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Solving concrete problems an investigator enriches
himself, and in this way he discovers new methods

and extends his mental outlook. He who searches
new methods without any specific problem in mind

just wastes time for nothing.

— D. Hilbert

Preface

As far back as D. Bernoulli, Euler, Laplace, d’Alembert, Fourier, Lame, Rie-
mann, Liouville, and many other scientists, the symmetry properties of differ-
ential equations (DEs) were used, although implicitly, for finding their exact
solutions. But the mathematical foundations of the theory of the symmetry
of DEs were developed only at the end of the last century by the eminent
Norwegian mathematician Sophus Lie. He was the first to successfully apply
this theory—the theory of continuous (Lie) groups—to specific equations.

In recent decades Lie’s ideas and methods have become widespread. It is im-
possible to overestimate the importance of Lie’s contribution to modern science
and mathematics. At present there are many articles and several monographs
devoted to the application and development of Lie’s methods. To give a com-
plete bibliography on the subject is impossible. Suffice it to say that more
than half of the articles of such popular science journal as “Journal of Mathe-
matical Physics” deal with group (algebraic) investigations which we shall call
symmetry analysis. The applications of Lie’s theory include such diverse fields
as algebraic topology, differential geometry, invariant theory, bifurcation the-
ory, special functions, numerical analysis, control theory, classical mechanics,
quantum mechanics, relativity, continuum mechanics, and so on.

This book is devoted to the development and diverse applications of Lie’s
theory. The main object of investigation is multidimensional systems of non-
linear partial differential equations (PDEs) of hyperbolic and parabolic types
which admit the Poincare group, the Schrédinger group, and some other impor-
tant groups. A key question considered is the construction of exact solutions of
nonlinear systems of PDEs by means of symmetry reduction. For this purpose
we use the theory of Lie groups and Lie algebras, the theory of representations,
subalgebraic structure of Lie algebras, special ansatze, and so on. The table of
contents indicates the equations studied. The especially important role played

xiil



Xiv Preface

by spinor (spin s = 1/2) field equations is emphasized because their solutions
can be used for constructing solutions of other field equations insofar as fields
with any spin may be constructed from spin s = 1/2 fields. A brief account of
the main ideas of the book is presented in the Introduction.

The book is largely based on the authors’ works [55—109, 176—189, 13—16,
T*—14*%, 23* 24*] carried out in the Institute of Mathematics, Academy of
Sciences of the Ukraine. References to other sources is not intended to imply
completeness. As a rule, only those works used directly are cited.

The authors wish to express their gratitude to Academician Yu.A. Mitropol-
sky, and to Academician of Academy of Sciences of the Ukraine O.S. Parasyuk,
for basic support and stimulation over the course of many years; to our cowork-
ers in the Department of Applied Studies, I.A. Egorchenko, R.Z. Zhdanov,
A.G. Nikitin, 1.V. Revenko, V.I. Lagno, and I.M. Tsifra for assistance with the
manuscript.

Ukraine, Kiev, October 1988 The Authors



Preface to the English Edition

For the English edition of our book Symmetry Analysis and Exact Solutions
of Nonlinear Equations of Mathematical Physics, published in Russian in Kiev
(Ukraine) in 1989 we have specially prepared some new paragraphs which
naturally supplement and extend the basis text. The new paragraphs deal
with solutions of the Navier-Stokes equations, the Fokker-Planck equations,
conditional and approximate symmetry, nonlocal Galilei invariance of Maxwell
equations, dual Poincare invariance and connection between Dirac and Maxwell
equations, solutions of the Schrodinger equation invariant under the Lorentz
algebra and some other topics. This, we hope, makes the text more interesting
and useful.

Nowadays there arise new effective and constructive methods of mathem-
natical description and analysis of nonlinear processes. The collection of these
methods can be considered as new scientific direction—nonlinear mathemati-
cal physics (NMP). The main distinguishing feature of NMP is nonfulfillment
of classical superposition principle. This means that the majority of meth-
ods of linear mathematical physics are useless in NMP. Of course, sources of
NMP can be discerned in works of classics from Bernoulli, Euler, and especially
from Sophus Lie and Poincare, yet only at the end of the 20th century NMP
has become a separate, wide and diversified scientific branch with its specific
problems and methods.

We are glad that on professor Michiel Hazewinkel’s initiative our book is
published by Kluwer. We would like to take this opportunity to thank him
for his interest in our work. This book should be considered as a natural
continuation and further development and application of the ideas and meth-
ods of our first book Symmetries of Maxwell’s Equations (W.1.Fushchich and
A.G.Nikitin, D.Reidel, 1987) to nonlinear equations of mathematical and the-
oretical physics. In this series of books on symmetry and its applications in
mathematical physics, we have three other books written in Russian, which
have been or are yet to be published: Symmetry of Quantum Mechanics
Equations (W.1.Fushchich and A.G.Nikitin, Moscow: Nauka, 1990), Subgroup
Analysis of the Galilei and Poincare Groups and Reduction of Nonlinear Equa-
tions (W .1.Fushchich, L.F.Barannik and A.F.Barannik, Kiev: Naukova Dumka,
1991), Nonlinear Spinor Equations: Symmetry and Exact Solutions (W.I.Fush-
chich and R.Z.Zhdanzov, Kiev: Naukova Dumka, 1992).
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Introduction

Since the time of Newton the search for exact solutions of differential equations
describing genuine physical phenomena has been the most important issue in
the mathematical description of nature. During the past 300 and more years
a great number of effective and elegant methods for solving DEs have been
developed: the method of special substitutions, the method of separation of
variables, the Poisson method, the method of Fourier series expansion, the
saddle point method, the method of the inverse scattering transform, and so
on. If one looks at these methods from the point of view of group theory, then
one sees that they are essentially based on symmetry, and effectively solve
those problems which actually possess explicit or implicit symmetry.

Sophus Lie advanced many fundamental ideas and worked out basic meth-
ods for studying group properties of DEs. He also obtained many concrete
results of great importance in applied mathmatics. In particular he was the
first to establish the maximal group of point (local) transformations admitted
by the one-dimensional heat equation, and discovered the so-called projective
representation of the Galilei group. These results were rediscovered only re-
cently. The well-known Noether theorem on conserved laws is based on Lie’s
theory of continuous groups. Nowadays, in connection with the modern devel-
opment of mathematical and theoretical physics, numerous results of Lie are
being recognized and rediscovered, and we are witnessing the triumph of Lie
theory throughout all of the mathematically based sciences.

A crucial point in the recognition of Lie theory is the fact, established for
the first time by Poincare in 1905, that the Lorentz transformations, which
leave Maxwell’s equations invariant, form a Lie group. In 1909 Bateman [25]
and Cunningham [43] established that Maxwell’s equations are invariant with
respect to the conformal group which includes the Lorentz group as a sub-
group. Bateman utilized the symmetry of the linear wave equation to con-
struct its solutions. Later on such solutions were called functionally invariant
(V.1. Smirnov and S.L. Sobolev, 1932). Some important ideas on searching for
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xviii Introduction

exact solutions of PDEs were suggested by H. Birkhoff [29]. A great number
of exact solutions of two-dimensional nonlinear PDEs are given in books of
Forsyth [54] and Ames [7]. In Kiev, Lie’s methods were developed by V.P.
Ermakov (1890-1900), G.V. Pfeifer (1920-1935), and M.K. Kurensky (1930).

In the post-war era of the USSR the first papers on the symmetry of PDEs
were published by L.V. Ovsyannikov (1958) (see [161]) and by V.G. Kostenko
(1959) [135]. The modern treatment of Lie’s theory is given in monographs
[27, 123, 124, 159, 161, 162].

It should be noted that Poincare was the first to suggest using the group
theory approach for the construction and analysis of a physical theory. To-
day, symmetry principles are guiding principles in theoretical and mathemat-
ical physics. They are often used as selection rules, allowing one to choose
from a set of mathematically permissible models (equations) those which pos-
sess the desirable properties. Sometimes such symmetry selection leads to a
unique equation. For example, among the set of linear systems of PDEs for
the two vector functions E(z) and H(z) there is only one system that is in-
variant under the Poincare group P(1,3) (P(1,3) is the ten-parameter group
that includes the Lorentz transformations and spacetime translations, which
at Wigner’s suggestion was named in honor of Poincare), namely Maxwell’s
equations [82]. Analogous properties have been found for many of the basic
linear and nonlinear PDEs of theoretical and mathematical physics [66]. It
should be noted that some nonlinear PDEs have much wider symmetry than
any linear ones. For example, equations such as the Monge-Ampere equation,
and the Hamilton-Jacobi and relativistic Hamilton (eikonal) equations, admit
such wide groups of transformations which do not admit (and cannot admit in
principle) any linear PDE.

From a mathematical point of view it is important to know the maximal (in
a certain sense) group of invariance of a given PDE. Of special value is infor-
mation that provides knowledge of nonlinear invariance transformations that
allow the construction of highly nontrivial formulae for generating solutions
which yield new families of solutions starting from a known and often trivial
solution. Evidently the first result that should be considered important in this
context is the discovery of the conformal invariance of Maxwell’s equations
made by Bateman [25] and Cunningham [43] in 1909.

In [57] it was noted that the Lie approach is highly restricted. The fact
is that it falls far short of providing the possibility of finding all symmetries
which a system of DEs possesses in as much as Lie symmetry generators,
which are always differential operators of first order, are far from being the
only symmetry generators. Using the non-Lie approach recently developed
[65, 57-61], new invariance algebras (IAs) of Maxwell’s equations, the Dirac
equation, and many other relativistic as well as nonrelativistic PDEs have
been obtained. The basis elements of such [As are differential operators of any
order and even integrodifferential ones. A largely complete review of non-Lie
symmetries obtained within the framework of the non-Lie approach is given in
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reference [82]. We often use the term “non-Lie symmetry,” introduced in [61,
63,64], in order to emphasize that this symmetry cannot be obtained within
the framework of classical Lie's method.

Investigation of symmetry and the construction of exact solutions of nonlin-
ear PDEs is the major but not the only task of the present book. In the 5th
chapter we consider some related questions.

For studying local (point) symmetry of PDEs we use Lie’s algorithm
[161,159]. But in many cases, especially for multicomponent systems of PDEs,
the direct application of the standard Lie algorithm is conjugated with rather
cumbersome calculations. To simplify these cases we shall do the following.
Consider an arbitrary nonlinear system of PDEs written in the following sym-
bolic form:

L(z,9(z)) =0, (1)

where % is a multicomponent function with components ¥ = {¥!,...,¥™},
and z € R™. In the Lie approach the infinitesimal operators (IFOs) of the
invariance algebra (IA) of Equation (1) are sought in the form

9 . 9 u=0,n-1
X =4z, 9) 5= +n*(@,9) 5 i 2
@) @50 k=T (2)
where functions £€# and n* are determined from the invariance condition
XL =0, 3)

L=0

)s( is the sth prolongation of the operator (2) which is defined according to the
Lie formulae [159, 161]:

+ 7k 9

X=X+47k T, —,
§ Viebs awlk;l...lls

0
— + ... 4
gr @

7_;:1 = Duﬂlk - 'wﬁDVlgV,

k
- wyul...us_l Dusgu,
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vy11,...,Vs = 0,n —1; s is the order of the PDE in question; D, is the total
derivative operator,

0 7]
DU“azu wuad) +d}uulad) +, (5)
K 2k
Yk = %, P, = 3;9”;) —, and so on.

Invariance condition (3) results in a linear system of PDEs, the so-called
defining equations, the general solution of which determines the maximal in
the Lie sense [A.

If we deal with a linear system of PDEs

L(z,0)(x) = 0, (6)

where L is a linear operator, we can essentially simplify the above algorithm.
Since the space of solutions of any linear equation is also linear, then the
symmetry operators as well as the invariance transformations may also be
only linear in 9. So we can write the general form of the Lie IFOs in this case
as

Q = &*(x)9yu +n(z), (7)

3]
where 9, = e and 7(z) is an m xm matrix. Note that operator (7) operates
T

in the linear space {¥(z)} of solutions of Equation (6) while its counterpart of
the form (2)

X = ¢4(2)9 ~ (n(z)$)* 5 ¢ (8)

c'wk

operates on the manifold {(z,%)}. There is a further point to be made
here. According to the Lie algorithm, dependent and independent variables
enter IFOs (2) equally and this circumstance deprives us of the possibility of
effectively using the operator (matrix) calculus within the framework of the
standard Lie algorithm.

It should also be noted that the most general form of IFOs generating linear
transformations is

= ()9, - (1(2)% + 6@)" 50z (®)
where ((z) is an m-component function. In the case of linear PDEs (6)
B(x) is just an arbitrary solution of the equation. Evidently all the essential
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information on point symmetry of the system (6) is contained in operators of
the form (7) or (8).

By means of operator (7) the invariance condition of the system (6) can be
written as

LQy(z) =0. (9)

Lp(z)=0

It clearly means that operator Q transforms solutions of the system to other
solutions, that is, its action on the set of solutions does not go out of this set.
The condition (9) can be rewritten equivalently as

(L, Q¢ = (LQ — QL) = 0, (10)

or
(L, Q] = A(z)L, (11)

where A(z) is a certain m x m matrix. (Generalization of conditions (9)—(11);
see Paragraphs 5.3, 5.7.) The general solution of the Equation (11) leads to
the maximal (in sense of Lie) IA of the Equation (6). As one can see, using
the algorithm based on Equation (11) is much simpler than using that of Lie
based on Equations (2), (3).

Now consider the system of nonlinear PDEs

L(z,0)¢(z) + F(z,9¥) =0, (12)

where F(z,1) is a smooth m-component function depending on z and . If
relation (11) still holds for the IFOs (7) and the linear operator L of Equation
(12), and, in addition, the following equality is fulfilled (see paragraph 5.5)

F

(2) g — ()" gz + (Na) + (@) F =0, (13)
then our nonlinear system (12) is invariant under the IFO (7). The general
solutions of Equations (11) and (13) determine the maximal TA of the system
(12) in the class of operators (7). It will be noted that, generally speaking,
the maximal, in the Lie sense, IA of the nonlinear PDEs (12) is apparently
determined by IFOs of the form (8') (for an example, see system (2.8.35)).

The greater part of the present book is devoted to the construction of exact
solutions of nonlinear systems of PDEs. The method we are using is explained
in Paragraphs 1.4 and 2.1. It is based on the representation of a solution in
a special form called ansatz, which is defined as a rule by means of symmetry
operators. The generalization of this method is given in Paragraph 5.7, where
the concept of conditional invariance is introduced.
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So, if an equation (linear or nonlinear) admits an IFO of the type (7), then
its solutions can be sought in the form [63]

P(z) = A(z)¢(z), (14)

where the m x m matrix A(z) and new variables w = w(z) are determined
from the equations [95]

QA() = (6*(2)9, +n(z))Alz) = 0 5)
& (z)0uw(z) = 0.
The ansatz (14) reduces the initial system of PDEs to a system of PDEs with
a smaller number of independent variables for the function ¢(w). The idea
of using the symmetry of equations in searching for their solutions goes back
to Lie, and in the past 30 years was considerably advanced by H. Birkhoff
[29], Ovsyannikov [161, 162], Ibragimov [123, 124] and others (7, 10, 11, 27,
159]. Numerous important results have been obtained by Winternitz with
collaborators [114, 25*, 38* 39* 85*].
Symmetry transformations can be used to construct new solutions from
known solutions. In particular, if the transformations

z, =z, = fu(z,0), (16)
P(z) — P'(z') = R(z, 8)¢(z)

(R(z,8) is a certain nonsingular matrix, § are group parameters) leave a given
PDE invariant, then the function

Yu(z) = R\ (z,0):(z') (17)

will be a solution of the equation as soon as ¥;(z) is a solution of the equation.
Expressions like (17) shall be called formulae of generating solutions [95]. It
is appropriate to note that in connection with the operation of generating
solutions the concept of G-ungenerative solutions naturally arises [65]. So,
a family of solutions is called G-ungenerative if it is transformed into itself
when it is subjected to the above-described group multiplication by means of
all transformations of the group G. In this case the action of the operation
of generating solutions is reduced to transformations of group parameters.
(For more details see Paragraphs 2.3 and 4.1. Nonlocal transformations are
considered in Paragraph 5.3.)

In discussing exact solutions of DEs one cannot fail to note two more methods
which have been intensively developed recently, namely the method of separa-
tion of variables [11, 153] and the method of the inverse scattering transform
(1, 154, 210]. The basic idea of monograph [153] is that the systems of coor-
dinates which admit separation of variables for linear second-order PDEs can
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be described by means of sets of second-order differential operators Q®@. So-
lutions with separable variables are just eigenfunctions of operators Q® and
the constant of separation k2 is the corresponding eigenvalue, that is

QD = ko (18)

Comparing this relation with the conditions in (15), one easily sees that it is
very similar to that of (15). Indeed, (18) can be rewritten as

Qv =0, Q=Q@ k1 (19)

and therefore the solutions in (14) and solutions with separable variables ¢, are
invariant functions of the symmetry operators (7) and (19), respectively. Now
it is clear why the method of separation of variables in its standard formulation
is inapplicable to nonlinear PDEs. The point is that, firstly, nonlinear PDEs
do not admit, as a rule, the unit operator I, and secondly, they may not be
invariant under the second-order differential operators even though the latter
belong to the enveloping algebra of the first-order symmetry operators.

It seems to us that the most natural way of describing separation of variables
can be made in the framework of conditional invariance which is considered in
Paragraph 5.7. For example, the classical variants of separation of variables,
multiplicative and additive

P(z,t) = p(z)x(t), P(z,t) = é(z) + x(t)

can be represented in the form of additional differential equations

wwzt = wzwta Yot =0,

which may be added to the original equation. Similar ideas were discussed in
[160].

The term and concept conditional symmetry (or conditional invariance) was
suggested by one of us [67, 82, 7*, 59*] and represents by itself a natural
generalization of classical Lie concept on invariance of differential equations. In
general terms, the idea of this generalization consists in joining some additional
equation(s)

Lu(e,%(z)) = 0 (20)

to the equation in question (1). Equation (20) is constructed so as to enlarge
or just to change the symmetry of the basic Equation (1). For example, the
maximal invariance algebra, in the Lie sense, of Maxwell equations without
additional conditions divE = divH = 0 is the 10-dimensional Lie algebra
which does not contain generators of Lorentz and conformal transformations
(82, §42]. And only the full system of Maxwell equations, which is overde-
termined, possesses the 17-dimensional invariance algebra which includes the
Poincare and conformal algebras.
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Another example of additional condition (20) is the equation [7*, 59%]
(@ (z,u, 0) Jpw + 0¥ (2, u, 4) Py + H (2, u, 9) Ky + (21)
+ 7(z,u, u)D]u = F(z,u, u),

where a*¥, b*, ¢*, r, F' are smooth functions of z € R(1,n), u, u= {0u/8z*};
Juv, Pu, K., D are basis elements of the conformal algebra (see §2.3). The
particular case when elements of Equation (21) are arbitrary constants, so-
lutions of Equation (1), satisfying (21), may coincide with those obtained by
Lie’s method. Symmetry of Equation (1) under the additional condition (21)
we called conditional symmetry [82, 7*, 59*|. Numerous results on the study of
conditional symmetry of nonlinear equations of mathematical physics are con-
tained in [44*, 45%, 56*-60*, 82*, 83*, 90*-110*] where, in particular, non-Lie
ansatze are constructed which reduce PDEs to ODEs.

The simplest example of an additional condition for nonlinear wave equation

Ou = F(u) (22)
is the equation
+1,
bu Ou _ (23)
Oz Oz, 0.

Equation (23) is a particular case of Equation (21). Indeed, letting a,, = 0,
cp=1=0, F={0,%1}, b, = Ou/dz* in (21) we get (23). Equation (23) has
an important property: it possesses a wider symmetry than Equation (22),
which is why it can be used effectively to define new (non-Lie) ansatze for
Equation (22). The general solution of system (22), (23) is obtained in [60*,
130*] (See Appendix 6).

Let us briefly note the method of the inverse scattering transform. In spite
of numerous important results obtained within the framework of this method, it
remains as yet applicable mainly to one-dimensional nonlinear PDEs of special
form. The generalization to multidimensional cases faces difficulties which,
unfortunately, have not yet been overcome.

In conclusion let us make one final remark. In many cases we give symmetry
IFOs multiplied by 7. This is done to make the operators Hermitian. But,
since the independent variables considered are always real, all calculations
should be done with real coordinates £* and . This is especially important
for nonlinear PDEs.



Chapter 1

Poincare-Invariant Nonlinear
Scalar Equations

In the present chapter we describe the first- and second-order n-dimensional
nonlinear PDEs which are invariant under the groups ﬁ(l, n—1), P(1,n). We
investigate local and tangent symmetry of the relativistic Hamilton equation,
of the nonlinear d’Alembert equation, of the Euler-Lagrange-Born-Infeld equa-
tion, the Monge-Ampere equation, and some other PDEs. For this purpose the
Lie method has been used with the exception of Sec. 1.3, where the symmetry
of the polywave equation is investigated by the operator method expounded
in Sec. 5.5.

Sec. 1.4 is devoted to the description of the method of the construction of
exact solutions for nonlinear PDEs, which is applied further to the above-

mentioned equations and in the following chapters to systems of nonlinear
PDEs.

1.1. Nonlinear n-dimensional wave equations invariant under the groups
P(1,n - 1), P(1,n)

1. Let us solve the following problem: to describe all nonlinear equations of
the form
L(z,u(z)) =0u + F(z,u) =0, (1.1.1)

where F'(z, u) is some smooth function of z and u, invariant under the extended
Poincare group which is generated by the operators

PO—BOZ—, a__aa:_ ) azlyn—lv
9o 9%a (1.1.2)
Jow=2,P, —2,P,; u,v=0,n-1;
D=2"P, + (u)(9 (1.1.3)
- v 71 aua e
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(n(w) is an arbitrary differentiable function) which satisfy the commutation
relations

[Puapu] =0, [P¢n Jy,u] :gaqu/—gauP;u
(Juvs TPo) = Gupduo + Guodvp — Guodve + GuoJups (1.1.4)
[P.,Dl=P,, [Ju,D]=0.

Theorem 1.1.1. [88] Equation (1.1.1) is invariant under the group P(1,n—1)
iff

F(z,u) = M, k#1 (1.1.5)
or
F(z,u) =M™, A #0 (1.1.6)
(A, M1, A2, k are arbitrary constants).

Proof. The necessary and sufficient condition of the invariance of Equation
(1.1.1) under the group G according to S.Lie [161] is the condition (3). To write
it explicitly it is necessary to construct, via formulae (4) and (5), the second
prolongation of infinitesimal operators (IFOs) (2). For the scalar equation the
twice-prolonged operator has the form

)2( =& (z,u)0, + n(z,u)0u + Tu0u, + TuOu,,,
T = Mu + Wy — W), — upuu €y,
Tur = Maw + Wullou + Uuluu + UpUoTuu + Upuu— (1.1.7)
— Upuo ) — uuafz = Upo U &y — UuoUpby — Upp U €y —

— Uy, — UpUEy, — U g€, — UpUp Uy,
82 o
A Upw = —_u—-) n = ﬁ’_v g: = 86
oz, 0z ,0x, dzx, oz,
If we take as IFOs the linear combination of the operators (1.1.2), (1.1.3),
ie.,

where u, = , and so on.

9 3]
X = (CIU,I,, + d.’l?u + au)a—zu +d- n(u)%,
where C,, = —C,,,, d, a, are arbitrary constants; then from the invariance
condition (3) we shall get the defining equations for the functions 7(u) and
F(z,u)
OF

Tuu =0, OuF(z,u)=0, (nu—2)F= U
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the general solution of which has the form n(u) = au + b, where a and b are
arbitrary constants,

Mau + b)(a=2/a q #£0,2,
= ’ ’ 1.1.8
F(a,u) { A1 exp{—Z2u}, b#0. ( )

Thus, in the class of Equations (1.1.1) there are only two essentially different
equations that are invariant under the group P(1,n — 1) which correspond to
the nonlinearities (1.1.5), (1.1.6)

Ou+ =0, k#1, (1.1.9)
and
Ou+ \e* =0. (1.1.10)

Remark 1.1.1. By using S.Lie’s method it is easy to show that the group
P(1,n—1), n > 2 is the maximal invariance group of Equations (1.1.9),
(1.1.10). The basis IFOs of the corresponding Lie algebra have the form (1.1.2),
(1.1.3), n(u) having the form (7% )u for Equation (1.1.9) and n(u) = —2 for
Equation (1.1.10).

The multiparameter families of exact solutions of Equations (1.1.9), (1.1.10)
are constructed in §§1.5, 1.6.

2. Studying group properties of the relativistic Hamilton equation

wr = L 203, (1.1.11)

we discovered [92] that its invariance group is much wider than P(1,3) and
in particular contains the P(1,4) group (for more details on the symmetry
of (1.1.11) see §1.2) the action of which is defined in 5-dimensional Poincare-
Minkowsky space R(1,4) with coordinates z = (xo, z1,%2, T3, T4 = u). In this
connection it is natural to consider the problem of describing n-dimensional
first- and second-order PDEs

Ly(z,u,u) = 0, (1.1.12)

La(z,u,u,u) = 0, (1.1.13)

which are invariant under the group P(1,n). The solution of this problem gives
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Theorem 1.1.2. [86] Equation (1.1.12) is invariant under the Lie algebra
AP(1,n) whose basis elements are given by the operators (1.1.2), (1.1.14)

Po= -0y, Jny=2.P,—2,Pn; p=0n- 1,

= & (1.1.14)
D=zP,, a=0,n, (z,=1u),
iff it has the form (1.1.11).

Proof. Let us use Lie’s algorithm. The invariance condition in this case takes
the form

XLy = (€*(z,u)d, + n(z,u)0u + 1,04, ) L1 =0. (1.1.15)
1 L=0 L,=0
where £ = ¢™z5 4 d°, (6" = n), ¢®P = —P, and 7, are constructed via

formulas (1.1.7). From (1.1.15) we get the defining equations

oL _ 9L =0, wu 2L—l—u %—0
dr,  ou = Hou, Y Ou, ’

oL UL U %
out b Y O,

whose general solution is the function L; = u”u, —1. Thus in the class of PDEs
defined by (1.1.12) there exists only one equation, namely the n-dimensional
relativistic Hamilton equation, which is invariant under the group P(1,n). The
theorem is proved.

=0,
Ly=0

Theorem 1.1.3. The two-dimensional Equation (1.1.13) is invariant under
the algebra AP(1,2) if it has the form

M[(1 = wu”)Ou + v uuy, ] + A2[(1 — wu”)det (um,)]l/2 =0, (1.1.16)
where A1, Ay are arbitrary constants, u,v =0, 1.

Proof. Necessity. From the invariance condition

XLo =0,
2 L2=0

where X is defined in (1.1.7), €A = cABzp +dA, AP = —cBA, A, B=0,n
we get the following system of equations:

oL, _dL,

oy R
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oL, 9Ly
clly — GJov vouo Y o N O,
I:('U, (2 g )auu + (u U + up'u )axuu} Ly=0
OL, 2 ov v i o -
[wa—u; Wy, T g™ g™ g™ a5 | =0

( 8L, ) 0
Ypo 7 =0.

g 8uP‘7 L>=0

We managed to find the general solution of this system when n = 2; it has the
form (1.1.16).

Sufficiency. One can make sure by verification that Equation (1.1.16) is invari-
ant under the algebra AP(1,2).

From (1.1.16) we can single out three different equations that are invariant
under the group P(1,2): the Euler-Lagrange-Born-Infeld (ELBI) equation
(1 = wou”)du + ufu’uy,, =0, (1.1.17)
the Monge-Ampere (MA) equation
det (u,,) =0. (1.1.18)

and the eikonal equation (1.1.11).
When n > 2 the following statement holds true.

Theorem 1.1.4. [86] The equation

M[(1 = wu”)Ou + v u"uu] + A2[(1 = w,u”)det (u,“,)]"gr4 =0, (1.1.19)

where ju,v = 0,n — 1 is invariant under the group P(1,n).

The proof is earried out by direct verification. When n = 2, Equation
(1.1.19) coincides with (1.1.16). Using Lie’s method we can show that P(1,n)
is the maximal symmetry group of Equation (1.1.19) [86].

1.2. The point and tangent symmetry of the relativistic Hamilton equation

1. The relativistic analoque of the classical Hamilton equation is the equation

_ ou Ou _
= Oz¥ 9z,

u,u”

(1.2.1)
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In the preceedlng paragraph we had shown that Equation (1.2.1) is invariant
under the group P(l 4) D P(l 3) . It so happens that the point symmetry of
Equation (1.2.1) is much wider than P(1,4).

Theorem 1.2.1. [92] The maximal local invariance group of Equation (1.2.1)
is 21-parameter conformal group C(1,4). The basis elements of the correspond-
ing Lie algebra AC(1,4) have the form

15}
0o = gz—a’ Jop = 2008 — 230, D = 2%0a,
Ko =22,D — §204, % =1%2q =12 — 22 — 25 — 75 — 4%, (1.2.2)
e =z, = u, %= g“ z3, g"‘ﬁ =gap =(1,-1,-1,-1,-1) bap

(here and below the indices p,v range over 0,1,2,3 and the indices a, 3, p, 0
range over 0,1,2,3,4) and satisfy the commutation relations

[9a,88] =0, [0a; Jpp] = 9apBp — 9aps,

[Jaﬁ, Jpa] = ganﬂp + gﬁpJaa - gapJpa - gBUJapy

[0a, D] = 8, [Jup,D] =0, (1.2.3)
[Ka, Kp] =0, [Ka,Js,] = gapKp — 9apKp,

[0y Kp) = 2(9apD — Jap), [D,Ka] = Ka-

Proof. Let us use Lie’s algorithm. From the invariance condition (3) which in
the present case takes the form (see formulas (4), (1.1.7))

(6#0u + 10y + 70, ] (v 1, — 1) =0,

u’u, =1

we get the system of defining equations

on _ogr 9L ot ot age 67] def

8z,  Ou’' 0z° Ox' 02 0ad f(u),
o | 9
=0
oz, + 0z, ntv
or, in the more compact form,
aEP
a8 + 88,0 = Gapl, <£a,ﬁ = igga,) . (1.2.4)

Equations (1.2.4) are known as Killing equations.
Having convoluted (1.2.4) with the metric tensor g®® we get

0.8 =2f



Section 2 7
Acting with the operator 8° on (1.2.4) we find
050760 + 02076p = 950 €a +20af,  (€a = gart’);
ie.,
9p0Pe* = —0°f. (1.2.5)

Taking the divergence of (1.2.5) we get

930° f = 0. (1.2.6)
After applying the operator 8,9° to (1.2.4) and using the equalities (1.2.5),
(1.2.6) we find that

0.0sf = 0.

Thus f can be only the linear function of z

f(z) = 2d + 4cqz”
Finally, we find that the general solution of Equation (1.2.4) has the form

£ = 2x°‘cﬁxﬂ - caxﬂzg + b“ﬁmg +dz® + a®, (1.2.7)

where cg, bag = —bga, d, aq are arbitrary constants.

From (1.2.7) we get the basis operators (1.2.3). By direct substitution we
confirm that the operators (1.2.3) satisfy the commutational relations of the
conformal algebra AC(1,4). The theorem is proved.

2. Let us study the invariance of Equation (1.2.1) under contact transforma-
tions, which are the natural generalization of the point transformations and the
most closely related to them. We shall adduce some facts on contact trans-
formations (for the more detailed information see the books [124, 161, 166,
168)).

Definition 1.2.1. The transformations of the form

ou
z, =7, = f,(z,u,4,0), 6=const, u= {—},
1 Oz,

u— '(2') = g(z,u,u,0), (1.2.8)

u, — ul, = h(z, u,u, 6)
are called contact if they leave invariant the expressions

du — u,dz,, (1.2.9)
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or, in other words, the following relations hold true
@)
Y ox!,
Relations (1.2.9) lead to quite strong restrictions on the coordinates of the
generator of the contact transformations

X =& (z,u,9)0, + n(z,u, )0y + T (T, 4, 4)0y, (1.2.10)
namely
ow oW
H = —-— = W -
€ au# ) n uﬂ au“ )
ow oW (1.211)

Ty =Dyn—u,DuE

where W = W(z,u,q) is the characteristic function, and D, is the operator
of full differentiation (5). Note that the more general statement is true: the
group of the contact transformations coincides with the prolonged group of
the point transformation if the dimension of the space of dependent variables
u(z) is more than one, and only for scalar PDEs do these transformations have
nontrivial coordinates of the corresponding IFOs having the form (1.2.11). The
proof of this fact, known since the time of Lie, may be found in [124].

To find the explicit form of the finite transformations generated by the op-
erators (1.2.10), (1.2.11), it is necessary to solve the following system of Lie’s
equations

6"[:/ v / li ! aW’ /
90 _E (I’u’q)_—@u;,’ Ty 9:0—IV7
ou' P ow’
— =1n(z =W —u,—, o l =u, 1.2.12
50 n(z’,u ,11L) u, o, oo (. )
ou!, o oW oW’ ,
=7z, v) = — — u =u,.
08 o' ox!, o Ylo=

The particular case of the contact transformations (1.2.7) are canonical or
homogeneous contact transformations when 9(z,u,u) = u, and f,, h, do not
depend on u (this is equivalent to the case when the characteristic function W
does not depend on u). For the homogeneous contact transformations, Lie’s
Equations (1.2.12) have the Hamiltonian structure

ozl oW du, oW , ,
= =— =z, U

9 ~ ou’ 89 oz’ Rl " 1o=o

=u,. (1.2.13)
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Let us turn again to Equation (1.2.1).

Theorem 1.2.2. [187] The maximal invariance algebra of Equation (1.2.1) in
the class of operators (1.2.10), (1.2.11) is infinite-dimensional and is given by
the characteristic function

W =W(uy,z, — uuy,). (1.2.14)

Proof. The necessary and sufficient condition of the invariance of Equation
(1.2.1) under the contact transformations is the fulfillment of the conditions

X(u,u” —1) =0,

uyu’=1

with the operator X from (1.0.10), (1.2.11), or, at greater length

u” .al/.+u B_W
drv Y Ou

The general solution of Equations (1.2.15) is defined in (1.2.14). The theorem
is proved.

ow oW
— g OV oW _ L’ =1. (1.2.15
u,u” =1 i dz * Ou 0, ( )

3. Let us consider the relativistic Hamilton equation with the nonlinear
right-hand part

WYW, = f(W). (1.2.16)

If f(W) # 0 then, having carried out the transformation

w
W—»u:/ dz
0

VIf(2)l

we get as a result Equation (1.2.1), or the equation

uu” = -1, (1.2.17)

It is not difficult to understand that the maximal group of the point transfor-
mations of Equation (1.2.17) is the conformal group C(2,3) whose generators
have the form (1.2.3), but in this case gog has the signature (+ + — — ).

If in (1.2.17) f(W) = 0 then we get the eikonal equation

w,u” =0. (1.2.18)
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Theorem 1.2.3. The maximal (in Lie’s sense) invariance group of Equation
(1.2.18) is the infinite-dimensional group generated by the operators C*°(1,3)®
G*,

X = (2z#cx — 2 + dr* + Wz, + a*)dy + N0y, (1.2.19)

where c,,,b,, = —b,,,d, a,,n are arbitrary differentiable functions of u.
We omit the proof because of its similarity to the proof of Theorem 1.2.1.

Theorem 1.2.4. The maximal invariance algebra of Equation (1.2.18) in the
class of operators (1.2.10), (1.2.11) is infinite-dimensional and is defined by the
characteristic function

W = W(u,u,,Tous — Tato), (a=1,2,3)

The proof is the same as in the case of Theorem 1.2.2.

1.3. The polywave equations invariant under the conformal group

Consider the equation
O'u + F(z,u) =0, (1.3.1)

where 0! =0O0'"'0, 1 =1,2,3,..;0 = 9,0*, F(z,u) is a smooth function.
We would like to describe all functions F(z,u) # 0, which ensure the conformal
symmetry of Equation (1.3.1). When { > 1 we call Equation (1.3.1), according
to [63], the nonlinear polywave equation.

It is well known that the maximal local invariance group of the wave equation
Ou = 0 is the conformal group C(1,n — 1) generated by the operators (1.1.2)
and (1.3.2)

D =z"P, +k, , (1.3.2)
K,=2z,D—-12"F,,
where k (called the conformal degree (see §2.3)) is equal to n/2 — 1.
Let us answer the question of whether the polywave equation
Ou=0 (1.3.3)

has conformal symmetry.

Theorem 1.3.1. [176] The polywave Equation (1.3.3) is invariant under the
group of conformal transformations C(1,n — 1) generated by the operators
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(1.1.2), (1.3.2), the conformal degree k being equal to k = n/2 — 1 (i.e., D =
DW =gzvP, + 2 -1).

Proof. Let us write down the invariance condition of Equation (1.3.3) in the
operator form [61,64] (see also §5.5):

O4Q] = A(z)OY, (1.3.4)

where Q is one of the operators (1.1.2), (1.3.2); A(z) is some function. When
[ =1 the conditions (1.3.4) have the form

[D7Plt] = [D’J;w] =0,

[O,D) =20, [O,K,]=4z,0

Now we shall use the method of mathematical induction. Let us suppose
that when [ = s — 1 the following equalities take place

[DS"I’ PH] = [Ds—13 JI-“’] = 0
O, DG-D) = 2(s — 1)O°, (1:35)
@7, KG) = a(s — 1)z, 0%

If we show that relations (1.3.5) hold true also when [ = s then we shall
have proven the theorem. Thus, we have

O° P =[0°Ju] =0
[DS’D(S)] =[O .01, p-1 1] = D[DS—I,D(S—I)] + [D’D(s——l)]Ds—l —
=2(s—1)O° +20° = 2s00°;
O, K9 = [O-01, Ke=Y - 22,] =0 (0°, K$)-
—2[0° 1, z,)) + (O, K¢V - 2[0,2,))0° ! =0(4(s - 1)z, 0° '+
4(s —1)P,O°7") + (42,0 + 4(s — 2)P, + 4P,)0° ! =
= 4sz,[1°.
Here we have made use of the equality
O¢,z,) = 2sP,0O°! (1.3.6)

whose correctness may be easily verified.
Thus the theorem is proved (let us note that a more elegant proof may be
derived using the formulas (A.3.5), (A.3.6)).
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Consider the following question: what functions F'(z, ) from (1.3.1) preserve
the conformal symmetry of Equation (1.3.3) established in Theorem 1.3.17
When [ = 1 the answer is well-known [123]:

F(z,u) = cu™*D/(*=D p £ 2

(where c is an arbitrary constant).
When [ > 1 the following statement holds true [176].

Theorem  1.3.2. Equation (1.3.1) is invariant under the conformal group
C(1,n —1) iff

F(z,u) = culmt2)/(n=20) £ 9] (1.3.7)
Proof. Under the transformations generated by the operator (translations)
T, =T, =z, +a,, u(z)—u(z) =u()
Equation (1.3.1) takes the form
O'u = F(z + a, u).

Whence, due to the demand of invariance, we get

F(z +a,u) = F(z,u)
The solution of this functional relation is

F(z,u) = F(u)

Furthermore, we shall use Theorem 5.5.1, namely, the conditions (5.5.3)
1°,2° which in our case have the form (1.3.4) and

[n(z) + A(z)] F — n(x)uF%% =0. (1.3.8)

As it follows from Theorem 1.3.1: n(x) = A(z) = 0 for the operators Py, Jy.;
n(z) = g — 1, A(z) = 2l for the operator DM (1.3.3), and at last (z) =

cz(n — 21), \(z) = 4lcz for the operator K = c*K,.
Substituting these expressions into (1.3.8) we get

oF

(n+20)F —(n— 21)u%

=0 (1.3.9)

The general solution of this equation has the form (1.3.7). The theorem is
proved.
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The more general result may be obtained if we suppose that formula (A.3.6)
is true for an arbitrary differentiable operator-valued function F'(z). Then the
following statement holds true.

Remark 1.3.1. When n = 2{ Equation (1.3.1) is invariant under AC(1,n—1)
with basis elements (1.1.2) and

D=gz'P,+208,, K,=2z,D—1*P,,
if it has the form
O'u = de™.
Theorem 1.3.3. A pseudodifferential nonlinear wave equation
O"u = F(u) (1.3.10)

(where t is an arbitrary number) is invariant under the conformal group
C(l,n—1) iff

F(u) = culmt2)/(n=21) -y £ 9y, (1.3.11)

The basis IFOs of the corresponding Lie algebra have the form (1.1.2), (1.3.2),
the conformal degree k being equal to

k= 37 (1.3.12)

Proof. Let us make use of the invariance conditions in the form (5.5.3) 1°,2°
which coincide with (1.3.4) and (1.3.8) when [ = r. We have:

0 for P,, Juu;
k for D; (1.3.13)
2kcx for K = K, c*

n(z) =
It is evident that [O", P,] = 0. Furthermore, via formula (A.3.6) we find
O, Jw)=0,Juwm ™+ =0,
@, D)=, D0 + 51—, O,0,D))r(r-1)a "% +--- = 20",
07, K] = [0, K] + % 0,0, K] r(r - )0 + - =

= 4r (czl:v + (r - g) camr-l) ,
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whence it can be seen that condition (1.3.4) is fulfilled if £ has the form (1.3.12)
with

0 for P, Juu;

AMz)=< 2r for D; (1.3.14)
4rcx for K = c*K,.

Having substituted (1.3.13) and (1.3.14) into (1.3.8), we shall obtain the
equation for the function F(u) which coincides with (1.3.9) when | = r. The
theorem is proved.

Corollary. The equation
Ou+cu?=0 (1.3.15)

is invariant under the conformal algebra C(1,n — 1) (1.3.2) iff the numbers r
and g are connected with the following equality:

n
_Z=0
r+k 2

2r + k = kgq,

whence, supposing q to be given, we find

In particular, when n = 4 and q = 2 we get the nonlinear conformally invariant
equation

023 = cu? (1.3.16)

Note. The operator 07, if r is a fractional number, is to be considered a
pseudodifferential operator defined with the help of the integral Fourier trans-
formation

0= [ e rut)anp. (1.317)
1
where dy = dyody1dy2dys, dp = deodpl dp2dps.

To conclude this paragraph let us prove the following statement:



Section 3 15

Theorem 1.3.4. If the equation

Ou = F(z,u, () (1.3.18)

is invariant under the conformal group C(1,n — 1) then it is equivalent to the
equation

OW + AW 2 =0 (1.3.19)

Proof. The invariance of Equation (1.3.18) under the algebra AC(1,n — 1)
means that there exists the set of operators P,,J.., D, K, satisfying the
commutational relations of the algebra AC(1,n — 1) (see §2.3). The formulas
(1.1.2) and (1.3.2) define the linear representation of the conformal algebra
acting in the space of scalar functions u(z). Evidently the generalization of
this representation is possible at the expense of altering the operator D. The
most general form of the operator D which, when combined with P, Ju,
(1.1.2) and K, = 2z,D — z?P,, satisfies the commutational relations of the
algebra AC(1,n — 1), has the form (1.1.3).

Note that if n(u) # 0 then it is possible to transform the function u

2 J nu)

so that the scale transformations generator D (1.1.3) will change into D (1.3.2),
k = % —1. That is why we can further use the representation of the algebra
AC(1,n — 1) in the form (1.1.2), (1.3.2) without loss of generality.

Evidently the function F' from (1.3.18), due to relations [0, P.,] = [0, Ju] =
0, has to be constructed of the absolute invariants of the Poincare group, and
there are only two such invariants: v and u,u”.

By the action of the scale transformations

u—»w:exp{g———-n/ du }, n(u) #0 (1.3.20)

z, —x, =e’z,, u(z) ()= e~ 0(/2=Vy(z), (1.3.21)
generated by the operator D (1.3.2) we have
Ou — Fu,u,u’) =0— e ?GH0u - F (e’o(%"l)u, e“"eu,,u”) =0.
From the demand of invariance we get the functional relation for F
F(u,u,u") = PUS A0) o (e’e(%_l)u,e’"auuu") .

Differentiating F' with respect to 8 and then putting § = 0 we get the differ-
ential equation

oF OF -
(n+2)F - (n- 2)u5; - 2nv-(% =0, (v=uuut),
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whose general solution has the form
F=uifif (u(u“u“)%_nl) , (1.3.22)

where f is an arbitrary differentiable function of the mentioned argument.
Using the explicit form of the conformal transformations (see §2.3) we can
show that Equation (1.3.18) with the function f (1.3.22) remains invariant
with respect to these transformations only when f = const.
In the case where the coordinate n(u) of the operator D (1.1.3) is equal to
zero, i.e., D =z, p", it generates the transformations

z, = p=er,, u)—d(@)=u=). (1.3.23)

Having repeated the same reasoning used while obtaining the expressions
(1.3.22), we adduce the final result.
The equation

Ou+ w,u”f(u)=0 (1.3.24)

is invariant under the algebra AP(1,n—1) = {AP(1,n — 1)(1.1.2),D(1.3.23)}.
We can verify that Equation (1.3.24) is not invariant under conformal trans-
formations generated by the operators K, = 2z,zP —z2P, (see §2.3) with any
f(u). By the way, let us note that with the transformation v = g(w), where
G+ 9*f(g) = 0, Equation (1.3.24) is reduced to the form (1.3.19) with A = 0.

1.4. Ansdtze and reduction of PDEs. The extended Poincare group 13(1,2)
and its invariants

The method of constructing exact solutions of PDEs is expounded. This
method is widely used throughout the book.

1. Let us consider as an example the nonlinear wave equation
Ou + Auf =0, (1.4.1)
where O = 9,0*, u = 0,n — 1, u = u(z). Solutions of Equation (1.4.1),
according to [63], are sought in the form
u(@) = f(z)pw), (14.2)
where ¢(w) are unknown functions to be found. The explicit form of the new

variables w = w(z) and function f(z) is defined from the conditions described
below. Expressions such as (1.4.2) shall be called ansatze. *

* The word “ansatz” in German means “substitution,” although to stress that
expressions (1.4.2) are not purely substitutions ad hoc but are also a method
of calculating functions f(z), w(z) in explicit form they shall be referred to by
the word “ansatz.”
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Substituting (1.4.2) into (1.4.1) gives

awi ka

6f 6(4),‘
3z, 0z+ ¥

k k _
wiwy, +E]u}i99u,-) + 2'87“@99‘”' + Af Q= 0. (]43)

@fw+f(

If we take
Ow; O
Oz, Ox*

Of Ow; k
Ow, = (w 1.4.4
fOw: 28zy oxH Fou(w), ( )

Of = ffe(w)

where a;, b;, c; are some functions depending on w, only then instead of (1.4.3)
we shall have

= fk_laik(w)’

AikPurwr + bipu, + o+ A = 0. (1.4.5)

Conditions (1.4.4), called the splitting conditions [63], are the system of
equations for defining the explicit form of the new variables w = w(z) and
the functions f(z), a;x,b;,c. The new number of variables w = {w;} may be
1,2,...,n — 1. In these cases Equations (1.4.5) will be ODEs or PDEs with the
number of independent variables being equal to 1,2,3,...,n— 1. The solutions
of the reduced Equation (1.4.5), especially in the case of ODEs, can often be
found by direct integration.

The simplest case, when the number of independent variables w in ansatz
(1.4.2) is one and f = 1, the splitting conditions (1.4.4) take the form

Ow = b(w)
wawh = 6_“)6_“) = a(w) (1'4'4’)
T =

By means of a change of variables similar to that of (1.2.16)-(1.2.18), the
system (1.4.4") can be transformed to the canonical form

Do=F@) (1.4.4")
Wt = A, A=0,1,-1.
So, to describe all ansatze u(z) = ¢(w) which reduce Equation (1.4.1) to ODEs
one has to find all solutions of system (1.4.4"”). This latter problem is fully
solved in [60*,130*] (see Appendix 6).
To determine the explicit form of the ansatz (1.4.2) one can effectively use
the symmetry of Equation (1.4.1). As had been shown in §1.1, the generators
of the invariance algebra of Equation (1.4.1) have the form

X = £4(@)9, +n(a), (14.6)
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where £#(z),n(z) are some scalar functions. Using the operator (1.4.6) we can
determine the explicit expressions for the variables w(z) and functions f(z) as
solutions of the following equations:

£#(z)0uw(z) = 0, (1.4.7)

X f(z) = (€*(2)0u + n(2)) f(x), (1.4.8)
or of the equivalent system of Lagrange-Euler equations

dzy dzy dT,_1 du  def
0 = = — = 1.4.
€0 €1 gn—1 —nu dr (1.4.9)

Substituting the ansatz into (1.4.1) we get for ¢(w) an equation not contain-
ing f(z). The number of variables of w = w(z) which are the first integrals of
(1.4.9) is one less than the number of variables of x.

Evidently the formulated algorithm may be applied to the PDEs for the
functions @(wy, .. .,wn—1) repeatedly. Surely it is necessary for these equations
to possess nontrivial symmetries (for more details see §2.1).

Let us point out that the ansatz (1.4.2) can also work effectively in the case
when an equation does not possess a proper Lie symmetry [67]. For example,
the Equation [108]

Ou o (20 2u O AN AT Bu)z_o
To 3.’17() T 8z1 T (9.’172 T3 a$3
where Ag, A1, A2, A3 are arbitrary paramenters, z,, # 0 is not Lorentz-invariant,
but the Lorentz-invariant ansatz

w(z) = p(w), w=z,z*

reduces it to the ODE

Lo dp ., (dp\®
—r - _ i =0
wdw2+2dw A (dw)

(for more details about the reduction and solution of equations with broken
symmetry see §5.7).

Let us also note that in some cases (see, for example, Sec. 1.6) the following
ansatze proved to be effective

w(z) = f(z)p(w) + g(z) (1.4.10)
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Transformations leaving an equation invariant may be used to generate new
solutions from known solutions. Thus, if a PDE is invariant with respect to
transformations

oI = f(z,0), wu(z)= u'(:z:’) = r(z,0)u(z) (1.4.11)

(@ is a parameter, f(z,8), r(z,6) are some smooth functions) and if u;(z) is a
solution of this equation then the function

up(z) = r~(z,0)ur(z') (1.4.12)

will be a solution too.
In the case when the symmetry transformations are nonlinear with respect
to u, i.e.,

7 = f(z,u,9), v'(2') = g(z,u,6) (1.4.13)

then to obtain the generating formulas it is necessary to solve the functional
equation

g(z,un(z),0) = us (f(z,un(z),6)) (1.4.14)

with respect to uy(z).
In connection with group generating of solutions the notion of G-ungenera-
tive solutions [65] (see also §2.3) arises.

Definition. A set of solutions M is called G-ungenerative if the group G gen-
erating does not take out of this set with any transformations from the group
G.

2. Let us determine the invariant variables w = w(z) for the operator that is
the linear combination of the generators of the group P(1,2) (see for example
(1.1.2),(1.1.3)).

()0, = (22" + Mz, + d*)0,, (1.4.15)

where pu,v =0,1,2; 2, ¢, = —c,u, d* are arbitrary constants.
Let us rewrite (1.4.9) equivalently as a system of ODEs

dz N
—dT“ = t*(z) = 2z, + ct’ + d,, (1.4.16)
or in matrix form

X =AX +D, (1.4.17)
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where
Tg ® co1 Co2 do
X=|lz1|, A=|cn = a2, D=|d
T2 Co2 —C2 & da

The number of independent solutions of system (1.4.17) is determined by the
number of different roots of the characteristic equation

det (A— ) =0 (1.4.18)

(where I is the unit matrix.)
In the present case, Equation (1.4.18) has the form

(@ =) [( = A+ cuc*] =0. (1.4.19)

Whence, having obtained A, we construct the corresponding solutions of system
(1.4.9) and then, having excluded 7 from it via (1.4.9), we find the sought-after
invariants.

Without going into the details of these rather cumbersome calculations
we shall present the final result. Depending on the value of the parameters
®, Cuy,dy,, we get the (nonequivalent) invariants of the group P(1,2) [88].

Table 1.4.1 The invariant variables of the group P(1,2).

N | Invariant variables w | Conditions on parameters

1. (ay)(By)*, y*(By)~? o®=af =0, B2=b<0.
2. | (By)(@y)™! + In(ay),y*(ay) 2 a?=af=0,2=b<0.
3. | In(ay) + arctan%%, y%(ay)~? a?=-02=-§2=1,

af =ab=p6=0.
4.1 ay+In(By), (By)By)™* |a?=8=aB=p5=0, B =1,

ab = b #0.

5. (By)ay)™,  (6y)(ay)~! a?=-p2=-§=1,
af=ab=06=0.

6. ¥2 + (By)?, PBy+ In(ay) a?=aB=0 B%2=1.
7| (By)?~v? Py+arctan & a?=-p%2=—§2=1,
af=abd=p36=0.

8. | 3(aw)’+a(By), 3ay)’+ a’=af=p6=0,
+a(ay)(By) + a®(dy) ab=—-2=862=b+#0.

9. ar, z° a?=1.

10. az, Q.

Here a,b,a,,a,, 6, are arbitrary constants, satisfying the aforementioned
conditions: y, =z, +a,.
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The invariants 1-10 from Table 1.4.1 are easily generalized for a greater

number of variables. For this purpose it is necessary to sum on y,v from 0
to an arbitrary n > 2. This is done so that we do not exhaust all possible
unequivalent invariants.
_ The alternate method of constructing unequivalent invariants of the group
P(1,2), as well as any group G, is the following. Instead of solving Equation
(1.4.7) or the equivalent system of ODEs (1.4.9) with the functions £# which are
the linear combination of the generator’s coordinates of the Lie algebra, all at
least one-dimensional, non-isomorphic subalgebras of the AG should be found.
Then the invariants of these subalgebras’ generators are calculated. Certainly
the very problem of describing non-isomorphic subalgebras of a given Lie al-
gebra, is difficult enough but for the fact that there is an effective algorithm
[163] with which the complete description of non-isomorphic subalgebras of
the most important Lie algebras is given: P(1,3) [163], P(1,4) [51], P(1,n)
(14-16], P(2,n) [13], G(1,n) [12,68], E(n) [69] (for a comprehensive review of
this subject see [139%]).

The explicit form of the non-isomorphic, one-dimensional subalgebras of the
algebra AP(1,3) and the corresponding invariants obtained in [163,114] are
presented in Table 2.1.1. _

In Appendix 2 the one-dimensional non-isomorphic subalgebras of AP(1,3)
are constructed. These results are used in §2.1 and §2.2 when constructing
ansatzes for spinor or vector fields.

1.5. Reduction and exact solutions of the nonlinear d’Alembert equation

In the present paragraph we construct the families of exact solutions of the
nonlinear wave equation [88]

Ou+ Muf =0, (1.5.1)

where u = u(zo,z1,22), 0 = 83 — 87 — 83, A, k # 1 are arbitrary constants.

As shown in §1.1, Equation (1.5.1) is invariant under the algebra A1A5(1, 2).
Using this result we take for the operator X (1.4.6) the generators’ linear
combination of the Al AP(1,2)

2
X = (22, + cuz” +d,)0, + k—fe—l (1.5.2)

and construct by the method elaborated in the preceding paragraph the ansatze
(1.4.2). The invariant variables w;,ws are presented in Table 1.4.1. The func-

tion f(x) may be determined both from (1.4.8) and (1.4.9) using the oper-
ator (1.5.2), and from the splitting conditions, (1.4.4). Omitting easy but
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rather lengthy calculations we present the explicit form of ﬁ(l, 2)-unequivalent
ansatze for the scalar field u(z) with symmetry operators (1.5.2) [88]

1°-5°  u(z) = (By) TF p(wr,wa),

(1.5.3)
6°-10° u(z) = ¢(wr,w2),

Formulas (1.5.3) are to be considered together with Table 1.4.1 where the
corresponding values of invariant variables are represented, and the relation-
ships between arbitrary constants «,,, 8, are indicated.

Let us substitute the ansatze 1°-10° (1.5.3) into Equation (1.5.1). After
some cumbersome calculations we get

1°. a®wip1 — dwi(aws — a — 1)1z + dwa(we — 1)az+
+afa =1+ 4(1 — k)]wipr +2(k — 1) [(8k + 1w — 2(k + 1)]p2+
+2(k+1)(k—1)2p + Aok =0;
2°. p11 + 412 — dwaos + 2(3 + k)(1 — k) Lo + Ap* = 0;

3% 1= (w2 = 1) Vo1 — 4wz — 1)(p12 — wapaz) + (3 + k) (1 — k) " Hor -
—4(1 = k)[B — k)wz — (1 + k)2 + 2(1 + k) (1 — k) 20 + Ap* = 0;

4°. wfcpll — wywa(bwe — 2)p12 + wgg(Jzz +4(1+ k)_l(w1<p1 + wa2)+
+2(k+ 1)1 = k)20 + Ap* =0;

5°. (Wi + )11 + 2wiwr 2 + (W2 + 1)pge + 2(k + 1) (k — 1)7x
X (w11 + waa) + 2(k + 1)(k — 1) 2p + A* = 0;

6°. dwip11 + 4ap1z — P22 + 41 + Ap* = 0; (1.5.4)
70 —dwipn + (1 + a®wi)pgg + 491 + Ap* = 0;

8°. — 11 +2(w1 + a®)pas + (M/ba?)* =0,

9°. 11 + w112 + dwapas + P2 + /\c,.o’c =0;

10°. 11 + 2aBp12 + ez + A" =0,

F;) 2
Here ¢ = B_ui’ Okl = ‘i o N 1°-10° correspond the numbers of ansatze
in (1.5.3) and of invariant variables in Table 1.4.1.

Let us pass to the more detailed analysis of the reduced Equations 1°-10°
(1.5.4).

If in 1° (1.5.4) we put w2 = 0 then the substitution

P(w) =w1:+1V(wl) (1.5.5)

-1
reduces 1° (1.5.4) to the Emden-Fauler equation

wfV + 2w,V + AwfHvE =0, (1.5.6)
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where dots denotes differentiation with respect to wy. The partial solution of
(1.5.6) is sought in the form

V(w1) = cwi, with ¢, s constant (1.5.7)
Substituting this expression into (1.5.6) we get

k+1 k+1
s=_ot1 k=1 _ g R+

k-1 ¢ T Tk -1)2
As a result we find the following solution for Equation (1.5.1):

(1-k)*

= 2
_ 2 - 1.5.8
u@) = (B0, 6 = -dgrrp (1.58)
Putting in 2° (1.5.4) @2 = 0 we get the ODE
P11+ A" =0, (1.5.9)

whose general solution is expressed through the integral

# dr 2
= 1.5.10
A \/c1+7-k+1 il_k(wl +C2), ( )

where ¢y, c2 are constants of integration. Specifically, when ¢; = 0 we have

P(wi) = (w1 + ) F (1.5.11)
(When k = 3, the solutions of Equation (1.5.9) are expressed with elliptic

functions—see Appendix 1).
Returning to 2° (1.5.3) we find the following solution for Equation (1.5.1):

uw(z) = [Bz + az(cz + In ozx)]l_EJF ,

A(1— k)2 (1.5.12)
2 _ _ 2 _ _ 2
@ =af=0, f=-g7 -
Putting in 2° (1.5.4) ¢; = 0 we obtain
—dwapzr + 234 k)(1 — k) Lpa + A" =0, (1.5.13)

whose partial solution is the function

_[A(k—-1)2
p(wz) = [5 k_3

, k#3.

=F
w2
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This leads to the solution of Equation (1.5.1)

Ak —1)?

=%
=Ll , k#3. 1.5.14
we)= [ gee| ok (1514)
By a substitution analagous to (1.5.5), Equation 4° (1.5.4), when ¢; = 0 or
w2 = 0, is reduced to the Emden-Fauler Equation (1.5.6).

When ¢; = 0 or g2 = 0, Equation 5° (1.5.4) takes the form
W+ 1)+ awp +bp + A" =0 (1.5.15)

where w = w; or wsy; and the overdots denote differentiation with respect to w.
When k = —3 it is possible to integrate Equation (1.5.15) and the result has
the form

1/2

S+ Ve F1) 42 -2
2¢o (w+\/w2+l)jCl

4° (1.5.3) and (1.5.16), when w = w; or w = wy, results in the following solution
for Equation (1.5.1):

{ +{(az)(c1 + pch Q(z)]Y/2, & —4r=u? >0,
u(z) =

(1.5.16)

<p=:l:|:2c1+

t[(az)(c1 + pshQ(z)]Y/?, & —dr=—p?>0, (1.5.17)
*[(az)Q(x)]/?, ca—4r=0,

where Q(z) = ¢z [(Bz)(azx)™ + (Br)*(az)? +1V/2],a2 = -B*=1, aB=0.
Putting in 6° (1.5.4) w2 = 0, we obtain the ODE

A
wipn + o1+ 765 =0, (1.5.18)
whose partial solution is
A , |7F
plwr) = [—Z(l - k) w] (1.5.19)

Formulas (1.5.19) and 6° (1.5.3) determine the following solution for Equation
(1.5.1):

u(z) = {—%(1 - k) [(By)? +y2]}m. (1.5.20)

Putting in 8° (1.5.4) ¢, = 0, we get (1.5.9), and using (1.5.11) and 8° (1.5.3)
we obtain one more family of solutions for Equation (1.5.1):

1 e
u(z) = [ﬁy + 2—@(01.1;)2 + 02] , ?=aB=0, B*=-1 (1.5.21)
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Equation 10° (1.5.4) is the two-dimensional wave equation, if a? = -2 =1,
af =0.
In Equation 9° (1.5.4) let us make the substitution of variables

To=\Jwf —wz, T =uw, (1.5.22)

which transform 9° into the nonlinear Darboux equation
Proro — Prim + T(l—ltp‘fo - ’\(pk =0 (1523)

To find solutions for Equation (1.5.23) we once again apply the algorithm of
§1.4. But first let us investigate its symmetry.

Theorem 1.5.1. The maximal local invariance group of the nonlinear Dar-
boux Equation (1.5.23) is a 2-parameter Lie group generated by operators of
the form

g ] i) 2
X1= 45— Xo=Top—+T157— —

—_— 1.5.24
(97’1 ’ BT() 3T1 1-% ( )

Theorem 1.5.2. The maximal local invariance group of the n-dimensional
nonlinear Darboux equation

Ou+ Mzg  up + Aguf =0 (1.5.25)

when k = %ﬂ}, A1 # 2—n is the conformal group C(n—1) whose generators
have the form

P, =-0., Jw=2zoP—xzpP,; a,b=1,n-1,
D =200 + TaBa — 3(n — 2+ A1), (1.5.26)
K, =2z,D — (zg - xbxb)Pa,

when k # ﬁ% it is the extended FEuclidean group E(n — 1) generated by
the operators

F, = _aa.a Job = 2o Py — 3 Ps,
) (1.5.27)
D= 1060 +.’Eaaa - l—k

The proof of Theorems 1.5.1, 1.5.2 may be obtained by Lie’s method.
We seek the solutions of Equation (1.5.23) in the form

1 +a

(10, m1) = TT%“I)(V), V= , a=const. (1.5.28)
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Substituting (1.5.28) into (1.5.23) results in the ODE

k+3 4
Vi-1)% - ——& +A0* =0. 1.5.29
( ) vv+k_lV<I>v+(k_1)2 +A 0 ( )
Knowing the solutions of this equation, we construct by the formulae (1.5.28),
(1.5.22), 9° (1.5.3), solutions for equation (1.5.1). Note that when k = 5,
(1.5.28) coincides with the nonlinear Legendre equation
d d®
— la-vi=
dv [( )dV]
To conclude this paragraph we obtain solutions for Equation (1.5.1) contain-
ing arbitrary functions. We shall seek these solutions in the form

u(z) = [f(z) + ()] (1.5.31)

where a = (1 — k)~ or 2(1 - k)71, V = {V¥}, and W = {W"} are some
functions of z.

Let us substitute (1.5.31) into the n-dimensional Equation (1.5.1). As a
result we obtain

(@ = D)F.F* 4+ (f + 9)(fa VI + g WyW™ + £,0V" +

- %@ —2®° =0. (1.5.30)

A
+OW”) + =(f+ "¢+ =0, (15.32)
where

dg o2 f ?g
F = U‘/u I/Wlla V:_1 V:__—a U:—_—_F'
W=RVEA O WL fo= g Fu = Gy 9 = Gyigy

Let us adduce some partial solutions of Equation (1.5.32):

a). n>3, a=(1-k)71 fV)=(V°+c)?, gW)=WW!,

Vl=az, W°=p8z, W!=éz, c= const, (1.5.33)
af=ab=p0 =6 =0, 2a2=ﬂ6=)\:—:%, k # 3.

b). n>3, a=21-k)71, f(V)=VipV?, gW)=WlypW?),
Vi=Wl=az, V'=pz, W!=éz, (1.5.34)

®=af=ab=p6=0, (=-6=-1,

where ¢ and v are arbitrary differentiable functions satisfying the condition
O+ 9% = Ak —1)2/2(k + 1).

c). n>3, a=2(1-k)"1, f(V)=f(V°) is an arbitrary smooth function,;
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g(W) = WO, V° = az, W° = gz,

A(1-k)?
2_ .5 _ 2 AU TR 1.5.35
a=af=0, f 5 TTk ( )
Returning to (1.5.31) we obtain from (1.5.33) through (1.5.35) corresponding
solutions for the n-dimensional Equation (1.5.1) (n > 3)

u(z) = [(ax +c)f + (ﬂx)(&z)] = , c=const, k#3,
a[3=a6=ﬁ2=62:0, 2a2=ﬁ6=)\u; (1-5.36)
k-3
u(e) = [Brp(as) + boyp(az)] ¥, (1.5.37)

?=af=ab=p6=0, [=-6=-1;

u(z) = [f(az) + Ba] =T,
A(k—1)? (1.5.38)

2 2
= =0 ==
o af , B 5 F 1

The solutions obtained, containing the arbitrary functions, may be useful
while solving various problems of mathematical physics, such as the Cauchy
problem or some boundary value problems.

In conclusion let us note that in the case of three spacial variables nonlinear
wave equation

Ou+Mu® =0 (1.5.39)

is invariant under the conformal group C(1,3) D P(1,3). The detailed analysis
of conformal symmetry will be given in the next chapter (§2.3), but here it is
appropriate to consider this question in connection with Equation (1.5.39).

The conformal transformations leaving Equation (1.5.39) invariant have the
form

2
T, —C,T
xu—)z'..—_—-——" Lot

BT e Ue) o) = ole,oule), (1.5.40)

where o(z,¢) = 1 — 2cz + c?z?%, ¢, are arbitrary constants. According to
(1.4.11), (1.4.12) one can easily derive from (1.5.40) the following formula of
generating solutions

up(z) = :(’iz;)) (1.5.41)

The conformally invariant ansatz for Equation (1.5.39) has the form

w(z) = (%) Tpw), w= —i—;f (Bz = BLz") (1.5.42)
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where (3, are arbitrary constants. The substitution of (1.5.42) into (1.5.39)
gives the following ODE

ﬂ“ﬂ—"o“l’—o (82 = 8B.) (1.5.43)
72 Qo = = V). ..

Solutions of this equation are expressed in terms of elliptic functions (see Ap-
pendix 1) when 52 = —1, A > 0, there is a simple partial solution of Equation

(1.5.43)
o= \/—gi— (1.5.44)

So, the expression (1.5.44) together with (1.5.42) result in the following solution
of Equation (1.5.39)

21
A Bz’
After application to (1.5.45) the formula of generating solutions by means of
translational transformations

u(z) = g =-1. (1.5.45)

up(z) =ur(e’), z, =z,+a, (@, = const),

we get the C(1,3)-ungenerative family of solutions of Equation (1.5.39)

_/2_1 2 _ _
u(z)_\/;ﬁz+&, B = -1, (1.5.46)

where @ is an arbitrary constant.

1.6. Reduction and solutions of the Liouville equation

The Liouville equation
Ou+Ae* =0 (1.6.1)

arises in the problems of differential geometry, the theory of nonlinear waves,
and quantum field theory [18].
In the two-dimensional case the general solution of Equation (1.6.1) is

(1.6.2)

uw(zo, 1) = In {_§ f(.’l?o + ml)ﬁ(xo — ) } ,

X [f(zo + z1) + g(z0 — 1))

where f, g are arbitrary differentiable functions and f, g are derivatives with
respect to the corresponding argument (fg§ < 0), was constructed in 1853 by
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Liouville. The singular solutions of Equation (1.6.1) were obtained in [127,
128].

Below we shall consider the three-dimensional Equation (1.6.1). As shown in
§1.1 its maximal (in Lie’s sense) invariance group when n > 2 is the extended
Poincare group P(1,n — 1) and the general form of the symmetry IFO is as
follows:

X = (22" + Mz, + d“)a-% - 2aeaa—u . (1.6.3)
"

Because of the addend —220,, the operator (1.6.3) doesn’t have the structure
of (1.4.6). But if we make the transformation (see (1.3.20))

u=—-2InW, (1.6.4)

then (1.6.3) coincides with the operator (1.5.2) with £k = —1 and it is possible
to use ansatz (1.5.3). Substituting ansatze 1°-10° (1.5.3) with £k = —1 into
(1.6.4) instead of W, we obtain the ansatz for Equation (1.6.1) [88]:
1° = 5% u(z) = p(wr,ws) — 2 In (ay),
(1.6.5)
6° —10°. u(z) = o(wy, ws).

