
Mathias notion of forcing Py consists of the conditions p = (s, A), where s : n — w
is a strictly increasing function for some n < w and A € Y. The ordering on Py, is
given by (t, B) < (s, A) iff

(i) t > sand B C A; and
(i) t(¢) € A for all £ € domt ~\ dom s.

The Mathias notion of forcing P is designed to generically adjoin an infinite
subset T" C w such that T' C* A for all A € U. Intuitively, the condition p =

(s, A) € Py consists of

(i) a finite approximation s : n — w to the increasing enumeration of the
desired set T'= {my | { < w}; together with

(ii) a “promise” that m, € A for all £ > n.
LEMMA 6.6.10. Py, has the c.c.c.

PROOF. Suppose that {p, | @ < wi} is an uncountable subset of Py; say,
Pa = (Sa, Au) for each a < w;. Since there are only countably many possibilities
for s, there exists a fixed function s and an uncountable subset I C w; such that
sa =sforalla € I. If a, B € I, then (s, Ay N Ag) < pa,ps. Hence Py does not

contain any uncountable antichains. (I
LEMMA 6.6.11. For each A € U,
Da={(s,B) | BC A}
is a dense subset of Pyy.

Proor. If p = (s,C) is any element of P, then ¢ = (s, ANC) € D4y and
q<p. u

LEMMA 6.6.12. If n < w, then
D,, = {(s,A) | n C dom s}

is a dense subset of Pyy.
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PROOF. Let p = (s, A) be any element of P, and let m = max{n,dom s}.
Since A is an infinite subset of w, we can extend s to a strictly increasing function
t : m — w such that t(¢) € A for all £ € dom¢ ~\ doms. Then g = (¢, A) € D,, and
q=<p. U

THEOREM 6.6.13. LetU € V be a nonprincipal ultrafilter over w and let Py be
the associated Mathias notion of forcing. Then
(a) Py has the c.c.c.; and
(b) in VFu, there exists an infinite subset T C w such that T C* A for all
Ael.

PROOF. Let VFv = V[G], where G is a Py-generic filter over V, and define
f € VIG] by

f= U{s | There exists A € U such that (s, A) € G}.

Then Lemma 6.6.12 implies that f € “w and clearly f is strictly increasing. Let
T = flw] € V[G]. We shall show that ' C* A for all A € U. To see this, fix
some A € U. Applying Lemma 6.6.11, let p = (s, B) € G be a condition such that
B C A. Let doms = n and let m be any integer such that m > n. Then there
exists a condition ¢ = (t,C') € G such that ¢ < p and m € dom¢. This implies that
f(m) =t(m) € B. Thus

{flm)|n<m<w}CBCA
and so T' C* A. O

This completes the proof of the following result.

THEOREM 6.6.14. IfU € V is a nonprincipal ultrafilter over w and G = S}/,
then

(a) G is a complete group; and
(b) there exists a c.c.c. notion of forcing P which adjoins an outer automor-
phism of G.

In particular, TVP(G) >7V(G).
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Perhaps more surprisingly, in the remainder of this section, we shall present an
example of a centreless group G € V for which there exists a notion of forcing P

such that 7V (G) < 7V(Q).

DEFINITION 6.6.15. The notion of forcing P is said to adjoin a new real if there

exists an element R € PV (w) < PV (w).

Of course, because of the natural bijections between P(w), Sym(w), the field R
of real numbers, etc., it follows that if P is a notion of forcing, then PV (w) # PV (w)

iff Sym"” (w) # Sym" (w) iff RV £ RV, etc.

THEOREM 6.6.16. There exists a centreless group G € V of cardinality 2“ which
satisfies the following conditions.
(a) TV(G) =2.
(b) If P is any notion of forcing which adjoins a new real, then TV]P(G) =1.

The proof of Theorem 6.6.16 makes use of the following two results.

LEMMA 6.6.17. Let P be a notion of forcing which adjoins a new real and let
M = V¥ be the corresponding generic extension.
(a) Sym" (w) is self-normalising in Sym™ (w).

(b) Sym" (w) % Sym™ (w) in the actual set theoretic universe.

PROOF. (a) If ¢ € Sym™ (w) normalises Sym" (w), then ¢ induces an auto-
morphism 7 of Sym" (w) via conjugation. By Theorem 6.6.1, 7 is an inner auto-
morphism and hence ¢ € Sym" (w).

(b) In this part of the proof, we shall work within the actual set-theoretic
universe. Suppose that 6 : Sym" (w) — Sym™ (w) is an isomorphism. By Theorem
4.1.3, there exists a permutation ¢ of w such that 8(g) = ¢ge ! forall g € Sym" (w).
Arguing as in the proof of Theorem 6.6.1, we see that ¢ € M. But then we have
that ¢ € Sym™ (w) and that ¢ Sym" (w)¢ ™! = Sym™ (w), which is impossible since
Sym" (w) is a proper subgroup of Sym™ (w). O

Of course, Lemma 6.6.17(b) implies that M E Sym" (w) 2 Sym™ (w).
The following result is simply the observation that the construction of Fried

and Kollar in the proof of Theorem 4.1.7 is upwards absolute.
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THEOREM 6.6.18. Let I' = (X, E) € V be any graph. Then there exists a field
Kr € V of cardinality max{|X|,w} such that whenever P is a (possibly trivial)
notion of forcing and M = V¥, then the following conditions are satisfied.
(a) X is an Aut™ (Kp)-invariant subset of Kr.
(b) The restriction mapping, © — w | X, is an isomorphism from Aut™ (Kp)

onto Aut™ ().

O

Here a notion of forcing PP is said to be t¢rivial if |P| = 1. Of course, in this case,

we have that VP = V.

PROOF OF THEOREM 6.6.16. Let ' = (X; U X3, E) € V be the complete
bipartite graph such that
(i) |X1| = |X2| = w; and
(ii) if v € X; and w € X, then v and w are adjacent iff i # j.
Let Kt € V be the field given by Theorem 6.6.18. If P is a (possibly trivial) notion

of forcing, then
Aut” (T) = [Sym" (X1) x Sym"” (X)) = (o),

where ¢ € V is any involution which interchanges the null subgraphs X; and
Xo. For rest of this proof, we shall identify AutVP(Kp) with AutVP(F). Let
H = Sym" (X,) and let G = PGL(2,Kr) x H. (Notice that if K € V is any
field, then PGL(2, K) is absolute for V. In particular, it is not necessary to write
PGLY (2,Kr) or PGLVF(Q,KF).) By Theorems 4.1.6 and 6.6.18, whenever P is a

(possibly trivial) notion of forcing, then for each ordinal «,

GV = PGL(2,Kr) x NV (H),

(03

where NY ’ (H) is the ath group in the normaliser tower of H in Aut"” (T). Clearly

in V, the normaliser tower of H in Aut" (') is given by
H = Sym" (X;) < Sym" (X;) x Sym" (X3) < Aut” (I").

Hence 7V(G) = 2.
Now let P be any notion of forcing which adjoins a real and let M = VF. By
Lemma 6.6.17(a), H = Sym" (X;) is self-normalising in Sym™ (X;). Hence the
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normaliser of H in Aut™(I') is N = Sym" (X;) x Sym™ (X,). Lemma 6.6.17(b)
implies that N is self-normalising in Aut™ (T"). Hence 7™ (G) = 1. O

In this section, we have seen that the height of the automorphism tower of an
infinite centreless group may either increase or decrease in a generic extension. In
Chapter 8, we shall prove that it is consistent that for every infinite cardinal A € V'
and every ordinal o < A, there exists a centreless group G € V with the following
properties.

(a) 7V(GQ) = a.
(b) If 8is any ordinal such that 1 < 8 < A, then there exists a notion of forcing

P € V, which preserves cofinalities and cardinals, such that TVP(G) = g.

6.7. An absoluteness theorem for automorphism towers

Throughout this section, V will denote the ground model.
In this section, we shall prove the following absoluteness theorem for automor-

phism towers, which will be used repeatedly in the later chapters of this book.

THEOREM 6.7.1. Let P € V be a k1 -closed notion of forcing and let M = V¥
be the corresponding generic extension. If G € V is a centreless group of cardinality

K, then GM = GY for all a > 0. Hence 7™ (G) = 7V(Q).

We shall prove that G = GY by induction on a > 0. Clearly the result holds

when o = 0, since
GY =G =ay.
In order to prove the result when o = 1, we must show that
Gl = Aut™(G) = Aut¥(G) = GY .

It is clear that Aut" (G) < Aut™(G). On the other hand, since P € V is xt-closed
and |G| = k, Lemma 6.3.20 implies that if 7 € Aut™ (@), then 7 € V. Hence
Aut™(G) < Aut¥ (G). Unfortunately, this argument is not enough to prove that

GY = Aut™(GY) = AutV(GY) = GY,

since it is possible that |GY| > k*. However, note that Lemma 6.3.20 implies that

7w | G eV for every 7 € Aut™(GY). Hence the following lemma implies that



140 6. SET-THEORETIC FORCING

At (GY) = Aut¥(GY). Continuing in this fashion, we shall obtain Theorem

6.7.1. (Lemma 6.7.2 will also play a crucial role in Chapter 9.)

LEMMA 6.7.2. Let P € V be a notion of forcing and let M = VT be the cor-
responding generic extension. Suppose that G € V is a centreless group and that

€ Aut™(GY) for some a>0. Ifn |GEV, then € V.

Proor. For each 8 < a, let mg =7 | G},/. Working inside V', we shall prove
inductively that mg € V for all 8 < . In particular, 7 = 7, € V. By assumption,
mo =m | G € V. Now suppose that 8 > 0 and that 7, € V for all v < . First

suppose that 5 =y + 1 is a successor ordinal.

CLam 6.7.3. If g € GY,, then 7(g) is the unique element h € Nav (my[GY])
such that hr(a)h™" = my(gag™") for all a € GY.

PrOOF OF CLAIM 6.7.3. Let g € G¥+1' Then g normalises Gl// and for all
a € G,‘y/,

-1

m(g)my(a)m(g)~" = m(gag™") = my(gag™").

Since Theorem 1.1.10 implies that
Cay (m,[GY]) = Coy (7[GY]) = 7[Cay (GY)] = 1,
it follows that 7(g) is the unique such element. O

By Claim 6.7.3, myqy1 =7 | G,‘Y/_s_1 is explicitly definable from GY and 7. Since
GY, my € V, it follows that m,41 € V. Finally if 8 is a limit ordinal, then it is clear

that 7 =J,_zmy € V. O

v<B

PROOF OF THEOREM 6.7.1. We shall argue by induction on o that GM = GY.
This is clearly true when o = 0 and no difficulties arise when « is a limit ordinal.
Assume inductively that GM = GY for some a > 0. Then it is enough to show that
At (GY) = Aut¥ (GY). Clearly AutV (GY) < Aut™(GY). On the other hand,
since P € V is kT-closed and |G| = x, Lemma 6.3.20 implies that 7 | G € V for each
7 € Aut™(GY). Hence Lemma 6.7.2 implies that Aut™ (GY) < Aut” (GY). O
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6.8. Iterated forcing

Throughout this section, V will denote the ground model.

In this section, we shall discuss some of the basic ideas of iterated forcing,
including the notion of a reverse Easton iterated forcing. (Clear accounts of the
theory of iterated forcing can be found in Baumgartner [2], Jech [20] and Kunen
26].)

To prove the consistency of 7,,, < 7,,, it is enough to find a notion of forcing
P which adjoins a centreless group G of cardinality ws such that 7(G) > (2¥1)7;
and this can be done using the techniques developed in the earlier sections of this
chapter. However, these techniques are often not enough to prove the consistency
of statements involving the existence of groups of arbitrarily large cardinalities.
For example, in Section 7.4, we shall prove that it is consistent that 7, is a strictly
increasing function of k. To accomplish this, we shall begin with a ground model
V satisfying GC'H and we shall then construct a generic extension M in which the

following statements are true:

(a) GCH holds.
(b) For each regular uncountable cardinal x, there exists a centreless group 7'

of cardinality  such that 7(T) = k™.

It follows easily that 7, is strictly increasing in M. To see this, working within
M, suppose that 6, A are infinite cardinals such that 8 < A. Since GC'H holds,
it follows that 79 < (20)+ = 0TT. Let k be a regular (necessarily uncountable)
cardinal such that # < x < A. Then there exists a centreless group T of cardinality
k such that 7(T) = k* > 071 and so 7,, > 9. Applying Corollary 3.2.2, we obtain
that 79 < 7, < 7.

In order to construct M, it seems natural to proceed as follows. First we should
force with a notion of forcing Py € Vy = V which adjoins a centreless group G of
cardinality wy such that 7(Gp) = ws. Next we should force with a notion of forcing
P, eV = VOPO which adjoins a centreless group (7 of cardinality ws such that
7(Gp) = ws. Continuing in this fashion, for each n < w, we should construct an

n-stage iterated forcing

V=VocWh=Vlc...cVig=Vlic...cV,=V."{",
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where each P; € V; adjoins a centreless group G; of cardinality w;41 such that
7(G;) = wit2. However, this approach runs into difficulties at stage w, as it turns

out that V,, = U V., is not a model of ZFC. (Since a new subset of N, is

n<w

adjoined at every step of the iteration, it follows that
Vo B)(Vy)(y €z <>y CR,).

Hence the Powerset Axiom fails in V,,.) For this reason, it is necessary to take a
completely different approach to iterated forcing.

We shall begin by reconsidering a typical 2-stage iteration
V=V c =W V=W = (50,

where Py € V) and P; € V4. Our first target is to find a single notion of forcing
Q € V} such that

(VOPU )Pl = VOQ'

If Py € Vp, then it is relatively straightforward to show that Q = Py x Py satisfies
our requirements. (For example, see Section VIII.1 of Kunen [26].) Unfortunately,
in most examples, we have that P; € V3 \ V. However, even in this case, Vj always
contains a Py-name for the notion of forcing P;. In more detail, let Vgp ° = V5[Gol,
where G is a Py-generic filter over V. Then there exists a Pyp-name 7 and a

condition p € Gg such that 7¢, = P; and
p Ik 7 is a partially ordered set with greatest element.

In fact, as explained in Section VIIL.5 of Kunen [26], the Po-name 7 can be chosen

so that p = 1p,.

DEFINITION 6.8.1. Suppose that P is a notion of forcing. Then a P-name for

a notion of forcing is a triple of P-names (Q, <o 1@> such that
1p I+ <Q, §@> is a partial order with largest element 15.

Slightly abusing notation, we shall usually say that Q is a P-name for a notion

of forcing.
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DEFINITION 6.8.2. Suppose that P is a notion of forcing and that Q is a P-name

for a notion of forcing. Then P % Q is the notion of forcing with underlying set
{(p.@) |[pePand 1p I- G € Q},
partially ordered by
(p1,q1) < (p2,G2) if  p1 <ppzand p1 I G1 <g Go.

(Strictly speaking, we should identify those conditions (p1,q1) and (ps,gs) such
that (p1,q1) < (p2,d2) and (p2, G2) < (p1,G1). Of course, this occurs iff p; = py and
pl-q=g)

The next result shows that P % Q satisfies our requirements; i.e. that forcing
with P % Q is equivalent to first forcing with P and then forcing with Qg over
VE = V[G]. (While the notion of forcing P x Q was primarily introduced in order
to be able to define iterated forcing constructions of transfinite length, it should be
mentioned that P * Q often plays a crucial role in understanding the properties of

2-stage iterations. For example, see the proof of Theorem 8.3.1.)

THEOREM 6.8.3. Let P € V be a notion of forcing and let Q € V be a P-name

for a notion of forcing.

(a) Suppose that G is a P-generic filter over V and that H is a Qc¢-generic
filter over V|G|. Then

G*Hz{(p,d)EIF’*QWGGand('jGeH}

is a P x Q-generic filter over V and V|G x H] = V[G][H].
(b) Conversely, suppose that K is a PP x @—generic filter over V.. Then

G ={p eP| There exists ¢ such that (p,q) € K}
is a P-generic filter over V,
H ={Gg | There exists p such that (p,q) € K}
is a Qg-generic filter over V[G] and K = G+ H.
ProOF. This is Theorem 1.1 of Baumgartner [2]. O

The next result confirms that P Q satisfies the expected chain conditions, etc.
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THEOREM 6.8.4. Let P be a notion of forcing and let Q be a P-name for a
notion of forcing. Let A be a reqular uncountable cardinal and let 8 be a cardinal

such that 0% =6 for all p < .

(a) IfP has the A\-c.c. and 1p IF Q has the A-c.c. , then P+ Q has the A-c.c.

(b) If P is A-closed and 1p I Q is \-closed , then P x Q is \-closed.

(c) Suppose that P has the A-c.c. and that [P| < 6. If 1p I+ |Q| < 0, then
IP*Q| < 6.

PRrROOF. This combines Theorem 2.1, Corollary 2.6 and Lemma 3.2 of Baum-

gartner [2]. O

It is now relatively straightforward to define iterated forcing constructions of

arbitrary transfinite length.

DEFINITION 6.8.5. Let a > 0. Then an a-stage iteration is a sequence of forcing
notions (Pg | 8 < ) which satisfies the following conditions.
(a) If B <« and p € P, then p = (p(7y) | v < B) is a B-sequence.
(b) If 8 =0, then Py = {0} is the trivial notion of forcing.
(c) If B =+ 1, then there exists a P,-name @7 for a notion of forcing such
that
(i) pePgiffp [y ePyand lp, IFp, p(y) € @7; and
(i) p<p, qiff p [y <p, ¢ [y and p [ v IFp, p(7) <p, ¢(7).
Thus Pg ~ P, * @7.
(c) If B is a limit ordinal, then
(i) if p € Pg, then p [ v € P, for all v < §; and
(i) p <p, qiff p [ v <p, q [ 7 for all v < §.
Furthermore, P3 satisfies the following closure properties:
(iii) 1py = (1g, |7 < B) € Pg; and
(iv) if y < B, pe Pg, g € Pyand ¢ <p, p [ 7, then r € Pg, where
r[v=gqandr(§) =p() forall y <& < 3.

If 8 is a limit ordinal, then clause 6.8.5(c) is not enough to completely determine
the notion of forcing P3. While there are other possibilities, in this book, we shall

always take Pg to be either the direct limit or the inverse limit of (P, | v < ).
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DEFINITION 6.8.6. Suppose that § is a limit ordinal and that (P, | v < ) is a
[-stage iteration.
(a) Pg is the direct limit of (P, | v < B) if p € Pg iff there exists v < /8 such
that p [ v € Py and p(&) = 1@5 for all v < ¢ < .
(b) Pg is the inverse limit of (P | v < B)if p e Pgiff p [ v € P, for all v < B.

EXAMPLE 6.8.7. Suppose that the a-stage iteration (Ps | 8 < «) satisfies the
following conditions.
(a) If B is a limit ordinal such that cf(8) > w, then Pg is the direct limit of
Py |7 < B).
(b) If B is a limit ordinal such that cf(8) = w, then Pg is the inverse limit of
(Py | v < B).
Then for each p € P, the set {{ < « | p(§) # 1@§} is countable. In this case, we

say that (Ps | 8 < «) is a countable support iteration.

If (Ps | B < a)is an a-stage iteration and § < «, then we shall often identify
each condition p € Pg with the corresponding condition p’ € P, defined by
p(y), iy <p;

P(y) =

1@/’ fg<y<a.

With this convention, we have then that
PpCPC---CPgC--- CP,.

Furthermore, if § < « is a limit ordinal, then Pg is the direct limit of (P, | v < )
it Ps =, 5Py

Suppose that (Pg | 8 < «) is an a-stage iteration and that § < «. Then the
basic idea is that forcing with P, should be equivalent to first forcing with Pz and
then later forcing with the notions of forcing corresponding to Qy for < v < a.

To state this result precisely, for each p € P, let
=m0y <a),
so that p = (p | 8)"p?; and let

Pso = {p” | p € Pa}.
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If G is a Pg-generic filter over V, then we can define a partial ordering <p,, ¢, of

Pgq in V[Gg] by
" <ps,c; 5 iff (Ip€Gp)pr<p,ps.
Let I@Ba be the canonically chosen Pg-name for the notion of forcing
(Pga, <psa.cs) € VIGa].

THEOREM 6.8.8. With the above notation, P, s isomorphic to a dense sub-

order of Pg * H55a. Furthermore, if G, is a Py-generic filter over V, then

Gs={p!B|pecCGa}

is a Pg-generic filter over V.

PROOF. This combines Theorems 1.2 and 5.1 of Baumgartner [2]. O

Hence, by Theorem 6.5.5, forcing with [P, is equivalent to first forcing with Pg

and then with the notion of forcing
<P6a7 SIP’gQ,Gﬁ> S V]PB = V[GB]

Also notice that if we identify Pz with the corresponding sub-order of P,, then
Gg =Gy NPs.

As we mentioned earlier, in Section 7.4, beginning with a ground model V
satisfying GCH, we shall construct a generic extension M in which the following

statements are true:

(a) GCH holds.

(b) For each regular uncountable cardinal x, there exists a centreless group T'

of cardinality & such that 7(T) = ™.

Here the generic extension M will have the form VP~ where Py, is a notion of
forcing which iteratively adjoins a suitable group T for each regular uncountable
cardinal . In other words, Py, is the limit of an iteration (Pg | 8 € On) along
the entire class On of ordinals of V. In particular, P, will be a proper class of V.
In the remainder of this section, we shall discuss some of the basic properties of

proper class forcing.
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Let V be a c.t.m. of ZFC. Recall that C C V is said to be a class of V iff
there exists a formula ¢(x, y1,- - , y,) with free variables x, y1, - - - , ¥, and elements

ai, -+ ,a, €V such that
C={ceV|VEop(a, - ,an)}.

