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Abstract. The monodromy rings of Feynman integrals for one loop graphs with an
arbitrary number of lines are determined.

§ 1. Introduction

This paper is the second of a series whose general aims were outlined
in the introduction to the first paper [1]. In this paper we make a system-
atic study of the Feynman integral for a general one loop graph in an
arbitrary space-time dimension ; we classify the possible paths of analytic
continuation, label the determinations of the function over a fixed base
point, and obtain explicit formulae for the action of analytic continuation
on the vector space spanned by these determinations.

A preliminary account of these investigations has been published [2].
The present account is self contained, but for the reader who is familiar
with [2], we proceed to give a brief comparison. In the present paper we
introduce the auxiliary complex parameters also used in [1] and [3].
This makes a technical difference in the construction of the representation
since, for general values of the parameters, the Cutkosky-Steinman
relations do not hold; nevertheless, we are able to determine the repre-
sentation by exploiting more fully the consequences of the Picard-
Lefschetz theorem. Single loop integrals fall naturally into four classes
(see § 2). In [2] only case 3 (in which no second kind singularities appear,
and the invariants constructed from the external momenta are algebrai-
cally independent) was treated.'Our present use of complex parameters
enables us to deal with four cases in a unified manner. Finally, we note
that the present paper includes some proofs which were omitted from [2].

We would like to call attention to two points which were raised in the
discussion following a talk given by one of us (T. R. [4]). First there is
the problem which arises in case 4 — that the scalar invariants of the
external momenta are algebraically dependent. We show in this paper
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how the formalism of [2] is adapted to deal with this case. Secondly there
is the question as to whether the success of our methods for the single
loop integrals depends on their special functional form (they are sums
of Spence functions). In our opinion the present calculations, and those
of [1], show that the key to the determination of the monodromy of a
Feynman integral is the determination of the fundamental group. The
fundamental groups of single loop graphs are particularly simple. It is
this simplicity (which is determined by the form of the Landau varieties),
rather than the functional form of the integrals, which is important.
This remark is illustrated by the fact that for general values of the
auxiliary parameters single loop integrals are not expressible in terms of
Spence functions.

In this paper (as in [ 1]) we consider all possible analytic continuations
i.e. we consider all the parameters which enter into the integrals, including
the internal and external masses, as complex variables. It would also be
of interest to examine the monodromy representation restricted to
analytic continuations along paths in which the internal masses are held
constant, or in which both internal and external masses are held constant.
Our results give a basis for such investigations but we do not actually
deal with this problem.

This paper presupposes the results of § 1 of [1]. We will use the
following set-theoretic notations. Let y and 1y be any subsets of some
universe Q. Then

a) xy—y={x|xey x¢yp} (note we do not assume y C y);

b) xAyp = (x —w)u(p — x) = the symmetric difference of y and y;

¢) |x| = the number of elements in y;

d ¥ =Q-x .
L, ifycCy,
) =
©) Sycx {0, otherwise .

We will sometimes ignore the distinction between an element x € Q
and the one-element set {x}.

§ 2. Definition of the Integrals

We denote by Gy the single loop graph with N = 2 vertices. The
internal and external lines of Gy we label as in Fig. 1. The dimension of
space-time will be given an arbitrary value m = 2. For the ith external
line we are given a momentum vector k; ;,; € R™, these satisfy the con-
servation condition

ki,i+1 =0. 2.1)

M=
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In view of (2.1), we may introduce vectors k;e R", j=1, ..., N, such that
ki i+1=k;—k;:;. (In these equations, it is understood that ky y,; and
ky +1 are to be replaced by ky ; and k, respectively.) Then we will study the
integral

Flkyenmd)= | dm ] [+ —m] (22)

R™ j=

where m; e R! is the mass of the jth internal line, and
J J

for any p e IR™. For N < m/2 this integral diverges and must be renormal-
ized (see 5.4). Otherwise it defines a function analytic for real values of
its arguments; this function may be extended to a (many-valued) function
in the complex domain, whose monodromy ring we wish to study. The
relation of this Euclidean integral to physically relevant quantities will
be discussed in 5.1.

It is convenient to write F in a parametric representation [5] which
displays its dependence on invariants. Up to unimportant factors,

_ N N [d(a)]N——m
F(A)=TI(N - m/2)m£0 i=1dai5 (1 —leoc,-) —[D(a, A (2.3)
where N
o)=Y o,

i=1
N

D(a, A)=”Z Ao,

kN1 ki2

Fig. 1. The single loop graph Gy

1*
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and

5

A;;i
A= —%[m +m?—(k;— k)]

For the moment we will consider F as a function of the N(N + 1)/2
complex variables 4;;. Note, however, that for N >m + 1 these invariants
are not algebraically independent. It is then more convenient to study
(2.2) directly in momentum space; this problem will be taken up in § 6.

To obtain the singular locus L of F, we rewrite (2.3) as a projective
integral. Up to a sign,

FA) =IN-mp) | o[ WAy, (24
( )— ( '—m/) o, = i D(a,A)N_m/Z ’7) .
i=1,...N
— o0 <oan+1<o00

where Y7 is the fundamental projective form [6]

N+1

11—2( Dioyda, .. d codoy g .

The singularities of (2.4) depend on whether {oy ., =0} is a zero or pole
of the integrand. We are thus led to distinguish four cases in our study
of (2.2):

1. N<m/2. The integral (2.2) is divergent, as reflected by the pole
of the I'-function in (2.4). This case will be handled by analytic renormali-
zation (5.4); however, the location of singularities is the same as case 2.

2. m/2< N <m. The factor ay,, in (2.4) introduces second kind
singularities [5].

3. m<N=m+1. There are no second kind singularities, and the
invariants A4;; are independent.

4. N>m +1 As remarked above, the integral in this case will be
studied, in momentum space, in § 6.

All the above cases may be obtained by suitable specialization of the
integral

P(x) [T 0601%
)=[—1IL _ p(x). 2.5
HV(BIJ) ;‘: [B(X)]” ’1(x) ( )
In (2.5) P(x)is a fixed homogeneous polynomial of degree pin x, ..., Xs11;

lix), 1£j<r, is a fixed linear homogeneous polynomial in x; B(x) is
given by i1
B(.x) = Z Bijxix)';

i,j=1
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Aj,1<j<r, and u are complex numbers satisfying

p+ Y A+ (s+1)=2p; (2.6)
j=1

and y is an arbitrary cycle on which the integrand is single-valued. We
will study this general integral in § 3 and §4 and apply our results to
the physical cases in § 5 and § 6.

As in our preceding paper [1] we consider Feynman amplitudes for
spin zero particles; the results of § 3 and § 4 may also be applied to the
case in which the exchanged particles have non-zero spin. We note that
it is then possible to have amplitudes with second kind singularities for
which the invariants are algebraically dependent.

§ 3. The Fundamental Group % (r, s)

In this section and the following section we determine the mono-
dromy ring of the function H introduced at the end of § 2, considering H
as a function on the space W =C¢* V6*2/2 of quadratic forms B. This
section is devoted to the study of the fundamental group of the comple-
ment of the singular variety of H. In §4 we formulate the additional
conditions on the monodromy representation of this group derived from
a local analysis in the integration space, and use them to construct
explicitly the monodromy ring of H.

3.1. The Singular Variety M

We will suppose throughout that the linear forms /; in (2.5) satisfy
the condition that any k<s+1 of them are linearly independent. We
denote by Q the set {1, ..., r} and we use Greek letters to denote subsets
of Q. For any yCQ, 0= x| <s, write

1) = {x11,(x) = 0, ¥, € g} CIP*.

Then the algebraically irreducible components of the singular variety
M of H are the varieties M (y) defined by

M(y) = {B|B(x)|; is a singular quadratic form} . (3.1.1)

The defining condition (3.1) may be expressed in terms of coordinates
as follows:
B e M(y) iff the equation
Li(x)=0, V;ey,

ol; =0, for 1<k<s+1, (3.12)

0B
(B,
0%, + Jé “B, %) 0%
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have a solution x = x(B, ) € IP*. Here the 7; are Lagrange multipliers.
The set of solutions x(B, y) is called the pinch in the integration space
corresponding to B. These equations assume a particularly simple form
if we choose the coordinate system so that the [;(x), j € x, are the first |y
coordinate variables (which is possible in view of the condition imposed

at the beginning of this subsection).

Xj~_‘—0, lé.jé,X,,

0B
0x;

=0, |+1<k<s+1, (3.1.3)

0B
B, y)=— —,jey.
(B, X) ox, " €1
The Eq. (3.1.3) have a solution iff the determinant of the symmetric
matrix B(x) formed by the last s+ 1 —|y| rows and columns of the co-
efficient matrix of B (in this coordinate system) vanishes. This gives us a
global equation for M (y) which is therefore an algebraic variety of degree

s+1—|yl.
We now consider the singular points of M = ( ] M(y) as an algebraic

X
variety. Let Be M(y) and choose coordinates in IP® as in the preceding
paragraph. If B(y) has nullity 1 the solution x(B, y) of (3.1.3) is uniquely
determined by B and y; in fact

(adj B()) = xi(B, x) x,(B, %)

314
x| +1=kI<s+1. ( )

We may define adj B(y) in an arbitrary coordinate system as the matrix
of coefficients of the tangent variety to
B()={(B)IB(x)=0, I[(x)=0, V;ex},
and write (3.1.4) in coordinate-free form
adj B(x) = x(B, ) ® x(B, x) - (3.L5)

For the normal to M(x) at B we obtain

d 9 ]
‘;\/IIa ™ _ i (det B(y)) = 2(adj B(y));;

= 2xi(B’ X) xj(B5 X),
for [yl +1<ij<s+1,

ij

=0 otherwise;
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or in coordinate-free form

0
25 MO0 =2x(B, )®x(B, ). (3.1.6)

According to (3.1.6) B is a nonsingular point of M(y). If B(x) has nullity
n=2, adj B(y) =0 and
oMQ) _
a Bi j
so that M(y) is singular. However, a simple counting of conditions shows
that

0, Y

sJ

M(y,n)={B|B(y) has nullity =n}
has complex codimension n(rn+1)/2 in W. In particular M(y,2) has

codimension 3 (if it is non-empty).
Now suppose that for two distinct subsets y, p of Q

Be(M(y)—M(x, 2)n(M(y)—M(y,2). (3.17)

Then either the points x(B, x), x(B, y) are distinct and so by (3.1.6) M(y)
and M (y) intersect transversely at B, or x(B, x) = x(B, ) and by (3.1.6)
M(y) and M(yp) have a common tangent at B. In the latter case, this
common point x = x(B, p) = x(B, y) must satisfy the equations

Li(x)=0, jexvy,
0B
0% |5

(3.1.8)

=0, kéxny,

where we have used a coordinate system in which [;(y) = y;,je yuy.
These equations imply that Be M(g) for any ynyp CoC xuy. Now if
the symmetric difference of y and yp contains at least two elements, the
Egs. (3.1.8) imply at least 3 conditions on the coefficients B;;; thus the
set of such singular points has codimension = 3. Otherwise, i.e.ify = pU{i}
or v = yu{i}, the singular set has codimension 2 and there are precisely
two components of M tangent at B.

3.2. The Real Points of M

In this section we study the real part My of M, that is, the points
of M for which the quadratic form B has real coefficients. Let Sz C Mg
be the set of all real singular points of M except for those which correspond
to a transverse intersection of regular components of M. The fundamental
group %(r,s) will be described in terms of elementary loops around
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points of My — Sg; in this section we begin this description by labelling
the connected components of My — Sg.

The labelling we use refers to the pinch which generates the singular
point. For each B e M(y) N[ Mg — Sg] we define two r-dimensional vectors
given by

lj[x(Ba X)]’ } ]=1 r
Tj(B»X)7 U

(see 3.1.2), where we write 7;(B, y) = 0 for j ¢ x. Then the point B is labelled
by the signature

&= (Q‘ Q“), (3.2.1)
23 Q2

where
0, = {ie QI;[x(B, x)]> 0},
02 = {je QI;[x(B, x)1<0},
03 ={jeQlty(B, 1) >0},
0, =1{jeQ|ty(B, 1) <0} .

The sets g4, ... 04 form a partition of Q, with ¢, U, =Q —y,0;U04s =
(forif I;,[x(B, )] = 0,j ¢ x, or 7;(B, x) = 0, j € x, the point B must lie in Sg).
The reason for displaying the signature in the form (3.2.1) will become
apparent when we examine the algebraic relations in 4(r, s). The freedom
to change projective coordinates by a factor means that we must identify
with (3.2.1) the signature obtained from it by interchanging o, with g,
and g5 with g,.

Finally we label each point Be M(x)n{Mgr— Sg} by a pair (¥ q),
where & is the signature of the point and ¢q is the number of positive
eigenvalues of the matrix B(y). Note that a point on the transverse inter-
section of M(x) and M () will have separate labels corresponding to y
and . We define

M(& q)={BeM(x)n{Mg—Sg}|B haslabel (#q)};

note that the set y is determined by the signature & specifically, y =g3;Ug,4
when & is given by (3.2.1).

Lemma 3.2.2. M(¥, q) is pathwise connected.

Proof. Let B, B' be two points in M (¥, q) C M (). We have to construct
a path from B to B’ lying entirely in M (¥, q). Choose coordinates such
that [;(x) = x; for j € x and denote as before by B(y) the submatrix of B
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formed by the rows and columns whose indices are not in y. Then for
Be M(%, q), B(y) has one zero and g positive eigenvalues. We will
construct the path as the union of three segments.

1. Choose an orthogonal metric in the space €***~1*! of coordinates
x;,j ¢ x. Denote by x(B, x), x(B’, x) the null vectors of B(x), B'(x), normal-
ized to unit length, and normalized in sign so that

sgnl,(x(B, ) = senlj(x(B’ 1)),  V;¢1.

Let x(t) = [(1—1)x(B, x) + tx(B’, )1/ (1 =) x(B, x) + tx(B’, y)| for 0<t < 1.
Then sgnlj(x(t)) is independent of t and there is an orthogonal trans-
formation O(t)e O,.(s+1—|x|), the proper orthogonal group, which
maps x(0) into x(¢) and leaves the subspace orthogonal to the span of
x(0), x(1) invariant. The first segment of our path is defined by matrices
B(z) such that B(x) (t) = O(t) B(y) O(t)~*. The submatrices B(y)(¢) have
the same eigenvectors as B(y) so they are of nullity one and have g
positive eigenvalues. To ensure that B(f)e M(¥,q) for 0<t<1 we
choose the components B, (t) of B(t) with jey, k¢ y so that 7;(B(r), )
= — 6(;Bx(t) is independent of ¢; this is easy since this condition
J o 1x@

imposes linear constraints on the choice of these coefficients. Finally
we define Bj,(t) = Bj, for j,key.

