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1 Factoring embeddings

Definition 1. We say that j € &£ is irreducible if there is no ji, jo € £ \ {id} such that
J = j10J2. We call such an equation j = j; o jo a reduction of j.

Lemma 2. Suppose that j1,...,75, € €. Then there is ky, ..., k, € £ such that.
1. jyo---0j; =k,o---0kj.
2. crit(ky) < crit(ke) < --- < crit(ky).
3. If erit(j1) < crit(j;) for all 1 <i <mn, then j; = k.

Proof. We prove this by induction on n. It is immediate for n = 1. For n > 1, if crit (j;) <
crit (j;) for all 1 < ¢ < n, then applying the lemma to j,...,j,, to get ko, ..., k,, then
clearly ji, ko, k3, ..., k,, witnesses the lemma.

If not, then let m be largest such that for all 1 < i < n, crit (j;) > crit (j,,). We then
have that

Jm © Jm-19"+ 01 = jm(Jm-1) © Jm(fm—2) 0+ 0 jm(j1) © jm
and we have for all i < m, that crit (j;,(jm—1)) > crit (j,,). Combining with the fact that for
all + with m < i <mn, crit (j;) > crit (jmm), if we apply the lemma to
]m(jl)ujm(.]2>a s 7jm(jm—1)7jm+1;jm+27 s 7jn
to get ko, ..., k,, we have that j,,, ko, ..., k, witnesses the lemma. O

Definition 3. Suppose that j1,j2,... € £ and for all a < A there exists an n such that for
all m > n,

(Jn © Jn-10-0i)(@) = (Jim © Jm-10 -0 j1)().
Then we define

k=---oj0j5 =limn —wj,0j, 10---j1 €E

to be the direct limit of this system of embeddings. So for any a € V)

k(a) = (jn © jn—10---0j1)(a)

for n large enough.



Lemma 4. For all j € £, there is ji,k € € such that we have
j=koji=k(j)ok,
k # id is irreducible and crit(k) = crit(j).
Proof. We define by induction (k;, j;| i < w) such that k;, j; € &, k;, j; # id and
J=kiojioji1o---0j

for all ¢ < w. Our induction proceeds as long as the lemma has not been satisfied so
far. Suppose that j is not irreducible. Then let j = k; o j; be a reduction such that
(crit (ky), crit (ji1)) is lexicographically least among all such reductions. We must have then
that crit (k;) = crit (j) since if not then crit (j;) = crit (j), and we have

| =kioj1 = kl(jl) o k.

Hence since crit (ky(j1)) = crit (j1) = crit (j) < crit (k1), we would have a contradiction to
our choice of ki, j1.
Now assume we have chosen ky, ..., k, and ji,...,J, such that the following hold.

1. Foralli <n, j=k;oj;07,._10---07.
2. For all i <n, (crit (k;), crit (j;)) is lexicographically least among all reductions of k;_;.
3. For all i <mn, crit (k;) = crit (j) < crit (j1) < crit (jo) < -+, < crit (jn).

We let ki1, Jni1 € € be such that k, = k,1 0 jni1 is a reduction of k, (if one exists—
otherwise the lemma is satisfied) such that (crit (k,41), crit (jn11)) is lexicographically least
among all such reductions. We have again that crit (k,4,) = crit (k,) = crit (j) as before.
Also, crit (J,41) > crit (j,), since if not we would have that

kn—l = kn Ojn - kn+1 Ojn+1 ojn - kn—l—l o (jn—‘rl O]n)
is a reduction which has
(crit (kpa1), crit (Jpa1 © Jn)) <tex (crit (K, ), crit (j,))

a contradiction.
Having defined these sequences, we claim that

lim crit (j,) = A

n—w

To see this, note that for all @ < A and n < w we have that if crit (j,41) < « then

kn(a) = (Fpi1 © Jny1) (@) > Kppa(a).



Hence there are only finitely many n < w such that crit(j,) < «. Which shows that
lim,, ., crit (j,) = .
In fact for any o < A there is an n such that for all m > n,

(jn O Jp-10""" Ojl)(a) = (jm O Jm-10""" Ojl)(a)-
This follows since for all n < w,
](CK) = (kn ojn Ojnfl O--- Ojl)(a) 2 (]n ojnfl S Oj1><@).

And hence for n such that crit (j,) > j(«), this n has the desired property.
Now let / = --- 0 jy0j; and let k = lim,_, k,. Note that k, and k,.; agree up to
crit (jn41), and hence this limit makes sense. We have

kol = (lim k,)o (lim j,0j, 10 -0j;) = limk,0j,0j, 1007 = limj=j.

n—w

Furthermore for m > 1 and ¢,, = -+ - 0 ;11 © J, we have that

ko, = (limk,)o (lim j,0j,- 10+ 0j,) = lim k, 0 j,0j,_1 00 jp, = lim k,, = k..

n—w n—w

We claim that k is irreducible. To see this, suppose not and let k& = k' o k% be a
reduction with (crit (k!), crit (k?)) lexicographically least. Let ng be the least n such that
crit (j,) > crit (k%). Then we have that

j=kol=Fk'ok*>olimk,oj,0jn 100
:klokZO(limjnojn,lo~--ojn0)ojno,lojno,Qo---ojl

But then for
k;*:kQO(limjann_1O"‘Ojno)

we have k,,_; = k' o k* and
(crit (l{;l), crit (k")) <jex (crit (kpy1), crit (Jng)),

a contradiction.
Hence k satisfies the lemma. O

Corollary 5. Suppose j € E. Then there is a sequence (k,|n < w) such that
j — kl o) kQ O «--

and for all n < w, k, # id is 1rreducible or k, = id.