In particular, every set a € V is a class of V. The class C is said to be a proper
class of V iff C' ¢ V. Notice that, from the viewpoint of the actual set-theoretic
universe, V has only countably many classes.

Now suppose that P, < are classes of V such that (P, <) is a partial order with
greatest element 1. Then a filter G C P is said to be P-generic over V iff GND # ()
whenever D is a class of V' which is dense in P. Since V really has only countably
many classes, the proof of Lemma 6.2.6 shows that for each p € P, there exists a P-
generic filter G over V such that p € G. We can now define the notion of a P-name
7 € V and its interpretation 7¢ exactly as in Definitions 6.2.9 and 6.2.10. Finally
if G is a P-generic filter G over V, then we once again define the corresponding

generic extension by
VIG] ={r¢ | 7 € V is a P-name }.

While much of the theory of forcing generalises in a routine fashion to the broader
context of class forcing, there are some significant differences. For example, the

obvious candidate for a P-name for G is

I'={{®p) |peP}

However, if P is a proper class of V, then I' is also a proper class of V' and so
I' ¢ V. In fact, G ¢ V[G] for most proper class forcing notions. A much more
serious difference is that V[G] may not be a model of ZFC. For example, the
proper class forcing notion P = Fn(On X w, 2) adjoins a proper class of subsets of
w and hence the Powerset Axiom fails in the corresponding generic extension V.

In this book, we shall only need to consider some very well-behaved proper
class forcing notions, known as reverse Easton iterations. (This name is especially
misleading: reverse Easton iterated forcing was introduced by Silver and the it-
eration proceeds in the usual direction rather than in the reverse direction. Clear

introductions to reverse Easton forcing can be found in Baumgartner [2] and Menas
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[32].) For example, in Chapters 7 and 8, we shall make use of proper class iterated

forcing notions which fit into the following framework.

HYPOTHESIS 6.8.9. V is a c.t.m. satisfying ZFC + GCH and (Pg | 8 € On) is
a sequence of forcing notions satisfying the following conditions.
(1) If 3 =0, then Py = {@} is the trivial notion of forcing.
(2) If B is a limit ordinal which is not inaccessible, then Pg is the inverse limit
of (B, |7 < B).
(3) If § is an inaccessible cardinal, then Ps is the direct limit of (P, | v < f3).
(4) If B = v+ 1 is a successor ordinal, then exists a possibly trivial notion of
forcing Q, € VP~ such that Pg ~ P, @7. (Here @7 denotes a P.-name
of the notion of forcing Q, € V¥».) Furthermore, Q. is chosen so that
the following conditions hold.
(a) If 7y is not a regular uncountable cardinal, then Q, = Py is the trivial
notion of forcing.
(b) If v = k is a regular uncountable cardinal, then Q., € V¥~ is a notion

of forcing of cardinality at most kT such that
VE £ Q, is k-closed and has the kT -c.c.

Let Po be the direct limit of (Pg | 8 € On); and for each § € On, let f?’goo be the
canonically chosen Pg-name for a proper class notion of forcing such that P, is
isomorphic to a dense sub-order of Pg * If"ﬁoo. As usual, if f € On, then we identify
Pg with the corresponding sub-order of P.

Let G be a Py-generic filter over V' and let V[G] be the corresponding generic
extension. For each § € On, let Gg = GNPg and let Pgo, = (I?’BOO)GH e VIGg].

THEOREM 6.8.10. With the above hypotheses, the following hold.

(a) Py, preserves cofinalities and cardinals.
(b) For all B € On, V[Gga] is a model of ZFC + GCH.

)
)
¢) Ifk is a reqular uncountable cardinal, then V|G .11] E Pyyi10o is k1 -closed.
)
)

(

(d) ViG] = U VIGsl.
BeEON

(e) V]G] is a model of ZFC + GCH.

Proor. This follows easily from Menas [32]. O
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In particular, if the proper class iteration (Pg | 8 € On) satisfies Hypothesis
6.8.9, then VFs £ GOH for all 5 € On. Consequently, in the successor stages
B =~ 41 of the construction of such an iteration, we can assume inductively that
VP £ GOH. (Of course, any reader who is already familiar with the theory of
iterated forcing can simply perform this induction himself. This remark is only

included for those readers who do not yet fit into this category.)

6.9. Notes

The account of set-theoretic forcing in Sections 6.1 to 6.5 is closely based on
Kunen'’s textbook [26]. The results in Sections 6.6 and 6.7 first appeared in Thomas
[50]. The accounts of iterated forcing and reverse Easton forcing in Section 6.8

follow Baumgartner [2] and Menas [32].






CHAPTER 7

Forcing Long Automorphism Towers

In Chapter 3, we proved that if G is a centreless group of infinite cardinality
K, then the automorphism tower of G terminates after less than (2“)Jr steps; and
we also pointed out that 7, < (2%)%, so that (2%)" is not the best possible upper
bound for 7(G). The main result of this chapter says that if kK > w, then it is
impossible in ZFC to prove a better upper bound for 7(G) than (2%)". (It remains
an open question whether a better upper bound can be found in the case when
k = w.) During the proof of our main result, we shall prove two other theorems
which are of some interest in their own right.

In Section 7.2, we shall study the question of which groups G can be embedded
in the quotient group Sym(k)/Sym, (k). Of course, such a group G must satisfy
|G| < 2". But this is not really a restriction on the structure of G, since 2 can be
made arbitrarily large in generic extensions of the ground model V. In Section 7.2,
we shall prove that if x is a regular uncountable cardinal such that k<* = x and
G is an arbitrary group, then there exists a cardinal-preserving notion of forcing Q
such that G is embeddable in Sym(x)/Sym, (k) within the generic extension V©.
On the other hand, the analogous result is false if we consider the question of which
groups can be embedded in Sym(k). For example, in Section 7.1, we shall prove
that the alternating group Alt(x™) cannot be embedded in Sym(k).

In Section 7.3, we shall study the question of which groups G can be realised up
to isomorphism as the automorphism groups of first-order structures M of cardinal-
ity k. There is one obvious constraint on the structure of such a group G; namely,
since G acts on a structure M of cardinality &, it follows that G is embeddable
in Sym(x). (For example, the alternating group Alt(x%) cannot be isomorphic to
the automorphism group of a structure of cardinalty x.) It turns out that if x is
a regular uncountable cardinal such that xk<* = k, then this is the only constraint

on the structure of G. In Section 7.3, we shall prove that if x is such a cardinal
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and G is an arbitrary subgroup of Sym(k), then there exists a cardinal-preserving
notion of forcing P such that in the generic extension V¥, there exists a first-order
structure M of cardinality & such that G ~ Aut(M). (A theorem of Dudley [5]
and Solecki [47] shows that the analogous result is false for k = w and this is the
point where the proof of our main result breaks down in the case when k = w.)

In the final three sections of this chapter, we shall present some further appli-
cations of our main theorems and shall discuss some of the many remaining open

problems.

7.1. The nonexistence of a better upper bound

In Chapter 3, we proved that if k is an infinite cardinal, then 7, < (2"‘)+. In this
section, we shall sketch the proof of the following result, which can be interpreted
as saying that if x > w, then it is impossible to prove a better upper bound for 7,

in ZFC.

THEOREM 7.1.1. Let V E GCH and let K, A € V' be uncountable cardinals such
that k < cf(N). Let o be any ordinal such that ow < \*. Then there exists a no-
tion of forcing P, which preserves cofinalities and cardinals, such that the following
statements are true in the corresponding generic extension VP,

(a) 2% = A\,
(b) There exists a centreless group T of cardinality x such that 7(T) = .

Our methods do not enable us to deal with the case when x = w and the

following question remains open.

QUESTION 7.1.2. Is it true, or even consistent, that there exists a countable

centreless group G such that 7(G) > wq?

Initially we shall only consider the case when k is a regular uncountable cardi-
nal. We do not need to assume the full GCH, but rather only that k<% = k. From
now on, fix such a regular uncountable cardinal x. Let A\ be any candidate for 2%;
i.e. \ is a cardinal such that A\® = A. And let o be any ordinal such that o < A ™.
We shall describe how to construct a cardinal-preserving notion of forcing P such

that the following statements are true in the corresponding generic extension VF.

(a) 27 = A\
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(b) There exists a centreless group T of cardinality s such that 7(T") = «a.

By Theorem 4.1.9, it is enough to produce a structure M € V¥ for a first-order
language L and a subgroup H of Aut(M) such that the following conditions are
satisfied:

(i) [M[=I[L] = &;
(ii) |H| < k; and

(iii) the normaliser tower of H in Aut(M) terminates after exactly o steps.
Roughly speaking, our strategy will be to

(1) first construct a pair of groups, H < G, such that |H| < k and the
normaliser tower of H in G terminates after exactly a steps; and
(2) then attempt to find a cardinal-preserving notion of forcing P which ad-

joins a structure M of cardinality & such that G ~ Aut(M).

Of course, there are many groups G for which such a notion of forcing P cannot
possibly exist. For example, de Bruijn [3] has shown that the alternating group
Alt(s™) cannot be embedded in Sym(k). Since Alt(k") cannot act on a set of
cardinality &, there is certainly no cardinal-preserving notion of forcing P which
adjoins a structure M of cardinality s such that Alt(k™) ~ Aut(M).

Our next definition singles out a combinatorial condition which is satisfied by all
those groups which are embeddable in Sym(x). (See Proposition 7.1.5.) Conversely,
in Theorem 7.1.6, we shall show that if a group G satisfies this combinatorial
condition, then there exists a cardinal-preserving notion of forcing P which adjoins

a structure M of cardinality & such that G ~ Aut(M).

DEFINITION 7.1.3. Suppose that x is a regular uncountable cardinal such that

< = k. Then a group G is said to satisfy the xT-compatibility condition if it has

K
the following property. Suppose that H is a group such that |H| < k. Suppose
that (f; | i < k1) is a sequence of embeddings f; : H — G and let H; = f;[H] for
each i < k™. Then there exist ordinals ¢ < j < k¥ and a surjective homomorphism

¢ : (H;, H;) — H; such that

(a) po fj = fi; and
(b) ¢ | H = idy,.
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Of course, if i < j < kT, then there can exist at most one homomorphism
¢ : (H;, H;) — H; satisfying conditions 7.1.3(a) and 7.1.3(b). For we must define
the restriction ¢ [ H; U H; by

h if he Hy;

p(h) =

(fio f7)(h) ifhe Hy.
By the A-System Lemma, we can assume that there exists a fixed subgroup K < G
such that H; N H; = K for all i < j < £7; and an easy counting argument allows
us to also assume that there exists a fixed homomorphism 6 : K — H such that
f7' I K =0 for all i < k*. This implies that the partial mapping ¢ | H; U H,
is well-defined for all ¢ < j < xk*. However, there still remains the question of
finding a pair of ordinals ¢ < j < k™ such that this partial mapping extends to a

well-defined homomorphism ¢ : (H;, H;) = H;.

EXAMPLE 7.1.4. In order to get an better understanding of Definition 7.1.3,
it will probably be helpful to see an example of a group which fails to satisfy the
kT-compatibility condition. So we shall show that Alt(x™) does not satisfy the -
compatibility condition. Let H = Alt(4). For each 3 <i < s, let A; ={0,1,2,4}
and let f; : Alt(4) — Alt(A;) be an isomorphism. If 3 <i < j < k™, then

Since Alt(5) is a simple group, there does not exist a surjective homomorphism

from (Alt(A;), Alt(A;)) onto Alt(A;).

PROPOSITION 7.1.5. Let k be a reqular uncountable cardinal such that k<% = k

and let G < Sym(k). Then G satisfies the k™ -compatibility condition.

PROOF. Let H be a group such that |H| < x and let (f; | i < ™) be a sequence
of embeddings f; : H — G. For each i < x7, let H; = f;[H] and let Z; be a subset
of k chosen so that

(a) 1Zi] < 1
(b) Z; is H;-invariant; and
(¢) g1 Z; #idy, forall 1 # g€ H,.
Since there are only k<" = k possibilities for Z;, after passing to a suitable subse-

quence if necessary, we can suppose that
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(1) there exists a fixed subset Z such that Z; = Z for all i < k™.
Similarly we can suppose that the following condition holds.
(2) For each ordinal i < k%, let r; : H; — Sym(Z) be the restriction mapping,
g— gl Z. Thenr;ofi=rjof; foralli<j<rt.

Fix any pair of ordinals 7, j such that ¢ < j < k™. Let p: (H;, H;) — Sym(Z)
be the restriction mapping, g — g [ Z. Then p[(H;, H;)] = r; [H;] and so we can
define a surjective homomorphism ¢ : (H;, H;) — H; by ¢ = r;l o p. Clearly
¢ | H; =idg,. By condition (2), if h € H, then

(po fi)(h) = (rj o f;)(h) = (rio fi)(h)
and 50
(0o fi)(h) = (r7 " opo fj)(h) = fi(h).
Hence @ o f; = f;. 0

If the group H in the proof of Proposition 7.1.5 happens to be finite, then
the assumption that k<% = k is not needed. So combining Proposition 7.1.5 and
Example 7.1.4, we obtain an alternative proof of de Bruijn’s theorem that Alt(x™)
does not embed into Sym(k).

We shall prove the following theorem in Section 7.3.

THEOREM 7.1.6. Let x be a regular uncountable cardinal such that k<" = k
and let G be a group which satisfies the k' -compatibility condition. Let L be a
first-order language consisting of k binary relation symbols. Then there exists a
notion of forcing P such that

(a) P is k-closed;
(b) P has the k™ -c.c.; and
(c) P adjoins an L-structure M of cardinality k such that G ~ Aut(M).

Furthermore, if |G| = 0, then |P| = max{k,0<"}.

Combining Proposition 7.1.5 and Theorem 7.1.6, we see that if x is an uncount-
able cardinal such that k<" = k and G is an arbitrary subgroup of Sym(x), then
there exists a cardinal-preserving notion of forcing P and a structure M € VF of
cardinality x such that G ~ Aut(M). This is the point at which our proof breaks

down in the case when k = w, since the analogue of Theorem 7.1.6 is false for k = w.
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For example, let A be a free abelian group such that w < |A| < 2%. Then it is an
easy exercise to show that A is embeddable in Sym(w). However, Dudley [5] has
shown that the automorphism group of a countable first-order structure is never
an uncountable free abelian group. (This result was independently rediscovered by
Solecki [47].)

We have now reduced our problem to that of finding a pair of subgroups
H < G < Sym(k)

such that |H| < k and the normaliser tower of H in G terminates after exactly «
steps. We cannot expect to always find such a pair in the ground model V. For
example, we might have chosen a > 2. However, such a pair always exists in a
suitably chosen generic extension of V. In Section 7.2, we shall prove that there is
a notion of forcing Q such that

(1) Q is s-closed;

(2) Q has the k™-c.c..
and such that the following statements are true in the generic extension V.

(a) 27 = .

(b) There exists a pair of subgroups H < G < Sym(k) such that |H| = k and

the normaliser tower of H in G terminates after exactly « steps.

Working within V@, we have that G satisfies the x1-compatibility condition;
and since Q is k-closed, we still have that k<* = k. Hence we can use Theorem 7.1.6
to generically adjoin a structure M € VP of cardinality « such that G ~ Aut(M).
Since the normaliser tower of H in G is an upwards absolute notion, we can now
use Theorem 4.1.9 in V@ to obtain a centreless group T of cardinality  such that
7(T) = a. (Here P denotes a Q-name of the notion of forcing P € V@, which is
given by Theorem 7.1.6.)

Finally suppose that k is a singular cardinal. Once again, let A be any cardinal
such that A® = X and let o be any ordinal such that o < A™. Then we also have
that At = \. By the above argument, there is a generic extension VP in which
the following statements are true.

(i) 291 =2F =\,

(ii) There exists a centreless group T of cardinality wy such that 7(T) = a.
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First suppose that « > 1. Then G = T x Alt(k) is a centreless group of cardinality
; and by Theorem 3.2.1, 7(G) = 7(T) = a. On the other hand, if & = 0, then
we can let G be any complete group of cardinality . For example, we could let
G = PGL(2,K), where K is a rigid field of cardinality x. (The existence of such a
field follows from Theorems 4.1.8 and 4.1.7.)

Some readers may feel dissatisfied with the proof in the case when & is singular;
and it has to be admitted that the argument does avoid confronting the difficulties

in this case. In particular, all problems of the following type remain open.

CONJECTURE 7.1.7. It is consistent that
(a) 2% =R, for all n € w; and

(b) there exists a centreless group G of cardinality X, such that 7(G) > R, 41.

In the remainder of this section, we shall reconsider the question of whether
it is possible to find a better upper bound for 7(G) when G is an arbitrary (not
necessarily centreless) group. Recall that, in Section 5.1, we were only able to prove
that if x is the least inaccessible cardinal such that x > |G|, then 7(G) < k. It
is natural to ask whether there exists an analogue of Theorem 7.1.1, which would
show that it is impossible to prove a better upper bound in ZFC. Of course, in
this case, we would also have to rule out such upper bounds as J¢|(|G]), etc. For

example, the following conjecture would serve our purpose.

CONJECTURE 7.1.8. Let V E GCH and let kK € V be an infinite cardinal. Let
A € V be the least inaccessible cardinal such that A > k and let a be any ordinal
such that o < A. Then there exists a notion of forcing P, which preserves cofinalities
and cardinals, such that the following statements are true in the corresponding

generic extension V.

(a) GCH holds.
(b) There exists a group G of cardinality s such that 7(G) = a.

It is even conceivable that the corresponding conjecture might hold for finite
groups. In other words, if V F GCH and « is less than the first inaccessible
cardinal, then there exists a notion of forcing P, which preserves cofinalities and
cardinals, such that the following statements are true in the corresponding generic

extension VT,



158 7. FORCING LONG AUTOMORPHISM TOWERS

(a) GCH holds.
(b) There exists a finite group G such that 7(G) = a.

Of course, in this case, the finite group G would already exist in the ground model
V. But this is not a contradiction, since there is no reason to expect that the
automorphism tower of a finite group G should be an absolute notion. (For example,
it could be that G, is an infinite group and then the rest of the automorphism tower
could perhaps be manipulated via suitable notions of forcing.) However, this would
mean that there exists a fixed finite group G such that for cofinally many ordinals
« less than the first inaccessible cardinal, it is consistent that 7(G) = a. When I
raised this possibility in a recent talk, Leo Harrington asked me whether I had a

specific candidate in mind for such a group!

7.2. Realising normaliser towers within infinite symmetric groups

Let x be a regular uncountable cardinal such that k<" = k. In this section, we
shall study the problem of realising long normaliser towers within Sym(x). In par-
ticular, we shall prove that if « is any ordinal, then there exists a generic extension
V@ such that a normaliser tower of height a can be realised in SymVQ(H).

We shall make use of the ascending chain of groups (W, | @ € On) which we

defined in Section 4.1. For the reader’s convenience, we repeat the definition here.

DEFINITION 7.2.1. The ascending chain of groups
WO<W1 <<Wa <Wa+1 <.

is defined inductively as follows.

(a) Wy = Cs, the cyclic group of order 2.
(b) Suppose that a = 8+ 1. Then

Wg=Wgd1< [Wg D Wg] X (op+1) = Way1.

Here Wj is an isomorphic copy of Wjs; and og41 is an element of order
2 which interchanges the factors W @ 1 and 1 @ W of the direct sum
Wps@®Wj via conjugation. Thus Wp. is isomorphic to the wreath product
Wg Wr Cs.

(c) If a is a limit ordinal, then W, = |J Wjs.
B<a
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By Lemmas 4.1.11 and 4.1.12, the groups (W, | a« € On) satisfy the following

properties.

(i) If 1 € n < w, then the normaliser tower of Wy in W,, terminates after
exactly n + 1 steps.
(ii) If & > w, then the normaliser tower of Wy in W, terminates after exactly
o steps.
(iii) |Wy| < max{|a|,w} for all ordinals a.
Unfortunately, the group W,,+ does not satisfy the x™-compatibility condition.
To see this, let

H =0y Wr Gy = [{a) ® (b)] % (c),

where the involution ¢ interchanges a and b via conjugation; and for each limit
ordinal 4 < k%, let f; : H — W+ be the embedding such that f;(a) = 0;11 and
fi(e) = gi42. (Here we are using the notation which was introduced in Definition

7.2.1.) Let i, j be any limit ordinals such that i < j < xT. Then
(Hi, Hj) ~ ((Cy Wr C3) Wr C3) Wr Cs.

Suppose that there exists a surjective homomorphism ¢ : (H;, H;) — H, such that
(a) o fj = f; and
(b) ¢ I Hi =idg,.
Then ¢(0j4+1) = ¢(0i41) = 0it1 and @(0j42) = @(0i42) = 0i12. Consider the
element x = 041042041042 € H;. Then it is easily checked that
(1) z lies in the centre of H; and
(2) aj+1y0;_&1 = xyz~! for all y € H;.

Thus z = ¢(z) lies in the centre of H;. Since ¢(0j4+1) = 041, we find that
T
Oi+1Y0;p1 = 2Yz =Y

for all y € H;. But this contradicts the fact that o;41 is a noncentral element of
H;.

Thus if a > 7, then W, is not embeddable in Sym(x). However, the above
argument does not rule out the possibility that W, is embeddable in the quotient

group Sym(x)/ Sym,, (x); and this is enough for our purposes. (Recall that Sym,, (%)
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denotes the normal subgroup of Sym(x) consisting of all those permutations ¢ such

that | supp(y)| < k.)

LEMMA 7.2.2. Let x be an infinite cardinal such that k<" = k. Suppose that v

is an ordinal and that there exists an embedding
[+ Wy — Sym(k)/ Sym, (k).