2. The matrices B(y) (1) and B'(y) have a common null vector x(1)
and the same number of positive eigenvalues. Thus there is a path
Ot e O, (s+1—[x), 1 =t =<2, such that O(1) is the identity, O(z) leaves
x(1) invariant, and O(2) carries any eigenvector of B(y) (1) into an eigen-
vector of B'(y) whose eigenvalue has the same sign. Then we define
B(t), 1<t<2, by

B(x) ()= 0(t) B(x) () O(®)~*,
Bij(t)=B;(1), i or jey.

3. The matrices B(y)(2) and B'(y) have common eigenvectors, and
the signs of the respective eigenvalues agree. Thus we may define B(t),
2<t<3, by

Bt)=3—-t)B2)+(t—2)B'.

Along this path all eigenvectors of B(y) (t) are constant, all eigenvalues
of B(y) (¢) retain their sign, and the vectors 7,(j € y), which for a fixed null
vector depend linearly on the coefficients B;;(t),i€ x,j ¢ x, also retain
their sign. Thus the signature % and the number g are constant along
the entire path.
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3.3. Construction of the Group

In this section we choose a base point in the parameter space, and
define a set of elementary loops on this base point which generates the
fundamental group %(r, s). These generators are elementary loops around
the components of My — S; which were labelled in the previous section.
We also derive relations between these generators which are obtained
from homotopies in the neighborhood of the real section; although we
do not prove that these exhaust the relations in the group, they do suffice
to construct the representation.

We choose as base point a positive definite quadratic form B,,.
Consider a real line through B,. A point on this line is given para-
metrically by

B=1B;—B,

where B, + B, is some real point in the parameter space. The intersec-
tions of this line with M(y) are then given by the eigenvalue equation

det(AB,(x)— Bo(1)) = 0. (33.1)

Since By (y) is positive definite and B, (y) is symmetric we have

Lemma 3.3.2. All the intersections of a real line through B, with M
are real.

The roots of (3.3.1) can never vanish; we may therefore denote their
reciprocals by py(x), ..., ls+ 1 -5 (x), and assume that

PO S Sy - 190 -
Corollary 3.3.3. The fundamental group
4(r,s)=mn(W—M; B,)
is generated by elementary loops around points of My — Sg.

Proof. This follows from the Picard-Severi theorem (cited in [1]).
We obtain certain restrictions on the order in which the points of inter-
section may appear along a real line through B, from the Courant
minimax principle ([7]):

Lemma 3.3.4. (Courant minimax principle). Let Q be a real quadratic
form on R™; let R' be an arbitrary subspace of R™ of dimension |<m
and define the bound

(x"Qx)

C(Q,R) = sup
xeR?  xTx

Then = ’inf C(Q,RY),1=1,2, ... m, are the eigenvalues of Q arranged
RIC Rm

in non-decreasing order.
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Now we can prove
Lemma 3.3.5. Suppose y Cyp CQ,with|yp|<s. Then for |<p<s+1—|y|,

P00 S 1, (W) S tpt - (0) -

Proof. Set Q = By B, By *. By 3.34

. xTQx
= inf su
#p(X) RPC I(x) xel!g" (XTX)
. xTQx
S inf sup —=—=p,(y)

T ReCl(y) xerr xTx

. xTQx
= inf sup T
RPHIV=XICl(x) xeRP*HIV=XlAl(y) X' X
dim(RP+Iv-xInl(p)=p

T
. X X
= inf su 9
RPHIV-XICI(y) xeRPHIV-2Inl(y) XX
xTOx

< inf su - B )
T Retlw-xICi(y) xerpHiv-xl xTx Hp+iy XI(X)

Here the first step follows immediately from the inclusion I(y)CI(y),
the third from the fact that R?*!*~*l~](yp) has dimension > p.

We recall the anticlockwise convention for constructing elementary
loops around real points of a Landau variety established in § 1.2 of [1].
The singular points of M in M(Y, q) are transverse intersections so that
by Table 1, § 1.2 of [1], the elementary loops around points of M (Y q)
on either side of one of these intersections are homotopic. Lemma 3.3.2
then implies that the homotopy class a(% q) of an elementary loop
constructed according to the anticlockwise convention around a point
B e M(¥, q) depends only on % and q. We note that not every partition
of Q may be realized as the label & of some component of Mg — Sy
as in (3.2.1). However, we have

01 94)

23 @2
of Q and a given integer q then o, q') is defined for all ¢',0<q' <s—|o5|

~ sl and
Qa1 A% q) = %) = ).

Proof. It suffices to consider the case ¢’ =g —1. Let B be a point in
M(%, q) C M(y) for y = 03 U0,4. Denote by B’ a matrix such that:
1. B;;=B;, if i or jis in x;

Lemma 3.3.6. If a(¥, q) is defined for a given partition & = (
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2. B'(y) is of nullity 1, having the same eigenvectors as B(y). The
corresponding eigenvalues are the same as those of B(y) except for one
negative eigenvalue corresponding to a positive eigenvalue of B(y).

Then B'e M(¥,q—1) and the line segment joining B to B’ passes
through just one singular point of M, which is a point of M (y, 2). According
to a result of Byers and Yang [8] this will be a conical point of M(y).
Fig. 2 shows the plane section B, BB’ of the parameter space. Lemma 3.3.5
implies that By, lies in the angular sector bounded by the generators of
the cone lying in B, BB’ and we obtain immediately from the identification
relations for the conical point the desired relation a(%;, q) = a(¥, q — 1).

We now study the question of what partitions g,, ..., 0, of @ may
be realized as signatures. This is determined by the relations among the
linear forms I;.

s+1

Definition 3.3.7. Suppose r = s+ 1. Write [;(x) = ). 1;,x;, and define
k=1

the positional characteristic of the linear forms [; by

. . l.ill see li1S+1
(iy. ... igy 1) =sgn

lis+11 ll's+ 1s+1

for any iy, ...,i;+; € {1,... r}. From our basic linear independence con-

dition on the I, (i; ... iy ) # 0 for distinct indices i;, ... ig, ;-

Mlx) M(x)

Branches of M(,g)
for 'é’dll’ 1

Fig. 2. A section through a conical point
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Q1 Q4
23 03

pose of &, F7, is the partition T = (

Definition 3.3.8. Let & = ( ) be any partition of Q. The trans-

Q2 @3

04 @1
7:C R, is a reduced partition of & if n;Cg;, i=1, ... 4.

). An array I = (”1 ”4),

N3 M2

Lemma 3.3.9. If r <, then every partition of Q may be realized as
asignature. Suppose r = s + 1, and define, for any distinct iy, ... i;e{1...7},

g;l..,is= (’71 d)), with
¢ n,

M= {1 é]éri(lla ene lsa])>0} s

My = {1 é]ér[(lls lsaj)<0} .
Then a partition & of Q is admissible (i.e., occurs as a signature) iff, for
some iy ..., 7;, ;. is a reduced partition of & or of &7.

Proof. The case r<s is easy. Suppose then that r=s+ 1 and that
& is admissible. Let B be a point in M(¥) = ( ) M(¥, g), and denote as

q
before by x(B, ) the corresponding point in IP*. Suppose first |y| =s.
Then x(B, ) is uniquely determined by the equations I;(x(B, y)) =0, je x.
Solving these equations we find that the coordinates x(B, y), of x(B, y)
are the cofactors of the elements &, in the determinant

él "'és*—l
li11 li1s+1
lisl liss+1 ,

where y = {i;, ..., i;}. Thus for j ¢ y we have

ljl e ljs+1

Liq-o 1
L(x(B, ) = [ixt et

lisl liss+1

and the resulting equality of the signs implies that .7;, ; is a reduced
partition of & or 7.

Now consider the case [x| <s. Then x(B, x) € l(x) lies in the interior
of a region in [(y) bounded by certain of the hyperplanes I(j) for j ¢ .
Choose a vertex y on the boundary of this region. Then y € [(y) for some
p Dy with |p| = s and for any j ¢y we have

sgnly(y) = sgnl;(x(B, x)) -
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This equality of signs and the relation of I;(y),j ¢ v, to the positional
characteristic of the [; noted already in the case |¢| = s imply that 7,
is a reduced partition of & or &T.

Suppose conversely that a set y = {i, ... i;} of distinct indices is given,

1 04} 4 O having T,..., as a reduced
23 Q2

partition. Let ¢ =93Ug,; then v Cy and in the neighbourhood of the
unique point y € l(x) there exists a point x € I(y) such that sgnl;(x) is
positive for j € yno,, negative for j € x N g,. Furthermore for j ¢ x sgnl;(x)
=sgnl;(y) = (ji; ... iy); since J, is a reduced partition of & it follows
that sgnl;(x) is positive for all j € ¢;, negative for all j € ¢,. We can now
construct a B e W such that B(yp) has x as null vector, and having com-
ponents B;;, i€y, j ¢y, chosen so that the t;, j ey, which are given by
1= Buxi,

kéy

together with a partition & = (

have the signs specified by ¢; and g,.

We now derive the van Kampen relations satisfied by the generators
(&) of 9(r, s) (see [ 1] for a discussion of these relations and their deriva-
tions). We first discuss the bicommutation relations arising from the
tacnodal contact of M(y) and M (yvi) (3.1).

Lemma 3.3.10. Let B, be a generic point of M(x)nM(ywi). We may
Q1 04
23 02
0,V0, =2 —(yui), such that the four components of My — Sg adjacent
to By have signature T = (QIUI Q4), T'= (Ql Q4Ul), etc., obtained
Q3 02 03 Q2
by inserting i successively into the sets gy, ... 04. The van Kampen relations
corresponding to B, may be written

W T)a(T) = a(T)uT) = uT) (T ) = (T (7). (3.3.11)

associate with B, a reduced signature I = ( ), with 03U04 =¥,

Proof. Take Be M(x)— M(y, 2), B e M(yvi)— M(yvi, 2). Then we
recall (3.1.2)

LIx(B,x)1=0, jeyx (3.3.12)
0B ol
+Y 1B, y) =L =0, 1=Zk<s+1, (3.3.13)
0% |x(8, ) J'ezx 1B 0
and
LIx(B, xui)]l=0, jeyui (3.3.14)
174 ol
+ (B, yui)=—L =0, 1=<k<s+1. (33.15)
0, x(B',xvi) je;;i J( * 0%y
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Multiplying (3.3.13) by x,(B’, xvi) and summing over k gives

2x(B', yui)TBx(B, x) + zr: 7;(B, 0 ;[x(B, yvi)] =0, (3.3.16)
i=1

s+1

=2 Z By ;x;(B, ).
XklxB,p  j=
If we manipulate (3.3.15) similarly and subtract the result from (3.3.16),

we find

where we have used

2x(B, xUi)T[B — B'] x(B, y) = ,(B, yui) L[x(B, x)]. (3.3.17)

Here we have used the support properties of 7;(B, y) and ;[ x(B, v)] in j.

In (3.3.17) we set B=B' =B, and obtain either 7;(B;, yui)=0 or
1i(x(B, x)) = 0. In either case it follows from the uniqueness of the null
vectors of B;(x), B;(xwi) that these null vectors are the same, and so

Bo

. T

Fig. 3b

M(x)
Fig. 3a, b. Sections through a tacnode
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M(y) and M(ywi) are tangent at B;. Moreover we then find that both
7By, x i) and I;(x(By, x)) must vanish. From this follows the first part
of Lemma 3.3.10 concerning the form of the signatures of the components
of My — Sy in the neighbourhood of B,, where J is the signature of any
point of M(y) or M(xwi) near B, with the index i removed.

Now consider the plane B, B, B,, where B, is a point in the common
tangent space to M(x), M(y i) at B;. A point of this plane may be repre-
sented parametrically by

B=zB,+(1—2z)B, +yB,. (3.3.18)

The line defined by varying z in (3.3.18) for fixed y will intersect M(y),
M (xwi) in points z,(y), z,(y) in the neighbourhood of z=0. In (3.3.17)
we set B = B(z,), B'= B(z,) and obtain

(21 — 25) {2x(B’, y Ui)"Box(B, y) — 2x(B’, y ui)" B, x(B, x)} (33.19)
=1(B’, x Vi) ;[x(B; )] . o

Now for y sufficiently small B and B’ will be very close to B; and the
expressionin { }in(3.3.19)will bearbitrarily close to 2x(B;, )T Box(B;, ),
which is positive by the choice of B,.We have therefore the two possible
configurationsillustrated in Fig. 3. In either case the van Kampen relations
for the tacnode (§ 2.1 of [3]) take the form (3.3.11).

We now show that the relations (3.3.11) hold whenever the generators
appearing in them are defined.

N1 M4
N3 M2
suppose that some consecutive pair in the (cyclicly ordered) sequence
7,:9, T, T " are admissible signatures. Then all four are admissible, and
the corresponding generators satisfy (3.3.11).

Proof. The first statement follows directly from the admissibility
criterion Lemma 3.3.9. One may then construct a tacnode with reduced
signature  as in the proof of Lemma 3.3.9, and apply Lemma 3.3.10.

We may give

Lemma 3.3.20. Let I = ( )with N UN, U3 U, =Q —i,and

My Ha

N3 M2
T is a reduced signature if r < s or if, in the case r = s+ 1, there exist

v ¢

¢ v,
Ny D Wi, Ny DWW, (01 Yy DYy, 1, D) (see Lemma 3.3.9). If & is any partition
having a reduced partition 4 which is a reduced signature, then
Lemma 3.3.9 implies that & is admissible. We may thus define the

Definition 3.3.21. Let 7 =( ), with »; CQ disjoint sets. Then

distinct indices i ... i;€ Q such that, for 7, =( ), we have
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element a(7 ) € 4(r, s) by induction on |[Q — (n, Un, UnzUn,)|, by
) =T YalT).
Note that from (3.3.11) we have also
T )=a(T)a(T) =a(T)uT) = T (T ).

We now write down the van Kampen relations corresponding to the
transverse intersections of M () with M (yp), where y, y are subsets of Q
whose symmetric difference contains at least two elements.

Definition 3.3.22. Two partitions &, &, of Q are transverse (written
S || &) iff for some pair of indices ij € Q, &, &, have reduced partitions
I, 7, which take one of the following forms:

()
=
i 2
(i )
()

J
or a form obtained from any of the above by transposing J; or 4, or

both or by interchanging 7, and J,.