Formulas (1.6.5) are to be considered together with Table 1.4.1 where the
corresponding values of the invariant variables w;,ws are adduced and the
conditions for «,,, B, et al. are indicated.

Substituting ansatz 1° — 10° (1.6.5) into Equation (1.6.1) we obtain, corre-
spondingly

1°. a2w12<p11 + 4w (w2 + a + 1)p12 + dwa(wg — 1)+
+a(a — Vwip; + +2(3wz — 1)z +2 + Aef =0;

2°. 11 +4p12 — dwaprr — 22 + Ae¥ = 0;

3. [1= (w2 —=1)" 11 — 4(ws — )12 + dwe(wz — )22 — @1+
+2(Bwz — 1)z + 2+ Ae¥ =0;

4°. 11 + 2(2wa + b)p12 + dwipas — @1 + bwaws + 2 + Ae? = 0;

5°.  (w? 4 1)1 + 2w weprz + (W2 + 1)@z + 2w101 + 2wapz + 2 + Ae? = 0;
6°. 4w +4apia — pa2 + 41 + Ae¥ =0 (1.6.6)
70, —4dwipn + (1+ d®wi)pes + 4p1 + Ae? =0;

A
8% —pn+ 2('”% + 02)3022 + —2"699 =0
a?b

9°. @11+ 4wip12 + dwaprs + Aef = 0;
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10°.  ay1 + 2aBp12 + B + Ae? = 0.

9 2 .
Here ¢ = éwik’ and @i = au%gﬁ; N 1° — 10° correspond to the numeration

in Tables 1.6.1 and 1.4.1.
First of all we note that if a® = a3 = 0, 32 = —\/2, then Equation 10°(1.6.6)
takes the form
a2 —2e¥ =0

and its general solution is

F(wi1) = 2In chw; + G(w1))],
@ =< F(w)—2In cosjwz + G(w1)],
—2In[-wz + G(w1)],

where F, G are arbitrary differentiable functions. Further, if o> = -4 = 1,
af = 0 then 10°(1.6.6) coincides with the two-dimensional Liouville equation.

It turns out that in the case n = 2 the symmetry qf Equation (1.6.1) is
essentially more rich than the extended Poincare group P(1,1) [88].

Theorem 1.6.1. The maximal (in Lie’s sense) invariance group of Equation
(1.6.1) with n = 2 is infinite-dimensional and generated by the operators

X = (f +9)d + (f — 9)01 — 2(f + )9, (1.6.7)

where f = f(zo+x1) and g = g(zo — z1) are arbitrary differentiable functions;
and f,§ are derivatives with respect to the corresponding arguments.

Proof. From the invariance condition

X(ugo —u11 + Aet) =0,

ugo—u11+Ae” =0
where X is defined in (1.1.7), we have
[M00 — m1 + Ane* + 2(womou — urm1u) + (oo — ©11) (N — oy )—
—2(u00€y — w10&7 ) — 2(u0o o — U1ou1)Ey — o (€00 — &11)—

=0,

ugo—u11+Xe"” =0

~(uf - uD)uos]

whence we obtain
€=0, &=¢, &=¢,
Mo = N1, Too — M1 + Ane™ — Any + 2x\e“£3 =0.
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The general solution of this system has the form

£° = f(zo +z1) + g(z0 — 71),
&' = f(zo +21) - g(z0 — 71),
n= -2
and determines the operator (1.6.7). The theorem is proved.

Solution (1.6.2) can be easily generalized to the n-dimensional Equation
(1.6.1) (certainly for n > 2 it is not general):

— In _8 f(az)§(Bz) 2 _ 32 —
ue) =1 { A [f(ax)+g(ﬁx)]2}’ @EF=0 ef=2 (168

where o, and B, (v = 0,n — 1) are arbitrary variables satisfying the mentioned
conditions, and f,g, f, ¢ are arbitrary functions and their derivatives.
Putting in 1° (1.6.6) 2 = 0, we obtain the ODE
a2wlpn +ala — Dwygr + Ae* =0 (1.6.9)

whose general solution has the form

2c
—2In [%wfl/a ch (clw;/a + cz)] ,  A>0,
—2In [wal/“ cos(clw%/“ + 02)] , A<0,
2l [l e}/ + )], A<0,

—2In [\/:fwfl/“ sh (clw;/“ + 62)] , A<O0,

u(z) = (1.6.10)

The ansatz 1° (1.6.5) and the formulas (1.6.10) result in the following solutions
for Equation (1.6.1):

—2In [pP(z)sh (a1 Q(z) + ¢2)],
—2In [6P(z) ch (c1Q(z) + ¢2)],

) =9 _ain [pP(z) cos(er Q(z) + c3)] (1611
—2In [pP(z)(Q(z) + ¢2)],
where
A
¥ =8=-", P) = () Ve,
4ct (1.6.12)

Q(z) = (By)(ay)/*, o®=aB=0, B*>#0.

We list some more solutions for Equation (1.6.1) having the structure of
(1.6.11) but with other functions P(z) and Q(z):
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P(z) =y, Q(z)=+42/ay;

P(z) = (By)* +y°, Q(z) = In P(z);

P(z) =1, Q(z)=PBy+aln(ay);

Plz)=1, Q(z)= By; (1.6.13)
P(z) = F Y (ay), Q(z)=(By)F(ay);

P(z) = F ' (ay), Q(z) =ByF(ay) — In F(ay);
P(z)=1, Q(z)=By+ F(ay).

In the formulas (1.6.13) a,, 8, are arbitrary parameters satisfying the con-
ditions o = a3 = 0, 32 # 0; F is an arbitrary smooth function.

From the partial solution of Equation 9° (1.6.6) and the ansatz 9° (1.6.5)
we obtain one more solution for Equation (1.6.1):

u(z) = —In (%z,,x”) . (1.6.14)

The solutions of Equation (1.6.1) can evidently be generalized for an arbi-
trary number of variables.

It should be stressed that all solutions of the Liouville Equation (1.6.1) ob-
tained here have a singularity at the point A = 0. This means that with the
regular methods of perturbation theory it is impossible to obtain the approxi-
mate solutions near the exact solutions (1.6.2), (1.6.11)—(1.6.14).

1.7. Reduction and solutions of d’Alembert’s equation with the nonlinearities
sin u, sh u

The wave equation
Ou+ F(u) =0, F(u)={shu,sinu} (1.7.1)

describes a wide class of physical phenomena: dislocation propagation through
a crystal lattice, Bloch wall movement in magnetic crystals, propagation of a
“skewed wave” along a lipid membrane, unitary theory of elementary particles,
propagation of magnetic fluxes in Josephson line, et al. (See [1, 26, 210] and
references therein.)

For the two-dimensional (n = 2) Equation (1.7.1) there are well-known soli-
ton, soliton-antisoliton, and two-soliton solutions [170, §2.5].

As shown in §1.1 the maximal (in Lie’s sense) invariance algebra of Equation
(1.7.1) is the algebra AP(1,n — 1) whose basis generators have the form (1.1.2).
Thus we seek solutions for Equation (1.7.1) in the form

u(z) = p(w) (1.7.2)
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In the present paragraph we construct the families of solutions of the 4-
dimensional (n = 4) Equation (1.7.1).

Let us use the invariance variables listed in Table 2.1.1. This gives 13 un-
equivalent ansatze (1.7.2). Substituting into Equation (1.7.1) we obtain 13
reduced PDEs, correspondingly:

1°. —on — 22 — 33 + F(p) =0;
2°. p11 — 22 — 33 + F(p) =0
3%~ — w3+ F(p) =0
1
4°. - - E% + 22 — @33 + F(p) = 0;
1
5% o + o, $1 T P22~ s + F(p) = 0;
2 w
6°. Yar + —2 — P33 + 2— 15 + F(p) = 0
S " 1 2
1
. o+ —p1— —pa—ps3+—p3+ —p12+ F(p) =0
w1 w3 1 w3 w1
8% — — 22 — w33 — —p3 +4ep1z + Fp) = 0; (1.7.3)
".U3 'll)3
1 _
%~ e+ (1= o®wi?)e12 — @33 + Flp) = 0;
1
10°. —on + et (14 Pwi?)p1a + 933 + Fp) = 0;
1
o 1 2a
11° o1+ —w1 — 22 — w33 + — 12 + F(p) = 0;
w1 w1
12°. dwap11 — w22 — @33 + F(p) = 0;
2 w w
13°. wan + —w2 — (1 + w)p33 + 2— 093 + 2— 12 + F(p) = 0;
Wy w2 w2
Equations 1°—13° (1.7.3) correspond to the ansatz (1.7.2) with the invariants

1-13 from Table 2.1.1. The direct reduction of Equations 1°—12° (1.7.3) results
in ODEs of the form

. k
G+ —p=eF(u), k=012 e==I (1.7.4)
w
Putting in 13° (1.7.3) 92 = 0 we get the ODE

—(1+w}) ps3 + F(p) =0,
which, by the change of variables

w3

V1+w?

w3 — w =

+ f(wn),
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where f(w;) is an arbitrary differentiable function, results again in Equation
(1.7.4) with k =0 and e = —1:

_ o+ €(zo + 71)T3
1+ (.’L’o + x1)2

-9+ F(p) =0, + f(zo + z1). (1.7.5)

When k£ = 0, Equation (1.7.4) can be solved by quadrature:

- deo
w+01~/\/26fF(T)dT+C

where ¢, c are arbitrary constants.

When k£ = 1 Equation (1.7.4) may be reduced to one of Painleve’s Equations
(114, 139). If £ > 1 then (1.7.4) cannot be solved by quadrature.

From (1.7.6), for F(p) = sin ¢, we obtain [63, 114, 88]

(1.7.6)

¢ = 4arctan(ae‘°") — —(1 —e)m, € ==x1, e€==1, = const
@ = 2arccos[dn (w+a,m)] + (1 + €)1, 0<m <1 (1.7.7)
¢ = 2arccos[cn (w + a,m)] + 2(1+€)r, 0<m <1,

where a is an arbitrary constant, and dn(z,y), cn(z,y) are Jacobi elliptic

functions (see Appendix 1).
Analogously, for F(p) = sh ¢ from (1.7.6) we have [83] (1.7.8)

c—2
@ = 2arcth[sn (2,2)], 2z=1vc+2w, k2:c+2, c>2
¢ =2arcth(snz2'), z' =v2w, c=2
i- sn2(z 4
= = = 2,
") arccos[ ] Ve+2w, k popt c>
—csn(w k)
= arcco , 0<e<2; 1.7.8)
p=ar S[ 2 cen?(w, k) ] (

@ = 4arcth (), c¢=2;
@ = arcth[en (w,k)]™!, ¢c¢=0, k%=

)

N[

c—2

+2

In formulas (1.7.7) and (1.7.8) it follows from the previous analysis that w
may take the values

= 2arcch [ en?(z,k) 4+ sn?(z, z)] z=1iVe+2w, K = , > 2.

z2 + €(xo + T1)T3

1+ (zo +21)2 + f(zo + 1), (1.7.9)
0 1

Zo,T1,Z2 + f(zo + 1),
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where f(zo + 1) is an arbitrary differentiable function.

Applying to (1.7.7) and (1.7.8) the operation of group generation it is easy to
construct P(1,3)-ungenerative families of solutions for Equation (1.7.1). These
solutions have the form (1.7.7), (1.7.8) where the variable w takes one of the
following values:

by + + d
dy, ay, by + f(ay + dy), 3%% + flay + dy),

where a,, b,, d,, d, are arbitrary constants satisfying the conditions (2.1.27),
Yy =z, + 0, 0, are arbitrary constants.

1.8. Solutions of eikonal equations
In the present paragraph we shall obtain families of exact solutions of equations
whose symmetry was studied in §1.2.

1. Let us consider Equation (1.2.18)

_ Ou ou _
= 0zv 0z,

w,u”

(1.8.1)

Equation (1.8.1) admits the infinite-dimensional algebra generated by the op-
erators (see Theorem 1.2.3)
X =n(u)d,

with an arbitrary differentiable function n(u), and therefore it possesses a re-
markable property: an arbitrary differentiable function of a solution of Equa-
tion (1.8.1) is also a solution, which can be easily confirmed.

Let us seek the solution of Equation (1.8.1) in the form

u(z) = p(w) + g(z), (1.8.2)

where the variables w are listed in Table 1.4.1 and the corresponding expres-
sions for the function g(z) have the form

_ J In(ay), for N1-35,
9(z) = { 0, for N6 — 10.

Substituting ansatz (1.8.2) into Equation (1.8.1) we obtain the following
reduced PDE for the function p(w):

1°. a*wip? — 4w (awy —a — 1)p19g + dwa(we — 1)pi+
+2awi 1 — 4wz — 1)p2 +1=0;
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2°. ¢f + 49102 — dwap) + 4y = 0;

3%, [1—(wi—1)7"o] — 4(wz — 1)(p1 — wagp2)p2 + 201 — 4wz — 1)z +1=0;
4°. o} — 22wz — b1y + 4wt + 291 — dwapr +1=0;

(W? + 1)¢? + 2w1wa01 92 + (W2 + 1)02 — 2(w1 1 + wapz) + 1= 0;

6°. 4wl +dapipz — 9 — 2pg = 1; (1.8.3)
7°. —dwipf + (1 - d®wi )k — 202 + 1 =0;

8. — i+ (2w + a?)pk + alpy = 0;

9°. @I + 4wy 192 + 4wyt + 4y = 0;

10°.  ayf + 2a8p192 + %05 = 0.

7] .
Here ¢ = # Equations 1° — 10° correspond to the reduced Equations
k

(1.8.1) appearing as a result of substitution by ansatz 1°-10° from Table 1.4.1,
(1.8.2).

Integrating (1.8.3) we obtain with (1.8.2) the following solutions of Equation
(1.8.1) [88]:

u(z) = F(az), o®>=0; (1.8.4)
u(z) =F (%;) , al=0; (1.8.5)

u(z) = F (ﬂz + /(Bz)? — zz) , B =1, (1.8.6)

where F' is an arbitrary function of the mentioned arguments (this arbitrary
function appears as a consequence of the property of solutions of Equation
(1.8.1) stressed above).

The arbitrary dependence on u of the coefficients 2, c,., d., of the infinitesi-
mal operator (1.2.19) admitted by Equation (1.8.1) permits us to seek solutions
of Equation (1.8.1) in the form

u = p(v), (1.8.7)

where v = v(z,u) = {vi(z,u), vo(z,u)}.
Substituting (1.8.7) into (1.8.1) we have

vlvaﬁ] + 201,05 Qo Puy + 112.,1)5’4,::,2,2 =0. (1.8.8)
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Owing to the fact that v; and v, are invariants with respect to some subgroup
of the symmetry group of Equation (1.8.1) we can rewrite (1.8.8) in the form

A(v)@h, +2B(0)pu, v, + C(0)¢5,, (1.8.9)
where the functions A(v), B(v), C(v) are found from the conditions

vLLU] V1V Vg, Vs

Alw) — B(v)  C(v)

() = @(J1), ¢(v)=2(k),

The set of solutions of Equation (1.8.9) is equivalent to the set of solutions of
two equations

A(v)po, + [B(v) +VB2(v) — A(v)C(v)] Goy =0,

AW)pw + [B) = VBW) = AQRICE)| 01 =0,
whose general solution may be represented in the form
pv) = (1), ¢(v)=2(R),
where J; and J; are the first integrals of the equations

d’U] dU2

A(v) ~ B(v) + /B2(v) — A(v)C(v)’

It is possible to use for v; and v, the expressions for w; and w, from Table
1.4.1; however, in the present case the coefficients a,, 3, 6, should be considered
as arbitrary functions of u. Let us list several solutions of Equation (1.8.1)
obtained by this method:

v

a,(u)z” =22, a,(u)a’(u) =0;

o)z’ = 2 - [B,(we*]?, o*=af=0, F=1;

$(z, ) + B, (u)z In d(x,u) =0, B°=-1,

where ¢(z,u) = B, (u)z” £ /22 + (B, (u)z)?

Voo (u)zr + (B (u)z?)? + B, (w)z”
(B (u)z)? ’

a,(u)z” — In
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?=6=aB=B6=0, ad=2, (=1
(w (w)z" )3+ 30, (w)z" By (w)z” +36, (w)z* % [(a, (w)z* )2 +28, (w)z* +1)*/2 = 0,
a’=af=06=0, lab=-p=8=1
a,(u)’ =22 +1, a,(u)a’(u) =4
2. The solutions of the relativistic Hamilton equation

u,u”

ou Ju
= =1 1.8.10
dzv 9z, ( )

are sought in the form (1.5.3) when £ = —1, i.e,,

_ [ (ay)p(wr,wz), N 1°-5°, "
’U/(x) = { 90(1111,1112), N 6° — 10° (18 )

The corresponding variables w; and wy are listed in Table 1.4.1.
As a result of substituting ansatz 1° — 10° from (1.8.11) into (1.8.10) we
obtain the following reduced PDEs for the function ¢:

1°. a%u%(p% — 4wy (awz —a — 1)p192 — 4w (wy — 1)('9%_}_
+2awy 01 — 4wy — Vs +* = 1;
2°. @ + 4912 — dwaph + 4y = 1

3°. [1= (w2 —1)7 Y92 +4(1 — wa) @102 + 4w (wy — 1)+
+2001 +4(1 — wa)ppo + > = 1;

4o, 0%+ 2(b— 2ws) 192 + Awl? + 2001 — dwapps + 9 = 1;
5°. (w} +1)pf + 2wiwapr g + (wh + 1)93 — 20(wr 1 + wap2) + o' =1
6°. dwip? +daprpz — PE — 2py = 2;

70, —dw 2 + (14 2wk + 205 = 0; (1.8.12)
8. — @2+ (2w + a®)@2 + 2 = a7

9°. @ +dwip192 + dwapk + 4y = 1;

10°.  apl + 2aBp1p2 + Bps = 1.

Having determined some partial solutions of Equations (1.8.12) we construct,
with the corresponding formulas (1.8.11), the solutions of Equation (1.8.10).
Below we list some of these solutions [88, 92]:

u(z) = Bysinc + /32 — (B)2cosc, B*=1, c= const;

w(z) = (2cay) 7 (Py? + (ay)?), o =0;



Section 8 39
w(z) =y +1-— ln—y—z\/_%—y_—l—_t—l, a?=0;
w(z) = —By + In|(By)* — y*| — 2arctan %,az =af =36 =0,a0 =0;
w(e) = [(a9)? +2a(By)*a*)*"* + (ay)? + 3a(ay)(By) + 3a*(8y) + ay,
where o® = aff = 86 = 0,a6 = —32 = 6 = (6a%)™";
u(z) = F(ay) + By,

where a2 = a8 =0, /%2 =1, and F is an arbitrary differentiable function;

u(@) = /(ay)? +y%, o =-1;

w(z) =\/yg + (@92, & =1
u(z) = Vy?

It is possible to apply the generating formulas (see §1.4) to the family of
solutions (1.8.13) in such a way as to construct new families of solutions for
Equation (1.8.10). Let us adduce two such solutions. For this purpose we write
down the finite transformations generated by operators K 4 (1.3.2) [92]:

Zl = z” _ CI-L32
u _ Ac 82’
1 — 2cz + 2c3u +2C CAS (1.8.14)
u'(z) = ulz) = o8
1 — 2cz + 2c3u + cAcas?

where p,v = 0,1,2; s = 22 —u?, A = 0,1,2,3; z3 = u. We take as initial
solutions u(z) the simplest of the solutions of the set (1.8.13)

ur(z) =Pz, =1

and

ur(z) = Va2

Solving the functional Equation (1.4.14) for the transformation (1.8.14) we
have correspondingly [92]

u(z) = (2a)7 (—1 + /1 + 4afz + 4a2z2) ,

1.8.15
a=c3—PBc#0, B>=1; ( :
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1/2
A)sz) /

)

(1.8.16)

u(z) = (c?cy)™? [63 + (c3 + ctca — 2cac’(cz) + (cac
cac® #0, A=0,1,2,3.
A solution of Equation (1.8.10) may be also be sought in implicit form
v1 = p(v) (1.8.17)
Let us consider several simple cases.
a). v (z,u) = Baz?, v(z,u) = asz?. (1.8.18)
Substitution of (1.8.17) and (1.8.18) into (1.8.10) gives
apat? —2a48%0, +BaB* =0
and if aga? = asB8? = G484 = 0 then
Bazt = p(asz?). (1.8.19)

Formula (1.8.19) defines the solution of Equation (1.8.10) with an arbitrary
differentiable function ¢.

b). v(z,u) = x4z, v(z,u) = szt

In this case the equation for the function ¢(v) has the form
aAaAgof, — 4vp, +4v =0.

Integrating this equation and returning to (1.8.17) we obtain the solution of
Equation (1.8.10):
zAxA - 2anA + aAaA =0.

T4z
BazA’

The equation for the function ¢(v) has the form

c). wv(z,u)= v(z,u) = apz?; anat =aaBft =0, Bapt=1

vy + 9 =@
Integrating this equation we obtain the solution of Equation (1.8.10)

A\2
——(iAZA) = aAacA + 1.
A

Solutions of Equation (1.2.17) are obtained from solutions of (1.8.10) by
changing in the latter the signature (1,-1,-1) to (1,-1,1).
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The generalization of the solutions obtained here in the case of an arbitrary
number of independent variables is quite evident.

1.9. Symmetry and exact solutions of the Euler-Lagrange-Born-Infeld equation

The equation

L(v) = (1 - w,u”)0u + v u’u,, =0, (1.9.1)
where v = u(z), ¢ = (zo,...,ZTn-1), and
Ou 0%u

Uy =

—_— Uy = , ut=g"u,, " =9, =(1,-1,...,-1)d,,
oz, m 32,0z, g g Iu ( ) b

which we considered in §1.1 while solving the problem of group classification
of second-order PDEs invariant under the group P(1,n). Equation (1.9.1) in
Euclidean space generalizes the n-dimensional case of the equation of mini-
mal surfaces which was first obtained by Lagrange from the Euler-Lagrange
variational principle.

In the present paragraph we shall determine the maximal (in Lie’s sense)
invariance group of Equation (1.9.1) and then obtain some of its solutions.

Theorem 1.9.1. [87] The maximal local invariance group of Equation (1.9.1)
is the extended Poincare group P(1,n)

Proof. From the invariance condition

XL(u) =0
2 L(u)=0

where )2( is written in (1.1.7), we obtain the defining equations for the coordi-
nates &*(z,u) and n(z,u):

O™ + 0,62 =0, a#b;, 8,6 =dpt?,

0,€6" = 8gn, 9,E°+8,m=0,
e =018 =+ =0,16" = 0un

whose general solution has the form
4 =c"Brp+dt, A=0,1,2,...,n; z,=u,

4B = —cBA g4 = const
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and establishes the basis of the algebra Alz(l, n) operators. Thus, the theorem
is proved.

Let us seek the exact solutions of Equation (1.9.1). We consider first the case
where n = 2. By the way, let us note that the particular class of exact solutions
of the two-dimensional Equation (1.9.1) had been obtained by Barbashov and
Chernikov (see [17]); these solutions, as shown in [207], may be found by the
godograph method.

Following §1.4, we seek solutions for Equation (1.9.1) in the form

u(z) = f(z)p(w) + g(z) (1.9.2)
There are several cases [87].
a). w=az, f(z)=1, g(z) =pzr; B, —const; v=0,1
In this case, for the function ¢(w) we obtain the equation
[0® + (aoB1 — 150)*] =0 (1.9.3)

If a® + (a0f1 — a160)? # 0, then the solution of (1.9.3) is a linear function,
and consequently

u(z) = a, ¥ + c, (1.9.4)

where a, and c are arbitrary constants. When a2 + (a8 — a18)? = 0, the
solution of Equation (1.9.1) has the form

u(z) = p(az) + fz (1.9.5)

where ¢ is an arbitrary twice-differentiable function. The solution to (1.9.5)
with B = 1 = 0 was also obtained in [17].

b). w=z’=22-22 f(z)=1, g¢(z)=aln(zo+z1). (1.9.6)
In this case the ansatz (1.9.2) reduced (1.9.1) to the ODE

(w+a?)p —2wp® —3ap? + =0

whose general solution has the form

lin c by/wtal—ayw+b? * (ywiafixwib? )b

2 bwvw+al+awyvwtb2 Vwta?—/wtb? ’
(p('I.U) = by/ aZ—a+/ 3] w+a*

zln [CbW\/ZIFWw:;:Hﬁ] + barctan ZEEE,

Vw+a? —aln [e(Vw +aZ +a)] .

Whence, using (1.9.6) and (1.9.2), we obtain the solution of Equation (1.9.1):
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i fo()” |
In {c (-E’)*_’—;”})a th* [

To+zx 2
aln (cm+a)+ ¢+ a

) o (1w

a2

X

%;%m” + b arctan %;%zm—;} (1.9.7)
2

D= =

u(z) =

where a, b, and ¢ are arbitrary constants.

c). w= i—l, f(z) = o, g(z)=c = const. (1.9.8)
0

Substitution of (1.9.8) and (1.9.2) into (1.9.1) gives the equation
@ +w’ 1) =0

by integration we get the solutions of Equation (1.9.1) in the form (1.9.4) and

u(z) = £y/22 — 2 +c (1.9.9)

d). w=1z9+z1, f(z)=Vro—21, 9g(T)=C= const (1.9.10)
The corresponding equation for the function ¢(w) has the form
©?¢ — 3pp? +2p =0. (1.9.11)

Changing variables in (1.9.11),

o=0), y=v (1.9.12)

we obtain the linear equation
yzd; —3yp+2=0
whose general solutions are given by the formula
_ayt+1
2y

Using this result and formulas (1.9.12), (1.9.10), and (1.9.2) we construct the
solutions of Equation (1.9.1):

¢

1/2
+ [JLL th (c1(zo + 71) + 62)] + s,
1/2
+ [ﬂ)c_l—ml cth (Cl(zo +$1)+Cz)] + c3,
1/2
+ [J_x'c—,xl tan(ci (af + 21) + 02)] +c3,

| £ [$0 -1 + Cz(wo - zl)]1/2 + c3,

u(z) =< (1.9.13)
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where ¢y, ¢z, c3 are arbitrary constants.
e). w =29 — 71 +a, In (zo + 1), f(z) = Vxo + 21,
g(z) = ¢ = const (1.9.14)
Substituting (1.9.14) and (1.9.2) into (1.9.1) results in the ODE
(¢ +4a)p — 4ap® — 3pp? +2p =0

which, by transformation (1.9.12), may be transformed into the Riccati equa-
tion:

(v + 4a)d — 4ap? — 3yp +2 =0 (1.9.15)
The general solution of Equation (1.9.15) is

_2a—y(a/y? +4a—y)

2a(c1V/y? +4a—y)

Substituting this expression into (1.9.12) we obtain the following equation:
dp 20-¢ (cu/«p2 +4a — 99)
dw 2a (cnﬂp2+4a——<p)

and integrating this we obtain, via (1.9.14) and (1.9.2), solutions for Equation
(1.9.1):

d(y)

I

9 1/2
u(m) =4 [czecs(mo—zl) + c_(zo + )] +cq, €= 0;
3

co = (u— Vu? + 4a(zo +z1))—1 X

u To + 1 —
X exp + » a=l
u — /u? +4da(zo + 71) 2a
oo V@D k) k), (1.9.16)
o (x0+z1)exp(_zﬂ_'*:5_l_2) ) 1 ’ ..
2
—1)5(v + 1)V/5 (v2 — 2 l(s+1)/23
oo D@D (@ 200 +1) 2 —1<0,

)
(zo +z1) exp {—231— arctan =L + ﬂ’—;—;ﬂ}
—a

where v = u[u? + da(zo + 21)] "%, s=(1-c)1+a)7?,
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S+D(E-1Dx(d -1
and bi=(1 )Ec%—1;3/2( ! ), ky =c1 £4/& -1

Let us consider Equation (1.9.1) when n > 3. As in the two-dimensional
case we seek solutions in the form (1.9.2). Let

_ (ax)?
=5

where a, a, (3, are arbitrary constants satisfying the indicated conditions. Sub-
stituting (1.9.17) into (1.9.1) results in the ODE

u(z) = (Bz)p(w), w a®>=aB=0, B2#0 (1.9.17)

p=0
whence we obtain, if we return to (1.9.17), the solution of Equation (1.9.1)
W) = (az)? + Bz, o?=aB=0, B #0 (1.9.18)

One can directly verify that

u(z) = (Br)plaz), o*=af=0, B #0 (1.9.19)
where ¢ is an arbitrary twice-differentiable function, is also a solution of Equa-
tion (1.9.1).

Let

u(z) = p(w) + fr, w=axz,

where a,, B, are arbitrary constants. Substituting this ansatz into (1.9.1)
results in the solution

w(z) = p(az) + Bz, (az)®+a’(1-p%)=0 (1.9.20)

with an arbitrary twice-differentiable function .
Let us consider the ansatz

uw(z) = p(w), w =z’
For the function ¢(w) from (1.9.1) follows the Bernoulli equation
2w +ng — 4(n — Nw® =0

integration of which we yields the solution of Equation (1.9.1)

\/IZ
dr
= —_— 1.9.21
wz) = /0 V14 cpr?n—2 ( )
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where c;, ¢ are constants. When ¢; = 1 or ¢, = 0 we find from (1.9.21)
w(z) = Va?
Owing to the fact that Equation (1.9.1) is invariant under transformations

from the group P(1,n), where the variables z¢,z1,...,Zn—1,u enter equally,
solutions may be sought in implicit form. If, for example, we use the invariants

a). wy; = asz? = ar — anu, ws = Baz? = Bz — Bau, (1.9.22)
or
b). w =zaz? =22 —u?, wy = Paz?

where a4, 84 are arbitrary constants, and the substitution
wy = ¢(wz) (1.9.23)
then in case a) we obtain the solution
aaz? = §(Baz?), (aaa?)(BaBh) - (@aB?)’ =0  (1.9.24)

In case b) (1.9.22) the substitution (1.9.23) reduces Equation (1.9.1) to the
ODE

2wd — B2¢)p + n(4¢ — 4wy + BB %) = 0 (1.9.25)

where n is the number of independent variables z.
The substitution

BB p(wz) = Y(wa) + w3, BaB” #0
in (1.9.25) yields the equation
209 — np® — 4(n — 1) = 0

whose general solution is given by the formula

T

[ 7

From here we obtain the solution of Equation (1.9.1) in the form of the func-
tional relation

=wg +cg or Y =0.

(Baz?)? — (BaB)zaz? + ¢(Baz?) =0, BaBr#0. (1.9.26)
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If B4aB8% = 0 then the substitutions (1.9.23) and (1.9.22) reduce Equation
(1.9.1) to the linear Euler equation

wié — 2nwad + 2n¢p =0

whose solution is

2
¢ =crwy + czw2"

The corresponding solution of Equation (1.9.1) is found from the algebraic
relation

zaz? = c18az? + c2(Baz™)™", BaBt =0.

1.10. Symmetry and exact solutions of the Monge-Ampere equation

In this section we study the symmetry and construct several classes of solutions
of the multi-dimensional MA equation

u

,=—2Y o uv=0n-1 1.10.1
Uy 32,07, w,v n ( )

det (uu) =0,

and also make group classifications of equations like
det (uu) = F(z,u,u), uw={uu}. (1.10.2)

The MA equation was generalized in the n-dimensional case by Pogorelov
and had been used by him to solve the multi-dimensional Minkowsky problem
[165]. Nowadays Equation (1.10.1) is widely used in quantum field theory.

As shown in §1.1, Equation (1.10.1) is invariant under the group P(1,n).
More complete information on its symmetry gives the following statement.

Theorem 1.10.1. [86]. The maximal local invariance group of the MA equa-
tion (1.10.1) is the group G = {IGL(n + 1, R),C(n + 1)}, containing the group
of general linear inhomogeneous transformations IGL(n + 1, R) of the space
R™! = R™(z) x R!(u) and the group of conformal transformations C(n +1).
The basis elements of the corresponding Lie algebra have the form

7] ~ I
Py=——, Jap=zaPp; A,B=0,n;
0z 4 (1.10.3)

Ko =za2pPp; (zn =u).

Proof. From the invariance condition (1.1.6)

Xdet (up,) =0
2 det (u,,)=0
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where the operator %( is given in (1.1.7), we find the system of defining equa-
tions for the coordinates £#(z,u), n(z,u) of the infinitesimal operator X =
10, + n0y: :
nl“’ = fg.u = O’ 2551/ = 6%“’""“‘-
52./ = dpoMvu + 6»077;4u
The general solution of this system is rather easy to derive and has the form

fAzxACB$B+CAB$B+dA, E'nE,’,
The solution yields the formulae (1.10.3). The theorem is proved.

As the group of general linear transformations IGL contains as subgroups
the Galilei group and the Lorentz group, it is possible to state that for the
MA Equation (1.10.1) both the relativity principles of Galilei and Lorentz-
Poincare-Einstein are true. The relativistic or the nonrelativistic symmetry of
the MA equation can be singled out as follows.

Let us consider Equation (1.10.2).

Theorem 1.10.2. [86] Equation (1.10.2) is invariant under algebra AP(1,n)

PA—iA, Jap =xaPp —xpPy (1.10.4)
oz
iff

F(z,u,y) = M1 - u,,u")ﬂf_-z, A = const. (1.10.5)

Equation (1.10.2) is invariant under the Galilei algebra AG(2,n — 1)

1o}
= A JAB = xan - bea; Gla = CE()Pa + mxaPn,
Oz (1.10.6)
G2a=xnpa.+mzaP0; a,b:l,n—l

Py

iff

F(z,u,9) = Auo + “;““H—"; \,m = const (1.10.7)

m

Proof. Necessity. As in the proof of the previous theorem we start from the
invariance condition (1.10.8)

X [det (vu) — F(z,u, IIL)] =0 (1.10.8)

det (uyy )=F

where the operator %( is constructed via the formulae (1.1.7), £* and 7 are

defined in (1.10.4) for the Poincare group or in (1.10.6) for the Galilei group.
For the function F(z,u, ) from (1.10.8) we obtain the equation
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o (OF L OF\ | OF |
Ou, Oz, T ou

0 60
+[ (56_‘;+ 0%5)_n(nu_u0%)]F:O (1.10.9)

In the case of the algebra (1.10.4) it follows that

F(z,u,y) = F(w), w=uu",

2(1 ~w)g—§ +(n+2)F =0.

The general solution of these relations is given in (1.10.5). Analogously, for
the set of operators (1.10.6) we obtain from (1.10.9)

l a
F(z,u,zlt) =FW), W=u+ o Ya s

dF
_— 2)F =0
2w W +(n+2)
whence follows the formula (1.10.7).
Sufficiency. It is easy to confirm directly that Equation (1.10.2) with the
function F from (1.10.5) and (1.10.7) is invariant under the groups P(1,n) and

G(2,n — 1), respectively. The theorem is proved.
Let us note that the equation

n+2

det (v ) =A(1- u,,u")_;_

is no longer Galilei-invariant and the equation

det (u,,) = A (u + uuua)"—# (1.10.10)
wvl 0 2m o
is no longer Lorentz-invariant.
We seek the solutions of Equation (1.10.1) in the form [86]
u(z) = p(w) (1.10.11)

where w = w(z) is some differentiable function. Ansatz (1.10.11) reduces
(1.10.1) to the linear ODE

M(w)@ + N(w)p =0, (1.10.12)

where N(w) = det (w,.),
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M(w) =
2
Wy Wo1 cer Won-1 Woo Wo W1 . |
2
— | Wow1 w11 W1 n—-1 + W10 wy W1 n-1 +
WoWn—1 Wp_11 ... Wp—1n-1 Wn-10 Wn-1W1 ... Wn_1n-1
Woo Wo1 cee WoWn—1
W10 w11 e W Wp—1 | _ d
+...+ =E;N(w) i def
....................... .2..... Z;wl“’ = w”wu
Wn-10 Wn-11 Wy _1

The proof of this statement can be carried out by the method of mathematical
induction. In the two-dimensional case, using direct calculation, we obtain

det (¢w#wu +owy,) = @(ﬁ(wg’wll + ’LU%TUO() — 2wowy wo1) + 952(w00w11 - w%l) =
=y [<,'odet (‘U),“,) + @(wgwu + w%'wgo — 2wowywoe )]

The calculations for n > 2 are carried out analogously. Let
w=az, oy =const (1.10.13)

In this case it follows from (1.10.2) that the solution of Equation (1.10.1) is an
arbitrary differentiable function ¢, i.e.,

u(z) = p(ax) (1.10.14)
Solution (1.10.14) can be generalized. It is easy to verify that the function
u(z) = p(wi, ws, ..., Wn-1) (1.10.15)

(k)

where w;, = a,(,k)z", ay ' are arbitrary constants and £ = 1,n — 1 satisfies

(1.10.1).
Let us put w = z2 in (1.10.11). Then
N(w)=2", M(w)=2"w
and Equation (1.10.12) takes the form
20p+p=0 (1.10.16)

The general solution of (1.10.16) is given by the expression

p(w) = avw + ca, (e1,c2) = const.
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Thus we obtain the solution of Equation (1.10.1)

u(z) = 1V, x¥ + 2

Let us list some more families of solutions for Equation (1.10.1) in explicit
and implicit form:

u(z) = (ax)? — o®2?,

u(z) = 2% Jaz,

u? — 2% = c(anu — az)?, (1.10.17)

az — apu = 9(Bz — Buu).

In the formulae (1.10.17) ¢, @, 8., an, B, are arbitrary constants, with az
a,z¥, v=0,n—1, and ¢ is an arbitrary twice-differentiable function.

1.11.* Symmetry of the scalar wave equation with interaction

The standard approach of describing interaction of scalar particle (spin s =
0) with external electromagnetic field consists in the following: one has to
substitute 7, = 9, — eA, (A, is the vector-potential of the electromagnetic
field) for 8, in the equation of motion of a free scalar particle. As a result one
gets the equation

7, u = m?u, that is

) (1.11.1)
3,0 u — eud A" — 2eA,0"u + e A, AP u = mPu.
Let us generalize this equation as follows
0,0"u + Mud, A" + Mg A, 0%u + A3 A, APy = mPu, (1.11.2)

where A;, A2, A3 are arbitrary constants.

Equations (1.11.1), (1.11.2) are invariant neither under the Poincare group
P(1,3) nor under the Lorentz group O(1,3), the vector-potential A, being
given as arbitrary functions of z. However, if we treat these equations as
nonlinear ones, the vector-potential being considered as an arbitrary vector
field equal in rights with the scalar field u, we get that the equations possess
nontrivial symmetry. From this point of view, Equations (1.11.2) actually
mean an infinite set of Equations (1.11.2) for different A, [59*]. The most
physically interesting case, when Ay = 2)\; = —2e, A3 = €2, is selected from
the set of Equations (1.11.2) due to its symmetry properties.

* This section is written in collaboration with R.Z.Zhdanov.
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Let us consider first the case m = 0. The symmetry operators are looked
for in the form

9 9 9
— gp — - H . 1.11.
Q = t¥(x, u’A)Gz" +n(z,u, A)au +7n (:L‘,u,A)aA# ( 3)

Theorem 1.11.1 Depending on A1, A2, A3 Equation (1.11.2) with m = 0 is
invariant under the following Lie algebras:

1) if

M#0, A#0, A —-4)=0,

(1.11.4)
(AMA2 = 2X3)% + (A2 — 201)? #0,
then IA is {AP(1,n), A;°} with elements
P,=0,= B;i“’ Jw =z, P, — 2, P, + Sy,
D =z"P, — A0 + kud, (1.11.5)
(Suv = AuOar — A,04n)
and 9F 9
Q= /\gF(z)uBu—ilaa—A;, (1.11.6)

where F(z) is an arbitrary solution of the wave equation OF = 0, k is an
arbitrary constant;
2) if
M=—e, d=-2 M=, e#0 (1.11.7)
then IA is the conformal algebra AC(1,n) with basis elements (1.11.5), k =
(1-mn)/2 and
K, =2z,D — 2*P, + 25,2, (1.11.8)

and A$° generated by operators

Q = eF(z)ud, + %F:a;;l (1.11.9)
where F' = F(z) is an arbitrary smooth function;
3) if
M#0, M#0, M —4x#0, (1.11.10)

then IA is AC(1,n) with basis elements (1.11.5), where
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AA2 — 2)3

and

K. =K, +Xau, E=ud, (1.11.11)
(A =201 =n)(A2 — 2\1)/ (N} — 423))

4) i
M #0, dp=2A3=0, (1.11.12)

then IA is AP(1,n) (1.11.5) and A3® generated by operators
2 Oa 7]

= - —— —_— 1.11.13
Q1 = a(aud — 55z (1.11.13)
0 1 3]
= F“ —_— = —AF—
Q2 (x)aA”, Q3 au+uA 6A”’
where a, F* satisfy conditions
Oa =0, J,F*(z)=0;
5) if
AMF#0, A #0, A3=0, (1.11.14)

then IA is AC(1,n) with basis elements (1.11.5), where k = (1 — n)A\;1 /)2,
(1.11.11) with A = 2(1 — n)A\;%(A2 — 2)\1) and AS° generated by operators

a9
— =2/ —_n
Q=u Fa) g  OuF* =0, (1.11.15)
6) if
M=X =0, A #0, (1.11.16)

then IA is AC(1,n) with basis elements (1.11.5), (1.11.8), where k = (1—n)/2,
and A$° generated by operators

E = ud,, Q=b($)6u+B“(x,u,A)a;Zu, (1.11.17)

where b, B* are arbitrary solutions of the equations

0b + AsbA, A” + 2\3ud, B” = 0; (1.11.18)

7) if
M=0, A#0, X#0, A2 —4X3=0, (1.11.19)
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then IA is AP(1,n) (1.11.5) and A

2 9a 0

Q1= a(z)uau - /\—Z—Ea_AE,

(1.11.20)
> aA”', ’ )

Proof. Using the Lie algorithm one finds that coefficients of operator (1.11.3)
must satisfy the following (defining) equations:

£ =& =Nav =N =0; (1.11.21)

gt + €8 = 61 f(x) (1.11.22)
(f(z) is an arbitrary differentiable function);

M (e + 26082 — €8)u — 65(n — wip)] = 0; (1.11.23)

A2 [(n# + (2606, — €4)AY] — Munt + 21y, —OE* = 0; (1.11.24)

2Xsuln* + (26064 — €4)AY) A, + Munli+ (1.11.25)

+A2A 0" +0n+ A3A, A% (n — un.) = 0.
Equation (1.11.21) yields

¢ =€), n=a(@)u+b). (1.11.26)

The general solution of Killing equations (1.11.22) is given in (1.2.7).

Now it is easy to find the general solution of Equations (1.11.23)-(1.11.25)
and thereby the general form of £#, 5, n*. Depending on A1, A2, A3 there are
seven different cases which are stated above in the theorem. So, the theorem
is proved.

Theorem 1.11.2 Equation (1.11.2) with m # 0 is invariant under AP(1,n)
with basis elements

7] —

P“ - %’ n= 0, n, (11127)
Jyy — xupu —_ zUPF' + AuaAv — AuaAM.

So, the treatment of Equation (1.11.2) as nonlinear system gives us the possi-
blility to study its symmetry properties in detail.



Chapter 2

Systems of Poincare-invariant
Nonlinear PDEs

In the present chapter we will consider systems of nonlinear PDEs that are in-
variant under the Poincare group P(1,3), extended Poincare group P(1,3) and

conformal group C(1,3). Ansatze for spinor fields will be constructed. The
formula of generating solutions (GS) by conformal transformations is obtained
for fields of arbitrary spin. Wide classes of exact solutions of nonlinear gener-
alizations of the Dirac equation are found as well as solutions of the quantum
electrodynamics nonlinear equations, coupled nonlinear equations for vector
and scalar fields, the Yang-Mills equations, and some others.

2.1. Reduction and exact solutions of the nonlinear massive Dirac Equation

Let us consider a nonlinear Dirac equation for a massive spinor field

[iv-0—m — Ayy)*] =0, (2.1.1)

A a — .

where v -9 = %0 + 1101 + 7202 + 713035 0, = 5——, v = 0,3; Y = P(z) is
a four-component spinor (column); ¢ = ¢ty = (1,3); and m,k, A are

arbitrary real constants; v, are Dirac matrices

0o 0 0 Oa
— — — .1.2
Yo ( 0 _00) Ya (_Ua 0 ) ) (a’ 1)2’3) (2 )

oo and o, are 2 X 2 unit and Pauli matrices

(1 0\ _ (01 (0 —i (1 0
ao—<0 1), 01—(1 ())’ 0'2—(2. O>’ a;;-(o _1)(2.1.3)

Equation (2.1.1) under A = 0 coincides with the linear Dirac equation dis-
covered in 1928, which describes free particles and antiparticles with mass m

55
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and spin s = 1/2. An interest in generalizing the Dirac equation was inspired
by Louis de Broglie’s ideas about the possibility of describing particles (fields)
with spin s = 0,1,3/2,... by virtue of the field with spin s = 1/2. de Broglie
developed for this purpose the method of “fusion” [35] according to which the
wave function is represented as a product of “fusable” functions. From the
point of view of unitary field theory, if we introduce only one field, then the
field equations should be nonlinear, as the intersection generating exited states
in the form of diverse particles can only be in this case a self-intersection. One
of the first attempts at a nonlinear realization of de Broglie’s idea was the work
of Ivanenko and his collaborators dated to 1938-1953 (see, for example, [156],
Introduction). In the early fifties Heisenberg [118] put forward a wide program
on the development of unitary field theory based on the following nonlinear
spinor equation

(70 + AW 19)v sl =0, 5 = 170717273 (2.1.4)

The simplest conformally invariant nonlinear spinor equation has been pro-
posed by Gursey [115]

[i7 9+ /\(1/)1/1)1/3] =0 (2.15)

A wide class of conformally invariant nonlinear generalizations of the Dirac
equation different from (2.1.4) and (2.1.5) was suggested in [101] and [102]
(see §2.4). A simple method of constructing nonlinear spinor equations which
essentially differ from (2.1.1) and (2.1.4) was pointed out in [65]. The simplest
equation of this kind follows from (2.1.1) under m = 0 with the help of the
replacement v, — ¥y,9:

(¥ 1u9)8%9 = 0.

This equation is invariant under the infinite-dimensional group of point trans-
formations.

There are some works on exact solutions of nonlinear spinor equations: |5,
6, 19, 20, 132, 138, 149, 150]; all of them use the Heisenberg ansatz [119] only

P(x) = [f(w) + (v )W) x, (2.1.6)

where w = z#z,; x is a constant spinor; and f and g are real, differentiable
functions.

Below we construct new ansatze for spinor fields and then obtain multipa-
rameter families of exact solutions of Equation (2.1.1) and, in the next sections,
exact solutions of Equation (2.1.1) under m = 0, Equation (2.1.5), and a con-
formally invariant generalization of the Dirac-Heisenberg equation, (2.1.4).

To find exact solutions of the nonlinear Dirac equation (2.1.1) we use the
ansatz suggested in [63]

Y(z) = A(z)p(w), (2.1.7)
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where A(z) is 4 x 4 matrix; ¢(w) is an unknown four-component function (col-
umn) depending on new variables w = w(z) = {w1, w2, ws3}. After substituting
ansatz (2.1.7) into (2.1.1) we obtain

Owq 4 Ay

(iy- 0A)p + iy, 9. 50

~ [m+ N@AAp)*] Ap =0 (2.1.8)
Furthermore we require Equation (2.1.8) to contain addends depending on the
new variables w only, whence follows

dA
A1 v =
v oz,

Owe
oz,

F(w), A7y, = F,(w), AA=Gw) (2.1.9)
where F, F,, and G are arbitrary 4 x 4 matrices. If one succeeds in finding a
partial solution A = A(z), wa = we(z) of system (2.1.9), then to determine
the function we obtain from (2.1.8) the reduced equation

F(w)p + Fo(w)

Bf +1i [m+ A@G(w)p)*] ¢ = 0. (2.1.10)

0w,

At first sight the system of PDEs (2.1.9) is not in the least simpler than the
initial equation. Nevertheless algebraic-theoretic techniques give an effective
algorithm for constructing vast classes of its exact solutions. Later, to deter-
mine the explicit form of ansatz (2.1.7), we shall proceed in the same way as
in §1.4.

Let us use the fact that the maximal invariance algebra of Equation (2.1.1)
is AP(1,3), with basis elements

P() = ia(), Pa = —ié)a,

i (2.1.11)
Juv = 8Py = 20 Py + 5 (0t = W 0)-
If A(z) and w(z) satisfy the conditions
(a*P, + " Jyu) A(z) =0, (2.1.12)
[a*P, + (2, P, — z,P,)]w(z) =0, (2.1.13)
where a,, c,, = —c,, are arbitrary real constants, they also satisfy system

(2.1.9). So the problem of describing ansatze (2.1.7) for spinor fields invari-
ant under AP(1,3) (2.1.11) is reduced to the solution of systems (2.1.12) and
(2.1.13). Using nonequivalent one-dimensional subalgebras of the Poincare al-
gebra AP(1,3) and corresponding invariant variables constructed in [163] and
[114], we write down the P(1,3)-nonequivalent ansatze (2.1.7) [100].
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Table 2.1.1. P(1,3)-nonequivalent ansatze for a spinor field.

N Algebra Invar. var. w = {wy,ws,ws} Ansatze Y(z) =
1 P Z1,%T2, T3 p(w)
2. P3 Zo,T1,T2 (p(W)
3. P+ P To + T1,T1,T3 p(w)
4 Ji2 (23 + 22)V/2%, 20,25 exp{—37172"
-arctan 7+ }o(w)
5. Jo3 (23 — 22)'/%, 21,29 exp{+3707s3-
-In (zo + z3) }o(w)
6. Joz + J12 To + 71, exp{—sotar)
(z2 — 2% — 22)V/%, 14 Y2(70 + 711) }o(w)
7. adoz — Jn (z2 — 23)'/?, exp{370m"
aln(zo + 1)+ ‘In (zo + 71)—
+ arctan 22, (z3 + 22)1/2 — 37273
-arctan ﬁ}(p(w)
8. Joz— zo + 11, €(To — 1)+ exp{—%’Yﬂs'
—£(Po+P) + arctan 22, (z3 + z3)1/? ~ar<1:tan 2 p(w)
9. Jig + aPy (x3 + 23)1/2, exp{— 171172
o + aarctan ZL, 73 -arctan 2 1o (w)
10. | Jiz+aPs (z2 + 22)1/2, exp{—17172:
z3 + aarctan £L, 7o -arctan 2% }o(w)
11. | Jo +aP, (2§ — })'/%, exp{370m"
T3 + aln (zo + 1), 23 ‘In (zo + 1) }(w)
12. | Joz + Jig+ zo — T1 + (To + T1)To+ exp{{(zo + z1):
+Py— Py +5(zo + 71)%, 72(Y0 + M) po(w)
T3 + (2o + 21)%, 73
18. | Joz+Jiz— | mo+a,(af -2} —a3)'?, | exp{-giy
—eb; zz + €(zo + x1)x3 Y20 + )}

Here a # 0 is an arbitrary constant; € = 1.

To illustrate how to construct the ansatze of Table 2.1.1 we consider, as an
example, operator Jy2 (the fourth position of the table). In this case Equations

(2.1.12) and (2.1.13) take the form
(.’13132 - :E261 - %’)’1’)’2)/1(1) = O,
(mlaz - Iz@] )w(m) =0.

We look for a solution of (2.1.14) in the form

A(z) = exp {31172f (@)},

(2.1.14)

(2.1.15)

where f(z) is a scalar function. Substitution of this expression into (2.1.14)

gives
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(216 = 220 = ) exp {37272/ (@)} =
= im0 [(218; — 2261)f — 1 exp{31172} =0,
that is

Integrating this equation one obtains

z
f(z) = —arctan —,
T2

and therefore
A(z) = exp {—%7172 arctan x—l}
T2
Equation (2.1.15) is equivalent to the following Euler-Lagrange system

deo _ doy _ dop _ drg

0 —T9 1 0

I

which has first integrals of the form
Zo, xi + 2, T3

On putting

1/2
b

2 2 _
wr = (27 + 73) w2 = o, w3 = I3

we finally obtain ansatz N4. For the rest of the cases calculations can be done
in much the same way.

Ansatze 1-13 of Table 2.1.1 are the complete set of P(1,3)-nonequivalent
ansatze for spinor fields. This means that one of them cannot be changed into
another by means of a group generating procedure.

Let us substitute ansatze 1—13 from Table 2.1.1 into Equation (2.1.1). After
lengthy but elementary calculations we obtain the following reduced PDEs for
the function ¢(w) [100]: '

(1) 11 + 1292 + 13903 + iFp = 0,
(2) Y01 + M2 + Y23 + iF@ = 0,
(3) (Yo +M)¢1 + 122 + 7303 + iFp =0, (2.1.16)

1 .
(4) 72 (901 + 27)199) + Y092 + Y3903 +1Fp =0,

1 .
(5) 30 +1)e+3 [(70 +s)wr (% = 1)| P1+ 102 + N3 +iFp =0;
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1 w? +w? wy ,
(6) (o+m) {1 ++5—¢ (70+71)-———— —n—| p2t+13p3+iFp =0,
2wy 2w w2
(7) 3(vo+m)e+3 [(‘Yo +71)wr + —(‘70 - ’71)] Y1+ [06('70 +m)+ —’Yz} Y2+

— +iFp =0,
+73 <2w3<ﬂ+993) 1Fy

1 1 .
(8) (vo + 1)1 + [6(70 -m)+ —"72] w2 +73 <—<P + <P3> +1iFp =0,
w3 2ws3

1 « .
9) v (2—1904'991) (E71+70)992+73993+1F99=0’

1 « .
(10) 2 (—2 v+ 991) + (—71 + 73) 2 + Yop3 +iFp =0,
- W1 w1

1
(11) 2(o+m)e + 3 [('70 +m)wr + E(% - 71)] o1+

+[v2 + a(vo + M) w2 + 1393 +iFp =0,
(12) [(vo +71)w2 + 70 — 1] @1 + Y202 + Y3903 + iFp

1 w? + w? w
(13) (0 +m) (991 ——o )+ |(0+m)— —n—| g2t
2w 2wiws w2

+ [(’Yo +71)w— + 72 + eqawi1y3| @3 + 1 Fp =0,
1

Here ¢, = :%’i, a=T1.3 F = [m+A@®y)"]; the equation of number n,
a
n = 1,13 is obtained with the help of the nth ansatz of Table 2.1.1.

The next step in finding invariant solutions of Equation (2.1.1) should have
been the investigation of symmetry properties of the reduced Equations 1-13
(2.1.16). But the problem of establishing the maximal group of invariance of
these equations is very tedious and cumbersome in itself. Naturally a question
arises as to whether there is a procedure for obtaining information about the
symmetry of the reduced equations from the symmetry of the initial equation.
An affirmative answer to this question is given by the following statement (as
for its proof, see [161]).

Theorem 2.1.1. Let G be an invariance group of some PDE and H C G be a
one parameter subgroup of G, (H being a normal divisor in G). Then the factor
group G/H is an invariance group of the equation obtained through reduction
of the initial equation by H-invariant solutions.

It will be noted that this theorem does not guarantee the maximality of the
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group G/H, that is, the reduced equation can admit a wider symmetry group
than G/H.

In our case we have G = P(1,3), and H is one of 13 subgroups with generators
listed Table 2.1.1. Generally speaking, these subgroups are not normal divisors
in P(1,3) and for this reason one has to construct normalizers of subgroups
before using Theorem 2.1.1, that is, to find maximal subgroups of P(1,3) which
normal divisors are H; —Hj3. The next step is the construction of factor groups
NorH; — NorHy3, where NorH; (¢ = 1,...,13) is a normalizer of a group H;.
According to Theorem 2.1.1 these factor-groups are symmetry groups of the
reduced equations.

The complete realization of this program is rather cumbersome, making it
the subject of a separate investigation. Therefore we will now simply make a
direct reduction of Equations (2.1.16) to systems of ODEs or two-dimensional
PDEs (if possible). This means we suppose that ¢ is dependent on one or two
variables of the wy, wy, w3. As a result we obtain:

(1) mp1 +iFp =0,
(2) yop1 +iFp =0,
(3) (o +M)¥1 + 1292 +iFp =0,
1
(4) 72 <<p1 + ——(,o) +iFp =0, (2.1.17)
2(4}1

(5) 3(70 + 1) + M2 +iFp =0,

1 .
(5") 3(vo + ¥3) + 3 [(70 +73)wr + w_l(% - 73)] o1+ iFp=0,
1 ,
(6) (vo +71) {1 + ‘2‘(:)?;’ + 733 +1Fp =0,

1 w? 4 w3 w ,
(6) (o+m) {1+ —¢) + |(r0+M)=—2 —y1—| g2 +iFp =0,
2wy 2uiwe w2

1 .
(7) %(70 +ne+1s (993+ 2—(;;?) +iFp=0,

1 1 ]
(8) [5(70 -m)+ —’72] w2 + (993 + —<p> +iFp =0,
w3 QLU3

1 ,
(8 (o +m)p1 + 73 («pa + ﬂw) +iFp =0,

1 @
9 — - Fo=
()’72(<P1+2w199>+<w1’71+70>992+1 =0,
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(10) + ! + “ + +iF 0
—_— —_ 1 =0,
72 | P %01 14 w Y1 T3 ) P2 14

(11) (v + M) + [y2 + a(v0 + M) p2 + iFp = 0,
(12) v2p2 + iFp =0,
1

w: .
(13) (0 +m) <<P1 + 2—wl-<P) + [(’Yo + 71);? + 72 +ewr3| w3 +iFp =0.

Finding the general solutions of Equations (1), (2) from (2.1.17) presents no
difficulties (see formulae (1) and (2) from (2.1.24). Consider (3) from (2.1.17)
at greater length. We will rewrite it as follows:

dp . Of
By = Pt Y2(Y0 +7)®,
9 (2.1.18)
a—f =F=\Ngp)+m, f=flw,ws)
w2
1e]
d = d)(wl,wg) = 8—(:91

The first equation from (2.1.18) is a linear inhomogeneous system of ODEs
and its general solution has the form

o = ef [x(wl) + v2(v0 + ’71)/ emf(Idez] , (2.1.19)

where x(w ) is a four-component spinor depending on w; . Substituting (2.1.19)
into (2.1.18), one can determine the explicit form of functions f and ¢, but they
are so unwieldy that we do not present them here. It will be noted that the
maximal invariance group of Equation (3) from (2.1.17) is infinite-dimensional,
and that is why one can find its general solution [212].

By the change of variables

1
Vw1

Equation (4) from (2.1.17) is reduced to the form

o(wy) = d(w1) (2.1.20)

2® + i [m + My *(69)F] @ =0,
or

é= iii{’; = im [m + I *($4)*] @ =0, (2.1.21)
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whence follows ) d
96 +96= 7 -(66) =0,

that is ¢¢ = const. This allows us to look for the general solution of Equation
(2.1.21) in the form

d(w1) = exp{ivag(w1)} x, (2.1.22)

where x is a constant spinor. Substituting (2.1.22) into (2.1.21) we obtain the
ODE for the function g = g(w)

§= M )k +m, (2.1.23)

whose general solution is given in (2.1.25). The rest of the equations from
(2.1.17) are solved in a similar way. Below we list their solutions.

(1) p(w) = exp {i@nwi} x,

(2) p(w) = exp {—izyow} X,

(3) ¢(w) = exp {izy2} exp {i(70 + 71) f(w1)} X,
(3) p(w) = exp {imyaws + f(w1)} (y0 + 1)x,

(4) p(w) = 7} exp {in29(61)} X,

(5) p(w) = exp {i% [ae - %(’Yo + 73)] wz} X (2.1.24)
(6) p(w) = exp {i (yswsm + f(w1))} (vo + )X,

(1) plw) = \/%_3(70 +m) exp {—imysws} x,

(8) () = = exp fimmows)) exp iCon + 7 @1)} v

(11) p(w) = exp {z (72 + (70 +m)) (ae - %(’Yo + 71)) wz} X

(12) p(w) = exp {izyw2} X

The solutions in (2.1.24) are enumerated in the same way as the ansatze
in Table 2.1.1 and Equations (2.1.16) and (2.1.17); x is a constant spinor;
& = A(Xx)* + m; and f(w) is an artibrary differentiable function;

_ 220+ mw, k£ 1
9(w) = { /\()sz)lnw + mw, k=1. (2.1.25)
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One can apply the procedure of generating solutions to (2.1.24) (see Intro-
duction and §1.4). Using the explicit form of the final transformations gen-
erated by operators (2.1.11) (see Appendix 3) we present the corresponding
formulae of GS in Table 2.1.2.

Table 2.1.2 Final transformations of P(1,3) group and formulae of generating

solutions.
N | Operator Transformations Formulae of GS
A Y)Y (@)= |Yn=
14| P, |7, =2, +6, = 9(x) =¢i(@’)
57| ag,Js = |zf = o, = exp{ Q- S} Y(z) | = (cos § —as-
= leaveJoc | & = Fcosat = (cos g+ -sin £)9r(z')
+ 2% Gnas +i@S sin — )d)(x)
ala- )
+ o (1 - cosa) 3
810| Budoa |Th =m0 ch B+ = exp{—3% 707 B} |= (ch s+
ﬂ T shp P(z) 0L B)-
ﬂ B
Foi+ (/;2 D, |= (ch s Di(a')
(chB—1)+ 7['3" )o(z)
+x0% sh

Here 4,; & = (a1, a2,a3); g= (81, B2, B3) are arbitrary constants;

1/2 -
a=(d+ad+ad)?, =B +B AL §=(51,55)

are 4 x 4 matrices, with S, = Z€apc7b7e-

Inserting (2.1.24) into the corresponding ansatze of Table 2.1.1, and hav-

ing applied the formulae of GS from Table 2.1.2, we obtain the solutions of
Equation (2.1.1).

P(z) = exp {iz(va)(ay)} x; (2.1.26)
P(z) = exp {—iz(vd)(dy)} x;

P(z) = exp {ize(1b)(by)} exp {i(va +vd)f(ay + dy)} x;

P(z) = exp {i (m(7b)(by) + f(ay + dy))} (va +d)x;

Y(z) = 7—— exp {—%(va)(vb) arctan % } exp {i(va)g(w)} x;
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1/2

w = ((ay)* + (by)?)
P(z) = exp {—3(yc)(yd)In (cy + dy)} exp {(ya) (iz + 5 (vc +rd)ay) } x;

P(z) = exp {—W(vb)(va + 7d)} exp { (m(‘rc)(cy)+

[)[ T \/_e.xp 2 )b)()c)a’rc an 2()0/ )d)x

xIn (ay + dy)} exp {i (m(r¢)w} (va +1d)x,

= ((bw)? + (e)?)"*;
P(z) = \/_ exp {—%(’yb)('yc) arctan %} exp {i(yc)g(w)} x
x exp {i(va + vd)f(ay + dy)} X,
w = ((by)? + (e9)?)""*;

P(z) = exp {3(vd)(va)In (ay + dy)} exp{i((vb) + a(ya + yd)) x
X (ae - %(’ya + vd)(by + aln (ay + dy)) }x

w(a) = exp { =30+ 1))y + do) pexp{imrt) by + o + )" Jx

In (2.1.26) the following notations have been used: x is a constant spinor,
2=m+ )\()_(x)k; Yu = Ty + 645 O, au, by, cu, dy, are arbitrary real constants
satisfying the conditions

2 __ v 12 __ 2 2 _ .
a* =aq,a" =b"=c"=-d"=-1; (2.1.27)
ab=bc=dc=ac=da=db=0
f(w) is arbitrary differentiable function; and g(w) is determined in (2.1.25).
It will be noted that functions (2.1.27) are analytic in the constants A and m.
So, on setting A = 0 one obtains from (2.1.26) solutions of the linear Dirac
equation.

It is useful to know the covariant form of ansatze for the spinor fields rep-

resented in Table 2.1.1. Having applied to the ansatze from Table 2.1.1 the
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formulae of GS from Table 2.1.2, we obtain covariant P(1,3)-nonequivalent
ansatze for spinor fields and list them in the following table.

Table 2.1.3. Covariant P(1,3)-nonequivalent ansatze for spinor fields.

N Invariant variables w Ansatze 9(z) =
1. az,bz,cx o(w)
2. dz,az, bz p(w)
3. ax + dz, bz, cx o(w)
4. ((az)? + (bgv)z)l/2 ,dz,cx exp{— (7¢l)(’7b)
Carctan %2 2z 1 o(w)
5. ((d2)* = (cz)?)'"*  az, ba exp{5(7d)(v¢)
-In (dz + cz)}go(w)
6. az + dz, [(dz)? - (az)? - (bz)z]l/2 , exp{—ﬂ;ﬁ;(’)’b)’
cx ((ya) + (vd)) yo(w)
7. [(dz)? - (az)?] 2 aln(dz + az)+ exp{3(vd)(va)In (az+
+arctan(bz/cz), [(bz)? + (cm:)z]l/2 +dz) — 1(vb)(y¢)-
arctan(bz/cz }o(w)
8. az + dz, e(dz — az) + arctan X, exp{—3(vb)(~¢):
((bz)% + (cz) ]1/ -arctan 2 }o(w)
9. [(az)? + (bz)?] Y2 iz + aarctan &, exp{—3(va)(7b)-
cxr -arctan £ }p(w)
10. [(az)? + (b)?] 2 ez + aarctan = exp{—3(7a)(7b)-
dr -arctan £2 }o(w)
11. [(dz)? — (az)?] 172 ,br + aln (az + dx), exp{3(vd)(va)-
cr ‘In (dz + az) }p(w)
12. dr — az + (dz + az)br + (dz + az)?, exp{(dz + az)(7b)-
bz + 4(dz +ar)? cx (va + vd) }‘P(W
13. dz + az, [(dz)? - (az)? (bz)z]l/z, exp{— z(u+d1)(7b)
bz + e(dz + azx)cx (ya +7d) po(w)

In this table € = +1; a,a,,b,,c.,d, are arbitrary constants satisfying con-
ditions (2.1.27).

The ansatze given in Tables 2.1.1 and 2.1.3 do not exhaust all possible
ansatze for reducing the nonlinear Dirac equation (2.1.1). For example, ansatz
[100, 212, 31%]

(2.1.28)

ow
o —1
o )g(w)| X, XX =1,

v

W) = [f(w) iy

where f and g are real scalar differentiable functions, reduces (2.1.1) to the
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system of ODEs

f=gF,  Fz=m+Mf+ed),
N (2.1.29)
69 + ;g = —fF

In (2.1.29) dot means differentiation with respect to w; e = £1; N = -2, -1,
...,3; the variable w = w(z) is determined from the system of PDEs of Collins
type [41]

Ow Ow
dz, dzv ( )
2.1.30
Ow = al
w

Solutions of this overdetermined system have the form [100, 30*, 31*, 60*,
122*% 130%]

([(ay)® + (bw)? + ()], e=-1, N=-2;
[(aw)? + (Bw)?]'"*, e=-1, N=-
ay + v(by + dy), e=-1, N=0
w(z) = { dy, ' e=+1, N=0; (2.1.31)
[(dy)® — (ay)?] ", e=+1, N=1;
[(dy)? - (ay)? — (B9)?]'/*, e=+1, N=2;
C(wy)'?, e=+1, N =3;

where y, = z, + §,, and §,,a,,b,,c,,d, are arbitrary constants satisfying
(2.1.27); v is an arbitrary differentiable function. When w is chosen as v/z,z¥
then ansatz (2.1.28) coincides with Heisenberg’s [119] (2.1.6).

