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Cut-and- Project Sets
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A- A (L
,
W) :-. ITphys ( Ln ain't (

W))- Vphys
The cut-and- project set associated with L and W
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Assumptions and Basic Properties
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Motivations and Relations

- Geometric A Delone set T is Meyer if P -T is also Delone

> Every ACL ,W) is Meyer

Meyer : Every Meyer set is contained in some ACL ,W)



- Arithmetic Interesting sets have representations as NL ,W)
I An algebraic integer = I is Pisot if all its conjugates
lie inside the unit disk

.

Let K --Qfk) with a ring of integers Ok , and set

a = { (x, x) xc-Ok } the Minkowski embedding
> Pisot numbers in Or, = ACL , C- I,D) n cha)

II Relaxing assumption and allowing Vint = ackles > primitive vectors

. Dynamical Delone sets are elements of EdRd) := closed subsets of IRD
which carries a natural topology .

Set Xn { A- t te Rd} then

Hof, Schlottmann : Dynamics of (Xn ,Rd) s pure point diffraction



Example : The Ammann- Beenken Point Set

(et K --Qfk)
,
and set

↳ {(x, , sea ,X, , 34) x, ,xzeOk , fix,-xD e-Ok} W = . If

ACL ,W) is then the vertex

set of the Ammann-Bunker tiling ,
which can also be defined via a

substitution rule with inflation
constant X = It rz

From Baake and Grimm's Aperiodic Order Vol I



Action of ASLDCIR) and Main Goals

volume and orientation
ASLDCIR) = Slack)KIR! ( preserving affine maps Rd s IRD }
. Describe probability measures on cut-and-project sets in
IRD
,
daz

,
that are affine group invariant and ergodic .

> We obtain a complete classification

- Describe counting statistics for typical cut- and -project
sets with respect to such measures
> We obtain counting results for both points and patches



Ratner-MarkLof-Strombergsson Measures [msn.it
- Fix dtm-n.IR?VphystVint,WcVint . Define an embedding

ASLDCIRIGASLNCIR) Cg , o) to = ( ( Smd Edm'm) . ( o!) )
. Let Le Yn = ASLNCIRVASLNCZ) = space of grids , then
orbit of a orbit in
cut-and-project (girl . ACL ,W) = A ( Cgi) . L ,W) the space of

set
- -

grids Yn



Ratner-MarkLof-Strombergsson Measures [msn.it
- Fix dtm-n.IR?VphystVint , WcVint . Define an embedding

ASLDCIRIGASLNCIR) Cg , o) to CGI) = ( ( Smd Edm'm) . ( o!) )
. Let Le Yn = ASLNCIRVASLNCZ) = space of grids , then

orbit inorbit of a (g.v) . A (L ,W) = A ( Cgi) . L ,W) the space ofcut-and-project- -set grids Yn

Ratner : Orbits closures A-Slack) Lc Yn support ASLDUR) - invariant

probability measures described using Haar measures on algebraic groups
ASLDURKHTASLNUR) , ASLDUR) G- HL

- let it be an ASLDCIR) - invariant ergodic measure on Yn
,
and

YCL) -- ACL,W) .
Then µ :-. ¥ it RMS measure on {NHL ,W) the H}P T

grid cut- and-project
set in Rd



Classification of Measures

Theorem Any ASLDCIR) - invariant ergodic measure assigning full
measure to irreducible cut-and- project sets is an RMS measure



Classification of Measures

Theorem Any ASCDCIR) - invariant ergodic measure assigning full
measure to irreducible cut-and- project sets is an RMS measure

Theorem For every RMS measure , there exist d±k±n and

a real number field K so that H = H' * IR"
,
H'a 54412) .

H
'
arises via restriction of scalars from the field K

and one of the following groups :

- She , then n-- k . deg (Kroh) . Over IR (and up to conjugation)

"
'

=

'
'
'

'

Ade
,won,
) Aj E StkHR))

- Spy , then A- 2k - deg (NQ) (arises only when D=2)



Special Cases and Examples
- dimvphys > dimVint or n prime o H = ASLNCIR) ("generic case

")

- dimvphys = dimVint = 2 > Three options
- The generic case ( H = ASlyCR))

- H -- SpyCIR)HR
"

(can only arise if d--2)
- H -- ff ? I) : A,BESLER)} AIR" , corresponding to
restriction of scalars for SL, and K -- ④(rd) .

> Example K -- Qld) for Ammann- Beenken

d
k a at brd i s ( ab ab ) c-Mdegck, (D) = MID)

deg(Kroh)
extended entry - wise to define Rest , he)E§¥µ



Effective Point Counting Following Schmidt

An unbounded ordered family is a collection of Borel
subsets { rt Te 112+3 of IRD so that

- O E T
,
I Tz ) RT

,

CDT2
- For all T Vol (rt)ex

- Uol(rt) s no



Effective Point counting Following Schmidt

An unbounded ordered family is a collection of Borel
subsets { rt Te 112+3 of IRD so that

- O E T
,
I Tz ) RT

,

CDT2
- For all T Vol (rt)ex

- Uol(rt) s a

Theorem Cet µ be an RMS measure .
For every e>o , every

unbounded ordered family and for µ- a.e . cut- and-project set A

# (A Art) = DCA) Vol (rt) t O (vol (rt)Ite)
T

matches best known result

even for lattices and r, B.Cost)



Effective Patch Counting Following Schmidt

For a point seed and Rso , the R- patch of A at x is

Pn
,
pix) : = ( A-x) n B (o,R)

From Baake and Grimm's Aperiodic Order Vol L

Theorem Cet µ be an RMS measure and assume the window

W has dimBOW em = dimVint .

There is Oso so that for any

unbounded ordered family , for µ-a.e A and any patch P in A
# { see A Art Pn

,
pix) =P} = DCA,P) Vol (rt) t O (Vol (rt)

'-9)
For dimBOW= m- I

any Oemtz is good



A Siegel Summation Formula and a Rogers
Second Moment Bound

(et f- c- CdlRd) and µ an RMS measure . Define a

Siegel- Veeck transform FCA) En fCx)

[MS 141 There exists c>o so that

f Ich) duh) = c ,§dfCx) dvolcx,
a Siegel summation

formula

Theorem If in addition f : IRD , to, D and feign) , then
there exists Cso so that

← Rogers secondf tf Cn) - f ICH duh) Tdma) E C
,,{df duo""

moment bound
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