Proof. We repeatedly apply the previous lemma by induction. First let j = &k o j; be a
reduction of j such that k; is irreducible and (crit (k;),crit (j1)) is lexicographically least
among all such reductions. Then by induction after defining k1, ..., k, and ji,..., j,, such
that for all i < n,

J=kio---okjoy

and k; is irreducible, let k, 11 0 j,+1 = Jn be a reduction such that &, is irreducible (if j,, is
not irreducible-otherwise we are done) and (crit (k,,41), crit (j,11)) is lexicographically least.
Having defined kq, ko, .. ., we claim that

J=kiokyo---.
This follows since we must have

lim crit (j,) = lim crit (k,) = A
since we chose the lexicographically least pairs and if the critical points of &, were bounded
below A, they would form an inverse limit K with Ax < A. But then clearly j = kjokyo---
by continuity. So this is the decomposition we wanted. O

We also isolate the following from the previous proof:

Lemma 6. Suppose that j = k; o j; 0 7,1 0---0 j; where j, k;i,j; € & for all i. Then
lim,, ., crit (j;) = .

Definition 7. We say that j and k are right-relatively prime if there is no ¢ € £, ¢ # id
such that 7 = j' ol and k = k' = ¢ for some j', k' € £.

Lemma 8. Suppose that j, k € £. Then there is j1, ki1, € € such that j = j10l, k=ky o/
and j1 and ki are relatively prime.

Proof. We define by induction (k;, j;, ¢;| i < w) with the following properties for all i < w.
1. j:jiofiogi_lo"'ogl and k:kiogiogi_lo”'ogl.
2. ji = Jix10lipr and k; = ki1 0 4y,

3. crit ;41 is the least crit (j') among all 5/, k', ¢’ with ¢ # id such that j; = j’ o ¢’ and
k’i =kol.

If we can only define this for finitely many ¢, then clearly the lemma can be satisfied
at the first point where we can’t continue. Otherwise we have defined k;, j;,¢; for 1 < w
satisfying the above properties.
We have that
lim crit (€,) = A

n—w



by the above lemma. Hence we can define

(= lim(l,0l, y0---0l), 7 = lim j,, k* = lim k,,.

n—w n—w

And we have by continuity that
j=7"oland k =k ol.

We claim that j* and k* are relatively prime. To see this, suppose that j* = jof* and
k* = ko ¢* for £* # id. Then let ny < w be such that crit (¢,,) > crit (¢*). Then we have
that

j:j*oﬂzjoé*olimﬁnoén_lo-..ogl

=jol o (lim¥l,0f, 10 -0ly)ol, 100l

n—w

and similarly for k. But setting

b =0 o(lim/l,0l, 1o---0ly)

n—w

we have that
j:j*ofi;ooﬁnoflo&mfzm--oﬁl

and
k=Fk"oly olp,10ln, 200l

Since crit (£}, ) < crit (£,,), this is a contradiction to the way in which we chose £y,,. O

Definition 9. We say that j and k are left-relatively prime if there is no £ € £, ¢ # id such
that j =/foj and k = £ o k' for some j', k' € E.

Lemma 10. Suppose that j = ji0jao---07j;0k; and k; = j;41 0 ki1 where j, k;, j; € € for
all i <w. Then lim, ., crit(j;) = \.

Proof. For any a < A we have that
ki(a) = (Jir 0 ki1)(a).

And hence if crit (ji11) < kiz1(a), then k;(a) > k;i11(a). And so for large enough ¢ we must
have crit (ji41) > kiv1(a) > . So since this is true for arbitrary v < A, we must have
lim,,_,,, crit j; = A\ ]

Lemma 11. Suppose that j, k € £. Then there is ji,ki,£ € € such that j = foj;, k =/{ok
and 71 and ki are left-relatively prime.

Proof. We define by induction (k;, j;, ¢;| i < w) with the following properties for all i < w.

1. j=4i0ls0---0l;0oj;and k=/{10ly0---0/l;0k;.



2. Ji=Vliy10 Jiyr and k; = Ly 0 gy

3. crit ;11 is the least crit (¢') among all j', k', ¢’ with ¢’ # id such that j; = ¢ o j' and
ki =10 ok

If we can only define this for finitely many ¢, then clearly the lemma can be satisfied
at the first point where we can’t continue. Otherwise we have defined k;, j;, ¢; for i < w
satisfying the above properties.

We have that
lim crit (¢,) = A

n—w

by the above lemma. Hence we can define

¢=1lim(l,0l, 10 -0l), 75 = lim j,, E* = lim k,,.

n—w n—w

And we have by continuity that
j=Vloj and k=/{ok™.

We claim that j* and k™ are left-relatively prime. To see this, suppose that j* = ¢* 0j
and k* = £* ok for £* # id. Then let ny < w be such that crit (¢,,) > crit (¢*). Then we have
that

j=Lloj* = (limliolyo---0l,)ol 0]

=/(10ly0-- Ly, 0 (liml, 0l 10---0l,)ol 0]

and similarly for k. But setting

lro = (lim £,y 0 by 0---0fy,) 0l

n—w

we have that )

j:€1062o“'€n0—106200]

and B
k:€10520~--€n0_1o£;§00k.

Since crit (€}, ) < crit (€y,), this is a contradiction to the way in which we chose £y,,. ]

Lemma 12. Suppose that j, k,0 € £ and j = ko l. Then for any ' such that j = ko (',
(=1,

Proof. This follows from the fact that we can write £ and ¢ as £ = k=toj =/ ]