Let us obtain some solutions of system (2.1.29). Multiplying the first equa-
tion by f and the second by g, and then summing them we obtain

d 2N
o (7 +eg”) = —-—4". (2.1.32)

In particular, with N = 0, (2.1.32) yields
f% + eg® = const

and in this case system (2.1.29) can be easily integrated, and its general solution
has the form
e=-1: f(w)=ashFw+BchFw, F=m+Aca?-p%"*

(2.1.33)
9(w) = ach Fw + B sh Fuw;
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e=+1: f(w)=asinFw+fcosFw, F=m+a?+ %"

(2.1.34)
g9(w) = acos Fw — Bsin Fw;

where a and 3 are arbitrary constants, and w, as follows from (2.1.31), is given
by the expressions w = ay + v(by + dy) for (2.1.33) and w = dy for (2.1.34).
When N # 0 and m # 0 we did not succeed in integrating the system (2.1.29).
If m = 0,N # 0 one can seek solutions of system (2.1.29) in the form

flw)= %, g(w) = %; (o, B, 5 are constants) (2.1.35)
Substituting these expressions into (2.1.32) and (2.1.29) gives
s (a® +eB%) = NS,
2sk =1, sa+ A (o? +652)k =0,
B(N — es) + A (a? + €8%)* =0,

whence follows

S S 2kN —e€>0. a=—PFV2kN —¢

2%
= (2kN — ¢)1/4k (2.1.36)
" (2kA)V/2k \2kN

It is seen from (2.1.36) that solutions of Equation (2.1.1), determined by for-
mulae (2.1.28) and (2.1.35), unlike solutions (2.1.26) are not analytical in the
coupling constant A. Therefore it is of interest to consider the case when
A =0, m # 0, that is, the standard Dirac equation. System (2.1.29) under
A =0 yields

. N .
f+6—w—f+em2f=(),
. N, , N (2.1.37)
eg+—g+( ——2>g=0
w w
Equations (2.1.37), when € = 1, are reduced by the change of variables

@) = w22, 1w (mo), (2.1.38)
g(w) = C2W(I—N)/2Zi%ﬁ(mw) o
(c1,co are arbitary constants) to the Bessel equation for cylindrical function
Zj(mw). Under € = —1 solutions of Equations (2.1.37) can be expressed in

terms of modified cylindrical functions.
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To conclude this section we write down P(1,3)-nonequivalent ansatze for
vector fields calculated according to formula A, = 7,3 [100]. Invariant
variables w and other notations are the same as in Table 2.1.3.

Table 2.1.4. P(1,3)-nonequivalent ansatze for vector fields.

N Ansatze A, (z) =
1-3 | Buw)
4| [ouo + (1= 2) (bubo + aua0) + 2 (buao - boa,)| B (w)
[g;m + el S (dy, — cudy )+
+%§f(d#da — cuco)| B ()

6 | oo+ 2 (du + au)bo — bu(dy +a0)) + } (%)2
d + 0,)(do +a5)| B (@)
7| [oue+ %(dmg - aua,) + SEE Sl (4 a, — dya)+

+ (1= 2) (bubs + cuco) + E(cubs — buco)| B (@)
(1= 2) (bube + cuco) + 22 (cubs - bucs)] B (@)
(1- —1) (Bbo + o) + 2 (bua, — aub,,)] B (w)
(1= £2) (bubo + auar) + 22 (bua ~ auby)| B*(w)

(dztaz—1 21
2(dz+azx (d”a” d a’l")+

!dr-}-aa: 1! (d d a,la,,)]B”(uJ)

(93]

10
11
+ S(dztaz)

12| [gu0 + 3(dz + a2) (bu(as + do) = (@ + du)bo+

+1(dz + az)*(a, + dy) (a0 + do )] B°(w)
13| [gu + 222 (o0 +dy) = (a0 + do)b) +

+3 (222) (0 + du)(ao +do)] (@)

Below we consider, as an example, how to calculate ansatz N5 from Table
2.1.4. Using ansatz N5 from Table 2.1.3 and the identity (ydyc)? = 1 it is easy
to find

~ [ 1 In (dz + cz)\*"
¥(e) = exp {3ydycn (dz + cz) } p(w) = L; (2n)! ( 2 )
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0o n 2n+1
+'yd’ycnzz;) (2n1— 1)1 (l (dz2+ cz)) ]9o(w) = (ch 1 + ydyesh T)p(w),

where 7 = 1 In (dz + cz).
Next, we substitute %(z) into the formula A, = ¥v,%. This gives

Au(z) = P(w)(ch 1 — ydyesh 7). (chT + ydycsh T)p(w) =
= B(w)rup(w) ch*7 + sh7 ch 78(w) [y, vdvde(w)+
+ B(w)yevdy,vdyep(w) sh?r

Further, we use the identities
[V, vdve] = 2(duye — cuyd);
yeydyuydye = yeyd (vdyey, + [y, vdyd]) =
= —y, + 2(duyd — cue);

ch?r — shir=1;

dx +cx)? -1
2shrcht = =1 _ =( :
sh7ch7 = sh2r 2(dz+cac dz+cw) 2ds + c7)

1 (dz +cx —1)?
sh'r = char —1 2<d$+cw+dx+cx> 2(dz + cx)

Denoting B, (w) = §(w)7Y,¢(w) we finally obtain ansatz N5 from Table 2.1.4.
In much the same way one can construct ansatze for tensor fields Fy,, via
the formula Fj,, = 2¢(ymur, — 7Y)P-

2.2 Reduction and exact solutions of the nonlinear massless Dirac equation

Provided m = 0, the symmetry of Equation (2.1.1) becomes wider. The equa-
tion

[ma+m$w”ﬁ]¢:o (2.2.1)

with an arbitrary £ # 0 is invariant under the extended Poincare group f’(l, 3),
the generators of the corresponding Lie algebra having the form of (2.1.11) and

D = z"P, +ik. (2.2.2)
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Table 2.2.1. ﬁ(l,?»)-nonequivalent ansatze for spinor fields

a1zo + o1,
a1B — By =1

N Algebra Invar. var. w = {wy,ws,ws} Ansatze ¥(z) =
1. Po Z1,%2,T3 p(w)
2. Pl Zo,T1,T3 99(“))
3. P+ P To + T1, T2, T3 o(w)
4. D 1 /Z0, T2/ 20, €3 /Z0 )
5. Jo1 + P2 xg — (L‘%, exp{%’yo'yl-
In (2560 + 99%) — T3, T3 ‘In (zo + 21) }o(w)
6. Jo1 + Jio+ iﬂ‘_ig:_’iz’ ﬂfgﬂ, (zo — IZ)_k eXp{"zlz’Yl’
+aD, (@ #0) |  azfi-—In(zo—z2) | -(v2—70)In(zo — xz)}
“p(w)
T Jo+ iz To — T2, T3, exp{ 5ot
z3 — 23 — 22 1 (Y0 = 72) }o(w)
8.1 Jo1+ Jia+ To — To,Th — T3 — T2, exp { & 37172 — %)}
+BPs, (8 # 0) Bzy — z3(zo — T2) p(w)
9.1 Jo1 +Ji2— z3 + B(zo — x2), exp{%’yl (72 = 70)-
P+ 0Ps 2z1 + (2o — 22)?, (22 — zo)}‘ﬂ(w)
3z3 + 3z1(T0 — T2)+
+(zo — 22)*
10.| Joz +aD %0, In (23 + 23)+ (x3 4 x2)~*/2.
+2aarctan 22, -exp{—im72:
(23 + 22) /2011 -arctan 22 }p(w)
11.| Jo1 + BJas+ (zo + 1) (2 —2%)~ k/2.
+aD, (z3 — z3)~(et1) exp{27071-
(930 - 731)/(% + xa) Anlzoter) Zﬁ“ - %7273'
(a#-1) Bln (z2 + x2)+ -arctan 22 } p(w)
+2aarctan 22
s
12. | BJaz + Jo1— $o+$1,%¥;—i%—; (23 — 23) /2 exp{—}-
-D Bln (22 + x3) 7071 In(zo + x1)—
—2arctan 22 37273 arctan 22 }«p(w
13.| Joo + adas+ | [2(zo +71) + ﬁ]e2(“ —=0)/8, [2(x0 +z) + ﬁ] k2.
D + (P, [2(z0 + z1) + O] (3 + 23)71, | -exp{+1rom-
aln (a3 + 3)+ n 2(z0 +m) + 6] -
+2arctan 22 17273 arctan 2 }p(w)
14. | Jog + apg P+ z3 + z3, arctan 2+ exp{——'yﬂg
+a1 Py +Boxo + P11, -arctan £2 1 p(w)
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In the same way as in the previous section we shall construct the P(1,3)-
nonequivalent ansatze for spinor fields [109] (P(1,3)-nonequivalent one-dimen-
sional subalgebras of Aﬁ(l, 3) are found in [109, 11*]; see also Appendix 2) and
list them in the Table 2.2.1., in which a, 3, ap, B0, @1, 1 are arbitrary constants
satisfying the indicated conditions.

Let us substitute ansatze 1—14 from Table 2.2.1 into Equation (2.2.1). Omit-
ting some rather cumbersome calculations, we write down the resulting reduced
system of PDEs for the function p(w):

(1) Yapa = iFp, (2.2.3)
(2) Y091 + 12902 + 1303 + iFp = 0,

(3) (o + M1 + 202 + 1303 = iFp,

(4) =k709 + (Yo = Yowa)wa = iFp

(5) 3(o+1)e+[(ro(wr + 1) + (w1 = D] p1+(ro+m —r2)w2+ +7393 = iFp;

2

(6) (k2 — v0)@ + [(Y0 — 12)(w1 + a~2wiwd) + (0 + 72)ws — 20 ' prwsws —

—2yswiwz] o1+ [(0 — Y2)wz — 13w ] w2 +[am + (Y2 = Y0) (w3 + 1)]ws = iFp;
(7) 2%)1(’70 —72)¢ + (Y0 — 12)p1 + Y302+
+ [(vo +72)w1 + (v0 — Y2 )wswi '] ¢3 = iFyp;
(8) %74(72 — %)@ + (70 = Y2)01 + [(N0 + 12)wr — 267 nwa+
+(70 = 12)(B7%wE + wa)wi w2 + (B11 — Y3w1)ps = iFyp;
(9) [va + B(v0 = 12) w1 + 27102 + % (272 + (0 — 12)w2) w3 = iFp;

(10) 3(1 — 2k)y39 + vwiws (1o — Mmw1)@1 + 2(73 + ay2)p2+

w! .
+ [2’73 = (Y0 + nwi)y ;J—j] w3 = 1Fy;

(11) [—k (—yo chln wlé(a-”) —mishln wl'%(aﬂ)) +ia+1) (o+m )wl_l/2(°‘+l)

1at1
f(+))<,91+

+%73\/w2]<p —2(a+ 1)wy (70 ch In w}/2(°‘+1) —v1shhhw
+2 [")’0 ch In w;/2("+1) — v sh lnwi/z(a“) — Y3y/wz | wapa+

+2(ay2 + By3)Vw2ps = iFp;
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(12) [k (o h In @7 — 30 sh o y@1) + 400 — 03T + $0vEE] o+
+(%0 + M) V@1 + 2ws(y0 ch In y/wi g1 — 7 sh In Vwr — 273v/w2) 2+
+2(Bvs — Y2) Vw203 = 1Fp;
(13) % [(1 = 2k)(v0 +m1) + vsw2] @ + 2[(B — 1)y0 + (B + D)n]wipr+
+2w2 (Y0 + M — Vw273) 2 + 2(72 + ay3)Vwaps = iFp;

(14) = + 2v@1 1301 + (Wi 272 + Bovo + Bim)pa+

\/__
+(a1v0 + oom )z = iFp.

In these formulae p, = 9p/dw,; F = A(@p)!/?*; an equation for the number
n, where n = 1,2,...,14, is obtained by the ansatz with the same number n
from Table 2.2.1.

Next we perform direct reduction everywhere possible of Equations (2.2.3)
to ODEs or two-dimensional PDEs. This means that we will suppose that ¢
is dependent on one or two variables from w;,ws,ws. Omitting cases similar
to those considered in the previous section we have

(4) =kv09 + (Yo — WaY0)pa = iFp; (2.2.4)
(6) k(72 = 70)@ + w2(0 — 72 — wa3) w2 = iFp;

(6") k(72 —v0)e + [(72 —70)(1 + w3) + am])ws = iFp;

(9) [v3 + B(v0 —712)] 1 = iFp;

(9") 22 = iFyp;

(9") [ya + B(vo = 12)l 1 + 2mp2 = iF;

(10) 3(1 = 2k)v30 + 2(73 + 12) 2 = iFyp.

Here we have used the same notations as in (2.2.3).
The general solution of Equation (9') from (2.2.4) has the form

i -
P(wz) = exp {—559'71“)2} . 2= AE07*,
whence follows a solution of the initial Equation (2.2.1)
¥(x) = exp {121(70 = 72)(To — xz)} x (2.2.5)

)
X exp {—§w71 [221 + (20 — 22)?] } X
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Next we consider Equation (10) from (2.2.4). Under k = 1/2 its general
solution has the form

p(w2) = exp {—FAXX)(1 + ®) 7 (13 + arz)wz } X (2.2.6)

Under k # % and a # 0 we did not succeed in integrating Equation (10) from
(2.2.4). However, if @ = 0, then making a change of variables

B(wz) = exp {§(2k — Vw2 } d(w2)

we obtain B
2exp {1(1 — 2k)k ™ w2 } 1382 = iA($9)'/* 6.

The general solution of the last equation has the form

210k 12k—-1
¢(w2) = exp {1 i 2k(>_<X)l/2k exp {Z A wz’Ys}} X-

Substituting the above results into ansatz N10 from Table 2.2.1, we obtain the
following solutions of Equation (2.2.1): if k =1/2:

Y(z) = (2 + zg)"l/" exp {—%7273 arctan ?} X (2.2.7)
3
X exp {—%)&x(l +a®) (3 + ar2) [ln (22 + z2) + 2a arctan —?] } X;
3
if k #1/2:

P(z) = (25 + 23) " exp {—%7273 arctan 2} X (2.2.8)
z3

%Nk _ _
X exp { —op (0 (af + 7)™ 1)/473} X-

Next we consider Equation (9”) from (2.2.4). This two-dimensional PDE
can be reduced to the two-dimensional Dirac equation. Having made a change
of variables

a=w, 2= gw
and denoting
1 =73+ 8(7 — 72), Ly =m,

we obtain

)
ra% = iXN@)/%*p;  Tuly+Tela = 2ga;  a,b=1,2. (2.2.9)

We look for a solution of (2.2.9) in the form

<P(Z) = [Fazaf(zbzb) + ig(Zbe)] X> (2210)
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where f and g are unknown scalar functions. Substituting (2.2.10) into (2.2.9)
gives the system of ODEs

ftwf =A@V (62 —wf?) g,

g = IOV (g% - wf?) /5,

where dot means differentiation with respect to w = z,2,. A partial solution
of this system is given by the formulae:

k<o,

9 1/2\ *
f=fw)= \/W( (,;(;;(‘)kll/)% ) w2, (2.211)

k
L 24k .
g=gw)=F(1+[k™") 12 (;——(/\(Yxl)ll/)% w~k/2)

Since Equation (2.2.9) with &k = 1/2 is conformally invariant with respect to
AC(1,1) (see Paragraph 2.3) one can use the ansatz

o(x) = ey w=Patal G pon (2.2.12)
Zb2b Zb2h

which reduces (2.2.9) to the system of ODEs
Tafad = iX(#0)9,
whose general solution has the form
$(w) = exp {—IATX) (B} + B7)(TabBa)w} X (2.2.13)

So, ansatz N9 from the Table 2.2.1 and formulae (2.2.10)—(2.2.13) give the
following solutions of Equation (2.2.1): if k£ < 0,

¥(z) = exp {371 (70 — 72)(z0 — 22) } <{[73 + B0 —72)] % (2.2.14)
x (23 + B(z0 — 72)] + 371 [221 + (2o — 2)?} f(w) + ig(w)>x;

if k=1
¥(@) = exp {31100 = 72)(@0 — 72)} { I35 + B30 = 72)] (2:215)

X [z3 + B(zo — x2)] + 3™ [221 + (z0 — 22) )?] fw?
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x exp{ ~AGN) (8 + B3)7 (1 [rs + Blro = 12)) + B ) x

X<51$3 + B(zo — =2)] + 382221 + (%0 — $2)2]>w'1 }X-

In (2.2.14) and (2.2.15) f, g are given in (2.2.11) and

w= []33 + ,B(.”l)o - x2)12 + -}; [2z1 + (.’L‘o - 1'2)2]2 s (2.2.16)

Consider the ansatze [31%]

¥(z) = exp {3v0m1In (20 + 23) } (2 — 73)- (2.2.17)

Y(z) = exp { éﬁ‘;(% +73)m } exp { 27073In (zo + z3)} o(zh — 73 —75);
(2.2.18)
Y(z) = eXP{;(’YO +713)(nT + 72202} X
2(zo + z3)
x exp { 27073 In (2o + 3) } (2.7") (2.2.19)
They reduce Equation (2.2.1) to the systems of ODEs
4w = — {s(1+7073) — IMNB)"/** [w(r0 + 73) + 70 — ]} @, (2:2.20)

with s = 1,2, 3; w = {22 —13; 22 —2? —22; 7, 2" }in accord with (2.2.17)-(2.2.19)
and ¢ = dy/dw. From (2.2.20) it follows that
d _ -
dw—=(Pp) = —2s (®9) -
W

Hence

Do =caw™*/%, = const (2.2.21)

and thereby system (2.2.20) becomes the linear system

‘ . 2\ 1/2k
dwp = — {s(l + Y073) — i (cw's/ ) [wo +73) +70 - 73]} .

Writing it out we obtain
2w@° = INwotlp? N = A/ o= —s/4k,
2wt = —sp' +iNwP3,
2w = —sp? +iINw°,
atl 1

2w = isw* M

whence follows
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.0 AIZ
we + vy

s —2a
2

w2a+1

W2+ ¢* =0,

O == wd, (2.2.22)

The general solution of Equations (2.2.22) has the form
(,00 — w(1+a——s/2)/2 (JZ(Z)XO + }/If(z)x2) , (2223)
993 — w(l+a—-s/2)/2 (Je(Z)X3 + )/e(z)xl) ,
o’ = —i{w_(”"“s/z)/z(l +a—s/2)(N)7 (Je(2)X° + Ye(2)x?) +
+uwloms/2)/2 (jz(Z)xo + Ye(Z)xl) }
971 — _i{w—(l+a+s/2)/2(1 +o-— 3/2)()\/)—1 (Jl(Z)X3+Yl(Z)X1) +

2 (o + Va2 |,

where Jy(2), Yo(2) = 725 [Je(2) cos €m — J_,(2)] are Bessel functions, and
AI
2= w(2a+l)/2; N = /\Cl/2k,
2a+1
s _14+a-—s/2 (2.2.24)
T T Tt

Using (2.2.23) and the identity

. 2
JoYe — JoYy = —
Tz

one can find the constant ¢ from (2.2.21) explicitly.

Solutions (2.2.5)—(2.2.8) and (2.2.14)—(2.2.16), as well as (2.2.17)—(2.2.19)
and (2.2.23) can be made P(1, 3)-ungenerative by means of the formulae of GS
from Table 2.1.2 and the formula of GS by the scale transformations

Y(z) = et*0y; ('), zL =ée’z,, 6= const. (2.2.25)

For example, solution (2.2.5) results in the following P(1,3)-ungenerative
solution of Equation (2.2.1)
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0 oy
¥(z) = exp {Eva(vd — 7b)(dy — by)} exv{—%z)\(xx)‘/z’“(va) x

x [2ay + 0(dy — by)?] }x. (2.2.26)

As another example, the f’(l,3)—ungenerative solution of Equation (2.2.1)
with k = 1/2 resulting from (2.2.7) is:

¥(z) = [(by)* + (cy)’] M exp {‘%’Yb’Ycarctanlc)—Z} X

U
X eXP{—l i 9 (3¢x) (e + 8b) x (2.2.27)

X [ln ((by)* + (cy)?) + 20 arctan lc)—z] }X;

In formulae (2.2.26) and (2.2.27) y, = z, + 6u;6,, 0, au, by, ¢y, d,, are arbi-
trary constants satisfying relations (2.1.27).

We do not list P(1,3)-ungenerative solutions of Equation (2.2.1) follow-
ing from solutions (2.2.8), (2.2.14), (2.2.15),(2.2.17)—(2.2.19) because the as-
tute reader will no doubt be able to do so alone. For the same reason, and
for the sake of brevity, we do not present covariant counterparts of P(1,3)-
nonequivalent ansatze for spinor fields, which can be constructed using the
procedure of GS applied to the ansatze from Table 2.2.1.

2.3. Conformal symmetry and formula of generating solutions for fields of
arbitrary spin. C(1,3)-ungenerative ansitze.

1. Conformal transformations are just a superposition of the inversion

~ Ty
= 2.3.1
T, — Ty pr— ( )
followed by translation and another inversion
T,—c T, — c T2
€, — x:‘ = — p = on — Tu o
(T, —c)(T¥ — ) o(c,z) (2.3.2)

2. (2 = c“cy, ¢, = const).

o(c,z) =1—2cx + z
Transformations of inversion had been used in potential theory long ago to con-
struct solutions of the Laplace equation (the so-called Kelvin transformation
discovered in 1847 (see [205])). In 1909, Bateman and Cunningham [25, 43
had discovered that Maxwell’s equations were conformally invariant. Later, it
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became clear that many important equations of mathematical and theoretical
physics possessed such a symmetry.

The extended Poincare group supplemented by conformal transformations
form the fifteen-parameter conformal group C(1,3). The general form of the ba-
sis elements of the corresponding Lie algebra AC(1,3) (up to nilpotent matrices
which can be added to D and K,; see [145]) in the case of linear representation
are as follows:

Py =i8y, P.=—18,, (a=1,2,3)

Juw =z,P, —z, P, + Su.

D = 2P, + ik, (2.3.3)
K, =2z,D — 2*P, +25,,7",

where the constant k is the so-called conformal degree; S,,, = —S,,, are matri-
ces that provide a finite-dimensional representation of AO(1,3) (on represen-
tations of AO(1,3) see [111]).

The operators (2.3.3) satisfy the following commutation relations of AC(1,3):

[Pu, P] = 0,[Ps, Juw] = i(9ou Py — gou Pu),

(Juvs Jpo] = iU(gupduo + GuoJup = GvoJup = GupJvo)s

[Ps, D) =iPu,  [Ju,D] =0, (2.3.4)
K K =0,  [Ko,Ju) = i(9on Ky — gou K),

[K,,D] = —iK,,

(K, Po] = 2i(guu D = J).-

It will be noted that the algebra AC(1,3) is locally isomorphic to AO(2,4)
(see, for example, [21]). The isomorphism is achieved by means of introducing
additional “Lorentz” generators

Jua = %(P# -K,), Ku= %(P,L + K,), Jis=-D,
which satisfy, together with J,,,, the commutation relations of AO(2,4)

[JaB,Jep) = i(9BcJap + 9gapJIsc — 9acIBp — 98DJ AC)S

where 4,B,C,D = 0,5, gap = {1,—1,-1,-1,-1,1}. Besides that one can
choose from AC(1,3) two Poincare algebras: the standard one, AP1(1,3) =
AP(1,3) = {P,,Ju.} and AP5(1,3) = {K,, J..}. Using subalgebraic clas-
sification of the Poincare algebra [163] one can construct, by analogy with
Sections 2.1 and 2.2, new sets of AP2(1,3)-inequivalent ansatze.
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It can be seen from (2.3.3) that the algebra AC(1,3) is uniquely determined
by the conformal degree k and the representation of AO(1,3), which is provided
by the matrices S,,. We point out these characteristics for some PDEs in the
following table. As will become clear from what follows, the conformal degree
may be considered a fundamental characteristic of a field, like spin.

Table 2.3.1. Conformally invariant PDEs and characteristics of their AC(1,3)

(2.3.3)

N Equation Cdorg%remal I\x/‘lggrrgs(entalons

1| Wave Ou+ Au =0 1 D(0,0)

2| Polywave O%u+ s =0 2-s D(0,0)

3| Eikonal (Byu)(8”u)=0 0 D(0,0)

4| Continuity Ouj* =0 3 D(1/2,1/2)

5| Weyl ic, o =0| 3/2 |D(0,1/2), D(1/2,0)
6 | Dirac-Gursey 3/2 D(0,1/2)®D(1/2,0)

[(70 + (@) /*] v =0
7| Generalized Dirac-Gursey k D(0,1/2)® D(1/2,0)

[ivD + A@9) /] v = 0,

Dy =08, + 2z (3 — k) 9, In (¥)
8| Maxwell electromagnetic field 2 D(1,0)® D(0,1)
B Fm =0, 8,Fm,

(FOa = Em Fab = 6abt:I-]ca
FR = Ley,00 FP°)

9| Generalized Maxwell equation k D(1,0)® D(0,1)
for electromagnetic fiel

D, F* =0, D,F* =0
D, =08, +08,In (Tlafﬂ)

T = —L1F, F* = E* - {2,
E:iFwFW—E Hoa+ =22,
10 | Maxwell vector potential 1 D(1/2,1/2)
OA4, - 0.,0"A, = AL AYA
3
11| Yang-Mills 1 & D(1/2,1/2)
=1
oGy, = eeach“ Yev
Gy, =0.Y) -0, Y“ + e€abc Y, Y“

Remark 2.3.1. Eikonal (N3), Weyl (N5), and Maxwell’s (N8) equations do not
admit generalization by nonlinear addends constructed from the fields (without
derivatives).

Remark 2.3.2. Of course, the equations listed in Table 2.3.1 do not exhaust
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all conformally invariant equations. There are many PDEs which are invari-
ant under nonlinear representations of conformal algebra. For example, the
relativistic Hamilton-Jacobi equation (1.2.1) is invariant under AC(1,4), with
basis elements (1.2.2) containing nonlinear addends on u; see also Remark
1.3.1. (page 13). Another example of representation AC(1,3) different from
(2.3.3) is given at the end of Section 2.8.

As distinct from transformations of the Poincare group (see Table 2.1.2)
the special conformal transformations (2.3.2) are nonlinear. As will be shown
below, this circumstance leads to highly nontrivial formulae of generating so-
lutions [188].

To find an explicit form of transformations generated by the operator

K = 2czzd — x%cd — 2(iSua” — kz,)ct, (2.3.5)

which is a linear combination of operators K, from (2.3.3), one has to solve
the following Cauchy problem (the system of Lie equations)

oz
H — 2([

Se " v=0 = Zy; (2.3.6)

! ! 15 '
T, —Z;T Guv, z,

' (z')
ocv

= 2(iSwa, — kz, )P (@), V() =9(z), (237

V=0

or calculate the operator expressions (see Paragraph 5.3)

z,, = exp {2cz 20 — 228} z, exp { —(2cx 28 — z%cd)}

2.3.8
Y (z') = exp {2cz 20 — 2%} exp {—K} ¥(z) ( )

which are the formal solutions of the Lie equations (2.3.6) and (2.3.7). It is
easy to confirm that formulae (2.3.2) give the solution of Equations (2.3.6).
The solution of Equations (2.3.7) will be sought in the form

¥'(e') = R(=, c)¥(z), (2.3.9)

where R(z,c) is a nonsingular matrix, and R(x,0) = 1. Substituting (2.3.9)
into (2.3.7) and using (2.3.2), we get
OR

o = 2(iSu,z" — kz),)R = (2.3.10)

Since
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(2.3.10) can be rewritten as follows:

OR k Oco ¥ — ¢’ z?
— ———R=2 —R. 2.3.11
dc* o é)c“R S o R ( )

It can be seen from (2.3.11) that it is convenient to represent the matrix
R(z,c) in the form

R(z,c) = o*(z, c)T(z,c), (2.3.12)

where T'(z, ¢) is a matrix. Substituting (2.3.12) into (2.3.11) gives the following
for the matrix T

oT . z¥ — c’z?
Eyrie 215, — T. (2.3.13)

Multiplying (2.3.13) by ¢* and by z* we get, respectively

orT

o oo = 2i0” 18, ctz"T, (2.3.14)
T
x“gc = 2ic 228, c*z"T. (2.3.15)

One can seek solutions of these equations in the form
T = exp{2iS,.ctz"7(z,c)}, (2.3.16)

where 7(z,c) is a scalar differentiable function. Substituting (2.3.16) into
(2.3.14), (2.3.15) gives

T 2
gu =215, ctz” (T+C gcl) T= }2 wet et T,
oT
x“w = 2iS,,ctz” (a: g—) T= —zzS,,,,c":c"T

(here we used formulae (5.3.18), (5.3.20)), whence follows that the function
7(z, ) should satisfy the equations

or _ g (2.3.17)
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Suppose that the function 7(z, ¢) depends, like o(z, c), only on the generalized
variables

wy = cz, wy = c*z?. (2.3.18)

In this case Equations (2.3.17) take the form

or or -1
+wr— +we— = (1 - 2w, +w )
T own w2 Owy ( ! 2)
o} 17}
il + 2w1—T— = (1 — 2wy +’LU2)_1.
c’)wl 8w2

The general solution of these equations is given by the formula

- Jw? —
=1 (w} —wz)_l/2 In (1 W + Z; Zz)
— W1 — /Wy — W2

and, once again using (2.3.18), we find

1—w; — /w? —w

Thereby we obtain the formula of final conformal transformations for fields of
arbitrary spin (see [82], [173], [188]):

- 2 _
7(z,¢) = 1[(cz)® - czxz]_1/2 In (1 Lt Vi w2> , (2.3.19)

Y'(z') = R(z, c)y(z) = o exp {2iS .t x" T} P(z), (2.3.20)

where o and 7 are given in (2.3.2) and (2.3.19).

Now it’s easy to write the formula of generating solutions for field equations
invariant under conformal transformations (2.3.2) and (2.3.20). According to
(17) we find (see [188])

Y (z) = a7 * exp {-2iS .tz T} ¥i1(2'), (2.3.21)

where 0,2’ and 7 are determined in (2.3.2) and (2.3.19).
Let us apply formulae (2.3.20) and (2.3.21) to a spinor Dirac field. In this
case we have

1
Su = 7w = W)y k=3 (2.3.22)
where 7, are Dirac matrices (2.1.2). It is easy to calculate

2iSuuctz” = cx — yeyz, (2.3.23)

(2iS,uctz”)? = (cx)? — c2a? def g2

b
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(2iSuuctz”)? = 0%(ca — yeyz),
Hence
exp {2iS,. eV 1} = exp {(cx — yeyr)T} =
sh 6

= ch716 + (cx — yeyz) ()T (2.3.24)
From (2.3.19), (2.3.24) we find
1—
shr0 = \/i;’ chrd = ———\/;x. (2.3.25)

Thus, finally, we obtain the formula of conformal transformations for the Dirac
spinor field

¥'(z') = 0%/ % exp {(cx — yeyz)T}¥(x) = 0(1 — Yoy )Y(T). (2.3.26)

Using (2.3.23)—(2.3.25) one can easily obtain from (2.3.21) the corresponding
formula of generating solutions

1-—
Yu(z) = —%ﬁwl(z’), (2.3.27)

where z’ and ¢ are determined in (2.3.2).

Remark 2.3.3. In the case of a spinor field with arbitrary conformal degree
k formulae (2.3.20) and (2.3.21), as follows from (2.3.22)—(2.3.25), have the
form

v'(2') = "2 (1~ yera)d(a), (2.3.28)
Yr(z) = o~/ (1 — yzye)yr(a’), (2.3.29)
where z’ and o are given in (2.3.2).

Remark 2.3.4. In the case of n spacial variables, the conformally invariant
Dirac equation, with nonlinearity of the Gursey type, has the form (see [93,
95])

70 — ,\(W)l/"] P =0 (2.3.30)
(here vy-matrices have appropriate structure, see [2¥], §8.3). The conformal

degree of its AC(1,n) is equal to n/2, the conformal transformations and cor-
responding formula of generating solutions having the form

Y'(x') = e V21 — yeyz)Y(z), (2.3.31)
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V() = a‘("+1)/2(1 — yzye)w(z'),

where z’ and o are given in (2.3.2).
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(2.3.32)

Now we write the explicit form of formulae (2.3.20) and (2.3.21) for scalar,

vector, and tensor fields. For scalar fields u with £ = 1 we have
u'(z") = ou(z),

ug = o u(z’).
For scalar fields v with k = 2 — s we have
u'(z') = o®*u(z),

2

ug(z) = o*us(z’).

For vector fields A, with £ =1 we have [97]
AL (z') = [g,wa +2(zpc, — zucut
+2czc,x, — 22cuc, — czzua:,,)] A¥(z),

v 2
Aup(z) = [% + ;(cﬂxu - Tyt

+2czz M0, — TPCuC, — czz#x,,)] A¥ ().

For vector fields A, with arbitrary £ we have
Al (z)) = {g,“,ak + 205 Yz, — pct
+2cze T, — e e, — czx”zy)] A" (z),

Aun(z) = [g;wa’k +20~ (e 2, — ez, +

+2czz M0, — TPCuC, — czx”w,,)] Ay(2).

For tensor fields F,,, with k = 2 we have
F (z')=0*F. + 20{ [(2cz — 1)(cuFpo — o Fpu)—

—(xuFp, — 7, Fpu)]2” + [¢pFor — Ty Fop—

(2.3.33)

(2.3.34)

(2.3.35)

(2.3.36)

(2.3.37)

(2.3.38)

(2.3.39)

(2.3.40)

(2.3.41)

~2?(cpFav — €y Fau]c® + 2(cuzy — c,,x“)Fapc"‘xﬁ}
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Fl(z)= o7 FL (') + 20_3{ [(2cz — 1) (z, Fj,(z")—
—:c,,Féﬂ(z')) - z2(ché,,(:L") - c.,Fép(z')]cﬁ+
+[cuFL(z') — e, FL (') = Pz, FL,(2')- (2.3.42)
-z, F),(z")]z* + 2(zue, — zyc,‘)xacﬁFiﬁ(z’)}.

From expressions (2.3.41) and (2.3.42) one can easy derive the explicit form
of the conformal transformations and corresponding formula of generating so-
lutions for electric E and magnetic H fields, satisfying Maxwell equations, by
virtue of equalities

E, = F%, Hy = Yeanc FP. (2.3.43)

Let us write the conformal transformations and formula of generating solu-
tions for the antisymmetric tensor F,, with arbitrary conformal degree k

Fl (@) = 0" Fu (') + 20~ { [(2cz = 1) (¢ Fi—

—¢,Fpu)) — A(xuFpu — 2, Fp,)] 27 + (2.3.44)
+[zuFar — T Fop — 2% (cuFay — cha#)]c"‘+
+2(cuzy — c,,x“)Fagc"‘a:ﬁ},

Fii(2) = o7}, (2') + 20~® D {[(2c0 - 1)x (2.3.45)
x (2, F5,(z') — 2, Fj,(z") — 2°(cuFp,(2') — e F3,(z"))] "+
+[chc{,,(z') - cL,Fi#(z') - (m,LFo{,,(z') - z,,Fo{#(x'))]za-I-

+2(z e, — zuc”)m“cﬁFéﬁ(m’)}.

In formulae (2.3.33)—(2.3.45) 2’ and o are given in (2.3.2).

Remark 2.3.5. As we have already noted, the spinor field plays a crucial role
in unified field theory because it allows us to construct fields with any spin.
Here we would like to point out that to represent a given field via a spinor field
% one must construct an appropriate combination from 3 and take ¢ with
the proper conformal degree. For example, scalar (u), vector (A,), and tensor

(F., = —F,,) fields with conformal degree k can be constructed as

U= Ew’ A, = a’)’uw’ Fu = %E('}/#’YV - T (2.3.46)
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from the spinor field ¢ with conformal degree E/ 2. Spinor field ¢ with arbitrary
conformal degree k can be constructed, in turn, by means of the Dirac spinor
field 9¥p with conformal degree 3/2:

Y= (%wo)“%‘“”’ ¥Yp,  Ypip #O0. (2.3.47)

Using (2.3.46), (2.3.28), and (2.3.29) and what has been said above, we find
another way of obtaining the formulae (2.3.33)—(2.3.45).

Now we shall construct conformally invariant ansatze. First we do this for
a spinor field. Starting from the general expression (2.1.7), we determine the
matrix A(z) and the invariant variables w as solutions of the equations

(2¢cz 2d)w(zx) = 0,

(2.3.48)
[2cz 20 — 2%c + yeyz + (2k — 1)cz]A(z) = 0
(here we used (2.3.5) and (2.3.23)).
One can easy verify that the functions
Bz (2k+1)/2
= = v 2.3.49
w=T Aw=1e [ @) (2.3.49)

(B, are arbitrary constants, Bc = 0) satisfy Equations (2.3.48). Hence a con-
formally invariant ansatz for a spinor field with conformal degree k has the
form

Bz

vz,

b(@) = e [ (@) o), w= (2.3.50)

(B, are arbitrary constants, B¢ = 0)
In the particular case of the Dirac spinor field, when k = 3/2, from (2.3.50)
we obtain the ansatz (see [93], [95])

¥@) = —L W), w= be (2.3.51)

" (zvz,)? 4 VT,

Using (2.3.50) and (2.3.46) one can easily construct conformally invariant
ansatze for scalar, vector, and tensor fields in the case of arbitrary conformal
degree k. Without going into the details we simply list them:

u(z) = (z,2%) Fv(w); (2.3.52)

B,(w) 5 B, (w)

Al‘r(x) = (xl’xy)k - x[.t (.Taxa)k-*-l’

(2.3.53)

— s
Fo(z) = (i ’;”x(:’))k ~2(m“f"”(°(‘2%:)"k{fl“(“’))x . (2.3.54)
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In formulae (2.3.52)—~(2.3.54), w = Bz /(2" z.)-

Having applied transformations of translations to ansatzes (2.3.50)—(2.3.54),
we obtain the C(1,3)-ungenerative ansatze. For example, from (2.3.51) we
obtain the following C(1,3)-ungenerative ansatz for the Dirac spinor field:

¥(z) = ﬁ)w(ﬂ), Q= yf;’u +a (2.3.55)

where y, =z, + 6,; 6., B, ® are arbitrary constants.

Ungenerativity of ansatz (2.3.55) under transformations from the group
P(1,3) (the corresponding formulae are given in Table 2.1.2 and Equation
(2.2.25)) is quite evident. Furthermore, one can confirm in a straight-forward
way that applying the formula of GS (2.3.27) to (2.3.55) is the same as chang-
ing the parameters 3,,6,, 2, and the function ¢ in (2.3.55) in such a manner
that

1—~vcyd L 2 9
— 7(6.0) @, o(b,c)=1—26c+ 6°c?,
e 82
bu — 6, = 6’;(6—0’0‘)6, (2.3.56)
B r = B 2 b, — 8 26,6,)8"
W — B, = m+m(6ucu—6ucﬂ+2écc,‘ v — 0%cuc, — ¢%6,,0,)8Y,
,_ Béc — Be
rgo®= a(d,c)

This means that the family of solutions like (2.3.55) is C(1,3)-ungenerative.
Ungenerativity of ansatze constructed from (2.3.52)—(2.3.54), analogously to
ansatz (2.3.55), is proved in much the same way.

It will be noted that any Lorentz-invariant solution of a conformally in-
variant equation can be made C(1,3)-ungenerative if formulae of GS by scale,
conformal, and translational transformations are applied successively.

It will also be noted that the conformally invariant ansatz (2.3.51) (as well as
ansatze (2.3.52)—(2.3.54)) can be obtained from a plane-wave ansatz ¥ (z) =
¢(Bz) by applying to it formula of GS (2.3.27) under cp =1,¢; =cz3 =c3 =0
and then making the translation transformation zo — zo + 1.

In conclusion, let us show how to construct from a given solution of a lin-
ear PDE an infinite sequence of solutions (see [24*]). From the definition of
invariance (see the Introduction) it follows that if operator Q is admitted by
a linear system of PDEs, then

Y1 =a1Qv%o, Y2 =0a2Q¥1,...Yn = anQ¥n-1... (2.3.57)

(where ay, as, ... are some normalization factors) will be solutions of this Sys-
tem as soon as ¥o(z) is a solution. For systems of PDEs invariant under
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AC(1,3) (2.3.3) the procedure (2.3.57) makes nontrivial sense only for opera-
tors K, (as a matter of convenience we shall use operator K (2.3.5)). Below
we construct, with the help of operator (2.3.5), sequences of solutions to the
wave equation, the massless Dirac equation, and Maxwell’s equations.
In the case of a scalar field with conformal degree k = 1, operator (2.3.5)
takes the form
K = 2czzd — 220 + 2cz. (2.3.58)

Then, starting from uo =1 and taking a, = 1/2n one obtains the sequence of
solutions (2.3.57) of the wave equation

Ou=0 (2.3.59)
in the form
Uy = 1
Uy = cx,
uz = (cz)? — 1c%a?, (2.3.60)

1
1
ug = (cz)® — 1c%2?,

3 1
ug = (cz)* — Z(cx)zczw2 - E(czxz)z,

One can easily make sure that uy,us, us, ... satisfy Equation (2.3.59). It will
be noted that us,us, ... satisfy the following recurrence relations

1
Un = 5—Ktn-1 = (cz)tn-1 = 12%un_y, n>2. (2.3.61)

One can make solutions (2.3.60) C(1,3)-ungenerative, generating them by con-

formal and translation transformations.
For the massless Dirac equation

iv0% = 0 (2.3.62)
we have
K = 2czzd — 22¢0 4 2cz + Yy (2.3.63)

and starting from vy = x, where x is a constant spinor, we obtain
Yo = X

P1 = (cz — y2YC)X,
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o = l:(cz)z _ %0212 _ %(cz)’yx’w] X, (2.3.64)

b= [l - 2t + (et o) rone

It is easy to show that functions (2.3.64) satisfy the Dirac equation (2.3.62).
Solutions (2.3.64) can also be made C(1,3)-ungenerative if they are generated
by conformal and translation transformations.

For Maxwell’s equations for vector-potential

OA, - 8,84, =0 (2.3.65)

we analogously find the sequence of solutions Af}),Asz),... starting from a

solution A&O):

AL") = an[(2cz(z8 + 1) — 2%cd) Al(]‘_l) + 2cﬂ(A,(,"_l):v") - Qz#(Af,"_l)c")]
n=1,2,... (2.3.66)
where a,, are some normalization constants. In particular, if we start with
AELO) = a, (a, are arbitrary constants), then (2.3.66) gives
AE}) = aucT + cuazx — Tyac,
AP =g, [(cz)? - L1c2?] + ¢, (2(az)(cz) — Laca?) - (2.3.67)
-z, ((ac)(cz) + iclax),

Solutions (2.3.67) have the property F,, = 0,A, — 0, A, = 0. But if we
start with ALO) = aubz (a,,b, are arbitrary constants) then we obtain from
(2.3.66) another sequence of solutions of Equations (2.3.65):

AD = a,(cabz — La?be) + Lbz(c.az — z,ac), (2.3.68)

and in this case Fj,, #0.
Lastly we write down formula (2.3.57) for the tensor of the electromagnetic

field F,, (2.3.43). So, if F\Y is a solution of Maxwell’s equations
B F* =0,  €P78,F,, =0 (2.3.69)
then
F(”+1) = (¢, F{M — ¢, F("))m + (z, F} ") —z, F{M)c> + 2ch(f)+
+(czz® — $2%c™)0a FM. n=0,1,... (2.3.70)

wyo
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will be also solutions of Maxwell’s Equations (2.3.69).

2.4. Conformally invariant nonlinear equations for spinor fields and their
solutions

1. Let us consider the following Poincare invariant nonlinear PDE for a
spinor field * [101], [102]):

{7" [0, + (D7.9)F1 + @157u%) Fe + ($7.9)75 Fs + (757.%)7s Fa) +

+(ouY)a* Fs + (Yo, 9)vs0* Fs + Fr + ’75F8}1/) =0, (2.4.1)
where

. 0 o 1
Y5 = 1Y0V1Y2Y3 = (UO 00) ; Opv = 5(%% - 1wu);  (2.42)

Fi,...,Fg are arbitrary scalar functions depending on ;[J—zjz and Ei’ysd}. The
rest of the notations are given in (2.1.1)—(2.1.3).

From the set of Equations (2.4.1) we select those which are invariant under
scale transformations

2, - 3, = ez, (@) = ¥(2') = e (a) (2.4.3)
and under conformal transformations (2.3.2), (2.3.26).

Theorem 2.4.1. [101, 102]. Equation (2.4.1) is invariant under the scale
transformations (2.4.3) iff

F = (@)1 7202k, i =T,

e (2.4.4)
Fj = (@y)/%*¢;, j=1,8,

where ¢y, ..., ¢s are arbitrary scalar functions depending on (Y1) /(Vivs¥).

Proof. The necessary and sufficient condition of the invariance of equation
(2.4.1) under the transformation (2.4.3) is the fulfilment of the relations

* There is no nonlinear Poincare-invariant equation of such a type for a two-
component spinor field ¢ (Weyl field) because it is impossible to add to the
Weyl equation a nonlinear term constructed from ¢ and ¢t and to conserve
even Lorentz invariance. The same statement holds true for Maxwell’s equa-
tions for electromagnetic fields in a vacuum.
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exp {6(1 — 2k)} F (exp{—20k}Py, exp{—20k}¢ivsv) =

= F,(y,¥ivsy); i=1,6
2.4.5

S

—
~

exp {6(1 — k)} F; (exp{—20k}p, exp{—260k}ipivsy)) =
Differentiation of (2.4.5) with respect to # followed by setting § = 0 gives

(1—2k)Fi=2kuaFi +2kvaFi, i=1,6
Ju v (2.46)
. OF, oF, . 4.
(1 - k)F} = 2kuE + 2kv v y J= 7,8,

where u = Y1), v = Piysep.

After integrating (2.4.6) we get (2.4.4). One can directly confirm that Equa-
tion (2.4.1) with functions F' (2.4.4) is invariant under the scale transformations
(2.4.3). The theorem is proved.

Remark 2.4.1. Obviously, Equation (2.4.1) with functions
F, = @) @) 7 e, a=1,3
Foy = [@1smu0) @ysyee)] '
Fyy = [@0,uw)@ovy))

Fy=(op)™ e, =18

biy, iz =2,4; (2.4.7)
¢1;3, ’i3 = 5,6;

where ¢1,..., ¢g are arbitrary scalar functions depending on 1_01'/)11)1/1, is also
s

invariant under the scale transformations (2.4.3).

Remark 2.4.2. From four-component spinor fields ¢ and % one can construct
16 real quadratic forms p;(j = 1,16)

u=9Py — scalar,

v = Pivsy — pseudoscalar,

Ju =V — vector, (2.4.8)
N, = VY570 — pseudovector,

fuv = Vo0 — antisymmetric tensor.

These 16 bispinor densities are not independent since the spinor wave func-
tion ¢ is composed of four independent complex functions. Furthermore, as
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the overall phase of the spinor has no effect on the bispinor densities p;, we
conclude that these 16 functions must satisfy a total of nine algebraic equa-
tions. These equations are known as identities of Fierz-Pauli and have the
form (see [42])

Jujt = —nun¥ = u? + 02,
Junt =0; (2.4.9)
f#V = (’LL2 + ,v2)—1 [uepupajpna - 'U(j#n,, - j,,nu)] N '11,2 + 1}2 9'5 0.

From this one can conclude that Equations (2.4.1) with functions (2.4.4) and
(2.4.7) are in a sense equivalent.

Theorem 2.4.2. (See [101]). Equation (2.4.1) is invariant under the conformal
group C(1,3) iff functions F have the form (2.4.4) and k = 3/2.

Proof. Since the conformal group contains the extended Poincare group we
can use the previous theorem. Then one can confirm that conformal transfor-
mations (2.3.2), (2.3.26) leave equation (2.4.1) with functions F' from (2.4.4)
invariant iff £ = 3/2. The theorem is proved.

As a consequence of Theorem 2.4.2 we get the Dirac-Gursey Equation (2.1.5)
and the following conformally invariant generalization of the Dirac-Heisenberg
Equation (2.1.4)

{na+,\ — ('”7{/’)7" oy R (wvsmiﬁ)m"

(A, % are arbitrary constants).

)]1/3 } X (2.4.10)

2. Now we describe some exact solutions of the nonlinear conformally in-
variant spinor wave Equations (2.1.5) and (2.4.10). For the first time exact
solutions of the Dirac-Gursey Equation (2.1.5) were obtained by Kortel (see
(132]) with the help of the Heisenberg ansatz (see (2.1.28) with w = \/z,z" ).
Later these results, slightly generalized, were expounded in [5],(6], and [150].
We list the Kortel solutions as they are given in [150]:

_ (4o 3/2 T +a
P(x) = <T) mx, (2.4.11)
1/3\%?
Y(z) = 1 (X) w™5/? (iyz +w) x, (2.4.12)

where w = \/z, 2", a is a constant, and Yy = 1. Note that solutions (2.4.11)
and (2.4.12) are nonanalytic in the coupling constant A\. New solutions of
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Equation (2.1.5) can be obtained from (2.1.26) under m = 0 and k£ = 1/3. Let
us list some of them:

Y(z) = [(az)® + (bz)?] 1/ exp{ 3(va)(vb)x (2.4.13)
X arctan %} exp{—gi/\(yx)l/a('yb) [(az)? + (bz)2]2/3}x;

¥(z) = exp {—1(ya + vd)yb(az + dz) } x (2.4.14)

X exp {—i/\(ix)l/s‘yb [bz + L(az + dz)?] } X,

where a,,b,,d, are arbitrary constants satisfying (2.1.27).

One can apply the formulae of generating solutions (2.3.27) to obtain further
solutions from (2.4.11)—(2.4.14). Having made in these solutions transfor-
mation of translations one obtains C(1,3)-ungenerative families of solutions.
For example, solution (2.4.11) yields the following multiparameter C(1,3)-
ungenerative family of solutions of Equation (2.1.5):

4a)* 17y + (1 - yy7e)
P(z) = ( A ) [y2 (1 +a2c2) + a2(1 _ 2Cy)]2 X (2.4.15)

where y, = z, + 6,; c,, 6, are arbitrary constants; Yx = 1.
The substitution of conformally invariant ansatz (2.3.51) into (2.1.5) yields
the following ODE

d
E:z = —iX(B.8") " @) 2 (vB)e

the general solution of which has the form

p(w) = exp {—i/\(ﬂuﬂ”)"(Yx)‘/a(vﬁ)w} X

This gives one more solution of Equation (2.1.5) (see [93, 95])

P(z) = G_'Z:u_)z exp{——’iz\(ﬁulgl/) (XX)1/3(7IB gfa:,, } x- (2.4.16)

The corresponding C(1,3)-ungenerative solution has the form

#(0) = o exp {0087 (@0 P 08) (e +a) o (2417

vy
(¥*y)?

where y, = z, + 6,; 6, are arbitrary constants.
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Following [101, 102] we construct solutions of the modified Dirac-Heisenberg
Equation (2.4.10) with & =0

{ma —A— @7“1”)“’“ - } ¥ =0. (2.4.18)
[(@7.9) @y o))

Ansatz (2.3.51) reduces (2.4.18) to the system of ODEs

A (Prue)r e
‘09, [(Fwe)@r )]

Consider the case of a complex coupling constant, that is
A=A +1i)2, where A =Rel, Ay =ImA.

Then we get the following solutions of Equation (2.4.19):

if A2 =0, then p(w) = exp {idw} x;

9 -3/2
if A1 =0, then p(w) = <c + g/\zw) X;
if AiAe # 0, then p(w) = (fi +if2) x;

fr=%[(w-20"2 4 (w+ 211)]/2] ,

(2.4.20)
fo=F [(w = 20)"% — (w+20)"/?],
A )\ 2 dv
w:(cl— ;\:’U) s w—4/—§:2/\2w+02.
In formulae (2.4.20)
_ XVuX
Ay — v\1/3°
(v x)(xrx)] (2.4.21)
_ P
- T,

The C(1,3)-ungenerative solution of Equation (2.4.18) with real coupling con-
stant has the form

¥(z) = (yjyyu)z exp {i)\ (yﬂz + ae) } X (2.4.22)

where y, = z, +6,; B, are given in (2.4.21); 2, §, are arbitrary constants.
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3. Consider a conformally invariant equation for a spinor field with arbitrary
conformal degree k [149]

(9D + 2@/ v =0,

Dy =0, = <§ - k) Ouln (¥y) (2423

T2

As we have already noted, spinor fields with arbitrary conformal degree play
a fundamental role in unified field theory because they allow us to construct
fields with any spin and with a given conformal degree (see Remark 2.3.5).

Equation (2.4.23) is merely the Dirac-Gursey Equation (2.1.5) when written
in terms of the spinor

P = Qo) FERy, (2.4.24)

where 1p denotes a Dirac spinor with conformal degree k¥ = 3/2, and ¢ is a
spinor field with arbitrary conformal degree k (the inverse formula expressing
¥ via ¥p is given in (2.3.47)).

In order to construct a scalar field with conformal degree 1 from a Dirac
spinor field (it is this conformal degree which makes the scalar field satisfy the
wave equation (see Table 2.3.1)) one must set k¥ = 1/2 in (2.3.47) and then use
the corresponding formula from (2.3.46). This gives

u(z) = (Pp¥n)'/>. (2.4.25)

Let us substitute solutions (2.4.11) and (2.4.12) of the Dirac-Gursey Equation
(2.1.5) in (2.4.25). The result is

3 .

u(z) = Q—A(wux”)‘l/z, (2.4.26)
4 «a

u(z) = oo s a2 (2.4.27)

Functions (2.4.26) and (2.4.27), as one can easily check, satisfy the nonlinear
wave equation

Ou+ Mu® =0 (2.4.28)

provided A = g\/)q for (2.4.26) and XA = /2\; for (24.27), Ay > 0. It is

noteworthy [61*] that these solutions of Equation (2.4.28) lead by means of the
t’Hooft-Corrigan-Fairlie-Wilczek ansatz to the well-known meron solution of
de Alfaro-Fubini-Furlan [4*] and to the instanton solution of Belavin-Polyakov-
Schwartz-Tyupkin [1*] of the SU(2) Yang-Mills field equations (see Section
2.10).
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4. As we have considered how to construct other fields from the spinor
field (see Remark 2.3.5), it is natural to consider the inverse problem: how to
construct the spinor field itself by means of other fields.

It is obvious that any spinor wave function can be represented as an expan-
sion in the basis of the 4 x 4 matrices

16

P(z) = e (U -tV + 3. J* — sy N+ —12-JW,F“">X = Z R*T.x,
a=1
(2.4.29)
where
997 ROL = {Ua Va J#,NI"FI‘“’} (24'30)

are real scalar functions; x is a constant spinor; and the rest of the notations
are given in (2.1.2) and (2.4.2). Clearly, due to the Fierz-Pauli relations (2.4.9),
which hold for any spinor field, the 16 functions R* (2.4.30) are not indepen-
dent. The set of functions R* can always be chosen such that they satisfy the
bispinor algebra (2.4.9), that is

JJE = —N,NF = U 4V,
N JE=0; (2.4.31)
Fuw = (U2 4+ V) ™ [Ubpo JPNT = VLN, = LN,)], U2+ V2 £0.

This fact allows us to prove the factorization theorem (see [42]), according
to which the general form of the spinor field (2.4.29) can be factored in the
following manner:

P(x) = e (U —ivsV + yuJ*) X (2.4.32)

x [1 = (U2 +V2)™HU +ivsV)Noys7"] x-
Let

% =A{u, v, jps vy, fuw = —fouls  Jo >0, W+ #0  (2.4.33)

be a given set of real functions forming a bispinor algebra (2.4.9). Then the
following statement (the inversion theorem) holds true.

Theorem 2.4.3 [42]. The spinor ¢ which generates the given bispinor alge-
bra (2.4.33), (2.4.8), (2.4.9) is determined by Equations (2.4.29) or (2.4.32),
functions R* (2.4.30) having the form

R® = p* / (4J), (2.4.34)

where
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J? = x(u — ivsv + juv*) [1 - (W + v2) 7 (u + iys0)n, 57" X (2.4.35)

So, to construct a spinor field ¢ one needs, in general, the set of 16 real
functions (2.4.33) which represent themselves as scalar, pseudoscalar, vector,
pseudovector, and antisymmetric tensor of rank-two fields satisfying relations
(2.4.9). In such a case spinor % is determined by use of formulae (2.4.29) or
(2.4.32), (2.4.34), and (2.4.35). If it is necessary to construct a spinor field with
conformal degree k one has to take fields p® (2.4.33) with conformal degree 2k.

One can construct a spinor field in the following manner. Let U and J, be
scalar and vector fields. Then formulae

Pi(z) = (7“5—%) X
T (2.4.36)
P2(z) = W *x
determine spinor fields (in sense of ansatze) ¥ and . But in this case the
connection between U and u = 9%, and between .J, and j, = ¥,7,%2 is not
so simple as it was in (2.4.34). In particular, for U and u we find

oU aUu
= 2.4.37
oxY 0z, (xx) ( )

w= P =

It is clear that there are many ways of constructing spinor fields by use of

formulae like (2.4.36). The Heisenberg ansatz (2.1.6) and its generalization

(2.1.28) is an example of such a construction of a spinor field by means of
three real scalar fields (functions) w, f, g.

2.5. Reduction and exact solutions of coupled nonlinear PDEs for spinor and
scalar fields

Consider the following system of PDEs

{170 = [Mlul* + A2(9)*] } 9 =0,

Ou+ [plul* + pa(@)*] u =0, 25D
where ¥ = 9(z) is a four-component spinor field; v = u(z) is a complex scalar
field; |u| = Vu*u; € R(1,3); A, pi, ki (i = 1,2) are arbitrary real parameters;
v are Dirac matrices (2.1.2).

System (2.5.1) is invariant under the conformal group C(1,3) if k1 = 1,
ko = 1/3, conformal degrees being 3/2 for spinor fields and 1 for scalar fields;
with arbitrary numbers ki, ks, system (2.5.1) is invariant under A13(1,3).
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Solutions of system (2.5.1) under k; = 1, k; = 1/3 are sought by using
the conformally invariant ansatze (2.3.51) and (2.3.52). These ansatze reduce
(2.5.1) to the following system of ODEs:

(V)¢ + [Malol + Xa(@)' ] ¢ = 0,
2 (2.5.2)
826 + [ullvl’“ + uz(w)l/‘*] v =0,

where dot indicates derivative with respect to w = gy
17

The simplest solutions of Equations (2.5.2) are as follows

p(w) = exp {i&(Vﬁ)w} X (2.5.3)
v(w) = pexp {iw},
where @, p, 3, are arbitrary constants satisfying relations
26° = Mp+ (0"
) PRE (2.5.4)
B = [u10+u2()_cx) / ] .

Formulae (2.5.3), (2.3.51), (2.3.52) give solutions of Equations (2.5.1):

0 = gz e {09 5 )

u(z) = yu”yu exp {z (yﬂy } N a) ’ (2.5.5)

where the constants 2, p, 3, satisfy relations (2.5.4). Having made in (2.5.5)
translation transformations we obtain, according to Section 2.3, the multipa-
rameter family of C(1,3)-ungenerative solutions of Equations (2.5.1):

Y(z) = (yj;,)z exp {iae(vﬁ) (yf;j,, + a) } X

_ P [ By
u(z) = v exp {z (yuy” + a) },

where y, = z, + §,; a, 6 are arbitrary real constants.
For finding solutions of Equations (2.5.1) with arbitrary k; and kz we use
the ansatz (see [212], [13*])

¥(@) = {ig1 (@) + 12(w) = [i1(@) + 1 fo(@)]i700 b, (2.5.6)

u(z) = v(w)
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where g1, g2, f1, f2 are some real scalar functions; v is a complex scalar function;
w = w(z) are new independent variables determined in (2.1.31); 74 = —i7s,
and 7s is determined in (2.4.2).

By substituting (2.5.6) into (2.5.1) and taking into account (2.1.30) we obtain
. N, o~
€U+ —0 =~ [1lo* + 52 F) v,
. N o~
efi + ;f1 = [/\1|v]'”‘ + )\QF] g1,
g=- [Allvl’“‘ + XzF] fi, (2.5.7)
g2 = ['\llv|kl + 7\2F] f2,

. N L
ehrt—fa=- [Alwl + /\zF] g,

where dot means derivative with respect to w as defined in (2.1.31);

X2 = Aa(XX)*2, Jiz = pa(Xx)*, and F = [gF — g} +e(F2 - £2)] .

We succeeded in constructing the general solution of system (2.5.7) only in
the case where N = 0; in the rest of the cases particular solutions were found.
Without going into details we cite the results obtained.

When e = -1, N = —2, —1 we have

filw) = e = 12
95 (W) = F(=1)7(1 + 2k, N)"/2¢ 0~ 1/2k2, (2.5.8)
v(w) = Ew™/k

and the conditions on arbitrary constants c;, c; (real), and E (complex) hold
[((m = Dk1 = 1]k7% + {1 | E|** + iz [2mks(ct — 3)] k2 }2 =0, (2.5.9)

£ (1= 2mky)"? — 2k (M| EIF + X [2mky(c2 — 2)] 7} =0,

1 1
with ko < —, Kk < ; m=-—N.
2m m—1

When € = -1, N = 0 we have

f1 = c1sh {—,\1 /]v(w)[k‘dw + Xa(c2 = )k +C2} :

f2=-cach {/\1 /|v(w)|k‘dw + Xg(cg — )k 4 04} ,
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g1 = c1sh {—/\1 / [v(w)|* dw + Xz(cg — )k 4 cz} )

g2 = czch {/\1 /|v(w)|'“dw + Xz(cg -k + 64} )

v(w) = p(w) exp{if(w)},

where

fp(w) [a_(z) +cg] V?dz = w + cs,

O(w) =/p"1/2(w)dw+Cg,

2 401 T0
a-(2) = o 20 4 (S — ket 4 (2

C
ki+1 3

When € =1, N = 0 we have

ki1 +2

f

—

= ¢; sin {/\1 /|v(w)|k1dw - Xa( - ek + Cz} ,

f

N

= c3 cos {/\1 / [v(w)|* dw — 7\2(c§ — )k 4 04} ,
g1 = €1 COS {—/\1 / [v(w)|* dw — X2(c§ —chkw + cz} ,

g2 = c3sin {/\1 / [v(w)|* dw — 7\2(c§ — &)y 4+ 64} )
v = p(w) exp{if(w)},
where

fp(w) lat(2) + c6] V2 dz = w + cq,

b(w) = / V@) dw + cs,

a+(2) = _kl +1

When ¢ =1, N = 1,2, 3 we have

ki +2

fi=cw™V/ =12
9k = :F(—l)j(QNkz - 1)1/2c]-w_]/2k2;

v = Ew_l/k‘,

2 ~ 411 11
AL d gyt T

101

(2.5.10)

ok 2
chyk2zk1t2 4 0c2,,

(2.5.11)

cg)k’zk""z + 2¢52.

(2.5.12)
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where the arbitrary constants c¢;,cs (real), and E (complex) satisfy the rela-
tions

(b + D = NET + {a| P + iz 2NEs(c - )] =0 (25.19)

F(2Nky — 1)"/2 2k2{)\1|E|’“ + X2 [2Nky(c? — 3)] ’”} =0,

1 1
by > —.
229N

When e =1; N =2,3; K; =2/(N —1); K3 = 1/N we have
fi = (=1)8wg;(w), i=12
9; = ¢;(1 4 6%w)~(N+1/2, (2.5.14)
v = E(1 4 6%?)1-N)/2

where the arbitrary constants c;,c2,0 (real), and E (complex) satisfy the re-
lations
2
6?(N? - 1) = [N1|EI2/(N"1) + fin( — cg)l/N] 7
~ o1 /N (2.5.15)
(N +1) = ,\1|E|2/(N-1) + (2 = 2) /

By substituting the explicit form of functions fi(w), f2(w), g1{w), and ga2(w)
given in (2.5.8)—(2.5.14) and the corresponding w written in (2.1.31) into
ansatz (2.5.6), we obtain solutions for Equations (2.5.1). Under k; = 1 and
k2 = 1/3 one can apply to these solutions formulae of generating solutions
(2.3.27), (2.3.34) and in this way obtain new families of solutions of Equations
(2.5.1) when k1 = 1, ky = 1/3.

2.6. Exact solutions of systems of nonlinear equations of quantum
electrodynamics *

Consider nonlinear coupled PDEs which describe interacting electron (Dirac
spinor) and electromagnetic fields

(Y*(i0, — eA,) —mi] ¥ =0,

— 2.6.1
OA, — 8.0" A, + m3A, + AALAY Ay = ey, ( :

where ¢ = 1)(z) is a four-component Dirac spinor; A, = A,(z) is a four-
vector potential of the electromagnetic field; u,v = 0,3; e, A\, m1, mo are real

* Some results stated in this section were obtained in collaboration with R.Z.
Zhdanov.
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constants; 7, are Dirac matrices (2.1.2). When A = my = 0, system (2.6.1)
coincides with the well-known standard equations of quantum electrodynamics
[2, 31). When m; = my = 0, system (2.6.1) takes the form

7#(7;‘% —eAu)Y =0,

_ (2.6.2)
OA, - 0.,0"A, + AA LAY AL = ey,
When A = 0 system (2.6.1) takes the form
(7" (i0, — eA,) —ma] Y = O,_‘ (2.6.3)
OAy - 0,0 A, + my Ay = ey
And lastly, when m; = my = A = 0 system (2.6.1) takes the form
7”(1‘0# - eAV’)d) = O’ (2.6.4)

OA, — 8,0 A, = etpyu1.

Systems (2.6.1)—(2.6.4) are invariant under the following groups: (2.6.1) under
P(1,3); (2.6.1) with A = my = 0,m; # 0 under P(1,3) & U(1); (2.6.2) under
C(1,3); (2.6.3) under P(1,3); (2.6.4) under P(1,3) & U(1). Below we shall
obtain exact solutions for these equations.

By substituting conformally invariant ansatze (2.3.51), (2.3.53) into (2.6.2)
we get the system of ODEs

i(vB)¢ = e(vB)yp

. )= ) B (2.6.5)
ﬂ Bu - ﬁpﬁ B,, + AB,‘B B,, = ePYup

where dots indicate derivatives with respect to w = Bz/(z,z"). The simplest
solution of Equations (2.6.5) is

p(w) = exp{—iew}x,  Bu(w)= B (2.6.6)
where constant spinor x and arbitrary constants (3, satisfy the conditions
ABB. = eXVux- (2.6.7)

From (2.6.6), returning to (2.3.51), (2.3.53), we get the following solution of
Equations (2.6.2) (see [97], [98]):

¥(z) = ——= exp{—ie be }x,
T,T vz,

B, Bz _ (2.6.8)




104 Chapter 2. Systems of Poincare-invariant Nonlinear PDEs

whence follows (see formulae (2.3.55), (2.3.56)) the C(1,3)-ungenerative solu-
tion of Equations (2.6.2)

_ . By >}
Vo) = oy exp{ h (y“yu TE) 26
Aula) = 2 oy (2.6

= — Qy _
Yoy¥ (v yn)?

where y, = =, + §,; ., 2 are arbitrary real constants; (,, x satisfy relations
(2.6.7).
Solutions (2.6.8), (2.6.9) have the properties: F,, = d,A, — 3, A, = 0; and

— | (z,x")"3(xx) for (2.6.8)
= { (1y")-*(Rx) for (26.9)

constant e (electron charge) tends to zero as soon as the coupling constant of
self-interaction of the electromagnetic field A — 0.
Now we'll try to find solutions of system (2.6.2) with the help of the ansatz

Y(z) = (vb)exp {zf(az)} ) (2.6.10)
A, (z) = bug1(az) + a,g2(az); b =0

where a,, b, are arbitrary real constants; f, g1, g2 real scalar functions to be
determined; x, as usual, is a constant spinor.

Substitution of (2.6.10) into (2.6.2) gives rise to the following system of
ODEs:

f + eg2 =0,
a2§1 = 2eb"X7X — Aq1 (azg% + Qabglgz) , (2.6.11)
abg, = Mgz (a9 + 2abgyg2)

where dot means differentiation with respect to w = az.
System (2.6.11) can be integrated when a? = 0, ab # 0. In this case it takes
the form

f+eg =0,

eb"Xvvx — Aabgiga = 0,

g, — 2Ag195 = 0,
whence follows

X _
92 =917 (2.6.12)
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where e
= —bty .
x ab XVYuX

The general solution of system (2.6.12), depending on sign of A is given by the
formulae:

when A >0, ¢; # 0 we have
2211/2
91(w) = £¢;’ [(Clw‘i‘ co)? + 3 ] )

go(w) = E2 3 [(C1w+02 %] (2.6.13)

bk

flw)= -——\—/—?2__; arctan [%(clw + ¢2)

when A < 0, ¢; # 0 we have

/2 2& 1/2
g(w) = £ F [(aw+e)® + |

A
-1
92(w) = a—e;—l [(cuu +c2)? + 25}2] , (2.6.14)
flw) = — In VIN(ew + c2) + V22 )
2200 [VIM(ew + c2) — V2|’

when ¢; = 0, A < 0 we have

1/2
g(w)== [%_[2—,\;7 +C3} ,

-1
92(w) = [—2 2|1A|w + 2—3@;] , (2.6.15)

e A
f(W) = mln (2 2|)\]w - ;Cg) y

where c1, ¢y, c3 are arbitrary real constants. Inserting f, g1, g from (2.6.13)—
(2.6.15) into (2.6.10) one obtains families of solutions of system (2.6.2):
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A>0, #0:
P(z) = (vb) exp _te arctan VA (craz +c2)| p X (2.6.16)
V2 Vee ’

1/2
Au(z) = ibuﬁ_l/z [(Claz +e)’ + —?—] +a,zecr [Meraz + c2)? + 227 -1

A<0, ¢ #0:

\/lz\(claz+cz ) + V22
2 2|/\ |)\ car + cg) — V2

¥(z) = (7b) exp{

} X5 (2.6.17)

1/2
- 2 -
Au(z) = £byuc; 1/2 [(Clarc +c)t + ;ae_] + au®er [Meraz + c2)? + 227 1;

A

A<0, ¢ =0:

Y(z) = (vb) exp L (2 |Aaz ’\c) (2.6.18)
= ar — — s .6.
22 =) (X
1/2 1
2V2z A

A =4b, | —— - z

u(T) " [ o az + csj‘ +a, [ 2v/2|Aaz + aec3]

Let us recall that in (2.6.16)—(2.6.18) b = a® = 0, ab # 0 (without loss of
generality we can choose ab = 1);

= S (XX
ab

c1, 2, c3 are arbitrary real constants.