Lemma 3.3.23. If &, &’ are two signatures such that the corresponding
sets y = 03V04, X = 0504 have symmetric difference containing at least
two elements, then M(x)nM(Y)* ¢ iff || &". In that case we have the
van Kampen relation

N

Il
=
Q

N

1l

N
I

N

2

\_/ \__/ v
N
I

(L) (&) = a(F) a(SL) .

Proof. Necessity: Let Be M(¥)nM(¥'). By repeating the manip-
ulations used to derive (3.3.17) we obtain the identity

Y uwB, LB, )~ Y wB 1) kx(B,x)=0, (3.324)

kex—yx’ kex' —x

where we have used the support properties of 7;(B, y), [;(x(B, y)) in j to
restrict the summations to indices k which give non-zero terms. At least
two terms in (3.3.24) must have opposite signs, say those given by k =i, j.
The corresponding restriction on &, &’ is precisely & || .

2 Commun. math. Phys., Vol. 18
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Sufficiency: Let %, %’ be two signatures with &|.%". Since &, %’
are admissible there exist x, x" € IP* such that
Li(x)=0 for jey,
li(x)>0 for jeg;, L;(x)<0 for jeg,,

and similarly for x'. Since & || ¥’ we may choose 7, T} such that

;=0 for j¢y, ;>0 for jegs;, 7;<0 for jeg,,
;=0 for jé¢y, ;>0 for jegs, ;<0 for jegl,

and
Y nh(x)— Z T l(x)=0. (3.3.25)

kex—x' kex' —x

We must now construct B so that x = x(B, ), x' = x(B, x) and
0B ol
+ Y12

j

0Xp | 0x;
and similarly for x'. We may regard B as a linear map B:C**! —»Cs*1*
(the dual vector space). Then the above conditions on B may be rewritten
in the form:

1. Bx = _ZTJIJ GCS+1*,
J

0;

Bx' = =) t;l;e Cs*1*,
J

In addition we require
2. B is symmetric, i.€. Vy, y e Cs*?
By(y') = By'(y).
We may find a map B satisfying the linear conditions 1 and 2 iff the
compatibility condition Bx(x') = Bx'(x) is satisfied. But this is precisely
(3.3.25).

3.4. Algebraic Properties of the Group

Because we do not prove that the relations we have obtained exhaust
those of the fundamental group, it is convenient to make

Definition 3.4.1. Let [, ... [, be a set of real linear forms on C***, and
let o be the corresponding set of signatures admissible under
Lemma 3.3.9. Then define #(r, s, &) to be the group with generators
(), & € o, and relations

T o(T) = 4T ) a(T) = (T ) alT) = T 2,
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whenever 7 %, e o/, and

L) S) = UL ) a(F),
whenever || %"
Note that we have not included any label such as ./ in our notation
%(r,s) for the fundamental group. This is due to Lemma 3. 42 whose
(geometric) proof we omit.

Lemma 3.4.2. The fundamental group of the parameter space of the
integral (2.5) is independent of the choice of l; satisfying the basic linear
independence requirement.

We have stated Lemma 3.4.2 only for completeness, and will not use
it further. We believe, however, that #(r, s, &) ~%(r, s), and for this
reason will usually suppress the dependence of #(r, s) on /. Note that
in any case § 3.3 implies that there exists an onto map ¢ : #(r, s, &)
—>%(r, s).

We now give a series of disconnected remarks about S#(r, s).

Remark 3.4.3. For any s’ = r, #(r, s') = S (r, r) = S (r). This follows
from Lemma 3.3.9, since for s’ = r there are no restrictions on the sig-
natures.

Remark 3.4.4. We give some examples of positional characteristics
and the restrictions they impose upon the signatures which will be
relevant for applications.

A . r=s+1, lj(x)=x;, j=1,...7. In this case any admissible sig-
nature must have as reduced 51gnature I, , for some i. The resulting
Q1 0Qa
23 02 s+1
B.r=s+2;l;(x)=x,j=1,...5+1; L(x)=— 3 x;. In this case

i=1

condition on & = ( ) is that o, Ug, + d).

one calculates that Tag-ih= (;5 ]‘f’)’ so that any & = (Qi Qa

03 @3
have ¢, # ¢, 0, # ¢.
C. For any r=s+1 we obtain an easily computed positional
characteristic by choosing

) must

s+1

lj(x)= Z xif’f(i),

i=1

where 0 <&, <&, < -+ <¢&,, and the integers k(i) satisfy k(i) <k(i+1).
Then the positional characteristic is easily computed: (i; ... ;) i8S
positive for i; <i, < - <igy, and is anti-symmetric in its arguments.

2%
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From this we find that if |y| = s, the corresponding reduced signature

& e

T =

. ) is given by

01 ={i¢x|lxnG,r]l is even},
02 ={i¢x|lxnG, 7]l is odd} .
(Here (,r1={ +1,...7})
Remark 3.4.5. The reduced signatures introduced in Def. 3.3.21 satisfy
Q1 Q4
23 Qz) ’

relations similar to those of the signatures themselves. Take 7 = (
I'= (Q,l Q4)t0 be reduced signatures. J and ' are defined to be

’

23 @2
transverse (7 || 7 ') just as in Def. 3.3.22, i.e., whenever they contain the

appropriate reduced signatures. Then
A. 7|7 implies (T ) a(T ") = a(T ") a(T).
B. Suppose ¢; = g;un;, for all i=1, ... 4. Then

W T)u(T)=a(T"(T), (3.4.6)
where
. (al un, Q4U'13> '
23VUN4 Q21

C. Suppose ¢:Dg;, i=1,...4, and that ke Q, k¢ ;U U0sU0s.
Then
W T T ) = U T) T, (3.4.7)

together with three similar equations obtained from (3.4.7) by rotating
the index k in all signatures. Note that in each of these four equations the
index k moves on ', but not on J.

These relations may be easily proved by induction on the number of
indices which do not appear in J and J'; we omit proofs.

Remark 3.4.8. Properties of 5 (r):

A. There is a natural homomorphism i: #(r, s)— 5 (r) defined by
mapping a(F) € #(r,s) into a(F) e # (r). We do not know if this is an
injection but we will show that the monodromy representation of
H (r, s) factors through this homomorphism and is obtained as a sub-
representation of the monodromy representation of #(r).

B. The eclements a(¥)e #(r) defined by signatures & having a
. (¢ ¢

¢ ¢
whose structure depends only on the number u of indices in Q —7.
A (u) is defined by the same generators and relations as J#(u) except
that in 2#"(u) we do not have a(¥) = a(<7).

common reduced signature I generate a subgroup 4 (u)
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C. The elements a(J) € #(r), with I a reduced signature not con-
taining indices in a given subset A of Q, generate a group which is iso-
morphic with 5 (r —|A4]).

D. From (3.4.6), (3.4.7) we find that conjugation of «(%) by “(:b z)

gives, for any signature & and index i, the element «(¥’); where & is
obtained from & by transposing the position of the index i. It follows:

. 2 R
that the elements f; =|a i@ lie in the center of 5 (r). Similarly,
¢ i ) 2 (¢ ¢) o
the elements f; = [tx( and f=a lie in the center. The
Fi="e ¢ b @

i ¢
¢ ¢
that these form a “complete set of commuting observables” for the
monodromy representation, i.e. their simultaneous eigenvectors form a
basis in the representation space and are uniquely characterized by their
eigenvalues. However, we do not make use of this basis in § 4 as it is not
convenient for the physical applications of § 5.

elements oc( ), 1 <i <r, generate an abelian subgroup. It turns out

Remark 3.4.9. For a deeper understanding of the group #(r) it
would be desirable to have a solution of the word problem for #(r).
While the word problem is known to be unsolvable for many finitely
presented groups, it is reasonable to suppose that it will be solvable for
finitely presented groups which arise in a natural geometrical context,
such as #(r). This conjecture is supported by a comparison of the
structure of 5 (r) with the structure of the braid group and other related
groups for which the word problem has been solved [19]. In fact the
method of [19] seems well adapted to attack the word problem for
H (r) — with B playing the role of 42 in [19].

§ 4. The Representation Theory
4.1. Introductory Remarks

Let V be the vector space spanned by the germs of the function (2.5)
at the base point B,. In this section we determine the representation .#
of the group ring of the fundamental group acting on V:

& C(%(r,9)->L(YV).

(We suppress the dependence of &£ onr, s, u, 4, ... 4,, and [; ... I,. How-
ever, we suppose throughout this section that the u, 4,, ..., 4, are generic;
we will show that & is independent of the choice of integration cycle y.)
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By composing the map % with the homomorphism ¢ :C(H#(r,s))
—C(%(r, s)) introduced in 3.4, we obtain a representation ¥’ = £ ¢ of
C(A (r, s)). Our determination of #’ will be carried out in several stages:

1. We determine the conditions on the representations which arise
from a local analysis in the integration space, and from the homogeneity
of (2.5) in the variables B;;. To determine these conditions we need the
fact that there exists an integration cycle y, such that the corresponding
function (2.5) is singular (on some sheet) on each of the components
M(x) of M. This will be established in Appendix A. Initially we will take
y=17y,. However, when we have determined that the representation
corresponding to this choice of integration cycle is irreducible we will
be able to show that any other choice of y which does not give a vanishing
integral defines the same function and hence the same monodromy
representation &.

2. We show that these conditions determine uniquely the trace of the
representation .#'.

3. We construct a representation of €(+# (r, s)) which has the correct
trace, and show that it is irreducible.

4. We then apply Lemma4.1.1 to show that this representatron
is &'

Lemma 4.1.1. If 4 is any group and ¥,, &, are finite-dimensional
representations of 4 on Vy, V, such that

a) For any x eC(9), tr(Z;(x)) = tr(L,(x));

b) &, is irreducible;
then &, and &, are equivalent.

Proof. This is a slight extension of a well-known theorem [9, p. 174].

Theorem 4.1.2. Any two completely reducible representations of a
finite-dimensional algebra, having the same trace, are equivalent.

To apply Theorem 4.1.2, consider the representation ¥, @ %, : C(%)
> L(V,®V,).Let R = (¥, ®%,) (C(¥)); R is a finite-dimensional algebra.
We define by projection representations ., &5 of R, having the same
trace. & is again irreducible. Let {0} =W, CcW,C---CW, =V, be a
maximal sequence of subspaces of V, invariant under .%;; then the
induced representations D of R on W;/W,_, are irreducible, and

Ly = Z @ &) is a completely reducible representation of R with the

same trace as %5 or &,. Thus Theorem 4.1.2 implies that %} is equivalent
to &,. But %] is irreducible, hence & is irreducible and so ¥y =7,
and %, and %, are equivalent. This implies that %, and %, are equiv-
alent.
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5. The representation of stage 3 will be constructed first for C(#(r)).
Then the representation of C(# (r, s)) will be obtained as a subrepresenta-
tion of the representation of C(#(r)) (cf. Remark 3.4.8 (A)).

4.2. The Conditions on the Representation

(i) Consequences of the Picard-Lefschetz theorem.
Let & be a signature, y = g3 Ug,. We denote by X(y) the constant

X(0) = (=17 Mexp {2mi(— p + zzj)} , (4.2.0)
and by a(¥) e C(4(r, s)) the discontinuity operator
a(F)=a(FL)—1.
Then
[L (@) =(X(0)—1) [ (@aA)]; (4.2.1)

furthermore #'(a(&))[X(x)—1]"' is a one-dimensional projection
operator. We introduce the vector space V* dual to V, together with the
bilinear pairing (a, b),ae V*,be V. Thus

L(a(¥)) = u(P)@v(¥) 4.2.2)

where u(¥)eV and v(¥)e V*. (4.2.1) implies (v(¥), u(¥)) = X(x)—1.
ii) Localization conditions.
If two signatures &, and %, are transverse (Definition 3.3.22),

L'(a() 2/ (a(#) =0. 4.2.3)

iii) Effective intersections.

The condition satisfied by the integration cycle y, (Remark 1 of 4.1)
implies that for any signature &, %'(a(%))=1. From the analysis of
an effective intersection (given in the case in which the 4;, u are integers
in [10] and [11]) we find that for any two signatures %, &, differing
only in the position of a single index, corresponding to components
M(x,), M(y,) of M with a common tangent,

ZL'(a(%) a(S) — a(Fy) a(F) 0. (4.2.4)
According to (i) there exists a constant C(¥;, &,) such that
o) a(S) a(H) = C(F1, ) a(S) - (4.2.5)

The bicommutation relation

[2(F) ((L)]? = [ S2) e S1)]? (4.2.6)
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which follows from (3.3.11) (see also [1] Table 1) gives

[C(H, )+ X(11) + X (12)] £ (a(H) a(S) — a(F2) a($) =0,

and so by (4.2.4)
C(H, )= —{X () + X (x2)} - (4.2.7)

(iv) Homogeneity.
The word at infinity w_, (cf. [1]) is represented by a multiple of the
unit matrix,

L'(wy)=exprig)l=c,1. (4.2.8)

We will not need to determine w,, explicitly as a product of the genera-
tors a() of ¥(r,s) (though in Appendix B we show how this may be
done in the particular case r=s+1). It will be sufficient to note that
w,! may be expressed as a product of generators a(¥) such that the
number of generators in the product corresponding to a given variety
M(y) is equal to the degree s+ 1—|x| of M(x); such an expression is
obtained by writing down w_, in any generic line through B,.

Definition 4.2.9. The *-involution in C(%(r, s)) is given by

X ag)*=2ctg !
for all ;e C, g; € 4(r, ).

Remark 4.2.10. If the parameters A, u are real the conditions (i)-(iv)
on £ are *-invariant. Since .# proves to be uniquely characterized by
these conditions, it follows that the *-operation may be defined also
on the representation matrices.

4.3. Formulae for H#(r)

In this section we derive certain algebraic formulae which hold in
the representation %’ of €(+# (r)). These will be used in the calculation
of traces for general r and s (4.4) and in the construction of the represen-
tation &£’ (4.5).

We first introduce a minimal set of generators of #(r). Let
T = (Ql Q4) be a fixed signature. For any y CQ, let ¥ (y) = (Q,l Qf‘)

23 02 03 02
be the signature obtained from by rotating all indices j € y clockwise,
ie.

QN =010Y% etc.,
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and let a(y) = o(F(y); a(x) = a(x) — 1. The a(y) generate #(r), as may
be seen using (3.3.11), and are minimal in the sense that they include

one generator for each irreducible component of M.
In the remainder of this section we will take I = (g :i

). The formulae we derive depend on this choice. But

), so that

_[2=x x
yw-@ :

very similar formulae hold for any choice of ; in particular, the im-
portant Remark 4.3.7 holds for any J.