Then for each ordinal o < -y, there exist groups H < G < Sym(k) such that |H| = k

and the normaliser tower of H in G terminates after exactly a steps.

PRrROOF. For each ordinal a < 7, let H* be the subgroup of Sym(x) such that
f[Wa] = H*/Sym, (k). Since | Sym, (k)| = k< = &, it follows that |H°| = k.

CLAIM 7.2.3. For each ordinal j3,
f[Ns(Wo, Wa)] = Ng(H, HY)/ Sym, (k).

ProoF. We will argue by induction on 8. The result is clear when 5 = 0 and
no difficulties arise when [ is a limit ordinal. Suppose that g = £ + 1 and that
the result holds for . Let R = N¢(HY, H®) and for each subgroup K such that
Sym,. (k) < K < H*, let K = K/Sym, (x). Then

f [Ner(Wo, Wo)] = Ngr=(R)

and so we must show that

Nga(R) = Nya(R).

But this is an immediate consequence of the Correspondence Theorem for sub-
groups of quotient groups, together with the observation that the normaliser of any

subgroup L is the largest subgroup M such that L < M. (|

It is now easy to complete the proof of Lemma 7.2.2. Applying Claim 7.2.3, we
see that if o > w, then the normaliser tower of HY in H® terminates after exactly
o steps; and that if 2 < @ = n < w, then the normaliser tower of H? in H"!
terminates after exactly n steps. This just leaves the cases when @ = 0,1. When
a =0, we can take H = G = Alt(k); and when a = 1, we can take H = Alt(x) and
G = Sym(k). O
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The next result implies that if w < k<% = x and W is any group, then there
exists a cardinal-preserving notion of forcing Q such that in VQ, the group W is

embeddable in Sym(k)/ Sym,, (k).

LEMMA 7.2.4. Suppose that k € V is a regular uncountable cardinal such that
k<F = k. If W is any group, then there exists a notion of forcing Q such that
(1) Q is k-closed;
(2) Q has the kT -c.c.; and

(3) in the generic extension V@, there exists an isomorphic embedding

F W = (Sym(s)/ Sym, ()"
Furthermore, if |W| =6, then |Q| = max{k, <~}.

PrROOF. Let Q@ = U, .{a} x a. We will work with the symmetric group

a<k

Sym(2) rather than with Sym(x). Let Q be the notion of forcing consisting of the

conditions
p = (0p, Hp, Ep)

such that the following hold.

(a) w<dp <k

(b) H, is a subgroup of W such that |H,| < |d,|.

(c) Ej is a function which assigns a permutation e? . € Sym({} x §) to each

pair (m,&) € Hy x 6.

We set ¢ = (8¢, Hy, Eq) < p = (6p, Hp, E}) iff
1) 0, < 6q;
2

(
(2) H
(3)E C E4; and
(4)

4) if &, < & < &y, then the restriction to H, of the function, 7 — el & Isan
isomorphic embedding of H, into Sym({{} x &).
CLAIM 7.2.5. Q is k-closed.

PROOF OF CrLAIM 7.2.5. This is clear. |

CLAIM 7.2.6. Q has the k1 -c.c..
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PROOF OF CLAIM 7.2.6. Suppose that p; = (,,, Hp,, Ep,) € Q for i < xt.
Then, after passing to a suitable subsequence of {p; | i < k), we can suppose that
the following condition holds.

(i) There exists a fixed ordinal § such that d,, = ¢ for all i < k™.
Now consider the family {H,, | i < k*} of subgroups of W. Since k<" = &, the
A-System Lemma says that there exists a fixed subgroup H and a subset I C kT
of cardinality x* such that H,, NHy, = H for all pairs of distinct elements ¢, j € I.

Hence we can also suppose that the following condition holds.

(ii) There exists a fixed subgroup H such that
Hpi N Hpj =1

foralli < j < kT,
Finally since |H| < k and k<" = K, there are at most £ many functions
E:Hx6— | Sym({&} x 9.
£<o
Hence we can also suppose that the following condition holds.

(iii) There exists a fixed function E such that E,, | H x § = E for all i < kT
Now fix any two ordinals i < j < k*. Let Ht = (H,,,Hy,) be the subgroup
generated by Hy,, UH,; and let E* : H* x§ — [Jg; Sym({¢} x &) be any extension
of E,, UE,, which satisfies condition (c). Then ¢ = (§, H*, E*) is a common lower

bound of p; and p;. O
CLAIM 7.2.7. For each a < k, the set Co = {q € Q| 64 > a} is dense in Q.

PrOOF OF CLAIM 7.2.7. Let p = (§,, Hp, E,) € Q. Then we can suppose that
0p < a. We can define an isomorphic embedding ¢ : H, — Sym(H,) by setting
o(h)(x) = hx for all x € H,. Since |H,| < |d,], it follows that there exists an
isomorphic embedding ¢¢ : H, — Sym({&} x &) for each §, < £ < a. Hence there
exists a condition g = (d4, Hy, E,) < p such that H, = H, and ¢, = a. O

CLAIM 7.2.8. For each m € W, the set D = {q € Q| € H,} is dense in Q.

PrOOF OF CLAIM 7.2.8. Let p = (d,, Hp, Ep) € Q. Then we can suppose that
m ¢ H, Let H" = (Hp, ) be the subgroup generated by H, U {r}. Let 6 = 4,
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and let BT 1 HY x§ — |J.s Sym({¢} x §) be any extension of E, which satisfies
condition (c). Then ¢ = (8, H*, ET) < p. O

Let F be a Q-generic filter over V and let V@ = V[F] be the corresponding
generic extension. Working within V@, for each 7 € W, let

e(m) = L_J{eﬁ';,E | There exists p € F such that 7 € H, and { < 6,}.

Then e(m) € Sym(€2). Let Sym, () = {¢p € Sym(Q) | |supp(¥)| < x} and define
the function

f: W — Sym(Q)/ Sym,,(Q?)
by f(m) = e(w)Sym,(2). Then it is enough to show that f is an isomorphic
embedding.

Cram 7.2.9. If 1 £ 7 € W, then f(m) # 1.

PrOOF OF CLAIM 7.2.9. Choose a condition p = (d,, Hy, E,) € F such that
7 € Hy. If  is any ordinal such that 6, < & < &, then e(m) [ {£} X € # idgeyxe-
Hence e(m) ¢ Sym, (). O

CrAamM 7.2.10. f is a group homomorphism.

PrOOF OF CLAIM 7.2.10. Let my, mp € W. Let p = (6p, Hp, E,) € F be a
condition such that 7y, mo € Hp. Let & be any ordinal such that d, < & < x and let

q € F be a condition such that ¢ < p and £ < d;. Then

q q q
(o] =
€r1.6 © Cmpe = Criomag

and it follows that
e(m) Sym, (Q) o e(m2) Sym,, (Q) = e(m o m3) Sym, ().
O

Finally it is easily checked that |Q| = max{k,0<%}. This completes the proof
of Lemma 7.2.4. O

Summing up our work in this section, we can now easily obtain the following
result, which was promised in Section 7.1. (The final observation in the statement

of Theorem 7.2.11 will be required in Section 7.4.)
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THEOREM 7.2.11. Suppose that k, A € V are cardinals such that w < k<% =
k< XA= A Let a be any ordinal such that o < A\™. Then there exists a notion of
forcing Q such that

(1) Q is k-closed;
(2) Q has the kT -c.c.;
and such that the following statements are true in the generic extension V.
(a) 2" =\,
(b) There exist groups H < G < Sym(k) such that |H| = k and the normaliser

tower of H in G terminates after exactly a steps.

Furthermore, if VE GCH and A = k™, then V2 E GCH.

PROOF. Let v be an ordinal such that max{a, A\} <~y < A" and let Q be the
notion of forcing obtained by applying Lemma 7.2.4 to W = W,. Then [W,| = A
and so |Q| = A<® = \. Since W,, embeds in Sym(x)/Sym,, (k) in V©, it follows that
V@ 2% > . On the other hand, since |Q| = A\ and Q has the x*-c.c., it follows
that there are at most A* = A nice names for subsets of x. Hence Lemma 6.4.2(b)
implies that V@ = 2% < X\, (If V = GOH and A\ = x*, then a similar argument
shows that V@ E 2# = ;4 for all cardinals 4 > k. Since Q is k-closed, if p < &,
then (“Q)V@ = (#2)V and hence V9 E 2# = T.) Finally Lemma 7.2.2 implies that
there exist groups H < G < Sym(k) in V@ such that |H| = k and the normaliser

tower of H in G terminates after exactly « steps. O

7.3. Closed groups of uncountable degree

In this section, we shall prove Theorem 7.1.6. Let x be a regular uncountable
cardinal such that k<* = k and let G be a group of cardinality # which satisfies the
k+-compatibility condition. Let L be a first-order language consisting of x binary
relation symbols. The following notion of forcing P is designed to adjoin a structure

M of cardinality x for the language L such that G ~ Aut(M).

DEFINITION 7.3.1. Suppose that Ly C L and that N is a structure for the
language Lg. Then a restricted atomic type in the free variable v for the language
Lg using parameters from A is a set t of formulas of the form R(v,a), where R € Lg

and a € N. An element ¢ € N is said to realise ¢t if N' F ¢|c] for every formula
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p(v) € t. If no element of N realises ¢, then ¢ is said to be omitted in N'. Notice
that every element of N realises the trivial restricted atomic type (). Hence if ¢ is

omitted in NV, then ¢ # ().

DEFINITION 7.3.2. Let P be the notion of forcing consisting of the conditions
b= (Hv 7T,N, T)

such that the following hold.

(a) H is a subgroup of G such that |H| < k.

(b) There exists an ordinal 0 < § < x and a subset L(N') € [L]<* such that
N is a structure with universe ¢ for the language L(N).

(¢) m: H— Aut(N) is a group homomorphism.

(d) T is a set of restricted atomic types in the free variable v for the language
L(N) using parameters from N. Furthermore, |T'| < s and each t € T is
omitted in N.

We set (Ha, w2, N2, Tp) < (Hy,m,N1,T1) if and only if

(
(1) '
(2) N1 is a substructure of N5.
(3) For all h € Hy and o € N7, ma(h)(a) = m1(h) ().
4) Ty C To.

It should be clear that the components (H, 7, ) in each condition p € P are
designed to generically adjoin a structure M of cardinality « for the language L,
together with an embedding 7* of G into Aut(M). The set T of restricted atomic
types is needed to kill off potential extra automorphisms g € Aut(M) \ 7*[G] and

thus ensure that 7* is surjective.
LEMMA 7.3.3. For each p = (H,7m,N,T) € P, there exists a condition
= (H, 7" NYT)<p
such that 7t : H — Aut(N'T) is an embedding.

PROOF. Let N be the structure for the language L(N') such that

(a) the universe of Nt is the disjoint union N U H;
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(b) for each relation R € L(N), RN" = RV.

Clearly none of the restricted atomic types in T is realised in N'*. Let 7t : H —

Aut(N™T) be the embedding such that for each h € H,
(i) 7T (h)(x) = 7(h)(z) for all z € N; and
(ii) 7t (h)(z) = hx for all z € H.
Then p* = (H, 7", NT,T) <p. |
There is a slight inaccuracy in the proof of Lemma 7.3.3, as the universe of
N should really be an ordinal § < x. However, the proof can easily be repaired:

simply replace N7 by a suitable isomorphic structure. Similar remarks apply to

the proofs of Lemmas 7.3.6 and 7.3.8.
LEMMA 7.3.4. P is k-closed.
PROOF. Suppose that § < x and that

Po=p1 =

vV
s
~

Vv

is a descending J-sequence of elements of P. Then {pe | { < 6} has a greatest
lower bound in P. To see this, let pe = (Hg, me, Ne, T) for each { < 6 and define
H=Uis;He, m=Ueesmes N = Uy Ny and T' = g5 T¢. Since each t € T
is a restricted atomic type, it follows that each ¢ € T is also omitted in A'. Thus
p= (H,m,N,T) € P and clearly p is the greatest lower bound of {p¢ | { < ¢} in
P. O

LEMMA 7.3.5. P has the kT-c.c.

PROOF. Suppose that p; = (H;, 7, N;, T;) € P for i < k7. By Lemma 7.3.3,
we can assume that m; : H; — Aut(N;) is an embedding for each i < k. Clearly
there is a cardinal A < x and a subset I € [/@"‘]KJr such that |H;| = A for all ¢ € I.
Since there are only 2* groups of cardinality A up to isomorphism and 2* < x, there
exists a subset J € [I}”+ such that H; ~ H; for all 4, j € J. Thus, after passing to

a suitable subsequence of (p; | 7 < kT), we can suppose that the following condition

holds.

(1) There is a fixed group H such that for each i < k™, there exists an

isomorphism f; : H ~ H;.
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Similarly, we can suppose that the following conditions also hold.

(2) There exists a fixed structure A" such that N; =N for all i < x™.
(3) There exists a fixed set of restricted atomic types T such that T; = T for
all i < k™.
(4) For each i < k™, let ¢; : H — Aut(N) be the embedding defined by
; =m0 fi. Then ¢; =, for all i < j < sT.
Since G satisfies the xt-compatibility condition, there exist ordinals i < j < kT
and a surjective homomorphism ¢ : (H;, H;) — H; such that
(a) po fj = fi; and
(b) ¢ I Hi =idy,.
Let (H;,H;) — Aut(N) be the homomorphism defined by @ = m; o ¢. Clearly
m; C 7. Note that if x € H;, then

miop(x) =mio(pof;)o f;(x)
=mio fiofi (x)
=mjofjo fj_l(l’)
=7;(x).
Thus we also have that 7; C m. Consequently, we can define a condition p < p;, p;

by
p= (<H17H]>,7T,N’,T)

LEMMA 7.3.6. For each a € G,
D, ={(H,mN,T)|ac H}
is a dense subset of P.

PROOF. Let a € G and p = (H,w,N,T) € P. We can suppose that a ¢ H.
Let HT = (H,a). Let C = {g; | i € I} be a set of left coset representatives for H
in HT, chosen so that 1 € C. Let N'™ be the structure for the language L(N) such
that

(a) the universe of Nt is the cartesian product C' x N; and
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(b) for each relation R € L(N),
((gi, ), (95,v)) € RN iff =jand (z,y) € RV.

By identifying each * € N with the element (1,z2) € N'*, we can regard N as a
substructure of N*. Again it is clear that none of the restricted atomic types in T'
is realised in N'T.

Define an action of H™ on N’ as follows. If g € H™ and (g;,x) € N, then

9(g9i, ) = (g5, m(h)(x)),

where j € I and h € H are such that gg; = g;h. It is easily checked that this action
yields a homomorphism 7+ : H* — Aut(N™") and that (HT, 7zt ,N'*,T) <p. O

LEMMA 7.3.7. For each o < K,

E,={H,mN,T)| a €N}

is a dense subset of P.

PRrROOF. Left to the reader. O

Let F be a P-generic filter over V and let V¥ = V[F] be the corresponding

generic extension. Working within V¥, define
M= U{J\/ | There exists p= (H,m,N,T) € F}

and
Tt = U{w | There exists p = (H,m,N,T) € F}.

Then the above lemmas imply that M is a structure for L of cardinality x and that
7* is an embedding of G into Aut(M). So the following lemma completes the proof
of Theorem 7.1.6.

LEMMA 7.3.8. ©* : G — Aut(M) is a surjective homomorphism.

PROOF. Suppose that g € Aut(M) \ 7*[G]. Let M, 7 be the canonical P-
names for M, 7* respectively and let g be a P-name for g. Then there exists a

condition p € F' such that

plFg € Aut(M) and g # 7(h) for all h € G.
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Let p’ < p. We shall inductively construct a descending sequence of conditions
Pm = (Hum, T, N, Trn) for m € w such that the following hold.

(a) po=7p".

(b) For all z € N;,, there exists y € N,4+1 such that py,41 IF g(z) = y.

(c) For all h € H,,, there exists z € N,,+1 such that

Pmt1 I 9(2) # Tms1(R)(2).

Suppose that m > 0 and that p,, = (Hum, Tm, N, Tin) has been constructed. Let
N = {xe | £ < A}. Using the fact that P is s-closed, we can inductively construct
an auxillary descending sequence of conditions r¢ = (H & e NE,s Tg’) for £ < X such
that the following hold.
(i) 70 = pm.

(i) There exists ye € ./VZJrl such that reyq IF g(ze) = ye.

(iii) If 0 is a limit ordinal, then r; is the greatest lower bound of {r¢ | £ < d}.
Note that for each x € NV,,, there exists y € N} such that ry IF g(z) = y. Using a

similar argument, we can construct a condition

Pm+1 = (Hm+1;7rm+laNm+laTm+1) S (SN

such that for all h € H,,, there exists an element z € N;,;1 such that

Pm+1IF 9(2) # Tmp1 (h)(2)-

Clearly p;,+1 satisfies our requirements.

Now let ¢ = (H,m,N,T) be the greatest lower bound of {p,, | m € w} in P.
Then ¢ < p’ and there exists g* € Aut(N) \ w[H] such that ¢ IF g | N = g*. (In
the remainder of this book, we shall refer to the above argument as the bootstrap
argument.) Let N'" be the structure defined as follows.

(1) The universe of N'* is the disjoint union N'U H.
(2) For each relation R € L(N), RN = RV,
(3) For each z € N, let R, € L ~ L(N) be a new binary relation symbol.
Then we set (h,y) € RN iff h € H, y € N and 7(h)(z) = y.
Once again, it is clear that none of the restricted atomic types in T is realised in

N*. Let 77 : H— Sym N'" be the embedding such that
(i) 7T (h)(x) = 7(h)(z) for all z € N; and
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(i) 7t (h)(z) = hx for all z € H.
Then it is easily checked that 7t[H] < Aut(N™T). Finally let ¢ be the partial type
defined by
t={Re(v,g"(z)) |z € N}

and let 7T =T U {¢}.
CLAIM 7.3.9. t is omitted in N'T.

PROOF OF CLAIM 7.3.9. Suppose that h € N’ realises t. Then we must have
that h € H. Since NT E R, (h, g*(x)) for all z € NV, it follows that 7w(h)(z) = g*(z)
for all z € . But this contradicts the fact that g* € Aut(N) \ w[H]. 0O

Thus ¢t = (H,7",NT,TT) € P and ¢" < p’. We have just shown that for
each condition p’ < p, there exists a corresponding strengthening ¢+ < p’. In other
words, the set of such conditions is dense below p. By Lemma 6.3.1, we can suppose
that ¢* € F and hence that that g* C g. Clearly M E R,(1,z) for each z € N.
So applying the automorphism g € Aut(M), we obtain that M F R,(g(1), g*(x))
for each z € AN. But this means that g(1) € M realises ¢, which is the final

contradiction. O

7.4. 1, can be strictly increasing

In this section, we shall prove that it is consistent that 7, is a strictly increasing
function of k. Beginning with a ground model V' which satisfies GC H, we shall use
a suitable reverse Easton forcing to construct a generic extension M in which the

following statements are true.

(a) GCH holds.
(b) For each regular uncountable cardinal x, there exists a centreless group T'
of cardinality k such that 7(T) = x™.
As we explained at the beginning of Section 6.8, it follows easily that 7, is strictly
increasing in M. During our iteration, for each regular uncountable cardinal x, we

shall use the following result to adjoin a centreless group T of cardinality s such

that 7(T) = ™.

LEMMA 7.4.1. Assume GCH. If k is a reqular uncountable cardinal, then there

exists a notion of forcing R, of cardinality kT such that
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(a) R, is k-closed and has the kT -c.c.; and

(b) R, adjoins a centreless group T of cardinality x such that 7(T) = k™.

PRrROOF. Throughout this proof, the ground model will be denoted by N. By

Theorem 7.2.11, there exists a notion of forcing Q of cardinality x* such that

(1) Q is k-closed and has the x™-c.c.; and
(2) in the generic extension N©, there exist groups H < G < Sym(k) such
that |H| = x and the normaliser tower of H in G terminates after exactly

kT steps.

It is easily checked that NQ £ GCH. By Proposition 7.1.5, G € N9 satisfies the
kT-compatibility condition.
Let L be a first order language consisting of x binary relation symbols. By

Theorem 7.1.6, there exists a notion of forcing P € NQ of cardinality x* such that

(i) P is k-closed and has the x™-c.c.; and

(ii) P adjoins an L-structure M of cardinality x such that G ~ Aut(M).

By Theorem 4.1.9, there exists a centreless group 7' € (N?)F of cardinality & such
that 7(T) = x*. Applying Theorem 6.8.4, it follows easily that if P is a Q-name of
the notion of forcing P € NQ, then R, = Q * P satisfies our requirements. O

Now let V E GCH. We shall inductively construct a sequence (Qg | § € On)
of forcing notions satisfying Hypothesis 6.8.9. By the remark following Theorem
6.8.10, at successor stages 3 of the construction, we can assume inductively that
V-1 = GCH.

Case 1. If 3 =0, then Qy = {0} is the trivial notion of forcing.

Case 2. If § is a limit ordinal which is not inaccessible, then Qg is the inverse
limit of (Q, | v < B).

Case 3. If j is inaccessible, then Qg is the direct limit of (Q | v < ).

Case 4. Finally suppose that 5 = v + 1 is a successor ordinal. First suppose
that v = k is a regular uncountable cardinal. Then we can assume inductively
that V@ £ GCH. Let R, € V@ be the notion of forcing, given by Lemma
7.4.1, which adjoins a centreless group T of cardinality & such that 7(T) = x*.

