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N
ABSTRACT. If CH fails, then there exist 22 ° universal sofic groups up to
isomorphism.

1. INTRODUCTION

Let U be a nonprincipal ultrafilter over w and let Gy = [],,Sym(n) be the
corresponding ultraproduct of the finite symmetric groups. Then Allsup-Kaye [1]
and Elek-Szabé [2] have independently shown that Gy, has a unique maximal proper
normal subgroup; namely,

My = { (mn)u € Gy : limy,

where supp(my,) = {£ € n: m,(¢€) # £}. Let Sy = Gy /My Then by Elek-Szabé [2],
if I is a finitely generated group, the following statements are equivalent:

[supp(ma)| _ } ’
n

e [ is a sofic group.

e ' embeds into Sy for some (equivalently every) nonprincipal ultrafilter .
For this reason, Sy is said to be a universal sofic group.® Of course, if U # D are
distinct nonprincipal ultrafilters over w, then there is no reason to expect that Sy
and Sp will be isomorphic. In this paper, we will consider the problem of computing
the number of universal sofic groups Sy, up to isomorphism. Perhaps surprisingly,
this problem turns out to be much easier to handle under the assumption that the
Continuum Hypothesis C'H fails.

Theorem 1.1. If CH fails, then there exist 22" universal sofic groups Sy up to
isomorphism.

On the other hand, suppose that CH holds. Then each ultraproduct Gy =
[I,, Sym(n) is saturated and hence is determined up to isomorphism by its first
order theory. Thus there are at most 2%° such ultraproducts up to isomorphism and
hence also at most 2% universal sofic groups up to isomorphism. It is easily shown
that (as expected) there are 2% such ultraproducts up to elementary equivalence.
However, it is currently not even known whether there exist two nonisomorphic
universal sofic groups if CH holds.
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LA clear account of the basic theory of sofic groups can be found in Pestov [9]. It is an
important open problem whether every finitely generated group is sofic.

O©XXXX American Mathematical Society



2 SIMON THOMAS

Conjecture 1.2. If CH holds, then there exist 2%° universal sofic groups Sy up
to isomorphism.

Question 1.3. Are all universal sofic groups Sy, elementarily equivalent?

It would be very interesting to know whether the results in this paper can be
extended to the setting of hyperlinear groups.? (At first glance, the techniques in
this paper do not seem to generalize readily from finite symmetric groups to finite
rank unitary groups.) In this context, the referee has pointed out that the results of
Ge-Hadwin [4] suggest that if CH holds, then perhaps all metric ultraproducts of
the finite rank unitary groups are isomorphic; i.e., that if C H holds, then perhaps
there exists a unique universal hyperlinear group up to isomorphism.

This paper is organized as follows. In Section 2, we will use a basic property of
expander graphs to show that certain ultraproducts [[, Gy, of finite groups can be
realized as centralizers of finitely generated subgroups in suitably chosen universal
sofic groups. Then in Section 3, using recent results of Kassabov [5] and Ellis-
Hachtman-Schneider-Thomas [3], we will complete the proof of Theorem 1.1.

2. CENTRALIZERS AND EXPANDER FAMILIES

In this section, we will use a basic property of expander graphs to show that cer-
tain ultraproducts [[,, G, of finite groups can be realized as centralizers of finitely
generated subgroups in suitably chosen universal sofic groups. We will begin by
defining the notion of an expander family of finite graphs. Suppose that ' = (V, E')
is a finite connected graph with vertex set V' and edge set E. Then for each subset
A C V, the corresponding edge boundary is defined to be

0A={ecE:lenAl=1}

and the expansion constant of I' is defined to be

0A \%

h(T") = min u:ACVWith1§|A|§u .

4] 2
From now on, we will identify each finite graph I' = (V, E') with its vertex set V
and we will write A(V) instead of h(I). A finite graph V' is said to be k-regular if
each vertex v € V has degree k.