Lemma 4.3.1. For any y,, %, CQ, & (a(x,) a(x,)) =0 unless yx; Cyx,

or y, Cyy.
Proof. From (4.2.3).

Lemma 4.3.2. Suppose y; § x, § x3. Then

ZL'{axs) alxz) a(xa)} = — L' {alxs) alxs » (4.3.3)
L {alxy) axz) alxs)} = X (x2) £ {alxs) a(xs)} - (4.3.4)

Proof. Suppose first that y, =y, u{k}, for some ke Q. Let

&= (Q - ;‘)‘ —k ’Iil) Then from (3.3.11)
a(&) = a(x,) alys) a(x2) ™,
and from (4.2.3)
L' {a(ys)a(#)} =0,
Thus
L' {axs) alxz) alx)} =0,

and this implies (4.3.3). (4.3.3) for general y, follows by repeated appli-
cation of this special case. (4.3.4) may be shown similarly; we also remark
that (4.3.4) is the * of (4.3.3) (see Definition 4.2.9).

Lemma 4.3.5. Suppose y, & y,. Then

L'{a(xy) alxz) a(x1)} = Cx1> x2) £ {alx)}

L'{a(x,) a(xy) a(x2)} = Cxz» x1) £ {a(x2)}
with ; .
Cltir x2) = C2s 1) = — X(Xl)’ ( II ){1 +Y},
where
Yi — e21ril, .
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Proof. If |y, —y1l =1, this is simply (4.2.5). It follows for general

X1, X2 by introducing sets y; =P Cy; ... CY, = xa, With k= |y, — 34|
and [ip; — ;| = 1, writing

k-1
ZL{a(xy) alxz) a(x,)} = l;]1 {—= X}~ 'L {awo) ... ayy) ... alpo)} ,

(see Lemma 4.3.2), and applying (4.2.5) repeatedly.

Lemma 4.3.6. Suppose y, S x,<xs. Then for i£j+ke{l,2, 3}, we
have Z'{a(y;) a(y;) a(x)} = Cij L' {alx:) a(u}, with

Ci23=X(x2),

Cip=-—1,
Cy31=X(x2) H (1+Y),
X3~ X2
Ci12 = X(x1) H (1+Y),
X2~ X1
C213 = - H [1+K_1],
X2~ X1
Cis=— [] (1+1).
X3~ X2

Proof. Follows directly from (4.3.2) and (4.3.5).

Remark 4.3.7. Lemma 4.3.6 enables one to reduce any product
of the elements ¥’ {a(y)} to a multiple of a product of the form
F'{a(ys)a(Q)a(y,)}. Note that we have not used the formula a(¥)
= a(#7) at all in this section. Thus Lemmas 4.2.1-4.2.6 hold also for
any representation of #'(r) (Remark 3.4.8 (B)) which satisfies the con-
ditions of 4.2.

4.4. Determination of the Trace of the Representation &’

We first reduce the problem of computing the trace of ¥’ to the
problem of computing the traces of products of discontinuity operators
F'(a(#)). To do this we may use the homogeneity condition (4.2.8).
If in (4.2.8) we take the trace of both sides we obtain an expression for
the trace of the unit element (i.e. the dimension d(r, s) of the representa-
tion) as a sum of traces of products of the #’(a(¥)). However, for general
r,s we do not have an explicit expression for w_, so we prefer to use
(4.2.8) in a different way (taken from [12]) which yields immediately a
formula for d(r, s). We take the determinant of both sides of (4.2.8) and
use the remark following (4.2.8) on the structure of w,, together with
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the relation det #'(u(¥)) = X (x). This gives

[T Xyt =i, 4.4.1)

pCyCcn
lxl<s

From (4.2.0) we can write the left-hand side of (4.4.1) in the form ¢ ?
where

s —1 ]
Z (]) (s+1—j)— 22 ( 1>(s-)—1—])
S (r—1
-5 (%)
We have thus proved
Lemma 4.4.3. The representation &' has dimension d(r, s) given by

4.4.2)

4.4.2).
Next we use (4.2.1) to calculate the traces of the individual %' (a(¥)).
Lemma 4.4.4. r&'a(F)=Xx—1.

To proceed further we require a minimal set of generators for S#(r, s).
We obtain such a set by taking the generators corresponding to the
intersections with M of a certain. non-generic line through the base
point B,. Note, however, that the following geometrical constructions
serve only to motivate and organize the combinatorics. Essentially we
need only the defining relations on the generators a() of #(r, s). Let Y
be a point in the integration space IP* not lying on any [;, and choose
coordinates y;, 1<j<s+1, such that Y=(0,...,0,1). The quadratic
forms

B(R) =1+ - +y2)— Ry, (4.4.5)

define a line in the parameter space W. For R <0, B(R) is positive definite
SO we may suppose our base point B, is given by some negative value
R, of R. The line intersects each component M (x) of M in just one point,
given by R = R(y) say. We may choose Y so that the numbers R(y) are
all distinct. Let 0 = R; <R, <R; < --- <R, be the ordered sequence of
R(y); note that R, = R(¢). Denote by 6, 1 <k <t, the generator a(%)
defined by the elementary loop around the point B(R,) on the base point
By, constructed according to the anticlockwise convention. For conven-
ience we let R, ; be some real number satisfying R, ; > R,.

Definition 4.4.6. The subgroup &, of # (r, s) is the subgroup generated
by signatures a(<%) such that, for some B e M(¥), x(B, x) € IP* satisfies
Q1 94) .

B(Ry 1) [x(B,x)]1<0. Here, as usual, y =903;uUg, for &= (Q 0.)’
3 2
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the condition means that some point on M (%) corresponds to a pinch
in the interior of the sphere B(R, ) =0. Note that ¢=6,C& C---Cé&,
=H(r, s).

Lemma 4.4.7. For all k,1 <k<t, &, is generated by 64, ... by.

Proof. The proof is by induction on k. We suppose without loss of
generality that [;(Y)>0 for all j (otherwise we replace [; by —1I;). All
points x such that B(R,)(x) <0 also satisfy [;(x)>0, for all j (Fig. 4);

Q ¢
hence &, = {0 (= {oc( )})
1 { 1} ¢ ¢
Now (4.4.6) implies that &, is generated by &, together with all

elements a(%) such that, for some B e M(¥), the corresponding pinch
point x(B, x) € IP* satisfies

B(Ry .+ ») (x(B, X)) <0, B(Ry4y) (x(B, X)) 20.

Let % be such a signature. The point x(B, ) lies in a polygonal region
of I(y) bounded by planes [}, ¢ y; if this region intersects the interior of
{x|B(Ry+1) (x) =0}, then ()€ &,. The only other possibility is that
the point x(B(Ry 1), Xx+1) lies on the boundary of this region of ().
(Fig. 4 shows this situation in the case s =2, r = 3, k = 6. Signatures &
for which the pinch point x(B, &) lies in or on the boundary of the shaded
region satisfy a(¥) € &, — &). Thus &, ..  is obtained from &, by adjoining
generators (<) for which some Be M(¥) has a pinch point x(B, x)
arbitrarily close to x(B(Rg+ 1) Xk+1) = Xi+1-

—

X (B (R))¥7) /

/
|
I
|
\
\

Fig. 4. The transition from & to &,
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Now suppose %, = (Zl Z“) (recall 6, ; = (% +1))- Let 7 be the
3 2

n ¢
o 1,

A = {a(¥)|J is a reduced signature of &}

Q1 04
23 Q2

reduced signature J = ( ), and define

4.4.8)
f’={a(5”)e%”|5’=( ) with nsceaual,mCQsz}.
Our discussion above shows precisely that. &, , is generated by &, and A"
But " generates a subgroup of J#(r, s) isomorphic to J# (|x+.); the
elements of 2#” are precisely the set of minimal generators of this sub-
group discussed in 4.3. Thus &, . ; is generated by & u A",

Now 04, € A" Take a(F)e A", o0(F)*+ 41, With x = 03U0,, as
usual; we will have proved the lemma once we have verified a(¥) € &,.
To see this, choose points z,eIP%, pe ., satisfying I,(z,) = d;, for
jexe+-and let x=x,,1+& Y T, (B(Ry+1), Xi+1)Z,- Then, for suf-

ficiently small &, Hertmx

a) sgnly(x) =sgnlyx;+1), j € X+ 15

b) sgnli(x) =sgnt,(B(Ri+1), X+ 1) if € w1 — 5

) B(Ry+4)(x)<0,
where c) is proved using (3.1.2). Then from a) and b) there is a Be M(¥)
with x(B, x) =x (using 4.4.8); c) then implies a(%) € &,.

We are now ready to prove the main theorem of this section.

Theorem 4.4.9. The conditions (1)—(iv) of 4.2 uniquely determine the
trace of the representation &' of C(H(r, s)).

Proof. For each of the subgroups &, 1 <k =<t, of #(r, s) defined by
(4.4.6), denote by €,(8,) the subring of C(H#(r,s)) generated by the
elements g — 1, g € 6, ; we write a, = 6, — 1. We consider the trace of the
subrepresentation % =%’ |¢, s, Since C(H(r,s)) = C,(6)® {1} and
the trace of the unit element is known to be determined by (i)—(iv)
(Lemma 4.4.3), it will suffice to prove that the trace of %, is uniquely
determined by (i)—(iv) for all k, 1 <k <t. The proof is by induction on k.
For k=1 C,(8,) is generated by a, and condition (i), together with its
corollary Lemma 4.4.4, determine tr.%; uniquely.

Now consider the inductive step. We suppose then that we have
shown how to compute the trace of £’(z) for any ze C,(8,). Now if
oy ... o, is any generating set for &, the corresponding discontinuities
o; — 1 generate @, (&;); we will make use of this freedom to replace the
generators d, ... 0, of & with a more convenient set. This set contains
generators of two types:

a) generators a(¥), where & € A" [see (4.4.8)] and 0,03 =+ Yi+1-
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b) generators a(<%”’) which correspond to the points of intersection
with singularities M(x,.), k' <k, xu € xx+1, Of the line L in W joining
B(R; ) and the point B’ given by the quadratic form

S

B'(y)= '21 (Yj - xj(B(Rk+ Ds X+ 1) Vs+ 1)2 .
=

We remark that while the points d,, ... , were defined using a line re-
presenting a family of concentric spheres, the generators in b) above
are defined using a family of spheres tangent to B(R, ) at X(B(Ry+ 1),
Xi+1) (Fig. 5). It may be shown as in Lemma 4.4.7 that a) and b) do define
a set of generators for &,. Moreover, the generators in b) are all trans-
verse to J,.;; indeed, the intersection point of L with M(y), k' =k,
%o € Xe+ 1, defining a generator a(¥’), is on the transverse intersection
of M(¥’) and M(¥) (with 6, ; = a(F")).

Now from Lemma 4.4.7, &, is generated by the generators of a)
and b) together with §,,,; — that is, by those of b) together with all
generators a(¥’) € A#”'. Consider a product of the discontinuity operators
for this generating set. Since the trace of a product is equal to the trace
of any other cyclic permutation of the same factors, and since condition
(i) (4.2) gives #'(az. ,) as a multiple of #’(a, . ,), there is no loss of gener-
ality in supposing that #’(a,, ;) appears neither as first nor last factor
of the product whose trace we wish to compute (except in the case in
which #'(a,. ) is the only factor — in that case we use Lemma 4.4.4).

Fig. 5. Spheres used to define alternative generators for &,
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Now each of the signatures &’ in the chosen minimal generating set
which does not satisfy (4.4.8) is transverse to 0, . Therefore by (ii)
(4.2) the product is either zero, or each time in which #’(a,. ;) occurs

“it is in the form L) L (a1 1) L (&), (4.4.10)

where &', " are in 4. But Remark 4.3.7 implies that (4.4.10) may be
expressed as a multiple of the product

L) £ (@) L' (a(F"),

where a(H) = oc(il Z) ) is in #”. But a(%) is in &, also; thus the trace
2

may be calculated using the induction assumption.

4.5. Construction of the Representation

In this section we construct a representation .#” of #(r, s), satisfying
the conditions of 4.2, and irreducible; as observed in 4.1, this is then the
unique representation satisfying these conditions, ie. ¥ =%". The
construction falls into two parts:

1. We construct the representation for #(r) = H#(r, s), r < s, satis-
fying the conditions of 4.2, and irreducible. To obtain candidates for the
matrices of #” we assume the existence of this representation and exploit
the conditions which we want #” to satisfy to come up with formulae
for the matrix coefficients of " (a(¥)), < an arbitrary signature. It is
then a simple exercise to check that the resulting matrices do define a
representation of J#(r) satisfying the conditions of 4.2, and irreducible.

2. In the case r > s we define a representation of #(r, s) by mapping
it into #(r) (Remark 3.4.8 (A)) and taking the restriction to the image of
H (r, s)in S (r) of the representation constructed in 1. This representation
of # (r, s) evidently satisfies (i)—(iii) of 4.2 since the representation #”
of # (r) satisfies these conditions. To show that it satisfies (iv) we compute
its dimension. Finally we show that it is irreducible.

Lemma 4.5.1. ¥ (a(z ZZ)) =—1.

Proof. Since #” is required to be irreducible and a(z $> is in the

center of #(r) (Remark 3.4.8 (D)) it follows that g”(a(z Z)) is a

multiple ¢ of the unit matrix acting in the representation space. To
determine ¢ we show that

tr " (oc(z z» =1, 45.2)
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Since we have already shown (Lemma 4.4.3) that the conditions of 4.2
imply
trg’(1)=2""1

it will follow that ¢ = —1, as asserted. Now by definition ((3.3.21))

¢ &\
oc(¢ ¢> = MI;IC . a(y) 4.5.3)
Q—x x

where the a(y) = cx( ) are the minimal set of generators for #(r)

¢ ¢

used in 4.3, and the order of factors is such that a(y;) stands to the left
of a(y,) if x; D .. We apply #” to (4.5.3) and make use of the formulae
of 4.3 to give
gu (a(qs ¢)) — 1 + Z g//(a(x))
(tb ()b PCxCQ
- Z L"(a(x1)a(x2)) (— Px-l,
o8 (4.54)

xX12Xx2

We have tr Z"(a(y)) = X(x) —1 ((4.4.4)) and (4.3.5) gives

tr 2" (a(yy) a(xz)) = — X (x2) . [T a+v).
1e€EX1— X2
We take traces in (4.5.4) and use these formulae to obtain (4.5.2), after
simplification.
According to 4.2 (i) the representation space E(r) for £” is to contain
for each y, ¢ C x CQ, a vector u(y) which sparnsthe range of £”(a(y)). We
normalize the u(y) so that

u(p) = (=1 WX () L (@) u(@), 1 *+Q.