Then we set Q.r1 = Q4 * ]INQK. (As usual, I@K denotes a Q.-name of the notion of



172 7. FORCING LONG AUTOMORPHISM TOWERS

forcing R, € V@) Finally if v is not a regular uncountable cardinal, then we set
Qy41 = Qy * Q.

Let Qoo be the direct limit of (Qs | 8 € On); and for each § € On, let @/300 be
the canonically chosen Qg-name for a proper class notion of forcing such that Q.
is isomorphic to a dense sub-order of Qg * (@goo. Let H be a Quo-generic filter over
V and let M = V[H] be the corresponding generic extension. For each 3 € On, let
Hg = HNQp and let Qo = (QBOO)Hﬁ' Then the following result is an immediate

consequence of Theorem 6.8.10.

LEMMA 7.4.2. (a) Qo preserves cofinalities and cardinals.

(b) If k is a reqular uncountable cardinal, then V[Hy11] F Qui100 is kT -closed.
(¢) M is a model of ZFC + GCH.

O

Now let kK € M be any regular uncountable cardinal. By construction, there
exists a centreless group T € V@+1 of cardinality » such that V@+1 E 7(T) = x+.
Since V[H,41] F Qui100 is k1 -closed, Theorem 6.7.1 implies that M F 7(T) = k.

This completes the proof of the following result.

THEOREM 7.4.3. It is consistent with ZFC that 1, is a strictly increasing

function of k.

O

It seems almost certain that it is also consistent that 7, is not a strictly in-
creasing function of k. However, as we shall explain in Section 7.6, this seems to

be a much more difficult problem.
CONJECTURE 7.4.4. It is consistent with ZFC that 7, = 7,.

7.5. Two more applications

In this section, we shall present two more applications of Theorem 7.1.6. In
both applications, we shall be working with a group G € V which satisfies the -
compatibility condition for some uncountable regular cardinal such that k<% = &
and we shall use Theorem 7.1.6 to generically adjoin a graph I' € V¥ of cardinality
k such that G ~ Aut(I"). Of course, the actual statement of Theorem 7.1.6 only
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gives a structure M € VT of cardinality & for a binary relational language L of
cardinality & such that G ~ Aut(M). But this is no problem. For then we can use
Theorem 4.1.8 to find a graph T' € V¥ of cardinality & such that Aut(M) ~ Aut(T).

APPLICATION 7.5.1. In 1961, Dudley [5] proved that there does not exist an
uncountable free Polish group. Consequently, since the automorphism group of a
countable structure is a Polish group, it follows that there does not exist a countable
structure M such that Aut(M) is the free group on 2“ generators. (This result was
independently rediscovered by Shelah [45].) In contrast, using Theorem 7.1.6, it is
easy to establish the consistency of the existence of a structure A of cardinality wy
such that Aut(N) is the free group on 2! generators. It is not known whether the

existence of such a structure can be proved in ZFC.

THEOREM 7.5.2. Suppose that k, X\, 8 € V' are uncountable cardinals such that
k<P =Kk < X< 0 = 0% Then there exists a notion of forcing P, which preserves
cofinalities and cardinals, such that the following statements are true in V.

(a) 2" =6; and
(b) there exists a graph T of cardinality k such that Aut(T") is the free group

on \ generators.
We shall make use of the following result, which is due to de Bruijn [3].

LEMMA 7.5.3. Let k be an infinite cardinal and let Fy~ be the free group on 2%

generators. Then there exists an embedding of Faox into Sym(k).

PRrROOF. First let []
Then []

Sym(x) be the full direct product of x copies of Sym(k).

a<k

Sym(x) embeds into Sym(k). To see this, express kK = | | _. Ay as a

a<k a<k

disjoint union such that |A,| = & for all @ < k and note that the full direct product
[I.<..Sym(A,) can be regarded as a subgroup of Sym(x).

Clearly the free group F, on x generators embeds into Sym(F,) ~ Sym(k).
So [[4<, Fx embeds into ]
to show that Fye embeds into ]

Sym(k) and hence into Sym(x). Thus it is enough

a<K

a<w Pk To accomplish this, we shall show that
there exists a set {p, | @ < K} of homomorphisms ¢, : Fax — F, such that
({ker v, | @ < k} = 1. Then we can define an embedding ¢ : Fox — [], ., Fx by

p(w) = (pa(w) | a < k).
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Let F be the group which is freely generated by the set {x4 | A C x} and let G
be the group which is freely generated by the set {yp | B € [k]<“}. Then F ~ Fy=«
and G ~ F,. For each C € [g]<¥, let m¢ : F' — G be the homomorphism such
that mo(z4) = yanc for all A C k. By the previous paragraph , it is enough to
show that {kermc | C' € [k]<¥} = 1. To see this, suppose that 1 # w € F; say,
w € (Ta,,...,2a,). Then there exists C' € [k]<“ such that A; NC' # A; NC for all

1<i<j<n. Clearly n¢ | (xa,,...,24,) is an embedding and so 7o(w) # 1. O

PrOOF OF THEOREM 7.5.2. First we shall perform a preliminary forcing to
obtain a c.t.m. M in which k<" = k and 2° = 6. Let R = Fn(f x k,2,k). By
Theorem 6.4.4, R is s-closed and has the x¥-c.c. Thus R preserves cofinalities
and cardinals. Let H be an R-generic filter over Vand let M = V[H] be the
corresponding generic extension. By Theorem 6.4.4, M E 2% = 0. Since R is k-
closed, it follows that R does not adjoin any new subsets S of k with |S| < & and
so M F k<" =K.

From now on, we shall work within M. Let G be the free group on A generators.
By Lemma 7.5.3, there exists an embedding of G into Sym(x) and so F satisfies
the xT-compatibility condition. Let P be the notion of forcing, given by Theorem
7.1.6, which adjoins a graph I' of cardinality x such that G ~ Aut(I"). Then the
notion of forcing R x P € V satisfies our requirements. (Here P denotes an R-name

of the notion of forcing P € M = V&) d

APPLICATION 7.5.4. Theorem 3.4.1 says that if G is a finitely generated cen-
treless group, then the automorphism tower of G terminates after countably many
steps. It is conceivable that a much more general result holds; namely, that the
automorphism tower of G terminates after countably many steps, whenever G is
a countable centreless group such that Aut(G) is also countable. To see why this
might be true, let G be such a group. Then, by Kueker [24], there exists a finite
subset F' C G such that each automorphism 7 € Aut(G) is uniquely determined
by its restriction m | F. In terms of the automorphism tower of G, this says that
there is a finite subset F' C G such that Cg, (F') = 1. Suppose that the “rigidity”
of F' within G = G is propagated along the automorphism tower of Gj; i.e. that
Cq,, (F) =1 for all ordinals a. Then a routine modification of the proof of Theorem

3.4.1 shows that the automorphism tower of G terminates in countably many steps.
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QUESTION 7.5.5. Let G be a centreless group such that |Aut(G)| = w. Does
there exist a finite subset F' C G such that Cg_ (F) = 1 for all ordinals a?

The following weak form of Question 7.5.5 is also open.

QUESTION 7.5.6. Does there exist a centreless group G such that |Aut(G)| = w
and |[Aut(Aut(G))| = 297

Of course, a positive answer to Question 7.5.5 implies a negative answer to
Question 7.5.6. Using Theorem 7.1.6, it is easy to establish the consistency of the
existence of a centreless group G of uncountable cardinality  such that [Aut(G)| =
k and |Aut(Aut(G))| = 2%. Once again, it is not known whether the existence of

such a group can be proved in ZFC.

THEOREM 7.5.7. Suppose that k € V is a regular uncountable cardinal such
that k<% = k. Then there exists a notion of forcing P, which preserves cofinalities
and cardinals, which adjoins a centreless group G of cardinality k such that

(a) |[Aut(G)| = k; and
(b) |Aut(Aut(@))| = 2".

PROOF. For each o, { <k, let Z¢ = (z?} be an infinite cyclic group. For each
& < R, let Ag = @
by wzg‘w’l =23 for all a, £ < k and let W = B x Sym(k) be the corresponding

Z¢ and let B = P, _,, A¢. Define an action of Sym(x) on B

a<K

semidirect product. Let H = @E <x Zg. Then the members of the normaliser tower

of H in W are

(a) No(H) = H;
(b) Ni(H) = B;
(c) No(H) =W.

Clearly W is embeddable in Sym(k) and so W satisfies the x*-compatibility condi-
tion. Let P be the notion of forcing, given by Theorem 7.1.6, which adjoins a graph
T of cardinality x such that W ~ Aut(T"). Let Kr € V¥ be the corresponding field,
which is given by Theorem 4.1.7. Then G = PGL(2, Kt) x H € V¥ is a group such
that

|Aut(G)| = [PGL(2, Kr) x B| = &
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and

|Aut(Aut(Q))| = |[PGL(2, K1) x W| = 2%,

7.6. The main gap

A common feature of the consistency results in this chapter was that, in each
case, it was only necessary to generically adjoin a single centreless group. For
example, to prove the consistency of 7,,, < 7,,, it was enough to adjoin a centreless
group G of cardinality wy such that 7(G) > (2¢1)*. On the other hand, if we
wish to prove the consistency of 7,, = 7.,, then we must construct a generic
extension in which we have some understanding of every centreless group G such
that w; < |G| < wy. (Of course, a similar remark applies to the problem of proving
the consistency of a statement such as 7,,, = ws, etc.)

In order to understand the difficulties involved, consider the following plau-
sible approach to proving the consistency of 7,, = 7,,. Let V E GCH and let
(Pg | 8 < w4) be the countable support iteration such that

e if 3 = o+ 1 is a successor ordinal, then Pg = P, * @a, where Q, € VFe
is the obvious notion of forcing which adjoins a centreless group G(® of
cardinality w; such that 7(G(®¥)) = a.

(I.e., Q, is the notion of forcing obtained by iterating those introduced in Sections
7.2 and 7.3.) Then it can be shown that the following statements hold in the
resulting generic extension M = VPw.

(a) 2¢1 = 2%2 = .

(b) For each o < wy, 7(G(®) = a.
It is natural to conjecture that M F 7, = 7,, = ws. Consider an arbitrary

centreless group G € M such that wy < |G| < we. Then there exists an ordinal
B < wy such that G € VF2; and since VF# F 292 = w3, we have that

VI ET(G) < (2)F =

Unfortunately, in Section 6.7, we saw that the height 7(G) is not an upwards

absolute concept and so it remains conceivable that M F 7(G) > wy.
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In Chapter 8, we shall prove that if G is an infinite centreless group, then it
is impossible to prove any nontrivial results concerning the relationship between
the values of 7(G) in the ground model and an arbitrary generic extension. More
precisely, we shall prove that it is consistent that for every infinite cardinal A and
every ordinal o < A, there exists a centreless group G with the following properties.

(a) 7(G) = a.
(b) If 8 is any ordinal such that 1 < 8 < A, then there exists a notion of forcing

P, which preserves cofinalities and cardinals, such that V7 (G) =pB.

However, as the reader might expect, both the groups G' and the notions of forcing
P are specifically designed to witness the extreme nonabsoluteness of the height
function. It should also be stressed that the main theorem of Chapter 8 is a consis-
tency result and it is open whether such groups and notions of forcing can be proved
to exist in ZFC. In particular, it remains unclear whether “naturally occurring”
notions of forcing can significantly change the heights of pre-existing centreless
groups. In Chapter 9, we shall study this question for the very simplest notions of
forcing. More specifically, suppose that V E GCH and that k < A < 6 are regular
cardinals. Then we shall show that if P = Fn(f,2,x) and Q = Fn(A*,2, &), then

for every centreless group G € V of cardinality A,

Since V@ E 2 = AT, this implies that
VPET(G) < AT
for every centreless group G' € V of cardinality A\. Hence if we choose 6 > At

then we obtain that

VEET(G) < \TH <=2
for every centreless group G € V of cardinality A. With a little more effort, we
shall then prove that it is consistent that 7, < 2* for all regular cardinals \.

7.7. Notes

The material in this chapter first appeared in Just-Shelah-Thomas [22]. The
problem of determining which groups embed into Sym(k) and its homomorphic

images has been studied by many authors, including de Bruijn [3], McKenzie [30],
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Shelah [43], Clare [4], Rabinovi¢ [37] and Felgner-Haug [8]. In particular, Felgner-
Haug [8] proved in ZFC that if  is a regular cardinal, then Sym,(x") can be
embedded in Sym(r)/ Sym, (k). Of course, this implies that both Alt(x") and W+
can be embedded in Sym(x)/ Sym,, (k).



CHAPTER 8

Changing The Heights Of Automorphism Towers

In Section 6.7, we saw that the height 7(G) of the automorphism tower of
an infinite centreless group G is not an absolute concept. For example, if U is a
nonprincipal ultrafilter on w, then the setwise stabiliser Sy, is a complete group,
but there exists a c.c.c. notion of forcing P which adjoins an outer automorphism
to Sy. Thus 0 = 7(Sy) < v (Sy). Perhaps more surprisingly, there also exists
an infinite centreless group G such that 7(G) = 2 and such that if Q is any notion
of forcing which adjoins a new real, then 7V° (G) = 1. Thus the height 7(G) of
the automorphism tower of an infinite centreless group G may either increase or
decrease in a generic extension. In fact, if G is an infinite centreless group and P is a
notion of forcing, then it is difficult to think of any nontrivial statement concerning
the relationship between 7(G) and TVP(G). Of course, there is a trivial observation
which can be made; namely, that since an outer automorphism of G remains an
outer automorphism in V¥, 7(G) > 1 implies that TVP(G) > 1. In this chapter, we
shall prove that it is consistent that for every infinite cardinal A and every ordinal

a < A, there exists a centreless group G with the following properties.

(a) 7(G) = a.
(b) If 8is any ordinal such that 1 < 8 < A, then there exists a notion of forcing

P, which preserves cofinalities and cardinals, such that Ve (G) =p.

This result suggests that no nontrivial results concerning the relationship between
7(G@) and TVIP(G) are provable in ZFC. However, it should be pointed out that
the cardinality of G depends on A; and it remains an open question whether it is
consistent that there exists a fixed centreless group G such that for unboundedly
many ordinals «, there exists a cardinal-preserving notion of forcing P such that

™V (G) = a.
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8.1. Changing the heights of automorphism towers

In Sections 8.2 and 8.3, we shall present a proof of the following theorem.

THEOREM 8.1.1. It is consistent that for every infinite cardinal A and every

ordinal o < A, there exists a centreless group G with the following properties.

(a) 7(G) = a.
(b) If B is any ordinal such that 1 < B < A, then there exists a notion of

forcing P, which preserves cofinalities and cardinals, such that v (@) =

3.

In this section, we shall give a heuristic account of the main ideas of the proof
of Theorem 8.1.1. For the sake of concreteness, suppose that we wish to construct

a centreless group G with the following properties.

(a) 7(G) =3.

(b) There exists a notion of forcing P, which preserves cofinalities and cardi-
nals, such that 7V (G) = 4.

(¢) There exists a notion of forcing Q, which preserves cofinalities and cardi-

nals, such that TVQ(G) = 2.

Applying Theorems 4.1.6 and 6.6.18, it is enough to find a graph I', together with
a subgroup H < Aut(T"), such that the following conditions hold. (We shall spell
out the details of this reduction in the proof of Corollary 8.2.3.)

(a)’ The normaliser tower of H in Aut(I") terminates after exactly 3 steps.

(b)" There exists a notion of forcing P, which preserves cofinalities and cardi-
nals, such that the normaliser tower of H in Aut”” (T") terminates after
exactly 4 steps.

(¢)’ There exists a notion of forcing Q, which preserves cofinalities and cardi-
nals, such that the normaliser tower of H in AutV* (T") terminates after

exactly 2 steps.

Let P, @Q and R be unary relation symbols and let L be the first-order language
{P,Q, R}. As a first approximation to the graph I', we shall take the structure

N = (N; NP N NEY
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for the language L such that [NP| = IN?| = INF| = 8. Thus
Aut(N) = Sym(NF) x Sym(N?9) x Sym(NF).

(At first glance, it might seem strange to approximate the desired graph I' by
the finite structure A/, since the automorphism group of N will obviously remain
unchanged in every generic extension of the universe. However, this objection only
applies if we intend to code A within a finite graph. Instead we shall take T'
to be a suitable infinite graph which encodes N.) We shall define the subgroup
H < Aut(N) to be a suitable product of iterated wreath products. But first we
need to define the general notion of the direct product of a collection of permutation

groups.

DEFINITION 8.1.2. Suppose that G; < Sym(€2;) for each ¢ € I. Then the
direct product of the permutation groups {(G;,§2;) | i € I} is defined to be the
permutation group

iel iel el

Here | |..; ©; denotes the disjoint union of the sets {Q; | i € I} and [],.; G; acts

i€l iel
on | J;c; Q; in the natural manner; i.e. if 7 = (g;) € [[;c; Gi, then 7 | Q; = g; for

each i € I. If T = {1, 2}, then we write

[1(Gi Q) = (G1, ) x (G2, Q) = (G1 x G2, 2 UDy).

i€l

Next we define the natural action of the nth iterated wreath product

Pnz((CQWI'CQ)WI‘CQ)WI‘WI‘CQ))

n times

on the set X, = {£| 0 < ¢ < 2™} inductively as follows.
e Py =1 acts trivially on 3¢ = {0}.
e Suppose that the permutation group (P,,%,) has been defined. Then
P11 =[Py X Py] % (0y,) is the wreath product P, Wr Cy acting naturally
on ¥,y =%, UX, where X/, = {£] 2" < ¢ < 27"}, More explicitly,

(P x P, 3, UX) >~ (P, 3,) X (P, 2)

and o, is an involution which interchanges the sets ¥,, and X/.
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An easy induction shows that if n > 1, then |P,| = 22"~! and that 22" !
is the highest power of 2 which divides (2")! = |Sym(Z,)|. Thus P, is a Sylow
2-subgroup of Sym(%,,). It is also reasonably straightforward to show that P, is
self-normalising in Sym(%,,). (A generalisation of this result is included within the
proof of Lemma 8.2.6.)

We are now ready to begin the definition of the subgroup

H < Aut(N) = Sym(NT) x Sym(N®) x Sym(NF).
First let
(HP NF) = (Py,20) x (Po, o) x (P1,51) x (Pa, 52)

(H? N?) ~ (P, 53)

E)
®
=z

R) ~ (PQ,EQ) X (PQ,ZQ) .
Then we define
(HNPUNCUNF) ~ (HP NP) x (HO,NC) x (HFNF).

At this point, it is helpful to introduce a pictorial representation of the above
permutation groups and the groups which occur in their normaliser towers. It will
be much clearer if we illustrate the representation with a couple of examples, instead
of attempting to give a formal definition. As a first example, the permutation group

(H P NF ) will be represented by the diagram:

[a][a][aa][aaa4]

Here the triangles represent the elements of N'*; and the 4 boxes represent the
4 orbits of H” on NP, on each of which HY acts as a suitable iterated wreath
product. By Lemma 1.3.15, if (G,) is a permutation group and m € Sym(2)
normalises GG, then 7 permutes the orbits of G. Using this observation, together
with the fact that P, is self-normalising in Sym(X,,) for each 0 < n < 3, we see that
the normaliser tower of HY of Sym(N?) is represented by the following sequence

of diagrams:

[a][a][aa][aaaa]

|AA|[AA|[AAAA]

[AAAA|[AaAAA]
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In order to indicate that each of the sets N'¥, N'Q and N'® must be preserved
setwise by the elements of Aut(/N), we shall represent the elements of N'? by stars
and the elements of N'* by diamonds. Thus the following diagram represents the

permutation group (H,NF LN?UNE):

[a][a][aa][aaaa][khkdkkhk | 4604] 4004

and the normaliser tower of H in Aut(N) is represented by the following sequence

of diagrams:

[a][a][aa][aaad]| kkhkkhkk| 6604 4444

[aa][aa][aaaa][ Kkdhkhkk | 46606004
[Aaaa][adad][HAKARAKK|[$666440¢]

[ Rk KA kA AK || 466044604 |

In particular, the normaliser tower of H in Aut(A') terminates after exactly 3 steps.

Now imagine that P is a miraculous notion of forcing which manages to convert

each star into a triangle. Then H is represented by the following diagram in VF:

[a][a][AA|[AAAA|[AAAAAALL |[4604][000¢]

and the normaliser tower of H in AutVP(N) = Sym(NFP UN?) x Sym(NE) is

represented by the following sequence of diagrams:

[a][a][AA|[AAAA|[AAAAAAAL|[4604][400¢]

[AA][AA|[AAAA|[AAAAAALL|[4000000¢]
[AAAA|[AAAA|[AAAAAALAL[[4000000¢]
|AAAAAAAA|[AAAAAAAA \
[AAAAAAAAAAAAAALAL [ 40000004

Hence the normaliser tower of H in Aut" (N) terminates after exactly 4 steps.

Finally imagine that @ is an equally miraculous notion of forcing which converts
each diamond into a triangle. Then H is represented by the following diagram in

VQ,

[a][a][aa][aaaa][aaaa][anaa]| kkkhkk Ak
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and the normaliser tower of H in Aut"" (N) = Sym(NF U NFE) x Sym(N9) is

represented by the following sequence of diagrams:

[a][a][aa][anaa][aaaa][anaa] kkhkkhkhk |

[AA|[AA|[AAAAAAAAAAAAL H 1.8.8.2.0.8.8.0 ¢ \

[AAAA|[AAAAAAAAAAAA] K AKAKKK]

Hence the normaliser tower of H in AutVQ(./\/ ) terminates after exactly 2 steps.
Of course, the induced action on the orbit of size 12 is not isomorphic to one of
the form (P,,%,) for any n > 0. Instead the induced action is isomorphic to the
natural action of P, Wr Sym(3) on X5 LI Xo L Xo.