One can easily check that solutions (2.6.16)—(2.6.18) give 9% = 0 (due to the
condition b? = 0); the tensor F,, =0,A, — 0,A, is given by the expressions,
respectively

-1/2

Fuv = £(bua, — byay)ver(craz + c2) [(Clax +e2)? + —?\i] ;
2&2 -1/2

Fu = :h(buau - buau)\/CT(Cla.’L‘ + c2) [(clam + cz) + T] 5

~1/2
F,, = +(b,a, — 2 [2—&az + c;;] : (2.6.19)

b, "
o |
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One can obtain from solutions (2.6.16)—(2.6.18) new families of solutions for
Equations (2.6.2) if one applies to them the formulae of generating solutions
(2.3.27) and (2.3.38).

Solutions for system (2.6.3) will be sought in the form
¥(e) = (yb) exp {—1ma(ya)w +1f(b2)} X,
Au(z) = bug(w), w = az; (2.6.20)
b =ab=0, a® = -1.
Substituting (2.6.20) into (2.6.3) gives rise to ODEs for the scalar function
9(w):
g —mig + 2e(6; ch 2myw + 63 sh2myw) = 0, (2.6.21)
where
01 = xybx, 02 =1ixyaybx (2.6.22)

(one can easily confirm that 6; and @, are real constants). With m3 > 0, and
m2 # 4m? the general solution of Equation (2.6.21) has the form

2
9(w) = c1 chmaw + ¢z shmow + ———— c 5 (61 ch 2myw + 62 sh2m,w). (2.6.23)
ms — 4mg

With m2 = 4m? the general solution of Equation (2.6.21) has the form

0 0
gw) = [ w+er ) ch2mw + | — 2w +cp | sh2myw. (2.6.24)
2my 2my
And, lastly, under m%2 = —m? < 0 the general solution of Equation (2.'6.21)
has the form

2
g(w) = ¢1 cos mw + ¢z sinmw — %(Gl ch2myw + 02 sh2myw). (2.6.25)
mi

m2
In formulae (2.6.23)—(2.6.25) c1, c2 are arbitrary real constants.

Inserting expressions (2.6.23)—(2.6.25) into ansatz (2.6.20) we obtain three
families of solutions for Equations (2.6.3): when m% > 0, m% # 4m? we have

Au(z) = by |e1 chmgaz + c2 shmoaz+ (2.6.26)

2e
+—

—5—— (01 ch2mjazx + 6, sh2mqaz)|;
m3 — 4mj

when m2 = 4m? we have
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0 0
Au(z) =b, [(—{;n—llax + cl) ch2mjax + (-—;—2—ax + cz) sh 2m1a$} ;

m1
(2.6.27)
when m = —m? < 0 we have
Au(z) = b [cl cos max + ¢y sin mar— (2.6.28)
2e '
- m (01 ch2maz + 62 sh2maz)|,
1

where 60,0, are defined in (2.6.22); c1,cg,c3 are arbitrary constants; for all
three cases the spinor ¢(z) has the form stated in (2.6.20) with the arbitrary
differentiable function f(z); a*> = —1, ab = b> = 0. It will be noted that
solution (2.6.26) has resonance nature when m2 — 4m?.

Let us select from solutions (2.6.27) a subfamily

Y(z) = (vb) exp {—im (ya)az} x,

ef (2.6.29)
A, (r) = —b,(az)(sh2miaz — ch2m;az),
2m1
where § = §; = —60,. One can easily confirm that for these functions the
following relations hold:
Ov + miy =0,
(2.6.30)

1
OA, +4my (ml - E) A, =0

which apparently can be treated in such a manner. As a result of the interaction
of the fields ¢ and A, a particle comes into being. This particle has variable
mass M = M(x)

1
M? = 4m, (ml - E) (2.6.31)

So M? > 0 when (az)~! < m;, M = 0 when (az)~' = my, and lastly M? <0
when (az)™! > m. In the case of non-resonance interactions such an effect
does not take place.

Let us try to find solutions for system (2.6.3) with the help of the ansatz

Y(z) = (va) exp { —ie /u;, v(wo, T)dT} P(wo, w1, wa,ws3),

(2.6.32)
Au(z) = apu(wo,wr, wa,ws) + duv(wo,ws)

where
wo = ar, w = bz,

(2.6.33)
we = CX, w3 = dz;
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@y, by, cy,d, are arbitrary real constants satisfying relations

a?=d*=ab=bc=cd=ac=0bd=0,

(2.6.34)
b =c?=-1, ad = 2;

where v = u(wp,w1,ws,w3), v = v(wp,ws) are scalar real functions, and
¢ = p(wo,wr,ws,ws) is a four-component spinor.
After substituting (2.6.32) into (2.6.3) we get the following system of PDEs

i(vb)r +i(ye)pe +mip =0,
un + ugz = miu — 2ePyayp + 4uos,
uz + vy = 0, (2.6.35)

4vg3 + m%v =0,

Op Ou —
where = —; Uy, = —; =0,3.
Pu Ow, dw,, #

Since v = v(wop,ws3), equation vy + ug = 0 from (2.6.35) yields
u = U(wo,ws3) + U’(wo,wl,wg). (2.6.36)

Inserting this expression into (2.6.35) we get system of PDEs
1°  ivbpr + tyeps + mip =0,
2° Uy +Upg = m%ﬁ — 2epyap,
3° miU + 4Up3 = 0, (2.6.37)
4° miv 4+ 4duy3 =0,
5° vy +Us=0.

System (2.6.37) is formally a nonlinear one, but if we solve the first equation
1° and insert the result into the second equation 2°, we will reduce it to a
linear inhomogeneous system of PDEs which can be solved using the classical
method of separation of variables.

Let us present two partial solutions of Equation 1° (2.6.37):

p(w) = exp {—im1(yb)w1 } x(wo), (2.6.38)

p(w) = (w} +w3) M exp {—%(7b)(7c) arctan ﬂ} X (2.6.39)
w2

X exp {—iml('yc) (wf + wg)l/2} X (wo),

where x is an arbitrary spinor depending on wy = az.
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The general solution of Equation 2° (2.6.37) has the form
U=004+0®, (2.6.40)
where U() is the general solution of the Helmholtz equation
o® + U = mvW, (2.6.41)

and U® is a partial solution of Equation 2° (2.6.37). Under ¢ from (2.6.38)
a partial solution of Equation 2° (2.6.37) is given by the expression

2e

_ m (01 ch 2myw; + 62 sh 2m1w1) y mg -‘,‘E 4m%,
U =" . 1 (2.6.42)
—-2—7,-"— (010.)1 sh 2mywy + B2wq ch 2m1w1) , mg = 4mf;
1
where
61 = X(wo)vax(wo), (2.6.43)

62 = ix(wo)yaybx(wo)-

Under ¢ from (2.6.39) a partial solution of Equation 2° (2.6.37) is expressed
via the Bessel functions. We do not write it because it is rather cambersome.

The general solution of Equations 3° — 5° (2.6.37) can easily be found by
means of the method of separation of variables. It has the form

mj
U=cexp {4czw0 — C—wg} s
2

; (2.6.44)

m%cl my
V= 5— exXp § 4dcowp — —ws3 ¢,
4c; Cz

where c1,c2 are arbitrary real constants, c; # 0.

Using (2.6.32)—(2.6.34), (2.6.36), (2.6.38), (2.6.40)—(2.6.44) it is not difficult
to find corresponding solutions of system (2.6.3), but we do not do it here for
the sake of brevity. Let us only note that these solutions, due to the term U @),
(2.6.42) have the resonance nature analogous to that of solution (2.6.26).

Solutions for system {2.6.4) are sought in the form

P(z) = (vb) exp {if(bz)} x,

(2.6.45)
Au(@) = bugw), w=axz,

where a,, b, are arbitrary constants and a? = —1, b%> = ab = 0. Substituting
(2.6.45) into (2.6.4) gives rise to the ODE for a scalar real function

g + 2exybx = 0. (2.6.46)
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The general solution of Equation (2.6.46) is given by
9(w) = —exybxw® + 1w + c2

where c¢;,c are arbitrary constants. After substituting this expression into
(2.6.45) we get a partial solution of system (2.6.4):

P(z) = (vb) exp {if(bz)} X, (2.6.47)

A, (z) = b, [—exybx(az)® + craz + 2]
where f is an arbitrary differentiable real function; a,, by, c1, c2 are arbitrary
constants, a? = —1, b? = ab = 0. Having applied the formulae of generating
solutions (2.3.27) and (2.3.38) to (2.6.47) one obtains a new family of solutions
for system (2.6.4).

Now we shall demonstrate how to do a partial linearization of the standard
equations of quantum electrodynamics which coincide with (2.6.1) under A =
me = 0 and thereby construct wide families of their solutions.

Let us write the standard equations of quantum electrodynamics

[v*(i0y — eAy) = m]¥ =0,

— (2.6.48)
OA, — 9.0"Au = ey .
Solutions of these equations are sought in the form
$(z) = (1B)p(w), (2.6.49)

Au(z) = Bug(w),

where g(w) is a scalar real function, ¢(w) is a spinor to be determined; w are
three new variables

w1 = az, wy = bz, ws = Bz;

(2.6.50)
a? =0 = -1, B2 =ab=aB=0b6=0.
By substituting (2.6.49) into (2.6.48) we get the system of PDEs

g11 + go2 + 2078y = 0,

where 1 = 0p/0uw1, 2 = p/Iws and so on.
Let ¢ = §(w, ) be a partial solution of the second equation of system
(2.6.51). Then on making the change of variables

p(w) = p(w),

B (2.6.52)
G(w) = g(w) = g(w, )
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we reduce Equations (2.6.51) (and thereby system (2.6.48)) to the linear system
of PDEs

(ya)¢1 + (vb)¢2 — im¢ =0, (2.6.53)
G11 + G2 =0.

This allows us to construct wide classes of solutions for system (2.6.48).
Suppose that the function ¢ in (2.6.51) does not depend on wy. In such a
case we have for ¢ = p(w;,w,) the ODE

(va)p1 — imp = 0;
the general solution of which has the form
@ = exp {—im1(ya)w: } x(w3)- (2.6.54)
Inserting (2.6.54) into the second equation of system (2.6.51) we get
g11 + g22 + 2e 61 ch2mw; + 62 sh 2muw] =0, (2.6.55)

where
b1 = X(w3)¥Bx(w3), B2 =1iX(ws)yayBx(ws).
The general solution of Equation (2.6.55) can be written as

9(w) = f(z,ws) + f(z*,w3) — 2—;2(91 ch 2mw; + 6 sh 2mwr ), (2.6.56)

where z = wy +iws; f is an analytic function of z. By substituting (2.6.56) and
(2.6.54) into (2.6.49) we obtain a family of exact solutions of system (2.6.48)

¥(z) = (7v8) exp {—im(vya)az} x(Bz),
e (2.6.57)
Au(z) = By [f(Z,/@I) + f(z*,B8z) — oz (61 ch 2maz + 6, sh 2maz)] ,

where z = az + ibz; 61,6, are the same as in (2.6.55); a,,b,, B, are defined in
(2.6.50).

It will be noted that solution (2.6.57) is analytic in the constant e and
singular in the constant m.

2.7. On the linearization and general solution of two-dimensional
Dirac-Heisenberg-Thirring and quantum electrodynamics equations

Following [106] and [212] we consider two two-dimensional nonlinear systems
of PDEs: equations of the Dirac-Heisenberg-Thirring type

iC,0,% = MWL)y, (27.1)
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where = 0,1;

_ 0 o9 (0 o3
I'o= (iO’z 0 ) , Iy = (03 0 ) (2.7.2)

and the equations of quantum electrodynamics
[1:7#6}L - C’Y”A” + /\(1/;’Yu¢)'7”] d}a (27-3)
OA, - 3,0"A, = —ezﬁ*yyw

Here 9 = ¢(zo, 1) is a four-component spinor; v, are Dirac matrices (2.1.2);
A, = A, (o, 1) is a vector-potential of electromagentic field; o2, 03 are Pauli
matrices (2.1.3); A, e are arbitrary real constants; u,» = 0,1.

Systems (2.7.1) and (2.7.3) are linearized by means of reversible nonlocal
transformations. This allows us to construct the general solutions of the sys-
tems.

1. Let us rewrite system (2.7.1) by introducing the two-component spinors
@ and x such that ¥ = column(y, x):

i(o20 + a3p1) = Afi (o> + |x|?) 02 — i(¢ 02030 + xT0203X)03] @, (2.7.4)

i(io2x0 + o3x1) = Ai (|ol* + xI?) o2 — i(¢ 02030 + xF 0203X) 03] X
In light-cone variables
=19 — 11, n=1=o+ T (2.7.5)
system (2.7.4) takes the form
g = = A (X1 + 1 7) ¢°,
oy = X (IX°1* +1°1%) ', (2.7.6)
ixg = =A(IX' P +1e'1%) x°,
ixn = M (X + 1) x*,
where superscripts mean components, and subscripts mean differentiation with

respect to the corresponding index variable (£ or 7).
By means of the following nonlocal reversible change of variables

©° =v%exp {z/\/ (Ju'f* + [011?) d{},
o' =vlexp {—i)\/ ([uf® + [v°?) dn},

(2.7.7)
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x® = u’exp {z)\/ (lu'? + [0'?) df}’

x! = ul exp {—i)\/ (|u®)? + [2°) dn},
where 90, v!, 4%, u! are complex scalar functions depending on ¢ and 7, system
(2.7.6) is reduced to the decomposed linear system of PDEs

v=ud=0 vl=u;=0. (2.7.8)
The reader can easily confirm that substituting (2.7.7) into (2.7.6) results in
(2.7.8). Therefore the problem of integrating Equations (2.7.1) is reduced to
that of integrating Equations (2.7.8). The general solution of Equations (2.7.8)
is not difficult to find. It has the form

0 — FO , 1 — Fl ,
S, =P .
W =G7n), o' =G,
where F%, G, F1, G? are arbitrary complex differentiable functions. After sub-

stituting (2.7.9) and (2.7.5) into (2.7.7) we obtain the general solution of the
system (2.7.1)

To—7T1

@® = FO(zo + ;) exp < 1A / (I1F' 1 + |G ) d¢ ¢,

Ttz

0= Fl(z — —'A/ FO +G°) dn ¢,
v (2)0 .'L'l)exp t (| | I l) g (2710)

To—<T1

XO = GO(CL‘O + wl)exp i\ / (|F1|2 + |Gl|2) d€ 3,

To+T1

X' = G (z0 — z1) exp 4 iA / (IF°1? +1G°1) dn ¢,

Remark 2.7.1. Whether or not it is possible to linearize the Dirac-Heisenberg-
Thirring system (2.7.1) is closely related to the fact that this system admits
infinite-dimensional local groups of invariance. For that reason there is another
way of obtaining the general solution (2.7.10). It consists of the following. One
must find a partial solution to system (2.7.1) and then multiply it by means
of formulae of generating solutions (which are constructed according to (17))
until it becomes ungenerative. This latter solution will be the general solution
of (2.7.10).
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Using Lie’s algorithm one can prove that the maximal invariance group of
Equations (2.7.4) is 0(4)®0(4)®Goo, Where G is the infinite-dimensional
group of transformations

[ zo—x1

-

fr2(€)de +

To = T) =3

[ zo+z1
1

! f5 2 (m)dn —

/
Ty =T =

To+zT1

fo (m)dn

To—T1

f2(6)de

¢ = 9" = fo(zo + 71)¢°,
X° = X% = folzo +z1)x°,
¢l =o' = fi(zo — 21)¢",
x' = x"' = filzo — z1)x",

where fy, fi are arbitrary real functions.
Note that system (2.7.4) also admits the following nonlocal group of trans-
formations

X° = x” = ax’ exp {M/[(lbl2 = 1) X"+ (ld* - 1) l¢1|2]d§} ’
X' = x"' = bx'exp {_i/\/ [(lal* = 1) IX° + (le* = 1) [¥°[?] d"} ’
¢° = % =’ exp {i/\/[(lbl2 = 1) IxX'*+ (ldl* - 1) lwllz]dE},

P o oM = bt exp {—m [ 1Gal? = 1) P + (1l = 1) 7] dn} ,
where a, b, ¢, d are arbitrary complex parameters.

2. Let us consider the two-dimensional equations of quantum electrody-
namics (2.7.3). Rewriting (2.7.3) in terms of light-cone variables (2.7.5) and
representing v as a column vector with four components 9°, 9!, 2, ¥® we get
the equivalent system of PDEs:

g = = [ge(A" =A%) + X (W']* + [W*1)] °,
ity = [Fe(A" +4°) + X ("] + [v*%)] ',

WE = — [Se(A" =A%) + A ([0' 2 + [v32)] 92, (2.7.11)
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“j)g — [%C(Al + AO) + Y (|w0|2 + |w2|2)] w3,
(e — By) (A9 — A2 + AL + AY) = e (|¥°) + [9' + [#%1° + [¥°%) ,
(0 +8y) (A} — A2+ AL + Ap) = e (—[°F + ' [* = [9*[" + [¥°[7) -

System (2.7.11) is linearized by means of the following nonlocal reversible
change of variables:

20 = 1 exp {i,\/ (2 + o) de + 5 /(Al - A°)d£} ,

=u' exp {—z/\/ [u®? + [«??) dn+ /(A1 + AO)dn} (2.7.12)

P2 = u®exp {z/\ (lu'? + [W®?) d€ + — ie /(Al Ao)dg}
3 =wlexp z/\/ [u®? + [w?|? )dn+ /(Al +A°)dn}
2

where u®, u!,u?, u® are complex functions. Substltutmg (2.7.12) into (2.7.11)
gives rise to the equations for the functions u?, u!,u?, u%, A%, AL

u2=u§=0, ui,:uf,:ﬂ,
(8¢ — 0y) (AD — AT + AL + A}) = e (Ju°]” + u' [ + [«®]* + [w3?), (2.7.13)
(9c + 8y) (A2 — AZ + AL + Ap) = e (= [u®* + [u'[* — [w?? + [«*[?) .

After integrating this system and substituting the result into (2.7.12), we
obtain the general solution of system (2.7.3):

To+T1 2z
of
A0 — 02 2|2
e / /(|u [+ |u| )dndz+az0,
40— Io/—zl/z (W2 + |u3|2) dedz — of
le

PO = u(zo + xl)exp{i / IM(Ju'? + [u?[?) + g (A - AO)]df},

zotz1

P! = ul(z — zl)exp{—i / Al + [u?|?) + g (A + A°) dn}
To—2x1

¥? = u’(zo + zl)exp{i / X (1! + [W?)?) + % (A' + AO)]dn},
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zo+z1
ud(zg — zl)exp{—i / (w02 + [«3[?) + .26_ (4! - AO)]dn},

where 4%, u!,u% 43 are arbitrary complex functions, and f(zo,z1) is an arbi-

trary real function.
2.8. Symmetry analysis of nonlinear equations of classical electrodynamics

In describing the electromagnetic field in various media, an investigator com-
monly uses Maxwell’s equations in the form

B—D— = rot ﬁ, divD =0,
g}g (2.8.1)
—%——rotE, divB =0,

where E and H are vectors of intensity and D and B are vectors of the in-
duction of electric and magnetic fields. The system of Equations (2.8.1) is
undetermined, and it is therefore necessary to add to it the constitutive equa-
tions (equations connecting ﬁ, §, E, and H ) which reflect the properties of
the medium. As a rule, the constitutive equations considerably restrict the
symmetry of the whole system of field equations. From our point of view [107]
one can use symmetry as a guide-line in constructing and selecting constitutive
equatlons Below we exploit this idea to describe constraints between D B

E, and H which conserve Poincare and conformal symmetry of the field equa-
tlons (2.8.1). Note, that in [143*] it is proposed another approach to nonlinear
generalization of Maxwell’s equations. It is based on the idea of changing the
speed of light ¢ onto v = f(E? — H2 E - H), the latter being the speed of
electromagnetic field energy transfer.

Symmetry properties of Maxwell’s equations in vacua were investigated by
Lorentz, Poincare, and Einstein, and in full detail by Bateman and Cunning-
ham [25, 43]. The two latter authors established that Maxwell’s equations pos-
sess only a 16-parameter (in Lie’s sense, of course) group of invariance which
contains as a subgroup the 15-parameter conformal group C(1,3). As men-
tioned above, the essential difference between Equations (2.8.1) and Maxwell’s
equations for an electromagnetic field in vacuum is the strong undetermination
of the former. Therefore it is natural to expect system (2.8.1) to have wider
symmetry than Maxwell’s equations in vacuum. It is appropriate to point
out that Maxwell’s equations in vacuum represent an overdetermined system
of eight equations for six unknown quantities. The symmetry properties of
Equations (2.8.1) are summarized by the following statement [107].
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Theorem 2.8.1. Equations (2.8.1) are invariant under infinite-dimensional
Lie algebra, with basis elements having the form

X1

£(2)0u + nuOF,, + Twdy,,» (2.8.2)

X2 = %F,“,aFuu,

~

XS =1 ua"' ,
27K H#U

X4 = lF ,,6~ y
27K H‘w

.
X5 = §H,“,3FW,
where £#(z) are arbitrary differentiable functions; p,v = 0,3;

F[LV = _Flluv FOa. = Ea7 Fab = 6""’030

~ (283)
Fy,u = _%fu.upana; Hy.v = _Hu;n
Hyo = D,, Hap = —€apcHe, ﬁ;w = _%CuupaHpa§
a a a o8
nl“’ = I‘QEU _Faugy <£u = 6IV)
(2.8.4)

:Fy.u = - pagg - Haué.:‘

Proof. Using tensors F,, and fl,“, from (2.8.3) we rewrite Equations (2.8.1)

as follows:
Ll = 6aF,,,, + 8“Fva + auFap. = Oa

X v o (2.8.5)
Ly = 8oHpy + 8, Hyo + 8, Hep = 0.

The proof of the theorem is reduced to the application of Lie’s algorithm to
system (2.8.5). This means that one has to construct all differential operators

X = 5“6,‘ + 7]“"6};‘/41/ + AT'uVaI'_"I“V (286)

satisfying the conditions of invariance

XLy =0, XLz|, _ =0, (2.8.7)

L2=0

where the operator %( is constructed according to the prologation formulae (4).
From (2.8.7) we get the defining equations
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K ¢ =0
EF,,{, EH(\{/" )

OaNuv + Oullya + OuNay = 0,

OaTuv + OuTva + 0uTap =0, (2.8.8)
7 2.y o o P
77F,,,, - Tﬁ,,,, - EV(S#U - fu 6#;: + fuéup - f#(sum
™ =a, nh =c, 1% =c, 1 =c4 (no sum over p, v),
o n H.. H,.

where ¢, ¢2, c3, ¢4 are arbitrary constants.
The general solution of Equations (2.8.8) determines the maximal invariance
algebra of system (2.8.1). The theorem is proved.

Theorem 2.8.2 [107]. System (2.8.5) is invariant under 20-dimensional Lie
algebra AIGL(4,R) which contains as subalgebras Poincare algebra AP(1,3)
and Galilei algebra AG(1.3).

Proof. According to the previous theorem, Equations (2.8.5) admit infinitesi-
mal operators (2.8.6) with arbitrary functions £#(z). Consider £€*(z) = c*“z, +
a* (c*¥, a* are arbitrary constants). If c,, = —c,, then the operator X;

(2.8.2) yields basis elements of AP(1,3)
P 2.6, Paz—aa,, =17273’
0= 1% & (2.8.9)
Juw = 24Py — TPy + (Sp¥) Oy

where the summation is assumed over [ from 1 to 12; ¢ is a 12-component
column (Ey,...,By,...,Dy,...,Hy,..., H3); S, = —S,, are matrices of the
form

S 0 0 0 0 0 0 S
0 S b 0 0 1 0 0 —Sbc 0
Sp=| 2 P J 3 o = Le, 22 T2 |
Tl 0 8w o) TeTE| 0 & 00
0 0 0 S —Se O 0 0
(2.8.10)
~ 0 -1 0 R 00 O R 0 0 :
Si2=[% 0 0), Se3=[{0 0 —¢|, Su=|0 0 0],
0 0 0 0 ¢ O -t 0 0
where 0 is a three-row zero matrix. If we take cop = 0, Cap = —Cpa then the

operator X; (2.8.2) yields basis elements of AG(1,3)
Py = 10y, P, = —10,,
Jab = Ta Py — T3 Po + (Sas¥) 9 (2.8.11)
G = zoPa+ (Ma¥)' 3y,
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where I
0 Spe 00

0 O 0 O

Mo=ltew [2 2 20
#0000

0 0 S, O

The theorem is proved.

In a similar way one can confirm that operator X; (2.8.2) also includes basis
elements of AC(1,3) as well as basis elements of ASch(1,3). They have the
form (2.8.9) and

D =z'P, + 2i' Oy,
v P+ 20 0y l (2.8.12)
K, =2z,D — 2°P, + 2(2" S ) 815
(2.8.11) and
D = 220Py — zo Pa + (Mo¥)'dy1,
Toro— l( 0¥) Oy (2.8.13)
II= ngo + zo(z\o'w) 8,/,: — 2,Gq,
where
3000
{o 2 0 0
Mo=ilg g g o
000 3

with I3 the three-dimensional unit matrix.

The above results mean that system (2.8.1) without constraints (constitutive
equations) satisfies both Lorentz-Poincare-Einstein and Galilei principles of
relativity. As was indicated in [103] the same holds for the nonlinear Euler
equation of an ideal fluid.

Let us write down the final Lorentz and Galilei transformations which are
admitted by Equations (2.8.1) (they are generated by operators Jo, (2.8.9) and
G, (2.8.11), respectively):

o = - = v-1 o A= o — 1
z0—7(x0 T 17) Tr=z+ 2 ((E ’U)’U YUZo, <7 \/l——’llz)
' L T

E' =4E+ " U(E -¥) —y¥ x B,

] s -7, = |

B'=~B + 2 U(B -7)+ U x E, (2.8.14a)
/ 1=y, =~ L= o3 = 1=7_ =

H' =~H + 3 U(H -0)+y9x D, D' =~4D + 3 9(D - ¥) — 47 x H;
Ty = o, {i’4=f+’l7$0,

E'=E-vxB, B =B, (2.8.14b)
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H =H+wxD, D =0D.
Let us consider constitutive equations of the form
H,, = ¢ (For, Foz, Fos, Fiz, Fa3, F31) (2.8.15)

where ¢, = —¢,, are smooth functions of components of the tensor Fj,,, .

Theorem 2.8.3 [107]. The system of Equations (2.8.5), (2.8.15) is invariant
under the Poincare group if and only if

H,, = MF,, + NF,, (2.8.16)

where M = M(J1,J2), N = N(Jy, Jo) are arbitrary differentiable functions of
invariants of the electromagnetic field

Jh=-1F, P =F_B  J,=1F,F" =B E. (2817)

Proof. Since Equations (2.8.15) do not contain field derivatives, then to prove
the theorem it is sufficient to find the functions ¢,, which ensure the Poincare
invariance of Equations (2.8.15). The conditions of Poincare invariance have
the form

Pp [Huu - ¢y,u(F)] ’ =0 (2818)
Hyw=uu (F)

=0 (2.8.19)
H,:.v :¢}Ll/ (F)

Jaﬂ [H;w - ¢pw(F)]

Using expressions (2.8.9), we rewrite (2.8.18) and (2.8.19) as follows:

0

(Saﬁd))’w (Huw — ¢ (F)] ’ =0 (2.8.20)

H;Lu:¢;tu(F)
The general solution of the determined Equations (2.8.20) is given by (2.8.16).
The theorem is proved.

In terms of field strengths D, B, E, and H, the constitutive Equations
(2.8.16) take the form

D=ME+NB, H=MB-NE (2.8.21)

Note that if M = a, N = 8, (a. constants) then constraints (2.8.21) together
with (2.8.1) lead to Maxwell’s equations in vacuum. If we take

m=L"', N=(B-E)L™,
. - Y . 11/2 (2.8.22)
L= [1+(B2—E2)—(B-E)2]
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then Equations (2.8.1) together with (2.8.22) coincide with the nonlinear equa-
tions for the electromagnatic field suggested by Born and cited in the literature
as Born-Infeld equations.

Let us present one more example of constitutive Equations (2.8.21). Letting
M=¢ N = —,u1§ E (¢, 4 constants) one can resolve relations (2.8.21) with
respect to D and B to obtain the following example of Poincare invariant
constitutive equations:

< 2E-H)? | 4 E-H) .
D=e{l+l:( E‘)2} _M( E'g
! e2(e+ pE?) e(e + nE?) (2.8.23)
g=H __wEH) g
€ ele+ nE?)
Consider constitutive equations of the form
D=¢E HE, B=uE HH. (2.8.24)

Such equations are widely used in describing the electromagnetic field in
various real media. The following statements are consequences of Theorem
2.8.3.

Consequence 2.8.1. The system of Equations (2.8.1) and (2.8.24) is Poincare
invariant if and only if

e(E,H) wE, H) =1. (2.8.25)

Consequence 2.8.2. If B = @g(H), D = f(E,H) then the requirement of
Poincare invariance of Equations (2.8.1) together with these constraints results
in a linear dependence of D and B on E and H, that is

D=¢E, B=-H. (2.8.26)

Now we shall try to find which of the constitutive Equations (2.8.21) are
conformally invariant. The answer is given by the following theorem.

Theorem 2.8.4 [107]. The system of Equations (2.8.1) and (2.8.21) is invari-
ant under the conformal group C(1,3) if and only if

M=M (-j—;) , N=N (%) (2.8.27)

with arbitrary differentiable functions M and N depending on the ratio of
invariants J, and Jo determined in (2.8.17).
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Proof. One can obtain the proof analogously to that of Theorem 2.8.3. So, it
is easy to establish that the requirement of scale invariance restricts the form
of constitutive Equations (2.8.21) or (2.8.16) as follows:

J AR
_ AYE, 2.8.28
Hy, M<J2)Fu,,+N<J2)F,L (2.8.28)

The .next requirement, the invariance of (2.8.16) under the pure conformal
transformations, doesn’t impose any additional restrictions on (2.8.28). There-
fore, the theorem is proved.
Letting
B2 _ 32
M = ;LE—;—?—, N=0
E-B

we get an example of conformally invariant constitutive equations in the re-
solved form

q wir N L (uB B8\
D == E2_E‘:—ﬁ E, B = ————1?2—— H. (2.8.29)
nE* - E - 0

Consequence 2.8.3. The nonlinear Born-Infeld Equations (2.8.1) and (2.8.22)

are not conformally invariant.

Now we turn to equations of electrodynamics for a vector-potential. Consider
a nonlinear system

OA, — 8,0"A, = A, F(A"A,), (2.8.30)

Theorem 2.8.5. The system of PDEs (2.8.30) is invariant under the conformal
group C(1,3) if and only if

F(A,A") = XA A", A = const. (2.8.31)
Proof. Equations (2.8.30) under F' = 0 are conformally invariant, with genera-

tors of AC(1,3) determined in (2.3.3) and Table 2.3.1. In Lie’s approach these
operators can be written as follows:

Py =1idy, P, =-—id,,
Juw =2, P, — 2, P, + AP, — APy,
D =gz"P, — A¥P,, (2.8.32)
K, =2z,D — 2*P, + 22 (A, P, — A,P,),
(Po =i0/0A0,  P.=—id/0A,).
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The relativistic invariance of Equations (2.8.30) with arbitrary function F
is obvious. So the next step is to clear up what functions F' do not break
down scale invariance of the free Equations (2.8.30). The scale (dilatation)
transformation

z)u=ez,, Al (') = e P Au(x), 6 = const (2.8.33)
generated by operator D from (2.8.32), transforms system (2.8.31) as follows:
e (A4, -9,0"A,)=e"F (e72°4,A") A,

whence, if we require invariance, we get the law of transformation of the func-
tion F:

F(A,A%) = ®F (e7%°A4,4Y) (2.8.34)

Differentiation of (2.8.34) with respect to @ followed by setting 6 = 0 gives rise
to the determining equation

F—ua—F—:O, u=AAY,
ou

the general solution of which is given in (2.8.31).
Using infinitesimal conformal transformations

), = (14 2cx)z, — cu7"T,,

AL(CE') = [(1 = 2¢z) g + 2(zucy — Tueu)] A” (2)

it is not difficult to complete the proof.
Let us present some more statements which can be proved in much the same
way as by means of Lie’s algorithm.

Theorem 2.8.6. The system of coupled equations

(9, — eA,)A* =0,

(2.8.35)
OA, — 8,04, =0,

where e is a constant (electron charge), is invariant under AC(1,3) with in-
finitesimal generators P,, J,., and D given by (2.8.32), and

~ 2 2
Ky = Ku+ =Py =2,D - z’P, + 2z (AP, — APy) + P (2:836)

It is to be pointed out that generators K . (2.8.36) are non-analytic in the
parameter of the nonlinearity e. One can make sure that under e = 0, system
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(2.8.35) is not conformally invariant, although the first equation 8,4, = 0, as
well as the second one [0 A, —8,0" A, = 0 are separately conformally invariant.
The point is that these equations have different conformal degrees: k = 3 for
the first, and k = 1 for the second (see Table 2.3.1).

Another peculiarity of generators (2.8.36) is the impossibility of representing
these operators as matrix-differential ones of type (7).

System (2.8.35) is a rather rare example of what is essentially an extension
of the symmetry group of a linear system of PDEs by means of a nonlinear
addend without derivatives.

Final transformations generated by operators (2.8.36) have the form (2.3.2)
and

AL (@) = [guvo + 2(zue, — Tycy + 2czc,a, — Peue, — Faua, )] AV (2)+
2
+ = [eu(1 = 2¢z) + z,¢7] (2.8.37)
e

(compare with (2.3.37)). Transformations (2.8.37), just as expected, are non-
analytic in the parameter e.

In conclusion we show how to construct equations like Maxwell’s equations
for the tensor ¥, with arbitrary conformal degree k.

From the standard tensor F,,,

FP =E,, F = ¢, H, (2.8.38)

with conformal degree equal to 2 (see Table 2.3.1) one can construct the new
tensor

Fev = (1;’1151) Frv (2.8.39)
where

L = —%F“VF‘W = E? _ }{2
1 ~ Lo
Iz = Geuvpe FHF*7 = iF*F,, =E-H, (2.8.40)
a1, B are arbitrary constants, aq + 31 = (k —2)/4. It can be easily confirmed
that tensor (2.8.39) possesses conformal degree k.
The inverse relation
P = (JpJ8)Fee (2.8.41)

where

1 ~ 2—-k
Jl = —%fpu]:”uy J2 = geﬂVPﬂfMUfpa) « +,3 = —5%—" (28’42)

expresses the tensor F*¥ in terms of the tensor F*V.
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Inserting (2.8.41) into the Maxwell’s equations we get

uF* =8, |(r ) F+] =,

8, Fm =g, [(J{’ Jé’)f‘“’] =0.
These equations can be rewritten in the form

D,F* =0, D, F* =0 (2.8.43)
with
2-k
2k.

So we obtain the system of nonlinear PDEs (2.8.43) which is invariant under

AC(1,3) with arbitrary conformal degree k (see also Table 2.3.1, Equations
N9).

D,=8,+8,n(JJP), a+B8= (2.8.44)

2.9. Solutions of nonlinear equations for vector fields

Let us consider the system of PDEs
OA, —8,0"A, +m?A, + M, AYA, =0, (2.9.1)

where A, = A,(z); = € R(1,3); p,v = 0,3; m, X are arbitrary constants (to
be definite we choose A > 0). The maximal group (MG), in Lie’s sense, of
system (2.9.1) depending on m and X is as follows: 1) m = A = 0, MG =
C(1,3) ®U(1); 2) m = 0. A # 0, MG = C(1,3); 3) m # 0, A =0, MG = P(1,3);
4) m #0, A #0, MG = P(1,3).

To find exact solutions of system (2.9.1) we use the ansatze listed in the
Table 2.1.4, preliminarily simplified.

Consider the ansatz

Au(z) = auf(wr), w1 =br, (2.9.2)
where f is a scalar real function, and a,,b, are arbitrary real constants satis-
fying relations (2.1.27).

Substitution of Equation (2.9.2) into (2.9.1) gives rise to ODEs for the func-
tion f = f(wl)
F-m?+Af3=0. (2.9.3)

Solutions of Equation (2.9.3) are expressed by means of Jacobi elliptic functions
(see Appendix 1):
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Under k = 0 and k =1 the elliptic function (2.9.4) degenerates:

="
flw) = \/X,

2 m
f(wl)z\/;_cl_l—(m—wﬂ’ k=1

Au(z) = duf(w2), w2=az

k=0

Consider the ansatz
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(2.9.5)

(2.9.6)

(2.9.7)

Where the arbitrary real constants d, and a,,by,c. (to be introduced soon)
satisfy relations (2.1.27). After substituting (2.9.7) into (2.9.1) we get the ODE

for the function B
f-m2-Af3=0.

which has a solution

(2.9.8)

2 m
f(W2)=m1/)\(2_k2) cs (mw,k>, 0<V2. (299

Under k = 0 and k =1 the elliptic function (2.9.9) degenerates:
m m
= — cotan [ — , k=0;
Pl = i coten ()

2 m
f(w2):\/;m, k=1.

Consider another ansatz

Au(r) = auf(ws), w3 = dz.

(2.9.10)

(2.9.11)

(2.9.12)

It reduces system (2.9.1) to the following ODE for the function f = f(ws)

FHmif-Afi=0.

Equation (2.9.13) has the solution

2 m
flws) = mk1 / ) sn (\/H_kzwg,k),

Under £ = 0 and k =1 the elliptic function (2.9.14) degenerates:

flws) =0, k=0;

(2.9.13)

(2.9.14)
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flws) = \/X th (ﬁw;;) k=1 (2.9.15)

Solutions (2.9.6), (2.9.11), and (2.9.15) present themselves as solitary waves.
Solution (2.9.15) is known as a kink (see, for example, [170]).
Consider the ansatz
Au(z) = apf(ws) + (dp + bu)g(wa), wy = cz, (2.9.16)
where f and g are scalar real functions. Substituting (2.9.16) into (2.9.1) gives
rise to the following system of ODEs:
; 2 3 _
fomif+ A =0 (2.9.17)
§g-m’g+Afig=0.

The first equation from (2.9.17) coincides with (2.9.3) and therefore one can
use expression (2.9.4) for the function f = f(ws). Inserting this result into
the second equation of system (2.9.17) we get for the function g(wy) the Lame
equation, which has Lame functions [24] as solutions.

Consider another ansatz

Au(z) = (aubzr — buaz) f(ws) + (auaz + bubz)g(ws),

on = [(@@)? + (b)) (2.9.18)
After substituting (2.9.18) into (2.9.1) we get
wf+3f+ M3 —miuf =0, g=0. (2.9.19)
Under m = 0 Equation (2.9.19) has a solution
1 3
Flws) = 24/ yor (2.9:20)

Let us present solutions of the massless Equations (2.9.3), (2.9.8). For equa-
tion f +Af3 = 0 we have

o0 o3):

flw) = \/; dn (w,\/i).

For equation f — Af3 = 0 we obtain solutions

fw) = \F -,
flw)= \/- (w%) (2.9.22)

=5 an (0.v3).

(2.9.21)



Section 10 129

Under m = 0 one can look for solutions of system (2.9.1) by means of the
conformally invariant ansatz (2.3.53). Substituting (2.3.53) into (2.9.1) with
m = 0 gives rise to the system of ODEs for B, = B,(ws), we = (8z)/(z,z"):

#*B, - B.6"B, + AB,B*B, =0. (2.9.23)

Letting 3, = by, B, = a, f(ws) we reduce (2.9.23) to the equation f+Af3 =0,
and letting 8, = d,, B, = a,f(ws) we reduce it to f — Af3> = 0. Therefore
in these cases one can make use of solutions given by (2.9.21) and (2.9.22).
Letting B, = c,, By = a,f(ws) + (du + b.)g(ws) we get (2.9.17) under m =0

f+A£ =0, (2.9.24)
g+Aflg=o0. -

A simple solution of system (2.9.24) is obtained under A < 0:

flw) = \/—%5, g(w) = aqw? + —6;—2 (2.9.25)

where a;, ay are arbitrary constants, and w = wg

Using ansatz (2.3.53) and the solutions of system (2.9.23) described above,
we obtain conformally invariant solutions to the massless system (2.9.1). Let
us write down an example of such solutions:

1 a ar br 1
Au(z) = —\/__A— (mV:V — 2xﬂm> cn <;V—zj, 7§> . (2926)

Another way of obtaining new solutions of the massless system (2.9.1) is
achieved by means of the formula of generating solutions (2.3.38).

In conclusion let us note that all of the solutions of system (2.9.1) described
above are non-analytic in the coupling constant A. Such solutions, as is known
from [170}, lead to many interesting consequences in quantum field theory.

2.10. Some exact solutions of SU(2) Yang-Mills field theory

Recently, non-Abelian gauge field theories took a central role in describing the
interactions of elementary particles. In particular, many works are devoted
to the simplest non-Abelian gauge field theory SU(2), Yang-Mills (YM) gauge
theory. An excellent review of classical solutions of SU(2) YM field equations
is given in [4].
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In the present paragraph new multiparameter exact solutions of SU(2) YM
equations are obtained. These solutions are real, non-Abelian, and C(1,3)-
ungenerative.

1. First of all let us give a brief review of the foundations of the SU(2) YM
gauge theory. The field equations have the form

0,0V, = 8,0T, + e [(0Y,) x V. = 2(0"Y,) x Yo + (8°F,) X )7,‘] +
+YVHx (Y, xY,)=0, (2.10.1)

where Y, = {1, Y, Y!} is the YM potential; u,» = 0,3; e is a constant.
Equations (2.10.1) follow from the Lagrangian

£=-3G5, G, (2.10.2)

where G}, is the field strength tensor
G2, =0,V = 3,Y, + e€ancY, Yy (2.10.3)
By means of the tensor (2.10.3), YM equations (2.10.1) are written as follows:
8"G2, = e€apcGp, Y, (2.10.4)
The YM equations (2.10.1) possess rich symmetry. As shown in [182] their

maximal Lie symmetry group is the group SU(2)®C(1,3). Basis elements of
AC(1,3) are written in (2.3.3) and also

k=1, Su=35.,®]I, (2.10.5)

where §#,, are 4 x 4 matrices realizing irreducible representation D(1/2,1/2) of
AO(1,3); I5 is the unit 3 x 3 matrix; and the notation ® means direct matrix
multiplication.

Generators of the SU(2) gauge group have the form [4,182]

3
avg

X = |eascY6°(z) + %aﬂeﬂ(z)] (2.10:6)

with arbitrary differentiable functions %(z). It follows from (2.10.5) that

conformal transformations of the YM potential have the form (compare with
(2.3.37)) [96]

Yi(z) = [o(z, e)6), + 2(zuc” — 2¥c, + 2cxc,z” — zPcuc” — x|V ().

(2.10.7)
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The corresponding formula of generating solutions is [96]
w1(@) = [0 (z, ¢)6), + 2072 (z, ) (cux” — xuc’+ (2.10.8)
+2czz, 0’ — Pzua’ — 2Pe, )|V ().

The gauge transformations generated by operators (2.10.6) have the form [4]

50
Y}i‘l(z) =cosfY,; +sinf each:nc + 2sin? 3 n® (nbY:)+ (2.10.9)

1 . o0 .
+ = |3n%8,8 + 1sin9,n* + sin® 3 €abe(Fun’)nc|
e

where n® = n%(z) is a unit vector defined by
6%(z) = n*(x)b(x) (2.10.10)

It will be noted that the tensor of the YM field (2.10.3) is not invariant under
gauge transformations unlike the tensor of the electromagnetic field. This is
an important difference between Abelian and non-Abelian gauge theories. The
tensor changes under gauge transformations (2.10.9) as follows:

9
G, — G, =G, cosf + (sin O€qben® + 2sin® 3 n“n") G, (210.11)

By analogy with classical electrodynamics, “electric” and “magnetic” YM fields
E;:' = ng, BZ = -%6)“'1'61% (21012)

are introduced.
The energy-momentum tensor is defined by

Ouw = —Go G2 + 1g,,G2 5GP (2.10.13)
The components of 6, are
b0 = 3(ELE} + B{BR) = > _ 04,
Bo; = —e ;25 BE. ’ (2.10.14)

0:;j = —E{E} — BB + §;;1(ERE} + B By).

One can confirm that the tensor 6,,, is gauge invariant.
It is appropriate to note some essential differences between the YM equations
(2.10.1) and the classical electrodynamics equations

O*F,, = 8*(8,A, — 8,A,) =0A, — 8,0"A, = 0.
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First of all, YM equations are essentially nonlinear. Secondly, they contain
both the field tensor G, and the potential Y,? (see writing (2.10.4)). It seems
that the YM potential plays a more basic role than the potential in an Abelian
gauge theory. In electromagnetism one can work exclusively with the field
strengths E and B. Things are not so simple when the gauge group is non-
Abelian. Thirdly, in Abelian gauge theories the field strengths locally deter-
mine the gauge potential up to an arbitrary gauge transformation. The same
is not true for non-Abelian gauge theories: two YM potentials that are gauge
inequivalent can provide the same YM field strengths. This leads to an inter-
esting problem, specifically, the determination of all possible gauge potentials
that yield a given field-strength tensor (see [4] and literature cited therein).

We shall note one more peculiarity of SU(2) gauge field theory. If the po-
tential Y} satisfies the so-called self-duality conditon

GZV = ze;wpaG = ile,,, (2.10.15)
or equivalently, in terms of field strengths E and B (2.10.12),
+iE; = By, (2.10.16)

then it automatically satisfies the equations of motion (2.10.1). Note that the
factor ¢ in this definition of self-duality is unavoidable because we are working

in Minkowski space where G“ = -Gy, . Clearly, in Minkowski space any self-
dual field configuration contams complex fields. (In Euclidean space E* the
factor 7 is absent and self-dual fields can be real.)

One can try to make use of the property of self-dual fields to satisfy the
equations of motion (2.10.1) by searching for solutions of the self-dual equations
(2.10.15), which are first order, rather than trying to solve the second-order
equations of motion. As is shown in [182], the self-dual equations (2.10.15)
possess the same symmetry as the field equations (2.10.1), that is their maximal
Lie group of invariance is SU(2)®C(1,3). Self-duality is a very special property
which most solutions do not have. Nevertheless, interesting solutions can be
found in this way.

Any self-dual solution in Minkowski space has a vanishing energy-momentum
tensor 6,, (2.10.13). Indeed, representing it as

bu = 1 (G +iGe,) (Gom —iGee)

we get 6, = 0 for any field configuration which satisfies self-dual conditions
(2.10.15) or (2.10.16).

2. By now the interest in classical solutions of the YM field equations has
become so widespread that many workers are involved in the search for new
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solutions. A largely complete review of the known classical solutions of SU(2)
gauge theory until 1979 is given in [4].
A well-known ansatz is the 't Hooft-Corrigan-Fairlie-Wilczek ansatz

€Yy = +id,1In, (2.10.17)
eY]-“ = (e,—akak + 6a,-80)ln ©,
where ¢ = p(z) is a scalar function. Ansatz (2.10.17) can also be written in
the form
Y = N0u0’Ingp (2.10.18)

with ’t Hooft tensor
Napy = €0apv F 19angor % igavJop- (2.10.19)
Ansatz (2.10.17) reduces system (2.10.1) to the equation
3.0¢ — (3/9)(8u)0¢p = ¢*8u(¢™*0Oy) = 0. (2.10.20)

Equation (2.10.20) yields
Oe + A =0, (2.10.21)

where ) is an arbitrary constant. Solutions of Equation (2.10.21) have been
considered in Paragraph 5.1 (see also Appendix 1), and in (2.10.17) these lead
automatically to explicit solutions of the YM equations (2.10.1).

As seen from (2.10.17) the potentials Y,s are complex for real . This is
an unfortunate property of the ansatz, as one would like to find real solutions
of the SU(2) YM theory. But complex solutions are also interesting, and
furthermore there exists the possibility that for a particular solution ¢ the
SU(2) potential (2.10.17) can be made real by a suitable complex SU(2) gauge
transformation. For arbitrary ¢ this is not possible.

Let us write down several quantities of interest that follow from ansatz
(2.10.17). The YM field strengths are

a — a __ 1 2 . 1 2
eEn = eGOn = €nam (;aoamﬂa - ?80@87”99) + Z(Sna, [;(9099—
1 1 2
—?(60993090 + Bmwamw)] Fi [Eanaaw - ?31199&199] , o (210.22)

1
BZ_ = —%eeij;‘j = Zt’LBEZ + 60,71, (;) I:](P

The self-duality condition (2.10.16) implies Oy = 0. The field strengths E®
and By, are in general complex. Remarkably, however, their squares are both
real, and this means that the energy and Lagrangian densities obtained from
ansatz (2.10.17) are real, even though the potential is complex.
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It is easy to show that the energy-momentum tensor (2.10.13) following from
ansatz (2.10.17) has the form

O¢l 4 2
2 —
e 9”,, = 7 ?B,Apaycp - ;6;;6,,(,04‘

1 1
+ guv (%Ehp - ;58"‘(,98&99)] . (2.10.23)

A self-dual solution has ,, = 0 because Oy = 0.
The total energy is

£ = /000d3:c = —i—;\/ [%(3099)2 + %(699)2 + %/\w‘l] dz, (2.10.24)

where we have neglected surface terms at infinity.
The Euclidean counterpart of ansatz (2.10.17)

Yy = Falngp, (2.10.25)
eYj“ = (éjanan + i(5¢j30)ln @,
is connected with such fundamental objects of non-Abelian gauge theories as
merons and instantons. Below we consider these solutions of YM equations in
Euclidean space.
As was shown in paragraph 2.4 (see formulae (2.4.26), (2.4.27)) the functions

o(z) = , (2.10.26)

1
Az, Y

/8 0"
=)= —. 2.10.27
W(z) pY z,z¥ + a2 ( 0 )

(a is an arbitrary constant) are solutions of Equation (2.10.21). In Euclidean
space these solutions lead [61*], by means of ansatz (2.10.25), to one meron
solution of deAlfaro-Fubini-Furlan [4*]

eYy =+,
“’ (2.10.28)
e Tn To . .
eY}' = —¢€jan 72 + 6aj )

and to Belavin-Polyakov-Schwartz-Tyupkin instanton solution [1%*]

2z,
Y = F—2—,
RGET (2.10.29)
2z, 9 .10.
eV = —€jan—g & boj
T ¢ + o
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of the YM equations in Euclidean space, respectively. Here we would like to pay
attention to the following point. Both solutions (2.10.28) and (2.10.29) follow
from solutions (2.4.11) and (2.4.12) of the nonlinear Dirac-Gursey equation
(2.1.5) by means of formulae (2.4.25) and (2.10.25). Therefore one can consider
meron (2.10.28) and instanton (2.10.29) as objects generated by the spinor field
¥ obeying the nonlinear Dirac-Gursey equation (2.1.5) [61*]. It is a principal
point which can lead to a new and deeper understanding of YM field theory.
The very names meron and instanton are connected with topological properties
of the solutions.
In Euclidean gauge theory a useful four-vector is defined:

Tu = T€uvpo (Y F,Y; + each“Y"W) (2.10.30)

3

(let us remember that in Euclidean space one does not need to distinguish
upper and lower indices). The identity

8uJu = 1G2,Ge, (2.10.31)
can easily be confirmed.
The integral
I O e 2.10.32
q= Zﬁ d xauJ# = m d sz.uGyu ( -1U. )

defines the topological index or charge of the Euclidean field configuration.

A meron is a localized, singular solution of the Euclidean gauge theory with
one-half unit of topological charge. The name meron derives from a Greek
word meaning part (of unit of topological charge). The topological charge of
the meron is concentrated at the point where the solution is singular. This is
to be contrasted with the instanton’s nonsingular cloud of topological charge.
The charge of the instanton is one unit. The name instanton is derived from
its localization in E* which corresponds to finite duration as well as spacial
extension in Minkowski space, i.e., “event.” All instantons are self-dual and
meron solutions are not self-dual. An instanton is also called a pseudoparticle.

Solutions of Equation (2.10.21) expressed by means of Jacobi elliptic func-
tions lead to elliptic solutions of the YM equations. The elliptic solution de-
pends on a continuous parameter k (see Appendix 1), and for k = 1 it reduces
to the one-instanton solution, and for k = 0 it becomes the two-meron solution.
Note that the two-meron solution is obtained by means of the ansatz (2.10.25)
under
(av - bu)(au - bu) 1/2

Mz — a)%(z — b)? (2.10.33)

p(z) =

with arbitrary constants a,, b,.
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This solution of Equation (2.10.21) follows from solution (2.10.26) by means
of the formulae of generating solutions (2.3.2) and (2.3.34), and then letting
z, — T, — a, and taking c, = (b, — a.)/(a — b)? [61%].

The corresponding spinor field ¢ which gives, via (2.4.25), the scalar field
(2.10.33), can be easily obtained from (2.4.12) by means of formulae (2.3.2)
and (2.3.27) and then letting z, — =, —a, and taking ¢, = (b, —ay)/(a—b)*.

Note that the same procedure of generating solutions applied to (2.10.27)
results in another solution of Equation (2.10.21):

8(a — b)? 1

N (z—af+ @by (2.10.27a)

p(z) =
under a? = (a — b)%. For more detail see [61*].

3. Now we will construct real C(1,3)-ungenerative non-Abelian solutions
(when Y, x Y, # 0) of the YM equations (2.10.1). For this aim we use the
conformally invariant ansatz (compare with (2.3.53))

2z,2° p%(w) Bz

w=—, (2.10.34)

Yi(2) = (zaz®) T gl (w) ezt ey

where 3, are arbitrary constants.
Substitution of the ansatz (2.10.34) into (2.10.1) gives rise to the following
system of ODEs

‘B‘z(ﬁ" - ﬂ"ﬁu@—# te [ﬂ“(ﬁ x (ﬁu - 2‘.5:/ x 9-9'#) +/3u9.-5u X ()3”] +
+e23* x (Fu xF,) =0,  (2.10.35)

where dot means differentiation with respect to w; & = {p2}. We look for
solutions of the system (2.10.35) in the form

F(w) = awiif(w) + pPg(w), (2.10.36)

where f and g are scalar real functions to be defined; a,,p, are arbitrary
constants satisfying relations

ap=af =pB=0, (2.10.37)
72, p are mutually orthonormal constant vectors of isospin
it=p =1, fi-p=0. (2.10.38)

Inserting (2.10.36) into (2.10.35) we get coupled nonlinear ODE for two un-
known functions f and g

2F _ 2.2 2¢
A f ergf=0 (2.10.39)
,82g'—€20!2f2g:0-



Section 10 137

The system (2.10.39) has nontrivial solutions only if 3% # 0. Further, there
are 6 different cases.
Under p? =0, o = 32 = —1 the system (2.10.39) takes the form

F=0 (2.10.40)
g—efig=0.

Under o? = 0, p? = 32 = —1 the system (2.10.39) takes the form
9=0,
f —eg’f =0.

Under p? = 1, a? = 82 = —1 and under o? = 1, p? = 32 = —1 the system
(2.10.39) takes the form

(2.10.41)

s 9,
f ie292f =0, (2.10.42)
gFefg=0

respectively.

Under 82 =1, a? = p? = —1 the system (2.10.39) takes the form
f+egf=0, (2.10.43)
g+e’fig=0. o

And finally, under o = 32 = p? = —1 the system (2.10.39) takes the form
s 2 2¢
f-egf=0, (2.10.44)
g—-efg=0.

Now we try to look for solutions of systems (2.10.40)—(2.10.44). From
(2.10.40) it is easy to find the general solution for function f:

flw)=cow+c (2.10.45)

(co, ¢ are constants of integration) and after substituting it into the second
equation of the system we get the linear ODE for function g(w)

g = *(cow + ¢)*g. (2.10.46)
Under ¢y = 0 the general solution of Equation (2.10.46) is given by

g(w) = { c1 shecw + ¢z sh ecw, c#0; (2.10.47)
ciw + ¢
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(c1,c2 are arbitrary constants). Under ¢y # 0 Equation (2.10.46) is reduced
by the substitution

c
w—oyY=w+ —
Co

to the ODE

d*9 _ 54 9
@—e CY°9,

whose solutions are expressed in terms of Bessel functions

9(y) = \/_Z1/4( ecoy)

By interchanging f « g the system (2.10.41) is transformed to the system
(2.10.40).
Equations (2.10.42) have the first integral

f? + §? = E? = const,
which allows the reduction of (2.10.42) to one second-order ODE. Letting
9=9(f)

we find
dff =df, §=9¢"f+df F=EN+)"
Inserting these expressions into (2.10.42) we get the ODE

E? dg
" 2 ' — =29
T2 @7 Fe‘gf(9'9g+£f)=0, ¢ pT
Further consider the system (2.10.43) as well as the system (2.10.44). Letting
f = g we get Equations (2.9.3), (2.9.8) under m = 0,A = e, respectively.
Therefore one can use solutions (2.9.21), (2.9.22), whence follows solutions of
the system (2.10.43)

9

fmo=Lon (w.2)

=g=_cn|w, 7))

2.10.48
f=g=\/7§dn(w,\/§) ( :
and solutions of the system (2.10.44)

_ .o V21
f - - —6'_;’
f=g= ;13 ne <w_\/l.§) , (2.10.49)
f=g= £ nd (w, V2).
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Under g = 0 we find from (2.10.43), (2.10.44)
f=caw+ecy, (2.10.50)
where ¢;,cy are arbitrary constants. Analogously, letting f = 0 one finds
g=ciw+ca, (2.10.51)
Equations (2.10.43), (2.10.44) have the first integral (see also [169])
P+ +eflg?=E, e=+=1 (2.10.52)

which allows the reduction of systems (2.10.43), (2.10.44) to one second-order
ODE. Letting

f=iF  g=1la(F) (2.10.53)
e e

we calculate i
G=—F=GF,
dF (2.10.54)
G=G"F?+G'F,

From (2.10.52)—(2.10.54) we have

. E — eF2G?
F? = Tr@E (2.10.55)
SO IF
/ dw = / N CED R CI0) (2.10.56)
From (2.10.43), (2.10.44), (2.10.53)—(2.10.55) we get
(E - eF?G?)G" + eFG(F - GG') (1+ (G")?) = 0. (2.10.57)

Under € = —1 and E = 0, Equation (2.10.57) takes the form
F*G*G" — (F?G - FG*G') (1 +(G")?) =0.
After the change of variables
G = Fz(r), T=hF

&z dr\? dz\?
hadBad Bhsied =) -1=0. 2.10.58
xdTZ (dr) +x(a:+d7_> 1=0 ( )

we obtain
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Taking in (2.10.58) i—lg as a function of z, i.e.,
dx d’z dy
dr y(@), a2 Vi

we obtain the first-order equation on y(z), namely the Abel equation of the
second kind [130, 169]

d
2y = —ay® + (1 - 3)y? - 3Py +1 - 2t (2:10.59)

Substituting solutions of the system (2.10.39) into (2.10.36), (2.10.34) we
find solutions of the YM equations (2.10.1). Let us write down a couple of
such solutions following from (2.10.47), (2.10.49):

- .C azr 7 Bz ok
Y,(z) = n—3 (a,, - 2z,,z—2) + 3 (cl ch ez + ¢ shec$—2> X

x (p, 2z,”§) (2.10.60)

p2=0, a2=ﬁ2=—1, ap:aﬁ:pﬁ:ﬂ;

Y, (z) = e(a\/i) s 20,57 ) +7 (p. - 2zu’;—f)] , (2.10.61)

Q2:ﬁ2:p2:—1’ ap:pﬂ:aﬁzo

Replacing z, on y, = z, + 6, (8, are constants) we obtain from (2.10.60),
(2.10.61) two families of C(1,3)-ungenerative solutions of YM system (2.10.1).
Note, that solution (2.10.60) is analytic in constant e but the solution (2.10.61)
is not.

It will be also noted that solutions of YM equations described in Point 2
can be generated by means of formulae (2.10.8), (2.3.2) and to obtain in such
a way new families of solutions.

In conclusion we present the reduced system of ODEs which is obtained
when using the ansatz

Y, (z) = (a,bz — baz) f(w)7E + c,fg(w) + duFTh(w), (2.10.62)

where w = [(az)? + (b:c)2]1/ %, 4, by, ¢y, d, are arbitrary constants satisfying
relations (2.1.27); f, g, h are real scalar functions; 7, P, § are mutually orthonor-
mal isospin vectors. Substitution of the ansatz (2.10.62) into (2.10.1) gives rise
to the ODE

wf +3f +elwf(h? - ¢*) =
wg + g + efwg(h® - fz)
wh + b — 2wh(w?h? + ¢2) =

(2.10.63)
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Unfortunately we do not succeeded in finding solutions of system (2.10.63).

2.11. On connection between solutions of Dirac and Maxwell equations, dual
Poincare invariance and superalgebras of invariance of Dirac equation

Consider the massless Dirac equation
70 =0 (2.11.1)

(we use notation given in Section 2.1). There is a connection between solutions
of Equations (2.11.1) and Maxwell’s equations for vacuum

Es-a—Ezrotﬁ, divEZO,

ot (2.11.2)
ﬁsa_Hz—rotE, divH =0,

ot

where E = (Er, E2, E3), H= (H1, Hs, H3) are vectors of electric and magnetic
fields. To establish this connection let us decompose an arbitrary solution of
Equation (2.11.1) into real and imaginary parts using notation of Ljolje [67%]

—-Dy D,

_ ! _ | D3 | =F
1/) - wreal + z/)1mz\g - _B2 +1 -Bl (2113)

-G B3

Theorem 2.11.1 [65%,64*] Let v, defined by (2.11.3), be an arbitrary solution
of the massless Dirac equation (2.11.1). Then the functions

t

—

E=D4+V /G(T,f)d7+§(to,i) )
© (2.11.4)
H=B+V /F(T,:’t’)dr+f‘(t0,5;’) ,

to
where é(to,i:') and F(tg,i:') satisfy the Poisson equations

AG(to, &) = 0G(r, %)T iy AF(to,7) = 0F(r, )7 |, (2.11.5)

=ty

to is an arbitrary constant, are solutions of Maxwell equations (2.11.2).
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Proof. First of all we note that after substitution of % (2.11.3) into (2.11.1)
and separation into real and imaginary parts we get the following Maxwell
equations with currents

—

D= rotg—ﬁG, divﬁ=—é,

- S o (2.11.6)
B+ rotD=-VF, divB=-F

where D = (D1, Dy, Ds3), B = (B1, Bz, B3), dot means differentiation with

respect to t. So, the Dirac equation (2.11.1) and the system (2.11.6) are fully

equivalent. Therefore, taking into account (2.11.6) and the well-known fact

that every component of t-function (2.11.3) of the Dirac equation (2.11.1)
2

satisfies wave equation (09 = 0 (in particular, AG(r, %) = ﬁG(T, Z), we find

after substitution of (2.11.4) into (2.11.2)

E—rotH=D+VG- rotB =0,

t
divE = divD + / AG(r, B)dr + AG(to, &) =

to

t
.= o? R ~ .
=divD + / [WG(T,x)] dr + AG(to,x) =
to
8G(1, %)
aT)
In the last equality we have used (2.11.5). In the same spirit one can prove the

validity of the theorem for the second part of the Maxwell equations (2.11.2).
Thus, the theorem is proved. And in addition, the inverse statement also holds.

+AG(to, 7) = 0.

T=tg

=divD+G—

Theorem 2.11.2 Let there be given a solution E, H of Maxwell’s equations
(2.11.2) and two solutions F and G of scalar wave equation

OF=0, OG=0. (2.11.7)

Then the v-function (2.11.3) with components F, G and

t

Du=E, -0, /G(T, F)dr + G(to, &) | ,
) (2.11.8)
B,=H,-9, / F(r,&)dr + F(to, %) | ,

to
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where a = 1,2,3 and G(to, %), F(to, ) are determined from (2.11.5), is a so-
lution of the massless Dirac equation (2.11.1).

Proof. Let us use the equivalence between the Dirac equation (2.11.1) and
the system (2.11.6). Having substituted (2.11.8) into (2.11.6) and taking into
account (2.11.2), (2.11.7), and (2.11.5), we get

—

D—rotB+VG=FE—VG+VG— rot H =0,
divD+G=divE - /AG(T,:E')dT— AG(to, %) + G = 0.

Analogously, one proves the theorem for the remaining equations of system
(2.11.6).

Theorem 2.11.2 has an important corollary: choosing F' = G = 0 we get from
(2.11.8) D = E, B = H and in this case the formula (2.11.3) takes especially
simple form

—E +1E,

Es
v= —Hy — iH,y

iH3
So, if E and H satisfy Maxwell equations (2.11.2), then % given by (2.11.9)
automatically satisfies Dirac equation (2.11.1), and one can consider rglation
(2.11.9) as representation of spinor field 1 by electromagnetic field E, H. ltis
appropriate to note that if E and H are transformed under Lorentz boost as
electromagnetic field, the t-function (2.11.9) is not transformed like a Dirac
spinor (this question will be discussed in detail below). It will also be noted
that, according to Theorem 2.11.1, the procedure of obtaining solutions of the
vacuum Maxwell equations (2.11.2) from those of the massless Dirac equations
(2.11.1) and associated Poisson equations (2.11.5) is unique to within a gauge
transformation, whereas the inverse procedure (Maxwell—Dirac) involves am-
biguities due to the arbitrary choice of additional scalar fields F, G satisfying

(2.11.7).

Consider an example. Let us take solutions of Maxwell equations (2.11.2)

and wave equations (2.11.7) in the form

(2.11.9)

E=ax# H=-2a, F=G=3+7, = const.

Then, by means of (2.11.8), (2.11.3) one easily finds the following solution of
the Dirac equation (2.1.1)

—[(@ x )1 — 2tz1] +i[(@ % T)2 — 2txs]
[(& x &)3 — 2tx3) — i(3t2 + &2)
2t(ag + z2) + 2it(a1 + z1)

—(3t2 + 2) — 2it(asz + z3)

Y=
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In terms of 5, ﬁ, F, G from (2.11.3)
Yy =D*- B*+ F?-G? (2.11.10)
and in the considered case we have
P = &2 — (@ )? — 43(G% + 23 - D).

Let us make a four-component ¥-function as

Yo
. ©1
Y =170 (2.11.11)
©2
©3
where @y, ..., 3 are arbitary solutions of the wave equation, that is Oy, = 0.

So, (2.11.11), (2.11.3), and (2.11.4) give the following chain of solutions: scalar
wave equation—massless Dirac equation—vacuum Maxwell equations. Infinite
series of solutions of scalar wave equation is given in (2.3.60).

For further analysis it is convenient to consider Dirac equation (2.11.1) to-
gether with its conjugation and to write it uniformly as

T8, = 0, (2.11.12)

where ¥ = ¥(z) = column(%, J), 17; = yotp*, I'* are 8 x 8 matrices

Ff*:("“ 04 ) (2.11.13)

where 04 is the 4 x 4 zero matrix.