Definition 2.1. Let (V,, : n € w) be a family of finite connected k-regular graphs
such that |V,,| < |V,| for all m < n € w. Then (V,, : n € w) is said to be an
expander family if there exists 7 > 0 such that A(V;,) > 7 for all n € w.

Most of the known expander families consist of suitably chosen Cayley graphs of
finite groups. (For example, see Lubotzky [8] and Kassabov-Lubotzky-Nikolov [6].)
Here if G is a finite group and S C G\ 1 is a generating set, then the corresponding
Cayley graph Cay(G, S) is the graph with vertex set G and edge set

E={{z,y} | y=sa for some s € SUS'}.

As we will see in Section 3, Theorem 1.1 is an easy consequence of the following the-
orem, together with recent results of Kassabov [5] and Ellis-Hachtman-Schneider-
Thomas [3].

2A clear account of the basic theory of hyperlinear groups can also be found in Pestov [9].
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Theorem 2.2. For each n € w, let G, be a finite group and let S, C G, be a
generating set of fized size d. If (Cay(Gy,Sy) :n € w) is an expander family, then
for each nonprincipal ultrafilter D over w, there exists a nonprincipal ultrafilter U
over w and a finitely generated subgroup I' < Sy such that Cg,, (T') = [ p G-

The proof of Theorem 2.2 makes use of the following observation.

Proposition 2.3. Suppose that V is a finite connected k-regular graph and that
h(V) > 7. Suppose that € > 0 and let § = /(7 + k). Then whenever Y C V
is a subgraph with |Y| > (1 — 0)|V|, there exists a connected subgraph Z C'Y with
2] = (L =e)[V].

Proof. Let Y C V be a subgraph with |Y| > (1—0)|V| and suppose that Cy,--- ,C}
are connected components of Y with |C;| < 3|V for each 1 < i < t. Consider the

set
t

P={(v,e):ec U@C’iandUEe\Y}.
i=1

Notice that if e € |JI_, dC;, then |eNY| = 1. Thus

t t
[Pl = ZWQ\ 2 TZ|Ci|~

i=1 i=1
Clearly we also have that

IP| < k|V Y| <kiV].

Hence we have that

t
7Y _|Cil < kd|V]
i=1
and so
: ks
VY Ci| <6V + —|V|=¢|V].
VY1301 < 6VI+ VI = eIV
It follows that ¥ has a connected component Z with |Z| > (1 —¢)|V|. O

The proof of Theorem 1.1 also makes use of the notions of the left regular and
right regular permutation representations of a finite group G. Here the left reg-
ular permutation representation of G is the embedding A : G — Sym(G) defined
by A(g)(z) = gz; and the right regular permutation representation of G is the
embedding p : G — Sym(G) defined by p(g) = z g~ . It is well-known that

Csym(c)(A[G]) = p[G].
(For example, see Tsuzuku [10, Theorem 3.2.10].)

Proof of Theorem 2.2. To simplify notation, suppose that d = 2 and let S, =
{ @n,bn }. Let U be the nonprincipal ultrafilter over w such that for each X C w,

{|Gn|:neX}eld <= XeD.
Then we can define a natural isomorphism
o: HD Sym(|G,|) — Hu Sym(n)
( Qn )D = (T;Z)n )Z/{
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by setting
0, ifn=|Gpnl;

1 otherwise.

Clearly there also exists a natural isomorphism ¢ : [[ , Sym(Gy,) — [ p Sym(|Gy]).
Let 7 : [[ 5 Sym(G,) — Sy be the surjective homomorphism obtained by compos-
ing the following maps:

[T, $ym(Ga) = [T, Sym(Gal) =TT, Sym(m) — (T, Sym(m)) /Mo = S

For each n € w, let A\, : G,, — Sym(G,) and p, : G, — Sym(G,,) be the left
regular and right regular permutation representations. Let «, 8 € Sy be the
elements defined by

a=7m((An(an))p) and B =7((Au(bn))D)

Then we claim that the subgroup I' = (a, 8) of Sy, satisfies our requirements. Let
G =[] p Sym(G,). Then clearly we have that