While the existence of the notions of forcing P and Q is a pure fantasy, it turns
out to be possible to convert the above argument into a valid proof. We simply
replace each point of A/ by a suitably chosen connected rigid graph. (Recall that a
structure M is said to be rigid iff the identity map idaq is the only automorphism
of M.) In more detail, let 'y, T'y and I'3 be pairwise nonisomorphic connected rigid

graphs and let I" be the graph consisting of 8 copies of T'; for each 1 <14 < 3. Let
D= LD,y LI Dy

be the set of connected components of I'; where each ®; consists of the 8 copies of

I';. Then Aut(T") can be naturally identified with the group
Sym(®1) X Sym(®3) x Sym(®3) ~ Aut(N).

Using this identification, we can regard H as a subgroup of Aut(T'); and we have
already seen that:
(a)” The normaliser tower of H in Sym(®;) x Sym(®3) x Sym(P3) terminates
after exactly 3 steps;
(b)" The normaliser tower of H in Sym(®; U ®3) x Sym(P3) terminates after
exactly 4 steps; and
(¢)” The normaliser tower of H in Sym(®; U ®3) x Sym(P2) terminates after
exactly 2 steps.
So the pair H < Aut(T") will satisfy conditions (a)’, (b)" and (¢)’ provided that the
rigid connected graphs I'y, I'; and I'3 can also be chosen to satisfy the following

properties.
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(b)"”" There exists a notion of forcing PP, which preserves cofinalities and cardi-
nals, such that the following statements are true in V:
(i) Ty =Ty
(ii) Ty # Ts.
(iii) 'y, I’y and 'z remain rigid.
(¢)"" There exists a notion of forcing Q, which preserves cofinalities and cardi-
nals, such that the following statements are true in V@:
(i) Iy ~T3.
(ii) T’y #£ Ts.

(iii) I'1, I's and I's remain rigid.

Of course, it is far from clear that such graphs exist. For example, since I'y and
I’y remain rigid, there must exist a unique isomorphism 7 : I'y — T'y in VF; and
it is natural to suspect that if a unique isomorphism 7 exists, then 7 should be
“canonical” and hence should already exist in V. Fortunately the following result

shows that it is at least consistent that such graphs exist.

THEOREM 8.1.3. [t is consistent that for every reqular cardinal k > w, there
exists a set {Ty | a < KT} of pairwise nonisomorphic connected rigid graphs with
the following property. If E is any equivalence relation on k™, then there exists a

notion of forcing P such that

P does not adjoin any new k-sequences of ordinals;

each graph T, remains rigid in V¥ ;

In Section 8.2, we shall show how to derive Theorem 8.1.1 from Theorem 8.1.3.
The argument, which is essentially algebraic in nature, follows the method sketched
in this section; but unfortunately, because of the extra difficulties which arise at
limit stages, the analysis of the relevant normaliser towers is substantially more

complicated. Finally in Section 8.3, we shall prove Theorem 8.1.3.
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8.2. More normaliser towers

In this section, we shall derive Theorem 8.1.1 from Theorem 8.1.3. So through-
out this section, we will assume that the following hypothesis holds in the ground

model V.

HypoTHESIS 8.2.1. For every regular cardinal £ > w, there exists a set of
pairwise nonisomorphic connected rigid graphs {T',, | @ < ¥} with the following
property. If E is any equivalence relation on T, then there exists a notion of
forcing P such that

(a) P preserves cofinalities and cardinals;
(b

(c
(d) Tp ~Tpg in VP iff o E S.

P does not adjoin any new k-sequences of ordinals;
each graph I',, remains rigid in VF;

)
)
)
)

Most of our effort will go into proving the following result.

THEOREM 8.2.2. Assume Hypothesis 8.2.1. Then for every infinite cardinal X
and every ordinal o < X, there exist a graph T' and a subgroup H < Aut(I') with
the following properties.

(a) The normaliser tower of H in Aut(T") terminates after exactly o steps.
(b) If B is any ordinal such that 1 < 8 < A, then there exists a notion of forc-
ing P, which preserves cofinalities and cardinals, such that the normaliser

tower of H in AutVP(I‘) terminates after exactly [ steps.

COROLLARY 8.2.3. Assume Hypothesis 8.2.1. Then for every infinite cardinal
A and every ordinal o < A, there exists a centreless group G with the following
properties.
(a) 7(G) = a.
(b) If B is any ordinal such that 1 < B < A, then there exists a notion of

forcing P, which preserves cofinalities and cardinals, such that v Q) =

3.

PROOF OF COROLLARY 8.2.3. Let I' = (X, E) be the graph and H < Aut(T")
be the subgroup given by Theorem 8.2.2. By Theorem 6.6.18, there exists a field
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Kr of cardinality max{|X|,w} such that whenever P is a (possibly trivial) notion
of forcing and M = V¥, then the following conditions are satisfied.

(a) X is an Aut™ (Kp)-invariant subset of Kp.
(b) The restriction mapping, 7 +— 7 | X, is an isomorphism from Aut™ (Kr)

onto Aut™ (T).

Let G = PGL(2, Kt)x H. By Theorem 4.1.6, 7 () is the height of the normaliser

tower of H in Aut™(T"). Thus G satisfies our requirements. O
In the last section, we saw that the normaliser tower of the permutation group
(Hs,Az) =~ (Po, ¥o) x (Po, ¥o) x (P1,%1) x (P, X2)

in (Sym(As), As) terminates after exactly 3 steps. Now we shall define an analogous

permutation group (H,,A,) for each ordinal a.

DEFINITION 8.2.4. For each ordinal «, let (Hy, A,) and (Fy, A,) be the per-

mutation groups defined inductively as follows.
(a) |A0‘ =1 and HO = FO = {idAO}.
(b) If @ > 0, then we define

(Ha, Aa) = (Ho, Ag) X H (FﬁvAﬂ)

B<a
and we define F,, to be the terminal group of the normaliser tower of H,

in Sym(A,).
In particular, it follows that for each successor ordinal o = 8+ 1, we have that
(Hgt1,Ap11) = (Hp, Ag) x (F,Ap).

During the proof of Lemma 8.2.6, we shall need a more explicit notation for the
set A,. So for each successor ordinal o = S + 1, let Aé be the set such that
A5+1 = AB U Al; ie.

(Ho+1, Dgs1) = (Hg x Fp, Ag UAL).
Note that if § is a limit ordinal, then

As =] A
£<§
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Also if «v is an arbitrary ordinal and v < «, then
Aa=200 || AL
RASIC

NOTATION 8.2.5. Throughout this section, Ng(H,) always denotes the Sth

group in the normaliser tower of H, in Sym(A,).

Lemma 8.2.6 says that the normaliser tower of H, in Sym(A,) terminates after
exactly « steps. As the proof of Lemma 8.2.6 is rather involved, we will first explain

the basic idea for the case when « is a successor ordinal. Let @ = 3+ 1, so that

(Hpy1,Ap41) = (Hp, D) x (Fp,Ap) .
We shall show that for each v < 3,
(Ny(Hpi1), Apir) = (Ny (Hg), Ag) x (Fp,Af5) .
In particular,
(Ng(Hp11), Ap1) = (Fa, Ag) x (Fa, Ap) .

It is now easily seen
(Np+1(Hp1), Dger) = ([Fp x Fp] % (o), Ag U AY),

where o is an element of order 2 which interchanges the sets Ag and Aé? and it
turns out that this group is self-normalising in Sym(Ag41).

In the proof of Lemma 8.2.6, we shall need to study the blocks of imprimitivity
of F, in its action on A,. Recall that if (G,€?) is a transitive permutation group,
then the nonempty subset Z of Q is a block of imprimitivity if for each g € G,
either ¢g[Z] = Z or g[Z] N Z = ). In this case, the distinct elements of the set
{9Z] | g € G} form a partition | |, ; Z; of Q; and we obtain a corresponding G-
invariant equivalence relation E on 2 by defining « E y iff there exists j € J such
that =, y € Z;. Conversely, if E is a G-invariant equivalence relation on €2, then

each F-equivalence class is a block of imprimitivity.

LEMMA 8.2.6. For each ordinal «, the normaliser tower of H, in Sym(A,)

terminates after exactly « steps.
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PRrROOF. We shall prove the following statements by a simultaneous induction

on a > 0.

(15) F, acts transitively on A,.

(24) Let Ag = {vo}. Then {Ag | 8 < a} is the set of blocks Z of imprimitivity
of (Fu, Ay) such that vy € Z.

(3a) For each 8 < a, let Ef be the F-invariant equivalence relation on A,
corresponding to the block of imprimitivity Ag. Then for each 8 <y < ¢,
the set A}y is a union of Eg—equivalence classes.

(4,) If B < a, then

(Np(Ha), Aa) = (Fp, Ap) x ] (B, A1)
B<y<a
(bo) Furthermore, if 8 < «, then Ng(H,) is the subgroup of F, consisting of

those elements which fix setwise each of the sets in the partition
{AstU{A} [ B <y <a}

of A,.
(60) Nu(Hyg) is self-normalising in Sym(A,) and so F, = N, (H,).
It is easily checked that the result holds for & = 0. Next we shall deal with the
successor step of the induction. So suppose that a > 0 and that the result holds

for all 8 < a. The following claim will be used in the proof that condition (44+1)
holds.

CrLam 8.2.7. If B < v < «, then (Fg,Ag) and (F,,A,) are nonisomorphic

permutation groups.

PRrROOF OF CLAIM 8.2.7. Let 8 < « and let v be any point of Ag. Let Bs(v)
be the set of blocks Z of imprimitivity of (Fjg, Ag) such that v € Z. Then conditions
(15) and (2g) imply that (Bg(v),C) is a well-ordering of order-type 8 + 1. Now
suppose that f < v < « and that (f, ) is a permutation group isomorphism from
(Fs,Ag) onto (Fy,Ay). Thus

(i) f:Fs— Fy is a group isomorphism;
(i) ¢: Ag — A, is a bijection; and
(ili) for all g € Fg and v € Ag, f(g)((v)) = ¢(g(v)).
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It is easily checked that if v € Ag and X C Ag, then
X € By(v) iff ol X] € B, (p(v)).

But this means that ¢ induces an order-isomorphism between the well-orderings

(Bs(v), C) and (B, (¢(v)), C), which is a contradiction. O

By Lemma 1.3.15, if (G, Q) is a permutation group and = € Sym({2) normalises
G, then 7 permutes the orbits of G. Furthermore, if X and Y are G-orbits and
m[X] =Y, then G must induce isomorphic permutation groups via its actions on X
and Y. Using these observations, it is now easy to see that condition (4441) holds.
First note that

(Ha+17Aa+1) = (Hoc;Aa) X (FomA(ll) .

Then, since the permutation group (Fy,A,) is not isomorphic to (Fy, A,) for any
v < a, we see inductively that

(NB(Ha+l)aAa+1) = (Nﬂ(Ha)vAa) X (FouA}x)

= (F,Ap) x H (£, A7)
B<y<a+l
for all B < a. Next we shall check that condition (1,+1) holds. To see this, first
note that
(NOL(HO&+1)a AaJrl) = (Fav Aa) X (Fav A}x) .

Clearly N, 1(Hga41) contains an involution o which interchanges A, and Al. Thus
[Fo X Fo]l ¥ {(0) = Fy Wr Sym(2) < Nos1(Hot1) < Foyq
and so F,41 acts transitively on A, 1. For later use, we shall next check that
(Nat1(Hat1), Aay1) = (Fa Wr Sym(2), Ay UAL).

To see this, suppose that g € Nyt1(Ha+1) is arbitrary. Then g must permute the
two orbits A, and AL of Ny(Hay1). After replacing g by og if necessary, we can
suppose that g[A,] = A, and g[Al] = Al; ie. g € Sym(A,) x Sym(Al). By
condition (6, ), F, is self-normalising in Sym(A,). It follows that g € F,, x F,.

Next we shall check that {Ag | 8 < a+1} is the set of blocks Z of imprimitivity
of

(Nos1(Has1), Aay1) = (Fa Wr Sym(2), A, UA})
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such that vo € Z. It is easily checked that Ag is a block of imprimitivity of
No+1(Haq1) for each 8 < a+ 1. Now let Z C A, 41 be any block of imprimitivity
such that vy € Z. First consider the case when Z N Al # (. Since the subgroup
1 x F, fixes vg and acts transitively on Al, it follows that Al C Z. Similarly
A, C Z and so Z = Ay41. So we can suppose that Z C A, . In this case, Z must
also be a block of imprimitivity of (F,, Ay) and so Z = Ag for some 8 < a.

Now suppose that g € Sym(A,41) normalises Ny y1(Hq41) = Fo Wr Sym(2).
Then g must permute the set {EgJrl | B<a+1} of Nyy1(Hqy1)-invariant equiv-
alence relations on A,4;. Since the set {Eg“Jrl | B < o+ 1} is well-ordered under
inclusion, it follows that Eg“ is also g-invariant for each § < a+ 1. In particular,
E%*tL is g-invariant and so g must induce a permutation of the set {A,, AL} of
E%T1_equivalence classes. This implies that g must normalise the setwise stabiliser
of Ay in Nyt1(Hat1). In other words, g normalises F,, X F, = Ny (Hy41) and so
g € Not1(Hat1). So we have now established that conditions (64+1) and (24+1)
also hold.

Next we shall check that condition (5,41) holds. Let 8 < «. Since

(Np(Har1): Bast) = (Fadg) x - [[ (FyAY),
B<y<a+1

it follows that Ng(H+1) fixes setwise each of the sets in the partition
{Astu{Al|B<y<a+1}

of Ayt1. Conversely suppose g € F,41 = F, Wr Sym(2) fixes setwise each of the
sets in the partition {Ag}U{Al | B <~ < a+1} of Agy1. Then g[A,]NA, # 0 and
so g € F, x F,. Furthermore, g [ A, fixes setwise each of the sets in the partition
{AgyuU{Al | B <y <a}of A,. So condition (5,) implies that g [ A, € Ng(Ha).
It follows that g € Ng(Hq1).

Finally we shall check that condition (3,+1) holds and thus complete the proof
that the inductive hypotheses hold for a« + 1. Let § < v < a+ 1. If v < a, then
condition (3,) says that A}/ is a union of sets of the form g[Ag] for various g € F,;
and this implies that A}Y is a union of Eg‘H—equivalence classes. So we can suppose
that v = a. Since A, is a union of Eg‘+1—equivalence classes and there exists an

element g € F,,1 such that g[A,] = Al

a?

it follows that Al is also a union of

Eg+1—equivalence classes.
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Now suppose that A is a limit ordinal and that the result holds for all o < A.
Arguing as above, it is easy to see that conditions (4,) and (1) hold; and it is also
easy to check that the following statements hold.

(22)" For each 8 < A, the set Ag is a block of imprimitivity of (Nx(H)x), Ax).

(3))" For each 8 < A, let Eé‘ be the Ny(H))-invariant equivalence relation

on Aj corresponding to the block of imprimitivity Ag. Then for each
B <y < A, the set A}Y is a union of Eg‘—equivalence classes.
(5))" If B < A, then Ng(H,) is the subgroup of Ny(H)) consisting of those

elements which fix setwise each of the sets in the partition
[AsULAL | B <y <A}

of A)\.

Thus it is enough to prove the following two claims.

CrLaM 8.2.8. If Z is a block of imprimitivity of (Nx(Hy),Ay) with vy € Z,
then Z = Ag for some B < .

CLAIM 8.2.9. N)(H)) is self-normalising in Sym(Ay) and so Fx = Nx(H)).

Proor or CramM 8.2.8. If there exists v < A such that Z C A, then Z must
also be a block of imprimitivity of (F},A,) and so Z = Ag for some 3 < ~. Hence
we can suppose that the set I = {y < X\ | ZN Al # (0} is cofinal in X. Fix some
v € I. By condition (4),

(Ny(Ha), Ax) = (Fy, Ay) ¥ H (FEaA%) :
Y<E<A
Hence for each x € A, there exists an element g € N (H)) < Nx(H)) such that
(i) g(vo) = z; and
(i) g(y) =y for all y € AL
By condition (ii), g[Z] N Z # 0 and hence xz € g[Z] = Z. Thus A, C Z for each
v €I and so Z = Aj. O

ProoF OF CrAIM 8.2.9. Note that for each m € Ny(H)), there exists § < A
such that 7 € Ng(H)) and so 7 [A}/] = A}y for all 5 < v < A. Suppose that
g € Sym(A)) normalises Ny(H)). Then arguing as in the successor stage of the

argument, it follows that Eg‘ is also g-invariant for each 5 < A.
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First we shall show that there exists an ordinal 5 < A such that g [Al] = AL
for all B < v < A. To see this, for each v < A, let C% =g [A}{] and suppose that
there exists a cofinal subset I C A such that C’% #* A# for all v € I. Fix some
v € I. Since A}Y is an Efy‘—equivalence class, it follows that Ci =g [A}y] is also an
E}-equivalence class. Using condition (3y)’, it follows that either

(i) CI =A,, or

(ii) there exists f(y) > v such that C% & A}‘(’y)'

If v #+ €I, then AL N Al = and so C] N CJ, = §. Hence condition (i) can
hold for at most one element v € I. Without loss of generality, we can assume that
condition (ii) holds for all v € I. Furthermore, by passing to a suitable subset of
I if necessary, we can assume that the resulting function f : I — \ is injective.

Remember that

(Hx,Ax) = (Fo, Ag) x H (Fe, AF) .
0<E<A

Since each F¢ acts transitively on A%, there exists an element ¢ € Hy < Ny(H))
such that ¢ [C}] # C! for all y € I. Let 7 = g~'¢yg € Na(H)). Then 7 [AL] # Al
for all v € I, which is a contradiction.

Thus there exists 5 < A such that g € Sym(Ag) x [[5<, 5 Sym(Al). Since
Ng(Hy) is the subgroup of Nj(H,) consisting of those elements which fix setwise
each of the sets in the partition {Ag} U {Al | 3 <~ < A} of Ay, it follows that g
normalises Ng(H)). Thus g € Ngi1(Hx) < Na(Hy). O

This completes the proof of Lemma 8.2.6. O

DEFINITION 8.2.10. If T is a connected rigid graph and « is an ordinal, then
we define G,(I') to be the graph obtained by replacing each element of A, by a
copy of T'.

Thus A, is essentially the set of connected components of G, (I") and Aut(G,(T"))
can be naturally identified with Sym(A,). Let H,(T"), F, (') be the subgroups of
Aut(G,(T)) which correspond to the subgroups H,, F, of Sym(A,). Then the

following result is an immediate consequence of Lemma 8.2.6.

LEMMA 8.2.11. IfT is a rigid connected graph, then normaliser tower of H,(T)
in Aut(Go(T)) terminates after exactly « steps.
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d

Now let 8 be any ordinal such that 1 < 8 < a. We shall next introduce a
“device” which essentially has the effect of halting the normaliser tower of H,(T")

in Aut(G,(T)) after only  steps.

DEeFINITION 8.2.12. If T is a connected rigid graph and 1 < 8 < «, then we
define

(D§(T).G5(I)) = (Ha(T), Ga(T)) x (Fs(I),Gs(I)) x (Fp(T), G(I)) -

LEMMA 8.2.13. If T is a connected rigid graph, then the normaliser tower of

Dg(I) in Aut(Gg (L)) terminates after exactly B steps.

PROOF. Let (B,T") = (Fa(), Ga(T) x (Fa(), Ga(T) x (F3(T), Ga(T)) and let
Fp(T") Wr Sym(3) = B x Sym(3) be the associated wreath product. By rearranging
the order of its factors, we can identify (Dg‘(l“)7 gg(r)) with

(Hs(I),Gs(D) x (B,I") x [[ (F(I),6,(I)).
B<y<a
Arguing as in the proof of Lemma 8.2.6, we find that the Sth element of the nor-
maliser tower of DF(I') in Aut(Gg(I)) is
(Fp(T), Gs(I)) x (F5(T) WrSym(3),T") x [ (F(T),6,()
B<y<a

and that this group is self-normalising in Aut(Gg(I')). O

We are now ready to complete the proof of Theorem 8.2.2. So let A be any
infinite cardinal and let a be any ordinal such that a« < A. Choose a regular
cardinal x such that K > X. Let {I'; | v < k™ } be the set of pairwise nonisomorphic
connected rigid graphs given by Hypothesis 8.2.1. If @ > 1, then we define

(Ba, T = ] ((FB(FB)yg,B(FB)) X (Fﬁ(rﬁ)agﬂ(rﬁ)))
1<f<a
and
(H,T) = (Ba T) X (Ha(Ta),Ga(Ta)) % [] (Fy(Ty41), Gy (Th41)) -
a<y<A
If @ =0, then we define

(H,T) = (Fo(To),G0(To)) x [ (Fy(T41),G5(Ty41)) -
0<y<A
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We shall show that the graph T and the subgroup H < Aut(I") satisfy the require-

ments of Theorem 8.2.2.

LEMMA 8.2.14. The normaliser tower of H in Aut(I') terminates after exactly

a steps.

PROOF. For example, suppose that o« > 1. Then
Aut(T) = Aut(I*) x Aut(Ga(Ta)) x  [] Aut(G(Ty11)).
ay<A
First by Lemma 8.2.11, the normaliser tower of H,(T'y) in Aut(G,(T,)) terminates
after exactly o steps. Next since F,(I'y41) is self-normalising in Aut(G,(T'y41)), it
follows that [ ],y Fy(Iy+1) is selfnormalising in [[, . o\ Aut(Gy(I'y41)). Fi-

nally note that

(Fs(s),95(I'5)) x (F5(Lp),G5(s)) = (Ns(Hp41(T')), Gp+1(T's))

and so the normaliser tower of B, in Aut(I'®) terminates after exactly 1 step.
It follows that the normaliser tower of H in Aut(I') terminates after exactly «

steps. [

The following lemma completes the proof of Theorem 8.2.2.