Symmetry properties of Equation (2.11.12) were studied first by Dirac, who
had shown that it is comformally invariant (see §2.3). Afterwards, Pauli and
Touschek found that this equation admits as well the eight-parameter group Gs
of component transformations. And finally, Ibragimow [66*] had proved that
the 23-parameter group Ge3=C(1,3)®Gsg is maximal in the sense of the Lie-
invariance group of the equation. Relativistic invariance of Equation (2.11.12)
is usually understood as invariance with respect to the spinor representation

D(1,0)® D(0,1) ® D(},0) & D(0, }) (2.11.14)

of the Poincare group P(1,3) (it means that ¢ is transformed as a spinor under
the Lorentz boost). However, the invariance of Equation (2.11.12) under the
Pauli-Touschek 8-parameter group allows for two additional representations of
AP(1,3), which are realized on the set of solutions of the equation, namely

D(1,0) @ D(0,1) & D(0,0) & D(0,0) (2.11.15)
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and
D(3,3) ®D(3, 3)- (2.11.16)

So, it is natural to call this dual Poincare invariance. The explicit form for the
basis elements of AP(1,3) for representations (2.11.14)—(2.11.16) is

K]
AP*(1,3) = <Pu = 50 J&) =g,P, —z,P, + Sfjf)> , (2.11.17)

where k£ = 1,2, 3 corresponds to (2.11.14)—(2.11.16), respectively;
S[Slll) = _%[Pyyru];

S& =S8 + Quus (2.11.18)
2)
S5 = 31 ) S5 = 502 ) 553 = 555 — 2Qos
512 = Sl(g)’ 51(3) = - 2Q13, Sé‘? = é? 2Q23;
I, are given in (2.11.13); Q,w are six basis elements of the Pauli-Touschek
algebra:
_1( 0 —i"mz) _1/( o, —7072)
Qo =3 (17072 0, )’ Qo2 = 2\ -2 0 /)’
1 (- 04 1[Iy 04
== == 2.11.19
Qo3 3 ( 04 75) ) Q12 5 (04 L) ( )
L 0 -mm _if 04 7173)
Qus = 2 (‘7173 04 ’ @23 = 2\—-mys 04 /°

It will be noted that the action of operators (2.11.17) is defined in the
space of 8-component functions introduced in (2.11.12). Invariance of Equa-
tion (2.11.12) under AP(?)(1, 3) results in the possibility to represent it in the
form (2.11.6), and invariance of (2.11.12) under AP®)(1, 3) allows us to rewrite
it as [67%]

BuAy — By Ay — Leuupo (0°B° — 8°BF) =0, (2.11.20)
8,A” = 8,B" =0,
where
_A2 _Al
, -B° | A3
Y= Yreal + “pimag = _pB! +1 B2 (21121)
B3 _AO

Now consider the following three states of symmetry operators of Equation
(2.11.12)

SA® = <P J®) Ty, I Q,,,) (2.11.22)
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where P, JS) and Qv are defined in (2.11.17) and (2.11.19), ', are given
in (2.11.13), I'y = TeI1'2I'3. These sets of operators form Lie algebras as
well as superalgebras [64*]. Operators P,, Jﬁﬁ), T4, I are even, and Q,, are
odd in corresponding superalgebras. To prove this statement we write down
commutation and anticommutation relations for these operators.

Operators P, and J,S’f) satisfy standard commutation relations of the Poin-
care algebra (1.1.4); T’y and I commute with all elements of SA(*). Further, it
is convenient to introduce notations

R, = QOm T, = %eachbc

(2.11.23)
NG =g, M = Leape P
It is easy to verify that
R,, =R, RyR, = L6441
{Ra, Ry} Ry + Ry 3% (2.11.24)

{Ta,Tb} = —%60.171, {Rua Tb} = 6abF4

Operators R,, T, from SA®) commute with all even operators of SA(). For
SA(?) we have
[Pus Ra] = [Pu, Ta] = 0,
[IN®, Ry] = [Ra, Rs] = €aveT,
[N¢(12)’Tb] = [Ra, Tp) = —€ascRe, (2.11.25)
[M§,2)a Rb] = _eabcRc;
[MP),T,] = [T., Ty] = —€apeTe,

Superalgebra SA®) is isomorphic to SA(?). The isomorphism is achieved by
the transformation

R3 — R;I; = —R3, T] — Tll = —-Tl, T2 4 Té = —T2 (21126)

So, the structure of superalgebras (2.11.22) is fully described.

In conclusion, it will be noted that dual Poincare invariance analogous to
that considered above has system of two Dirac equations with masses m and
—m. For more detail see [64*].

In [64*] nonlinear generalizations of the Dirac system are constructed which
possess dual Poincare invariance. Therein we construct the complete set of
P(1,3)-inequivalent ansatze of codimension 1 for all representations of Poincare
algebra discussed. These ansatze are used for reduction and for finding exact
solutions of some nonlinear Dirac equations.
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Euclid and Galilei Groups and
Nonlinear PDEs for Scalar Fields

In the present chapter we describe a wide class of nonlinear PDEs for scalar
fields invariant under Euclid, Galilet, or larger groups. For some of such equa-
tions we construct multiparameter families of exact solutions.

3.1. Second-order PDEs invariant under the extended Euclid group E(l, n—1)

The aim of the present paragraph is to describe equations of the form

Ou + F(u, u)uo =0 (3.1.1)

0 -
where v = u(x), r = (IE(),(E],...,II/'n_l), 1{’ = {85}7 no= lan_l'

F is a differentiable function, which is invariant under the extended Euclid
group E(1,n — 1), i.e., the Euclid group E(1,n —1) (E(1,n — 1) contains trans-
lation and rotation in R™~! added by time translation) augmented by the
one-parameter group of scale transformation. The corresponding Lie algebra
AE(1,n — 1) is defined by the following commutation relations

[POaPa]ZO, [PO,Ja.]ZO, [Panb]ziea.bcPc, a;bzlan"la
(3.1.2)
[a, Jb) = i€abee; [Po, D) =iPy, [Py, D]=iP,. [Ja,D]=0

147
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Below we consider the standard representation of Aﬁ(l, n—1)

Py =10, P, = —10d,,

- (3.1.3)
Ja = (f X P)a = Eabcszc-

The most general form of the operator D which satisfies relations (3.1.2) is as
follows

D =z,P" +i(au+ &)0y, = 20Po — To Py + i(au + 2)0,, (3.1.4)

where a, & are arbitrary constants.

Theorem 3.1.1. [91] Equation (3.1.1) is invariant with respect to the group
E(1,n - 1) iff

10 F=utf (e,

2° F=elf (";‘:“) , (3.1.5)

3° F = uu.f(u),
where k is an arbitrary constant, f is an arbitrary differentiable function.

Proof. In order to prove the theorem we use the Lie algorithm in much the
same way as in §1.1. The infinitesimal operator may be written in the form

X =)0, +n(u)dy = a* P, + f*Jo + @D, pu=0,n-1, (3.1.6)
where a,,, B,, & are arbitrary constants.

Using the condition of invariance (necessary and sufficient)

X[Ou+ Fu = 0’
) ( 0) Du+Fu0:0

where %( is the second extension of the operator X (3.1.6) which is defined
according to formulae (1.1.7), we obtain

UsFuy = tafu, =0, (3.1.7)
(a — ®)usFy, +nF, +2F =0.
The first equation of (3.1.7) implies that
F(u,u) = F(u,w), W = UgUq,

which allows us to rewrite the second equation from (3.1.7) in the form

2(a —&)wFy, +nF, + &F = 0. (3.1.8)
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There are three possibilities
1° a#0, 2=0, 2° a=0, 2#0, 3° a=2=0.

According to them we have three different solutions of Equation (3.1.8) (see
(3.1.5)) and obtain three different forms of the operator D (3.1.4)

)

1° D=z"P, + —,
T + %

2° D =2x"P, — 10y, (3.1.9)

3° D=1z"P,.

It is easy to verify that Equation (3.1.1) with F' from (3.1.5) is invariant
under E(l,n — 1). The invariance with respect to translations and rotations
generated by operator (3.1.3) is obvious. The scale transformations generated
by dilation operators D (3.1.9) have the form

1° zL = eomw u'(z') = e—o/ku(:c), 6 = const,
2° a), =€z, W(Z)=u(z)-0 (3.1.10)
3° w; = 69(1,‘#, u’(ml) = u(m)

One can make sure that these transformations leave Equation (3.1.1) with
corresponding function F' invariant. The theorem is proved.

Remark. Equation (3.1.1) with function F' = F'(u) is invariant under E(l, n—1)
iff
o k v U
1 F=)\1u, D=$P,,+E,
2° F =Xexp(u), D=2z"P, —id,, (3.1.11)
3° F=o0, D =z"P,.

where A1, A2, k are arbitrary constants.
If F = F(u) (3.1.8) yields for a = (1 - 1)

F = Muqua)*/?, D=zP, + (1 - %) i, \, k = const. (3.1.12)

In addition, Equation (3.1.1) with function F' (3.1.12) is also invariant with
respect to the transformations

u(z) — v'(z') = u(z) + const, T, =2z,
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3.2. Reduction and exact solutions of nonlinear PDEs of the type
Du+F(u,1{,)uo=O

In this paragraph we reduce and find exact solutions of E(l ,3)-invariant nonlin-
ear Equations (3.2.4), (3.2.42), (3.2.51), following the algorithm expounded in
§1.4. With that end in view the complete set of E(1,3)-nonequivalent ansatze
is built.

1. Invariants of the Euclid group E(l, 3).

To obtain invariants of E(1,3) group we act as in §1.4, where invariants of

P(1,2) are described. Let us proceed from the equation
£4(2)8,w(x) = 0, (3:2.1)

where £#(z) are defined in (3.1.6), and go on to the equivalent characteristic
equations

dzoy dzy dzz dzs

which can be rewritten as system of ODEs
dz, "
—F — ) 323
= g4(a(r) (3:2.3)

Since £#(z) are linear functions of z, (see (3.1.5)), so the system (3.2.3) is
linear. The general solution of this system after eliminating 7 by means of
Equation (3.2.2) yields the unknown invariants. Depending on the correlation
between coefficients in (3.1.5) we shall have several different cases.

Without going into details of lengthy though elementary calculations we list
in Table 3.2.1 the invariants of E(1, 3).

2. Let us apply the above results for obtaining solutions of the equation
Ou+ Auug =0 (3.2.4)

This equation is used in field theory and gas dynamics. Solutions of two-
dimensional Equation (3.2.4) are obtained in [172]. Following §1.4 [178] we
seek solutions of Equation (3.2.4) in the form [61]

u(z) = f(z)p(w), (3:2.5)

where w(z) = {w1(z), ws(z),ws(z)} are given in the Table 3.2.1 and functions
f(z) are to be determined from the equation
du

M ar (3.2.6)
—3Uu
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and (3.2.2) or from the condition of splitting.

Table 3.2.1. The invariants of E(1,3).

N Invariant variables Conditions on
w(z) = {wi(z),ws(z), ws(z)} the parameters
1. “—;0&,%?2, a? =a.0, =a? #0,
0
Yo €Xp {bl arctan gﬁ/’f} B2 #0,72 #0,
0afa = 0aYa = L;u'ya =0,
(,Baya)2 + (7aya) 2:
. = %&(azwz —w?).
QaYa ala
2. 2ale loge, B2 #0,
5—:% — balnagy, a2 = .8, =0.
3. ®aYa/Y0, YaYa/Ya, BaYa/ys aZ #0, B2 = aufa = 0.
%aYa OCaYa 2 2 _ 2
4. Yo ’_-E-I_OL’ aa¢0’5a—aa_07
6a%o —bylnyy Qeby = g0, =0,
0.0, =a #0.
5. Buz”, gt_i;fl + YaYa, aﬁ =—a,p" = a? #0,
02 =62=10#0;
To — bs arctan £y, /8.y, 0ol = 06g = £,60 = 6,6V =0,
BB =B #0,
2 (ea"./a)z + (6aya)2 = Lws.
6. Buz, ﬁﬁ_%z)— + YaYa, o2 = —a,B” #0,
Zo+bslno,z, 8.8 =8 +#0,
a0, =02 = 3,0 =0.
2
7. Bozv, (2oda) 4 prgy,, BB” #0,82 = 0,6, = 82 =
%(a,,y,l)3 + b7(@aya)(aya) — b26,y, =L#0,02 =64, =0.
8. QaTa, Tala, a2=0#0, L2 =082=L#0,
o — bg arctan (£oz,/6,2.,) 0ol = by = 0,6, = 0.
9. un v oy
yo’ o’ yo 2 2 o
10. a, 2%, BaTa, YalTa a0’ =0 #0, 8; =p6° #0,
72 = 72 ?é Oa aaﬁa = b9)
0aYe = b1o, Ba¥e = b11

Herey, =z, +a,,

— 1 .
Z, =T, + 20y,

ay,by,¢ay60,04,00, 0, Yv are a.rbitrary

constants satisfying conditions stated in the table.

So, we have 10 ansatze of the form (3.2.5)

for w N1-4

(3.2.7)
for w N5-10

o) = { %o ")
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The numeration of ansatze used here and below corresponds to the numeration
of invariants of the Table 3.2.1.

Inserting ansatze (3.2.5) into the Equation (3.2.4) we obtain 10 reduced
PDEs for function ¢(w)

212

a®b

(1) (Wi —a®)p11 + dwa(wz — 1) e — w3 1 - -3 1 5 | 33—
2wy — wi

—4w1(1 — wy)p12 — dwawszes + (10wz — 6)p2 + 4wipr+

a?b?
+ (2—1—2 - 2) w33 — Aw1 Y1 — 2Awappz + Awspws + 29 — Ap? = 0;
2wy — wi

b
(2) whon + dwa(ws — 1)p22 + — 033 + dwi(wa — 1)p12 — 4bapas+
wi

+4w1 91 + (10w — 6)2 — Awi1pps — 2Awzpps + 29 — Ap? =0;
(3) (Wi + a®)p11 + dwa(ws — 1)p20 + b§w§tp33 + 4wy (we — 1)p12+
+2bswiws 13 + dws(bzwe — 1)w23 + dwipr + (10we — 6)pa+
+b3(bs + 3)waps — Aw1ppr — Awzpws — Abspps + 20 — Ap® =0;
(4) (W} +®)p11 + 4wipae + biwss + dwiwerz + 2bap13 + 11bswapa3+

+4w101 + 10wz + 3bsps — dwi s — 2Awapps — 2baps + 20 — Ap® = 0;

b
(5) By11 +wapaz + (1 - "i) w33 + 200913 — 492 + ABowwr + Apps = 0;
(6) Bp11 + wapza + 280013 + w33 — 4bsw2s — 4oz + ABopwpr + Apps = 0;

(7)  Beor1 — by + 266% (wF — b2) 33 — 26207013 + MBoppr = 0;  (3.2.8)
b
(8) —alp11 — dwapza + (1 - w—82> p33 + dwrp12 — 62 + Appz = 0;

(9) (@ =111 + (W5 — 122 + (w5 — 133 + 2(wrwz — g2+
+2(wiws = 1)p13 + 2(waws — 1)p23 + dwip1 + dwaps + dwsps—
—dp(w1p1 + w2z + waps) + 2 — Ap? = 0;
(10) P11 — B2z — v 033 + 2bgir2 + 2b10w13 + 2b11923 + Aaowpr = 0.
Let in (3.2.8) ¢ = p(w1), so we have the ODE

(W} — 0®)p11 + 4wrpr — Awrppr +2¢ — Ap? =0, (3.2.9)
which is reduced after first integration to the Riccati equation

A
wi(W? —a?)p; + (W? +a?)p — §wf<p2 =¢, ¢ =const (3.2.10)
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We seek solution of Equation (3.2.10) in the form
-1
o =c1 [wiY(wr) + o?] (3.2.11)
Inserting (3.2.11) into (3.2.10) we obtain the equation

d¢ dwl
P2 —a?+ 1) —(u)1 —a?)

which, depending on the constant a? — %/\cl, has the following solutions

(o —w1)®* — caa + wy)*/®

, dep =a? >0
(a—wl)“/"‘+02(a+wl)“/" !
_ -1
Y= (ln a;wl +C2) , o? ——)\cl—O (3.2.12)
atan(i—ln otir +cz), o — 1da = —a? <0.

From (3.2.12) and (3.2.11) we have the following solutions of Equation (3.2.10)
_ afa _ a/a -1
o [WI (@ —w1) co(a+wr) 042:| ’
(@ —w1)*® + ca(a + wy )/ .

-1 -
+c2) +a2] , (3.2.13)

)+a2]_l.

Equation (3.2.10) is reduced to Bernoulli one when ¢; = 0, and has the follow-
ing general solution

a—wp
a+w1

=Ya l2aw1 (ln

1 [awl tan ( 2 1n

2

In A

-1
+ Z] . (3.2.14)

wp — &
w1 + o

Wi—a A w?-a
Co - —
w1 8a w

Functions (3.2.13) and (3.2.14) give the general solution of the Riccati equation
(3.2.10).

The ansatz N1 from (3.2.7) and formulaes (3.2.13), (3.2.14) lead to the fol-
lowing solutions of Equation (3.2.4)

-1
(a%o — @a¥a)®/™ — ca(ayo + @aya)’™ |
_ afa afa ta Yo ’

(ayO auyu) + Cz(ayo + aaya)

u(z) = ¢ [aaaya

-1
aYo — AaYa

s 3.2.15
ayo + aaya) ( )

w(z) =a [2aaaya (ln

-1
+ 02) + azyo
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-1
a Yo + QaYa 2
= aYat —In [————% ,
2 _ 22 2 _ 2,2 _ A 17!
w(e) = [ 2e¥e) =05 A (0ap0)® — @93 | omo—aaga | X 1T
XalYa 8a AaYa ayo + aa,yu) 4

If ¢ = p(wz) then Equation (3.2.8(1)) takes the form
dwa(wa — 1)@22 + (10ws — 6)p2 — 2Awaws + 29 — Ap? = 0.
After integrating this ODE is reduced to the Riccati equation
dwa(wz — 1)p2 + 2(wz — 1) — Awap® = ¢y, ¢1 = const. (3.2.16)

The substitution
Y(t) =tp(t), t= w2

into Equation (3.2.16) yields the equation with separated variables. The gen-
eral solution of the Riccati equation (3.2.16) is

Aa 1-/ws 2.
99=a\/¢72tan (Tln Czl—_ww_—z'), Cl=%Aa ;
1 A w2 — 1 -
w= ﬁ <—le’l % + 62) 3 1 = 07 (3217)
a Cz(l+\/u72)'\“/2—(1 _\/@)Aa/? )

" V@ a1+ ol 4 (1= )

The ansatz N1 from (3.2.7) and functions (3.2.17) give the following solution
of Equation (3.2.4)

/\a yO—\/yaya)
u(z) = ay/YaYa tan | —In |coc—————1 |,
(z) = av/ey (4 % + \/Ya¥a
_L( X, |% —\/Yaba >'1
w(z) = (Yoya) 2 [ —ZIn |22 4 ¢ , 3.2.18
@) = tage)F (—§im [ EE (32.18)

_Lea(¥o + VFaTa)**/? — (yo — /FaTa )/
c2(Yo + \/Ya¥a ) */2 + (Yo — /YaYa )**/2

If ¢ = p(w1), then Equation (3.2.8(2)) takes the form

u(z) = a(YaYa

wip11 + dwipr — Aw1ppr + 20 — Ap? = 0. (3.2.19)



Section 2 155

With the help of the substitution
1
p=tp(t), t=—, (3.2.20)
w1

the ODE (3.2.19) is reduced to

Vit + AP = 0. (3.2.21)

This latter equation is easily integrated and has the general solution as follows

A
P =c¢; th (A—;lt-t—cz), ¥ = ¢ cth (—%t+cz),

-1
P = —c; tan (/\—;l—t+cz>, P = (%t-kcz) ,

where c;, ¢, are constants. Using these results and ansatz N2 from (3.2.7), we
obtain the following solutions of Equation (3.2.4)

c Aer Yo —c1 Aci Yo )
u(z) = th [ — , = tan [ — +c
(z) AaYa ( 2 [ 7% P} + c2> U(z) a¥Ya " ( 2 QaYa 2

-1
u(z) = U cth (Aﬁ Yo + C2> , u(z)= (—/\~yo +C2aaya) . (3.2.22)
aYa 2 AalYa 2

If u(z) = p(ws)h(z), h(z) = (@a¥a) !, w3 is from N2 Table 3.2.1 then Equation
(3.2.4) is reduced to @, ., = 0, i.e., ¢ = ciws + c2, Where c1,cz are constants
of integration. The corresponding solution of Equation (3.2.4) is

BeYa BaYa
(aya)? aYa

- b3 In

w(r) =a (

) + co(aqy.) " (3.2.23)

If ¢ = p(w1), then Equation (3.2.8(3)) is reduced to the ODE
(Wi + a®)p11 + 4w — Awrppr + 20 — Ap® = 0. (3.2.24)

Note, that Equation (3.2.24) coincides with Equation (3.2.9) to within sign,
so taking into account (3.2.24) we can present at once its general solution

-1 Aéq

p=aq [awl th (2 arctan “ + cl) - aZ] , a4+ —=/== —a? < 0;
@ @
w1 -1 -1 )\C]
v =c |aw; (arctan — + c2) - az] , o+ - = 0; (3.2.25)
@

a w -1 Ac
p=c [awl tan (—aarctangl +02) —az] , o+ —2—1 =a%>0;
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rctan — + —

w1 da wy a 4

Wwita? A wi+4a? w1 )\]_1
Y= [C2 — T & y Q
where ¢y, ¢y are arbitrary constants.
Formulae (3.2.25) and ansatz N3 (3.2.7) give the following solutions of Equa-
tion (3.2.4)

) -1
a a,
uw(z) = ¢1 |aoay, th (— arctan 2% cz) - a2] ,
L @ aYo

- -1
u(z) = c1 |aagy, tan (_ﬁ arctan 2292 cz) - azyo] ; (3.2.26)
L a aYo

e
w(z) = a1 |aaye (arctan a¥a +c2 ) — o2y ,
Yo

L

-1
®aYa A QaYa A QYo )
= — — — arctan +c s
=) (aaYa)? + azyg <ay0 (@aya)?® + az?/(% 4o aYo :

If ¢ = p(ws), then Equation (3.2.8(3)) is reduced to the ODE
b2wipss + bs(bs + 3)p3 — Abswapps + 20 — Ap® =0
which, in turn, by substitution
ws = 2% (3.2.27)

is reduced to Equation (3.2.19). So we can use formulae (3.2.20), (3.2.19),
(3.2.27) and then ansatz N3 (3.2.7) to obtain solutions of Equation (3.2.4)

A
u(e) = g7 th ( > o) 02)
A
o) = 1, c)l/bs cth < 5 (Ba y’f’)lm "’2)’
u(w)——_—cl——tan ACI—L c)
™ (Bava) /P 2 (Baya)/es " )7

-1
u(e) = (czwaya)l/"s N yi) .

(3.2.28)

If ¢ = p(ws3), then Equation (3.2.8(4)) is reduced to the ODE

bZ(P33 + 3bsp3 — Abgpps + 2¢ — A(p2 =0,

which via the substitution
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w3 = Int (3.2.29)

is reduced to the Equation (3.2.21). Using the general solution of Equation
(3.2.21) and formulae (3.2.29) and ansatz N4 from (3.2.7) we get solutions of
Equation (3.2.4)

—6aTq P —0.%,
u(z) = c1 exp th | —wyoexp +c2 ),
ba 2 by
u(z) = c1 exp { ~0a%a cth ﬂyo exp ~faZa + Cz) )
bs 2 b4

_60 a A _60, a
u(z) = —c; exp{ d } tan (%yg exp{ A d } + 62) , (3.2.30)
4

batal A\
u(z) = | coexp ™ +—2—y0 .

Below we list some more particular solutions of Equation (3.2.4) which are
succeeded in finding solutions of the rest of Equations (3.2.8):

uw(z) = c1 th (Mzﬂﬁ,x" + cz)
u(x) = ¢ cth (EQC—I,B,,:B” + cz) (3.2.31)
c
u(z) = —c; tan (”—215,,&:" + cz)
C(F )
u(z) = ( 5 Boz” + cz)
) Abo
where c¢1, co are arbitrary constants p = B B.0% #0. ((3.2.7) N5)
5
ACl
u(z) = c1 th —2-(x0 +bslnogz.) + c2f,
/\01
u(x) = c; cth —2—(330 +bglnoaza) + c2f ,
)\cl
u(z) = —c; tan —5—(:00 +bglnoa,z,) + e, (3.2.32)

A _1
u(z) = [—2~(a;0 +belnoaz,) + cz] ,

where c1, ¢ are arbitrary constants, o2 = 0 ((3.2.7) N6).
Note that functions
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@) = Flon) th (2R F B+ )
@) = FBaue) cth (2 F(Bage) +2).
ue) = ~F (B tan (2L () 42

) = (Flae) + 22,

(3.2.33)

which are generalizations of solutions (3.2.28), (3.2.30) also satisfy Equation

(3.2.4).

One more generalization. If in (3.2.32) w3 = 0,2, (see N6, Table 3.2.1)
change into arbitrary differentiable function G(o.2.), then we obtain from

(3.2.32) new family of solutions of Equation (3.2.4):

u(z) = c1 th [—)‘22(:00 + G(0a24)) + cz] ,
u(z) = c1 cth [%(zo + G(0,2,)) + 02] )
u(z) = —c1 tan [% (zo + G(0a24)) + 02] ,

-1
u(x) = B(zo + G(0a2,)) + cz] ,

where 0,0, = 0.
If o, =0, then (3.2.8(5)) is reduced to PDE

Bp11 + wapaz — 42 + Aoy = 0.

Using the substitution

Yo = wi, Y1 = 2v/ —Pw2

we transform Equation (3.2.35) to the canonical form

w1 ABo
- - — + ——ppo =0,
©00 — Y11 ” 3

which is called the nonlinear Darboux equation.

(3.2.34)

(3.2.35)

(3.2.36)

(3.2.37)

One can prove with the help of Lie method the following statement.
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Theorem 3.2.1. The maximal local invariance group of nonlinear Darboux
equation (3.2.37) is 2-parameter Lie group of scale and translation transfor-
mations. The basis elements of corresponding Lie algebra are

Py = 10y, D =i(yo8o + y101 +1).
We seek solutions of Equation (3.2.37) in the form

v = ®(w1)g(y), (3.2.38)

2
z .
where wy = _zl , 9(y) =25 1 20 = yo+bo, 21 = y1, bo = const, Inserting ansatz

0
(3.2.38) into (3.2.37), we obtain ODE, which is reduced after first integration
to Riccati one

4wy (wy — 1)Py + 2w, P — 1\—g-qwl ®? =, ¢ = const (3.2.39)

A particular solution of this equation is easily obtained when ¢ = 0:

-1
(I>=|:Cl |w1—1|+%] .

Corresponding solution of Equation (3.2.35) is constructed by (3.2.38) and it

has the form
2 2 AIBO -1
o= [c11/1yg — (Yo +bo)?| + 7(?}0 +bo)| (3.2.40)

Using formulae (3.2.40), (3.2.36) and ansatz N5 from (3.2.7)) we find solution
of Equation (3.2.4)

-1

2
2
(oave)? | yaya) + (B + bo)? + %wyw" +bo)

w(z) = |a 46(

(3.2.41)

In conclusion of this point it is worth while to note that above obtained

solutions (3.2.15), (3.2.18), (3.2.22), (3.2.28), (3.2.30)—(3.2.34), (3.2.41) of

Equation (3.2.4) one can easily generalize to the case of arbitrary number
of independent variables.

3. Let us consider equation

Du + Ae“uo = 0. (3.2.42)
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Since invariance algebra of Equation (3.2.42) is given by operators (3.1.2), 2°
(3.1.8), its solutions we seek in the form [91]

_ Jo(w) = Inyp, forw N1-4
ule) = { p(w), for w N5—10 (3.2.43)

Ansatz (3.2.43) is obtained from (3.2.5), (3.2.7) with the help of transformation
(1.6.4).

Below we present the first six reduced equations which are obtained as a
result of substitution of ansatz (3.2.43) into Equation (3.2.42)

272

by +
a2w2 _w12 ©33

(1) (w} —a®)en + 4wz (we — 1) 22 + w§ (1 -
+ 4un (wz - l)(plz — 4wowsz o3 + 6((4)2 - 1)(/32 + 2wi01—

aQbfwg ”
- ————= 93+ A~wip1 + 2w + w33 — 1)e? +1=0;
«x w2 - UJ]

(2) wion +4wa(we — 1)p20 + U%tpsa + 4w (w2 — 1)p12 — 4bapaz+
+ 2w101 + 6(wz — 1)p2 — Mwipr + 2wapz +1)e¥ +1 =0;
(3) (Wi +a®)o11 + dwa(wz — 1) + b3wepss + dwi (we — 1)p12+
+ 2b3wiwsp13 + dws(bzwe — 1)pa3 + 2wip1 + 6(wz — 1)p2+
+ b3(b3 + 1)wsps — Aw1p1 + 2wap2 + bawsps +1)e? +1=0;  (3.2.44)
(4)  (W? +a®)p11 + 4wipag + b3z + dwrwa 12 + 2bswr P13 + dbswapaz+
+ 2w1p1 + 6waps + baws — AMwrpr + 2waps + baps +1)e? +1 =0;

b
(5) Borr +wapm + (1 - w—s) ©33 + 20013 — 492 + MBopr + p3)e? = 0;
2

(6) Bw11 + wapaz + 280013 + @33 — 4bsp2s — 42 + A(Bowr + p3)e? = 0.
Now we put ¢ = ¢(w1), then (3.2.44(1)) is reduced to the ODE

(w? —a?)p11 — 2wip1 — Mwipr + 1)ef +1=0, (3.2.45)
which after first integration takes the form
(W? —a®)p1 — Awie? = —wy + a1y ¢1 = const
This latter equation is reduced by the substitution

¢ =Inv (3.2.46)
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to the Bernoulli equation
(w? = )" + (w1 —e1)v = dwv? =0,

which is easily integrated and has the general solution as follows

= (W — )= o —Awidwi
v [(WI a) (Wl + a) /(wl _ a)(3a—c2)/(2a)(wl + a)(3a+c2)/(2a)

(3.2.47)
We get from (3.2.47), (3.2.46) two families of solutions (depending upon con-
stant ¢;) of Equation (3.2.45)

A w1+« A .
p=—In (E(u}l +a)ln |62w1_a |+§>, c = ta;

(3.2.48)
p=—In (cz\/wf—a2+)\), ¢ =0.

In turn, formulae (3.2.48), (3.2.43) give solutions of Equation (3.2.42)
QaYa + Y,

2)
+—- )
QaYa — OYo 2

(3.2.49)
w(z) = —In (cm/(oz,lya)2 —a?y? + )\) , ¢ =0.

Below we present some more solutions of Equation (3.2.42), which were
obtained in much the same way when considering the rest of reduced Equations
(2)—(6) from (3.2.44)

A
u(z) = —In (E(aaya + ay,)ln ’ co

1
we) ==t [ e { 20 o], g =0

c Qg
u(z) = —In [Cz (@a¥a)? + a2y} exp{—g1 arctan ——ayi“ }—

)\C] az >] 2
— 55 | @ - ’ a” < O;
C% + a2 ( ya Cl ?/0

ABo
Bea

w(z) = —In 1 exp baZa Co €Xp cibayo | _ A, 020, = 0;
[ C1 b4 6azu

w(z) = —In |c2(0a2,) " exp {—c1z0} + ci] , 0,0q =0; (3.2.50)
L 1

uw(z) = —In ‘cz exp{—c10,x"} + ] , B=pB.0"#0;
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uw(z) =—In Fﬁaacex{ } /\] BaBe = 0;
@) =t [P e {7205 -0

—c A
u(z) =—In [cz (G(0aza)e™)™ 7 + E_] , 0,0, =0.
1

where F, G are arbitrary differentiable functions, f,, @a, 6a, 04, €1, C2 are con-
stants, satisfying conditions stated above.

4. Let us consider once more E(1,3)-invariant nonlinear PDEs

Ou+ AJugug uo =0. (3.2.51)

As for as invariance algebra of Equation (3.2.51) is given by operators (3.1.3),
we seek its solutions in the form [91]

u(z) = p(w) (3.2.52)

where new variables are written in Table 3.2.1.

Omitting cumbersome calculations connected with substitution of ansatze
(3.2.52) into Equation (3.2.51), we present the final result: solutions of Equa-
tion (3.2.51)

A
u(z) = - arctan Yoo | ) —a+ 2 =a? >0 (3.2.53)
ayo 2¢q
u(z) = n 2aaya—ay0 _a2+2‘£ =-a?<0, az =a? #0;
2ac, QaYa + ayo 20
2 Yo
W)=~ | ————, t = :
@=5 [ wsmm N
= 1/6s _ _ ©1%0 -0
1L($) bin (,Buya) (ﬁaya)l/‘"‘ + ¢, ,Ba,Ba 3
u(z) = e1y0 exp {—6—‘;55} , baba=0; (3.2.54)
4

u(z) = \/m/\ﬂ ———=——1In | c1 exp{Bozo} + c2 exp{Baza} |, B.B =B #0;
u(z) = (:Baya) + G(,Baya)xﬂa ,Ba,Ba = Oa

where F,G are arbitrary differentiable functions, ag, 8., 8, are arbitrary real
constants satisfying conditions stated.
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3.3. PDEs admitting Galilei algebras

One of the best known Galilei-invariant equation is the heat (or diffusion)
equation

ug + AAu =0, (3.3.1)
Ju d%u %y
h = A= — F+ o —
where to Oy’ b az? toot a2 _,

In two-dimensional case the symmetry of Equation (3.3.1) had been studied
by S.Lie. This result of Lie is easy generalized on n-dimensional case.

Theorem 3.3.1. Maximal (in sense of Lie) invariance algebra of the heat
equation (3.3.1) has the following basis elements:

Py =0y, P, = —1i0,, I= uaua

)
Jab =2 Py — T Py, Go =zoP, + ﬁxa,
D = 21‘0P0 - xaPa,
M=z2P — Pa—i—" L)
Tolog — ToZa 2I0+4)\$

To prove this statement one can use Lie’s method (see §1.1).

Unfortunately, most of real phenomena of diffusion and heat transmission
are not described satisfactorily with the help of the linear Equation (3.3.1). A
well-known nonlinear generalization of Equation (3.3.1)

uo + V(F(u)Vu) =0 (3.3.2)

has an essential shortcoming: it is Galilei invariant iff F'(u) = const, so that
there is no one nonlinear equation of the form (3.3.2) which would satisfy
relativistic principle of Galilei.

Below we describe Galilei-invariant nonlinear generalizations of the heat
equation (3.3.1) and Schrédinger equation (3.3.24).

1. Consider equation
Up + F((Eo, fy U, 7{/’ TIL) = 07 (33‘3)

where u = (u1,uz, . .., Un-1), u= (u11, U2, .. ., Un_1n—1), are first and second
derivatives of function w in spacial variables z,. If function F' does not depend
on second derivatives v, so that Equation (3.3.3) is a first-order PDE, then the
following statement holds true [181].
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Theorem 3.3.2. If equation

wo + F(zo, T, u, u) =0, (3.34)
is invariant under Galilei algebra AG(1,n — 1) with operators

Py = 19y, P, = —10,,
Jab = 2o Py — x4 P, (3.3.5)
Go = 2oP, + z0a(z,u)0,

so it is locally equivalent to the Hamilton-Jacobi equation

1 = \2
o+ 5— (Vu)" =0. (3.3.6)

Proof. Coordinates £°, £2, 7 of infinitesimal operator
X = €% + €0 + 10y
of AG(1,n — 1) (3.3.5) have the form

50 = d()a fa = GgaT0 + CabTh + da.7
N = a(z,u)gaT, + c(z,u), a,b=1,n-1,

(3.3.7)

where do,dq, Ceb = —Cpq, go are parameters.
To meet the demands of translation and rotation invariance of Equation
(3.3.4), it is obvious that function F should be

F(zo,Z,u,u) = ®(u, (Vu)?). (3.3.8)

1

Further, from invariance with respect to operator G, we obtain

To=0 " 2Pz = ga, (3.3.9)
2nuW2d2 + 1®1 —1u® =0,
9% 9o =
where ®; = W ®, = W, Wi =u, Wy=(Vu)’

The general solution of the system (3.3.9) has the form

1 = A
¢= li — 2 -
A(u)Qm(Vu) +A’(u)’
n

1
= m(mgaxa =+ /\2),
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where A,, A2, m are arbitrary constants, A(u) is an arbitrary differentiable
function.

So we see that Equation (3.3.4) to be invariant under AG(1,n — 1) (3.3.5)
should have the form

1 =
uo + A'(u)%(Vu)2 +

A1
A(u)

=0. (3.3.10)

It is easy to show that Equation (3.3.10) is equivalent to the Hamilton-Jacobi
equation (3.3.6) (to do it one has to perform the transformation A(u)+A1zo —
u), so the theorem is proved.

Remark 3.3.1. The theorem yields that operators G, C AG(1,n — 1) have the
form

G, = z2oP, — imz,0y. (3.3.11)

Below we use the following notations. Consider matrix A constructed from
second derivatives u,; of function u

U1 w12 ... Uln

U221 U22 ... U2n
A= . .

Unl Un2 ... Unn

Let symbol <K > denotes the sum of various minors of order & of main diagonal
of the matrix A, so that

<1>=wu11+ U2+ + Unn,

U1 U U u Up-1n-1 Up—
<2> = 1 12 11 13 n—1n-1 n—1n
U1 U2z U3zl  Uu33 Unn-1 Unn
U1 U112 ... Uin
U1 U2 ... U2n
<n>= =det A
Unl Un2 ... Unn

Galilei algebra AG(1,n) (3.3.5), (3.3.11) extended by generator of scale
transformation

D= 21130P0 - (DaPa (3312)

and generator of projective transformation

M =22Py — 20za Py + %5%9” (3.3.13)
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we shall call extended Galilei algebra (denote AG(1,n) = {AG(1,n),D}) and
Schrodinger algebra (denote ASch(1,n) = {AG(1,n),IT}).

T}:eorem 3.3.3. Eqn. (3.3.3) is invariant with respect to algebras AG(1,n),
AG(1,n), ASch(1,n), iff it has the form

1 -

uo+2—1;l-(Vu)2+<I>(< 1>,<2>,...,<n>)=0, (3.3.14)
1 -

wo + %(Vuf + Aup(Wa, Ws, ..., W,) =0, (3.3.15)

1 = \2 9 2n
1 o d) =0, 3.16
uo + 2m(Vu) +\/(Au) +3 — <2>9(J3,Jg,. .., Jn) =0 (3 )

where ®, p, ¢ are arbitrary differentiable functions of corresponding arguments,

Wi = —Sk—>k, k =2,n, J.,k = 3,n are first integrals of the ODE
[<1>]
w, AW, - W, ~
2nWy —(n—1) 3nWz—(n—1)W,  nkWi —(n - 1)Wi_,

_ aw,
T n2Wh—(n—1)Waoy

Proof. From condition of invariance of Equation (3.3.3) under AG(1,n) it
follows that function F should satisfy the following system of PDEs

oOF oF oF
dy=— =dy— =dpy1— =0, 3.3.17
* bz, Bz, - Gy ( )
oF
a a —Ug ) =V, 3.3.18
g <m6ua U > 0 ( )
0 oF
a cUac aclbc) 77— = 0, 3.3.19
Cablp . + (CheUac + Coclip )auab ( )
oF oF
QU gy —— a— — 2 =0, 3.3.20
ae(ubauab+u Bu. F) 0 ( )
oF
da =0, 3.3.21
@ bauab ( )
where do, dy, dny1,9a, @, Cap = —Cpq aTe group parameters, §q4 is the Kronecker
symbol.

Function F', as it follows from (3.3.17), does not depend on variables z¢, Zq, u.
Equation (3.3.18) yields
Fo L

o (Vu)” + @(w) (3.3.22)
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Substituting (3.3.22) into (3.3.18)—(3.3.21) we get

od
(Cabuac + cacubc)_— = 07

auub
oo
® (uab - <1>> =0, (3.3.23)
auab
9%
a =0
ad bauab

After solving Equations (3.3.23) we obtain formulae (3.3.14)—(3.3.16). The
theorem is proved.

Remark 3.3.2. Equations (3.3.14)—(3.3.16) are nonlinear generalizations of
Equation (3.3.1). It is obvious to make the transformation

u(z) — ex {—Zi—-}
P12xm
which allows us to pass from Equation (3.3.1) to the equivalent one
ug + L(611,)2 +AAu=0
T om e

2. The Schrédinger equation for complex function u(zo,z) has the form

p’z
Ph+—|u=0, (3.3.24)
2m

where Py = i0y, P=—iV.
It is well-known that maximal Lie-invariant algebra of the Schrédinger equa-
tion is ASch(1,n), basis elements having the form

Xo = 19y, Xo = —i0,, I = i(ufy — u*0y),

Jab = a0 — Tp0a, G, = 190, — mz, I

D = 2208 + 240, — ;-‘(uau ), (3.3.25)
=

In= acgao + T0La0q — T—;—I - gavg(uau + u*Oyn ).

Invariance algebra ASch(1,3) of three-dimensional Equation (3.3.24) has been
established in [157].

Consider a quasilinear generalization of Equation (3.3.24)

iug + £ (2o, &, u,u" uab + F(zo, &, u, v’ u,u’) =0, (3.3.26)
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where u* is the complex conjugate to u.
The solution of the problem analogous to that considered above is the fol-
lowing statement.

Theorem 3.3.4. Equation (3.3.24) is invariant under the algebras AG(1,n),
AG(1,n), ASch(1,n) iff it has the form

P B}

(Po + %> u+ f(lul, (V|u])?)uw =0, (3.3.27)
P "

(Po + ﬁ) wt Jul =4 F (a2 2w =0, (3:3.28)
P? = N2

Po+o—u+t (Vul)*F(lul)u = 0, (3.3.29)

p2 N

(PO 4 _) u+ |u|4/’n(p (|u|—2—4/’n (Vlul) ) u= 0’ (3.330)
2m

where f, Fy, F5, ¢ are arbitrary differentiable functions of corresponding argu-
ments.

One can obtain the proof of the theorem by proceeding in much the same
way as in previous case (see Theorem 3.3.3).

Theorem 3.3.5. The nonlinear Schrédinger equation

P?
Po+— |u= F(u,u") (3.3.31)
2m
is invariant under AG(1,n), Aé(l,n), ASch(1,n) if it has the form
1'52
Po+— | u= F(lu|)u (3.3.32)
2m
P2
— | u=\|ulfu (3.3.33)
2m
P 4/n
Py+— | u=Au|*"u (3.3.34)
2m

respectively. The nonlinear equation

(Pg + %) u=(p(u])+ilnu)u (3.3.35)
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is invariant under 11-dimensional Lie algebra with basis elements

POa Pav Jab, G, = el‘opa + mzaI,

3.3.36
I=e"(uby — u*Ous) ( )

Theorem 3.3.6 [82*]. The nonlinear Schrédinger equation for a particle with
variable mass

S ,
(P() + %) u= -%/[/I—((p(xo, lu]) +ilnw)u (3.3.37)

is invariant under the 10-dimensional Lie algebra with basis elements

Pay Jab1 Ga = wOPa + M(.’EO)ZG,I,

(3.3.38)
E = M(zo)l.

3.4. The Galilean relativistic principle and nonlinear PDEs

We shall describe, following [71], nonlinear PDEs which are invariant with
respect to the Galilean transformations

t—t =t Ty — T = Ty + Vgt (3.4.1)

We consider two essentially different representations of Galilean transforma-
tions: the so-called projective Galilean transformations (PGT), when depen-
dent variable is also transformed together with independent variables (for ex-
ample, the heat equation (3.3.1) is invariant under transformations (3.4.1) iff
u(z) - w'(z') = exp{—1va(za + vat)}u(z)), and Galilean transformations
(GT), when the dependent variable remains unchanged.

Theorem 3.4.1. Equation

F(t,z, U, U y) = —Au+ A(t, 7, u)u + B(t,z,u, u) (3.4.2)
o2 S
where uw = u(t,z), z € R" 1{:{:;2}, g:{&jg—x;}; a,b=1,n;

A, B are differentiable functions, is invariant under PGT iff

A(t,z,u) = f(t,w) (3.4.3)
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a%a A 2
B(t,,u,4) = uglt, wn, .., w) + (F(t,) = N (””—t“— + 3 u) . (344)
where
2
w = uexp { Alzl } , |z|? = 2,2., (3.4.5)
4

A Az|?
o = a T 5Ta —_— 3.4.6
w, (u +2tx u)exp{ yn ( )

f, g are arbitrary differentiable functions.

Proof. According to the Lie method, from condition of invariance

_0,

XF =
2 F=0

where operator %( is constructed by formulae (1.1.7), and

€0 =0, & =g" n= _%)‘gaxau

we obtain system to define functions A and B

tg: - I\a,udAu =0, (3.4.7)
2 OB 0B OB OB 2

St — TaUu—— —U—— — TUp— + Zo B — ~ua(A—A) =0, 3.4.8
NEPY T uﬁu uaua T ubaub+a: B U ( A) ( )

Rewriting (3.4.7) in equivalent form

dza _ _ du

=1
t —3AZ. U

we get invariants

Alz|?
wp = ¢, w = uexp [

which give the general solution of Equation (3.4.7) (see formula (3.4.3)).
Analogously, passing from (3.4.8) to corresponding characteristic system

_dre _du _ dua  dwn _ due—r _ duayr _
2/t ZTou A Toua  Tour 0 Talla—1  Talatl
dun B —
_ d a=Tn (3.4.9)

T Zatn  ZoB+ /N — f(wo, w))’
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(there is no sum over repeated indices) we find the invariants

(%}
W = uexp a7 [ wo =t
Az, Az|?
= hhatcd 3.4.10
we (ua+ 2tu)eXp{ - } (3.4.10)
Toug  A|z|? Az|?
I = [B + (A - f(wo,w)) <'—t— + "4—tz—'u,):| exp{—E—

and then, from the functional equation

o(w,wo,w1,...,wa,I) =0

function B as in (3.4.4). The theorem is proved.

Consequence 3.4.1. Suppose the coefficient B in (3.4.2) to be independent on
9, then equation
Au = Aug + ug(w, t) (3.4.11)

is the most general one, invariant under PGT, g being arbitrary differentiable
function.

Theorem 3.4.2. Equation (3.4.2) is invariant under the algebra of operators

G = 18, — Az, ud,, (aa =9 5 ‘9)

9z, “ T du (3.4.12)
Jap = xaab - xbaa
iff it has the form
ava A 2
Au = f(w, t)us + ug(w, wowa,t) + (f(w,t) — A) (iti + ljtl u) , (3.4.13)

where
WalWq = |UgUq + N U— + _II_ ’ exp M}
a%a ata a a.t 2t 2t *

This theorem is proved in the same way as the first one.

It should be noted that Equation (3.4.11) can be obtained from (3.4.13) when
function B in (3.4.2) is independent of . Invariance under PGT automatically
implies invariance under rotation group.

The futher restriction of the class of Equations (3.4.11) is achieved by the
requirement for the equations to be invariant under the operator of scale trans-
formations

D = 2t0; + 2,04 + kul,, k = const (3.4.14)
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and under the projective operator
1 = 20, + tz,0s — (3Alz[* + §nt) udy, (3.4.15)
The following two theorems are proved in much the same way as previous ones.
Theorem 3.4.3. Among Equations (3.4.11) the only one
Au = dug + % g (t"/ 2w) (3.4.16)
admits the operator I1 (3.4.15), g being an arbitrary differentiable function.

Theorem 3.4.4. Among Equations (3.4.11) the only one

u A u
Au = Aug + Mut™? ( , /2w = = . const (3.4.17)
e(t, ) €

admits operators D (3.4.14) with k = 2/3 — n and 11 (3.4.15),

e=¢(t,z) = (7%\-7;2)11/2 exp {—-)‘—[ZLZ} (3.4.18)

being the fundamental solution of the heat equation

Av = M. (3.4.19)

Note 3.4.1. Setting f = 0 in (3.4.17), we obtain equation
Au = dug + Mt 2w

which is reduced to (3.4.19) by means of local substitution

u=v(t,z)exp{%}, A #0.

Note 3.4.2. All equations considered above contain (explicitly or implicitly) the
fundamental solution (3.4.18) of the heat equation (3.4.19). This is apparently
because €(t,z) is the general solution of the system

Au = Ay,
A _ (3.4.20)
GauEtua-}-E)\zau:O, a=1,n
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2. Let us consider equations of the form
w = C(t,z,u)Au + K (t, z,u, 1{) (3.4.21)

where C' and K are differentiable functions, and find out conditions which
ensure invariance of (3.4.21) under GT generated by operators

G, =0, (3.4.22)

Theorem 3.4.5. Equation (3.4.21) admits operators (3.4.22) iff

C(t,z,u) = f(t,u)

. (3.4.23)
K(t,z,u, u) = q(t, T,u,Y) —t7 Tala,

where f and g are arbitrary differentiable functions.

To prove this theorem one has to repeat arguments used in proving previous
theorems.

Let us present without proof some more statements dealing with Equations
(3.4.21) which admit operators G, (3.4.22), J,; (3.4.12) and

I = 28, + tz,9, (3.4.24)

D = 2t3, + 1,0, (3.4.25)
Theorem 3.4.6. Equations (3.4.21) are invariant under the operators G, and
Jas iff they have the form

Talq

ut = f(t,u)Au+ g(t, u, wnyq) — rat (3.4.26)
where f and g are arbitrary differentiable functions, W41 = UgUa.
Theorem 3.4.7. Equation (3.4.26) admits operator (3.4.24) iff

ftuw) = f(u), gt u, wnp1) = t72g(u, t*wnyr) (3.4.27)

Theorem 3.4.8. Equation (3.4.26) admits operators (3.4.24), (3.4.25) iff it

has the form
Talq

U = f(u)Au + ugu.g(u) — ;

(3.4.28)

Now consider a two-dimensional equation

F(x”u‘a anUI’UOO, ullyuﬂl) = 0' (3‘429)
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Theorem 3.4.9. Amongst the set of Equations (3.4.29) only equations given

by
Fw® w® u,uy,u11) =0 (3-4.30)

are invariant under operators of GT (3.4.22).
In (3.4.30) we use the following notations:

w® = det ("0 w1 ) w® = det (“00 "‘01) - (3.4.31)
U190 U1l U0 UN

Theorem 3.4.9 can be easy generalized on the case of (n+1)-dimensional space.
Theorem 3.4.10. Equation
F ('u,, u, 'th) =0 (3.4.32)

is invariant under operators Oy, 0, and (3.4.22) iff it has the form

R (w(l), w®, u,q, 1%) =0 (3.4.33)
where
U Ui e Un
U0 U11 --- Uin
w) = det . .
Uno Unl --- Unn (3434)
(uog U1 --- Uon
U0 11 ... Uin
w?) = det . )
Uno Unil cee Unpn

Note 3.4.3. In the specific case when
F=vw?=0

it yields multi-dimensional Monge-Ampere equation, which has been studied
in §1.10.

Note 3.4.4. The maximal invariance algebra of equation

w) =Xx=0, \=const (3.4.35)
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is infinite-dimensional and is given by operators
X = £, + 10y, u=0,n
€° = coot + do, £" = capxp + falt), (3.4.36)
N =cu+d, c=(n+1)"(coo +2(c11 + - .-+ Cnn))

where cgo, Ca, do, d are arbitrary constants, and f,(t) are arbitrary differen-
tiable functions.

Note 3.4.5. 1t is easy to construct the general solution of the two-dimensional
equation

uﬂ):&n(uo “l)=o (3.4.37)
Uo1 U1

To do it we represent (3.4.37) as follows

d U1
a—“(—) =0

whence the general solution is obtained
u = F(z1 + G(x0)) (3.4.38)

(F and G are arbitrary differentiable functions). Direct verification shows that
u=F(loza + G(:co)>, a=T1,n, l, = const
is a particular solution of (n + 1)-dimensional Equation (3.4.35) with A = 0.

Note 3.4.6. Equation

o UL ... Up
U u cee Up
w®) = det (.)1 ?1 . = F(u), (3.4.39)
Uon Uln ... Unn

where F(u) is an arbitrary twice differentiable function, can be reduced to
(3.4.35) at A = 1 with the help of substitution

du
uav:/ﬁaﬁmﬁﬂ (3.4.40)

In conclusion, we note that among Galilei invariant equations (3.4.33) one
can distinguish a class of equations

Up = A('U,, 7{')Au + Q(’lL, 7{’) - ,w(3) / w(2)»
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0 Uy cee Un
U0 U111 .- Uln
w® = det . .
\’U.no Uni vee Unpn (3441)
('Uq U2 ... Uln
(2) U1 U2 ... U2p
w'“) = det . . .
Unl Un2 -.. Unpp

A, @ being arbitrary functions, which are diffusive type nonlinear PDE with
a strong nonlinearity. Note that in [112*] another approach is developed to
describe diffusive processes with final rate.

3.5 Reduction and exact solutions of nonlinear Schrodinger equation

In this paragraph we consider a particular case of Sch(1,3)-invariant nonlinear
generalization of Schrédinger equation, namely the equation

.9 A 4
—_ —_— /3 = = *u. 3.5.1
(Zaxo + 2m> u+ Mu|*°u =0, |ul uru (3.5.1)

Solutions of Equation (3.5.1) we seek for in the form

u(z) = f(z)p(w) (3.5.2)

functions f(z) and new variables w = {w1(z),w2(),ws(z)} being determined
with the help of method expounded in §1.4. So, it is necessary to make up a
linear combination of symmetry operators (they are given in (3.3.25))

13
Q= 6:Qc= ()3 + n(c)ud. (3.5.3)
=1
and then, to find f(z) and w(z), to solve system of ODE

dry dzq drs; du
—_— e e = e = —— = — .r.4
oo & " un (3.54)

Without going into details we present in Table 3.5.1 the final result: explicit
form of Ansatze (3.5.2).
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Table 3.5.1. Ansatze invariant under some subgroups of Sch(1,3)-group.

N Invariants wy, we, w3 Ansatze u(z) = f(z)p(z)
1. & [ 1-2%, 3 [ (1-22), =(1-23)7%/* exp{Lim-
arcth zo + arctan(f - /7 - Z) (zoZ® [ (1 —})) }o(w)
2. a- [z, 5% /x2, w=gx;°"?
1/zo + arctan (5 £/5- a'c') -exp {—3im&?[zo } o(w)
3. a-&/(1+z)V2 2/ +13), = (1+22)~%/4
— arctan zo + arctan (ﬁ /7 j’) -exp {—imzod? /(1 + 3) } p(w
4, a-z [ /xo, .’E:)/!E(], u:zgs/4<p(w)

—Inzy +arctan - £/5 - T

5.| @ /@, B-F/\/T0, V- F/vE | u=1;""pw)
6. a- I, i, u = p(w)
—xo + arctan § - Z/7 - &
7. a-F, 72,z u = p(w)
8.| & &+mof & & F+z07-F w0 | u=exp{—Lim(@-Z)?/zo}p(w)
9. a ",B“f, To u = p(w)

Note 3.5.1. Table 3.5.1 does not contain some cumbersome cases.

2. Having substituted Ansatze from Table 3.5.1 into Equation (3.5.1), we
get reduced PDEs as follows:

(1) La(p) + 6ps — 2impz + m2wyp — 2)\m|cp|4/3<p =0
(2)  La(p) + 62 + 2imeps — 2dm|p|*3p =0
(3) La(p) + 602 + 2imps — m2wyp — 2Amlp|*/3p = 0

(4)  La(p) + imwrr + 2(imw; + 3)ps + 2imeps + 3imep — 2xm|p|*2p =0
(5) Ay +imwapa + (3im — 2Am|p|*/*)p =0

(6) La(p) + 62 + 2imeps — 2Am|p|*/3p = 0

. 1
(7) dp3 — %(S@u + dwrp12 + dwapas) + /\|g0l4/3tp =0
2 2im 1 4/3
(8) (w3 +1)(¢11 + p22) + 22 — w—3(wa<pa + 59) — 2dm|p|*Cp =0

, 1
(9) s — (11 +22) + AP0 =0
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7]
where La(p) = @11 + dwapre + (w2 — wi) 'pss + dw112;  @a = 6799
Having solved some equations from (3.5.5), we obtain solutions of Equation
(3.5.1):

. - - -
- im & a- I
u(z) =z, 3/2 exp {——2——} w(wr), w = —— (3.5.6)
Zo To

where function ¢(w ) is determined from quadrature

14

dr _ /s
/—c\/ﬁ_o/—:; = 5)\m (w1 + 1) (8.5.7)
0

c1 and ¢, are arbitrary constants.

. 9 =2
- im & Z
u(@) = 75 exp {———}«J(u&), wm=Z (358
2 o To
where real function p(w;) satisfies the Emden-Fauler equation
2wap2 + 3p2 — Amp™/® =0 (3.5.9)
If A = i then
; =2
— (1 _ »2y-3/4 m T
u(z) = (1 - zg) exp{ Tz |
Some more solutions of Equation (3.5.1):
2
u(z) = (apzo — @ - &) ~3/? exp {—%—i— P(ws), (3.5.10)
0
where @, a, are arbitrary constants, and &2 = £ Am.
. 22 _ "' -
u(z) = 1:;3/4 exp{—in—x—ﬁ—x}, (3.5.11)
2 o
where § are arbitrary constants, 2 = -8,
L
u(zr) = (gz\ma'v'2)_3/4 exp {—-122-2—} ,
0 (3.5.12)

u(z) = (%_)3“ ﬁ exp {z <cxgl/3 - %(&Tf)i)} ,
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where ¢, @* are arbitrary constants, & = 1.

3\ c\3/4 .
u(z) = (4/\%) , u(z) = (X> exp{iczo} (3.5.13)
w(z) = (@ %)%/, u(z) = (%Amf2)_3/4, w(z) = exp{iff- &} (3.5.14)
where &, § are arbitrary constants, @2 = £Xm, B% = —2xm.

Note 3.5.2. When A = 0 (3.5.10), (3.5.11) give the fundamental solution of
Schrédinger equation

: =2
u(z) = x;3/2 exp {—?i—o} (3.5.15)

Now we present some soliton-like solutions of Equation (3.5.1) obtained in
[70, 68*, 69*]. Let

u(z) = exp { z%)} o(w), W= 0T, (3.5.16)

where ¢(w) is a real function, a,, B are arbitrary real constants.
Having substituted (3.5.16) into (3.5.1) we get

a . 1 7/3

Partial solutions of Equation (3.5.17) we seek for in the form
o(w) = a(2 sh bw)** (2 ch bw)*2, (3.5.18)

where a, b, ky, ky are constants to be defined. After substituting (3.5.18) into
(3.5.17) we obtain

a2b? chbw?
% k1 + k2 + 2k1ke + kq (k2 -1) (m) + (3519)
2
+ ka (k2 — 1) ( iﬁ:ﬁ) ] +A [a(2shbw)k1(2chbw)k2]4/3 =0

In (3.5.19) constants a, b, k1, k2, can be selected so as to satisfy it identically.
Let k1 = 0, k2 = —3/2 then (3.5.19) takes the form

t 2 (chbw)E

1 3 ,, 15a% ,(shbw\?  Aa*?
572" T om" \how
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This equality holds true iff

3/4
a=:l:2\/§(—5—) L b= 22 5<0 A>0
-3)3 3/ —a?p

It yields the solution of Equation (3.5.17)

3/4
ow) =a_(chbw)™??  a_=4= (3;/\55) (3.5.20)

and then, returning to (3.5.16), the following solution of Equation (3.5.1)
_ 7:1:0 _3/2
u(r) = a_ exp 5 (chba,z,) (3.5.21)

where a_ is defined in (3.5.20).
The solution (3.5.21) is naturally to consider as soliton-like by analogy with
that of [209]

4

ot = ()il ()]

22 4 I = W)Y
T
Setting in (3.5.19) k1 = —3, k2 = 0 we find

20 \ /4 2 [ a28
_ — 42 %P A<0
:L-(s)\ﬁ) b=y /-5- B<0 A<

The Corresponding solution of Equation (3.5.1) has the form

i 5 \3/4
w(z) = a4 exp{—ﬂg} (shba - &)~3/2, a; =+ (m) (3.5.22)

Using formulae of generating solutions (see Table 4.1.2) one can construct
other solutions of Equation (3.5.1) from those presented here.

It will be noted that using ansatz (3.5.2) one can determine functions f(z)
and new variables w,(z) from splitting conditions (see §1.4). The substitution
of (3.5.2) into (3.5.1) gives rise to the following equation
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(0f  Bwa dp\ 1 of

ha'l habad- S - . .5.23

’(at‘”fat awa)“Lzm[“’Af”aza (3:5:23)

Ow; Oy Oy
Oz, Ow; +f (—

Ow; dwr  O%p
90,2 Bz, B2 Buydun

. \2/3
)]+ 20 o =0
whence follows the splitting conditions

1 of
%Af +1=

ot = f7/3F0((4)),

0w, 1 (0f Owa 4 7/3
F— (=L +1 = .5.24
if ot m (Bxk oz 2waa) FFaw), S )

Ow; Ow;

oz, a:L'a = f7/3Gij ((U),

where Fy, F,, G;; are smooth functions of w,. If conditions (3.5.24) are ful-
filled, then Equation (3.5.1) (see also (3.5.23)) takes the form

) ) 82
[Fo(w) + A@"9)*/3] 0 + Fa(w)éiﬂ + Gi,-(w)guT‘Z =0. (3.5.25)
a UW;

Note that system (3.5.24) may have to possess wide symmetry, and it opens
new ways of constructing solutions of the initial equation (3.5.1).

In conclusion we present, following [68*], in Table 3.5.2 the complete set of
Sch(1,3)-inequivalent ansatze (3.5.2) for a Schrodinger-invariant equation (the
basis elements of ASch(1,3) are given in (3.3.25)). In this table oy, «, § are
arbitrary real constants, ¢t = zo. In [68*,69*] ansatze of Table 3.5.2 are used for
reduction and finding exact solutions of some nonlinear Schrédinger equation.

As a concluding remark we note that the wave equation OJu = 0 is reduced
to the heat equation ¢, = @11 + 22 by means of the ansatz

u=exp{—(z3+t)}o(r,21,22), T=73(z3—1),
which is invariant under the operator

Q=8t+83—2u8u.
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Table 3.5.2. Sch(1,3)-inequivalent ansatze for a complex scalar field.

N Algebra Invar. var. w Ansatze u(z) = f(z)p(w)
1. P, t,z2,3 f=1
2. Xo+aol T1,T2, T3 f = exp{taot}
3| Jiztal t, 22 + 22,25 f = exp{iaarctan (z2/z1)}
4. Ji2+Gs t,x? + 3, f = exp{—ima3/2t}
z3 — tarctan (z2/x;)
5. Jiz~Xo t + arctan (z2/z1), f = exp{—iaot}
+aol a2 + 23,73
6.| Gi1+ X2 t,z1 — tzo, T3 f = exp{—imz?/2t}
7.1 Gi1-Xo 221 + t2, 22, T3 f= exp{imt(zl + %tz)}
8.| Jiz + fG3— t + arctan (z2/11), f = exp{ifmt(z3 + 10t%)}
~Xo o} + 23, 273 + Bt
Ty T2 I3 — 4—3/4+iam/2
9./ D+al 21 T2 T3 =t
wwvio |
1 T2 — (42 -3/4 1,
10.| Xo+1II- , =(t*+1 expy —5im-
0 Ve R g
3 Tt
—al —_— . + 2a arctant
V1 + 82 (1 +12 ) }
11.| Ji2 + 8D Int + 2Barctan (z1/z2), | f = t~3/4+iam/28
+ad o+ o3 , ]
t Vit
12.| Xo+TII—- | Barctant — arctan (%) N f=+1)"3expq —Lim-
24,2 )
] +x T3 Tt
—BJ12 — al ot S S . +2aarctant>}
Bz 2417211 (l+t2
tr + .
13.| Xo+1II- ;sz + Barctant, | f=(t+1)"3/*exp{ —1im-
tze + 11 T3 2t
B , J =4
2+1 V2 +1 1+1¢2
t(tzg —
—B(G1 + X2) +20Barctan -(:tc;-i——lzl))l

3.6 Symmetry and some exact solutions of the Hamilton-Jacobi equation

Here we investigate point and contact symmetry and construct exact solutions
of Hamilton-Jacobi equation of free particle

us + i(Vu) =

2m

0, (3.6.1)
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where function u = u(t, ) means action, m is a constant (mass of particle).

Theorem 3.6.1. [36] Maximal local (point) invariance group of the HJ equa-
tion (3.6.1) is the 21-parameter group, basis elements of corresponding Lie
algebra having the form

p0=3t7 Pa =aa1 2 =au; a=1,2,3
Jaup = ZTaPb — THPa
GM) = tp, + mzapa, DY =tpy + Lzapa,
m
W = 2pg + twap, + &ps, (3.6.2)
G® =up, + mzapo, D@ =ups + Lzapa,

m
N® = up, + uz,p, + ‘ifzpo,
2
K, =2z,(DW + D®) 4 s2p,, (= =tu—2°).
m

Proof. We shall act in the same spirit as in §1.2 (see Theorem 1.2.1). From
condition of invariance (3) we find the following defining system for coordinates
of infinitesimal operator (2)

& =o, & = méZ; a,b=1,2,3

§+6=0, a#b

=0,  7ma=mE, (3.6.3)
N+ & =262 (no sum over a).

The general solution of Equations (3.6.33 has the form

t > = 2 mCI-JQ
£ =2tK -Z+ a1t” + az—— + b1t + geamz, + do,
£ = 23:,1](’ T4 K82+ (a1t + azu)z, + g1at+
+ g2at + 3(b1 + b2)To + CabTh + da, (3.6.4)

=2
5, mz
n= 2uK~z+a2u2+a1—2—— + b2u + gramz, + ds,

K., a1, ag, b1, b2, 914, 924, Cab = —Cba, dg, - . ., ds are arbitrary constants. Thus
follows (3.6.2). The theorem is proved.

Note 3.6.1. Looking closely at (3.6.2) one notices an interesting automorphism
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of the vector fields given by interchanging ¢ and . It allows us to pick out
from algebra (3.6.2) the following subalgebras:

ASch(1(t),3) = {Po, Pa, P4, Jap, GV, DO, H(l)};
ASch(1(u),3) = {,,4, Pas Doy Jup, G®, DO, n(z)};
AG(2,3) = {po, pa, pa, Jus, GV, 6P, } (36.5)

AG(2,3) = AG(2,3)0 {DW), D@},
ASch(2,3) = {(3.6.2)}.

Theorem 3.6.2. Algebra ASch(2,3) (3.6.2) is locally isomorphic to conformal
algebra AC(1,4).

Proof. Due to symmetrical role of variables ¢t and u in ASch(2, 3), pointed out
above, we can introduce the variables

1 U 1 U
0 4
=L t+_), . =__(t__) 3.6.6)
e NG) ( m V2 m (
and the covariant notation a = 0, 1,.. ., 4, with the metric goo = —g11 = ... =

=944 = 1; gap = 0 (@ # B). Then upon introducing

7]
=2 = — 5P,
Fo=ggr  Jw=zabs—z (3.6.7)
D=2"P,, Kq=2z,D—2zsP,
we find that the generators
1
Po=PF, HR= E(Po + mPy)
1
Py = —(Py — mP,
4 \/5( 0 4)
Jab = Jap, Joa = -DM + D(z),
1 1
Joa = ——=(GY) + —G?),
o \/ﬁ( mo e )
1 1
Jia = —— (a0 = L@y 3.6.8)
4 \/i( a m_ e ) (

D =DM 4+ p®
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Ko = —Ka,

Ko=3 (n(l) + .l_n(z)> ,
m

Ka= V32 <n<1> _ lnm)) ,
m

satisfy the commutation rules of AC(1,4) (1.2.3). The theorem is proved.
Now, to find the group action of Sch(2,3) group, we use the final transfor-
mations of C(1,4) group (see §2.3):

1) translations: generated by P,
T, = T4 +aaq,

2) Lorentz transformations: generated by J,g
zl, = APzg, AP €0(1,4)

3) dilatation: generated by D
z!, = ez,

4) special conformal transformations: generated by K

= To — CaTPag
T 1-2cPzg5 + (cPeg)(zPzp)

Writing these transformations in terms of the light-cone variables ¢t and u we
obtain the symmetry group of the HJ equation:

1
g'® = Apz® + A%t + —A%u,
m
1
t'=Aft+ —Atu+ A2,
m
u' =mATt+ AZu +mA; 2%
T, =z, +a%, =t+at, W =u+a"
!

o) =elz,, t'=et o =elu (3.6.9)

— i 2
2 =07 (z% — *F — =c*tu),
m

V¥ =¢g1 (t —ct (%tu—fz)) ,

w'=0""(u=-c (2tu —m#?)),
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where
a + 2 - == 2 2 2
og=o0(tz%u)=1-2ctt— —c u+2F+& | —tu—F
m m

and the parameters indicated with + and — can easily be expressed in terms
of their covariant counterparts.

Now consider contact symmetry of HJ equation.

Theorem 3.6.3. Maximal invariance algebra of contact symmetry of HJ
equation (3.6.1) is infinite-dimensional and is given by operators (1.2.10) with
the characteristic function

W =W (ut, tq, wo, ws) , Wy = 2U — Tala, w, = tu, — mz, (3.6.10)
The proof is absolutely analogous to that of Theorem 1.2.2.
Note 3.6.2. Contact transformations of HJ equation described above contain

homogeneous ones, so that transformations for which Lie equations have a
Hamiltonian structure (see (1.2.13)). For example, when W = W (w,), we let

W = waw, = t2 (ﬁu)2 — 2mtz u, + m2E2. (3.6.11)

To find final transformations generated by infinitesimal operator (1.2.10) with
characteristic function (3.6.11) one has to solve the following set of first-order
ODEs (Lee equations, see (1.2.13)):

t'=0, t@=0)=t

zi, = 2t'(mz), — t'ul), z(0=0)==z,

W' =0, u'(0=0)=u,

wy, = 2(t'ulul, — mzlul), up (0 =0) = uy
al, = 2m(ma!l, — t'ul), u,(0=0)=1u,

where dot means differentiations with respect to parameter 6. After integrating
this system we find

t'=t, z!, = x4 + 20mt(z, — ug/m)
o =u, U, = Uq + 2mb(mz, — tu,) (3.6.12)
u, = uy — 20ua(mz, — tu,) — 2mO%(mz, — tu,)?