HD'O”[G”] < Co({ (Mn(an))p, (Au(bn))D })-

(In fact, using Tsuzuku [10, Theorem 3.2.10], it is easily seen that the two groups
in the above inclusion are actually equal.) It is also clear that m maps [] 5 pn[ Gy |
injectively into Cg,, (I'). Thus it is enough to show that if v € Cg,, (T), then there
exists g € [[ p pn| Grn | such that m(g) = 7. To see this, let ¢ = (¢,,)p be an element
such that 7(¢) = v and fix some 0 < € < 1/3. Since (Cay(G,,Sy) : n € w) is an
expander family, Proposition 2.3 implies that there exists § > 0 such that for all
n € w, if Y C G, is a subgraph of Cay(G,, S,) with [Y| > (1 — 0)|Gy|, then there
exists a connected subgraph Z C Y with |Z| > (1 — ¢)|G,|. For each n € w, let
Y., C G, be the set of elements y € GG, such that

(2.1) son(y) = on(sy) forallseS,usS; .

Then A, ={n cw:|Y,| > (1-9)|G,|} € D. Fix some n € A.. Then regarding Y,,
as a subgraph of the Cayley graph Cay(G,, Sy), there exists a connected subgraph
Zn C Y, such that |Z,| > (1 — €)|Gy|. Fix some z, € Z, and let ¢, (2,) = 2ngn.
Then applying (2.1) repeatedly, we obtain that ¢, (z) = zg, for all z € Z,,. Note
that if g/, € G,, with g/, # gn, then zg), # xg, for all x € G,,. Hence if 0 < &’ < 1/3
and n € A N Ag, then the above argument will yield precisely the same element
gn € Gy. Hence, letting g, = 1 for n ¢ A, it follows that

m((pulgn ))p) = 7((¢n)D) =7,

as required. ([l

3. ULTRAPRODUCTS OF FINITE ALTERNATING GROUPS

In this section, we will complete the proof of Theorem 1.1. We will make use of
the following recent result of Kassabov [5].

Theorem 3.1. For each n > 5, there exists a generating subset S, C Alt(n) with
|Sn| = 20 such that (Cay(Alt(n), Sp) :n >5) is an expander family.

The following result is an immediate consequence of Theorems 2.2 and 3.1.
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Theorem 3.2. For each nonprincipal ultrafilter D over w, there exists a non-
principal ultrafilter U over w and a finitely generated subgroup I' < Sy such that

Cs, (I) = 1] pAlt(n).

We will also make use of the following recent result of Ellis-Hachtman-Schneider-
Thomas [3].

Theorem 3.3. If CH fails, then there exist 22" ultraproducts [],, Alt(n) up to
isomorphism.

Sketch Proof. By Allsup-Kaye [1], if U is a nonprincipal ultrafilter over w, then
there is an inclusion-preserving bijection between the collection of proper normal
subgroups of [],, Alt(n) and the linearly ordered set

Lu:{IQHun:Iis an additive cut of HMN},

where an additive cut is a nonempty initial segment of the nonstandard model of
arithmetic M = [],, N which is closed under addition in M. A routine modification
of the proof of Kramer-Shelah-Tent-Thomas [7, Theorem 3.3] shows that if CH fails,

then there exist 22" such linearly ordered sets L;; up to isomorphism. (I

Proof of Theorem 1.1. Let {D,, : a < 22" } be a collection of nonprincipal ultrafil-
ters over w such that the corresponding ultraproducts || D Alt(n) are pairwise non-

isomorphic. Then for each a < 22N0, there exists a nonprincipal ultrafilter U, over
w and a finitely generated subgroup I'y < Sy, such that Cg,, (I'a) = [[p_ Alt(n).
Fix some a < 22", Since |Su,, | = 2%, it follows that Sy, has only 2% finitely
generated subgroups and hence there exist at most 28 ordinals 8 < 22" guch that

Su, = Sy, It follows that { Sy, 1 a < 92" } includes a collection of 22" pairwise
nonisomorphic groups. ([
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