Since the #"(a(y)) generate £"(C(#(r)) the vectors u(y) span the
representation space. It is convenient to work with the vectors ©(y),
¢ Cx CQ, defined by

O = ) uy),
'Sy
which also span the representation space. From the formulae of 4.3 we
obtain

L(a) ) ={ Y (— 1o @(e)}

edon

{_5,,31 I1 (—Y,‘)+5139_"X(r’)(_1)|9“'l|}_

n—x

4.5.5)
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From (4.5.5) and the expression for a(f; z) as a product of a(y) ((4.5.3))

we obtain the formula

z"(a(‘f; 2))@00 — (X)), (456)
where y' = Q — . But by Lemma 4.5.1, &#" (a((z 3;)) =—1,s0
0() = —(~ M X () O(). 45)

(4.5.7) shows that the vectors @(y) with r ¢ y span the representation
space E(r). However, there are only 2" ! of these vectors and from (4.4.3)
we know that #” should have dimension 2"~!. Hence the vectors ©(y),
r ¢ x, must form a basis, and we therefore take the formulae which are
obtained from (4.5.5) and (4.5.7) for #"(a(n)) applied to vectors @(y),
r¢y, as a sum of these vectors as a definition of the matrix #"(a(n)).
The matrix #"(a(¥)), & as arbitrary signature, may then be computed
from the expression for a(<%) as a word in the minimal set of generators
a(y). It is simplest to organize this calculation as an induction on the
number of indices in g, Ug,. (3.3.11) gives a formula for a(¥) as a con-
jugate a(¥)) a(%)a(S)~ where ¥, and & have one less index in

02904, €.8.
. . . _.1
a<Q1 94) _ OC<Q1 Q4Ul‘) a(@l Ul Q4 ) a(@l Q4Ul')
é 0 ¢ 0,—i) \@ =i/ \¢ @0,—i
for any i€ g,. Writing £"(a(%)) = u(¥) Q@ v(¥), we obtain

Q1 Q4 — —_ 1)lvvel
u(@a Qz)w Sescoca-al=1) Awnes) (4.5.8)
~dg,cpca-eu X(@) (=D e A (pugy)
U(Ql Q4> = (= 1)lel*lxd+led 49,17 (0,)
X

23 Q2
'{501CxCQ—QzX(Q)(_1)lxne4'l—l(}cug4)
—8gcyca-a(—DEVeA (yng,)}, (4.5.9)

where A(y) = [] Y; for any n C Q (see (4.3.5)). The reader can now check

ien
that the formulae (4.5.8) and (4.5.9) furnish a representation .#” of #(r)
satisfying conditions (i)—(iv) of 4.2. The image #"(C(# (r))) is a complete

3 Commun. math. Phys., Vol. 18
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o . Q—n n
matrix ring (this follows from the fact that <u
v

o ¢
Ko

ré¢ ;7} are easily seen to be linearly independent as vectors
in CZ'“), hence #” is irreducible.

re 11} and

For an arbitrary reduced signature

3’=(Q1 94) with 9, UQ,UE;UQ, =TCQ
23 02

we obtain the formula (a(7) = a(J) —1)

E’”(a(gl Q‘*)) (YA ¥8y g fBn o casBar g s X(Q)
v, X

23 @2
ATHer—w) AT X —0a) (4.5.10)
005 cwcesOarcrcoi X(P) AW —02) Ales — 1)}
_(—)IW_XIéwacr{amcwCeé(Sez Cxceal—l(gz—lm
- 04 “X)+5g3cwc¢.5@1cch'zll(W'"Qz)i_l(X“Qat)}

which is equivalent to (4.5.9) in the case t = Q (here again y' = Q—y).

We now obtain the (irreducible) representation .#”(r,s) of H#(r,s)
as a sub-representation of #”. More precisely, we define €, (#(r, 5)) to
be the sub-ring of C(#(r,s)) spanned by discontinuities a(¥), set
E(r,s)=Z"(C,(#(r,5)) E(r), and define £"(r,s) to be Z"(#(r,s))
restricted to the vector space E(r, s). (We again note that E(r, s) depends
implicitly on the positional characteristic introduced in Definition 3.3.7.)
P’ (r, s) clearly satisfies the conditions (i)—(iii) of 4.2; it rémains only to
calculate its dimension and show that it is irreducible.

Q—x ¢

Lemma 4.5.11. For any y C Q, define w(y) = u( & )e E(r). Then
X

E(r, s) is spanned by

{W(X)l(ﬂ(;x f) is admissible in #(r, s)}. 4.5.12)

Proof. We have to prove that for any admissible & = (Zl §4) the
3 2

vector u(%#) is in the span of the vectors (4.5.12). The proof is by induction
on k=|gs| +|o4l. For k=0,u(¥) is one of the vectors (4.5.12) so the
proposition holds trivially. For k>0 we have, say, g3 + ¢. Let j be any
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index in g3, and write & = ;7. Then
o N T)a )Ty = (T ) a(F) o~ 1 (T) (4.5.13)

— for both sides of the equation are equal to a(J7). (4.5.13) implies that
the vectors
a” N (T)u(#) and (7)) u(¥)

are proportional. The first of these vectors is a linear combination of
u(¥) and u(7;), and the second of u(¥) and u(’7). Since u(7;) and
u(lT) are not proportional (cf. (4.5.8)) we obtain an expression for u(%)
as a linear combination of u(7), u(’7"). But 7; and /7 are admissible
signatures with |g;|+|e4/=k—1 so by the induction assumption
u(7), u(’T) lie in the span of the vectors (4.5.12). Hence u(¥) lies in this
span.

Lemma 4.5.14. The vectors w(y), x C 2, r¢ x, are linearly independent.

Proof. w(y), = (= )M Apny) — X (@) (=)' HApuy) (4.58)).

Since r ¢  and r ¢ y the A factors in this equation involve only the ¥,
i & r. Our assumption that the 4, are generic implies that X (¢) and these
Y; are algebraically independent. The determinant of the matrix {w(y),}
can therefore vanish (for generic 4,) only if it does so for X(¢)=0.
However, in that case the determinant does not vanish since its expansion
contains exactly one term of maximum total degree in the ¥, obtained
by taking the product of the diagonal coefficients.

Lemma 4.5.15. There are precisely d(r, s) vectors (4.5.12).

Proof. There is a natural 1:1 correspondence between the vectors
(4.5.12) and the connected regions into which IP® is divided by the ;.
The number of these regions N(r, s) depends only on r and s, and may
be calculated by deriving the recursion formula

N(r,s)=NF—1,s)+ Nr—1,s—1)

if r=1
if s=1

and noting that {
N = |

(see [13]). It follows that N(r, s) = d(r, s), defined by (4.4.2).

Lemma 4.5.16. £ (r, s) (C(# (r, 5))) is a complete matrix ring of
dimension d(r, s); and hence &L"(r, s) is irreducible.

Q—y ¢ .
b X)’ we write (in E(r))

a(?)=wn)®z(x),

Proof. For admissible & = (

3*
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with z(y) € E(r)*. By Lemmas 4.5.11 and 4.5.14 the vectors w(y) (i.e., the
vectors of 4.5.12) form a basis in E(r, s). Define z'(x) € E(r, s)* by

@ w) =@ w), (any weE(s).

From (4.5.8)and (4.5.9) one calculates that for admissible & = (Q; x ¢>,
X
P = (9;"’ $> one has (7 (x), w(y)) + 0. It then suffices to show that

{Z'(y)|r ¢ x} are linearly independent, since this implies the linear inde-
pendence of the d(r, s)? operators a(¥) a(<’). Thus we must show that
the matrix {(z'(x), w(w))|r ¢ %, ¥} is nonsingular. Since

(@00, w) = {(=)* A g — X (@) () H A i} A0) (=)™,

this matrix is equivalent to a submatrix of the one considered in Lemma
4.5.14; the proof of nonsingularity is similar.

We have now completed our construction of an irreducible represen-
tation £’ (r, s) of # (r, s) which satisfies conditions (i)—(iv) of 4.2. Since
only these conditions were used in the calculation of traces (4.4), we
know that #”(r,s) has the same trace as the representation .#'(r,s)
generated by the integral (2.5) Thus Lemma 4.1.1 implies that #” and
&' are equivalent.

Remark 4.5.17. Recall we write H, for the function (2.5) defined by
the integration cycle y. We have actually proved the above result only
for y of the type discussed in Remark 1 of 4.1 (see also Appendix A,
where a cycle y, of this type was constructed). But now suppose that 7
is arbitrary except for the condition that H, be non-trivial. Then there
is some signature & such that a(¥)#, +0, i.e., that H, 4, is in the vector
space V(y) generated by H, (here e(¥) is the vanishing cycle for &).
But H,, is also in V(y,); moreover, the fact that Z'(r, s) (C(#(r, 5)))
is a complete matrix ring implies that H, ), and hence H,, is singular
on every M(y). That is, y is actually of the required type, and generates
the same representation #’(r,s). We have also shown that any two
nontrivial cycles y and 7y’ actually generate the same (multi-valued)
function.

Remark 4.5.18. For real generic values of the parameters ; there is
a hermitian scalar product on the representation space E(r), uniquely
defined up to a factor, with respect to which the representation £"(r)
of # (r) is “unitary”, The representation Q”(r, s)of #(r, s) is then“unitary”
with respect to the induced scalar product on E(r,s). To describe the
scalar product on E(r) we regard it as a non-singular antilinear map
Q—-yx x

©: E(r)— E(r)*. Since the vectors u(y) = u( b &

) span E(r) it suffices
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to define t on these vectors. We have

T(u(x) = g,0(x) »
with
g,=X"*(p) e ?c,,

and
c,=1,

¢, =2MT] sinmAd)™t, x+o.

iey

4.6. The Problem of Contracting a Line

In [1] we proved an isomorphism theorem which described the
effect on the monodromy ring of cutting a line of one of the self-energy
graphs studied in that paper, and remarked that this theorem might
be generalized to arbitrary graphs. For the single loop graphs studied
in the present paper this operation is trivial but the operation of contrac-
ting a line (which is trivial for the self-energy graphs) is not. In this section
we note the implication of our results on this question. The discussion
will be confined to the case 3 of integrals not having second-kind singulari-
ties. As will be shown in §5.1the fundamental group in this case is
%(N, N —1), the corresponding group defined algebraically s# (N, N —1).
(Definition 3.4.1.) We will distinguish quantities related to # (N — 1, N — 2)
from quantities related to # (N, N —1) by primes. Thus the generators

of #(N —1, N — 2) will be written o’ (Ql Q4

23 Q2
There is an evident homomorphism h: #(N —1,N —-2)->#(N,N —1)
which maps a generator o'(¥) of # (N —1, N—2) into the element
(&) of # (N, N —1). The image of s#(N—1, N—2) under h is the
subgroup of s# (N, N — 1) generated by the elements a(¥), & a reduced
signature not containing the index N.

)where 01U0,UQ03UQ,=82y.

Theorem 4.6.1. The representation %y(A) h of # (N —1, N —2) is the
direct sum of the representations Ly_, (A1), %i_ (A7), ie. of two
copies of the generic representation of # (N —1,N —2) for different
parameter values. The parameter values A*, .~ are given via the corres-
ponding X*, X~ by

X*(=+X@) ~Yy for 1&Qy. (4.6.2)
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Proof. The element fy = a(g 2) commutes with h# (N —1, N —2).

Hence Zy(4)h is the direct sum of representations of # (N —1, N —2)
acting in the eigenspaces of %y (By). Now [ %y (By)]? is a multiple of the
identity (cf. Remark 3.4.8 (D)) so there are just two of these eigenspaces.
The corresponding eigenvalues (computed from 4.5.10) are +]/— %'
Using (4.5.10) and the expression for the word at infinity obtained in
Appendix B it may be verified that each of the representations into which
L1 (A) h splits satisfies the conditions which characterize the representa-
tion Fy_, of (N —1, N—2) (4.2), the corresponding values of the
parameters being given by (4.6.2).

In order to understand the meaning of the homomorphism 4 on the
geometrical level we seek a homomorphism k such that the diagram

H(N—1,N—2)% #(N,N—1)
j«p jqﬁ
G(N—1,N—2)5%(N,N —1)

commutes. To construct kK we define an embedding k' of the parameter
space {Bj;:1<i,j<N} for 4(N—1, N —2) into the parameter space
{B;j:1=i,j< N} for 4(N,N —1) by

=0 otherwise

k is then the homomorphism of fundamental groups induced by k'. It
is easily seen to have the desired properties. Unfortunately the con-
struction of k" does not appear to have an immediate analog for more
general graphs so we do not have a conjecture on the effect of contracting
a line in a general graph.

§ 5. Applications of the Representation Theory

5.1. Relation of Generic and Physical Integrals

In § 2 we distinguished four cases in our study of the integral (2.2). In
this section we discuss the first three of these cases, applying our rep-
resentation theory of the generic integral (2.5) to obtain the monodromy
rings of the integrals in question. For the moment we restrict our attention
to cases 2) and 3), in which no renormalization is necessary.

For these cases we write the integral (2.2) in the form (2.4), and
eliminate the J-function by performing the oy, integral. Then (2.4)
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becomes

N N—-m
w25 e

= - — —_t . S.1.1
F=r(N- ) § e 1 @ 1
For the moment we ignore the I'-function in (5.1.1). It is convenient to
think of obtaining (5.1.1) from (2.5) in two steps. In the first we keep the
parameters ; arbitrary, but take

s=N-—1,
B;; = A;; @i,j=1,...N), (5.1.2)
L) = o; i=1,...N),
and in case 3,
r=N,
N N-m
P(x)= (— oc,.) , (5.1.3)
i=1
while in case 2,
r=N+1,
hi1(@)=—3 o, (5.1.4)
i=1
P)=1.

We will assume that (5.1.2) and either (5.1.3) or (5.1.4) holds from now on.
The second step is to specialize the parameters 4;:
;=0 (j=1,...N)

and, in case 2, Ay, =N —m.
There remains to consider only the integration cycle to be used in
(2.5). Let 6, be the (relative) cycle of (5.1.1):

6, ={aeP¥q;=20,i=1,... N}.
Then H;, (see (2.5)) is well defined whenever 4,> —1,j=1,... N. More-

over, when 4; is non-integral, j =1, ... N, we may write

N
H, = {1 -1,

where d is a closed cycle on which the integrand of (2.5) is single valued,
and such that the support of §, is arbitrarily close to 6, [10]. The rep-
resentation theory derived in § 3 and §4 thus applies to H; ; we must
study the behaviour of this representation when the A’s are specialized.
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Note that since the singularity surfaces are independent of the A’s, the
discussion of § 3 applies to the physical integrals. In particular, we may
label the singularity curves of the physical integrals by the same sig-
natures.