One can make sure that transformations (3.6.12) leave Equation (3.6.1) invari-
ant. Putting u, = mv, and u; = —FE, where v, and E are velocity and energy
of particle, we can rewrite (3.6.12) as follows
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t=t, T/, = 14 + 20mt(z, — vat)
v, = Vo + 2mO(z, — Vet) (3.6.13)
E' = E + 2m%07 - (& — 0t) + 2m362 (& — t)?

When Z = #t+#), 2% is a constant vector (uniform motion), (3.6.13) coincide
with Galilean transformations. In other cases transformations (3.6.13) describe
passing to uniformly accelerated frame of reference.

Before to construct solutions of the HJ equation (3.6.1) we note that the
substitution

1 m
t = —(zo +v), u=—

V2 V2

transforms Equation (3.6.1) into the relativistic HJ equation (1.2.1)

(zo —v) (3.6.14)

4 1 =
(’ITL—-:T:L? (ut + %-(Vuy) =0—-1- ’U,,’UU =0 (3615)

and vice versa, the substitution

zoz—\}—i(H %) v:%(t—%) (3.6.16)

transforms the relativistic HJ equation into nonrelativistic

m 1 = o
— 1-v,2")=0— —(Vu)? = 6.1
a 1}0)2(1 v,v") =0 ut+2 (Vu) 0 (3.6.17)

However, this equivalence, as it is seen from (3.6.15), (3.6.17), breaks down
when
m+u =0 or 1+v9=0.

It means that if to cast away from manifold of solutions of HJ equation (3.6.1)
the solutions
u = —mt + ¢(T) (3.6.18)

and from manifold of solutions of the relativistic HJ equation the solutions
v = —xgo + const (3.6.19)

then the remaining manifolds will be locally equivalent and this equivalence is
given by (3.6.14), (3.6.16).

It will be noted that substitution (3.6.16) being applied to an arbitrary
P(1,4)-invariant PDE results in at least Galilean invariant equation. For ex-
ample, the Monge-Ampere equation is invariant under (3.6.16) (it is due to its
IGL(4,R) invariance (see Theorem 1.10.1)). Another example: ELBI equation
(1.1.17) having been applied (3.6.16) results in the equation
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1 =
m2uy — 2m (ut + %(Vuf) AU+ 2MUglitq + UgUplUagp = 0 (3.6.20)

Theorem 3.6.4. Maximal local invariance group of Equation (3.6.20) is the
extended Galilei group 6(2,3), basis elements of corresponding Lie algebra
AG(2, 3) written in (3.6.5), (3.6.2). The proof is analogous to that of Theorem
3.6.1.

So, one can use Equation (3.6.20) as a nonrelativistic counterpart of ELBI
equation to describe physical phenomena which satisfy Galilean relativistic
principle.

Now let us list some exact solutions of HJ equation (3.6.1) obtained in [186]

t Lo
U=—5-+ (@-z),
m 2 2
= — — 3.6.21
U 5% 7 u= —(a-x)*, ( )
4 4
U= ;n(fz a )3/2 +2mta - ¥ — —?t:’,

where @ = {a,,a2, a3} are arbitrary constants, @ = 1.

One can use solutions (3.6.21) to generate with the help of generating for-
mulae other solutions of Equation (3.6.1). Several such formulae are presented
below:

ug(z) =ur(t + ao, T + @) + aq,
wn(z) = u t Z \ m# ¢
BE=M\T 26016t 2 1-6t

up(x) m 2 0 z
1—0Ougp(z) u (t T3 27 1= Oug(z)’ 1 - Gug(:z)) ’

2
- L, m¥
wg(z) = us (¢, % + 0t) — mv% — Tt

and so on; ao, a4, @, U, 0 are arbitrary constants.

3.7 Symmetry and some exact solutions of the Boussinesq equation

Below we shall study symmetry and construct exact solutions of the Boussinesq
equation

v = %sz, A = const (3.7.1)
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where v = v(z), z = {9, Z} € R™*'. Solutions of the two-dimensional Boussi-
nesq equation were obtained in [180].
For the sake of convenience we put

vV =u
and consider instead of (3.7.1) the equation
up = \Wulu (3.7.2)

and more general equation
uo = F(u)Au (3.7.3)

where F'(u) is arbitrary differentiable function.

Theorem 3.7.1. The widest invariance algebra admitted by Equation (3.7.3)
is AE(1,n) © AC(n) and it is achieved iff

F(u) = Au/(—m) (3.7.4)

basis elements having the form

Po = ia(), Pa = iaa, Ja,b = :Ean - mbPa, D1 = 21‘0P0 - .’EaPa, (3.7.5)

2-mn.
Dy = 2P, + T"z, (3.7.6)

K, =2z,Dy — #*P, (3.7.7)

where n is the number of spacial variables T, a,b = 1,n. In other cases we
have: if

4
= F 3.7.8
F(u)= ', k#0, -— (3.7.8)
or
F(u) = le* (3.7.9)
then the maximal IA of Equation (3.7.3) will be AE(1,n) provided
2.
Dy =z.P, + zz (3.7.10)
for (3.7.8) and
Dy =2,P, — 2i—a— (3.7.11)
Ju

for (3.7.9).

In the case of arbitrary function F(u) the maximal admitted IA is AE‘(], n)
with basis elements (3.7.5).
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Proof. According to the Lie method, from condition of invariance (3) one can
obtain the following system to define coordinates of infinitesimal symmetry
operators (2):

fo=Ei=€=Nu=0, &+E6=0, a#b (3.7.12)
&8 + F(2nua — AE*) =0, (3.7.13)

FI
N+ =26l =... =2 (3.7.14)

If F(u) # const, Equations (3.7.12)—(3.7.14) result in
£° = 2120 + dp
£% = by — 20,b - &+ (21 — 22)Tq + CapTp + da (3.7.15)
n = a(z)u+b(z) = ((n - 2)b- Z+ c1)u + b(F)

where c1, &1, &2, Cap = —Cba, ba, do, do are group parameters, and function
b(Z) is a solution of Laplace equation Ab = 0. For function F'(u) we have the
ODE

!

= (alo)u+ blz)) = 26} - & (3.7.16)

Here we have three irreducible cases

1) a(Z)#0, b(Z) =0

2) a(Z) =0, b(Z) #0

3) a(Z)=b(£)=0

Let us consider the first case. Substituting (3.7.15) into (3.7.16) we get

F' —4b(F) — 2=

—_—=— k= t. 3.7.17
Y T o 2p@ o T eoms (3:7.17)
If b # 0, then equality (3.7.17) holds true when ¢; = $(n—2)22, k = 4/(2—n),
and after integrating it results in (3.7.4). In turn (3.7.15) gives (3.7.5)—(3.7.7).
If b=0, (3.7.17) yields k # 0, c; = Zzs, F(u) = Auk.

In the second case (3.7.16) takes the form

FI

F = —2a,/b(Z)
and it makes sense only if b(Z) = const. Putting b(Z) = —22, we get (3.7.8),
(3.7.11).

Supposing a = b = 0 we find that (3.7.16) holds true with arbitrary function
F(u) provided

2¢l = €9 (3.7.18)
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It follows that b = &; = 0 and, hence, Equation (3.7.3) is invariant under
algebra (3.7.5). The theorem is proved.

Remark 3.7.1. Theorem 3.7.1 is proved on the assumption that F'(u) # const.
Otherwise, Equation (3.7.3) coincides with the linear heat equation and sym-
metry of this latter one is well-known.

Consequence 3.7.1. The maximal IA of the Boussinesq equation (3.7.2) is the
extended Euclid algebra with basis elements (3.7.5), (3.7.10).

Solutions of the Boussinesq equation we seek in the form (3.2.6), where
invariant variables w are given in Table 3.2.1 and

zZ, N1-4

f(z) =
1, N5-10
Below we present reduction equations which succeed in integrating. In the 6th
case (the enumeration corresponds to that of Table 3.2.1), on the assumption
Yw, = 0, we have

Bow11 + w3 = \V@B%pn (3.7.19)
If Bo = 0, 82 = —i/12) then one can separate variables wy, w3 so that
¢ = A(w1)B(w3) (3.7.20)

Substituting (3.7.20) into (3.7.19) we find

AII 6BI
7‘2—'3—3/§=k=00118t
k\? . 12\ 2 —2
whence A = D (w1 +ca)*, A= - (ws + ¢3)”%; c1, co are constants.

It follows the solution of Equation (3.7.2)

(5-.’2’-{—61)4

3.7.21
(zo + c2lndZ + 03)2, ( )

u(z) =

where ¢, ca, 3, B, 7 are arbitrary constants, 82 = —=1/12), - = &2 = 0.
Solution (3.7.21) can be generalized as follows

_ B-F+c1)
u(z) = w0+ FE P (3.7.22)

where F' is an arbitrary differentiable function.
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Let @3 = 0, then (3.7.19) takes the form
AB%p11@ = Bown
and has the general solution

Ve +c2ln (Vo — c2) = a(wr + 1)

where c1, 2, a = By/AB? are arbitrary constants. So we have one more solution
of Equation (3.7.2)

VU +caln (Ve — c2) = a(Boz” +c1) (3.7.23)
Let @1 = 0 then the 4th ansatz reduces (3.7.2) to the ODE
—2wa2 + w3 + 20 = 2Aa\/pY23 (3.7.24)
We seek for solutions of Equation (3.7.24) in the form
o = A(ws)ws (3.7.25)
The substitution (3.7.25) into (3.7.24) gives
A'(1 — 4 aVA) = 24

or
Aexp{—4\VAa} = ¢; exp{ws} (3.7.26)

whence we find solution of Equation (3.7.2)

-
—

lnﬁ—4; S i =6 %~ Iz,
T

. &-6+#0.

3.7.27
F?=5=0 ( )

Two more solutions of the Boussinesq equation (3.7.2) obtained with the help
of ansatz N8:

e . -2
Vi = —éjafio +ozy'l? (3.7.28)
=2
Vi = -1—(%% + oz ®?, (3.7.29)

where ¢1, ¢z, @ are arbitrary constants.
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3.8 Symmetry properties of Fokker-Planck equations

Following [76*], we consider symmetry properties of one- and two-dimensional
Fokker-Planck (FP) equations.
The one-dimensional FP equation has the form [77%]

O 2 (ale 0] + g (et (3.81)

where u = u(z,t) is the probability density; A and B are differentiable func-
tions. This is the basic equation in the theory of continuous Markovian pro-
cesses. The following FP equations are of special interest [77*,78*].

(a) diffusion in a gravitational field

ou O %u

5 = B —(gu)+ 1 D‘9 X (3.8.2)
(b) the Ornstein-Uhlenbeck process

ou 0 1 &u

o = 70 ke + 3D 55 (3.8.3)
(c) the Rayleigh-type process

du O n &%u

— = =& 3.8.4

5 = 5 07— 5) ] + g (3.84)
(d) models in population genetics [78*]

du _«a 9? o) g

- —(z — 3.8.5

at a 2[ u] +5(9.’12 [(‘T c)u], ( )

o o?

-6—: = w[(l - $2)21L], (386)

ou a d?

% = 5ol e 387
(e) the Rayleigh process

Ju 0 m &u

—_ _r g 3.8.8

a9t oz [(7 x) ] +ﬂ3$2’ ( )

where D, g, k, 7, a, b, ¢ are arbitrary constants.

Using Lie’s method one can make sure that the maximal invariance group of
Equations (3.8.2)—(3.8.7) is a six-parameter one. The same dimension has the
invariance group of the heat equation. Although these six-parameter groups are
different, they are locally isomorphic. That is why one can reduce Equations
(3.8.2)—(3.8.7) to the heat equation.
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Theorem 3.8.1. The change of variables
w(z,1) = f(z, 0w (y(z,1), 7(z, 1)), (3.8.9)

where the function f and new independent variables y and T are as follows:

2 D
=exp{ -4z = =2t 3.8.10
f exp{ Pl 2Dt}, y=z, 1=t ( )
D
f =exp{kt}, y = exp{kt}z, T= % exp{2kt} (3.8.11)
f =exp{2vt}z, y = exp{7t}z, T= % exp{2+t} (3.8.12)

2
f=exp {— (-gz + g + %) t} (z - c)—(3/2+ﬁ/a)

(3.8.13)
y=\/glﬂ($—0), T=t
fmep{-t}1 -2, y=imitl o=y (3.8.14)
t
f=exx>{—%t}[z(1—x)]—3/2, y= 1nlfx r=% (3.8.15)

reduce Equations (3.8.2) — (3.8.7), correspondingly, to the heat equation
w, = wy, (3.8.16)
The proof can be easily obtained by inspection.

Remark 3.8.1. One can prove a more general statement. Equation (3.8.1) with
coefficients

A(z,t) = A(z), B(z,t) = B = const (3.8.17)

is reduced to the heat equation if and only if

B% + A? = 2 + 1z + <o, (3.8.18)
ox
where cg, ¢1, ¢z are arbitrary constants. Note that Equations (3.8.2)—(3.8.4)
satisfy condition (3.8.18) and Equation (3.8.8) does not. The general solution
of Equation (3.8.18), which is a Riccati one, cannot be obtained in quadrature
[130]. It will be also noted that FP equation (3.8.1) with coefficients

Az, t) = A(z), B(z,t) = B(x) (3.8.20)
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is reduced to the case (3.8.17) by means of the change of variables (3.8.9),
where

1 dz
= , = | ——, =t 3.8.21
f 0] Y 0] T ( )
Remark 3.8.2. The FP equation of the form
Ju 0] *u
v [(a(t):z: + b(t))u] + c(t)(,’—w2 (3.8.22)

was considered in [28*79%], where a class of solutions of it was obtained by
means of rather complicated algebraic method. This result can be easily ob-
tained if we note that Equation (3.8.22) is reduced to the heat Equation (3.8.16)
by the substitution (3.8.9) with

f= exp{—/ta(S)dS},

0
t s

Y :eXP{—/a(S)ds}z— /tb(s)exp{—/a(ﬁ)df}ds, (3.8.23)
0 0 0

S

r= 0/ (s) exp{—2 0/ a(£)d€}d5~

Some group-theoretic aspects of FP equations are considered in [27,80%].
Now consider the two-dimensional FP equation which describes the motion
of a particle in a fluctuating medium (so-called Brownian movement)
du o 7] g
—=_= — (V' — — 1, 3.8.24
5 = 3+ 5 (V@) + 1o (vt o) (3524)

where u = u(t,z,y), v is a constant and V(z) is the potential (its gradient
defines the exterior force). Equation (3.8.24) is known as the Kramers equation
[77].

Theorem 3.8.2. [76*] The maximal invariance group of the free Kramers
equation

du a 1) du
= _ - — 3.8.25
5 5y YW+ a9 (yu + 6y) ( )

is a six-dimensional Lie group generated by the following operators
Py, =4, P, =9,, 1,
G1 =13, + 8y, + L(y +yz)I,

; . (3.8.26)
51 = e"t (;61 + By + yI) s T1 = e""t (;aa: - 6y) )
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which satisfy the commutation relations

[Po,G1] = P, [Py, S1] = vSh,

3.8.27)
[P, Th] = —Th, [P1,G1] = 31, [T1, S1) = —1 (

(the rest of the commutators are equal to zero). The proof can be obtained by
Lie’s method.

Remark 3.8.3. One can prove a more general statement: the widest symmetry
group of Equation (3.8.24) is achieved when V'(z) = ciz + ¢ (¢1 and c are
arbitrary constants) and it is a six-parameter group.

Remark 3.8.4. The change of variables
c
":w(Taf)ﬂ), T =ta f-:it-— §t7 n=vy-— ; (3’828)

reduces Equation (3.8.24) with V’(z) = c to the free Kramers equation (3.8.25).

Let us write down the final transformations generated by operators (3.8.26).
Operators Py and P, generate translations on variables ¢ and z; I generates
the identical transfomation;

G, generates

t'=t, o =z+at, Y =y+a,

3.8.29
u'(z') = exp {—% [ay + %i(l +9t) + 'yaa:] } uw(z); ( )

S1 generates

=t :x+ge7‘, y =y +be™,
T (3.8.30)
u'(z') = exp {bye"‘ - —2-62“} uw(z);

T, generates

0
tl= I: Z o=t I= n_o—'yt’
t, T =+ 76 ) Yy =y-—0e (3.8.31)
' (z') = u(z);

where a, b, 6 are group parameters. It is appropriate to write the corresponding
formulae of generating solutions which follow from (3.8.29)—(3.8.31):

a a
un(t,z,y) = exp { 3 [y + 5(1 +9t) + vz] } ur(t',z’,y) (3.8.32)
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2
un(t,z,y) = exp {—bye”t + %627‘} ur(t',z',y') (3.8.33)

un(t,z,y) = u(t',z',y") (3.8.34)

where t/, ', y' are given in (3.8.29)—(3.8.31) respectively.

It will be noted that transformations (3.8.29) are just the Galilean ones as
soon as the variable y in the Kramers equation is taken to be the velocity of
the particle.

A well-known solution of the Kramers equation (3.8.24) is the Boltzmann
distribution

u(z,y) = Nexp {-V(z) — 3v°} (3.8.35)

(N is a normalization constant). It is a stationary solution. Applying to
(3.8.35) with V = 0 formulae (3.8.32)—(3.8.34), one can easily obtain new
non-stationary solutions of Equation (3.8.25).

Let us consider the ansatz invariant with respect to the operator S; from
(3.8.26)

2
u(tu z, 3/) = €Xp {_:'_/2_—} (P(W] ) wZ)a w1 = t7 W2 =Y —Y (38‘36)

Substituion of (3.8.36) into (3.8.25) gives rise to the heat equation
Jp %

6w1 - 780.1% -
The simplest solution of (3.8.37) is ¢ = const, but it is the solution that leads,
together with the ansatz (3.8.36), to the Boltzmann distribution (3.8.35). It
is clear that by using solutions of the heat equation (3.8.37) and the ansatz
(3.8.36) one can construct many partial solutions of Equation (3.8.25). For ex-
ample, the fundamental solution of (3.8.37) and (3.8.36) results in the following
solution of Equation (3.8.25)

1 ¥y (z-y)
t,x, = —_ 3.8.38
u(t,z,y) T exp{ 5 yon ( )
The operator T; from (3.8.26) leads to the ansatz

0 (3.8.37)

u = p(wr,wz), wr =1, wr =9z +Yy (3.8.39)

which reduces Equation (3.8.25) to the heat equation (3.8.37), where, ¢ =
exp{yw1 }@(w1, wa).

A great number of partial solutions of Equation (3.8.25) can be found by
means of the method described in [24*] (see (2.3.58)). For example, starting
from ug = €%, we find

u = 2G1e" = e (yz + v),

t 1 , (3.8.40)
ug = Grug = " [(vt + 1) + (v + v)°), - .-
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Analogously, by means of the operator 77 from (3.8.26), we find, starting from
uo = exp {—y?/2},

y?
uy = Thuo =yexp{— (7t+ —2—>},

5 (3.8.41)
ug = Thuy = (2 - ])exp{- (27t+ %)},

Solutions (3.8.38), (3.8.40), and (3.8.41) can be multiplied by the formulae of
generating solutions (3.8.32)—(3.8.34).



Chapter 4

Systems of PDEs Invariant Under
Galilei Group

In the present chapter we consider linear and nonlinear systems of PDEs invari-
ant under various representations of the Galilei group and its generalizations
(such as the extended Galilei group, the Schrédinger group). Sets of Sch(1,3)-
and G(1,3)-nonequivalent ansatze are constructed. A wide class of linear and
nonlinear Sch(1,3)-invariant systems of PDEs is described. Lame equations are
studied: superalgebra of symmetry is found and a Galilei-invariant generaliza-
tion is constructed. Gas dynamics and Navier-Stokes equations are considered.
Exact solutions of some enumerated above equations are found.

4.1. The Schrédinger group Sch(1,3): nonequivalent ansatze and final
transformations for fields of arbitrary spin

The maximal group of point transformations of the Schrodinger equation
v P2
Sp=|P——|w=0, (4.1.1)
2m

where ¥ = ¥(zo,...,z3) is complex wave function, is called the Schrédinger
group. It is 13-dimensional and containes the Galilei group, scale and projec-
tive transformations. The basis elements of the corresponding algebra ASch(1,3)
are written in (3.3.25). Further, we will consider the case of the multi-component
1-function.

From the group-theoretic point of view an analogy between relativistic and
nonrelativistic mechanics can be treated as follows:

199
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Basic symmetry group of
relativistic mechanics nonrelativistics mechanics
Poincare group P(1,3) Galilei group G(1, 3)
extended Poincare group extented Galilei group
P(1,3) = {P(1,3), D} G(1,3) = {G(1,3), D}
conformal group Schrodinger group
C(1,3) = {P(1,3),K,.} Sch (1,3) = {G(1,3),T1}

The most general form of basis operators realizing linear representation of
the Schrodinger algebra ASch(1,3) is [78, 87*]:
P[) = ia(), Pa = —iaa, M = im,
Jﬂ-:(‘ixma'*'s;aa Ga:xOPa_mza“}')\aa
D =2z0Py — % P+ X,

O =zoD—ziPy+imi® - X &,

(4.1.2)

where m is a constant; §, Aa, Ao are numerical matrices. Operators (4.1.2)
satisfy commutation rules

[Po, Pa] = [Po, Jo) = [Pa, Ps) = [Ga, Gy = [D, Jo] =0

(I, Jo) = [II,G.] = [Po, M] = [Py, M] = [Go,M] =0

[D,M] = (M,M]=0 (4.1.3)
[Ja, Jb] = t€abe e, [Pa, Jb] = t€apcPe,

[Ja, Gb] = i€abcGo, [Pa, Gb] = M8gas,

[Po,Ga) = 1P, (P, D] = 2i Py, [P,, D] = iP,,

[D,G.] =G, [Po, ) = 4D, [Pa, 1] = iG,, [D, ] = 2I1.

When Ao = 34, A, = 0 then (4.1.2), (4.1.3) coincide with the maximal IA of
the Schrédinger equation (4.1.1) (2.3.25).

As it follows from (4.1.3) matrices §a, Ao, Aqa should satisfy the commutation
relations R N
[Saa Sb] = ifabcsca

ParXe] =0, [Aay Sb] = i€apeSe, (4.1.4)
[)‘07 §a] = Oa [AO; /\a] = i/\a

About finite-dimensional representations of algebra (4.1.4) see the following
paragraph.
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Solutions invariant under algebra (4.1.2) one can seek for in the form (2.1.7),
matrices A(z) and invariant variables w(z) being determined from the equa-
tions like (2.1.12), (2.1.13). Without going into details of these calculations
we present in the Table 4.1.1 ansatze invariant under one-dimensional sub-
algebras of ASch(1,3). It will be noted that these subalgebras are Sch(1,3)-
nonequivalent on the field of complex numbers.

Table 4.1.1. One-dimensional subalgebras of ASch(1,3) and corresponding

ansatze.
N | Algebra Invariant variables w Ansatze ¥(z) =
1. M Zo,Z1,T2,%3 0
2. P, $0,$2,$3x p(w)
T T2 3 on/z
3. D T =T =T = 2 (&))
VvVTo /To /To (
4. J3 x1, (2} + 23)/2, 3 exp{i53 arctan(z1 /z2) }o(w)
5.1 J3 4+ aM o, (3 + 23)V/2, 23 exp{i(Sg + am)-
ia1
-arctan — }Lp(w)
T2
6.| J3+aP; xo, (23 + x3)'/?, exp {i53 arctan(wl/m)} p(w)
T3 — aarctan n
T9 . -
7.| Js+aD | In(z? +2) — 2aarctan —, | (22 + 23)**/2? exp{iSs-
T2
2
Ty + $2 T3
- -arctan(z /z2) }o(w)
Vo3’ \/To . » fa2)} R
8.|J3 +aD+| In (2} + 23) — 2aarctan x_l’ aPm (22 4 £2)P0/2 exp{iSs-
2
2, 2
:I}l + 1172 T3
+6M ,—= -arctan(z; /z2) }(w)
VZoZ3  \/To . (1/22)}
Ty To T3 5 (iXo+Bm)
9.| M+pD — == zd p(w)
vVZo VTo /T 0 )
. T T2
10. - {im (-2 }
0.| G1 + aP, To,XT1 — ToT2,T3 exp< im (2:1:0 e 1)
p(w)

Here a > 0, 8 # 0 are arbitrary constants; an entry zo means, for example, if

Ao =

where n and k are some numbers, then

) —n/4
/2 _ [ Ty
o - ( 0 T,

ifn 0
2\0 k&

0
—k/4
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Transformations generated by operators (4.1.2) can be used for obtaining

other solutions of Sch(1,3)-invariant PDEs in the same spirit as it was done in

Paragraphs 1.4, 2.3. In Table 4.1.2 we present corresponding forulae.

Table 4.1.2. Final transformations of Sch(1,3) group and formulae of

generating solutions.

N Operator Transformations Formulae of GS
z— Y(z) 2 P (2) = |Yn=
1-4| P, = {Py, P.} xlu:I#'*'au =(z) . =r(z’) .
57| J=asJs |z'¢ =0, = exp{—id’ §} = exp{id’g}-
# = Zcosa+ P(zx) Pr(z')
ITXa .,
+ sin o+
ala-z
a2
(1 —cosa)
810 G=v,G, |z'o = =0, = exp{im- = exp{—im-
(’fff+ %1721130)— (17.’5"{'- %’[Iezo)'l'
&' =T+ Txo —iAT} () +ATHp (')
11 M T, =1, = exp{imf}y¥(z) |=exp{—imb}
Pr(z')
12 D zh = e?Pzxy, = exp{iBAo}¥(z) |= exp{—iBAo}-
T = eﬂ ‘d)f(zl)
‘ 0
13 1 r o 2o = (1 —0z)0. |= __"t
xg 1 —_'0150 (1 — 0xzy) ) expi T— 67,
" z i mz - .
’ 1—01[0 ej:p{l—el‘o < 2 fE)}
P(z) Yi(a')

Here a,,, & = (a1, as, a3), @, B, 0 are arbitrary real constants.

One can make sure in validity of the final transformations formulae of Ta-
ble 4.1.2 by straightforward verification of corresponding Lie equations. In
particular, Lie equations for G, (see (4.1.2)) have the form

oz}, , Oz ,
= Zy0ab, =0; T = o, z, = z,;
Ove ov, va=0 =0
o' (z' . .
015 Do (imal —dW @), WG| =@
e v,=0

and it is easy to see that they are identically satisfied by =/, ¥/(z') N8—10 of
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Table 4.1.2. Indeed,

o (z6 + v6T0) = babTo0, Ty = To;
0 T
po P'(z') = 5 [exp {zm (T- %+ 30%m) — i v}z/)(w)] =

= [im(zq + vaZo) — AV’ (') = i(mal, — Ao )Y’ ().

In the case of operator IT Lie equations have the form

' ~
dd%=a:{)2, %=xf,a&"; T ; = 2o, Z , 0=5U'§
—0 =
1l 212
w (z ) - i (x;)AO + mx _ A . i’l) '(/)I(Zl), d},(x,) — (x)-
dg 2 6=0

Let us make sure that z', ¢'(z’) N13 of Table 4.1.2 are solutions of these
equations. So, we calculate

iw’:i ZO = IO 2=x'2' _d_flzi( f ):
do 0—d9 1—010 - 1—0£E0 T dé - 0 1—0.’1)0

__To T — A

T 106z 1-0zg 0%
L@y = L |1 - mp)io i ﬂ_x.f)}w(x)] =
6 a0 o) P T "oz \ 2

. =
—(1_ —ixo [ Zo i m& 5. _,)
( 6zo) [ZAOI gy + (1= 0z0)? T

10 ma? . ' mz’? Y o 10
. _— )T = _ )\
exp{l_ga:0 ( 5 x)} z()\oxo-l- 5 ) ¢'(z)

Here we have used the equality (Ao # 0)

>

(1 —0z0)~ 01X &) = (X - 2)(1 — Ozp) ™.

Now we show a simple way of constructing Sch(1,3)-ungenerative solutions.
Let us start from a projective invariant ansatz

w()—xa“exp{i(’;‘—””f—xf)}w(w, w=22 15, (4.15)

To To

which results from the equations

R . 3, m& Y
MMA(z) = | z5P — 0T - P+ - + AT — AT | A(z) =0,
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(@3P — 207 Pl(a) =0, (z) = A(x)p(w).

Having done gauge and translation transformations (see Table 4.1.2, N11
and N1—4) on the ansatz (4.1.5) we obtain as a result a Sch(1,3)-ungenerative
ansatz

— Ao . (f+ 6)2 _ X = — }
9(a) = 0+ a0)™ exp {im (FTED 1) ~i¥a +) oty
, (4.1.6)
Y= f-(Z+3) + Bo; Bo, Ba, ag, aa, @ are constants.
Zo + ag

Ungenerativity of (4.1.6) with the help of GS formulae N1-12 of Table 4.1.2
is quite obvious. One can easy prove ungenerativity of (4.1.6) with respect to
GS formulae N13 if use is made of the identity

0 . . , -
exp {z (X-2) p (1 — 0z0)™ = (1 — z0)"° exp{iX - &}
1 -6z

and to note that this procedure of GS is reduced to transformations in the
space of parameters:

- = g o
T __ ! __ - .a
] T 6ay’ Bo — By = Bo l~6a0(ﬁ a),
a—a a %o
= s ag — ap =
1—0ay 080T T a0
a2

a—ad =a+

1-6a, 2°
¢ = ¢ = (1-0a9)?0p.

In conclusion, we present in Table 4.1.3 G(1,3)-nonequivalent ansatze. One
dimensional subalgebras of AG(1,3) are found in [12].

4.2. Linear and nonlinear systems of PDEs invariant under the
Schrédinger group Sch(1,3).

Following [94] we shall describe linear and nonlinear systems of PDEs for com-
plex multi-component wave function v invariant with respect to ASch(1,3)
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Table 4.1.3. One-dimensional subalgebras of AG(1,3) and corresponding

ansatze.
N | Algebra Invariant variables Ansatze
w = {wr,wz,ws} Y(z) =
L Py T1,T2,T3 = p(w)
2. P+ pm Z1,T2,T3 = exp{imfzo }p(w)
3. P] Ty, T2,T3 = (p(w)
4. Gy To, T2, T3 = exp {mi(%mxf - Alzl)} w(w)
0
2 im 3
5. | G1+ aPy 2azy + x5, T2, T3 = eXP{"';(iEoin + _axo_
——/\1100)}80(“))
2 A To
6. P - = { 1 _A }
G1 + aP, QT — ToTz, To, T3 exp (2% am o(w)
7. J3 (2 + 22)V/2, 29,23 | = exp{z 3 arctan — }w(w)
8.| Js+am | (22 +22)V2% xg,23 | = exp{z (S5 + am)
-arctan — } (w)
9.| J3+aP, (22 + 22)1/2 25, | = exp{ng arctan — }w(w)
1
Zo + o arctan —
T2
10. | J5 + aPo+ | (2?2 +x2)/2 23, | = eXp{Z(S;; + fm) arctan —}<p(w)
1
+6m Zo + «arctan —
T2
11.| J3 + aPs (2 +22) V2 2, | = exp{zSg arctan —}go(w)
1
r3 — qarctan —
T2
12.| Js 4+ aG3 (x? + 23) /%2, | = exp{z S3 + a)3) arctan z_+
2
I3 — axgarctan n +zmx3/2zo}<p(w
T2
13. | J3 + aPy+ (z% + 23)1/2, = {1(53 + ,B)\g)arctan ——
Tg
3
im T3
+83G5 Bz + 2az3, _imB (zozg + ﬁ—) }(p(w)
a 3a
T1
Tg + o arctan —
T2

(4.1.2) and satisfying the Schrédinger Equation (4.1.1). In other words, we
shall find additional conditions having been putted on 1, select from the man-
ifold of solutions of the Schrédinger equation (4.1.1) submanifold on which it
is realized a representation of Sch(1,3)-group with nonzero mass m and spin s.
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Theorem 4.2.1. [94]. System of Equations (4.1.1) for multi-component com-
plex function v is invariant under ASch(1,3) (4.1.2) iff

Ly = (,\0 _3i lX-ﬁ) v=0 (4.2.1)
2 m
AMp=Xy=(N+M+22)yp=0 (4.2.2)

Proof. Necessity. Let us use condition of invariance in the form (10), (11), so
that

, =0 (4.2.3)
S¢=0

1S, Qv

\%
where Q is any operator from (4.1.2), S is the Schrodinger operator (4.1.1).
As a result we have

$, D] = 28,
(5,1 = 2iz0S +iL, (4.2.4)

\%

[San]=Ov Ql={P07 Pa.a Ja7 Gaa M}7
where operator L is given in (4.2.1), whence it follows (4.2.1).
Sufficiency. One has to calculate commutators of operator L (4.2.1) with op-
erators @ (4.1.2). It yields

[Lst]:()a Qs:{Po, Paa JaaGa; MvD}v

1

(L,11] = —A, A=M+2%+ )3
and to complete the proof it remains to make sure that

[A,QS]ZO, Ql:{POvPan Ja7 Ga7 M}7

[A,D] = —2A,  [ATI] = —2izoA

So, the system of PDEs (4.1.1), (4.2.1), (4.2.2), which for the sake of conve-
nience we write down separately

v D2
S’z/;E(PO—P—)zp:O,

2m
3, l-o —

L’(/)E (Ag ——Z——A'P)’lj):() (425)
2 m

Apy= (AN + A+ 7))y =0
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is invariant under ASch(1,3) (4.1.2), that is, on the manifold of solutions of
the system (4.2.5) a representation of Sch(1,3) group with nonzero mass m
and spin s is realized. In other words, Schrodinger equation (4.1.1) for multi-
component function is conditionally invariant under ASch(1,3) and conditions
ensuring this invariance are (4.2.1), (4.2.2). (About conditional symmetry see
§5.7).

It is clear from the stated above that the problem of describing explicit form
of systems (4.2.5) is reduced to the problem of describing finite-dimensional
representations of AE(1,3) (4.1.4), which in turn is reduced to the problem of
describing finite-dimensional representations of AE(3):

[gay §b] = ieabcgc,

. . (4.2.6)
[Aﬂ,v /\b] = Oa [/\a,y Sb] = ifabcsc
Algebra AE(3) (4.2.6) has two invariant operators [78]
C1=S5d  Co=A= XA, (4.27)

which in the case of finite-dimensional representations are nilpotent matrices,
that is

oM =, oM =0 (4.2.8)

where Ny, N, are some integers.

Following [78] we shall consider only those representations of algebra (4.2.6)
which include not more than two non-equivalent representations when reduced
on AO(3). In this case matrices S, can be taken in the form

SO L,®S, 0t
S, =5 = R (4.2.9)
0 I, ®%,

where S, and X, are generators of irreducible representations of AO(3), that
is matrices satisfying relations

[Saa Sb] = Z:eachcu Sasa = 3(;9 ",' 1)7 (4210)

[an 2(7] = 7'6abcEc, Euza =S (S + 1)1
I, and I,,, are unit matrices of dimension n xn, mxm, and 0 is the zero-matrix
of dimension m x n; symbol ® means direct (Kronecker) product of matrices.

Theorem 4.2.2. [78]. Any (to within equivalence) indecomposable finite-
dimensional representation of AE(3) (4.2.6) including not more than two non-
equivalent representations of subalgebra AO(3) and satisfying additional condi-
tion such that invariant operator C; (4.2.7) has not more than two orthogonal
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eigensubspaces, can be enumerated by the set of integers (n,m,a), provided
a=1,2,n<4,m<4;|n-m|<2,n-m#9.
Explicit form of corresponding matrices §a and ), is given by

§a - Sv\‘gnma) — §£nm); Aa. — )\l(lnma)
(4.2.11)

1 ITm®S., a3 K +
(nml) _ — [ @1 a 2 a . (nm2) _ [(nm?2)
Ya 2 (agm oKf am® 2,,) I a1

where matrices S\"™ are determined in (4.2.9); 8 = s — 1; K, are matrices
of dimension (2s — 1) x (2s + 1) satisfying relations

I\’aSb - EbKa. = ifabcI(Ca

(4.2.12)
SaSh + KF Ky = i€qpeSe + 8%8as;
at’y are matrices with matrix elements

6i_1j, an, i,an

(anm) L= s—1

1 Y m(ﬁi-]j, n<m

—(28—1)-1/261'_2J‘, n>m, 1<n, j<m

(agm)i]‘ = (25 + 1)—1/2(5”', n<<m (4213)

k&ij“, n=m

nmy (25 —1)71/28; 5 n>m, i<m, j<n
(a3 )i; = ~1/2 J
Y (28+l) /6,‘_21‘, nSm

s—1

s+1
nm 6i- i s n>m
(af )ijz{ 1 -
61;_1j, n<m

where k is an arbitrary parameter. Representations D(n, m, a = 1) and
D(n, m, a = 2) are equivalent if and only if |n —m| = 1.

Proof. One can show that (4.2.11) defines the general form of matrices A, satis-

fying commutations relations of AE(3) (4.2.6) when matrices S, have the form
(4.2.9). From the commutativity of matrices A, and making use of relations

K.Sy — KpSo = 1(s + 1)€anc Ko,
YoKp — TpKo = i(1 — 8)€abc Ko,
K K} — KyKF = —i(2s + 1)€abcXe,

K} Ky — K Ko =i(2s — 1)€abeSe,

(4.2.14)
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we find the following system to define matrices a7’:
( ’rn) +(2S"‘1) nm ’I'L'rn_(]y
(s+1)aT™az™ (s—l)az’" '”"._O,
(a4 ) (2.s+l)a"m ;”" =0.

The condition concerning the operator C; (4.2.7) (that is, C; should have
not more than two invariant eigensubspaces) means that matrices a7 ™, az™
should not be reducible.

All nonequivalent solution of Equations (4.2.15) are given in (4.2.13), the
greater number from the set (n,m) coinciding with the index of nilpotentness
Nj of the operator C; (4.2.7). Below we present the explicit form of matrices S,
and K, in the basis |s, s3 >, that is in the basis in which operators 52 = 5,5,
and S3 are diagonal [120, 78, 87%|:

(4.2.15)

525,83 >=s(s 4+ 1)|s, 83>, Ss|s, 83 >= s3|s, 83 >,
S1ls,83 >= a3, s 41l8,83 +1> +ag, ,_4]s,83 = 1>,
Sals,s3 >=1a3, 1118, 83 + 1> —iag, ,,_q1]8,83 — 1>, (4.2.16)

1
Kiq|s,s3 >=®° 7 s — 1,83 > ““’33333—2|3 1,83 —2>,

o tenss—1 . ss—1
Kals,s3 >=1iz;; " |s — 1,83 > —ize] . s — 1,83 — 2>,

]{3|S,S3> ss 1'5—1 83 >

where:

s3=—s5,—s+1,...,8 a5, sa41 = 1V/s3(s3 £1) —s(s +1),
3571 = \/s3(25 — s3); & =1/(25 - 53)(2s + 1 — s3),
®5y e = 5V/s3(s3 + 1), (4.2.17)

Explicit form of matrices ¥, can be obtained from (4.2.16), (4.2.17) by re-
placement s — s’ =35 — 1.

Theorems 4.2.1, 4.2.2 allow us to write down explicitely systems (4.2.5).
Below we present some of such systems. It is convenient to enumerate these
systems by indicating representation which is realized by matrices S (4.2.9).
Below, ¢ and x denote, unless otherwise stated, 2s+1 and (25— 1)-component
column functions.

1) Representation D(s) & D(s):

we(ba) em(a8) »es(0 )
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Sp=0, = (‘p‘ ) (4.2.18)
Y2
impg — (§ 13)991 =0

In particular, for spin s = 1/2 we have S, = %aa, 0, are the Pauli matrices,
and Equations (4.2.18) take the form

v

Sy =0, P = (?;1 ) ; where @1, @2 are two-component functions,
2

2imyy — (7 P)p1 =0

or equivalently
Pop1 —i(G - P)p2 =0,

. (4.2.19)
2im<,92 - (3 P)Lpl =0

Equations (4.2.19) are known as Levi-Leblond ones for nonrelativistic particle
with spin s = 1/2 [144).

2) Representation D(s) & D(s — 1):
s _(Sa 0 (0 0 _i(3 0
3) S“‘(o za)’ ’\“—(Ka 0)’ ’\"'2(0 5)
Sy =0, ¢=(‘P) (4.2.20)

imx — (K -P)p=0

In particular, for spin s = 1 we have (S, )sc = t€abc:

00 O 0 0 = 0 — 0
Si=(0 0 —i|, Ss=| 0 oo}, S5=|i 0o o],
0 : O -1 0 0 0 0 O
K =(:00), K, =(020), K, =(007) (4.2.21)
and Equations (4.2.20) take the form
Sy =0,
v (4.2.22)

mx —(P-3)=0

¥ =column(g, x), x is a scalar function. Equations (4.2.22) can be considered
as the Galilean counterpart of the Proca equations [78].

= (S, 0 (0 K} i (5 0
b) ““(0 2,1>’ ’\““(0 0-)’ ’\°_§<0 3)

N
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Sp=0, = (9;) (4.2.23)

tme — (I?+'I-:")x=0

3) Representation D(s) & D(s) ® D(s —1):

a)
~ Sa 0 0 ;{0 00 .3 00
Se = (0 Se 0), /\a:—Q—S(S,1 0 O), A0=§(0 5 0),
0 0 X%, K, 00 0 0 5
g’z/) =0, ¥ =column(y; 2 X)
2msps + (S P)py =0 (4.2.24)
2msx + (K - P)py =0
Making use (4.2.12) one can rewrite Equations (4.2.24) as follows
sPop1 + (S P)ps + (K¥P)x = 0
2mspy + (S P)pr =0 (4.2.25)

2msx + (K - P)g; =0

System (4.2.25) is known as Hagen-Herley equations [120] and describes a
nonrelativistic particle with mass m and arbitrary spin s.

b) R Sa 0 0 i [0 Sa K
Se=[0 S, 0], A= 5|0 0 0],
0 0 X, S\o 0o o

S$=0, o =column(g; @2 X) (4.2.26)
2mspr — (S - P)ps + (KFP)x = 0.
4) Representation D(s) & D(s) @ D(s) & D(s — 1):
Se 0 0 O

0 S. 0 0 I
0 0 S, 0] 73
0 0 0 X

a

e
SO O
SO wo
S Ut o O
w o oo
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0 0 0 0

_ Sa 0 0 0
Ao = o S, —K¥/VETT 0 (4.2.27)

K./V2s—1 0 0 0

In this case A = Az A\, # 0. To find A one has to use the relations which follow
from (4.2.12), (4.2.14) [94]:

KIK, =s(2s—1), K. K} =s(2s41)
YaZy + KoK = —is€apeTe + 5264
Y.K, =0, K,S.=0 (4.2.28)

. :
KoK} = =5(ZaZs + 5E0) - %(23 +1)easeZe + 5%6as

) .
K} Ky = =5(SaS+ $pSa) + %(23 — 1)eaveZe + 5%6as

Having used (4.2.28) we find A for A, from

—~

4.2.27):
0
0

0
A=dde=]20 0 (4.2.29)
s 0

0

0
0
0
0

OO OO

0
Finally, system (4.2.5) in this case takes the form
\%
Sy =0, ¥ =column(p; @2 v3, X)
1

\/QS___I_(I%JF .P)x=0 (4.2.30)

imys —(§'13)<pz+

w1 =0

In much the same way one can continue constructing Sch(1,3)-invariant systems
of PDEs of the type (4.2.5).

Now, let us consider the following problem: describe the most general form
of functions F,G, R depending on % and %% so that the system of PDEs

bv*wz(Po—iﬁ?)w:F

2m
3. 12 4

Ly = (Ao——l——/\'P)’lj/':G (4231)
2 m

Apy=(A]+M+A)v =R

would be invariant under the Schrédinger group Sch(1,3). To solve this problem
we shall use the final transformations of Sch(1,3) group written in Table 4.1.2.
We restrict ourselves by considering several particular cases.
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Theorem 4.2.3. [185, 94]. Equations

\% \2
Spr = Fy, Spo = Fy

L° (4.2.32)
impy — (S P)p1 =

where p1 = @1(z), w2 = p2(z) are (2s + 1)-component functions; Fy, Fz, G
are (2s + 1)-component functions depending on @1, 97, 2, p3 are invariant
under the Schrédinger group Sch(1,3) iff

w
F, ==F (—l) w31, & = const
w2

Fy = =F (ﬂ> wapa, (4.2.33)
we
G=0,

where F is an arbitrary smooth function;

w1 = (pF o2 + 9T o)t we = (of )", (4.2.34)

Proof. First of all we note that system (4.2.32) is a nonlinear generalization
of Equations (4.2.18) and, as easy to see, it admits operators {Py, Pa, Jo, M}
from ASch(1,3) (4.1.2) if functions Fy, Fy, G depend on ¢} 1, ©F 2, ©f w2,
<,92+ 1. Hence, to prove the theorem it is sufficient to consider the case with
operator II only.

Using formulae N8 — 10, 13 from Table 4.1.2 we write down Galilean and
projective transformations for functions ; and @s:

@1 (z') = exp {im (V- Z + %20 } v1(z), (4.2.35)

Ph(a') = exp {im (7 - 7 + 3iPm0) } (ale) — i(5 - Dr (=)

Ty =T9 T =7+ U%0;
o 22
(@) = (1 - 0z0)%/2 im&_ 6 4.2.36
@) = (1= o) exp { B2 (o) (4.2.36)
o 2
N (1— 5/2 im 0 _ 0 3.z )
(@) = (1=020)*" exp { TP (0a(e) = 75 D))
' Zo . T

=1—0$o’ le-ewo-

Under the influence of projective transformations we find that
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Py — Fy = 1837 = (1-0z0)*Py + 6(1 — 0z0)Z - P
0

(4.2.37)
PP =—iV'=(1-0z)P

and system (4.2.32) takes the form

2
_ 7/2,if &, — gt def ME 6
(1 —0z0)"/%€’ Sy = Fy, f — 7 .
el Y 0 1/. o = o= LV
(1 —0x0)% %€ | Sy — T om E(zmtpz —(S-P)y;r +1m(S-z)Scp1)] = F},

—

(1 = 0z0)°/%e" [impa — (S - P)pr] = G’

whence it follows that

2
! (1 — 0o T/26iF =mE_ 8
Fi=(1-0z0)"%¢"F, f= 5 1= 62y’
_ . 6
(1 —pr0/2if [ A - —" @G 4.2.38
F} = (1 = 620)%/2¢' |,y zl_axo(s Dk @ —60) ] ( )

G =(1-0z0)%eG

Comparing (4.2.38) with (4.2.36) one can conclude that functions Fy, Fz, G
should have the structure

Fi=¢p, Fp=¢p;, G=0 (4.2.39)
where ¢ is a scalar function which is transformed as follows
¢' = (1-0z0)*¢ (4.2.40)

From (4.2.36) it is easy to see that function ¢ can be constructed only from
two arguments o] ;1 and ¢} @2 + 03 ;1. Since

(pTe1) = (1-020)3(vf01),  (¥Fwatwd 1) = (1-0z0)* (0F w2 +03 1)

function ¢ should have the form

¢ =zxF (:)T:) wi

where & is a constant; wy, wo are given in (4.2.34), F' is an arbitrary smooth
function. The theorem is proved.
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Below we present some more Sch(1,3)-invariant nonlinear systems of PDEs
constructed in the same spirit as (4.2.32) [94]:

Popr — Z(& . 13)(;72 =axFwypy + ,UGW%(PI (4 9 41)
2imyp, — (& - P)or = ieFuwyp;

where 2, p are constants; ¢, and ¢ are two-component functions, & are Pauli
matrices, F' and G are arbitrary smooth functions of w;/wo; wy and w, are
given in (4.2.34). When p = & = 0 Equations (4.2.41) coincide with those of
Levi-Leblond (4.2.19).

System
$p=a(pto)y, = ("’)
imx — (K - P)p=0

coincides with (4.2.20) when = = 0.

(4.2.42)

System

v + 0o — ¥ o \1/2 ¥1
5¢ ==F (((p1 ey ) ) (i), =
(¢7 1) X

2mspy + (S P)py =0 (4.2.43)
2msé + (K - P)p; =0

coincides with (4.2.24) when 2 = 0.

System

B

I Y +... _ 1 1/2
sPop1 + (S P)pz + (K P)x = =F <(¢1 f;wf;zf;) ) (oF 1),
1

2mspy + (S - P)py =0, (4.2.44)
2msx + (K - P)p1 =0

coincides with the equations of Hagen-Herley (4.2.25) when 2 = 0.

4.3. Systems of second-order PDEs invariant under the Galilei group

Following [78] we shall obtain two classes of Galilean invariant systems of
second-order PDEs. The essential difference between these equations and those
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studied in the previous paragraph consists in the following. Equations to be
considered give more complete description of interection of a particle having
spin with an external electromagnetic field. Equations of §4.2 describe spin-
orbit coupling but fail to take into account quadrupole and Darwin interections.
It is generally accepted to think that such interections are truly relativistic
effects, and, for instance, if the particle spin s = 1/2, only the Dirac relativistic
equation describes them adequately. Equations considered below refute this
widespread opinion.

As was stated above (see §4.1) the Schrodinger equation (4.1.1) is invariant
under the Galilei group and describes a free spinless particle with mass m.
Naturally the question arises: are there equations of the form

Py = iaiw = H,(P)y, (4.3.1)
To

where H,(P) is a differential operator, ¥ = (zo,Z) is a complex multi-
component function, on the manifold of solutions of which a representation
of the Galilei group G(1,3) with nonzero spin would be realized?

We seek for Galilean-invariant equations (4.3.1) in the space of 2(2s + 1)-
component quadratic integrable function

¥ = {¥1(z0,%), . - -, Ya(2s+1) (20, D) } (4.3.2)
The problem of description of such equations we solve in two, generally

speaking, nonequivalent approaches. In the first one the problem is to find
(within equivalence) all operators H! satisfying the conditions

[Po — Hs,Qal¥ =0, (4.3.3)

where Q4 = {Po, P, Jo,Go, M} are given in (4.1.2), provided

)

5, = (SO s? ) A= k(51 +1i62)Se, (4.3.4)

S, are matrices of irreducible representation D(s) of AO(3); &, are 2(2s + 1)-
dimensional Pauli matrices

~ I 0 ~ (U ~ _ .0 —I ~ I 0
(70:(0 I) 0’1—_-(] 0) 0221(1 O), 032(0 _[) (435)

I and 0 are unit and zero matrices of dimension (2s + 1) x (2s + 1); k is an
arbitrary complex parameter.

Having substituted operators from AG(1,3) (4.1.2) into (4.3.3) we find that
it is fulfilled if

[H,P.) = [H],J] =0 (4.3.6)
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(H!,G.] =iP, (4.3.7)

The second approach to the problem is to find all operators HY so that the
operators

POH:H3H7 PaH:Pa:_":aa; ana'lm
Ji = Jo= (% P)a+ 5., (4.3.8)
Gl = zyP, — Mz, + Af

will be the generators of AG(1,3). In (4.3.8) A7 are operators to be found; S,
are given in (4.3.4).

We require the operators (4.3.8) to be Hermitian with respect to the usual
scalar product

(Y1,92) = /ip:(wg,f)’d)z(.’lto,f)d:;m. (4.3.9)

As distinguished from (4.1.2) operators H/, GI are non-Hermitian with respect
to (4.3.9) but Hermitian with respect to

(1,92) = /wi'(zo,i')Mz/)z(zo,f)d%. (4.3.10)

where M is a positively defined operator which will be found below. We require
the Hamiltonian HY to satisfy the conditon

2 P2\’
(HI) = (m-}-%) (4.3.11)

It means that the intrinsic energy of particle (the eigenvalues of the invariant
operator C; = 2mPy — P,P,) coincides with its mass.

Theorem 4.3.1. [78]. The most general form of the Hamiltonian H satisfying
together with the generators of AG(1,3) (4.1.2), (4.3.4) commutation relations
(4.3.6), (4.3.7) is as follows

H! = 6yma + 2ik635, P, + %cabpap,, (4.3.12)
~ ~ SO —_ D 1
Hs[ = g(al - ’Lag)m + o3am + 2ak(02 — 101 )SaPa + %CabPan (4.3.13)
where

Cap = bgp — 2ak2(31 +162)(SaSs + S5S,) (4.3.14)

a, a, k are arbitrary parameters.
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Proof. Tt is convenient to seek for H s’ in a representation where A, = 0. It is
achieved by the transformation

H! - (H!) =vHIV-', P, P =VPV =P, (4.3.15)
TN =vilvi =gl =7, (GL) =VG. V™' = 2P, — ma,,

where

V:exp{-;—ll;\’-ﬁ}=1+#;\'«ﬁ (4.3.16)

From (4.3.6), (4.3.7), (4.3.15) we easy find the general form of operator (Hs’)l

P .
(Hs) = 5;7; +A, A= oua~m, (4.3.17)

where a* are arbitrary complex coefficients.
So, Equation (4.3.1) has in the representation (4.3.15) the form

P2
Py’ = (% - m&a*‘) ¥, W=V (4.3.18)

Now we show that matrix A from (4.3.17) can be reduced to
A =G3am + g- (61 — i52) m, (4.3.19)

or

A =Gam, (4.3.20)

where a, @ are arbitrary coefficients. Indeed, one can always turn coefficient
ap into zero:

(HSI)I — exp {tapmzo } (Hs’)l exp {—iagmzo} +

, (4.3.21)
+ exp {iagmo} Py exp {—iagmzo} = (H!) - agm
Further, there are three possibilities
A=0, a, =0; (4.3.22)
A’=al+ai+a3=0, a, #0; (4.3.23)
A’ =al+ai+ad=a’#0; (4.3.24)

The first case gives (4.3.19) provided a = @ = 0. The second case (4.3.23)
corresponds to non-unitary representation of the Galilei group because the
invariant operator C;y = 2mP, — P,P, = 2m2?A is a nilpotent matrix, but
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such cases we do not consider. Let in (4.3.24) af + a3 # 0. Having made
transformation

A - VAV
Vi = b+i03¢c+ (01 +i02)d; =cosyp, c=siny (4.3.25)
Vl—l =b—103 — (&1 + i02)d.

a; + 2d2) _|d3(a} - ia?)

8\ 7 4.3.26
as — 2id 4a(a? + a2) ( )

p= % arctan (
we obtain (4.3.20). If a? + a% = 0, then matrix A is transformed by virtue of
the operator

Vo=1+4 Gy +1i62) - £/2, Vi '=1- (61 +1i62) /2

f=lm Jas, az =ia; (4.3.27)
N 07 agz = _'1:0/1

to (4.3.19). Operators (4.3.25), (4.3.27) satisfy conditions
VaraVil =24 )e, a=1,2 (4.3.28)

where matrices )\, are given in (4.3.4); 1 = exp{2ip}, 22 = 1, parameter p is
determined in (4.3.26). One can make sure that there is no operator satisfying
(4.3.28) and transforming (4.3.19) to (4.3.20).

Acting on (4.3.17), (4.3.19), (4.3.20) by transformation inverse to (4.3.15) we
get Hamiltonians (4.3.12), (4.3.13) which evidently satisfy conditions (4.3.6),
(4.3.7). The theorem is proved.

One can easy make sure that Equations (4.3.1), (4.3.12), (4.3.13) are Galilean
invariant using transformations (see Table 4.1.2, N8—10)

Ty = To, T =&+ Uz
2 - (4.3.29)
z/z(z)—exp{zm(v z+? )}(1—)\~17)¢(w)
generated by G, (4.1.2), (4.3.4). Since
Pl=P+3-P, P=P (4.3.30)

it follows that equation
Pi'(z') — HI (P (z') = (Po + 5 - P— HL(P))9/ (') = 0 (4.3.31)

are identically satisfied on sets of solutions of Equations (4.3.1), (4.3.12),
(4.3.13).
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It is not difficult to calculate (the most simple it may be done in the repre-
sentation (4.3.15)) that Casimir operators of AG(1,3) (4.1.2), (4.3.4) have the
following eigenvalues

C’1=2MP0—P,1P,1=:tm; 02=M=m
S (4.3.32)
C3 =W W, =(MJ, — €apcPoJc)” =ms(s + 1).
It allows us to interpret Equations (4.3.1), (4.3.12), (4.3.13) as those which
describe a free nonrelativistic particle of mass m and spin s and intrinsic energy

+m.

Now we shall find Hamiltonians HY which are Hermitian in the metrics
(4.3.9) and satisfy together with generators (4.3.8) relations (4.1.3), (4.3.11).

Theorem 4.3.2. [78]. The most general form of the Hamiltonian HT (within
equivalence) Hermitian in the metrics (4.3.9) and satisfying relations (4.3.8),
(4.1.3), (4.3.11) is as follows

R P2 5.7 _ Vasinb, (2
HT =5, (m—l—— - sin203> +02_‘/___§;“_ <S~P) -

2m  s?2m

. (4.3.33)
- P z 5\ 2
~ 03 as——+bs(S~P> /2ms ,
2m
where
ai/z = sin 26,4, bi/2 = 0; a =1, b = sin 26;; (4.3.34)
. . . . 1/2
(13/2 = b3/2 - %Slng;;/z = —%sm 203/2 - %Slnag/z (l b %sm03/2) / ’

as =b; =0, =0, s>3/2 and 6, 5,61,03/, are arbitrary parameters.

Proof. First of all, we prove that HY does not include differential operators
N

of more than second order. To do it we assume that HY = 3~ H,, where H,
=0 -

contains derivatives of ith order only. Then (4.3.11) results in

HyHy = HY{Hy =0, Hy=0, or N>2 (4.3.35)

It is convenient to represent operator HY as an expansion on spin matrices

~

Sa (4.3.4) and 2(2s + 1)-dimensional Pauli matrices (4.3.5)

2 N2
HY = (a,‘m +bu% +e, (?-ﬁ) + dy@—ég)—)&“ (4.3.36)
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where a,, b, c,, d,, are arbitrary real coefficients.
If to introduce the operators of orthogonal projection

; r,r =—-s,—s+1,...,8

which satisfy conditions of orthonormality and completeness

= k
ArArr = 6ppi Ay, Z A= 1, ZTkAT = ‘SPTP

then (4.3.36) can be rewritten as follows

r=+s =0
P ~
Hl= 3" (“um + (b + T2du)% + rpcu) aH A, (4.3.37)

It is obvious that operator HY (4.3.37) satisfies commutation relations (4.3.6)
and we require (4.3.37) to satisfy (4.3.11). Having substituted (4.3.37) into
(4.3.11) and using properties of A, we find after equating independent addends
that coefficients a,, by, ¢, d, should satisfy one of the following systems of
algebraic equations

EAN)
I
—

Z[r ¢ + ai(b; +r2di)] =

, (4.3.38)

cir(b; +r°d;) = 0; Z reia; = 0; Z(bi +7%d;)? =1,

=1

. ﬁ
w
i M w M

or
ao=by=1; dy=co=a;=b=c;=d;=0; =123 (4.3.39)

The general solution of Equations (4.3.38) has the form (within linear trans-
formations of equivalence):

a1=1, a0=a2=a3=0;
by =1; bs = as; bo = bz =0;

5 (4.3.40)
C2=5—2sin€s, Chp=C =¢C3 =0

d1=—C§, d3=bs/s2, d0=d2=0
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where a,, b, §; are given in (4.3.34). One can make sure that Equations
(4.3.39) are inconsistent with (4.1.2); (4.3.40), (4.3.36) result in Hamiltonian
(4.3.33).

To conclude the proof it is sufficient to show the explicit form of operators
AT which ensure fulfilment of relations of AG(1,3) (4.1.3) by operators (4.3.8).
The simplest way of obtaining AZ is as follows:

A = [U, G12.m] UT, (4.341)
where operator

I D2
E+ HIg, A: E=m+ (4.3.42)

2 2m
\Jm [E (&sma,) ]
mg

diagonalizes Hamiltonian (4.3.33) and generators (4.3.8):

U =

vtHU =5,E,  UYGPU = 2oP, — 61ma,,

(4.3.43)
vtity =yr,  utpfu=pr
The theorem is proved.

Now we shall find out whether the Equations (4.3.1) are invariant under
the scale and projective transformations. For the equations of the first type
(this is (4.3.12), (4.3.13)) it can be done quite simple in the representation
(4.3.15)—(4.3.17). So, we calculate

D' =vDV-l= (1+1X-13> (220Py — % - P+ Xo) (1—%}13) =
m

- 1+ = 1+ =
:2$0P0—5'P+A0+——A~P=D+—’)\'P
m m
(4.3.44)
Note that matrix A¢ satisfying commutation relations (4.1.4) with matrices A,
(4.3.4) has the form

Xo = (i/2)53 (4.3.45)

P2 . 1w =
[Po—(Hsl)l,D']Z [Pg——-c?“a“m, 2(E0P0—fP+/\0+——/\'P =
2m m

p2
=2 (Po - ZP;TTL_) — [Eu, A0+7—3’L_XP] a“m9é2i (Po— (HSI)I)
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Hence Equations (4.3.1): (4.3.12), (4.3.13) do not admit a Lie generator of
scale transformations D (4.1.2). It follows in turn that these equations are
non-invariant with respect to the local projective transformations generated
by II (see (4.1.2)). One can make sure in the same way that Equation (4.3.1):
(4.3.33) is also non-invariant under the local scale and projective transforma-
tions. Nevertheless, there is a possibility to extend invariance algebra of these
equations from AG(1,3) to ASch(1,3) with the help of the operators

1

D2m

1
(G.P, + P,G,), In=—G,.G, (4.3.46)
2m
which, however, are differential operators of the second and third order and
generate nonlocal transformations which are to be calculated according to
(5.3.6).
It will be noted that in the case when s = 1/2, 6,/ = 7/4, k= —i,a =1
Equations (4.3.1): (4.3.12) and (4.3.33) have the form

132
YuP* —m—iys— |9 =0 (4.3.47)
2m
and
]32
VP —m+ (1475 — 'yo)—Qm Y=0 (4.3.48)

where v, are Dirac matrices (2.1.2), 75 = ivomy273- Equations (4.3.47),
(4.3.48) differ from the standard Dirac equation in terms with P? but it is
these addends which change the Poincare invariance of the Dirac equation for
Galilean one (local for (4.3.48) and nonlocal for (4.3.47)).

Let us write down Equation (4.3.1): (4.3.12) for spinning particle when
s = 1/2,1 at large: s = 1/2, ¥ = column(yp, x); ¢, x are two- component
functions

P2 . 212
(Po - —m) @ =amy + tak(d - P)p — ¢ P%y;

2 2m

L (4.3.49)

P? . =

(Po - %> X = amyp — tak(& - P)x.
s =1, ¢ = column(FY); &, X are three-component functions
]3’2 i 2 oL
(P() - %) @ =amyx — 2akP X g — %(Pz)z— P(P-X));

(4.3.50)

P2 -
PO—% X = am@ + 2akP x ¥
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matrices S, are given in (4.2.21).
Equation (4.3.48) can be rewritten as follows

PO"/’ = H"/)s
3 P (4.3.51)
H=G3m+61(¢-P)+[1-(d3 +1'32)]'2E

It is rewarding to study its maximal Lie symmetry.

Theorem 4.3.3. [184]. The maximal group of point transformations admitted
by Equation (4.3.51) is the Galilei group G(1,3), basis elements of correspond-
ing AG(1,3) having the form

a9 9
Py=1— e = — , =
0 laxo’ F oz, m
Jo= (& x P)g + 8, (4.3.52)
1
Ga = ZL‘()PE — MT, — -2'(33 + i&z)aa
where
~ 1/0, O
s-1( 0) 359

Proof. Use of the standard Lie alogrithm requires some cumbersome calcula-
tions. To avoid this we shall use the criterion of invariance in the form (10)
(see also §5.3) so that

[Po—H,Qlp =0 (4.3.54)

where @ is the first-order differential operator
Q = €"(x)0u + n(z) (4.3.55)
&* are scalar functions; 7(z) is a matrix of dimension 4 x 4. So we find

R= [PO - HaQ] Z’L(ggpa"'no)—m[&:})n]"
- [310a7 n]Pa +ialab(fgpa + nb) + ;;‘(g:Pan + 'r,aPa)-{—
P2 (4.3.56)
—+
2m
. ~ 1 )
+i (53 + 810262 + —€QP.T — #(Ae"@ P,

+ —21; (A€ P, + An)F - [T, n]
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where ¢4 = 9¢*/0z,, n, = On/0z,; p,v = 1,3; [ = 1 — (G3 + i52). The
transition on the manifold of solutions of Equation (4.3.51) in (4.3.54) can be
done as follows

=R =0 (4.3.57)
Py=H Po=H
that is in the expression (4.3.56) Py should be replaced by H (4.3.51) every-
where. Equating the coefficients of the identity (4.3.57) yields a set of equations
to determine £#(z) and n(z):

[Po - H,Q)

~ s~ - 1 )
€8 + £0610, +i[6104,n) + 510,68 + —al’ ~ Z—W—l(AE“)F =0;

~ N ~ i
G3méEd + 1o + im[G3, 0] + G147 — 2, (AT = 0;
(€0 +262)T +4[T", 5] = 0, (no sum over a)

E+& =0, a#b

The general solution of this system has the form

€ =7, £ = ™y + g%zg + ¢,
1 i . (4.3.58)
n(z) = —7€abcTaCbe ~ MGaTa = 5(03 +102)0aga + C4
where ¢, ¢?, ¢4, Cap = —Cpe, go are arbitrary constants. So, the theorem is

proved.

4.4. Solutions of the nonlinear Levi-Leblond equation

Here we shall obtain some exact solutions of Sch(1,3)-invariant coupled non-
linear equations (see §4.2, (4.2.41))

Pop —i(F - P)x = =F (ﬂ) woX + uG (%) wie,
w2 2 (4.4.1)
2imx — (7 - P)p = i@F (ﬂ) wa.
wa

For this aim we use the projective invariant ansatz (4.1.5) which in this case
takes the form
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Having substituted (4.4.2) into (4.4.1) we obtain the following system of ODEs
2mi) + (7 - )b = 2F6,9,
(@ B)) = 2F 6,0 + uGE36

where F,G are arbitrary smooth functions of 6;/82, 61 = (¢T¢ + ¢T¢)1/4
6o = (¢T¢)1/3. It is easy to check that this system has a solution

#(w) = exp {im(& - B)w} 6,

~ ) (4.4.3)
P(w) = exp {im(7 - B} x,
where ¢, x are constant spinors satisfying the conditions
32\2 2
Fé2)? + 2umGéo3,
—(mf°) = (Fo)” + 2umGy (4.4.4)

2mx = (®F6; — imf?)¢.

From (4.4.4)—(4.4.2) we obtain a projective invariant solution of Equation
(4.4.1)

p(z) = w(;g/z exp {im;—:} exp {imw(&' . [f)} o}
x(z) = z3°? exp{im (;— + w( B)) } (4.4.5)

- (x - % exp {—imw(&' . ﬁ)} (¢ - Z)exp {imw(é” . ﬁ)} ¢)
and with the help of (4.1.6) from here it follows a Sch(1,3)-ungenerative solu-
tion
_ -3/2 . (T + (_1')2 L =
0@ = o+ ao) 2 exp fim | FX I (7B 4ol o
x(z) = (zo + ao)™%/? exp {im [M +y@F B) + a] } : (4.4.6)
0
. (x — exp {—imy(&' . ﬁ)} (¢ - &) exp {imy(&' : 5)} ¢’) ;

Galilean-invariant ansatz

-2 _ .
w(x):exp{im;—}gb(w), w=k- T+ koxo
o0 (4.4.7)

—*2

x@) = exp {im -} () - 57 D3))
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reduces (4.4.1) to the following system of ODEs
omP + (- K)p = F6d, 6= (Bl +318)"%,
~@ B =2F6d+uond, 6= (313)"
w1$+ %$ =0,
which has the solution
Pw)=w¢,  Pw) =w 2y (4.4.8)
where ¢ and x are two-component constant columns satisfying conditions
[aeFaz(a- E)+ 12k — (2F8,)? — 2,umG6§] 6 =0,
(4.4.9)
2mx = (2Fé + 37 F)) 6.

Formulae (4.4.7)—(4.4.9) result in a Galilean-invariant solution of the system
(4.4.1):

2
pz)=(k- T+ kowo)_3/2 exp { vmr } o,
2]30

(4.4.10)

. _,2 . -
x(z) = (k- & + kozo) ™2 exp {”’” } (x — L (R F+ komo) (G f)¢) .
2z 2x¢

Consider another version of nonlinear equation for Galilean particle with
spin s = 1/2, namely Equation [29%, 31¥]

[(i70 +75)30 + i720a + AW¥)*]9 =0, (4.4.11)

where ¢ = 9(z) is a four-component complex function, y-matrices are defined
in (2.1.2), (2.4.2), A, k are arbitrary real constants.