LEMMA 8.2.15. If B8 is any ordinal such that 1 < 3 < X, then there ezists a
notion of forcing P, which preserves cofinalities and cardinals, such that the nor-

maliser tower of H in AutY” (") terminates after exactly B steps.

PRrROOF. Clearly we can suppose that 8 # «. There are two cases to consider.

First suppose that 1 < 8 < .. Let E be the equivalence relation on x* such that
yE§ it {y,0}={a,Btory=94¢
and let P be the corresponding notion of forcing, given by Hypothesis 8.2.1. Using
the facts that
(a) each graph I's remains rigid in V¥, and
(b) P does not adjoin any new x-sequences of ordinals,

we see that

(H,(Ts5),G,(Ts)"" = (H,(T's),G,(T's))
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and
P

(Fy(T'5),G,(Ts))" = (Fy(T's),G-(Ts))

for all v, § < kT. Let
(B,1) = H (Fy('5),G5('5)) x (Fy('5),G5('5))) -
1<v<a
v#B

Then in VT, the permutation group (H,T') is isomorphic to

(B',I") x (Dg(ra)agg(ra)) X H (F5(Ty41), Gy (Ty41)) -
aly<A

Hence the normaliser tower of H in Autvp(l“) terminates after exactly S steps.
Now suppose that o < f < A. We will only deal with the case when o« > 1.

(The case when a = 0 is almost identical.) Let E be the equivalence relation on
kT such that v E § iff either

(i) a<v,6<p+1;0r

(ii) y=10;
and let P be the corresponding notion of forcing, given by Hypothesis 8.2.1. Then
in V¥, the permutation group (H,T) is isomorphic to

(Ba, I'%) x (Hp(T'a), G5(T'a)) X H (£ (Ty41), Gy (Ty41)) -
BLy<A

Hence the normaliser tower of H in AutVP(I‘) terminates after exactly g steps. [

8.3. Rigid trees

In this section, we shall prove Theorem 8.1.3. Instead of working directly with
graphs, we will find it more convenient to prove the following analogous theorem

for trees.

THEOREM 8.3.1. It is consistent that for every reqular cardinal k > w, there
exists a set {T, | @ < KT} of pairwise nonisomorphic rigid trees of height k™ with
the following property. If E is any equivalence relation on kT, then there exists a
notion of forcing P such that

(a) P preserves cofinalities and cardinals;

(b) P does not adjoin any new k-sequences of ordinals;

(c) each tree T, remains rigid in V¥;
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(d) To ~Ts in VE iff « E B.
First we shall show how to derive Theorem 8.1.3 from Theorem 8.3.1.

ProOF OF THEOREM 8.1.3. Let 7 be the category of trees and let G be the
category of graphs. For each tree T' € T, let I'r be the corresponding connected
graph which encodes T, as given in the proof of Lemma 4.2.2. Thus if T, T’ € T,
then

(a) T ~T"iff 'y ~ T'pr; and

(b) Aut(T") ~ Aut(T'r).
Furthermore, an examination of the proof of Lemma 4.2.2 shows that the construc-
tion of I'p from T is upwards absolute. Hence properties (a) and (b) will continue
to hold in any generic extension of the ground model.

Now suppose that for every regular cardinal k > w, the ground model contains
aset {T, | @ < KT} of trees satisfying the conditions of Theorem 8.3.1. By the
above remarks, it follows that the corresponding set {I'r, | @ < st} of graphs

satisfies the conditions of Theorem 8.1.3. O

Before we begin the proof of Theorem 8.3.1, we need to introduce some notions

from the theory of trees.

DEFINITION 8.3.2. (a) A tree is a partially ordered set (T, <) such that
for every = € T, the set predp(z) ={y € T | y < z} is well-ordered by <.
(b) If z € T, then the height of x in T, denoted htr(x), is the order-type of
pred,(z) under <.
(¢) If v is an ordinal, then the ath level of T is the set

Levo(T) ={z € T | htp(z) = o}

and T [ @ = |J Levg(T). The height of the tree T is the least ordinal «
B<a
such that Lev, (T) = 0.

(d) A branch of T is a maximal linearly ordered subset of T. The length of a
branch B is the order-type of B. An a-branch is a branch of length a.

DEFINITION 8.3.3. Let § be an ordinal and let A be a cardinal. A tree T is said
to be a (9, \)-tree iff
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(i) for all & < §, 0 < |Levy(T)| < A; and
(ii) Levs(T) = 0.
A (8, N)-tree T is normal if each of the following conditions is satisfied.
(a) If 6 > 0, then |Levo(T)| = 1.
(b) If « +1 < § and z € Lev,(T), then there exist exactly two elements y;,
ya2 € Leva11(T) such that x < y; and < ys.
(¢) f a« < B <0 and x € Levy(T), then there exists y € Levg(T) such that
x <y.
(d) If « is a limit ordinal and z, y € Lev,(T) are distinct elements, then
predp(z) # predp(y).
Let T be a (0, \)-tree. Then the tree T is an end-extension of T', written T'< T,
if T+ | § = T. The tree T is a proper end-extension if T < T+ and T # T.

DEFINITION 8.3.4. Let x > w be a regular cardinal such that x<* = x and let
a < kt. A normal (o, kT)-tree T is r-closed if for each 3 < « such that cf(8) < k

and each increasing sequence of elements of T'
To<mp <o <we < -ee &< B,

such that z¢ € Leve(T) for each & < f3, there exists an element y € Levg(T') such
that predy(y) = {z¢ | £ < S}

In the proof of Theorem 8.3.1, we shall make repeated use of the following

simple observation.

LEMMA 8.3.5. Let k > w be a regqular cardinal such that k<% = k and let
a < kY. If T is a k-closed normal (o, k¥)-tree and x € T, then there exists an

a-branch B of T' such that x € B.

O

Now we are ready to discuss the notion of forcing Q, which will adjoin a set
{T. | a < Kk} of pairwise nonisomorphic rigid trees of height kT satisfying the
conditions of Theorem 8.3.1. Until further notice, M will denote the ground model

and xk > w will be a regular cardinal such that k<% = k and 2% = k™.

DEFINITION 8.3.6. Let x > w be a regular cardinal such that k<" = k. Then

Qy is the notion of forcing consisting of all conditions p = (¢, | @ < k™), where
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(a) each t? is a k-closed normal (B4, k1)-tree for some B, < £7;
(b) there exists an ordinal v < k* such that t£ = () for all v < a < £™; and

(c) if t& # (), then the universe of £ is an ordinal 7, < k.

We define ¢ < p iff t?, < ¢4 for all o < k™.

It is easily checked that Q, is k'-closed and that |Q.| = x*. (Clause (c)
of Definition 8.3.6 was only included to ensure that |Qx| = k™. The reader can
safely ignore clause (c¢) from this point onwards.) By Theorem 6.3.21, Q, preserves
cofinalities and cardinals. The meaning of a condition p = (£ | o < kT) €
Qs should be clear: for each o < k™, the tree {2 is intended to be an initial
approximation to the tree T, € M@ . The following result implies that whenever
Ba < v < kT, there exists a k-closed normal (vy,xT)-tree ¢t such that £ < ¢7.

Consequently, the tree T,, € M@= will have height x+.

LEMMA 8.3.7. Let k > w be a regqular cardinal such that k<% = k.

(a) For each 8 < k™, there exists a r-closed normal (3, k™ )-tree.
(b) If B8 <~y < k™ and S is a k-closed normal (3, k™ )-tree, then there exists

a k-closed normal (v, k™ )-tree S" such that S < S’.

PROOF. It is enough to prove (b). So suppose that S is a k-closed normal
(B, k™)-tree. We shall prove inductively that there exists a sequence (S, | 8 <y <
k1) satisfying:
(i) §=5g;
(ii) if B <& <, then S¢ < S4; and
(iii) S is a k-closed normal (v, k™)-tree.
Clearly there is no difficulty when ~ is a limit ordinal or when v = £ + 1 for some
successor ordinal £. Hence we can assume that v = § 4+ 1, where ¢ is a limit ordinal.
First suppose that cf(d) < x and let (§; | i < cf(d)) be a strictly increasing
sequence of ordinals such that sup; .5 & = 0. Let B be the set of o-branches of
Ss. Notice that each branch B € B is uniquely determined by its cf(d)-subset

BN | J Leve,(Ss).
i<cf(4)

<K

Since k<" = &, it follows that |B| < k. Hence we can take

S5+1 = S5U{bB ‘ B e B},
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where y < bp iff y € B.
Now suppose that cf(d) = k. For each = € S5, fix some d-branch B(x) of Ss

such that € B(z). Then we can take
Ss41 =85 U{bp(s) | T € Ss},
where y < bp(,) iff y € B(x). O

Notice that there was no real choice in the construction of S,, except in the
case where v = § + 1 for a limit ordinal § of cofinality x, when we get to select
which branches of Ss are the predecessors of elements of Ss 1. The following easy
observation will play a crucial role in the proof that the trees {T, | a < xT}
are rigid and pairwise nonisomorphic, since it will enable us to “kill off” potential

isomorphisms.

LEMMA 8.3.8. Suppose that 6 < k% is a limit ordinal of cofinality k and that S
is a k-closed normal (8, kT)-tree. If B # C are §-branches of S, then there exists a
k-closed normal (6 + 1,k™)-tree S’ such that:
(1) S<98;
(2) there exists b € S’ such that predg, (b) = B; and
(3) there does not exist ¢ € S’ such that predg (c) = C.

PRrOOF. Clearly we can choose a collection B = {B(x) | € S} of é-branches
of S such that:
(i) = € B(z) for each x € S;
(ii) B € B; and
(iii) C ¢ B.
Then we can take
S'=SU{bpw) |z €S},
where y < bp(,) iff y € B(x). O

While the trees {T, | @ < s} adjoined by Q, are supposed to be pairwise
nonisomorphic, they are also supposed to be “potentially isomorphic” by means of
a further notion of forcing. In order for this to be possible, it is necessary that
To | 7v=Ts |7y foralla <f <kt and v < kt. This point is dealt with by the

following lemma.
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LEMMA 8.3.9. Let k > w be a regqular cardinal such that k<% = k and let
a <kt If S and T are k-closed normal (o, k7)-trees, then S ~ T. Furthermore,
if 6+ 1 < «, then for each isomorphism ¢ : S T (6§ +1) = T | (§ + 1), there exists

an isomorphism m: S — T such that ¢ C .

PROOF. If a < k, then S and T are both complete binary trees of height «
and so S ~ T. Hence we can suppose that k < a < k*. Thus |S| = |T| = k. We
will define an isomorphism 7 = |J m¢ : S — T via a back-and-forth argument.

E<K

Suppose that we have defined 7 for some £ < k. Assume inductively that

there exists a set {B; | i € I} of a-branches of S such that

(i) || < k; and

(ii) domme = J B;.
icl

Let s be any element of S \ domm¢. Choose an a-branch B of S such that s € B.
Let B = {b; | 7 < a}, where b, € BN Lev.(S). Let 5 be the least ordinal such
that bs ¢ domme. First suppose that § =+ 1 is a successor ordinal. Then there
exists an ¢ € I such that b, € B;. Let C; = 7¢ [B;]. Then there exists a unique
element ¢ € Levg(T') \ C; such that m¢(by) < c. Let C' be an a-branch of T such
that ¢ € C and let ¢ : B — C be the unique order-preserving bijection. Then
Te41 = T U is a partial isomorphism such that s € dom m¢; 1. Now suppose that
B is a limit ordinal. Since {b, | 7 < (8} is covered by the set of branches {B; | i € T},
it follows that cf(8) < k. Hence there exists an element ¢ € Levg(T) such that
predy(c) = {m¢(b-) | 7 < B}. Let C be an a-branch of T' such that ¢ € C' and let
1 : B — C be the unique order-preserving bijection. Once again, m¢11 = m¢ U is
a partial isomorphism such that s € domm¢;;. By a similar argument, if ¢ is any
element of T'\ ran(m¢y1), then we can find a partial isomorphism 7¢49 D w41 such
that ¢ € ranme; 9. Hence we can ensure that m = J m¢ is an isomorphism from S
onto T'. =

Finally suppose that 6 +1 < a and that ¢ : S [ (§+1) = T | (6+1) is
an isomorphism. For each s € S and ¢ € T, define S[s] = {x € S| s < 2} and
Tit] = {y € T |t < y}. Let v be the ordinal such that & = § + . Then for
each s € Levs(S), both S[s] and T[p(s)] are r-closed normal (v, k™ )-trees, and so

S[s] ~ T[p(s)]. Hence ¢ can be extended to an isomorphism 7 : S — T. O
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Now let G be a Q,-generic filter over M and let M[G] be the corresponding
generic extension. Since Q,, is kT -closed, we also have that k<% = k and 2% = g

within M[G]. For each a < k™, let T, = J{t& | p € G} € MIG].

LEMMA 8.3.10. In M[G], {T. | o < T} is a set of distinct pairwise noniso-

morphic rigid trees of height k™.

PRrOOF. For each a < w71, let Ta be the canonical Q.-name for T,. First
suppose that for some o < k™, there exists a nonidentity automorphism f of T,
in M[G]. Let fbe a Qc-name for f. Then there exists a condition p € Q, and an

element a € t£ such that
p - f: T., — T, is an isomorphism such that f(a) # a.

Since Q,, is kT -closed, we can inductively define a descending sequence of conditions
(pe | € < k) such that

(1) po=p;

(2) the™ is a proper end-extension of ¢h°; and

(3) pes1 decides frke
Let ¢ € Q. be the greatest lower bound of the sequence (ps | & < k). Then
te = U5 r tP¢ and so ¢ decides f [ t2. (This is another instance of the bootstrap
argument.) Note that t% is a k-closed normal (v, k™ )-tree for some ordinal vy such
that cf(y) = k. Let B be a «-branch of ¢4 such that a« € B and let C be the
~-branch of ¢ such that ¢ I+ f[B] = C. Then B # C. Since cf(y) = k, there exists
a k-closed normal (y + 1, xT)-tree tF such that

(i) t} is a proper end-extension of t4;
(i) there exists o € ¢} such that pred,; (x) = B; and
(iii) there does not exist y € ¢ such that pred,+ (y) = C.

Let r < ¢ be a condition such that ¢} < ¢". Then
r I f [ t9 cannot be extended to an automorphism of ¢,

which is a contradiction.
Now suppose that for some ordinals a < 3 < T, there exists an isomorphism

g:To — Ts in M[G]. Let g be a Q4-name for g. Then there exists a condition
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p € Qy such that

plkg: Ta — fg is an isomorphism.
By the bootstrap argument, there exists a condition ¢ < p such that

(a) td and t} are s-closed normal (7, £+)-trees for some y such that cf(y) = &;
and
(b) ¢ decides g | t4.
Let B be a y-branch of ¢, and let C' be the -branch of ¢} such that ¢ I- g[B] = C.

Since cf(y) = r, there exist #-closed normal (y + 1, k™)-trees ¢ and ¢} such that

(1) ¢+ and t;g are proper end-extensions of ¢2, t% respectively;

(2) there exists x € ¢} such that pred,: (v) = B; and
(3) there does not exist y € t; such that predt; (y) =C.
But this means that g | 4 cannot be extended to an isomorphism from ¢ onto t;;.

Once again, this yields a contradiction. ([l

Next suppose that E € M[G] is any equivalence relation on k*. Let A C k™
be the set of F-equivalence class representatives obtained by selecting the least

element of each class.

DEFINITION 8.3.11. Pg is the notion of forcing in M[G] consisting of all con-

ditions p = (fap | @ < B < k™) such that for some v < kT,
(a) if a € A, B <~ and a E f3, then there exists § < k™ such that f,s is an
isomorphism from Ty, [ (§ + 1) onto T | (6 + 1);
(b) otherwise, foz = 0.
Ifp={(fapla<B<k"), ¢={(gap | a < B < k") €Pg, then we define ¢ < p iff
fap C gap for all a < B < k™.

REMARK 8.3.12. Some readers may be wondering why we have introduced the
set A of E-equivalence class representatives. Consider the slightly simpler notion of
forcing P, consisting of all conditions p = (fas | @ < 8 < k™) such that for some
vy < KT,

(a) if @« < B < v and a E 3, then there exists § < kT such that f,g is an
isomorphism from T, [ (§ + 1) onto T | (6 +1);
(b) otherwise, foz = 0.
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Using Lemma 8.3.9, it is easily seen that the notion of forcing P, adjoins a generic
isomorphism gng : T — T for each a < 8 < k1 such that « F 8. Fix such a
pair @ < 8 and suppose that there exists an ordinal  such that 8 < v < k™ and
B E «y. Then it is easily checked that g, and gg,ogag Will be distinct isomorphisms
from T,, onto T, and so T, will no longer be rigid. The set A was introduced to
deal with precisely this problem. For example, suppose that « € A. Then the
notion of forcing Pr will only directly adjoin isomorphisms gng : To, = T3 and
Jary : To = T,. Of course, we can then obtain an isomorphism from 73 onto T, by

forming the composition gq~ © g;é

Let H be a Pg-generic filter over M[G] and let M[G][H] be the correspond-
ing generic extension. The following result is an immediate consequence of the

discussion in Remark 8.3.12.

LEMMA 8.3.13. If o < B < kT and o E B, then there exists an isomorphism

9ap : To — T in M[G][H].
O

LEMMA 8.3.14. Pp preserves cofinalities and cardinals, and does not adjoin
any new k-sequences of ordinals. Furthermore, the following statements hold in
MIG][H].

(a) T, is rigid for each o < k™.

(b) Ifa < B < k", then T, ~ Tz iff « E .

PRrROOF. Let E, A and ]TDE be Qx-names for F, A and Pg respectively. Let R

be the subset of Q, * P g consisting of those conditions

p.@) = ((th | < K7, (fap | @ < B<KT))

such that for some v, § < K7,

(1) p decides E I (v x 7) and hence p also decides An ~;

(2) if @ < v, then ¢ is a r-closed normal (6 + 1, kT )-tree; and

3) () ifa<f<yandpltac A and o F 8, then fap is an isomorphism
from £, onto t};

(ii) otherwise, fog = 0.
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(Here we are identifying each isomorphism f,g with its canonical Q,-name faﬁ.)
CLAIM 8.3.15. R is a dense subset of Qy * ]}vDE

PRrROOF OF CrAM 8.3.15. Let (p,q) = (p, (fag | @ < 8 < KT)) be any element
of Q, * Pp. Then there exists p’ < pand v < k* such that p’ forces
(a) fag = () for all 8 > ~; and
(b) ifa € A, B < ~ and «a E B, then there exists 7 < ~ such that dom fag is
a r-closed normal (7 + 1, xT)-tree.
Since Q,, is kT-closed, there exists r < p’ such that
(¢c) r decides E | (v x ) and hence r also decides A N ~;
(d) there exists § > « such that 7, is a s-closed normal (§ + 1, kT )-tree for
each o < 7; and
e)ifa<pf<yandrl-ac Aand o F B, then there exists 7 < v and an
isomorphism fop 1t [ (7+1) = ¢ [ (7 + 1) such that r I- f;g = fag-
By Lemma 8.3.9, for each pair a < 8 < v such that r IF a € Aand o E 3, there
exists an isomorphism g.p : 5, — tj; such that fos C gap. Let gap = () for all
other pairs o < 8 < k™. Then (r,(gap | @ < B < k7)) € R is a strengthening of
(P, ) O

Thus the forcing notions Q, *P £ and R are equivalent. It is easily checked that

IR| = xT.
CLAIM 8.3.16. R is kT -closed.

PROOF OF CLAIM 8.3.16. Suppose that A < ™ and that ((pe,ge) | £ < A) is

a descending sequence of elements of R. For each ¢ < A, let pe = (taf | a < kT)
and g = <f§/3 | @« < B < k%), For each a < B < k7, let t, = U£</\tlo)f and
fap = Uen fgﬂ. Then p = (t, | @ < kT) € Q, and there exist ordinals v, § < kT
such that

(1) p decides E I (v x ) and hence p also decides An ~;

(2) if @ < v, then t, is a r-closed normal (6, k™ )-tree; and

3) () ifa<fB<yandpltac A and o F 8, then fap is an isomorphism

from t, onto tg;

(i) otherwise, fog = 0.
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If § is a successor ordinal, then

<p,§>:<p,<fag|a<ﬁ<ﬁ+>>€R

and (p,q) < (pe,ge) for all £ < . So suppose that ¢ is a limit ordinal. In order to
construct a condition (p*,g") € R such that (p,g") < (pe, ge) for all £ < A, it is

enough if we can simultaneously solve the following extension problems.
(8.3.16 Suppose that a < § < v and that pI- « € A and a E 8. Then we must
extend t,, tg to r-closed normal (6 +1, 1)-trees ¢, tzg such that f,3 can

be extended to an isomorphism g,g : t — t;.

If c¢f(6) < &, then there is no difficulty, since then both ¢! and t; will be obtained
by adjoining elements above every d-branch of ¢, tg respectively. So suppose that
cf(0) = k. First we extend each of the trees t, such that p IF o € A to a k-closed
normal (§ + 1,k )-trees t1. If B3 <~y and p ¥ 8 € Z, then there exists a unique
a < 8 such that p IF « E 5. We now choose t; so that f,3 can be extended to an

isomorphism gag : t — t;. O

Hence R preserves cofinalities and cardinals, and does not adjoin any new x-
sequences of ordinals. It follows that no new k-sequences of ordinals are adjoined
if we force with Pg over M[G].