Remark 5.1.5. The reader should verify that the conditions (5.1.2),
together with either (5.1.3) or (5.1.4), give rise to the positional charac-
teristics discussed in Remarks 3.4.3(A) and 3.4.4(B) respectively. Thus,
01 Q4
23 Q2
Case 2, all signatures occur in which ¢; # ¢, ¢, + ¢. In Case 2, a curve is
a second type singularity when it comes from a pinch involving I, 4,
that is, & is the signature for a second type singularity iff N +1 € 95U ,.

in Case 3, all signatures & =< ) in which ¢, U@, ¢ occur; in

Definition 5.1.6. Let ¥ be the germ at Ay(= B,) of the integral (2.5)
[Case 2 or 3] taken over d,. Then ¥ is called the physical sheet.

We have defined the representations (4.5) in an abstract way, with no
reference to any particular contour. But we have

Lemma 5.1.7. The physical sheet ¥ satisfies
Z(a(&L)¥Y =0,

unless & = (Ql 94) satisfies
23 @2
a) inCase3,0,=¢org, =9,
b) in Case 2,9, ={N +1} or g, = {N +1}.
These conditions suffice to determine ¥ uniquely as a vector in the
representation space E(r,s) (see 4.5).

Proof. Conditions a) and b) are called positive a conditions; they
express the fact that the pinch must take place on the contour §,. One
verifies the first part of the Lemma by the techniques of Appendix A;
specifically, one may find, for any & not satisfying a) (resp. b)), a (non-
generic) real line A(t) in the parameter space such that A(0) = A,,
A(t))e M(¥) for some t; >0, and {a|A(t)(x)=0,0=t=t,}nd; = ¢.
The second part of the lemma follows directly from (4.5.9).

A natural question arising from the above is the connection between
our physical sheet as a germ at A, and the usual physical sheet. Let A,
be any real quadratic form not lying on any singular curve, and define
A, ., as the form

s+1 s+1 2
Ay (o) = Z (A1)ij°‘i°‘j_i3[z “j} .
1

i,j=1
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Then the usual physical sheet at the point 4, is
¥Y(4,) = EH{& F(4,,,)

(see (5.1.1)). Of course, this agrees with ¥ at A,,.
Now consider the line 4,4, parameterized by

At) = (1— 1) Ag +tA, .

Let f:[0, 1]>C be a path such that y = A(B(s)) is a path from A, to A4,
which is drawn by the counterclockwise convention. Then

Lemma 5.1.8. The physical sheet W(A,) is the complex conjugate of -
the analytic continuation of ¥ along v:

¥Y(4)=[¥].
Proof. Take ¢ <0, and consider the line
As(t) = (1 - t)AO,e + tAl,a .

Let y,(s) = Ao, . and p,(s) = A; 5. (s€[0, 1]), for sufficiently small &
the composite path
Y =7124:(B)71

is homotopic to y. But for Ret = 0, Im¢ < 0 the quadric {4,(t) = 0} does
not intersect §; = {a|&; = 0}, so we may continue ¥ along 4,(B)y, without

Apg=-mym;
(12
32 2 5)
3g
Ap=- DL A
7y "2 Ajg=-m m3
B2 T 5
5) //’ (2 ) (2 g)
e -Ap g my
// (153 g) bA‘l3='ﬁz'A23
/ /
/
/ 0 -Ap //
2
‘\ 18 (s g>/’/
gy NP 6
3 S = N B
G 2) (5 2

Fig. 6. Landau curves of the triangle graph (without second kind singularities)
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12— |

N (13 2
N2 2

[N

Fig. 8. Landau curves of the triangle graph (with second kind singularities)
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distorting the initial contour. Thus
Y(A)= lil(}’l_ F(A; )=y¥=»Y.

In order to exemplify the results of previous sections, we show in
Figs. 6—8 the real two-dimensional section of Landau curves and their
corresponding signatures for the simplest nontrivial cases.

In Fig. 6, which corresponds to N =m =3, m, m,, m; are arbitrary
positive constants while 0 < A,; <m,m; and A,, A;; €R. Clearly, the
variety M (1) is confined at infinity in the plane spanned by 4,,, 4,5. The
signatures for M(2), M (3), M(¢) are easily computed from (3.1.2), (3.2.1);
according to Lemma 5.1.7, the heavy lines are actual singularities for the
physical sheet. This case corresponds to Fig. 2.3.3a of [5]. In Fig. 6, as
well as in Figs. 7, 8, the base point of the fundamental group is placed at
the origin of the coordinates.

Fig. 7 corresponds to N = m = 4, with values of the masses associated
to internal and external lines of the Feynman graph which satisfy the fol-
lowing relations: m;; <m;+m; for ij = 12,23,34,41, where m?, , = k7, "
Since all masses are fixed, the varieties M (123), M (124), M(134), M (234),
M(12), M(14), M(23), M (34) do not show up in the affine plane spanned
by the Mandelstam variables s,t. In order to avoid confusion, the
signatures of only part of the branches shown in Fig. 7 have been dis-
played; the reader can retrieve the missing signatures by means of
Lemma 3.3.10. Fig. 7 corresponds to Fig. 2.4.4 of [5].

In Fig. 8, the case N=m—1=3 is considered when all masses
depend linearly on o,teR.? All Landau curves, of first and second
type, are shown. Note that this section is, in the parameter space, not
far from conical points of M(¢) as shown by the signatures of the cubic.
If the varieties M (14), M (24), M (34), M (4) are disregarded and the index 4
is dropped from the remaining signatures, we obtain a generic section
for the case N =m = 3, which contains in particular Fig. 6.

5.2. Specialization of Parameters — Case 3

In this section we study the integral without second kind singularities
[(2.5) with (5.1.2) and (5.1.3)] under the specialization 4;=0,j=1, ... N.
The key remark is

Lemma 5.2.1. Let ¥(1) be the physical sheet (Definition 5.1.6), and
let h(2)eC(%(N, N —1)) be a finite sum

A= Y ke,
«e¥ (N,N~1)

! The actual parameters of Fig. 7 are: 4;; = 0.643, 4,, = 1.00, 435 = 4.12, 4,, = 4.00,
A, =0131, Ay, =113, Ay, =116, Ay, = —0415, A, =238—1/2, A,y =250—s/2
where s, t€R.

2 The parameters 4;; corresponding to Fig. 8 are: A, =1+2]/§‘c, Ay =1-30
—V/31, Ay =1+36—1/37, Aj, = —3.040+1231, Ayy = —04570—3.257, Ay = 2.590
+2.021.
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where k,(J) are complex-valued functions continuous at A;=0. Then
lim 2 (h(2) ¥ () = LThO)] ¥(0).

Proof. We simply observe that Z(x) ¥(4)(xe %(N,N —1)) is an
integral over a fixed contour, which is continuous at 4; = 0.

Now consider the representation formulas (4.5.8) and (4.5.9); these
are written in a certain basis {@ () | x C Qy}; actually, ©(y) depends on A.

Lemma 5.2.2. a) The physical sheet W(A) may be identified with
O(P)(A) (¢ =empty set). b) The limiting vectors @(X)=}§11}) O (A

exist and satisfy

o)=Y,
o 3 A7y e

(Here ¥ = ¥(0)).
Proof. a) From Lemma 5.1.7 and (4.5.8) and (4.5.9) we see that ¥ is

proportional to @(¢); the identification is a matter of normalization.
b) This follows from Lemma 5.2.1 and the formulae of 4.5.

Theorem 5.2.3. Let he C(%(N, N —1)) be as in Lemma 5.2.1, and let
Z(h) (A),,, be the matrix elements of £ (h) ( for generic 1) in the O(x)

basis, i.e.
LMOW) M= Y LH@A),,000). (5:2.4)

xCOn
Suppose that Z(h),,, = ah-% Z(h)(A),,,, exists. Then (5.2.4) also holds in

in the limit A;—0:
Zmew= Y Zn,,00). (525)
X2 2N
Proof. From the hypothesis and Lemmas 5.2.1 and 5.2.2, both sides
are continuous functions of A.
Note that the limits of the matrix elements (4.5.8) and (4.5.9) exist.
Again writing £ (a(¥),,,) = u(¥),v(¥),, we have

u(gl Q4) =(_)|XAQ2[{504C1CQ-Q3+(—)N+m593CXC9_04} (526)
03 @2/y

U(Ql 94) - —(—)|04|{521C wc!)—Qz(—)m+5qszCQ*ax}' (5.2.7)
23 Q2/y

From now on we take 4; = 0. Let ¥V denote the vector space of germs
at B, spanned by analytic continuations of ¥. From Theorem 5.2.3 and
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the following remark it is clear that the vectors @(x) span V. Then (5.2.5),
(5.2.6), and (5.2.7) will provide a representation of 4(N, N —1) in ¥ once
we have proved

Theorem 5.2.8. The vectors O(y), yx CQy, are linearly independent.
Hence dimV =2N"1,

Before proving 5.2.8 we give a lemma which is interesting in itself.
Note that it may be shown directly that the physical integral (5.1.1) is
singular on all Landau curves M(y); we omit details.

Lemma 5.2.9. Let ¥ (a(¥)) = u(¥)@v(¥), as usual. If ® is any sheet
of the function, then (v(&), @) = 0 iff M(&) is not singular on ®. ’

Proof. This is trivially true for generic 1. Now suppose (v(¥), &) =0,
with @ = c(y) O(y). Since v(¥) is not identically zero, there is a v C Qy
such that (v(&) (1), @(y) (4)) = d(%) do not vanish for A—0. Then if

P(A)=2.c(0) O A,
() =2()—dA)™! (0(&) (A), 2(2) O@W) (4).

define

We see that (v(¥) (4), 2(1)) =0 for all A, and that & = %in(x) EZ(A). Thus

M (%) is not singular on Z(4), and hence not on @.

Now suppose (v(&), @) + 0, but that M (%) is not singular on &. Since
v(&) is singular on some sheet = we have (v(), £) 0, and hence there is
a sheet &' = a8 + @, with a+0, such that (v(¥), £') = 0. But then M(¥)
is not singular on E’; this is a contradiction.

Proof of Theorem5.2.8 Let @ =Y c(x) @(x) have c(xo) =+ 0 for some
Xo; we must show @ #£0. But

(v(g’ QfXO),¢)=(—)m+lc(x0)=|=o,
Xo ¢

b -y ) is singular on @ and & + 0.
— Ao

This completes the derivation of the representation formulae for
case 3. We note that the formula dim V= 2""1 was derived by Boyling
[14] and also follows from the homology decomposition theorem of
Fotiadi, Froissart Lascoux, and Pham [15] (the same remark applies
in the dimension formula of 5.3). It is also interesting to observe that
the formulae (5.2.6) and (5.2.7) satisfy the Cutkosky-Steinman rules,
as expected, and that the discontinuity around the leading curve vanishes
when N = m + 1 (in which case the leading curve is a pole). Note, however,
that Lemma 5.2.9 is valid even when the curve M(&) is a pole; thus our
methods enable us to determine exactly on which sheets the poles appear.

hence M (
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5.3. Specialization of Parameters — Case 2

In this section we study the integral with second kind singularities
but without renormalization [(2.5) with (5.1.2) and (5.1.4)] under the
specialization 4;=0, j=1,... N, Ay,; = N—m. Now in the previous
section we were able simply to take the limits of the matrix elements
(4.5.8) and (4.5.9); the essential step in the argument was that the basis
vectors used in (4.5.8) and (4.5.9) were continuous (in A) linear combina-
tions of group elements applied to the physical sheet. This is no longer
true in the case under consideration; thus we must rewrite the matrix
elements in a more suitable basis before taking the limit.

For the moment we consider generic A. Note first that for any
a(&L)e 9(N +1, N —1) we have v(¥), =0 [see (4.5.9)]. This means that
we obtain a representation £* of 4(N +1, N —1), equivalent to the
representation derived in 4.5, by defining

L*(x)=P ZL(x), xeC(%N+1,N-1)),

where P is the projection P ©(y) = [1— 6, ,] ©(x). That is, £*is a repre-
sentation in the subspace of E(N + 1) spanned by {@(y)|xC{1,... N},
1 F ¢}. We will work with #* from now on; this simplifies the following
calculations.

Lemma 5.3.1. The physical sheet ¥(=¥(%)) may be identified with
O(Qy+1)-

Proof. See proof of Lemma 5.2.2.
We must now define a new basis of the appropriate type. For yCQy . 1,
we write y*=Qy,1—x.

Definition 5.3.2. For #C Qy ., ,, with % ¢,
Om(=Y), if n=~0y.

x X
¥
“(¢ N+ 1)}
otherwise.

Using (4.5.8) and (4.5.9) we can calculate the relationship between
the bases {@(x)} and {®(y)}, (where yCQy., x+¢). Writing d(n)
=T,,0(x) gives

’I;hx= —5n,x*—(_)'l*lX(X) YN+ lén,x
+ 5X’QN+I + 5'1,9N+ 152{,9N+1X(Q) >
(T Y=+ Yyu ) H{ =8, (=) X(*) Yy1 16,

@(ﬂ)= Z (_)|x|+1X(X*)—1$*

xcn
¥

(53.3)

(5.3.4)
+ [1 _(—)MX(X*) YN+ 1] 6)),!2N+ 1 YN+ 15”,9N+ 16199N+ 1} .



Monodromy Rings 47

Note that the factor (1 + Yy, )~ in(5.3.4)is singular for Ay, ;>N —m.
This shows that the @ basis is indeed not appropriate for the speciali-
zation.