Theorem 4.4.1. [29%, 31*]. The maximal point IA of the system (4.4.11) is
given by the following basis IFO:

Under k =1/3,
Py =i0y, P, = —10,
Jab = 2o Py — T, Po + 2[Va, m], (4.4.12)

G = ¢°(0)Pa — 56%(z0)7a(i70 + 75),
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~ 0 5 0 _
= ¢"(z0)Po — ¢°(20)x* Pa + 26 (20)Vaa(70 — 175)-

Under k #1/3,k#0
Po =10y, Py = —10,
Jab = acan - .’EbPa + %["ya,')’b], (4413)

G = ¢*(z0)Pa — 16%(0)7a (70 + 75),

D =ztP, + 2i/k,

where ¢*, u = 0, 3 are arbitrary smooth functions of g, ¢ = de* dzy.

One can prove the theorem by means of Lie’s method. Note that under k =
1/3 Equation (4.4.11) is invariant under the Schrédinger algebra ASch(1,3),
basis elements having the form

Py = 10y, P, = —i08,

Jab = 2o Py — 2o Pa + L[va, 1), (4.4.14)
Ga = zoPa — 372 (10 + 75),

D =gatP, + 3

Il = 2} Py — 22020 Pa + 3iz0 + Yaza(0 + i75)-

The above described symmetry of Equation (4.4.11) can be used for con-

structing nontrivial formulae of generating solutions. In particular, we have
(k=1/3):

Yi(z) = ¢y/° exp{—% [$ava + G085 1 Va(Ta + 6a)]- (4.4.15)

(0 - i’Ys)}?Z’l ( / bodzo, (zo + asa)qsal) .

Taking as ¥;(z) the following partial solution of the Equation (4.4.11) under
k=1/3

Yr(z) = exp {‘iA(7a0a)(6b$b)(7X)l/3} X (4.4.16)

(0. are arbitrary constants) we get by means of (4.4.15) another family of
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solutions of the equation in question
¥(@) = ¢/ exp{~} (7ade + dod "
a0 + 6a)) (%0 = i7%5) } exp{—iA(7aba): (4.417)

- (856 + B505)b5 " (Xx)*/% I x-

It is interesting to note that Equation (4.4.11) under k = 1/3 can be con-
sidered as nonrelativistic counterpart of the nonlinear Dirac-Gursey equation
(2.1.5).

4.5. Symmetry analysis of gas dynamics equations

The aim of this paragraph is to study the symmetry of the basic equations of
gas dynamics

—

5"’& + (ﬁﬁ)m%ﬁp:o,

To
9p .
— i) = 4.5.1
Big + div (p@) = 0, ( )
P = f(p),
where @ = @(z) = {ul,...,u"} is the velocity vector of the gas spreading;

T = (zo,Z) = (%0, T1,..-,Tn) € R™1; p = p(z) and P = P(z) are the density
and pressure of the gas, and to obtain their exact solutions.

At the beginning we establish that the one-dimensional Equations (4.5.1) in
the special case of isentropic and polytropic gas possess an infinite-dimensional
group of point transformations. It allows us to construct the general solution
of the one-dimensional Equations (4.5.1) [90]. We also study symmetry of
multi-dimensional Equations (4.5.1) in some special cases of gas motion and
construct exact solutions of these equations [90,91].

1. One-dimensional isentropic gas motion.

When number of spatial variables n = 1, Equations (4.5.1) take the form
B_p ou ap

ou Ou  ,,  Op o
Péz—o‘i'lmé‘aﬁLC (P)gg =0,
where c?(p) is called sound velocity and is determined by the formula

c(p) = [%p—)] v >0,
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p = f(p) is a given monotonic function.

Equations (4.5.2) were studied as far back as the end of the 17th century.
In 1809, Poisson obtained a solution of these equations in the form of ordinary
wave

u=F(z— (u+c)t)

where F is arbitrary differentiable function. Challis [37] noted that Equations
(4.5.2) have not always a unique solution for velocity u. To obtain the unique
solution Stokes suggested [197] a criterion of a breakdown of the velocity u
(when the derivative of u aims at the infinity) and obtained two conditions on
the breakdown. Earnshaw [47] found a solution of Equations (4.5.2) in the form
of ordinary wave for arbitrary dependence p = f(p). Independently, Riemann
[171] developed theory of ordinary wave and gave the general solution of the
Equations (4.5.2) by virtue of Riemann invariants.

A great contribution to the theory of gas dynamics was made by Hugoniot
[122], Sedov, Hristianovich, Stanyukovich [196], Zeldovich, Landau and Lifshits
[140].

Kurant [137] had shown that Equations (4.5.2) can be linearized by means
of hodograph transformation

VFE = Vo, 1) VE =1 v, = u’, VH = ?ﬁ,
’ . Y Oy (4.5.3)
Ty = t, T =T, u0=p, ulzu; u,v=0,1.

As a result of application of (4.5.3) to (4.5.2) one obtains the system of linear
equations

Vi +ulg —uV =0,

Ve — 31 Ve +h(yo)Vy =0,

where h(yo) = h(p) = 5c*(p)-

In case of polytropic gas, when p = Ap”, with A,y constants and 7y =
2N +1
2N -1’
order system of PDEs

(4.5.4)

N =0,1,2,..., Equations (4.5.4) are reduced to the following second-

VrO+VsO_
r+s

+ s
V1= _ ____T___ VO
v (’" i 2N—1> r

Ve 4+ N 0, (4.5.5)

N (4.5.6)
1 rTs 0
=\|r— V.
v (r s+ N = l) o
where
r=1 (w + VAENE /YY),
(4.5.7)

S = % (—’yl + A(4N2 - l)y(l)/(ZN—l))
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are Riemannian invariants.
One can easy recognize in (4.5.5) the Darboux equation. Its general solution
has the form

VO =o(r) + g(s), N=0 (4.5.8)
_ N1 [ p(r) N1 g(s)
Vo_k+8rN‘1 ((r+s)N)+6sN‘1 ((r+s)N)’ Nz1 (459

where @, g are arbitrary differentiable functions, and k is a constant.

If one succeeds in finding the general solution of Equations (4.5.6), thereby
making use of the inverse hodograph transformation, one constructs the general
solution of Equations (4.5.2). When v = 3 (N = 1) it is succeeded to do and
in such a case the general solution of Equations (4.5.2) has the form (see [196])

z1 — (u' 4+ 34u®)zo = F' (u! + 34u°), (4.5.10)
— (u' — 34u°)zo = F?(u! — 344°),
where F'!, F? are arbitrary differentiable functions.

It will be noted that under v = —1 (N = 0) the explicit form of solution
of the system (4.5.2) can be also easy found. By substituting (4.5.8) into
(4.5.6) and denoting ¢(r) = F'(r), g(s) = G’(s) we get the general solution of
Equations (4.5.6) as follows

V! =rF'(r) — F(r) — sG'(s) + . (4.5.11)

Then by means of the inverse hodograph transformation we obtain from (4.5.8),
(4.5.11) the general solution of Equations (4.5.2)

t=z0=F'(u—V-Ap~") +G'(u+ V-4p7"),
z=x1—(u—\/——p_1)F’(u—\/—_p‘1)— ('u,—\/—_p_l)—— (4.5.12)
— (u+V=4p)G (u+V=A4p~Y) + Gu+V-4p7') + k

Group properties of gas-dynamics Equations (4.5.1) had been studied by
Ovsyannikov and summarized in [162]. Although this investigation was made
for arbitrary number of independent variables, the two-dimensional case needs
individual consideration. In this case the symmetry group of gas dynamics
equations is infinite-dimensional. This result established in [90] does not follow
from [162].

Theorem 4.5.1. [90]. One-dimensional equations of gas dynamics (4.5.2)

2N +1
derp=Ap", =—— N =0,1,2,... '
under p = Ap”, o, 0,1,2,..., that is
y=-1,3,%1 .. (4.5.13)
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are invariant with respect to the infinite-dimensional Lie group, coordinates
€0, &1, n of corresponding IFO

0 9

E;
X=g5 - +€' o 15 (4.5.14)

are solutions of Equations (4.5.5), (4.5.6).

Proof. Using notations (4.5.3) Equations (4.5.2) can be rewritten as follows

ud + u'u? + uul =0,

o (4.5.15)
up + u'u] + h(u®)u] = 0.

Applying to (4.5.15) the criterion of invariance (3) one obtains as a result
the determining equations for functions £°, !, ¢

9 +u'nd +u’n =0,

(4.5.16)
o +u'ni + h(u®)n) = 0.

n' = —u' (& — & +u'€?) — h(u)(w’E? + 1% ) + & + u'nlo,
= —u (&9 — & +u'€)) — h(u®)(w’€) — nli) + & — u®n;
=—ul(& - & +2u' & + nl1 —10),

h(u® (4.5.18)
L Ny e BP P R

(4.5.17)

R’ (u®)
1= ule% — h(u®)E0,
A (45:19)
Ea=uw&n —u o
Compatibility condition of Equations (4.5.19) yields
00 — h(” )g v+ 2)E =0. (4.5.20)

1. Consider at first the case p = Ap®. Then (4.5.20) results in the Darboux
equation for

2
000 — A2E% 1 + u—oggu =0, (\?=34) (4.5.21)
The general solution of (4.5.21) has the form

F(z,u! 4+ M°) + G(z,u! —/\uo)

d (4.5.22)

{0
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where F' and G are arbitrary differentiable functions.
It is not difficult to find function ¢! from (4.5.22), (4.5.19)
(u! = M) F(z,u! + M) + (u! + Mu®)G(z,ul — M)
2 uf +

where H(z) is an arbitrary differentiable function.
Since p = Ap?® results in h(u®) = A2u°, we get from (4.5.18), (4.5.19)

£ =

H(z), (4.5.23)

nor=nko, 0% =nki; (4.5.24)

N’ ==X — & + 2u'€)),
' =—ul(§ - & +u'E]) - (W)’ + &.
Following from (4.5.16), (4.5.23), (4.5.25) we find that functions F, G, and
H should satisfy the equations

(4.5.25)

Foo + 2(u! + M) Fo + (u! + Mu®)?Fyy =0,

Goo + 2(u! — Mu®)Go1 + (u! — Mu®)?2Gyy =0,

Hoo = Hy1 = Hyy =0. (4.5.26)
The general solution of system (4.5.26) has the form

F = xoF(zo(u! + Mu®)) — z1) + GO (zo(u! + Au)) — z1)

G = zoF' (zo(u! — Au®)) — z1) + G (zo(u! — MuP)) — z1) (4.5.27)

H=c,z, +d,

where F¥, G¥ are arbitrary differentiable functions, ¢, and d are arbitrary
constants, v = 0, 1.
Now, using formulae (4.5.27), (4.5.25), (4.5.22), (4.5.23) we obtain

€0 = (22u0) " (@oF® + G® + 2o F' + G),

€' = (2207 [(u! = M) (o FO + G°) + (u! + Mu0) (o F! + GY)] + cvz, + d,
n° = —1(F° + F') + Acye, (4.5.28)
n' = —1(F° = F') + ciu! + ¢,

where F¥, G¥ are the same functions as in (4.5.27).

Since £* and n* depend on arbitrary functions F¥, G¥, it means that the
symmetry group of Equations (4.5.15) under v = 3 is infinite-dimensional, the
infinitesimal transformations having the form

T, =z, + e€* + O(&),

(4.5.29)
u” =" +en’ + O(),
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where £#, 0¥ are given by (4.5.28). So, case 1 of the theorem is proved.
2N +1
Under v = 5N + T N =0,2,3,4,... the determining Equations (4.5.19),

(4.5.20) coincide with (4.5.5), (4.5.6) and by means of hodograph transforma-
tion they are reduced to the initial system (4.5.15); the general solution of
this latter, as we have shown above, contain arbitrary functions. This fact
accomplishes the proof.

Remark 4.5.1. In a particular case when
F'=aw®, F'=-a!, G =k’ G'=-bl,
w® = zo(u! + Aul) — 24, w! = zo(u! — Aul) — 1

the above proved theorem gives rise to the result obtained under v = 3 in [162].

2. In this item we consider another way of constructing the general solution
of the two-dimensional equations of gas dynamics with y = 3 (i.e., p = Ap®).
Let us note, that arbitrary functions which are contained in the general
solution of Equations (4.5.2) depend on the same arguments as arbitrary func-
tions contained by coordinates of IFO do. So, it is naturally to pass on these
arguments in system (4.5.15) (h(u®) = A(u®)?, v = 3):
VO = (u! + M)z — 24,

4.5.30
V! = (u! = 2l)zo — 1. ( )

This change of variables results in decomposed PDEs

oV + (VO 4+ 2)VP =0, (45.31)
zoVg + (V! + 1)V = 0. )

the general solution of which has the form
VO = O(V) — g4,
1 ”"‘pl( 1) o (4.5.32)
Vi=zop (V') — 21

(¢°, " are arbitrary differentiable functions), or

ul + A’ = (2o (u! + M) — 1),

4.5.33
u! = Ml = ! (zo(u! — M) — 1). ( )

This latter coincides with (4.5.10).

3. In this item the symmetry of multidimensional equations of gas dynam-
ics is briefly discussed and then some exact solutions of these equations are
obtained.
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As we have already noted the symmetry properties of multidimensional gas
dynamics equations were studied in [162]. In particular, there is established
13-parameter maximal invariance group G;3 of these equations in the case
n = 3 and

p=Ap"/3. (4.5.34)
The basis elements of corresponding Lie algebra have the form

= 6;;; n="03 (4.5.35)
Jap = a0 — 2400 + U0y — ubOys; a,b=1,3; - (4.5.36)
Go = T8, + Oys; (4.5.37)
Do = 190 + To,; (4.5.38)
Dy = 2089 — 3p8, — UDya; (4.5.39)
IT = zo(2000 + £o0a — 3p0, — UOye) + Lo0ys. (4.5.40)

It is the widest symmetry group of Equations (4.5.1). In other cases relation
(4.5.34) does not hold, the maximal symmetry group of Equations (4.5.1) is
smaller than the above Gy3. If

p= Ap7, (4541)

where A and v are arbitrary constants, v # g , then the maximal IA of Equa-
tions (4.5.1) is 12-dimensional and determined by operators (4.5.35)—(4.5.38)
and the operator

2
Dl = $080 — ﬁpap - u“@un. (4542)

If
p=f(p) (4.5.43)

where f(p) is an arbitrary differentiable function, f(p) # Ap”, then the max-
imal IA of Equations (4.5.1) is 11-dimensional and determined by operators
(4.5.35)—(4.5.38).

Using the symmetry of Equations (4.5.1) we find their exact solutions. At
first consider the polytropic gas (that is relation (4.5.41) holds). In this case
Equations (4.5.1) take the form

@ + (@V)T+ Ap""2Vp =0,
po + (@V)p + pdiva = 0.

Since Equations (4.5.44) are invariant under AG(1,3) (4.5.35)—(4.5.40) we
look for solutions in the form

=’ = 5 ),

p
i = M(0)¢" (w) + N(zo)p?(w) + L(zo)¢*(w) + B(o).

(4.5.44)

(4.5.45)
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One can use invariant variables w obtained in §3.6. Without going into de-
tails we present below corresponding functions M, N, L, B and indicate the
constant k:

1. M(zo) = dzy?,  N(zo) = fzg"?,  L(zo) = Ja5,
B(zo) =V, k=(1-v)"1,
where @V = -b, GV = cf6 - a?& *717 =cyd + aﬁ&

b

2. M(zo) = dzy /%, N(zo) = fz;'/? L(zo) = 7252,

— — - P ord

where &V = 0, BV = 76, 3V = -6, (4.5.45")

6. M(zo) =@  N(zo)=Fexp(=bzo),  L(z0) = fexp(bzo),

where &V = 0, ﬁ
7. M(z) =&, N(zo)=8&, L(zo)=2s,
B(zo) =0, k=0,
where &, are orthonormal constant vectors, a = 1, 2, 3;
8. M(zo) =& ()%, N(zo) = &(z0)™"2, L(=zo) = &3(z0)™"2,

B(zo) =0, k=(1-7)L
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Substitution of (4.5.45), (4.5.45’) into (4.5.44) gives rise to the following
reduced PDEs (the notation is used: ¢ = (©°, @), ¢s = (6%, Fs)):

1. (2(,91 —w1)p + (2(,92 —wy + 2w3)pe — (2(,03 + w3 + 2we )3+ (4.5.46)
+¢1 = Oa

where ¢ = 2(divg—217) ¢, & = —@+ 2h + 222V, W =

(0, =3, p2);

2. (20" —w)p1 + (207 — wa + 2w1) 2+ (4.5.47)
+(2¢® — w3 + 20! + dwz)p3 + 62 =0,

where ¢3 = 60 +2 (o + ¢} —0]) ¢°, 62 = —F+ 2y +2X(¥")"7*V", and

P2 = (¢%,2¢°,0);

3. (20! +wi)pr — (2¢% — 2a + 2wa) 2 — (29% — 2aws)p3 + ¢3 =0, (4.5.48)

where ¢ = 2 («p} -3 +od+ 717) ¢ s = U3 — 2X(¢°)""2V¢°, and

¥s = (¢, 2a + 9%, 2a — ¢3);

4. (20" +wi)or —2(0® — b3)2 — 2(9® — w3 + ba)ps + ¢4 = 0, (4.5.49)

where ¢ = 2 (o} — ¢ —wf + 255 ) %, @i = Pu — 20" 2Ve%,  and

Ya = (o', 202, 2by);

.

5. (@' +bc)er + (9% +w3)ps + (9° — w2)ps + ¢5 =0, (4.5.50)

where ¢9 = (—¢} + @3 +¢3) *, @ = U5 — 2A(¢*)"2V¢°, and ¥5 =
(—2a, —bp?, bp?);

6. (="' +bc)pr + (9% + bwz)pz + (9 — bws)ps + ¢s =0, (4.5.51)
where ¢ = 88, G5 =6 + M(¥*)" "2V, W = (—2a,—bp?,bp?);
7. (1-ad)pr + (1 - BP)p2 + (1 — 7@)ps + b7 =0, (4.5.52)

where ¢ = —(@@1 + A2 +733)e°, b7 = A(°) (@} + Bl +1¢3);
8. (w1 +a@P)p1 + (w2 + BP)p2 + (w3 + FP)ps + ¢s = 0, (4.5.53)
where ¢f = ~170° — 60 s = ¢7 + Lo

Knowing a solution of Equations (4.5.46)—(4.5.53) one obtains by means of
(4.5.45) a partial solutions of Equations (4.5.44).
Consider Equations (4.5.46) and suppose ¢; = 0, that is ¢ = p(ws,ws3). It
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follows
(2% — wy + 2w3)@2 — (2¢° + w3 + 2wa) w3 + ¢1 = 0. (4.5.54)
If ¢ = p(wr) then (4.5.46) is directly reduced to the ODE
(20" —wi)p1 + 1 =0,

which has under v = 2 a partial solution

0 _ 1_ %
@ = Co, @ = ;a
2 (&
©° = cjw; sin (— In cle) , (4.5.55)
c

3 «@
©® =ciwi cos (| —Incowr | .
c

So, combining (4.5.55) and (4.5.45) we get a partial solution of Equations
(4.5.44) under v = 2:

p = CoZy ,
12 . . (4.5.56)
€= M(z)z, [62 + cl,@sin<ln czM(x)) + ay cos(ln czM(x))]
where M(z) = z; "/*(@% + bzo).
Equation (4.5.47) under ¢ = ¢(w;) takes the form
(20" —wi)p1 + ¢2 = 0.
This latter system has a partial solution
0 751
@" = cowy ™" exp(—2wi),
1 2 2X 41
¢ =awi(wy +c2)° + o 6% Wi exp[—2(y — 2)w1] + crwr,
(,92 = —2aw (wl + 62), (4557)

3
Y = w1,

where cg, c1, c2 are arbitrary constants. Using this result we find a partial
solution of the system (4.5.44)

p = 277 [B(2)] 72 exp[-2B(z)),

2

i =z, 1/23@){& |a(B(@) + e2)? + s C (4.5.58)
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exp{—2(y - 1)B(z)} + c1] - 2aB(B(z) + c2) + :7'} +V,

where B(z) = z;'/*(a% — @A(z)).
Consider Equations (4.5.49). They are successfully solved when ¢ = ¢(wy).
In such a case Equations (4.5.49) take the form

(20" + w1)p1 + ¢s = 0. (4.5.59)
Under vy = 2, by = 0 we found its solution

1
¢ =-5xWi+e), ¢=-fu, =0 ¢ =Fw)
where co is a constant, F’ an arbitrary differentiable function. Using this result
we obtain a partial solution of Equations (4.5.44)

_ (dff+ b1z0)2

8z (4.5.60)

a = [ GF + bizo
i=—(a% F—229),
i 52g (GZ + bizo) + 8 ( = )

where @ = 1, 625 =0, 32 = 0. Note, that this solution contains arbitrary
function F.

Next consider Equations (4.5.50). If function p(w) does not depend on
weg, w3, we get instead of (4.5.50) the system of ODEs

(¢ +bc)pr + ¢5 =0 (4.5.61)
Under v = —1 its general solution is given by
2
0 G—A 1_ %o
- , = — —be, 4.5.62
14 da(wy + c1) ¢ @0 © ( )
2 - [2b 0
@* = cgsin C—(wl +a)e” +e3l, (4.5.63)
0

2b
@3 = ¢y cos [a(u)l +c1)e° + cs} ,

where co, c1, c2, c3 are arbitrary constants. The corresponding solution of the
system (4.5.44) under v = —1 has the form

p=A(z)

- 2b
T=a (A—C(Oz—) + 2axy — bc) + cyBsin [E—(éz’f+ azg + bcxo + ¢1)A(z) + c3 |+
0
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2b .,
+co7 cos [—c——(d'f + axg + bexo + ¢1)A(z) + 3| +V, (4.5.64)
0

where

Alz) = 2-A
~\ 4a(@% + az? + bexo + 1)

It is well to note, that because solutions (4.5.56), (4.5.58), (4.5.60), (4.5.64)
contain arbitrary functions, they can be used to solve corresponding boundary-
value or initial-value problems.

In the same way one can construct solutions of Equations (4.5.1) when p =
f(p) with arbitrary differentiable function f. In such a case Equations (4.5.1)
are invariant with respect to the Galilei group G(1,3) and one can use invariants
of this group and formulae (4.5.45). By substituting these ansatze into (4.5.1)
one gets the reduced equations which coincide with (4.5.50)—(4.5.53) with the
only exception: instead of the term A(¢°)Y~2 we will have (¢°)~! f'(©°).

As an example consider reduced equations corresponding (4.5.52):

(1-a@)1 + (1 - B@)pa + (1 — 7@)pa + 97 =0,

0 0 = 0, 30 = 0y 0y—1gr/ 0 (4.5.65)
Y7 = 7, Y7 = (Ap) + Bz +7p3)(0 )" f (@)
Supposing ¢ = p(w;) we obtain from (4.5.65) the system of PDEs

1-a@)e? + lag =0,
G (4560

(1=ap1)@1 + (¢°)7 f'(¢")ap; =0.

This system has a solution
‘PO =Co
- (4.5.67)
¢ = F(w),

where Fis an arbitrary differentiable vector-function, satisfying the condition
aF =1, ¢o is a constant. There follows a partial solution of Equations (4.5.1)

Il

Co

N (4.5.68)
= F(ao - &),

{ D

It is appropriate to present here formulae of generating solutions of the
system (4.5.1) under p = A\p5/3.
The projective transformations have the form

_ T f’ _ T
T 1—6z’ T 1—0z’ (4.5.69)
o' = p(1=6z0)3, @ = (1 — 0xzo) + 6%,

~

Zo
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(6 is a parameter) and the corresponding formulae of generating solutions are

(=) tF (T T ),
p ( $0) (1—0:130,1—9$0

@ =(1—0zo)" [é( 2o z )—Gi’].

(4.5.70)

1—0z¢’ 1 -0z

For example, applying (4.5.70) to a trivial constant solution of Equations
(4.5.1)
p = Co, @i=c
we obtain as a result a solution which depends on all variables
= co(1 — Ozo) 73,
p = co(1 = b20) . (4.5.71)
4= (C—0Z)(1 —6xp)” .

Let us present some more solutions of Equations (4.5.44) obtained with the
help of formulae (4.5.70)

p = co(1 = 0z)7,

" - —az B (4.5.72)
a=0-0m) [F (255 - 0a).

Here F are the same as in (4.5.68).

4. Now we shall study symmetry of gas dynamics equations describing iso-
choric process (that is, the process taking place without change in volume
(density)) with constant pressure. Equations in question are

@ + (AV)T = 0, (4.5.73)
divi=0

(11' =i(z) = {u!,u? 43}, T = {xo,wl,xz,zg})

or
iy + (@V)d = 0. (4.5.74)

Symmetry of Equation (4.5.74) was investigated in [174] and it was es-
tablished the maximal in the class of linear representations 24-parameter in-
variance group G = {IGL(4,R),C(4)} (IGL(4,R) is a 20-parameter group of
general inhomogeneous linear transformations in R(4); C(4) is a 4-parameter
Abelian group of pure conformal transformations in R(4)), the infinitesimal
transformations having the form

7, = T+ €*(2) + O(€),

, (4.5.75)
u®(z') = u(z) + en®(z, u) + O(€?),
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where
& = (@ D)z + BTy + Yy, (4.5.76)
N° = Bao + Bavtt® + (a0 + apub)z, — [(o + awu’)To + Boo + Bart’]u?;
where a,, Bu., 7, are arbitrary constants.
Note, the most general form of IFO admitted by Equation (4.5.74) is
X =¢"(z,u)0, +1n°(z,u)0us (4.5.77)

which includes linear representation (£(x,u) = &*(z), n*(z, ) are linear func-
tions of ) as a particular case. It turns out that the Lie-maximal invariance
group of Equation (4.5.74) is infinite-dimensional [91].

Lemma 4.5.1. The maximal invariance group of Equation (4.5.74) is infinite-
dimensional, the basis elements of corresponding Lie algebra having the form
(4.5.77) provided

£ = &(z,u),
€ = ue® + F*(w,u) + £oG*(w, ), (4.5.78)
1% = G*(w,u),

where w = {w® = z, — Tou, }; £°, F*, G* are arbitrary differentiable functions.

Proof. Applying Lie algorithm to the Equation (4.5.74) one obtains the fol-
lowing defining equations for coordinates of IFO (4.5.77):

a __ = a _ ,as0
n* = (8o + @ V)(€* — u*¢°), (4.5.78)

the general solution of which is given by (4.5.78). The Lemma is proved.
The symmetry properties of Equations (4.5.73) are summarized in the fol-
lowing statement.

Theorem 4.5.2. The maximal IA of Equations (4.5.73) is AIGL(4,R), basis
elements having the form

d
au = E’ La.b = ml)aa, + ubau"a a # ba
Loa = €a0p — u®ubd,p, Gao = T00a + Ous, (4.5.79)

Do = 200y — ubIy, Dy = 200, + 10y (no sum over a).
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Proof. As a result of applying Lie condition of invariance (3), one obtains
defining equations for coordinates of IFO (4.5.77) which include (4.5.78') and
equations
- oL+ —
divij =0, =0 ©=0,3 (4.5.80)
Oue

The general solution of these equation is

& =Bz +7;  1=03;

4.5.81
7% = Bao + Bast® — (Boo + Basu®)u® ( )

which defines AIGL(4,R) (4.5.79). The theorem is proved.

Remark 4.5.2. Algebra AIGL(4,R) (4.5.79) contains as subalgebras AP(1,3)
and AG(1,3). This means that Equations (4.5.73) describe relativistic as well
as nonrelativistic processes. It is interesting to note that generators of Lorentz
boosts Jy. are realized in nonlinear representation

Joa = 200 + 2o — uuOys + Oy (4.5.82)

The final transformations generated by operators (4.5.82) have the form

zy = v(xo + T - V),

L oy=1 (4.5.83)

7=+ 2 (Z - 0)0 + yUzo,
L. a7
©+v [(’y—l)—vé——’y]
i
i = L 4.5.84
(1 — i - %) ( )
where # = {v1,v2,v3} are arbitrary constants, v> = ¥ -7, and v = (1 —

v?)~1/2. Though the transformations (4.5.84) are nonlinear in u, they have
a clear interpretation. Formula (4.5.84) is the well-known relativistic-velocity
summation.

5. Here we obtain exact solution of Equations (4.5.73), (4.5.74) by making
use of their symmetry.

Consider Equation (4.5.74). Since it is invariant under G(1,3), we look for
its solutions in the form

i@(z) = M(z0)" (w) + N(20)¢? (W) + L(z0)¢*(w) + B(xo) (4.5.85)

which is a particular case of the ansatz (4.5.45). It is obvious that the reduced
equations following as a result of substitution (4.5.85) into (4.5.74) coincide
with (4.5.46)—(4.5.53) if to put in these latter A\ = 0 and omit the last equation
in every one of them.
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Consider some such integrable reduced equations. Putting in (4.5.46) g =
P(wr) we get
(20 —w1)@1 —F+2¢ =0 (4.5.86)

The general solution of Equation (4.5.86) has the form

(Pl _ wlﬂ:\/wlz"FC]
_—2 s

X =co (wl +4/w? 4+ ) sin In [cs (wl +4/w?+ cl)], (4.5.87)
o3 = cz(wl +4/w? +c1) cos In [cs(w1 +4/w? +c1>]

(

)

where ¢y, ¢z, c3 are integration constants. Formula (4.5.87) together with
(4.5.85) give a partial solution to the Equation (4.5.74

= % [g + ¢y sin In (csF(z)) + c2¥ cos In (@F(x))] + 7, (4.5.88)

where F(z) = 73 /2 (am bzo + \/(GZ + bzo)? + cm,).

Let function @ of Equation (4.5.47) depends on w; only. Then we have the
ODE

(2¢° —w1)@1 — G+ 202 =0 (4.5.89)

After integrating it we get

1 %(wl +4/w? +C3)[ln2cz(w1 i\/wf+cs) +c1],

992——a(wlzl:\/w12+03)1ncz(w1:l:\/wlz+c;;), (4.5.90)
3 W1i\/w12+C3
2 )

A
Il

(p:

where c1, c2, c3 are integration constants. From (4.5.90) and (4.5.85) we find
a solution of Equation (4.5.74)

S M(z) [, 2 3 = .
w = 5—\/—5_3 [aa (In®coM(z) + 1) — 2aBIn o M(z) + 'y] + 7, (4.5.91)
27 =2 2
where M(z) = aa:\;—_kzo 4 (GZ + ko) tes
o o)

Let function @ of Equation (4.5.48) not depend on ws, w3. Then we have
the ODE

(29" +w1)@ + 93 = 0. (4.5.92)
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The general solution of (4.5.92) has the form

2 bl

(p_

—2a
o’ =cy (—wl +4/w? + c1> " (4.5.93)
—2a_
«,93=C3(—w1:f:\/wf+c1) )

where ¢y, ¢z, c3 are integration constants. Formulae (4.5.93), (4.5.85) give a
solution to the Equation (4.5.74)

7= gF(ac) + B[F(2)] 7™ + a7 [F(2)) T +7,

(4.5.94)
F(z) = x5! (—d‘if— bzo £ v/(GZ + bxo)? +clz0>
Putting J = @(ws) we get from (4.5.48)
(¢° — apw)@z — 393 =0 (4.5.95)
which has a solution ) a1/
802 a (993)1/2a ; (4.5.96)
¢" = cap”) 7,
function (3 being a solution of functional equation
wa(92)*™ + e3(p®)*+ = 1. (4.5.97)
The corresponding solution of Equation (4.5.74) can be written as
U= E}xg((ps)l/za— + CZB‘:E(';“‘*‘ (¢3)a+/a_ + 'Y(Eo_a_ (ps + v. (4.5.98)
0

Let function @ of Equation (4.5.49) depend only on w;. Then we have the
ODE

(2p' +wi)@1 + 94 =0

the general solution of which having the form

(pl = %(-—{4)1 + \/u)f‘}'cl)a

2
o =C2<—w1:t /wf+cl) , (4.5.99)
©® =2bs1n (—wl:i:\/wlz+cl)+C3,
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where c;, c2, c3 are integration constants. Formulae (4.5.99), (4.5.85) give a
solution to the Equation (4.5.74)

2
T=a (24—\/(:_3 + b1) +9 (cz Mziz) - bz) +5(2b41n M(z) — bsIn z¢) (4.5.100)

where M (z) is the same as in (4.5.94).
Let function g of Equation (4.5.49) depends only on ws. Then we have the
ODE

(¢® + b3)@2 — %J‘t =0

which is satisfied by

991 =a \/?a

(4.5.101)
903 = b4 1“902 + C3,
provided function ¢? is a solution of functional equation
bsln o + o? = wy + 2 (4.5.102)

The corresponding solution of Equation (4.5.74) can be written as

2 2
i=a (fl,/w + bl) +4 <b4ln LA cz) +7 (“"— - b2> . (4.5.103)
To Zo To

Let function @ of Equation (4.5.50) depend only on wj. Then we have the
ODE

(¢" +bc) + 95 =0

which has solution
o' = 1 Vdaw; + 1 — be,
b
302 = ¢58in <i%\/4aw1 +c + c;;) s

b
% = cycos (:i:%\/4aw1 +c + ca> .
Thereby we find one more solution to the Equation (4.5.74)

@ = &(M(z) — 2azo — be) + By sin (Q—I;M(z) + 03> + (4.5.104)

b
+ Jc2 cos (—M(z) + ca) ,
2a

where M (z) = +[4a(az + bezo + &T) + c1]1/2.
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Let function @ of Equation (4.5.51) depends only on w;. Then we have the
ODE

(¢! +be)@1 + P =0

which is satisfied by

¢! = 2v/av/wy + 1 — be,

b
(102 = Cg €Xp (7—5 w1 + Cl) s (4.5.105)
3 =cyex (——b w+c>
@~ = Cc2€Xp \/6 1 L]

Formulae (4.5.105) and (4.5.85) give a solution to the Equation (4.5.74)

@ = a(M(z) + 2azo — bc) + fBeg exp [—\/iaM(z) + bxg] +

+ Ycg exp [% M(z) - bwo] + 7, (4.5.106)

where M (z) = (a:c(z) + bexg + GT + c1)1/2.
Let function ¢ of Equation (4.5.52) depends only on w;. Then we have the
ODE

(1-ag)g1 =0
the general solution of which has the form

-

&= f(w), (4.5.107)

where f are arbitrary differentiable fung¢tions, such as d’f = 1. It follows a
solution to the Equation (4.5.74)

-

i = f(zo — &) (4.5.108)

Let function ¢ of Equation (4.5.53) depends only on w;. Then we have the
ODE

(w1 +@Q)Pr = -3¢
which has a partial solution
g = &F(w1) (4.5.109)

provided F'(w;) satisfies the condition

F2(&F + 3wy) = 1.
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It follows a solution to the Equation (4.5.74)

-
Cc

i=——F(z (4.5.110)
NS (z)
where function F(z) satisfies functional equation
F~% _G¢F = 34z (4.5.111)
2 ,/.’I)O

Remark 4.5.3. Looking for solutions of Equation (4.5.74) by means of the
ansatz
@ = Tp(w) (4.5.112)

we get the reduced equation as follows
(Bow + [(@V)w)] w) o +p?=0 (4.5.113)

To require Equation (4.5.113) to be an ODE, one has to put

Oow = A(w),
0 @) (4.5.114)
(ZV)w = B(w).
For example, if
w = aZe*™ or w =/, (4.5.115)
Equations (4.5.113) take the form
we'(p+ ) +¢? =0. (4.5.116)
This latter equation has the general solution
le*/“’ = Cqw. (4.5.117)
@

Let us write down some formulae of generating solutions of Equation (4.5.74).
Let
4= F(z) (4.5.118)

be a solution of (4.5.74). Then using transformations (4.5.83), (4.5.84) and
formulae (17), we find new solutions of Equation (4.5.74):

i=——o F@)-7 (4.5.119)
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where 2’ is determined in (4.5.83); analogously, using conformal transforma-
tions

-

, _ od+ (ap + GU)T

' _ T N
T =-—, = , =1-—aqozo + az 4.5.120
o o+ (ap + aw)zo 7 0%0 ( )
we find new solutions as
Jai (3) - [ao +aFf (3)] 2
4= g g . (4.5.121)

1- [Oco +&ﬁ (E)] Ty
o
Now, without going into details, we list some solutions of the system (4.5.73)
obtained in the same manner as solutions of Equation (4.5.74):
@ =y '/? exp[-M ()] [B(cz cos M(z) — c1 sin M(z))+
+7(c1cos M(z) + ez sin M(z))] — 7,

azt + biEO

Vo

i= Bc(i) [& (aln B\’/%) +c1) +/?] +7,

B(z) = a7 — xod’[l’(xo);

M(z) = In

-

caB(&F + bxo) 2% 4 c3Y(AT + bxo)~2%- + T

=
Il

i = ab, — 5(21)4111 (&f-f— blwo) + 03) +5 (&TB:%‘—]—IE—O - b2$0) )

L + box - =by = -
@ = G(c; exp BT+ bazo _ biz, 1/2) + B2(BZ + bawo + c3) — Tby;
2b3 b3
L . 2 —-1/2 9 1/2 B
U = @cy + fey <03 - ﬂd':i') +5 (C3 - E&'.’E) + 7;
C1 1

Note that in this case of generating solutions formula (4.5.119) also holds.

Remark 4.5.4. Let
i = Vo (4.5.122)

where v is scalar real function. Substitution of (4.5.122) into Equation (4.5.74)
gives rise to the Hamilton-Jacobi equation (3.6.1) with m = 1:

v + %(ﬁv)z =0.
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Hence, one can use solutions of the Hamilton-Jacobi equation obtained in
Paragraph 3.6 to construct via (4.5.122) solutions of Equation (4.5.74). Below
we list some of such solutions

—

1*:2—‘;-(&f-bxoi\/(aﬂbzo)?—sazo), & =1
0
12’:—6(2axo+b:|:\/(62f+azg+bzo+c>, a=1;
ﬁ:(l—Bzo)‘l[&F( i )-95], & =0,

1 -6z

where 0, &, a, b are arbitrary constants, F' is an arbitrary differentiable func-
tion.

In conclusion, it will be noted that since equations considered above are
translationally invariant all solutions obtained here can be multiplied by mak-
ing change z, — z, + 6, (6, are constants).

4.6. The Galilean invariant generalization of the Lame equations. The super-
algebra of symmetry of the Lame equations

The Lame equations
Li= — — agrad(divd) — Ad =0 (4.6.1)

where @ = @(z) = {u',u? 4%} is a displacement vector, = (z9,%) € R*, a
is a constant, are basic equations of elastodynamics and describe propagation
of waves in elastic and isotropic medium. In spite of the fact that Equa-
tions (4.6.1) are quite satisfactory from the physical point of view (at least
for small-amplitude oscillations) [141] the rightfulness of their use from the
group-theoretic point of view gives rise to grave doubts [63]. The point is that
the Lame equations do not satisfy any principle of invariance, neither Galilean
nor Lorentz. As it was shown in [39] the Lie-maximal invariance algebra of
Equation (4.6.1) is Aﬁ(l,:}), basis elements having the form

a
0= 75—, P, = 6’ D=zyFy+z. P,
6.’170 8:ca (4.6.2)
9 15)
Jab = TPy — 25 Pa + 1° — — 0¥ =
T Tl Bl T U HE T G

In book [10] this symmetry has been used for obtaining exact solutions of
Equation (4.6.1). It will be noted that in [73] it is shown (with the help of
non-Lie method [57]) that Lame equations (4.6.1) are invariant both under
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AC(1,3)DAP(1,3) and AG(1,3); however, the basis elements of these algebras
are pseudodifferential operators.

Following [104] we generalize the Lame equations (4.6.1) so that they will
be invariant under the point Galilean transformations

Z
4.6.3
@ (z') = i(x) + v, ¥ = const ( )
Theorem 4.6.1. [104]. Equation
R oo . ou® . o%u®
L’U/+F(u,’l{/,@ :0, ’l{/'——-{azb}, %Z{m} (4.6.4)
is invariant under the Galilean transformations (4.6.3) iff
F(@,3,9) = 2(- V)i — [@(@- V)V]i (4.6.5)
Proof. The transformations (4.6.3) are generated by the operator
G =1,Gq = To¥ - V + Va0 (4.6.6)

According to (5.3.8) we find
VvV = exp{xo¥ - 6}6 exp{—z¢¥-V} = v,
&' = exp{zo¥- V}Bpexp{—zo¥-V} =8 — -V, (4.6.7)
(85)* =85 — 27 V)ao + (3 V)*
Hence
L(8")@'(z') = Lt — 2(7 - V)ilp + (7- V)@ (4.6.8)

So, to ensure the invariance of Equation (4.6.4) it is necessary and sufficient
to require
F'=F +2¥-V)iy — (7-V)*i (4.6.9)

whence we obtain (4.6.5). The theorem is proved.

Remark 4.6.1. One can make sure applying Lie’s method that the maximal IA
of Equation (4.6.4), (4.6.5) is AG(1,3) with basis elements (4.6.2), (4.6.6).

Remark 4.6.2. There is one more realization of AG(1,3), namely when

Ga = :tOBa. + wawbawb (4.610)
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These operators generate the following transformations

T =T+ Uy, Ty = To
g =2
1- 90

However, by virtue of the substitution

¢ o
¢ = const

YEita
these transformations and operators (4.6.10) are reduced to (4.6.3) and (4.6.6).
It will be noted that Lame equations are closely connected with the wave
equations

thp 821/; -
—L = 1A —s = Ay 4.6.11
Gag =@ DAp, T =7 (4.6.11)
It is easy to verify that . .
4 =Vy+ roty (4.6.12)

is a solution of Lame equations (4.6.1) for any ¢ and ¥ satisfying (4.6.11). An
infinite sequence of solutions of the wave equation is given in (2.3.60), (2.3.61).

2. If we seek for symmetry operators of the Lame equation (4.6.1) among
the second-order differential operators with matrix coefficients

Q = A*(2)8,0, + B*(z)d, + c(z), (4.6.13)

then we will have:

Theorem 4.6.2. [70*] The Lame equations (4.6.1) admit 62 operators of the
type (4.6.13) from which nine operators

N = (§J)? - (S)),

(4.6.14)
Naz[PaaN]a Nab:[PbyNa]

where J = # x P + §; matrices S, are written in (4.2.21), P = —iV, do not
belong to the enveloping algebra of AE(1, 3) (4.6.2).

Theorem 4.6.3. The Lame equations are invariant with respect to the su-
peralgebra SQM(3,3), basis elements having the form

=(5- 5y’ = N2 =
21 —E; ;)2= Q2 = N¥, Q3 = Q1Q2 (4.6.15)
1 —_

) s Ry =N, R3; = R1Rs
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and satisfying relations

a) = a) R = 07
[Ra, Rb]+ = R,Ry + RyR, = 6 Ry (no sum on b)
The proof of these theorems is based on the invariance condition in the form
[L,Q] = [L, A" 8,0, + B*d, + C] = (A*8,8, + B3, + C)L (4.6.17)

where A*| B* C are 3x3 matrices depending on z. The truth of formulae
(4.6.16) one can verify straightforwardly.

Now we present final transformations generated by operators (4.6.15) calcu-
lated according to §5.3 and Appendix 3.5. Using the identities

(§- P)i = rot @,

(§-P)%i = rot rot@ = Vdivi — A@ < 5,

(§- P @ = (-1)""'A™5, n=1,2,... (4.6.18)
(§-P)*Htlg = (-1)"A"rot@, n=0,1,2,...

one can easy obtain

Qi : @) =exp{6(S-P}ai=) —(s Py =
n= 0
— a7 = nen n—1- - ( 0)n 2 —
—u—nz::l(—l) HA v:u——A(nZ:;) — 1)1}—
=d—-A (e -1)7=
=e 27+ (1-e%) A grad divd (4.6.19)

=z
Ry: @(z') =1d(x) + Brotd

0 is a usual real parameter; (3 is a Grassmann parameter.
Using the identities

(S-Ni=w+V(EF @) -zdivi = @
(S - Jzu—(S IV = + V(F - @) — Zdivd

we find transformations generated by the odd operator Rs:

(4.6.20)

u(z') = u*(x) +ﬁl[2u +(Z-V)u* + 3% - d,+

F(F - V)ily — F2div Ty + 0 (& - V) divit — & - AT — 2divd’)]
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01 is a Grassmann parameter.

4.7. Reduction and exact solutions of nonlinear Galilei-invariant spinor
equations

Following [73*] we consider the nonlinear spinor equation of the form

[—i(y0 + 74)0: + 17200 + m(y0 — 78)|¥ = F(¥*,¢), (4.7.1)

where ¢ = ¥(t,z1,...,x3) is a four-component complex-valued function (col-
umn), 8; = 8/8t, 8, = 8/0za; 7o,---,73 are Dirac matrices (2.1.2), 74 =
Y0Y17273; F is a four-component function (column) depending on 3*, 9.
It is known that Equation (4.7.1) under F' = 0 is invariant with respect to
the 11-dimensional Galilei algebra AG(1,3) [144,78] with basis elements
Pozata Pazaa,, M=21,m,
Go = 8o + 2imza + £(Y0 + 714)7a, (4.7.2)
Jab = TaB — To0a — 3VaVb-
Operators G, generate the three-dimensional group of Galilei transformations
t=t, 2 =z,+vat,
¥'(2') = exp{—2im(vazo + 3vavat)— (4.7.3)
— (Y0 + 74)Vava }¥(z), va =const, z ={t,Za}.
Let us require the nonlinear equation (4.7.1) to be invariant under Galilei

transformations (4.7.3). (Non-Lie symmetry of Equation (4.7.1) under F =0
is studied in [138*].)

Theorem 4.7.1. Equation (4.7.1) is invariant under AG(1,3) (4.7.2) iff

F=[fi+ (v +m)f¥ (4.7.4)

where f‘i = f‘i (@W%(’YO + 74)w)7 J = (,‘/}*)T'YO'
The proof can be obtained by application of standard Lie algorithm.

Remark 4.7.1. When m = 0, Equation (4.7.1) with nonlinearity (4.7.4) is
invariant under the infinite-dimensional group of transformations
tl =t 13; =Tq+ ha(t)>

. (4.7.5)
Y (') = exp{—3 (70 + 14)7Vaha(t)},
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where h,(t) are arbitrary differentiable functions of ¢, h = dh/dt.

To construct solutions of Equations (4.7.1), (4.7.4) we will act by analogy
with that done in Paragraph 2.1, but in this case we use the three-dimensional
subalgebras of AG(1,3) found in [71*]. Below in Table 4.7.1 we list G(1,3)-
inequivalent ansatze of codimension 1 obtained as solutions of equations

Q.A(z) = [£2(2)0; + £2(2)3, +n(x)]A =0,
[£2(2)8; + €(z)0p)w = 0,
Y(z) = A(z)p(w),

where Q,, a = 1,2, 3 are elements of a three-dimensional subalgebra of AG(1,3).

(4.7.6)

Table 4.7.1. G(1,3)-inequivalent ansatze of codimension 1 for spinor field

N Algebra Invar. var. w Ansatze Y(z) =
1. Py, P1, P, 3 = p(w)
t
2. Py, P, T3 = eXP{-ZE’Yﬂz}w(w)
Jis + aPy
3. P, P, T3 = exp{—iamt }p(w)
Py +iam
4. Py, Ps, z? + 2 = exp{—%’yl% arctan z—l}w(w)
2
Ji2
5. Py, Py, Bt? — 203 = exp{ 2ima~2Bt(Bt? — 3azs)—
_ t
Jiz + aPo+ —a~! Btns + 5—;7172}99(@0)
+0G3
T
6. P, Py, t = GXP{"?'—(%% — 2amz—
2at
Ji2 + aGs —Ziamxg}go(w)
7. G1,Gy, t = exp{—?(wf +a3)—
1 3
Jiz + aG3 —;(771331 + ngxg)} exp{—rat‘
(2tamz3 + anz — 7172)}4p(w)
8. P, P t = exp{—ﬁ’h’h}*ﬁ(w)
b b 2a
Ji2 + aPs
) 1
9. G1,Go, t = eXP{—Etm(ﬁ +x3) - ?(7713314-
T
Jiz + aPs +n2$2)} exp {"5%7172} p(w)
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Table 4.7.1. G(1,3)-inequivalent ansatze of codimension 1 for spinor field

N Algebra, Invar. var. w Ansatze ¢¥(z) =
0. A, P P t =)
11.| G1,P, P t = exp{—%xf - %zlm}w(w)
12.| G+ ah, ¢ =exp{—%(imz2+172)+
Gs,P3 +az_1 t(im:v1 + nl)'}go(w)
13.| Gy +ah, t = exp{—%(ing +n3)+ amj :
G2 + (Pa, (imzy +m) + ﬂx_g t(imm2 + 7]2)}(,0((4))
Gs
14.| Gi+ aPb,, t2 — 2a1 = exp{%ia‘zmt(t2 —3az;)—
Py, Ps —1771 }w(W)
15.| Ji2 + iam, z? + z2 = exp{(iam — 14172) arctan é}w(w)
Po, P3
16.| G)+ aPs, t = exp{—zt—l(imml +m)-
Gz + aPi+ —im(azy + tz2)2[t(2 — tB — a?)] '+
+BP+ +%—(an1 + tnz)}-
+(ap — 68)P3, -expX imz? [f(t)(t2 —t6 — az)] 1y
—G3 + pGr1+ +%[a %‘tﬁz m+
+6G2 + ad Py + ; - 6) e + nil }w(w)

In this table:
Na=3(Y+7)V T=ap+6B
f(t) = la(pt — ab) + 6t7] — t[t* — tB — o],
z=71(azy + tz) + [t(t — ) — a2]x3,

a, B3, p, & are arbitrary real constants.
Let us substitute ansatze from Table 4.7.1 into Equation (4.7.1), (4.7.4).
After some cumbersome calculations we obtain the following system of ODEs:

1° iv3¢ +m(y — 14)p = R.

2% img+ (500 +74)78 + M0 - 74)] =R (4.7.7)
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3° i3+ [am(yo + 14) + m(v0 — 14)] ¢ = R.

1
4° 2 5 —_— - =R.
iV + [2\/572+m(70 Ya)| @
o o i Bw
5% —2iv39 + [ﬁ(’70+’74)73+;5(‘70 +74)+m(70-’74)] ¢ =R.

6° —i(v0+74)p+ M(’Yu% —a(y +74)) + m(y0 - ’74)] ¢ =R.

70 . . _— —_— = R.
i(v0 + 14)¢ + | 5o 707 w(% + 74) + m(70 74)] ®

8°  —i(v0 +ya)¢+ [m(yo —4) — %7074)] ¢=R.

9°  —i(y0+7a)p+ m(70—74)—;(70+74)—£’70’74]SO’—‘R-

10°  —i(y0 +74)¢ + m(y0 —v4)p = R.
11° —i(vo + 7)o + m(vo—74)—ﬂ(vo+74)]<ﬁ=R-

, .| i (1
12° —i(yo+m)o+ m(70—74)—§(;+

w =

)(’Yo +74)] ¢=R.

13°  —i(y0 +74)@ + [m(vo — 7a)—

—i(l+ LI )(70+74)]99=R-

2\w w—a w-—0

14° = 2iam¢p + [m(vo —74) + T—ZTw(vo + 74)] ¢=R.

ro o . i 1 —
15 2z\/;72<p + ﬁ(zam'yl + 572) + m(v0 — v4) + Bm(v0 + )| ¢ =R.
16°  —i(yo +74)p + {i('yo +v4) [[2wf(w)]_1 (w3 + a(a + pT)w—

1
—260427’) - —] +m(y — 74)}<p =R.
w

Equations 1°-16° correspond to that of ansatze in Table 4.7.1; dot means
differentiation with respect to corresponding w;

R = [/i(®@e,B(70 +74)®) + (Y0 + 74) f2(B2, B(0 + 74) )] -
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Further we consider the nonlinear equation

1/2k

[—i(Y0 + 72)8t + 17000 + m(v0 —7a) = AP (0 +7a)¥) '~ | =0,

(4.7.8)
A, k = const,

which is a particular case of Equation (4.7.1), (4.7.4). Note that in this case
corresponding reduced equations have form (4.7.7), provided R = /\('95(70 +

1/2k
14)p) e , ,

We succeeded in solving Equations 6°~13° (4.7.7). In this connection the
following lemma was essentially used.
Lemma 4.7.1. The quantities

Is =20 +va)pw, Iy =P(v0 +71a)pw?, Iz = P(70 +74)9, (4.7.9)

Iy =%(y0 +14)pw?,  Tio =2(0 +74)9s 111 = B(0 + 74)pw,

ha =2(0 +v)p(w? — aw), iz =B(v0 + 7a)e(w® — 2(a + B’ + afw)
are the first integrals of the systems of ODEs 6°-13° (4.7.7), respectively.

Proof. Consider Equation 6° of (4.7.7) (the rest of the cases are analogous).
Multiplying on -y the complex conjugation of Equation 6° we obtain

: : 1/2k
. 1 1 —
0] 7 - 2 _ = ,\( + ) ,
i®(v0 +74) + @ |m(y0 —va) + 2w(70+74)+ 2aw7074] ?(v0+74)e 7

from which
P70 +74)0 + B0 + 712)¢ = w1 B(70 + 1a)p or
d _ 1=
7o [P0 +1)e] = =01 (0 + ).
After integrating this equation we find

P(Y0 + 14)p = cw™l, ¢ = const.

So, the lemma, is proved.

Resolve relations (4.7.9) with respect to $(yo +74)y and inserting the result
obtained in Equations 6°~13° (4.7.7) we get the linear systems of ODEs, having
general solutions of the form [73%*]:

on(W) = 3[fn (W) (10 + 714) + gn (W) (1 +7078)] X5 (4.7.10)

where N =6—-13, x=(x* x2x%)7,
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gs(w) = % e)cp{(lﬁioﬁmw)‘1 +i¢1(k,w)}, (4.7.11)

fo(w) = 5 (™2 + (2iaw) ™" )ga(e);
fr(w) = Qla (Ow™V* + (2iaw) ™) g7 (w),
gr(w) = ——exp{(lﬁza mw)~! +iga(k,w)};

L)QS(‘*‘}))

fo(w) = 515(}:+ 2a

gs(w) = exp{—(1+ 4a2mx2)(16ia2m)_lw};
fo(w) = gln;(xw_l/k + é%)gg(w),

go(w) = w™! exp{—(lﬁiazm)_lw +igo(k,w)};

_ ~
fro(w) = % exp {%w} g10(w);

N2
g10(w) = exp {E“’} ;

A 1ok
fu(w) = 5m? 12k g1 (),

g (w) = —\/1—5 exp{i¢1(k,w)};

A

fr2(w) = %(wz — aw) "V g1a(w),

SO Uk
g12(w) = (w® — aw)™ /2 exp {Z—m- /(z2 - az) l/de};

fi3(w) = [w(w a)(w-pB)]"

-1/2k
I g13(w),

g13(w) = [w(w —a)(w - B)] /e { / [2(z — a)(z — B)] /*d }
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In formulae (4.7.11) 2= AX(v0 + 74)X)1/2k’

T [Pk fsn
Pn(k,w) = —( k—n
am |y, w, k=mn.
Returning to ansatze 6°-13° from Table 4.7.1, we can easily write with the
help of (4.7.10), (4.7.11) the corresponding solutions of Equation (4.7.8).

In conclusion, it will be noted that Equation (4.7.8) under k = % is addi-
tionally invariant with respect to scale and projective transformations [94,73*]:

, zh=ez., Y(2) = exp{8(=2 + Loma) ¥ (z);
t T
t’ = —, /= e
-6t " 1—6

t' = et

P'(x') = (1 -6t)? exp{imeuxa(Gt -1)"1-

- 2ltln (1—6t)[tyova + (0 + 74)7a$a]}¢($)-

4.8. Reduction and exact solutions of the Navier-Stokes equation

Following [63*] below we construct the complete set of G(1,3)-inequivalent
ansatze of codimension 1 for the Navier-Stokes(NS) field which reduce the NS
equations to systems of ODEs. Having solved these ODEs we obtain thereby
solutions of the NS equations.

The NS equations

8{/: - =\ - — T —
5 (@- V)i —Ad+ Vp =0, (4.8.1)
divi =0,

where i = i(z) = {u',u?, 4%} is the velocity field of a fluid, p = p(z) is the
pressure, = = {t,Z} € R(4), V= {9/0z.}, a = 1,2,3; A the Laplacian, are
basic equations of hydrodynamics which describe motion of an incompressible
viscous fluid. The problem of finding the exact solutions of nonlinear Equa-
tions (4.8.1) is rather comlicated, and the symmetry approach turns out very
effective. It is well known (see, e.g. [29]) that NS equations (4.8.1) are invariant
under the extended Galilei group 6(1,3) generated by operators

a9 g
at - E’ aa - :9—‘:”:7
Job = Za0p — Tp0y + u*0yp — ubauu s (4,8,2)
G, =10, + 6u"y

D = 2t0; + x40, — Oy — 2p0,,
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Table 4.8.1. é(l,3)-inequivalent ansatze of codimension 1 for the NS field

N Algebra Invar. var. w Ansatze
1| 01,0508 t u = fw), W =g(w)
u? = h(w), P =pw)
2. 0, 01,09 3 ul = flw), u*=gw)
u? = h(w), p=¢W)
3. O, 01 T3 w =25 + f(w), u?=gw)
G1+ G, u?® = h(w), p= p(w)
4. 01,0, t? — 2z3 u! = f(w), ¥ =g(w),
0+ Gs ud =t+h(w), p=pw)
5. (91,82 T3 ul = t+ f(w)
& + G u? = g(w),
v’ = h(w), p=epw)
6. 01,0, + Gy t2 — 225 u! =29 + f(w), u? = g(w),
0+ Gs ud =t +h(w), p=¢pWw)
7. O + ads, t2 4 2az; — 223 | u! = f(w), u®=gWw),
82,0, + G3 ud=t+h(w), p=pw)
8. 01,0, + Gs3, azy — T3 + %tz u! = 22 + f(w), = g(w),
G1+ 02 + s ud =t+ h(w), p=pw)
9. 8,03, J12 (z3 + 2)1/2 u! = 21 f(w) — z29(w),
u? = z19(w) + 22 f (W),
W =h(w), p=pW)
10. 8 + Gs, (z3 4 x2)1/2 ! = 11 f(w) — z29(w),
63, .]12 u2 = $1g((d) + xzf(w),
W =t+hw), p=gpWw)
| .6, nfm | ul= ), W= ),
P
W' = Thw), p=ge(w),
T Ty
12. 8, 03, In (22 + z2)+ u! = (22 4+ z2)71.
Ji2 +aD +2aarctan 2 (21 f(w) — z29(w)),
= (af +23)~ "
(z19(w) + 22 f(w)),
u® = (27 + 22)"1/?h(w),
= (¢ + 23) ' p(w)




262

Table 4.8.1.
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N Algebra Invar. var. Ansatze
2 . 2\1/2
13. O, 12, -(z—l-i:;w—z-)———— wl = (ZL% + Ig)—l‘
3
D (z1f(w) — z29(w),
u? = (23 + z3)~ 1
(z19(w) + 22 f(W),
u? = (gﬁ%’ +§%):”2h(w),
=(z1 +25)" w
(Z? +$§)1/2 ZD1 (]1 3) " p(w)
14. 03, J12, — v = = (21 f(w) — z29(w))
D W = 4 (m19(w) + 2 f ()
1
ud = —ﬁh(w),
p= 1w(«J)
Tt
2 4 g2 1/2 1
15. Gs, Ji2, (%_;”L u' = — (21 f(w) — T29(w))
D W= 2 (@19(w) + 22 f(W)),
1
ud = ﬁh(w) + 1;—3,
1
p= -t-w(w)
T3 1 1 2 1
16. A, By, ) = 2 fw), U= —g(w),
1, 5y 7 u \{Ef(w) u \/Eg(w)
D 3=_——h =-
e e p= o)
17. 81, D o 1= ot
1 3 \/i (4 \{Zf(w) + t ’
Go + oGy w?= Wg(w) + ?tz’
1 1
k R——— S
u® = \{Zh(w), p= 7o)
T3 T
18. G1, G, z3 1 L k2l
1, G2 7 (0 \{Zf(w) + et
D 2_ 72
uw = —\/—.ig(w) + -
1
= —%h(w), = ;«p(w)
19. o1, Go, I3 1= f(w),
1, G2 i u \{ff(w)
D 2o Iz
u \{Zg(w) + F 1
u? zjf—th(w)’ p= Z*P(w)
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where 0y = 5—3;, O = (% Recently it was shown [161,74*] that the

Lie-maximal invariance algebra of the NS equations (4.8.1) consists of the

11-dimensional Aé(l,S) (4.8.2) and the infinite-dimensional algebra A> with
basis elements

Q= [0 + f*0us —zaf B, (4.8.3)
R = g0,

where f* = f*(t) and g = g(t) are arbitrary differentiable functions of t; dot
means differentiation with respect to ¢.

To reduce Equations (4.8.1) to a system of ODEs we use ansatze of co-
dimension 1 obtained as invariants of inequivalent 3-dimensional subalgebras
of AG(1,3) described in [68,71*]. In Table 4.8.1. we list these 3-dimensional
subalgebras and give corresponding invariant variable w; a # 0 is an arbitrary
constant; f, g, h, ¢ are differentiable functions of corresponding invariant vari-
ables w.

Let us substitute ansatze from Table 4.8.1 into the Equations (4.8.1). As a
result we obtain the following system of ODEs

1° f=0, g§¢=0, h=0.

2° hf-f=0, hj-g=0,
hh—h+¢=0 h=0.

3 g+hf-f=0, hg—§=0, (4.8.4)
hh—h+¢=0, h=0.

4 fh+2f=0, gh+2§=0,
1-2hh—4h—2p =0, h=o0.

5° 14+hf-—Ff=0, gh-g=0,
hh—h+¢=0, h=0.

6° g—2hf—4f=0, hg+2§=0,
1-2hh—4h—2p=0, h=0.

7 (af —h)f -2’ +1)f+ap=0,
(af ~h)g—2(c® +1)§ =0,
(af —h)h—2(a® +1)h —p+ 1 =0,

af—h:O.
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8 —f(h—ag)+g—(a®+1)f =0,
—§(h—ag)+ap—(a® +1)§ =0,
1—h(h—ag)—p—(a®+1)h =0,
il—a_i;:O.
9° fP-g+wff+lo=3f+f
2fg+wfg=24+4,
wfh=h+Lh,  2f+wf=0.
10° f2-g®+wff+lp=23f+f
2fg+wfg=24+g,
l1+wfh=h+L1lh  2f+wf=o0.
11° ff—g(f +wf)+ ¢ =2f +dwf + (W + 1),
f3-9(g +wg) — 2¢ +wg) = 2g + dwg + (W + 1),
Fh = g(h + wh) = 2k + 4wh + (W% + 1)h,
f-(g+wg)=0.
122 —H(FP+ )+ (f-ag)f —p+p=2-f-f+ag+(a®+1)f),
~(f-ag)g+ap=2[g+g+af —(a®+1)g],
—fh+2(f — ag)h = h — 4h + 4(a® + 1)k,
f—ag:O.
13° — f2-g? +wff —whf - 20+ wp = w(—f - wf) +W¥@2f + wf),
f§ - w?hg = w(-g +wg) + (2§ + wg),
Ff(=h+wh) — w?hh — w2 = h — wh + w2k + w3 (2h + wh)
f-wh=0.
14° f2— g% + 2wff +2¢ = 4(2f + wf),
g+wg—2f(g+wg) = —4(29 +wg),

—(3h+wh) + 2wfh+ h = 4(h + wh)
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f+wf=0.
15° f2— g2 +2wff +2p = 4(2f + wf),
g+wig—2f(g+wg) =-4(2¢+wg),
—(%h+wh)+2wfiz+h= 4(h + wh)
frwf+i=o0.
16° - 1(f+wf)+hf=7],
—1(g+wg)+hi=g,

~L(h+wh)+hh+o=h, h=0.

17° —Y(f+wf)+hf+ag=f,
—3(9+wy) +hi+g=4,
~Mh+wh)+hh+¢=h, h+1=0.
18 L(f—wf)+hf=f,
3(g—wy) +hi=4g,

~Y(h+wh)+hh=h, h+2=0.

19° —3(f+wf)+hf=7],
~l(h+wh)+hh+p=h, h+1=0.

Enumeration 1° — 19° in (4.8.4) corresponds to that of ansatze in Table 4.8.1;
dot means differentiation with respect to corresponding w.

Equations 1° — 10° (4.8.4) can easily be solved and their general solutions
are as follows:

1°. f=a, g=c, ¢=pWw).

(Here and in what follows ¢ with a subscript denotes an arbitrary
constant; ¢ = ¢(w) means that ¢ is an arbitrary differentiable function
of w.)

C] c3w
o —e?* +co, c 0
2°. f= c3 2 3 7
ciw + ca, c3 =0,
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C4 cow
—e " +c¢5, ¢ 0
f — cs 5 3 #
cqw + cs, c3 =0,
h = cs, © = cs.
c 1 c
30 _ ) a+ce® + —3 (w - —) e — —SW, 3 #0
. f— c3 C3 Cc3
1+ cow + feaw® + Lesw?, c3 =0,
C4 chw
—e?¥ 45, c 0
9= { - 5, €3 F
cqw + cs, c3 =0,
h =cs, © = cs.
ﬁe_%c““’+c c3#0
4°. f - Cg 2, 3
aw + ca, c3 =0.

cy _1
y={_46 29 45, c3#0

C3
C4w + cs, c3 =0,
h =cs, = %w + cg.-
1 C1
——w+ e 4y c3#0
5°. f= c3 c a
1 2
W +caw + c, c3 =0,

C3

c
g:{_‘*ecw+05’ c3#0
csw + cs, c3 =0,

h = cs, © = cg.

1 c ¢y [w 1 1
- 5 4 —_=
e 2% Zw— S [ ——)eT2%, 3#0
2c3 cs\2 c3

1 1 2 1 3
1 (01 + cow + FCswW + 664(.«) s

C3

C4 —lc;,u
g= —e 2 +cs, c3#0
cyw + cs, c3 =0,
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h = cs, © = 3w+ cg.
cw aw
; e -, ¢c#0
. Cle"p{z(ai’+1)}+c2 @ 7
” f= aw?
+ cw + c2, c=0

80

90

10°

2[2(a? + 1))2

cw
e ——— ¢ + 4, 0,
9= Xp{2(oﬂ+1)} “ eF
c3w + ¢4, c=0

w

h=af —c =Y i
af—e Y=gt

aw? +w(a c)+
22(a® +1) ¢\

2
c3 a‘+1 cw
= = |w- exp ——— +c¢
f +[c (w c >+Cl] Pars1 ™™
1 aw4 C3 3 C4 o
- —w'tcaw+tcz ),
a2+1(24(a2+1)2+6“’+2“’ 1w
—aw
————— +c3expy —— ¢ +c c#0,
g= cez+1)  ° p{a2+1} v 7
o 2
_— c=0
2(a2+l)w + c3w + ¢4, s
h=ag-c ——w—-+c
=ag » ‘P—a2+1 6-
c c
f=-, g=clw°+—22, h = caw® + ¢4,
w w
2 2, .2
_C; 2(C+l) 2C1C2 C_cl +C2+c c ~1.0
2(c+1)w v 2w? 5 ¢# -1,
— 2ci1¢2 Z+1
=1 2 2 _
14 glhw— ~ 9z + cs, c=-1
1,5 C2 _
5c1w +2c1chnw—m+C5, c=0.

f, g, and ¢ are the same as in the previous case 9°,

267
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_ ¢ 2.0
22_C)+ng + ¢4, c#2,

—c3lnw+ ¢4, c=0

»—IAIEN

1
szlnw - Zw2 +eswi4ecy, ¢c=2

For Equation 11° (4.8.4) we did not find solutions. A particular solution of
Equations 12° (4.8.4) is

12° f=c, g=0, ©=2c— 1,

2
c1et® + cpet?v, % > a*(1+¢),
2
h =4 e*(c1 + cow), 94— =a*(1+c¢),
2
e*(c1 cos fw + 3 sin fw), CZ < a*(1+c),
c c?
1+ 44/ —a?(1+¢)
Ao = 2 4 ’
’ 2(1 4+ a?)
2
14 < a?(l1+¢)— <
_ 2 gV 4
2(1+ a?)’ 2(1+ a?)
A particular solution of Equation 13° (4.8.4) is
13° f=a, g=ca, h=0, o=-3d+3). (4.8.5)

Consider system 14° (4.8.4). Its last equation immediately gives

C
f== (4.8.6)

(as before, ¢ is an arbitrary constant). Substituting (4.8.6) into the rest of
Equations 14° (4.8.4) we get

d? 2c\ d

dwz(wg)+(1 w)dw(wg) 0 (487)
and B ]

4wh + (w+4—2c)h+1h =0. (4.8.8)

Equation (4.8.7) can be easily integrated and the result is

g(w) = a /z”ﬂe_r/"dx +2 (4.8.9)
w w
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In particular, when ¢ = 0, the general solution of Equation (4.8.7) takes the
form

= Owa 2 4.8.10
g(w) et ( )

Equation (4.8.8) is in itself an equation for a degenerate hypergeometric func-
tion and it can be rewritten in standard Whittaker form

42*W — (2? — dkz +4m? — 1)W =0, (4.8.11)
(where W = W(k,m, z); k, m are parameters) by the substitution

— w8 c_¢cv 4.8.12
Mw)y=wTe W(4, 4,4). ( )
When ¢ = 0, the substitution

h(w) = e™" Zo(7), T= % (4.8.13)

reduces Equation (4.8.8) to the modified Bessel equation of null order, that is
1Zo+ Zo — 120 = 0. (4.8.14)

Summarizing results (4.8.6)—(4.8.14) we can write down the general solutions
of Equations 14° (4.8.4) as

140 f=5 (4.8.5)
w
g= El xc/2€—z/4d$+ 22_,
w w
=2 g (c c w)
— T e — _- =z
h=wT+e w 1 11)

CZ

17,
= = d )
@ 2w+2/g(y)y+C3

(We continue to numerate solutions of reduced NS Equations 1° — 19° (4.8.5).