Now suppose that for some p < s, there exists a nonidentity automorphism
¢ of T), in M[G][H]. By Lemma 8.3.13, we can assume that y € A. Let ¢ be an
R-name for . Then there exists a condition (p,¢) € R and an element a € t, such
that

p,q) IF @ fu — fﬂ is an automorphism such that @(a) # a.

Since R is kT-closed, we can inductively define a descending sequence of conditions
((pe, Ge) | € < k) such that
(1) <p07a0> = <paa>;
(i) #¢™" is a proper end-extension of t,; and
(iii) (pet1,Ge1) decides @ | E5°.

Let t, = U tff and let ¢ : t, — t, be the nonidentity automorphism such that
E<k
for each & < kK, (pet1,Ge+1) IF @ | the C 9. Note that t, is a k-closed normal

(n, kT)-tree for some 5 such that cf(n) = x. Arguing as in the proof of Lemma

8.3.10, we see that there exists a r-closed normal (n+ 1, x1)-tree tf{ D t, such that
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1) cannot be extended to an automorphism of t;. And then arguing as in the proof
of Claim 8.3.16, we see that there exists a condition (px,g,) € R such that
(1) (pr, ) < (pe,qe) for all £ < k; and
(2) the =tf.
But this is a contradiction.
A similar argument shows that if &« < 8 < k¥ and «, 3 are not E-equivalent,

then T, and T remain nonisomorphic in M[G][H]. This completes the proof of
Lemma 8.3.14. O

Finally we will use a suitable reverse Easton iteration to complete the proof
of Theorem 8.3.1. Let Vy F GCH. We shall inductively construct a sequence of
forcing notions (Pg | 5 € On) satisfying Hypothesis 6.8.9. By the remark following
Theorem 6.8.10, at successor stages 3 of the construction, we can assume inductively
that VFs-1 £ GCH.

Case 1. If 8 =0, then Py = {0} is the trivial notion of forcing.

Case 2. If 3 is a limit ordinal which is not inaccessible, then P is the inverse limit
of (Py | v < B).

Case 3. If f§ is inaccessible, then Ps is the direct limit of (P | v < ).

Case 4. Finally suppose that § =+ + 1 is a successor ordinal. First suppose that
v = kT for some regular cardinal ¥ > w. Then we can assume inductively that
VP E GOH. Let Q. € VP be the notion of forcing introduced in Definition 8.3.6.
Then we set Py = P, @K. (As usual, @,{ denotes a P,-name of the notion of
forcing Q,, € V) Finally if v does not have the form x* for some regular cardinal
Kk > w, then we set P11 =P, * .

Let Po be the direct limit of (P | 8 € On); and for each 5 € On, let I%OO be
the canonically chosen Pg-name for a proper class notion of forcing such that P
is isomorphic to a dense sub-order of Pg * I@ﬂoo. Let G be a P.,-generic filter over
Vo and let V' = Vj[G] be the corresponding generic extension. For each 5 € On, let
Gg = GNPg and let Pgoo = (HBBOO)GB. Then the following result is an immediate

consequence of Theorem 6.8.10.

LEMMA 8.3.17. (a) P, preserves cofinalities and cardinals.

(b) If0 = k™ for some reqular cardinal k > w, then V[Goi1] E Pyii100 is k7T -closed.

(¢) V is a model of ZFC + GCH.
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d

Let k be a regular cardinal and let § = k*. Let {T, | @ < T} € V[Goy1]
be the set of trees which is adjoined by Q, at the fth stage of the iteration. Since
V[Goi1] F Poi1eo is kT -closed, it follows that {7, | & < k*} remains a set of
pairwise nonisomorphic rigid trees in V. Now let E € V' be any equivalence relation
on T and let Pg be the corresponding notion of forcing, which was introduced in
Definition 8.3.11. Again using the fact that V[Ggi1] F Poi10o is k1T -closed, we
see that F, Pp € V[Gy+1]. We have already shown that Pg has the appropriate
properties in Vg[Gp4+1]. Thus it only remains to prove that these properties are

preserved in V.

LEMMA 8.3.18. In V, Py preserves cofinalities and cardinals, and does not

adjoin any new k-sequences of ordinals. The following statements hold in VFE.
(a) T, is rigid for each a < k™.

(b) Ifa < B < k™, then T, ~Ts iff « E S.

PROOF. Since |Pg| = kT, Pg preserves cofinalities and cardinals greater than
k7. The remaining parts of the lemma correspond to combinatorial properties of
Pg which are preserved under x™-closed forcing. For example, working inside V/,

suppose that o < k* and that p € P satisfies
plF fv: T, — T, is an automorphism.
We can assume that ]?is a nice Pg-name; i.e. that

F=UJl(st)} x Aus | st € Tu},

where each Ay, is an antichain of Pg. Since V[Gyi1] F Poyico is kT T-closed,
it follows that f € V5[Gy4+1]. A moment’s thought shows that, working within

Vo[Go+1], we also have that
pl- f: T, — T, is an automorphism,;
and so there exists ¢ < p such that within V5[Gg1],

qlF f(t) =1t for all t € T,.
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This means that whenever s # t are distinct elements of T, then ¢ is incompatible

with every element of A, ;. Consequently, working within V', we also have that

g f(t) =t for all t € T,.
Hence T, is rigid in V=, ([
This completes the proof of Theorem 8.3.1.

8.4. Notes

The material in this chapter first appeared in Hamkins-Thomas [15]. The
proof of Theorem 8.3.1 relies heavily on the ideas of Jech [18], who used a similar
bootstrap argument to prove the consistency of the existence of Suslin trees T' such

that 2¢ < | Aut(T)| < 2+*.






CHAPTER 9

Bounding The Heights Of Automorphism Towers

A common feature of the consistency results in the earlier chapters of this book
was that, in each case, it was essentially only necessary to generically adjoin a
single centreless group. (For example, to prove the consistency of 7, < 7., it was
enough to adjoin a centreless group G of cardinality ws such that 7(G) > (2“1)+.)
Thus most of our effort went into the construction of suitable notions of forcing
for adjoining centreless groups with appropriate properties. On the other hand,
in this chapter, we shall prove that it is consistent that 7, < 2* for every regular
cardinal \; and this requires finding a generic extension in which we have some
understanding of every centreless group G of regular cardinality A. Consequently,
in this chapter, our notions of forcing will be extremely simple and all of our effort
will go into analysing the automorphism tower of an arbitrary centreless group
of regular cardinality A in the corresponding generic extension. More specifically,
fix some regular cardinal A. Suppose that V F GCH and that 0 is a regular
cardinal such that @ > A*+. Let P = Fn(6,2,\) and for each subset X C 0, let
P | X = Fn(X,2,)). Then we shall show that if G € V¥ is a centreless group of
cardinality ), then there exists a subset X € [6]*" such that G € VFIX and

V(@) =7"""(0).
Since VPIX E 2% = X\t this implies that
VEET(G) < XTH <9 =2

Then we shall use a suitable reverse Easton forcing to deal with all regular cardinals

A simultaneously.

9.1. The overspill argument

In Sections 9.2 and 9.3, we shall present a proof of the following result.

211
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THEOREM 9.1.1. [t is consistent that Ty < 2* for all reqular cardinals .

In this section, we shall discuss the intuitive ideas which motivate the rather
technical proof of Theorem 9.1.1. As usual, it is enough to find a notion of forcing
which deals with a single regular cardinal A, and then we can use a suitable reverse
Easton forcing to complete the proof of Theorem 9.1.1. For the rest of this section,
let M be a c.t.m. and let s, A\, § € M be cardinals such that

(a) kK<F=K <A

(b) 2* = A\t

(c) ATt <6 =0
Recall that if if  is an infinite cardinal and X is any set, then Fn(X, 2, k) is the
notion of forcing consisting of all functions p such that

(a) domp C X,

(b) ranp C 2, and

(e) lpl <&,
ordered by ¢ < piff ¢ D p. Let P=Fn(6,2,k) € M. Clearly

Fn(0,2,k) 2 Fn(0 x A\, 2, k).

Hence, by Theorems 6.4.4 and 6.5.4, MF E 2* = § > At*. In the rest of this
section, we shall sketch a heuristic argument that if G € M? is a centreless group
of cardinality A, then TMP(G) < AT, Our argument is based upon the fact that
if X is any set such that |X| > &, then Q = Fn(X, 2, k) is a weakly homogeneous
notion of forcing. More specifically, we shall make use of Theorem 9.1.4. (The proof

of Theorem 9.1.4 will be given at the end of this section.)

DEFINITION 9.1.2. A notion of forcing Q is weakly homogeneous if for each pair
of conditions p, g € Q, there exists an automorphism ¢ € Aut(Q) such that ¥ (p)

and ¢ are compatible.

ExAMPLE 9.1.3. We shall show that if £ is an infinite cardinal and X is any
set such that |X| > k, then Q = Fn(X,2,x) is a weakly homogeneous notion of
forcing. To see this, note that there is a natural action of Sym(X) as a group of

automorphisms of QQ, defined by

Y(p) =poy™*
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for each ¢ € Sym(X) and p € Q. Also note that if ¢ € Sym(X) and p € Q, then
dom ¢ (p) = ¥[domp]. Now let p, ¢ € Q be an arbitrary pair of conditions. Then
there exists a permutation ¢ € Sym(X) such that ¢[domp] N domg = @ and it
follows that 1(p) and ¢ are compatible.

THEOREM 9.1.4. Let M be a c.t.m. and let Q € M be a weakly homogeneous

notion of forcing. If p(v1,...,v,) is any formula and a1, ...,a, € M, then either
1@ I (p(d1,...,dn) or 1@ I ﬁ(p((vll,...,cvln).

Our argument will also make use of the following basic results on the product

structure of P = Fn(0, 2, ).

THEOREM 9.1.5. With the above hypotheses, let P = Fn(0,2,k) € M and let
H be a P-generic filter over M. Suppose that X € M satisfies X C 0 and let
Y=0~\X.
(a) Fn(0,2,k) ~Fn(X,2,k) x Fn(Y, 2, k).
(b) Let Hx = HNFn(X,2,k) and Hy = HNFn(Y,2,k). Then Hx is a
Fn(X, 2, k)-generic filter over M and Hy is a Fu(Y,2, k)-generic filter
over M[Hx]. Furthermore, M[H| = M[Hx|[Hy].

PROOF. (a) It is easily checked that the map
p= Pl XplY)

is a isomorphism from Fn(0, 2, k) onto Fn(X, 2, k) x Fn(Y, 2, k).
(b) This is Theorem VIII.2.1 of Kunen [26]. d

Notice that, since Fn(X,2, k) € M is k-closed, it follows that
Fn(Y, 2, k)MIEX] = Fn(Y, 2, k)M,

LEMMA 9.1.6. With the above hypotheses, let P = Fn(0,2,k) € M and let H
be a P-generic filter over M. Suppose that p € M is a cardinal such that p < 6
and that S € M[H| satisfies S C . Then there exists X € M of cardinality i such
that X C 0 and S € M[H NFn(X,2,k)].
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PROOF. Since P = Fn(6,2,x) € M is k-closed, it follows that if u < &, then

S € M. Hence we can suppose that p > k. Let

TZU{{@}XA(X|O¢€M}EM

be a nice P-name for a subset of p such that 74 = S. Since P € M has the xT-c.c,
it follows that each antichain A, has cardinality at most k. Hence there exists a
subset X € PM () of cardinality p such that A, C Fn(X,2, ) for each a € . Let
Hx = HNFn(X,2,k). Then 7 is a nice Fn(X, 2, k)-name for a subset of x such
that 7y, = S. In particular, S € M[Hx] = M[H NFn(X,2,k)]. O

We are now ready to complete our heuristic argument that if G € M is a
centreless group of cardinality A, then 7 (G) < ATF. Let MP? = M[H], where
H C P is a P-generic filter over M, and let G € MF be a centreless group of
cardinality A. To simplify notation, we shall initially assume that G € M. Now
suppose that M* E 7(G) > A™* and let v be any ordinal such that v < A*+. Then,

in MP, we have a strictly increasing tower of groups
M M*F M* MF M*
G=Gy <G < <2G, < <Gy <G,

and it seems reasonable to suppose that this will be reflected down to some submodel
of M? of the form N = M[H N Fn(X,,2,x)], where X, € [0)*" N M. Roughly
speaking, for each a < ~, we should first choose an element g, € Gg‘ﬁ’l ~ Gy]?,
and then we should find a subset X, € [0]*" N M such that g, € N and GNisa
ga-invariant subgroup of G, for each @ < . Then g, | GY € Ggﬂ N GY for all
a < v and so N E 7(G) > v. (The reader is advised not to examine the previous
two sentences too carefully. In particular, he should not be concerned if he notices
that GY is probably not even a subgroup of Gé‘éﬂ when a > 2.) Thus for each
ordinal v < AT, there should exist a subset X, € [0)*" N M such that

M[HNFn(X,,2,k)] E7(G) > .

Now let @ = Fn(A",2,0) and notice that Fn(X,,2,k) ~ Q for all v < AT+,
Hence for each v < AT™, there exists a Q-generic filter K., over M such that

M[H NFn(X,,2,k)] = M[K,]|. Hence by Theorem 9.1.4,

].Q “‘Q T(G) >
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for all v < ATT. But this means that if K is any Q-generic filter over M, then
MIK]F 7(G) 2 X7 = ()"

which contradicts Corollary 3.3.2. Thus 7 (G) < A+ for every centreless group
G € M of cardinality .

Now suppose that G € MP is any centreless group of cardinality A\. Then there
exists a subset Y € [0]* N M such that G € N = M[H NFn(Y,2,k)] and &, A, 0
continue to satisfy our hypotheses in N. Since M¥ = N[H N Fn(f \ Y,2, k)] and
Fn(6 \Y,2, k) ~ P, our previous argument shows that 7™ (G) < A++.

We shall present a rigorous proof of Theorem 9.1.1 in Sections 9.2 and 9.3.
The main technical difficulty will concern the problem of comparing the values of
7(G) within various generic extensions M* of the c.t.m. M. We have already dealt
with an easy case of this problem in Section 6.7. There we showed that if P is
|G| -closed, then M (G) = ™™ (G). The proof was relatively easy because, with
this hypothesis on P, we could show inductively that Gyp = GM for all ordinals
a. In Section 9.2, we shall develop a technique for comparing 7" (@) and ™M (G)
in the situation when G = Aut(G) is a proper subgroup of G{VIH’ = AutMP(G).
(In this case, there is already a difficulty in trying to relate GY = Aut™(GM)
and Gé\ﬂ = Aut™’ (G{V[P)) Then we shall complete the proof of Theorem 9.1.1 in
Section 9.3.

In the remainder of this section, we shall present a proof of Theorem 9.1.4. The
proof is based on the observation that if Q is any notion of forcing, then Aut(Q)
acts naturally on the entire Q-forcing apparatus. For example, if ¢ € Aut(Q), then

for each Q-name 7, we can inductively define the associated Q-name ¢ (7) by

(1) = {{¥(0), ¥ (p)) | (o,p) € T}-

LEMMA 9.1.7. Let Q be a notion of forcing and let ¢» € Aut(Q). Suppose that

o(v1,...,0,) is any formula and that 71, ...,7, are Q-names. Then for all p € Q,
p”_ @(Tlv-“v’rn) fo w(p) I @(w(Tl)aaw(Tn))

The definition of the forcing relation I in Chapter 6 involved the collection of all
Q-generic filters. Using this definition, Lemma 9.1.7 is not quite obvious. However,

there is an alternative approach to the forcing relation for which the analogue of
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Lemma 9.1.7 is completely obvious. (The relation IF* is essentially just the result
of a tedious inductive analysis of the forcing relation I, which can be carried out
within the c.t.m. M; i.e. an analysis which avoids the use of any objects which lie

outside M.)

DEFINITION 9.1.8. Let @ be a notion of forcing. If p € Q, ¢(v1,...,v,) is any

formula and 7q,...,7, are Q-names, then we define the relation

pIF* (11, ., ™)

by induction on the complexity of ¢(v1,...,v,) as follows.

(a) plF* 71 = 7o iff the following two clauses hold.
(i) For all (m,s1) € 7 and ¢ < p, there exists r < ¢ such that either
r L s1 or there exists (ma, $2) € 72 with r < s and r IF* 7 = 7.
(ii) For all (mq, s2) € 72 and g < p, there exists r < ¢ such that either
r 1 s9 or there exists (m,s1) € 7y with r < s; and r IF* m = 7.
(b) pIF* 7 € 7 iff for all ¢ < p, there exists r < ¢ and (7, s) € 72 such that
r<sandrlF* 7T =m.
(¢) pIE* o(r1, ..y, T )AY(T1, .o o) M p I (71, ..., 7)) and p IF* (11, ..., 7).
(d) p IF* =p(11,...,7s) iff there does not exist a condition ¢ < p such that
qIF* (71,0 oy Th).
(e) pIF* Jxp(x,m1,...,7,) iff for all ¢ < p, there exists r < ¢ and a Q-name

o such that r IF* o(o,71,...,7n).

As we mentioned earlier, the following analogue of Lemma 9.1.7 is completely

obvious.

LEMMA 9.1.9. Let Q be a notion of forcing and let ¢ € Aut(Q). Suppose that

o(v1,...,0,) is any formula and that 11, ...,T, are Q-names. Then for all p € Q,

p”_* W(Tlv"'ﬂ—n) fo w(p) I-* ¢(¢(71),---a¢(7'n))-

O

Clearly Lemma 9.1.7 is an immediate consequence of Lemma 9.1.9 and Theorem

9.1.10.
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THEOREM 9.1.10. Let Q be a notion of forcing. Let ¢(vy,...,v,) be any for-

mula and let T, ..., 7, be Q-names. Then for all p € Q,
plko(r,...,m)  ff I o(r,... ™).
PrOOF. For example, see Kunen [26, Section VIII.3]. O

We are now ready to present the proof of Theorem 9.1.4. Let M be a c.t.m.
and let Q € M be a weakly homogeneous notion of forcing. Let ¢(v1,...,v,) be

any formula and let aq,...,a, € M. Suppose that
lo ¥ p(a1,...,a,) and 1o W —p(ay,...,an).
Then there exist conditions p, ¢ € Q such that
plk(ar,...,a,) and qlF—p(ar,...,a,).

Let ¢ € Aut™(Q) be an automorphism such that ¢ (p) and ¢ are compatible.
An easy induction shows that (b) = b for all b € M. Hence, by Lemma 9.1.7,
P(p) Ik ¢(as,...,a,). But this means that if < (p), ¢, then

rikp(a,...,an) A—p(ar,...,a,),

which is a contradiction.

9.2. Conservative extensions

Suppose that M is a c.t.m. and that G € M; is a centreless group. Let P € M,
be a notion of forcing and let My = M} be the corresponding generic extension.
In this section, we shall develop a technique for comparing 7M1(G) and 72 (G)
in the case when G = Aut**(G) is a proper subgroup of G2 = Aut™2(G).
In this case, there is already a difficulty in trying to relate Géwl = AutMl(GiMl)
and Géwz = Auth(G{VI?). However, suppose that every automorphism ¢ of Giwl
extends to an automorphism T of G{%. Since G < G{Vh, Theorem 1.1.10 implies
that there must be a unique such extension ¢+ for each ¢ € G2 = Aut™* (GM);
and so we can define a canonical embedding 7 : G3™ — G5 by 7(p) = . If we
now also suppose that every automorphism of W[Géw '] extends to an automorphism
of G5, then we next obtain a canonical embedding of G} into G3". Continuing

in this fashion, we arrive at the notion of a G-conservative extension.
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DEFINITION 9.2.1. Let M; be a c.t.m. Let P € M; be a notion of forcing and
let My = M7} be the corresponding generic extension. If G € M; is a centreless
group, then M, is said to be a G-conservative extension of M; iff for each a € On,
My contains an embedding 7, : GM1 — G2 guch that the following conditions are

satisfied.

a) If B < o, then m3 C 7,.
b
(c

(d) Finally suppose that o = 8+ 1 and that g € GM1 = Aut™ (Géﬁ). Then

Ty = idg.

(a)
(b)
) If o is a limit ordinal, then 7o = Uz, 75

)

To(g) € GM2 = Aut?? (Gg/lz) extends the automorphism Wﬁgﬁﬁ_l of the
subgroup mg [Gg/ll] < G/JH\/IZ.

In this case, we shall say that 7, is the canonical embedding of GM into G2,

REMARK 9.2.2. To get a better understanding of Definition 9.2.1 and to see
that there is a unique canonical embedding 7, : GM1 — GM2 for each a € On,
we shall spell out exactly what needs to be checked when verifying that M is a
G-conservative extension of M;. So suppose inductively that we have shown that
there exists a canonical embedding mg : ngl — ng for each 8 < a. Clearly
no problems arise if « is a limit ordinal. So suppose that a = § 4+ 1. Then it is
enough to check that for each g € G, = Aut™* (Géwl), the automorphism ﬂﬂgwgl

of mg [Gg/[ '] can be extended to an automorphism A of Gg/fz. To see this, notice that
Go < m[GE1] < G,

and so Theorem 1.1.10 implies that h is the unique automorphism of ng which

extends magm, . Hence we can define the embedding mo : GY* — G2 by
To(g) = the unique h € GM2 such that Tl'ggﬂ'ﬁ_l Ch.