As before we write Z*(&) = u(S)@v(¥). We may derive the com-
ponents of u and v in the @ basis, which we denote by primes, from
(4.5.8), (4.5.9), (5.3.3), and (5.3.4).

a) First kind singularities:

ul (”’1 #4 )
s M U{N +1}), (5.3.5)
=- 6/13C nc u4*(_ )I"*Uuzu(rl*mﬂz) {1 _571,!2N+ IX(Q)} )

v/ (l‘l'l "l‘4 )
ds P U{N +1} n
= — (=27 wp) {8, c e (=M X ()

] (5.3.6)
- 5#1 CnCu¥ (_) pamn )'(”m:u‘i)
- 5,42,4,(_)NX(N4) [146, 0y, X()]}.
b) Second kind singularities:
o (#1 raV{N + 1})
Hs Ha n (5.3.7)
=- [1 _5n,Qn+1X(Q)] {5[13C ncuﬁ(_)N+I"—”2'i(l‘t2_n)
+ 5#4Cflcu§(—)}"*nu2|X(r’*U,uz)} ’
. (ul pa U{N + 1})
Hs H2 n (5.3.8)

= — ()7 W) {8, g (I Yyt X (MU} -

We may now argue as in 5.2. In particular, the basis vectors @(y)
have limits when we specialize the A’s given by

Y, if n=Q,

D(n)= ;(_)m .55’*{(1(; N+x1 )]q, (5.3.9)
1¥e '

otherwise.
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The equivalent of Theorem 5.2.3 holds; the limiting “matrix elements”
£*(h),,, may be obtained from (5.3.5)—(5.3.8). Thus
a) First kind singularities:

o (#1 HUa )
M3 paU{N +1}), (5.3.10)

= —'5,‘3Cncu§(_)m*Au2| {1_(_)m5ﬂ,f2~+1}

v (#1 73 )
Hs 1 U{N+1}/,
= () {8y me s (=" + By mcs (5.3.11)
=0, 6(=V" L+ ()"0, 0n. 1} -

b) Second kind singularities:
ul (lh #4U{N+1})
n

H3 My
5.3.12
= _(1_(_)'”6”’!21\14.1) {5M3CnCu:(—)N+|’lAuz| ( )
+5uaCnCu;‘(—")m+l+MA”2[},
(g pa U{N+1 )
° <ﬂ: ’ Uy }),,: _5ﬂzcncut(_) *lual | (5.3.13)

We finally have

Theorem 5.3.14. The vectors {®(n)|n C Qx4+ 1, 1+ D}, given by (5.3.9),
are linearly independent. Hence the vector space V has dimension 2N —1,
and (5.3.10)—(5.3.13) give the representation of 4(N+1,N—1)in V.

Proof. We argue as in the proof of Theorem 5.2.8 (Lemma 5.2.4
applies unchanged); using the dual vectors

N+1
{”(é ng:_}X)‘XCQNH,1§|x|§N_1}
Qy oty ¢
andv( ¢ {N+1}>‘

We note from (5.3.12) that the leading second kind singularity is a
pole whenever N + m is even, as expected.

5.4. Renormalization (Case 1)

In this section we study the integral (2.2) in the case N < %, where

m is even, using the method of analytic renormalization [3]. Let # be a
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generalized evaluator in the sense of [3]; as in [1], we require that ¢
satisfy an additional property as follows: Let f(4,, ... Ay) be any function
in the domain of ¢, and, for ze C, define f,(,, ... Ay) = f (244, ... zAy).
Then ¢ must satisfy

JL=2F (5.4.0)

The fundamental result of the theory of analytic renormalization
may be stated, for our case, as follows. Define

ﬁ ol (— % oci)N_m

= ol 54.1
B A) =T [ pe ), (540
where y=N— — + (ZA) (Note that this is the generic integral

(2.5) with (5.1.2), (5.1.4), the additional specialization Ay, ; = N —m, and
a factor I'(x).) Then the physical sheet of the renormalized integral is
given by

F(A)=¢E@X A).

We wish to study the monodromy representation ¥y of F(A4). F(A)
is analytic in the same region (in A) as E(4, A); that is, the appropriate
fundamental group is (N +1, N —1) as in 5.3. Since the physical sheet
is the same, we use the representation formulae (5.3.5)—(5.3.9) for E(4, A).
We will adapt the notation of 5.3, writing, for nCQy, 1,7+ ¢,

E@A,A)(=Y) if n=0Qy,

() = Z( )|x|+1X(X*) lg*[ (¢ NX*I) w

(5.4.3)

otherwise.

We now review briefly the basic techniques for obtaining the mono-

dromy of renormalized integrals; a fuller discussion is given in [1].

These are based on the important remark that evaluation by ,# commutes

with analytic continuation in the variables 4;;: foranya e 4(N +1, N — 1)
and any #C Qy. 1,1+ ¢, we have

FLL* () D()] = Zr (0) [F D()] - (5:4.4)

Now for any discontinuity operator a = a(¥’) we obtain from 5.3 a
formula

L*(a) 0(n) = 3, [£*(@)],,, P(0) (5:4.5)

where the matrix elements %%, depend on A, and are analytic at the
point 4;=0,1<i<N. If we expand these matrix elements in Taylor

4 Commun. math. Phys., Vol. 18
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series, apply # to (5.4.5), and use (5.4.4) we obtain an expression for
Ly (a)[# P(n)] as a (possibly infinite) linear combination of functions
F[M &(n)], where M is a monomial in the 4, s. By multiplying (5.4.5)
by M before applying # we obtain a similar expression for % [ # M €(n)].
Thus to determine the representation % we need only find the linear
relations between the functions Z[M &(n)].

N
Lemma 5.4.6. Let M = [[ A7(m;20) be any monomial, and take
i=1
nCQyy1,n+¢. Then
N
a) FIMom]=0, if Y} m>1;
1
b) Z[4P(y. )] = P(A), where P is a polynomial in {A;;} which is
independent of k;
o) FLAem]=0, if n+Qy.,.
Proof. From (5.4.0) and the symmetry property of ¢ we have

AN N~1, if, for some k,m; = 6,;;
M /1 = ’ ? R b 1 ik>
(:; l) } {0 otherwise.

7

Then a) and b) follow directly from (5.4.1) (we observe that any &(x)
is analytic at 4; = 0 except for the factor I'(u)). From b) we have, for any
a=a(¥),

I L @ ¥]=% [F 4¥]=0;

this, combined with (5.4.3), proves c).
We thus see that the determinations of F(A) span a finite-dimensional
vector space V5 spanned by the 2V vectors

H()___{fﬁp(n) if nCQyi1n+d,
W= gaw] if n=9.
We have, arguing as above, that

L @LNEmM= Y, v (Phus(F)EQ),

XC2N+1

where vy (¥), and ug (&), are given by (5.3.10)—(5.3.13) for #, x + ¢ and,
for n or y = ¢, by

Uy HUq _ , (2l
ug = Nmni(—)*'5,, 4, (5.4.7)
(ﬂa ﬂzU{N+1}>¢ (=) 0u0

Uy (IJ1 HaV{N + 1}) — Nni(—)'“l{5u4,¢—(_)N5u3,¢} ,  (54.38)
U3 U ¢

¢ (¥),=0 forall &. (5.4.9)
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An argument similar to that of 5.3 shows that all vectors {Z(n)lnCQy+}
are linearly independent; thus the dimension of V% is 2V, and (5.3.10)—
(5.3.13) with (5.4.7)—(5.4.9) give % .

§ 6. The Case 4 in which the Invariants are not Algebraically
Independent

6.1. The Transformation of the Integral

In this section we show how in the case N =m+ 2 the momentum
space integral (2.2) may be represented as a specialization of the generic
integral (2.5).

We begin by making the inversion compactification of momentum
space [15]. Embed €™ in IP™*! by mapping

keC™ into (k% k,1)=(z¢,2, 2y ) €P™*?

where z; 0 <i<m+1 denote the coordinates of a point in P™*!. The
transformed integral may be written

N +
[ 5(B,(2) EII(@]-“%1@>@0N-M (6.1.1)

where

Bi()= Gnsr) (o)~ 2.7 (612)

li(z)= (k2 +m}) 21 +22-kj+2z, for 1<jSN. (6.1.3)

(6.1.1) bears an evident relation to the generic integral (2.5) for r = N,
s =m+ 1 which will be elaborated below.

We denote by T=C** V¥ the space of the coefficients of the linear
forms [; in (2.5), and by W=C¢* V272 the space of the coefficients
of the quadratlc form B. Let t, € T be a point such’as discussed in Re-
mark 344 (C), ie. [; =, where k(0)=1, k(i))<k(i+1), and
0<{, <)< <Ly For xCQ with |y| < s we define

L(x) = {(/, B): the intersection {zeIP*: B(z2) =0 l;(z) =0 ey}
is singular} C T x W
and let L = UL(y). From (6.1.3) it is evident that any path with base point
1
{kj = ?(C,, L ymE =t — 7, Z e } in the space of the variables

k;, m; may be considered as a path in Tw1th base point t,. (Note that by
suitable choice of {; and k(i) we may arrange to have m? >0 for all j.)

4%



52 G. Ponzano, T. Regge, E. R. Speer, and M. J. Westwater:

Therefore our problem is to determine the action of =, (T x {B,} — L;
(to, By)) on V(N,s), the vector space of germs of the integral. We note
that the integral (6.1.1) may be extended to a function on T x W by
allowing the coefficients of the /; to vary in Tand replacing B by an arbi-
trary B. We will show that the action of any element of (T x {B,} — L;
(to, B;)) may be realized also as the action of a suitable element of
7y ({to} x W—L;(t, By)), ie. by varying the coefficients of B while
keeping the coefficients of the [; fixed. The action of m, ({to} x W—L;
(to, B;)) may be deduced from the results of § 4 on the generic integral.

Theorem 6.1.4. The natural map

7 ({to} x W —L; (to, B)) = 7, (T x W — L; (to, By))
is onto.

Proof. This theorem is an immediate application of Lemma 6.1.5
below since the irreducible components L(y) of L are given by poly-
nomial equations of positive degree in B.

Let T,=C", T,=C"> be two spaces of n;,n, complex variables
respectively. We consider an algebraic variety N,

NCTxT,,
given as a union of irreducible components N,,

Na = {(tl’ t2) :fa(tl’ t2) = 0} P

where f, is a polynomial in t,, t, of positive degree in t,.

Lemma 6.1.5. Let (t,4,t,0) be a generic point in T; X T,. Then the
natural injection

Ly 17y (Ty X {20} — N (t10, t20)) = Ty (Ty X Ty — N5 (2105 £20))
is onto.

Proof. Let T, = IP™ denote the projective compactification of T;, and
T,, = T, — T; the hyperplane at infinity in this space. We have trivially a
commutative diagram

7y (Ty X {t20} — N (t10 t20))i’n1(Tl x Ty — N (t10 t50))

my(Ty % {t20} = NUT,; (ty0, tzo))j_*’nl('fl x Ty = NU(T,, x Ty); (t10 t20))

where the vertical maps are isomorphisms. The assertion of the lemma is
thus equivalent to the assertion that j, is onto.
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To prove that j, is onto we make use of Hironaka’s theory of disin-
gularization ([16], cf. also [17]). According to this theory we may find a
pair Y, S together with a map p: Y— T, such that

a) Y is an algebraic manifold of complex dimension n, + n,,

b) S is an algebraic subvariety of Y in general position in Y,

c) there is a biholomorphic map

f:Y=8SoTyxT,—NU(T,xT,)),
d) p is a proper surjective algebraic map such that on Y-S
p=4af

where q: T, x T, — T, is the natural projection. Note that from c) and
d) we obtain isomorphisms f,, f, such that the following diagram
commutes

7 (Ty % {t20} — Too UN; (t10, £20)) 251y (Ty x Ty — NU(T,, % Th); (£ t20))

L* E

(P~ (t20) — S5 f " Mtr0s £20)) oy (Y — S5 £ (40, t50)) -

Our object is now to prove that k, is onto.
Denote by 4 C T, the algebraic subvariety of T, defined by

A={(t,): SNnp~1(t,) is not in general position in p~1(¢,)} .

We construct by means of the shadow method ([18], p.32) a cut C
bounding on 4 in T, such that T, — C is simply connected and contains
th9. Set B=p~'(4), D =p~*(C)CY. Our assertion that k, is onto will
follow from

i) the fact that the natural injection

1 (Y —=SUD; f ™ tio, 120) = 7 (Y = S5 f " (t105 £20))

is onto, together with
ii) the isomorphism

1 (Y =SUD; f M ty0, t20) =7 (07 (t20) — S5 f " (t10» 20) -

The isomorphism is an immediate consequence of the ambiant
isotopy theorem ([15]) which implies the triviality of the fibre space
Y—SuD, p over T, —C. For (i) we must show that any aen, (Y —S;
£ (t10,t20)) has a representative @ which does not intersect D. To
construct ¢ take any representative ¢’ of o. By modifying ¢’ infinitesimally
if necessary we can arrange that o intersects D transversely in a finite
number of points. Now

DnS= ) (p~(t;)nS)

t2eB
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Fig. 9. The construction of the cut

is of codimension two in D, since our condition that f, have positive
degree in t, for all o implies that p~'(¢,)nS is of codimension two in
p~L(t,) for all t, not in some subset of codimension =4 in T,. This means
that D — DN S is connected and for each point of 2; N D we may construct
a path in D to a point of B. « is then constructed in the way indicated in
Fig. 9 which illustrates the case in which there is one intersection. This
completes the proof of the lemma and hence of Theorem 6.1.4.

Theorem 6.1.4 reduces our problem to the study of (6.1.1) for variable
B and fixed {I;} = t,. Our fundamental group is then m({to} x W —L;
(to, By)). The general discussion in § 3 gives us a presentation of
7, ({to} X W — L; (to, Bo)) where B is positive definite. We identify these
groups by means of the isomorphism induced by conjugation with the
standard path from B, to B,. Our fundamental group is thus (N, s)
(s=m+1).

To write (6.1.1) as a specialization of the generic integral (2.5) we use
the residue theorem of Leray to replace §(B(z)) by [B(z)]”' with a
corresponding change of the contour of integration to a coboundary.
The resulting integral is a specialization of (2.5) with

h=-1 1<isN pu=1.

The construction of the monodromy representation of (N, s), £(4),
is obtained as follows: First we embed %(N, s) into 4(N) by means of the
homomorphism

ig: ()= a(FR)

where &R is the signature obtained from & by rotating the subsets g;, 0,
03,04 clockwise (i.e. oR = g5 etc.). Then we take the generic representation
of %(N) and restrict it to ix%(N, s) C%(N). There will be no confusion
if in what follows we identify i %(N, s) with (N, s). The use of ix rather
than the evident homomorphism i:a(¥)—a(¥) discussed in 4.5 is
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purely a matter of convenience to avoid the necessity for a change of the
basis in which we have given the representation of ¥(N). (N, s)C 4(N)
is with this convention the subgroup generated by those signatures &
which contain a reduced signature 7, x CQ, |x| = s of the form

T =( ¢ {iGX3|Xﬁ(i,N]Ieven}>
*“\ex:1xn(, N]jodd} ¢ :

This condition is determined by the choice of ¢, (Remark 3.4.4 (C)). The
constants X (x) are given by

X(y)=(—1ym+1+N+lxl exp27zi( Z ii_#) .
i¢x

01 Q4

93 02

Landau variety L(y) will have y =g, Ug,.