It only remains to verify that mg C m,. To see this, let a € Géﬁ. Then a is
identified with the corresponding inner automorphism i, € GM1 = AutMl(Gg/h),

Since mg(a)

It is easily checked that w[giawgl C iny(a) and hence 74 (ia) = iz (q)-

is identified with i, () within GM:z it follows that w5 C 7,
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LEMMA 9.2.3. Suppose that My is a G-conservative extension of My and let

o : GM1 — GM2 pe the canonical embedding for each o € On. If B < «, then
TalGAM N G = ms(GEN]
Hence 71 (@) < 7M2(@).
PrOOF. Fix some ordinal o. We shall argue by induction on § < « that
T GAN NG = ms[G RN

Clearly the result holds for 5 = 0 and no problems arise when S is a limit ordinal.

So suppose that 3 =~ 4 1. First note that since mg C m,, it follows that
TGy < ma[GA N GR".

Now suppose that h € m,[GM1] N Gg@. Then h normalises
7o [GM] N G,JYZ = 7T,Y[G,]y1].

Let g € GM be the element such that 7,(g) = h. Then g normalises Gf‘//[h By

Proposition 4.1.2, G%}l is the normaliser of szwl in GM:. Hence

h=ma(9) € malGA] = ma[GA].

Finally to see that 7M1(G) < 7M2(G), let 7™1(G) = 7 and for each 8 < 7, let
gg € Gg/{h ~ G%l. Then 7g41(gs) € Gg{ﬁl ~ ng and hence 7M2(G) > . O

There exist examples of G-conservative extensions such that 7M1 (G) < 7M2(@Q).
For example, suppose that G € M; is a complete group. Then it is clear that if
P € M; is any notion of forcing, then My = M7} is a G-conservative extension of
M. In particular, this is true if PP is a notion of forcing which adjoins an outer
automorphism of G; and in this case, we have that 71 (G) < 72(G).
Now suppose that M is a c.t.m. and that x, A, § € M are cardinals such that
(a) kK<F=Kr <A
(b) 2% =\t
(c) Mt <0 =0
If G € M is a centreless group of cardinality A and P = Fn(6,2, k) € M, then there
is no reason to suppose that MF is a G-conservative extension of M. For example,

if Kk = w and A = 2¥, then Theorem 6.6.16 says that there exists a centreless
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group H € M of cardinality A such that 7™ (H) > 7™ (H) and so MP is not
an H-conservative extension of M. However, in the next section, we shall prove
that if Q@ = Fn(AT,2,x) and G € M is any centreless group of cardinality A, then
MP is a G-conservative extension of M?. Furthermore, we shall also prove that
M@Y= M7 (@). Since MQE 2% = At it follows that 7™ °(G) < A** and hence
that MF E 7(G) < A*F <0 =2

We shall end this section with a slightly technical result, which will be used
repeatedly in the proof of Theorem 9.3.1. We have already mentioned that if
g G% b= Gé\fz is a canonical embedding, then there exists a canonical embedding
TR41 ° Ggﬂ}l — Ggﬂ?l iff for each g € AutMl(Gédl), the automorphism wf;gﬂgl of
T3 [Ggh] can be extended to an automorphism h of Gg/l"‘. The next lemma says

that it is enough to check that for each g € Aut™* (Gg/fl), the embedding

of 73[G] = G into Gg/lz can be extended to an automorphism h of Gé”?.

LEMMA 9.2.4. Suppose that My is a c.t.m. and that G € M; is a centreless
group. Let My be a generic extension of My and suppose that there exists a canonical
embedding ., : Gf\fl — GQ/IQ for each v < 3. If the elements g € AutMl(Gg/ll) and
h e AutM2(G£242) satisfy

(a) h[G] C mp[GE"] and
(b) m5 o (h1G)Cy,

then W[ggﬂ'ﬂ_l C h.

Proor. This is equivalent to the statement that g C ﬂglhﬂ'g. We will prove
this inclusion for g | G,]YV[l by induction on v < 3. Since g | G is the identity map,
clause (b) says that the result holds when v = 0. Once again, no difficulties arise
when 7 is a limit ordinal. Suppose that v =¢41 and let ¢ € Gé\f_ll be any element.
For each a € Gé\/ll, let a, € Géwl be the element such that pap™' = a,; and for

each ¢ € Gévill, let ¢ = mg(¢)). Then for each a € Géwl, we have that

9@) 9@ (562) = olap)

and that
h®) - h(@) - h(p) "' = h(@y).
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By the inductive hypothesis, g | Gé\/h C Wﬁ_lhﬂ'g and this implies that k(@) = g(a)

and that h(ay) = g(a,). Thus for all elements d € (ho w5)[G241], we have that

W)™ 9(6) € Cqs (@)

Since G < g [Gévh], this implies that

h(@)™" - 9(%) € Ca (IG).

By Theorem 1.1.10, C,um,(G) = 1. Applying the automorphism A of G2@7 we
8

obtain that Cum, (h[G]) = 1 and hence h($) = g(p). Consequently the result also
8
holds for & + 1. |

9.3. The reflection argument

In this section, we shall present the proof of Theorem 9.1.1. As we shall see,
Theorem 9.1.1 is an easy consequence of the following result, together with a suit-

able reverse Easton forcing.

THEOREM 9.3.1. Let M be a c.t.m. and let Kk < X\ < 0 be reqular cardinals
which satisfy the following conditions.
(a) k<% =K.
(b) 2* = AT,
(c) 0> AT+,
Let P = Fn(6,2,k) and let Q = Fn(AT,2,k). Then for every centreless group
G € M of cardinality \:

(1) MP is a G-conservative extension of M©.

(2) T™(G) = TM(G) < AT

Throughout the proof of Theorem 9.3.1, the notation P(6) and [/]* " will always
refer to P(6) N M and [0]/\+ N M respectively. Fix some P-generic filter H over M.
Then for each X € P(0), we define M(X) = M[H NFn(X,2,x)]. We shall make

repeated use of the following easy consequence of Theorem 9.1.4.

LEMMA 9.3.2. Suppose that X, Y, Z € [9]9‘+ are such that X CY, Z and
VN X| =12~ X|=\". If p(vy,...,v,) is any formula and ay,...,a, € M(X),
then

MY)E p(at,...,an) iff M(Z)E ¢(as,...,an).
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PROOF. Note that M(Y) and M(Z) are generic extensions of M (X) with re-
spect to the notions of forcing Fn(Y \ X,2, k)M, Fn(Z \ X, 2, k)™ respectively;
and also that

Fn(Y ~ X, 2, )M = Fn(Y ~ X,2,r)ME) ~ Fn(At, 2, 5)MX)
and

Fn(Z ~ X,2,k)™ = Fn(Z ~ X,2, k)M ~ Fn(At+, 2, 5)M 0,
Working inside M(X), we can apply Theorem 9.1.4 to the weakly homogeneous
notion of forcing Q = Fn(A*, 2, k)™(X) and hence obtain that

M(Y)Ep(ar,...,a,) iff 1glkg w(a1,...,an)
ifft M(Z)Ee(a,...,an).
(I

In particular, by considering the special case when X = () and Z = AT, we

obtain the following result.

LEMMA 9.3.3. Suppose that Y € [0} If o(v1,...,vn) is any formula and

ai,...,a, € M, then

M(Y)?(p(al,...,an) lff M(A+)':Q0(a’17"'7an)'

Theorem 9.3.1 is an easy consequence of the following result.

LEMMA 9.3.4. If G € M be a centreless group of cardinality X\, then for each
a € On, the following statements are true.

(a)o If X € (0], there exists a canonical embedding 750 : GMX) _, g,

(b)o Whenever X, Y € [0]*" satisfy X C Y and |Y ~ X| = AT, then there

ezists a canonical embedding ¥ : GM Xy g™

. Furthermore, the
following diagram commutes.

Gif(@)
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(¢)a For each g € G there exists X € [0]*" and h € G such that

maf(h) =g.
(d)a Suppose that X = J, .+ Xi, where (X; | i < XT) € M is a smooth strictly
increasing sequence of elements of [0 such that |Xit1 ~ X;| = AT for

each i < AT. Then wX0[GN 0] = Uicas Wfi’e[Gi/[(Xi)].

Before we prove Lemma 9.3.4, we shall show how to complete the proof of

Theorem 9.3.1.

PROOF OF THEOREM 9.3.1. Letting X = A" in Lemma 9.3.4(a),, we see that
MP = M () is a G-conservative extension of M@ = M (A*). Hence by Lemma 9.2.3,
we have that 7*)(G) < 7MO)(@). To see that O (@) < 7MA)(@), suppose
that 8 < T™™@(G) and let g € Gg{ff) ~ Gg/f(e). By Lemma 9.3.4(c)g41, there
exists Y € [9])‘+ and h € Gg{fr) such that W§f1<h) = g. Applying Lemma 9.2.3,

we see that h € GALY) Gg/[(y) and so M(Y) E 7(G) > 8. By Lemma 9.3.3,

B+1
M) E 7(G) > 8. Hence M) (@) = 7M(*")(@). Finally Theorem 6.4.4 implies
that M(AT) E 2> = AT and so 7MA)(@) < AT, 0

PrOOF OF LEMMA 9.3.4. We shall prove that statements (a)q, (b)q, (¢)o and
(d)o hold by a simultaneous induction on «.. The result is trivially true if « = 0 and
there are no difficulties at limit stages of the induction. So suppose that o« = 5+ 1
and that the result holds for 3. For each Z € [0]*", let T'Z = W?’G[Gg/[(z)]. Notice
that statement (b)g implies that if Y, Z € [0} satisfy Y C Z and |Z \ Y| = AT,
then I'Y < T'Z. Tt also follows easily from statement (b)s that if X, Y, Z € [0]2"
satisfy X C Y C Z and |[Y \ X| = |Z N\ Y| = AT, then the following diagram

comimutes.
M(Z)
Gﬁ
9P
+ Y,Z
&0 Ts
X,Y

GMX) B, GM®)

First we shall prove that statement (a)q holds. Fix some X € [0]*". As we

noted in Remark 9.2.2; it is enough to show that whenever g € AutM(X)(GgﬂX)),
then there exists a corresponding automorphism h € Aut™ (9)(G24(9)) such that

-1
Wg(’e ogo (Wg(,e) C h. Fix some g € AutM(X)(Gg/[(X)); and, working inside M,
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express X = J;_,+ X as the union of a smooth strictly increasing chain such that

‘.Xi+1 N X1| = AT for all i < AT.

CrAM 9.3.5. There exists an @ < AT such that g[Go] < W?i’X[GgﬂXi)] and
k= (my") " e (g 1 Go) € M(Xy).

ProoF oF CLAIM 9.3.5. By statement (d)g, we have that

ng [GgﬂX) U 7Txi,o GM(X )]

<At

So applying (772( %)=L to both sides of this equality, we obtain that

Gé/I(X) U X, X GM(X )]

<At

Since |g[G0]| = ), there exists an j < A* such that g[Go] < 73’ X[Gg/f(xj)]. Since

™
B
k= ( )1 o(g | Go) € M(X) and |k'| = A, there exists i such that j <7 < AT
and k' € M(X;). We claim that i satisfies our requirements. To see this, note that
[)3( e M (X;) and that the following diagram commutes.

M(X)
Gﬁ

It follows that

and that

O
In particular, the following statement with parameters G, k € M(X;) is true
in M(X).
(9.3.5)x There exists an automorphism g € AutM(X)(G?f(X)) such that

g(nXokgg.
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By Lemma 9.3.2, statement (9.3.5)y must be true for all Y € []*" such that
X; C Y and [Y \ X;| = AT say, statement (9.3.5)y is witnessed by the auto-
morphism ¢¥ € AutM(Y)(Gé/[(Y)). We can now define a suitable automorphism
h e AutM(e)(Gg(e)) as follows. Let a € Gg/[(e) be any element. By statements (c)g
and (b) g, there exists aset ¥ € [0]*" such that X; C Y, [Y~X;| = AT anda € TY;

and so we can define
h(a) =my" 0 g" o (my") " (a).

Of course, we must check that h is well-defined. To see this, it is enough to consider
the case when X; C Y; C Yo, [V~ X;| = [Yo~Yi| = At and a € I'"* < T'2. Notice

that
(m2) o (9 1 Go) = (mp 2 Toaf ok =a) ok C g7
So by Lemma 9.2.4, we have that
(r572) 0 g% o (r32) 1 C g
It follows that h is well-defined. Also notice that
(w5 ") o (h]Go) C g
and so by Lemma 9.2.4,

(w5 ") ogo(ny ") Ch

as required. This completes the proof that statement (a), holds.
Next we shall prove that statement (b)q holds. Fix some X € [f]*". We shall

first show that if Y € [0]*" is such that X C Y and [V~ X| = AT, then there exists

XY . Gé\/f(x) R G%(Y)

a canonical embedding 7

. By Lemma 9.3.2, it is enough
to find a single set ¥ € [/]*" with these properties. We shall use the following

observation to find such a set Y.

CLAIM 9.3.6. Suppose that S € [9]>‘+ and that X C S. Then there exists
T € [0 such that S C T and

1p Ikp 750 (g)[05] < TT for all g € Aut™ ) (GY).
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PROOF OF CLAIM 9.3.6. Suppose that S € [6]*" and that X C S. Initially
we shall work within M (6). By statement (c)g, for each g € AutM(X)(Gg(X)) and

a € T, there exists a set Y, , € [0)*" such that 75?(g)(a) € TYo. Let
Y=5U U{Yg,a |g e AutM(X)(Gg/I(X)) and a € TS},

Recall that G is an ascendent subgroup of both Aut™ ¥ )(Gg/[(x)) and I'°. Conse-
quently, since M (X) and M(S) both satisfy 2* = A*, Theorem 3.3.1 implies that
| At (G ) < AT and [PS] < A*. Thus [Y] = A*

Now let Y be a Fn(0,2, x)-name for Y. Since Fn(f,2,x) has the x'-c.c., it

follows that there exists a set T € [#]*" such that
lplpY CT.
Clearly T satisfies our requirements. O

Thus, working within M, we can inductively define a smooth strictly increasing
sequence (X; | i < AT) such that Xo = X, |X;411 ~ X;| = AT and

1p Ikp X0 (g)[TX] < Tt for all g € Aut™ ) (G,

Let Y = [J,.,+ Xi. By statement (d)g, we have that IV = [J,_,+ I'** and hence
7X0(g)[TY] = TV for all g € AutM(X)(Gg/[(X)). For each g € AutM(X)(Gg/[(X)),
define the automorphism 7Y (g) € AutM(Q)(G%(y)) by

[e3%

Y05 — , Y,0
ma ¥ (g) = (mp*) ol (g) oy

Notice that

e () TGy M = (mg ) ogomy

Since wg’y, g € M(Y), it follows that 7Y (g) | Go € M(Y). By Lemma 6.7.2,

7XY(g) € M(Y). Thus 7Y is a canonical embedding of AutM(X)(Gg/I(X)) into

AutM (Y)(Ggﬂy)). It is now easily checked that the following diagram commutes.
AutM @ (GO

)
%.
o 772‘:’9

M(X) ~M(X) L M(Y) M)
Aut (Gg ) —— Aut (Gg )

Hence XY satisfy the conclusion of statement (b),.
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Next we shall prove that statement (c¢), holds. Let g € AutM(e)(G’g/I(g)). Then
there exists X € [0]*" such that g[Go] < T*X°. Let k = (wgo’e)*l o(g | Gp). Then
there exists X7 D Xo such that |X; \ Xo| = A" and k € M(X;). Thus

(m5 ") o (g 1 Go) =y ok € M(Xy).

Arguing as in the previous paragraph, we can define a smooth strictly increasing
sequence (X; | i < AT) € M of elements of [f]*" such that if ¥ = Ui<x+ Xi, then
g[lY] =TY. Thus h = (ﬂ};’e)—l ogowg/’e € AutM(e)(G?f(Y)) and it suffices to show
that h € M(Y). To see this, note that

Wi Go=my" o ((m) oy Go)),

and so h | Gog € M(Y). By Lemma 6.7.2, h € M(Y).
Finally we shall prove statement (d),. So suppose that X = (J,_,+ X;, where
(X; | i < AT) € M is a smooth strictly increasing sequence of elements of [9])‘+
such that |X;11 \ X;| = At for each i < AT. It is clear that
J =54 0] < mX G
<At

Conversely suppose that g € wfﬁ[Gﬁl(m] and let
h= (7507 (g) € AutMX)(GE),

Arguing as above, there exists i < AT such that h[Gg] < W?i’X[Gg/[(Xi)] and k =
(X X)L o (h | Go) € M(X;). Notice that | X \ X;| = |X;4+1 ~ X;| = AT and that
h e AutM(X)(Gé/[(X)) satisfies w?i’x ok C h. So Lemma 9.3.2 implies that there
exists f € AutM(X"’“)(G]ﬁV[(X”l)) such that W?"’X”l ok C f. Let b = ﬂfi“’x(f).
Then &' | Go = h | Go and so b/ = h. It follows that g € ma '+ [GY ], This

completes the proof of Lemma 9.3.4. (]

We now easily obtain the following result.

THEOREM 9.3.7. Let M be a c.t.m. and let kK < X\ < X be reqular cardinals

which satisfy the following conditions.

(a) k<" =K.
(b) 22 = A*.
(c) 0 > \TF and 6> = 6.
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Then P = Fn(0,2, k) is k-closed and has the kT -c.c.. Hence P preserves cofinalities
and cardinals. Furthermore, if H is a P-generic filter over M, then the following
statements are true in M[H|.

(1) 2* = 0.

(2) If G is a centreless group of cardinality X, then 7(G) < ATT.

PrOOF. Except for statement 9.3.7(2), the conclusion follows from Theorem
6.4.4. Let G € M[H] be a centreless group of cardinality A. By Lemma 9.1.6, there
exists a subset X C 6 of cardinality A such that G € My = M[HNFn(X, 2, x)]. Let
Y =6~ X. By Theorem 9.1.5, Hy = HNFn(Y,2,k) is a Fn(Y, 2, k)-generic filter
over My and M[H] = M;[Hy]. Working inside M;, we have that Fn(Y,2, k)M =
Fn(Y,2, k)Mt ~ PM1 and the cardinals x, A and 6 continue to satisfy our original

hypotheses. Hence Theorem 9.3.1 implies that 7(G) < A** in M, [H,] = M[H]|. O

Finally we will use a suitable reverse Easton iteration to complete the proof of
Theorem 9.1.1. Let V E GCH and let {6 | 8 € On} be the increasing enumeration
of the class of limit cardinals. For each 8 € On, define

03, if O3 is regular;

Rp =
9+

5, if O is singular.
Thus if 8 > 0, then kg = 03 iff B is an inaccessible cardinal. We shall define a
sequence (Pg | 8 € On) of forcing notions by induction on S.
Case 1. If 3 =0, then Py = {(} is the trivial notion of forcing.
Case 2. If 3 is a limit ordinal which is not inaccessible, then P is the inverse limit
of (B, | 7 < B).
Case 3. If S is inaccessible, then P is the direct limit of (P, | v < f).
Case 4. Finally if 8 = v + 1 is a successor ordinal, then P, = P, * @7, where
@7 is a P,-name for the notion of forcing Fn(@jﬂ, 2, k) € VB,

Let Po, be the direct limit of (Ps | 8 € On); and for each 8 € On, let Pg, be
the canonically chosen Pg-name for a proper class notion of forcing such that P
is isomorphic to a dense sub-order of Pg * I%OO. Let F be a P,-generic filter over
V and let V = V[F] be the corresponding generic extension. For each 8 € On, let
Fs=FNPgand let Pgoo = (Pgoo) -

LeEmMA 9.3.8. (a) P preserves cofinalities and cardinals.
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(b) For each ordinal 3, the following statements are true in V[Fg]:
(i) 2# = u™ for all cardinals > 05.
(ii) K;; ? = kg.
(iil) Ppoo is kp-closed.
(¢) VIF] is a model of ZFC.
(d) Let X be regular and let o be the least ordinal such that A < 0,. Then
VIF]E2) = 0% > AT+,

PRrROOF. This follows easily from Menas [32]. O

Thus to complete the proof of Theorem 9.1.1, it is enough to show that if A
is a regular cardinal and G € V[F] is a centreless group of cardinality A, then
VIF] E 7(G) < AT T. Clearly we can suppose that G has underlying set A. Let 3 be
the least ordinal such that A < 6. Clearly § is a successor ordinal, say § =~ + 1,
and 60, < ky < A < 0y41 < Kyq1. Since V[Fp] E Pgo is kg-closed, it follows that
G € V[Fs], and Theorem 6.7.1 implies that 7V F1(G) = 7VIFsl(@). Thus it suffices
to prove that V[Fs| F 7(G) < AT*. By Lemma 9.3.8(b), the following statements

are true in V[F,]:

(a) 3" = ”W
(b) 2
(c) AT <6f,, and (07,,)" =07,

Since (Qﬂ,)pw = Fn(0

152, Ky), Theorem 9.3.7 implies that V[F, 1] F 7(G) < AT+,

QUESTION 9.3.9. Is it consistent with ZFC that 7y < 2* for all infinite cardi-

nals \?

A positive answer to Question 9.3.9 would necessarily involve the use of large
cardinals. To see this, recall that Corollary 4.1.14 says that 7, > A" for every
infinite cardinal A\. Hence if 7, < 2* for every infinite cardinal ), then 2* > A%
for every infinite cardinal A. In particular, 2 > A" when \ is a singular strong
limit cardinal; and by Gitik [11], the consistency strength of this latter statement
is strictly stronger than the consistency strength of a measurable cardinal. On
the other hand, Woodin has shown that if there exists a supercompact cardinal,
then there exists a model of ZFC' in which 2* = A** for every infinite cardinal

A. (See Foreman-Woodin [9].) Thus it seems reasonable to conjecture that a
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positive answer to Question 9.3.9 can be obtained under the assumption that a

supercompact cardinal exists.

9.4. Notes

The material in this chapter first appeared in Thomas [50].
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