The physical sheet is obtained by taking as contour of integration in
(6.1.1) the real section of { B(z) = 0}, and the corresponding contour in the
generic integral. Comparison with Appendix A shows that when this
contour is deformed to give the analytic continuation along the standard
path from B; to B, it becomes the contour y, of Definition A.7. Then
from Theorem A.2 we obtain the physical sheet conditions

Note that a signature & =( ) corresponding to a point of the

a(Ql Q4)lp=0 unless @, or g, = ¢
03 @2

(in this equation we have already taken into account the rotation of the
signature). In the space of the generic representation these conditions
uniquely characterize ¥ and enable us to make the identification

¥=0().

6.2. Specialization of Parameters — Case 4

The process of specializing the A’s in the case of non-independent
invariants is made somewhat difficult by the rather complicated restric-
tions on admissibility of signatures which arise from the positional
characteristic. To study this process we need to give some combinatorial
definitions and results. Proofs of the results will be omitted, they are
straightforward although tedious. The reader is advised, however, to
follow the discussion by applying it to a special case (say N = 6, m = 3).



56 G. Ponzano, T. Regge, E. R. Speer, and M. J. Westwater:
Definition 6.2.1. For any yCQ, define g;(x), i=1,...4, by

100 ={ex|lxn(, N]leven}

00 = {ie x| lxn(, N1lodd}

2300 = { ¢ x| lxn(, NJlodd}

0400 ={i¢ x| lxn(, Nleven} .
Here, as usual, (j N]={j+1,... N} ((N,N]=¢); compare with
Remark 3.4.4 (C).

Definition 6.2.2. A block bCQ is a nonempty sequence of con-
secutive integers. The block sequence for a set p CQ is the (unique)
sequence by, ... b, of blocks such that

leb;, max{jeb}=min{jeb, ,}-1,

for all i=1,...k—1, and p=b,Lb,_,u.... We write b(p)=k.

Definition 6.2.3. We wish to define two order relations written <
and <, on the subsets of Q.

a) We write y, <y, if either [x,] <|x,| or [x;| = |x.| and yx, preceeds
% lexicographically when written as a sequence of increasing integers.

b) For p CQ, let by, ... b, be the block sequence for p, let j; be the
smallest element of b;,, i=1,... k, and write y(y)={j,...j.}. Then
w, <, iff n(p,) <n(w,) (in the sense of a) above).

Definition 6.2.4. For yCQ, (i.e, N ¢y), define u(y)=0,00)vesX)-
Lemma 6.2.5. a) for x CQy, bLu()]=Ixl-
b) If 11, X2 CQy, then xy <y, implies p(yy)< p(x2)-

N-1
9 ltocanl b =s=(" )
Corollary 6.2.6. The mapping y— u(y) is a bijective correspondence
between {3 CQy|lx| = s} and {yp CQy|b(y)=s}.
Definition 6.2.7. We define o/ (N, s) = {p CQy | b(p) < s}.

Theorem 6.2.8. Take y C Qy. Then, for all values of the parameters A,
we have

2) u( X m(x)) +0,
n(x)

() ¢
® ”(aj;o Qt;X))w=0 unless pesd(N,|y) and w2 pu(y),

where u is given by (4.5.8). (Recall that we use as basis for the generic
representation {©(yp) | p C Qy}.)
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We now turn to the specialization of the parameters 1. As in § 5, we
must work in a co-ordinate system in which the basis vectors have limits
under the specialization.

Definition 6.2.9. For any x C Qy with |y| < s define
Y oif y=¢

Bp=1 g[a(gjx) gt;x))]q, it x4,

Remark 6.2.10. The limiting vectors llinll E(y) exist.

Lemma 6.2.11. For any v C Qy, b(p) < s, the limiting vectors

. 2, OW)
exist.

Proof. We note first that the vector EZ(y) is proportional to

x 0a(0)
u(ea(x) ¢

even in the 4;— —1 limit. Then if we write

E= Y T,0w)),

b(y)<s

) with a coefficient of proportionality which is non-zero

it follows from Theorem 6.2.8 that T, is triangular and that the “diagonal
elements” T, ,, are non-zero for all 4. Thus T~ exists and is continuous
in A (in particular, at A; = —1); this implies the lemma.

Remark 6.2.12. It follows from Lemma 6.2.11 that {@(y) | b(p) < s}
span the vector space V(N, s) in the 4;— — 1 limit, and that the action of
the fundamental group on the {@(y)} is given by specializing the A’s in
the generic formulae (4.5.8) and (4.5.9), i.e.

L&) Ow)=v(?), Y u),0M.

bm=s

To complete the analysis it remains only to determine the linear
relations among the @’s in the limit, and hence the dimension of V(N, s).
We first observe that the Landau curves L(y), with |y] =s=m+1, are
e

es(n) ¢

poles, and that therefore the vectors u( ) must vanish.

Lemma 6.2.13. The linear relations

X 24(%)
b(g):ésu (Qs(X) ¢ )w D(v),
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with |x| = s, x C Qy, are independent. Moreover, they enable us to express
each vector O(p),b(p)=s, as a linear combination of vectors O(y’),
by)<s.

Proof. This follows from the triangularity properties established in
Theorem 6.2.8.
We need one more combinatoric result:

Lemma 6.2.14. For any x C Q with |x| <s, N € x, we have

(QI(X) 94(x)> =0 unless y=u(y—{N})
os(0) e.(0)/), *0 if v =pul—{N}).

Then we have finally
Theorem 6.2.15. The vectors {@(p)|b(y) < s} form a basis for V(N, s).

Proof. We know from Lemma 6.2.13 that these vectors span V(N, s).
Now suppose they are linearly dependent:

o= Y ¢,0)=0,
b(y)<s

with not all coefficients ¢, =0. From the triangularity established in
01 (1) e4(0)
e:(0) ex(0)
sidered there such that (v(¥), #)+0. From Lemma 5.2.9 this means
that the curve L(y) is singular on @, and hence that ¢ 0.

Corollary 6.2.16. The dimension of V(N,s) is d(N,s—1)=d(N, m).

We note that d(N, m) follows as an upper bound for the dimension
of V(N, s)from the homology decomposition theorem of Fotiadi et al. [ 15].

Lemma 6.2.14 there is a signature & = ( ) of the type con-

Appendix A : The Integration Cycle y,

In this appendix we study the behavior of the integral (2.5) taken
over a certain integration contour y,. That is, writing

P(x) 1_]1 1,001
GBI= gy
we study
H,,(B)= | G(B, x)’n(x). (A1)

Yo

The contour y, is such that H, (B,) is well defined. Assume that the signs
of the linear forms /;are chosen so that, forsome Ye IP%, [(Y) >0, j=1,...r.
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Then we have

Theorem A. 2. Let & = (zl 24) be a signature for (A.1), let a(&)
3 Q2

€C(%(r,s)) be the corresponding discontinuity operator, and let y, be

given as in Definition A.7 below. Then

Z(a(¥)) [H,,(Bi)]=0
iff 03 and ¢, are non-empty.
Corollary A. 3. H,  is singular on every curve M(y).
Proof. From Lemma 3.3.9 we see that for any y with |y| <s there is

iﬁl g ) Then Theorem A.2 implies a(%) H,, %0.
2

We begin with several preliminary results

a signature & = (

Lemma A. 4. Let B, € M(x) be a real non-singular point of M, let B,,,
B, be positive definite, and let o, o, be the elementary loops around B,
based on B, and B, respectively, defined using the anti-clockwise convention.
Let B(t),0<t=<1, be a path from B, to B,, with B(t) positive definite
for all t. Then ag= B~ a, .

Proof. This follows immediately from Lemma 3.3.2.

Now choose a point YeIP® such that [;(Y)>0,j=1,...r. We take
coordinates in which Y=(0, ... 0, 1); with this choice we write any point
x € IP® in the form x = (y, x,, ), with y =(y;, ... y,). Let A be a positive
definite form on €*, and define the quadratic form B(4, R) on IP* by

B(A,R) (x)= A(y)— Rx2, ;.
In suitable coordinates, we have

B(A’R)=Zaiyi2_Rx§+17 ai>0' (AS)
1

Let Ao(y) = Y. y?, so that By = B(4,, — 1).
1

Now we may assume that the hyperplane {x,,,=0} is in general
position with respect to the surfaces {I;(x)=0}. The following lemma
is easily verified.

Lemma A. 6. Take y C Q with |x| <s, and x € l(x) with x,,,+0. Then
for any n Cy with n = @ there is a B(A, R) of the form (A.5), with R >0,

satisfying B(A,R)(x)=0

+Z1’-jlji=0’ (i=1,...s),

jex

0A(y)
0y;

with ©;>0 for jen and ;<0 for je y—n.




60 G. Ponzano, T. Regge, E. R. Speer, and M. J. Westwater:

We now turn to the definition of y,. Note that an acceptable contour
for the integral (A.1) is any closed contour on which G is single valued.
We usually specify such an object by several s (real)-dimensional cells,
with identifications along their boundaries, and a determination of G
on each. The values of G on two identified boundaries must agree.

Definition A. 7. Take 0 <¢< 1, and define f: R—1R by

e if jul=1
S = {1+8——|u| it > 1.
For A as above, and R <0, define a contour y(4, R) to consist of two
cells,

co ={li= f@][—R/a;1* zy, .. [i+ f@] [~ R/a]* z,, 1)

S
zy,...2,€ Ru=Y z}, and u=sl+e},
1

joined along their common boundary u=1+e¢. Note Yec,nc_; we
choose determinations G, (B(4, R), Y) on ¢, which satisfy

G, =e"rG_ (A.8)

and which depend continuously on A.

Now it is easily verified that H, 4 ¢ (B(4, R)) is analytic at all points
B(A, R) with R <0. We define y,=y(A,, —1). A typical contour y(4, R)
is shown in Fig. 10 for the case s=1.

We now turn to Theorem A.2. We will sketch the proof of this theorem
only for certain signatures (the proof for the remaining signatures is
somewhat more complicated). However, the results which we discuss
suffice for Corollary A.3 and for the applications of § 6.

Case 1. The leading curve M(¢).

Q
For M(¢) we prove Theorem A.2 only for the signature & = ( b z)

Consider the line in the parameter space {B(4, R)|R € C}. The point
B(A4,0) in this line is on M(¥), and the cycle y(4, R), for R <0, is the
vanishing cycle for this singularity. In particular p, is the vanishing
cycle; thus a(¥) H,, 0.

Case 2. The curve M(y), [x| = 1.

Let x=(y,1) be an arbitrary point of I(y) not on {x,,,=0}; let
01 = {jll;(x) >0}, ¢, = {jll;(x) <0}. We will prove Theorem A.2 for an

arbitrary signature & = (Ql 94) with g5 % ¢.

Q3 Q2
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Im-Y

Fig. 10. The contour y(4, R)

Now by Lemma A.6 there is a quadratic form 4 and a positive num-
ber R, such that B(4, R,) € M(¥). Consider the line in the parameter
space given by {B(4, R)|ReC}, and construct an elementary loop
{B(4, R(t))|0 =t < 1} around B(4, R,), with R(0) = R(1) = — 1, using the
anticlockwise convention. Using Lemma A.4, we see that we wish to
prove that the discontinuity of H,, _;,(B(4, —1)), when continued
around this loop, is zero if g4 + ¢.

We will give only a brief sketch of this proof (the details are compli-
cated and unilluminating). Note that for some ¢,,0<t, <1, we have
R(ty)> R,. One constructs (fairly explicitly) a contour 6(t) (0=t =t,),
with 6(0) = y(4, —1), in such a way that H,,(B(A4, R(?))) is the analytic
continuation of H, 4 _ ) along the path B(A4, R(t)). Now for B=B(A4,R(t,))

the vanishing cycle for M(¥) is

e(P)={xeP’|li(x)>0 if jeg,,
Li(x)<0 if jeg;, and B(x)<O0}.

One may calculate explicitly the Kronecker index of e(#) and é(t,) and
show that it vanishes if g, & ¢. This completes the proof.
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Appendix B. The Word at Infinity in 4 (N, N—1)

In this appendix we derive an explicit expression for the word at
infinity in the group %(N, N —1), the group used to study analytic
properties when there are no second kind singularities (cf. 5.2). Recall
that the word at infinity w,, is the group element defined by a loop in
any generic line which circles the point at infinity counterclockwise,
or, equivalently, circles all finite singular points clockwise.

Take any i€ Q, and consider signatures of the form

7= =

3

with n, C{k:k<i}, n,C{k:k>i}, and () #;=9Q;. We define an integer
j=1
valued function p; on these signatures by

pi(L)=mal = Iml +Insn{k:k<i}| —nsnik:k>i}.

l

¢
21 elements a(S), where & is of the form (B.1), in which the order of
the factors is such that p,(¥,) < p;(¥,) implies that a(¥,) appears to the
left of a(H,) in the product.

Proof. One obtains an expansion of §; as a product of the indicated
elements by repeated application of Definition 3.3.21. Then it may be
checked that the order of any two noncommuting factors is uniquely
and correctly determined by the stated rule.

Theorem B. 3. The word at infinity in (N, N — 1) is given by

Lemma B. 2. The element f; = o ( ¢> is given by any product of the

Wo' =By .. By-

Proof. We consider the generic line B(t) = By — tB’, where the matrix
B(t) is given by B(t);; = 1 —tb;, B(t); = ¢ for j + k, and the real numbers
b;, & satisfy

0<b;<b, Vj<k,
3jk = Skj < O N
lejl < 1. (B:4)

(Note that the base point By is in the Euclidean region and so may be
used in place of B, (cf. Lemma A.4).) This line intersects M(y) in |y|
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points given by t = t,(y), i € ¥, where

2
L =bit+ Tl 06, i 1> 1

jex'—{® Yij i

t() =b if y¥={i}.

Moreover, at t = t;(y),

x(B(t:(x), x) = 1+ O(e)
X(B(t:(0), x) = — ea/(1 = by/b) + O€?), Vkey —{i},
w(B(t:() 2) = — 26+ 0(?), Vkey.

From these results we can compute the signatures of the finite singular
points in this line and hence the corresponding expression for w ! as
a product of generators a(%). Note that these points fall into N clusters
near the points b; ! 1 <i< N and therefore the expression for w* may
be written as a corresponding product of N factors. Each of these factors
is, for any choice of the b;, ¢;, satisfying (B.4), a product of the form des-
cribed in Lemma B.2 for the corresponding index i and hence is equal

to B;.

oo

10.

1.
12.
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