Number n° indicates corresponding ansatz of Table 1.) When ¢ = 0 we get
from 14° (4.8.5) the following particular solution of Equations 14° (4.8.4)

14°° f=0, 9= i]—le_“’/" +2 (4.8.5)

w
b= en(3).

2 2 -y/2 s —-y/4
C C € €
‘P—__l+_1/7dy+CIC2/ 3 dy..'.cs_
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where Z, is a modified Bessel function satisfying Equation (4.8.14). Consider
system 15° (4.8.4). Its last eqaution results in

c 1
= = - =, 4.8.15
f=<-3 (48.15)
The rest of Equation 15° take the form

a2 c\ d
—_ - =) — = 4.8.16
2 (wo)+ (1= £) () =0, (4816

. c\2 5 1

- (= _ - 4.8.17
2¢ (w) t9 4 ( )
wh + Bu+1-£)h-Lth=0. (4.8.18)

Equations (4.8.16), (4.8.17) can be easily integratyed and the result is as follows

w

g= C_l/xc/ze—zﬂdz_’_ 52_’ (4.8.19)
w w
17, 1

-1 _& . 4.8.20

=3 /g (¥)dy — 5- — 3w ( )

Equation (4.8.18) is reduced to the Whittaker equation (4.8.11) by the substi-
tution

e -3
h(w) = w P E-/tW (c - ,_2, %) (4.8.21)

Note, when ¢ = 3, function W (O,-—%, %) is reduced to the modified Bessel
function Z_3 (%). The general relation is [130,75%]

W(0,m,z) = \/;Zm (%) . (4.8.22)

So, we can write down the general solution of reduced NS Equations 15° (4.8.4)
in the form

C

15 f==- (4.8.5)

1
2
w

g= a /zc/Qe_I/2dz + C—z,
w w

=2 c—3 Cc w
h=wTe“/‘Ww - =z
woe ( 4 4’2)’

w
2
2 C l
/y(y)dy 55~ g9

[N

('9:
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where W satisfies the Whittaker equation (4.8.11).
Consider system 16° (4.8.4). The last two equations of 16° (4.8.4) give rise
to

h=c, ©= % +a (4.8.23)

Taking into account (4.8.23) we can rewrite the remaining equations of system
16° as follows:

f+Gu-—of+1if=o, (4.8.24)
§+Gw-—cg+ig=0, (4.8.25)

By substituting
f(w) = F(7), T= %w —c (4.8.26)

into (4.8.24) we obtain equation

d’F aF
- el =0. 4.8.27
) + 27 e +2F =0 ( )

The general solution of Equation (4.8.27) is

F(ry=e™" (cz +c3 / eygdy). (4.8.28)

Summarizing results (4.8.23)—(4.8.28) we write the general solutions of Equa-
tions 16° (4.8.4):

16°  f=exp {— (“5’ - 0)2} (Cz +es / ey’dy>, (4.8.5)

h=c, ¢=%+c1.

In the same way we find solutions of reduced equations 17° — 19° (4.8.4).
The solutions are as follows.

17° a=1:
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where W (., ., .) satisfies the Whittaker equation (4.8.11). The above solution
17° (4.8.5) is a particular solution of Equation 17° (4.8.4) with o = 1. When
« is an arbitrary constant, the general solution of Equation 17 (4.8.4) has the
form:

. ~1/2 2 )
17 g=(—'§—w—c) exp{—%(%w—-c) }W(—%,%,%(%w—c) ),
3
h=-w+e, «p:——cw—w2+cl,

2
and f is determined from the ODE

f+(gw—c>f+%f—ag=0.

The general solution of Equation 18° (4.8.4) is
18 = (ju=0 en {4 o=’} W (<511 (G -9,
9= (30 =0 e {-3 (qu- 9"} W (-F L1 (B0 -0).

h=-2w+c, ¢p=32w-3w?+cr.

h=-w+e, p=3aw-uw?+a.

In 17°—19° (4.8.5) W(., ., .) is an arbitrary solution of the Whittaker equation
(4.8.11).

Remark 4.8.1. Solutions of reduced equations 1°~19° (4.8.5) should be consid-
ered together with corresponding ansatze of the Table 4.8.1, and then one gets
solutions of the NS equations (4.8.1).

The above obtained solutions of the NS equations can be used as basic ones
to construct multiparameter families of solutions. For this aim one has to use
formulae of generating solutions (group multiplication of solutions) (see Para-
graphs 1.4, 2.3). Below we list the final symmetry transformations generated
by operators (4.8.2), (4.8.3) and corresponding formulae of group multiplica-
tion of solutions for the NS equations (4.8.1).
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Table 4.8.2 Final symmetry transformations and corresponding formulae of
group multiplication of solutions (GMS) for the NS equation (4.8.1)

N |Op. Transformations Formulae of GMS
z— u(z) — u'(z')
116, |7 =% @' (") = u(z) ay = ()
tl =t+ 60
240, |T=T+6 @'(z') = u(z) iy = @r(z')
57| Jap |t =t, & = @'(z') = Wcosa+ ug(z) = (6@ cos a+
i v o L . Sina sin a
Feosa + (£ x @) +(4 x @) ot +e€abclc
sina  _, _, e wl—cosa 1—-cosay 4, ,
+a(a- o) | +aa@-u)—— +aaab-———7—)u[(x )
a a
1—cosa
- a2 - —
810| G, |T =T+ 6t @' =d(z)+6 ap(z) =d;(z’) -6
t'=t
11| D |7 = P& #@'(z') =e P d@g(z) = ePir(z)
= et P()=ePp(x)  |pue) = Ppila’)
12| Q |& =F+ef(t) |W(2') =i(z) +ef(t) | Tn(e) = @(2') - ef (1)
t'=t P (@) =p(z) — ez-f |pu(z) = pr(a’) + ez f(t)
1B|RI|F=2,t=t #'(z') = i(x) in(z) = dr(z)
p'(z') = p(z) +2g(t) | pu(z) = pi(z’) — 29(¢)

Note: In 1-11 p/(z') = p(x) and therefore py(z) = pr(z'). In this table
80, 6a; O, B4, Oa, B, €, 2 are arbitrary constants, a = (a2 + o2 + a2)/?; f
and ¢ are arbitrary differentiable functions of ¢. Formulae of GMS stated
above allow us to contruct new solutions #y(z) of the NS equations (4.8.1)
starting from one @(z).

Remark 4.8.2. 1t will be noted that operator @ given in (4.8.3) generates
transformations (N 12 in Table 4.8.2) which can be considered as an invariant
transition to a frame of reference which is moved arbitrarily: & .y =€ f (2).
Let us give some examples of application of formulae of GMS. Having ap-
plied formulae 5—7 of Table 4.8.2 to solution 16° (4.8.5) we get the following
multiparameter families of solutions of the NS equations (4.8.1)

(275 n a5> ! (4:8.29)
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where a4,...,a5 are arbitrary constants, @, b, ¢, are arbitrary orthonormal
constant vectors

Z=0P=#=1, ab=b-c=¢a=0. (4.8.30)

Further application of formulae of GMS N 8-10 to (4.8.29) gives rise to the
following solution of Equations (4.8.1)

y y
a(z) = 71_E{e_y2 [Zi(al +a2/e‘2ds) + g(aa + oy /e’2ds)] + 6} - 07,

1 ¢ (Z+6t)
= — - 71
p(Z) t(y+a5)) Y 2\/2 )

(4.8.31)

where § are arbitrary constants, the remaining designations are the same as in
(4.8.29).

The procedure of generating solutions by means of symmetry transforma-
tions can be continued until one gets ungenerative families of solutions (see
Paragraphs 1.4). Without doubt, the reader can make it, by analogy with the
above examples, for any solution 1° — 19° (4.8.5) of the NS equations.

Ansatze collected in Table 4.8.1, of course, do not exhaust all possible ansatze
which reduce the NS equations. Let us consider several examples of ansatze
which cannot be obtained in the framework of local Lie approach.

The ansatz

i=Vo (4.8.32)
where ¢ = p(z) is a scalar function, reduces NS equations (4.8.1) to the system
of Hamilton-Jacobi and Laplace equations

o + (ﬁp)z +p=0,

(4.8.33)
Ap =0.
This is-an example of nonlocal component reduction.
Ansatz .
@ =adp(t,b-%,¢ ), (4.8.34)

where @, b, & are constant vectors satisfying (4.8.30), reduces (4.8.1) to the
two-dimensional heat equation

2 82
—A2p = 0. Ay = — + —,
P e 2= 807 T Bu? (4.8.35)
w=b-& wy=¢& &

Ansatz
i=7p(z), p=plz) (4.8.36)
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reduces Equations (4.8.1) to the system of PDEs

#(pr + Ap) + V(p+p) =0,

- (4.8.37)
o+ (Z-V)p=0.

New ansatze and solutions of the NS equations can be constructed within
the framework of conditional symmetry considered in Paragraph 5.7.

Let us make some concluding remarks. It will be noted that the question
“What spin is carried by the NS field?” has a rather strange answer [66]: The
NS field carries not only spin 1 but all possible integer spins s = 0,1,2,....
This is due to the fact that the space of solutions of the NS equations can
be decomposed into infinite direct sum of subspaces invariant under operators
Sab = u®0ys —ubd,s from algebra AO(3), and these subspaces are not invariant
under operators G, from (4.8.2) because of the unboundedness of operators
Oys. The following linearized NS equations are often used in hydrodynamics:

dy— A

div

The maximal invariance algebra of Equations (4.8.38) is the 9-dimensional Lie
algebra with basis elements

O, O, Jab = o0y — 250, + u*0yp — ub8ya,
D = 2t0; + 1,0, I =u%0ys.

0
4.8.38
o ( )

e &

(4.8.39)

It is to be pointed out that Equations (4.8.38) are not Galilei invariant and
therefore, generally speaking, they fail to adequately describe real hydrody-
namic processes.

The ansatze which reduce NS equations (4.8.1) to linear systems of heat
equations are considered in [72*]. The following is an example of such:

@ = af(t,w) + bg(t,w) + ch(t,w)

(4.8.40)
p = p(t,w) w=¢_-T,

where @, b, € are constant vectors satisfying (4.8.30)
Ansatz (4.8.40) reduces Equations (4.8.1) to the system of PDEs

ft _fww +hf“, = 0,
9t — Guw + hgo =0, (4841)
ht+pw=0, hw=0.

The last two equations from (4.8.41) are easily integrated and after that the
system (4.8.41) takes the form

fo = fuw + h(t)fu =0,

: _ (4.8.42)
9t — Juw + A(t)go =0, p=—h(t)w+ p(t)-
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Further, the change of variables

t
to7=t woy=w-— / h(z)dz (4.8.43)

reduces Equations (4.8.42) to the two disconnected heat equations

f‘r—fyyzoa

. =0 (4.8.44)
T~ Gyy =Y.



Chapter 5

Some Special Questions

In the present chapter we consider some problems tightly connected with
group-algebraic investigations such as: finding nonlocal transformations to lin-
earize a given nonlinear PDE, symmetry analysis of the three-body problem,
calculating final transformations generated by non-Lie symmetry operators,
and studying symmetry of integrodifferential equations. Here we introduce
the concept of conditional invariance, and study non-Lie symmetry of quasi-
relativistic generalization of the Schrodinger equation, Galilean invariance of
Maxwell’s equations, solutions of the Schrédinger equation invariant under the
non-Lie Lorentz algebra. Finally, in the concluding topic we introduce the
concept of approximate symmetry.

5.1. On nonlocal linearization of nonlinear equations

It is well known that information about Lie (local or point) symmetry of a
given nonlinear PDE sometimes allows us to find a substitution by means of
which the equation is linearized. For example, if equation

Du:F(zo,...,xg,-@i, Bu)

ey — 5.1.1
6950 ’ a$3 ( )

is invariant under the conformal group C(1,3) then there exists a reversible
point change of variables v — w = @(u) which transforms Equation (5.1.1) to

277
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the free wave equation Cw = 0 (see Paragraph 1.2). Class of nonlinear equa-
tions which can be linearized essentially extends if to make use of nonlocal
transformations, that is, the transformations containing not only dependent
and independent variables but also derivatives u, 4,.... Examples of such
transformations were known long ago. In mechanics and hydrodynamics non-
point transformations of Legendre, Euler, Laplace, Backlund, and hodographs
have been widely used for a long time. A classical example of nonlocal trans-
formations is the so-called Hopf-Cole transformation [40, 121]

u(z,t) = —zu%, v = o(t, z), (5.1.2)
(u is a constant) which transforms Burgers’ equation
U + Uy — PUzz =0 (5.1.3)
into heat equation

V= [WUgg- (5.1.4)

Below we show how to obtain the Hopf-Cole transformation from the group-
theoretical point of view [81*]. Another interesting approach is developed in
[145%].

It is not difficult to calculate the maximal IA of the Burgers’ equation (5.1.3).
It is five-parameter algebra, basis elements having the form

X: X = 0., X2 =0,
X3 = 20; + 2t0; — u0,,
X4 =10 + Oy, (5.1.5)
X5 = tz8; + 20, + (z — tu)0,.

It means that Burgers’ equation is invariant with respect to space X; and
time X, translations; scale changes X3; Galilean transformations X4; and
projective transformations generated by Xs. There is a remarkable similarity
between the symmetry algebra of Burgers’ equation and that for the heat
equation. The latter has the form

Y. Yi=a, Y%=4
)f3 = 276, + 2t8t,
Y, =1t0; — ﬁxva‘u, (5.1.6)

Ys = ted, + 170, — 3 (2® + 2ut)vd,.
Ys = vc’?,,
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and in addition, the heat equation, being linear, admits an infinite-dimensional
group generated by operators

Yoo = h(t, )0, (5.1.7)

with arbitrary solution h(t,z) of the equation.

Although the IAs (5.1.5) and (5.1.6) are such similar, nevertheless, the dif-
ference between them means that there is not a point change of variables which
reduces Burgers’ equation to the heat equation.

Suppose

= (v, ) (5.1.8)

and require the system of PDEs
Ut + UUy — YUz =0,
Ut — Uz =0, (5.1.9)
v = (v, vg)
to be invariant with respect to the algebra Z = {X,Y}, i.e.,
Z: Zy = Oy, Zy = 0y
Z3 = 205 + 2t0; — U0y,

Za = 10, + Ou — 200, (5.1.10)
2u

1
Zs = txd, +t0; + (z — tu)d, — Zﬁ(xz + 2ut)v0,.

Zg = v0,, Zo = h(t,z)0,.

Applying the second prolongation of operators (5.1.10) to the system (5.1.9),
we obtain from the condition of invariance the defining equations for function
¢ = ¢(v,v;). So, using formula (1.1.7) we find the first prolongation of the
operator Z,

1
=2Z4— — 'z )Ov, -
44 4 2”(v+xv )8,

Then we get

%;(u —p(v,v;)) = {l + 2—l-u [zvp, + (v +a:vm)<p,,,]} =0

Equating coefficients with variable z and then those without z we obtain defin-
ing equations
VY, + V0, =0,

1 (5.1.11)
1+ ﬂ’lﬂpv: =0.
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The general solution of the system (5.1.11) is
Vg
W(’U,'Um) = —2[1? (5.1.12)

It can be easily checked that operators Zs, Zg, and Zo, leave the system (5.1.9)
with function ¢ (5.1.12) invariant. From (5.1.8), (5.1.12) follows the Hopf-Cole
transformation (5.1.2).

Formula (5.1.2) can be used to obtain a nonlinear superposition principle for
the Burgers’ equation. Let ux(z) be a solution of Equation (5.1.3). Inserting
it into (5.1.2) and integrating, we get

vk (z,t) = exp{—alﬁ ]uk(‘r,t)df} (5.1.13)

Clearly vi (5.1.13) satisfies the heat equation (5.1.4). Since the heat equation is
linear, it possesses a linear superposition principle. It means that the function

v(z,t) =Y vi(z,t)

k>1
will be a solution of the equation as soon as every vi(z,t) is its solution.
So, using (5.1.13) and (5.1.2), we find thereby the superposition principle for
Burgers’ equation

T

u(z, t) = —2;4%111 Zexp{—é%/uk(r,t)dr} . (5.1.14)

k>1
Now consider the Liouville equation
Uzt + Ae¥ = 0. (5.1.15)
It admits operators
X = f(t)0: + 9(2)0z — (ft + 92) Ou (5.1.16)

with arbitrary differentiable functions f = f(¢) and g = g(z). Analogous
symmetry properties have the free wave equation

Vgt = 0. (5117)
It admits operators Y = {11,Y2}:

Y1 = f(t)0; + 9(z)0, Y2 = v0,. (5.1.18)
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The similarity between symmetry operators (5.1.16) and (5.1.18) says that
a transformation may have to exist which connects Equations (5.1.15) and
(5.1.17). To find the constraint equation

u = (v, vz, V)

explicitly we require it to be invariant under the algebra X @ Y = {X,Y2}.
Therefore from the condition of invariance

X — (v, 2, v1))

u=p [— (ft + 92) — veepo, — v‘”go”l] u=p = 0,

vz1=0 vz1=0

}/2(“ —¢) l = Uy + Ve Py, + VpPy, =0

we find, setting v = f + g,

CUz V¢
v2

u=¢(V,v;,v)=Ihnc+Inv, + Inv;,—2lnv=1In (5.1.19)

where c is an arbitrary constant.
Substitution of (5.1.19) into (5.1.15) reduces the latter to (5.1.6) when ¢ =
—2/A.
Using this fact, it is not difficult to write down the general solution of the
Liouville equation (5.1.15)
2 ftgz )
wz,t)=In | ~————"—
o= (-3

(Compare with (1.6.2)).
Following [105], consider more general form of nonlocal transformations,
namely the transformations

T:
xu—m:,:f"(z’“"f"”’q)’ (5.1.20)
us — U =¢° (x,u,q,,...,'%) ’
where
—_ s -1 m = 9’ = 82”8
u_{u }’ $= ’m q_axu, ’Lzl,_aml/axl/.
From (5.1.20) we get
ou'® B dp° aﬂ dp* uk oz, d¢° Buﬁ oz, (5.1.21)

oz, ~ 9z, dx!, ' Duk Bz, dzl, " Juk dz, Oz,
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With the help of the operator of total differentiation

a+uk 0

D, = oz, ""%E

4+ (5.1.22)

The equality (5.1.21) can be rewritten as follows:

ou'’
D,¢° = —D,7,. (5.1.23)
v ax;‘ v 7

Analogous expression hold for the second derivatives

82 ul-‘ auls

D,D,p* = ——(D,z’ z D,z 5.1.24
@ Ba::,az;, (D x“)(D z,) + (61:,,) D T, ( )

Formulae (5.1.23), (5.1.24) are relations for determining the primed derivatives.
A PDE (L; = 0) is said to be reducible to a PDE (L, = 0) by means of

transformation T if on sets of solutions of these equations and their differential

consequences denoted as [L;] = 0 and [L3] = 0, the following relations hold

TLy

Ll]zo =0. (5.1.25)
La]=0
To illustrate what has been said, consider several examples.

Theorem 5.1.1. [105]. The Monge-Ampere equation
Upplge — uZ, = 0 (5.1.26)
is reduced to the equation
v, =0, v = ¢(€) (5.1.27)
by means of nonlocal change of variables

ézut) n=z, V= Ug.

Proof. Using formulae (5.1.23), (5.1.24) we find
Dz{ = Ugzt, Dzn =1, D.v = uz,,
D€ = uy, Din =0, Div = ugt,

vy = —(uge) T (Ul — Uzoust),  uw #0,
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whence follows (5.1.27).

It will be noted that by force of Equation (5.1.27) any solution of the equation
u, = @(us) also satisfies Equation (5.1.26).

One can make such in much the same way that the two-dimensional ELBI
equation in the Euclidean space

(1+ u?) Uz = 2upUsz — (1+u2)ue (5.1.28)
is reduced by means of the Monge transformation
u= i/ (1 +’v§)1/2d§+i/ (1+vf,)1/2dn+c1
z=€+n+c, t=v+cs3
(c1, c2, c3 are arbitrary constants) to the equation

ven =0,  v=¢(£)+¥(n) (5.1.29)

In [105, 106] is contained many examples of the linearization of nonlinear
PDEs by means of nonlocal transformations.

It will be noted that nonlocal transformations can be used to construct for-
mulae of generating solutions of a given nonlinear PDE. Let us give an example
of such formulae. New solution 47 (z) of the Korteweg-de Vries equation (KdV)

Ug + 6UUL + Uzgr =0 (5.1.30)
can be derived from a known one u/(z) according to the formula [118%]
uI(z) = —ul(z) — 20%(z) = v/ (z) - 2v,, (5.1.31)
if there is a function v(z) which satisfies the equations

vy =02 +ul(z),

(5.1.32)
v — 6020, + Vzge = 0.

This statement can be easily proved. Note that Equations (5.1.32) are com-
patible iff u/(z) satisfies the KdV equation (5.1.30).

Let us demonstrate the usefulness of formula (5.1.31) by considering several
simple examples. Using the simplest solution of the KdV equation

ul) =, A = const
we get, according to (5.1.31), the new solution

u® = X~ 20,
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To find u(?) explicitly one has to solve the Riccati equation
oM = (vM)% + A (5.1.33)

There are three cases: A =0, A = —1, A = 1. Consider the first one. The
general solution of Equation (5.1.33) under A = 0 has the form

-1
a - - .1.34
Y z + c(t) (5 )

where c(t) is an arbitrary function of ¢, which should be defined from the
second equation of (5.1.32). From this one we find that ¢ = 0 and due to
the invariance of the equation with respect to time translations we can put,
without loss of generality, ¢ = 0. So, starting from a trivial solution u) = 0
of the KdV equation (5.1.30), we find by means of (5.1.31) the new solution

u(?) = —2/z. Let us repeat the above procedure once more, that is, make up
u® = 4@ — 29 (5.1.35)

where function v(?) satisfies, according to (5.1.32), the system

o® = (,,(2))2 +u® (5.1.36)
o — G(v(z))zvgﬂ +93 =o. (5.1.37)

The solution to the Riccati equation (5.1.36) is

(2) _ C(t) - 2$3

= O (5.1.38)

After substitution of (5.1.38) into (5.1.37) we find ¢ = 12, and therefore

@) _ 6(24tz — zt)

= Ty (5.1.39)
Continuing this process we will have on the nth step the formulae
w(m+) = () _ 2{™, (5.1.40)
o = (,,(n))2 +u®), (5.1.41)
vﬁ”’ - 6(v("))2v§cn) +o{2 =o. (5.1.42)

The main difficulty in application of formulae (5.1.40)—(5.1.42) for generating
new solutions of the KdV equation (5.1.30) consists in solving the Riccati
equation (5.1.41). However, starting from 4(!) = A\ = const we succeeded in
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obtaining the general solution of Equation (5.1.41) for any (™) (found from
(5.1.40)) as

o™ = _p(r=1) _ gy(nt1) (5.1.43)
where
w™HD) = (m / exp {2 > (= / w(m)dw} dz) (5.1.44)
m=0 T

n=012,..., w®=o0.

From (5.1.42) one can define more exactly the dependence of w(™ on ¢ and
then, from (5.1.40), it follows

A= A+2(lne®) = 1+2(ne®) ...
where (In ), = w, or
u® = A4+2 3 wlm), W) = x4 2 3 @), (5.1.45)
m=0 m=0

So, using formulae (5.1.44), (5.1.45), we have the following chain of solutions

2 6(24tz —z)
—_— e —
(12t + 29)2

Analogously, one obtains two chains of solutions of the KdV equation (5.1.30):

2
1=1- cos?(z — 2t) -
16[(ac + 6t) sin(2z — 4t) + cos(2z — 4t) + l]
[2(z + 6t) + sin(2z — 4¢)]
-1—--1+ 2

iz +2t)
16[(z — 6t) sh (2z + 4t) — ch (27 + 4t) — 1]

-1+ — ...

[2(z — 6t) + sh (2z + 4t)]

It will be noted that Lie’s symmetry of Equation (5.1.30) results in the following
formulae of generating solutions:

translations — u®(t,z) = uM(t + ao, z + a1); (5.1.46)
Galilei transformations — u(®(t,z) = u()(¢,z + 6t) — §6; (5.1.47)
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scale transformations — u(? (¢, z) = g2u(V) (8%, Bz), (5.1.48)

where ay, a;, 6, 8 are arbitrary constants.

Formula (5.1.31) together with those of (5.1.46)—(5.1.48) allow us to con-
struct wide classes of exact solutions (soliton-like and non-soliton) of the KdV
equation (5.1.30). Particularly, the solution

2

4=—14—g—
ch?(2t + z)

after applying formulae (5.1.46)-(5.1.48), provided § = —6, ap = 0, takes the
form of the well-known soliton solution

_ 26

" ch?B(z - 432t +ay)

It is obvious that formula (5.1.31) is not unique for the KdV equation. There
is, for example, another one

u(z) = u(l) —_ 2(1}5;1) + k(l))y
o) = (V) 4 k) 4 o),
o9 = 6" 4 KO 1 o,

where k(1) is an arbitray constant.
In conclusion we note that multidimensional generalization of the KdV equa-
tion (5.1.30) is suggested in [63]:

ou ou\'? ou ou \'?
U + F(’U,) (aa—u) + G(U)A (Ea—l'k-) =0,

u =u(t,zx), k =1,2,3; F,G are arbitrary smooth functions of u.

5.2. Symmetry, integrals of motion, and some partial solutions of the
three-body problem

Here we consider from group-theoretic point of view the classical three-body
problem in four-dimensional spacetime.

All of the ten first integrals of the three-body Newtonian problem (that is,
when particles are interacting according to Newtonian laws) were known to
Euler. Jacobi was the first to show that if particles are interacting with force
inversely proportional to the third power of interbody distance, then equations
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of motions admit one more new the first integral, eleventh, the so-called gen-
eralized Jacobi integral. It is, of course, independent of those ten. Further,
Poincare, Bruns, and Painleve proved a set of fundamental theorems on inte-
grability of the classical three-body problem. They showed that any integral
of motion which represented itself as an arbitrary function of coordinates and
an algebraic function of velocities of the particles is just a combination of clas-
sical integrals. Yu. D. Sokolov [193] for the first time after Jacobi found a new
first integral of the one-dimensional three-body problem in the case when par-
ticles have equal mass and they interact with force proportional to the third
power of interbody distance. This new integral was generalized on flat and
three-dimensional space in [110, 48]. Recently Golubev and Grebennikov [113]
developed new fruitful methods of qualitative analysis of equations of motion
of the three-body problem.

1. To study the symmetry properties of ODEs

i = % = Fi(t,z,4), k=T,N. (5.2.1)

we following [64] rewrite system (5.2.1) in equivalent form

dt dz, dey  di din
—_—me—— Tt s D ee—— I —— D e s I — 5.2.2
1 ii'l iN Fl FN ( )
In turn, the system (5.2.2) is equivalent to one linear PDE
g 17}
Ly = ( + :L'kg—- + Fk ) P=0 (5.2.3)

for the scalar function ¥ depending on ¢, zi, ©x. Now one can apply to Equa-
tion (5.2.3) the standard algorithm of Lie according to which the symmetry
operators are looked for in the form

X = £8, + £58,, + £*0;, +ndy, (5.2.4)

where €9, ¢, €% ) are functions on t, zy,Zx, ¥.
The invariance condition can be taken in commutator form

[L,X] =BL (5.2.5)

with an arbitrary function B depending on ¢, z, Tk, ¥-
Substitution of (5.2.4) into (5.2.5) results in

(L) g +(L6) g + (L8 g + (L) - (526)
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P P P) 8
0 s 28 _
[(5 +¢ ax, +e 31:,)Fk] d%s B(at o F’“a&:k)

After equating in (5.2.6) coefficients of the various derivatives, we get

L =B, L& — ¢ = Bi*,

~k_ 02_ s 0 2s 90 —
L¢ (f at+f + £ % )Fk——BFk, (5.2.7)

Oz, T,
Ln=0.
Excluding from (5.2.7) the function B, we obtain the defining equations

BFk

o + (L& — 24(LE°)) (5.2.8)

L(Lg* — 5nL) ~ L0 = 020 1 g0
From (5.2.7), it also follows that coordinates §’° are completely determined by
means of £° and &*:

e = Le* — &80 (5.2.9)

Now we apply the algorithm stated above to study the symmetry properties
of equations of motion of the three-body problem.

N oU - oU ou —
« = —, o = , P = , =13 5.2.10
z oz, y e z 0z, @ ( )

with potential

U=F(rZ,) + F(r2,) + F(r%,) (5.2.11)

where z,, y,, 2, are coordinated of the first, second, and third particle; F(r?)
is an arbitrary smooth function;

Tg!/ = (5_5)2’ nglz = (?7— 2‘)2’ sz = (Z_ j"')2’

Theorem 5.2.1. [155] The system of ODEs (5.2.10) with arbitrary smooth
function F(r?) is invariant under the Galilei group G(1,3), basis elements of
corresponding AG(1,3) having the form

a9 7] 7]
Py =9, P, = , 5.2.12
(i t 3z, + 3. + oz, ( )
7] 7] a 7] 9 9
a = tPﬂ-’ ab = Ta7z— — a a. a . T a.
¢ Jap = & azy 8 +y By, % 0Ya +e 0z zbaza

The proof is not difficult to obtain by means of algorithm described above.
Theorem 5.2.1. determines minimal IA of Equations (5.2.10). It is more or
less obvious that depending on special forms of the potential U, the symmetry
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of the equations may extend. The following theorem describes the all possible

cases of the symmetry extension.

Theorem 5.2.2. [155] The invariance algebra (IA) of Equations (5.2.10),
AG(1,3) extends if and only if the potential (5.2.11) has one of the following

five forms determined by function F(r?):
F(r?) = M7 + dor?,

then IA = {AG(1,3), S},

o 0 1s]
S=(y—2z)s— + (2 — i) — + (zi — %) 5

3.'12,‘ 63/,' azi’
F(r?) = Agr?
then IA = {Py, Pa, Ga, Y%}, 0,b=T1,3k = 1,6,
o 3] 7}
Yub = a a. )
= a Ovp1 + > Oves +u % Bves
o o
Yab = Vq a. a. )
2 Ulavbl +U33’Ub2+v261)b3
o o
Y=, + + v, ,
3 2 Ovb1 % Bua ' Sves
Y v o . 12 + 0
T 0 Bung % O’
o o
Yab = a. a b
5 vaa + 16v52+v éh:
o 7]
Yab = a. a. a
6 Y % Bup +u > 92 + Yous’
(val = Tq, Va2 = Ya, Vo3 = Z2a, )7
F(’!‘Z) = /\4’!'—2,
then IA = {AG(1,3), Dy, I},
0 1o}
D = 2ta a <~ -—+ aq_
1= Ot o g T % g,
II = tDl - tzag;

F(r*) =Xs(r?)?,  B#0

(5.2.13)

(5.2.14)

(5.2.15)

(5.2.16)

(5.2.17)

(5.2.18)

(5:2.19)
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The 1A = {AG(1,3), D;},

1s) e} a
Dy =(1- et Za 5.2.20
,=(1-0)td +zx T +y“0ya +z o ( )
and finally, if
F(r?) = XgIn (72) (5.2.21)
then 1A = {AG(1, 3), Dy},
17) a 0
_ b .9 4,9 5.2.22
D3 =110 + z, 9z, + yaaya + 2z 02, ( )
Proof. 1t is convenient to write IFO (5.2.4) in the form
X = €0t + %0z, + n**0ya + 1°*9za, (5.2.23)
where £, 7%, n%¢, 93¢ depend on ¢, z1,. .., z3, provided (Za, Ya, 2.) denotes co-

ordinates of the ath body, a = 1,2, 3.
In this case, the defining equations (5.2.8) take the form

Ueo Mot + Uyey? + Uz, 12 = 2Uz, & = (7' = 0'°) Fapt
+ (nla _ nlc)Fac + (za _ xb)ﬁubX(TZb) + (Za - Tb)j'—.‘acX(TZc)v

Uz 32 + Uy 32 + Ue,2® = 2U,, & = (1°° — °) Fup+

e

+ (1]20' - 1720)1:—‘“,; + +(ya - yb)l':abX(TZb) + (ya - yc)j':‘acX(rzc),
(5.2.24)
Ue 32 + Uy 3 + U, 02 = 20,6 = (1'® = 7°°) Fap+

= + (1°* = 1%) Fac + (2 — %) FapX (r2) + (70 — 2e) Fac X (12),

€ = bot’ + 7t +d,
1'% = bozat + a'®’zp + ay, + a®**z, + 0%t + d'°,

Ty + 2y + c*3 2 + 0t + d%°, (5.2.25)

7%* = boyat + ¢
7°® = bozat + €%z + €2y, + €232, + €20t + d°°,
where

_ df(r%)
= d(TZb) ’

lab _2ab _3ab 0 1 3
bOa'Yad’a y @ ’aa,aa’da’dZa,da,

aFb#c, a,b,c=1,2,3;
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ca,lb, ca.2b, cu3b, caO, ela,’ ea.2b, ea3b,eu0

are arbitrary real constants (group parameters);
X (r%) = 2(za — :cb)(nl“ - 1]”')+ (5.2.26)
+2(ya — 1) (1 = 7%°) +2(2a — 2) (1°* = ™).

Further analysis of the defining equations (5.2.24), (5.2.25) results in five
different cases, namely those listed in the theorem. By this remark, we end
the proof.

As a consequence of Theorem 5.2.2, we note that Equations (5.2.10) with
the potential

1
U (L4 L4 1 (5.2.27)
gy rgzlz r%x

are invariant with respect to the Schrodinger group Sch(1,3). One can make
sure that operators of invariance algebra stated in (5.2.12) and (5.2.18) satisfy
commutation rules of ASch(1,3) (compare with (4.2.2)):

[Pa, By] = [Po, Pa] = [Ga, Gb] = [Po, Jab) =
= [Pa, Gy = [Jab, D] = [Jas, T = 0
[Pa, Joc]| = babPe — b0cPs,
[Ga, Joe) = 8abGc — 64.Gh,
[Py, G,.] = P, [Py, D) = 2Py, [Po,IT] = D,
[P., D] = P, [P, TT] = 2G,, [D, 1] = 211.

Let us write down the final transformations generated by (5.2.14). In the
new notations they have the form:

1 . 1+ T2+ T
Tl = (xa - m) cos \/§0+2———eabc(zb-—zc)sm V3g+ LT 2T 3

3 \/§ 3
" _ntytys 1 o Ve Y1 +y2+ys
Yo = (ya 3 ) COS \/50 + W§€abc('yb yc) sin \/50 + 3 s
' 21+ 20+ 23 1 . \/— z21+ 22+ 23
=\ ——(f—— —=€, —Zc 30+ —,
Z, <z 3 )cos \/§0++2\/§c be(26 — 2c) sin 3

where 0 is an arbitrary real parameter. In this notation operator S takes the
form

o ] o
S = %fabc [(Za - zb)gz— + (Yo — yb)gg‘ + (20 — Zb)azc
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2. Now consider integrals of motion of the three-body problem. It is well
known that invariance of the Lagrangian

.c:%(:é‘%ﬁﬂ?)—u (5.2.30)
of the three-body problem (5.2.10) with respect to 10-parameter Galilei group

G(1,3) means that there are 10 quantities which are constants of motion of the
system (also known as first integrals):

H=1(Z+7+7)+v,
Po = Zq + Ya + 2a, (5.2.31)

Vo =Za + Yo + 20 — t(Za + Yo + Za),
ja.b = j:axb - ibma + yayb - y.bya + Z'a,Zb - 2bza

Additional first integrals come into being when function F(r?) defining the
potential U has the form (5.2.13) and (5.2.17). In the first case (that is when
F(r?) is given by (5.2.13)), the Lagrangian (5.2.30) takes the form

.2 . .
Lo=3(F+i+7)- (5.2.32)

- Al [(sz)z + (T?/z )2 + (sz)z] - AZ (sz + T?/z + TZJ:) .

The equations of motion following from the Lagrangian (5.2.32) possess an
additional symmetry operator (5.2.14). This means that there exists an addi-
tional conserved quantity. To construct it, one can use the Noether theorem
(the condition of the theorem is fulfilled: SC4 = 0). It yields the 11th first
integral

S = (Ya — 2a)%a + (2a — Ta)¥a + (Ta — Ya)Za,

or in new notations (5.2.33)
g = %fabc [(xa, - zb)j;c + (ya - yb)yc + (za. - zb)jc] .

This integral was obtained for the first time by Yu. D. Sokolov in [193] for
one-dimensional space and then it was extended on flat and three-dimensional
space in [48, 110].

In the second case (that is when the function F(r?) is given by (5.2.17)), the
Lagrangian has the form

. . . 1 1 1
£2=%(f2+ﬂ‘2+22)—/\4(7+ + ) (5.2.34)

2 2
Ty Tyz Tz

According to the Theorem (5.2.2) the equations of motion following from the
Lagrangian (5.2.34) have two additional symmetry operators D; and IT written
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in (5.2.18). But since I1£, # 0, we cannot make use of the Noether theorem to
construct the corresponding first integral. Nevertheless, the first integral can
be constructed in the following way, which holds for any equation of the form
(5.2.3). For any symmetry operator @ of a given equation (5.2.3) and for the
arbitrary solution 9 of this equation the function

will also have a solution. An analogous statement holds for the conserved
quantities. It means, in particular, that the expressions

m =IHs = (Zafa + YaYa + Zata) — 2Hst, (5.2.36)
Ty =1m = 3 + % + 7 — 2Hot? - 2mt, (5.2.37)
where
Hy=1#+7 +7) + X (%+%—+%)

give new constants of motion. Integral 7, is known as the Jacobi integral.
Since
P, = G,, NG, = Mjgp =Mm2 =0

we do not obtain any new integrals by this procedure.

When the potential U is determined by (5.2.19) and (5.2.21), the equations
of motion (5.2.10) are additionally invariant under operators Dy (5.2.20) and
Dj (5.2.22) respectively. One finds that

D2Ls #£0,  Dslo#0,

where £ and L, are corresponding Lagrangians. It means that the Noether
theorem is impossible to apply here. On the other hand we find

D2Po = fBPa,  D2Ga=G.,  D2Hp=2(3Hpg,
D2jab = (1 + B)jas, Dam =0, Doy =2m  (B=-1);
D3P, =0, D3G, = Ga,
D3jab = jab, D3Ho = 2Xe;

where
Hy=3(& +7 +7) + 2 [(02)° + (L0 + (L)),
Ho=Y& +7 +7) 4+ X [In(r2,) + In(r2,) + b (¢2,)] -

It means that operators (5.2.20) and (5.2.22) do not give new integrals of
motion.
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Equations (5.2.10) with the potential U defined by (5.2.15), as follows from
the theorem (5.2.2), are invariant with respect to the 61-parameter Lie algebra,
(5.2.16). This case is studied in full detail in [125, 126] and therefore we do
not consider it here.

3. In this point we describe some exact solutions of the three-body problem.

The problem of integration of equations of motion of the three-body system was
studied by many workers since Newtonian times. Until now only three cases of
full integrability of this problem are known, namely the potential of interaction
is defined by (5.2.13) and (5.2.17). Some partial solutions of Equations (5.2.10)
are obtained for other potentials.

The equations of motion (5.2.10) represent themselves the system of PDEs
for 18 unknown functions. The fact that this system possesses 10 first in-
tegrals (5.2.31) allows us to reduce the number of unknown functions to 6.
When equations of motion possess additional first integrals (they are written
in (5.2.33), (5.2.36), (5.2.37)), the number of unknowns is reduced to 4. The
reduction is achieved by means of appropriate change of variables.

Consider the three-body system with the potential of interaction given by
(5.2.11), (5.2.13). As it was already said in this case, equations of motion have
an additional first integral (5.2.33). The one-dimensional case of this problem
was fully integrated by Yu. S. Sokolov [194]. The change of variables found in
[194] was generalized in the case of flat (two-dimensional) space which resulted
in some partial solutions of the corresponding equations of motion. Some exact
solutions in three-dimensional space were obtained in [204].

Below we construct some partial solutions of equations of motion (5.2.10)
with the potential (5.2.11) defined by (5.2.13).

For the sake of convenience we combine the center-of-mass system with the
reference system, that is, we put

ZTg + Yo+ 2, =0. (5.2.38)

Further, we make the following change of variables

- 2 -1
3z, = 51 cos (a1 + gzl-’(k—l)) + S, cos ((12 - _7!'(’6_2) +

3 3
og—ay  2n(k-1) . o —ag  2w(k—1)
+S3 cos ( 5+ 3 + Sy sin 7+ 3 )
2 1
3y, = S cos <a1 + 2—7;@) + S5 cos (az - %) + (5.2.39)

+53 cos (a1 ;062 + 27!'(]673- 1)) +S4 sin (al ;az + 27r(k3—- 1)> ,
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2
32 = 51 cos (al + ﬂ;_l—)—) + S5 cos (az - %k) +

o —ay  2m(k-1) . (a1 —as  2m(k- 1))
+.53 cos ( 3 + 3 + Sy sin 5 + 3 ,

k=13

In the two-dimensional case an analogous change of variables was used in
[48].

In new variables expressions of kinetic and potential energy take the follow-
ing form

T:%(é’z+ijz+é‘2):i[Sf+S§+S§+SZ+ (5.2.40)

0y — G

2
+ (Sld1)2 + (52d2)2 + (Sg + SZ) < ) + (5354 - S3S4)(d1 - dz)],

U=M(rls+723+75) + do(rdy + 735 + T5) =
=30 (S2+ 53+ 52+ 57) + 2 [(Sf +53+52+52)% + (5.2.41)
+%(S§ - 532 - 25152)2 + 2(3354)2] .

Equations of motion in new variables are written as follows

151 -15168 = —g—;]l-,

15, 16,62 = _%’ (5.2.42)
4 [185 4 15u(aa — d)] - 154 ("" ‘2“3‘2)2 +8u(an — dn) = 5,

& [584 + 183(0n — o)) - 154 (‘3‘1 “"2)2 +185(8s - aa) = -5,

% (826 — (2 +52) (da — ) + 3(SsS4 - Ss34)| =0,

d [eo. . . : :
= [ 3802 + L(S2 + 52)(da — @) + 3(S384 — $54)] = 0.
Integrals of motion P, and G, in new variables become zero.

Let Sy, Sa, S3, Sy, G, Ga be constant, then the system (5.2.42) is reduced
to the system of algebraic equations
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Slaf =\ [3(512 + S% + Sg + 542)51 + %(Slsz + Sg - S‘%)Sz] + 33X 81,
S262 = Ar [3(512 1 SE4 ST+ 52)Sy+2(S)Sy + 5% — sg)sl] + 308,

S3(dn —ds)? = 8y [3(53+S§+S§+S§)53+g(slsz+sg—s§)sg+3sasz] +
424X\, S3,
S4(d1 —dz) =8\ [3(512+S§+S§+S42)S4 - %(5152+S§—S42)54 +3S§S4:| +,

+24X,85,,

Stan + (S5 + S7) (42 — d2) = a1, (5.2.43)

Sfcn + §(S3+ 57) (62 — 62) = a1,

where ¢; and ¢, are constants of integration.
Further, we put S; = Sz, S3 = S4 (and therefore &y = &2, 1 = c2). After
this suggestion, the system (5.2.43) takes the form

32 = \; [6(S% + S2) + 252] + 3\
a 1 (21‘*' 2)+4. 1;+ 2 (5.2.44)
A (g +3S3) + A2, aSl =C

The system (5.2.44) has a solution when A\, < 0. Having expressed S? and
¢ from the second and third equation of the system (5.2.44) via SZ, we get
cubic equation with respect to S?

| 2 Ao 5
01-—5—12, 3———351,

%Al (512)3 + AgS? - C% =0.

(5.2.45)

Using Cardano formula, it is not difficult to obtain the solution of Equation

(5.2.45)
. 4 _Cj AN /4 \2 tle|fa ﬁ 3(i)2 1/2}1/3+
Sl \E) ) il T3 s
N 4 a Az 3/ 4\2 4 ¢ c%— ﬁ)s i)2]1/2}1/3_
w2 \3) o) | 7N T\ )\

_ 4%
215’
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2 3 2

cl Az 4

- > | = —— 5.2.46
4~ ( 3) (7)\1) ( )

a = S—%t+ca, o) Szt+C4, (5 a7
A2 5 -

where ¢, c3, ¢4 are constants of integration.
Formulae (5.2.46), (5.2.47), and (5.2.39) give a solution of equations of mo-
tion (5.2.10) of the three-body system with the potential (5.2.11), (5.2.13).

5.3 Non-Lie symmetry and nonlocal transformations

The infinitesimal Lie method is far from providing the possibility of finding
all symmetries which a system of differential equations possesses. A familiar
example of a “non-Lie” symmetry is the invariance of the Schrodinger equation
for the hydrogen atom under the group 0(4) first discovered by Fock [53].

Let us consider an arbitrary linear system of PDEs

L(z,9)y(z) = 0, (5.3.1)

where L(z,d) is a linear operator, ¥ is a multi-component function with com-

ponents {#',9%,...,y™}, z € R", 8 = {8—2—

In Lie’s approach, the infinitesimal operatlz)rs of the invariance algebra are
sought in the form of first-order differential operators (2). Taking into account
that the manifold of solutions of linear system (5.3.1) is also linear, we can
simplify the general form of the symmetry operators (2) as follows

uw=0n-—1.

X = 6 (0) s — (W) o Q@ = E4(0) 5 +1(2), (5.32)

8111"
where 77(z) are matrices of dimension m x m. Here we used different nota-
tions for the same operator to emphasize that operator @ acts in the linear
m-dimensional space {¢(z)} while the operator X acts in linear (m + n)-
dimensional space {z,¥}.

By means of operator Q (5.3.2), the invariance condition of the system (5.3.1)
can be written in the form (9), (10):

(L, Ql¥(x) =0. (5.3.3)

Ly=0
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It is obvious that this condition does not impose any restrictions on the order
of generators Q. So the formulation of the problem of investigating symmetry
properties of the system (5.3.1) can be considerable generalized by extending
the class of the desired operators Q. For example, it is possible to seek 1A
in a class of second-order differential operators or even of integrodifferential
operators. It will be emphasized that the condition of invariance (5.3.3) does
not guarantee for the set of invariance operators @ of second and higher orders
to form a Lie algebra as it was for the first-order differential operators in Lie
approach, and what is more operators Q can form, for example, superalgebra
or possess other specific algebraic properties. If we desire operators @ to form
a Lie algebra, we must also require the following relations to hold:

[Q4,QB] = CascQc, (5.3.4)

where C 4 gc are structure constants. A set of operators {Q 4} satisfying condi-
tion (5.3.) and (5.3.4) is called an invariance algebra (IA) of the system (5.3.1).
This non-Lie algebraic approach was suggested in 1971 in [57] and since then
new IA of the Dirac equations. Maxwell’s equations and many equations of
quantum mechanics have been found in just this manner. A largely complete
review of these results the reader will find in [82,87%].

Below we consider how to find final transformations generated by non-Lie
symmetry operators. It is clear that these transformations cannot be local;
naturally they are nonlocal.

An arbitrary differential operator of any order can be written as follows:

Q = Q(z,0) = £#(2)du + n(z, ), (5.3.5)
where £#(z) are scalar functions, 7(z,8) is the matrix-differential part of @

does not contain terms like £ (z)d,.

Theorem 5.3.1. [99] If operator Q (5.3.5) satisfies condition of invariance
(5.3.3) on the manifold of solutions of the system (5.3.1), then the system
(5.3.1) is invariant under one-parameter group of transformations.
z, — z,, = exp{0£d}x, exp{—0£0},
P(z) - P(z') = exp{6£0} exp{—-0Q}¥ (<),

where 0 is an arbitrary real constant (group parameter), generated by this
operator Q.

(5.3.6)

Proof. As a result of transformations z, — ,, from (5.3.6), any differential
operator constructed from z,, and 8, and of course, the operator of the system
(5.3.1), L(z, 9) transforms according to the law

L(z,8) — L(z',8') = exp{0£0} L(z, 8) exp{—6£3}.
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then using the expression for ¢(z) from (5.3.6) and taking into account (5.3.3)
we find

L(z',0")Y'(z') = exp{0£0}L(z, 8) exp{—0£8}-
-exp{0£0) exp{—-6Q}9(z) = exp{0£0)L(z, 0) exp{—-0Q}¥(z) =

= exp{0£9}L(zx, d) (1 -0Q + (03)2 F > P(z) = 0.

It proves the first part of the theorem, that is, the system (5.3.1) is indeed in-
variant with respect to transformations (5.3.6). And now we convince ourselves
that transformations (5.3.6) form a one-parameter group. We find

zj, = (exp{B£0}) =, (exp{~ptd})’ =
= exp{0€8} exp{B£8} exp{—0£0} exp{0ED}x,.-
-exp{—0£0} exp{0£0} exp{ -0} exp{-0£0} =
= exp{(6 + B)£0}z,. exp{—(6 + B)£3},

9" (z") = (exp{B£8} exp{—BQ}) ¥/ (<) =
= exp{0£0} exp{BE0} exp{—BQ} exp{—0£8} exp{0£3} exp{—0Q}¥(x) =
= exp{(6 + B)£0} exp{—(6 + 8)£0}¥(x),
which completes the proof.
Remark 5.3.1. If operator Q satisfying invariance condition (5.3.2) belongs to

the class of Lie-type operators (5.3.2), then expressions (5.3.6) give a formal
solution to the Lie equations.

dz’ ' / _
do# =8(), =, L:o— Tus (5.3.7)
dwd_(az‘) = —n(a" ' (2"), Y'(z') |9:OE Y(z).

Indeed, by substituting (5.3.6) into (5.3.7), we obtain identities

z | _ = VE)|_=vE)

d !
L — exp(8E0}e0, ] exp{~060} = exp{BED)E(x) exp{ ~060) = (o),
dw(;(;:') = exp{0£9}(£0 — Q) exp{—0Q}¥(x) = — exp{0£d}n(z) exp{—0£0}-
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-exp{0€0} exp{—0Q}¥(z) = —n(z')P(z').

If operator @ does not belong to the class of Lie’s operators (5.3.2), it gen-
erates nonlocal transformations. As a simple example of non-Lie operator, let
us consider the operator

62
Q=57
According to (5.3.6), we have
' =z,
10N 62 - 1 T (x":‘/)2
P'(z') = exp {95;} Y(z) = Vi / exp {“T} ¥(y)dy.

This result follows by noting that the F(,z) = ¢'(z') satisfies the Cauchy
problem
OF _&F
80 ~ 9z2’
and, therefore, we may use the well-known expression for the fundamental
solution of the Cauchy problem for the heat equation

F(6=0,z) = ¢(z),

iy )2
F(6,2) = ¥/(z') = ﬁ / exp{—(”” 3] }w(y)dy

- 00

To obtain functional form of final transformations (5.3.6), it is necessary to
do additional calculations connected with expansion of operational exponents.
So, we further consider this question.

Let A be an algebra with the following properties: for any elements Z, J
from A their commutator [Z,y] = Ty — §Z belongs to A, and the sum of a
infinite convergent series with elements belonging to A also belongs to A. In
what follows we will use hat as the notation of elements of algebra A.

Theorem 5.3.2. For any Z, § € A the following expansion holds (the
Campbell-Baker-Hausdorff (CBH) formula)

oo n

exp{—0Z}i exp{07} = ) | %{@, z"}, (5.3.8)
n=0

where

= ¥F — 3, (5.3.9)
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0 is an arbitrary real constant.

Proof. Consider the function of 8
F(6) = exp{—0Z}w exp{0Z} (5.3.10)

Let us expand it in Maclaurin’s series. But at first we find

%g = exp{—07}(w, Z] exp{67}
2
Sp5 = exp{—02}(-2(®, 7] + (@, 7]E) exp{67} =

= exp{—07}[, %] exp{0Z}

The theorem is proved.

Theorem 5.3.3. For any 7, § € A, the following identity holds (the formula
of Hausdorff)

eV =er,  FEA, (5.3.11)

where

yoo 1y (5.3.12)
B=) 1 Ba{E,7"} =7+ 5(7,9] + Z (2k)'{A 72),

1 . 4.2
=E(zla’y‘)zk—-la k=1,2,...,

Bg=B5=...=sz+1 ==0, (5313)
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= 1 -1 .
B4—_ﬁ, BG—EP”;

216; is the so-called Hausdorff operator which operates in the following manner:
for example,

(218;)F§° Gy = FZ1§G§ + F§aGy + Fi°Ga, (5.3.14)
where F' and G are operator-valued functions independent of §.

Before proceeding to the proof of this theorem, we will first prove three
lemmas.

Lemma 5.3.1. For smooth operator-valued function F(Z), the analog of Tay-
lor expansion holds true

F(+@) = F(8) + (80) F(z) + (@) F(&) + - -- (5.3.15)

Proof. Since in both parts of equality (5.3.15), function F(Z) comes linearly,
it is sufficient to prove the lemma for the function z". For n = 2 we have

(Z+3)?=(Z+0)E+08) =2 +7a+az+a°
From the other hand, if F(Z) = #2, we find the same result from (5.3.15)

(i+a)2=552+(@a;)i%%(aa;)%‘*’=22+m+:3a+@2.

To complete the proof, one has to apply further the method of mathematical
induction.

Remark 5.3.2. Analogous expansion can be written in two-dimensional case

F@E+4,§+7) = F&,79) + (azg + wy) F(,9)+

) R (5.3.16)
+ 5 (u@; + va;) F(z,9) +
Lemma 5.3.2. In algebra A, the following identities are valid
(@) € = €% (8,7), (5.3.17)

(@0.) e = ¥(@, 2)e, (5.3.18)



Section 3 303

where
~ A~ 1/\/\ 1,\,\2 uax}defA
=0+ — — 5.3.19
o(@,z) =1+ 2!{u,:t}+ 3!{u,x b+ Z D) ( )
V(@8 = o(@-5) = 3 @ g (5.3.20)
' ~ (n+1)!

Proof. 1t follows as a trivial consequence of (5.3.15) that

(u6~)e —u+—(uw+xu)+—(ux + 2% + Z°0) + -

Setting in this expansion

i = [@,7] (5.3.21)

we find
S o T o ala Lo a2y Lo o3 5 et 29
([w,7)8) e = [@,7] + i—'[w,x ]+ L ]+ = [w,e€] (5.3.22)
Further, we use CBH formula (5.3.8) under § = 1
o A =0t = o (e-tpem ) = o (1551 4 Lig 2
[W,e"] = we® —e*w =e (e we —w) =e {w,z}+§i{w,x P+
It yields together with (5.3.21), (5.3.22) formulae (5.3.17), (5.3.19):
~ Py PO PPN 1 . _;AA)
(@) e® =e (u+§{u,x}+a{u,x }+) = e"p(4, 7).

By noting that

o 1 z
= ({w,z} - E{w,wz} + {u 22} ¥ )
one can easily show the validity of (5.3.18), (5.3.20).

Lemma 5.3.3. The series (5.3.19) is reversible, the reversion having the form
o0
2 B_ (5.3.23)
= nl

where B,, are Bernoulli numbers (5.3.13).
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Proof. Starting from (5.3.19), we can successively write

11, .
e R L al
IS R 1
{P,Z}:{u,z}+§{u,z }+ ;{u z }+ (53.24)
{ﬁ,:’z\z}:{@ﬁ;‘?}_*_i{a ’Z\a}-{-.*. 1 {’*,’\n}+

20 (n—1)!

~ ~n— 5 1o on
{p, 1} { 1}+'2_|{u1$ }+
Bz} ={a,z"} +--
Now we make the sum Z b.{p,Z"} and require the coefficients b, (n

0,1,...; bp = 1) to satisfy the relations

1 b br—1 _
m+"'§+"'+‘—2!—+bn—-0. (5325)

All terms in the right-hand side of our sum vanish except the addend w. Thus
we get

=Y b.{p, 3"} (5.3.26)

Equations (5.3.25) should be considered as recurrent relations for determina-
tion of coefficients by, ba, . ... These relations can be written as a single identity

(St (Soe) =2

But as it is well known

i " et-1
P = .
nzo("+l)' t

Therefore, numbers b,, are just the coefficients of the expansion of the function
t/(e* — 1) in a power series. So we have

oo 00
t B.

n __ —_ nn

nX:;)b"t —et_l_z n!t ’

(B are Bernouilli numbers (5.3.13)) whence follows

b = —

o (5.3.27)
n.
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From (5.3.26) and (5.3.27) one obtains the formula (5.3.23).

Remark 5.3.3. Similarly one can reverse the series (5.3.20). But since § =
(@, —Z) we get from (5.3.23)

i( V"B (5 573, (5.3.28)

n=0

Now we are ready to prove Theorem 5.3.3. Let 7 is changed to Z + 6% and
7 is changed to § — 69, where @ and ¥ are arbitrary, in such a way that

Z2(Z + 04,7 — 69) = 2(Z,9) (5.3.29)
Then according to Lemma 5.3.1 using (5.3.16) we get identity
(a0;) 2 = (00;) 2. (5.3.30)
The condition (5.3.29) means that
e tou gy—bv — (e”” +6 (@) = + -- ) (ey -6 (66;) ev+-- ) = e®e¥
And together with Lemmas 5.3.1 and 5.3.2, it yields
o (@,8) = ¥(5,7) (5.3.31)

Since @ is arbitrary, we may choose it equal to Z, from which we may find

(z0;) 2= (98;) = (5.3.32)
and
o(Z,7) =% =¢(9,7). (5.3.33)
Having used formulae (5.3.20), (5.3.28) we obtain
Z ) Bn ™ (7,9} (5.3.34)
n=0
Let us expand 2 as a series
Z=%+21+22+--, (5-3-35)

where 7}, is a polynomial containing k factors of Z. Since ¥ contains Z only to
the first power (see (5.3.34)), we can rewrite equality (5.3.32) as

21+222+323+-~=(a%)(20+21+22+-~)
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and after equating coefficients of the terms with equal power of Z, we get
identities

a=(00)% 22=(30)a, 3%=(00)%
To find Zp we set in (5.3.35) and in (5.3.11) Z = O. It immediately yields

-~ ~

=¥=72.

z=0

Thus Theorem 5.3.3 is proved.

Remark 5.3.4. In the same way, using the substitution ¥ = ¥, we find

(38;)2= @3)2 @9 =7=¢@5). (5.3.36)
Using (5.3.19), (5.3.23) we obtain another equivalent expression for z:
Z=Z+T1+72+--, (5.3.37)
oo [o o]
- B, . o 1 A Byg ..
1= {5} =9- i[53+ (—k{y, 2%},
n=0 : k=1
o =3(R), 3= L F0)T,

Consequence 5.3.1. When operators Z and 7 satisfy commutation relations

["iv [?i, ﬂ] = [37’ ["’i’ ?7]] =0, (5.3.38)

formulae (5.3.11)—(5.3.13), (5.3.37) result in the well-known identity
A~ A~
ePe¥ = 2 H+3EY) (5.3.39)

which is widely used in quantum mechanics and in the theory of coherent states
[151,164].

Remark 5.3.5. The problem of finding an explicit expression for Z = In (e®e¥)
was first attacked by Campbell in 1898 and was soon thereafter followed by
investigations of Baker and of Hausdorff. The author last named found an
expression for Z in terms of repeated commutators of Z and ¥ [117]. Hausdorff
results were expounded in [38,146,189,206,208] and here we used these works.
More recently Dynkin [45] found explicit form of coefficients of the commutator
series for Z but this result was quite unwieldy and therefore is not used in
applications, while the Hausdorff formulae (5.3.11), (5.3.12), (5.3.37) give, as
we see it, an effective way of finding Z.
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Below we consider an example of using the Hausdorff formula to find nonlocal
transformations of invariance of the Dirac equation.

(17,0 — m)Y(z) =0 (5.3.40)

where m is a constant (mass of particle), 7, are Dirac matrices written in
(2.1.2).

As it is well known the Dirac equation (5.3.40) is invariant with respect to
the Poincare group P(1,3) and this group is the maximal one in the sense of
Lie (here we do not consider transformations which mix up ¢ and ¥). But
the Poincare group does not exhaust all symmetry properties of the Dirac
equation. It was shown in [64] by means of non-Lie method the duality of the
spacetime symmetry of the Dirac equation. This duality is stipulated by the
existence of two IA: the known one AP(1,3) with basis elements (2.1.11)), and
the algebra AF(1,3) with basis elements

Py = 19y, Po = H = v97aPa + vom, P, = —10,,
Jab = 2o Py — 2o Po + Sab = €apeJes (5.3.41)
R, = P, — 3(PoZa + TaPo),
which satisfy commutation rules
[Po, Po] = [Po, Pa] = [Pa, Bs] = [Py, Pa] = [Po, Ra] = 0,
[Po, Ra] = iPa, [Pa, Ro] = i644Po,

[Ja, Jb] = ieachm [Jaa Rb] = -ieabcRc,
[Ra, Rb) = —i€abede-

(5.3.42)

As operators Py and R, are of non-Lie type, to find their group action, we
shall use the formulae (5.3.6).

Theorem 5.3.4 [99, 189]. The Dirac equation (5.3.40) is invariant under
Galilean transformations

r_ r ' /o
Ty = Zo, 7 = z1 + 0z0, Ty = T2, T3 = T3,

P'(z') = exp{i@ [(1 — 20cth30)zo Py + (Hzy + z1H + 0z H) }w(x).
(5.3.43)
generated by the operator Ry from AF(1, 3) (5.3.41).
Proof. At first we convince ourselves that operator

Rl = .’E()P] s %(H{El + le) = —1:((1!081 - %’L(HCL‘] + .’EIH)) (5344)
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satisfies the invariance condition (5.3.3), and to do it we rewrite Equation
(5.3.40) into the equivalent form

Ly=(Ph—H)Y=0, H=%YF.+ym. (5.3.45)

It is easy to find
[L,Ry] =P, + }[H?, 1]
and using the identities
H? = (y07aPa +om)2 = P2 +m?,  [H?, 2] = —2iP,
we get
[L,R1] = 0.

So, the invariance condition (5.3.3) is satisfied and one can use formulae (5.3.6)
for finding the group action of the operator (5.3.44). According to (5.3.6) we

have

zI . 691031

u zue” %%, (5.3.46)
P (z') = exp{0z001 } exp { —0[z001 — 3i(Hz1 + 1 H)] } ¥(2). (5.3.47)

To obtain the functional form of transformations (5.3.46), (5.3.47) we apply
formulae (5.3.8), (5.3.11)—(5.3.13).
From (5.3.46) and (5.3.8) we find

T, =, —0[z,,2001] =z, +0T06,1. (5.3.48)

To use expansion (5.3.11) let us introduce notations
T = 0zy0, §=-%+ 2i0(Hz, + z:H) (5.3.49)
Then we successively calculate
{z.3°} =3,
{2,9} = [2,9] = i0°xoH,
{z,9%} = [{z,9}, 9] = 6%z,
{z,9°"} = 6°"73, n=12...,
whence follows that the series for Z; from (5.3.12) takes the form

o~ B
2k)!

PP S A
21 =$+§[$,y]+ {zaka}:

k=1

1., 0 . 0\
== — = 2r.
210 zoH + (2 cth 2):1:, 8| < 27

(5.3.50)
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Here we used the known expansion

5~ Bai 2k i 5.3.51
g%),o 0] < 2 ( )

To find the second term in the expansion of (5.3.12) we note that
(210,){z,9} = {2,721} =0,
(% 6'\){55 7°} = [[&,29] + [ 9)2] =0,
(21 8:){2,5°) = 0(31,8,){5,7} = 0,

and therefore

~ 17 ~ _ 1 ~ 1 77
zz—i(zla'y‘> zl—izlag(.’t+§[ ]+Z(2k)'{ }) =0
and hence Z3 = Z; = --- = 0. Finally we obtain the following expression for z:

~ ~

0\ .
Z=9+n =9+ 0210H+ (g cth 5) z, 6] <2m,

or in the terms of the original notations (5.3.49)
0 6 1 1,
7= |=cth= —1) 0208 + =i0(Hz; + 21 H) + =10z H.
2 2 2 2
So the theorem is proved.

Remark 5.3.6. One can make sure in the validity of Theorem 5.3.4 straightfor-
wardly. Indeed, under the Galilei transformations (5.3.48) we have

, _ . 0 0

P0='La—%=P0+9P1, Péz-i—a—z-i=Pa. (5352)
For /(') (5.3.43) we find
P'(z') = P(z) + 3i0(Hzy + 21 H)p(z) + -+ (5.3.53)

After substitution of (5.3.52), (5.3.53) into the primed Equation (5.3.40)
(P —H')Y'(z') =0

and retaining terms linear in 8, we successively obtain
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(Po +0P1) (¥ + 3i0(Hzy + 2. H)Y) — Hy — 3i6H(Hzy + 71 H)p = 0,
(Po — H)Y + 0 [3i(Hzy + 21 H) Pyt + Prop — Li(H?zy + Hz  H)Y) =0,
(Po — H)p + 6 [Li(Hz1Po + 21 HPy — H?zy — Hz,H) + Piyp] = 0.

Since on the manifold of solutions of the Dirac equation (5.3.40), we have
Py = Hy then the latter equality we can write as

[3i(z1H? — H?1,) + P | ¥ =0,
which proves our statement.

Remark 5.3.7. As follows from the proof of Theorem 5.3.4 the formula (5.3.43)
for ¢'(z') is valid when || < 27. This restriction is stipulated by the range
of convergence of the series (5.3.51). But for real values of the parameter, the
series (5.3.51) is convergent everywhere in R. This means that there is no
restriction on the value of the parameter which can be treated as the velocity
of an inertial reference frame, while in the case of the Lorentz transformation
a restriction exists: the speed of light.

Remark 5.3.8. Theorem 5.3.4 can be easily generalized on equations of arbi-
trary spin. These equations should have the form

Py = Hy (5.3.54)
and the Hamiltonian H must satisfy the condition
[H?, 2,) = —2iP,. (5.3.55)

(A wide class of such equations for particles of arbitrary spin is described in
[76,82,87%].)

Formulae (5.3.43) are written in the form suitable for any equation of the
type (5.3.54), (5.3.55).

In conclusion, we note that some other applications of CBH and Hausdorff
formulae are given in Sections 5.4, 5.5, 5.8-5.10 and in Appendix 3.

5.4 Lie-Backlund symmetry of the Dirac equation

Following [75, 82, 211] we shall study the symmetry properties of the Dirac
equation (5.3.40) in the class of the first-order matrix-differential operators.
The investigation will be done in two different approaches: non-Lie and Lie-
Backlund.
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Theorem 5.4.1 [74,82]. The Dirac equation (5.3.40) is invariant under an
eight-dimensional Lie algebra defined over the field of real numbers. The basis
elements of this algebra have the form

i#v = %im[7ﬂ’7V] +i(1 - i74)('7uPV = Ywhu),

~ ;o (5.4.1)
Eo = I, 21 =JYam — ’L(l - Z"}‘4)'7,,Pu,

where 74 = Yoy17273 and I is a unit matrix. In the case m # 0 the algebra
(5.4.1) is isomorphic to the Lie algebra of the group U(2)®U(2), while for
m = O the operators (5.4.1) form an abelian algebra.

Proof. The validity of the theorem can most simply be seen by direct verifica-
tion. One has

i,,,,L] =i(wP, —wP)L, (L=vP’-m),

)

[
[ 1,L] = —i2y7, P'L, [ﬁo,L] =0, (5.4.2)
[i,,,,i;,] = 2im? (g,wf).,,\ + 08, — g,;xiw - yuaﬁu,\) ,

[ihio] = [il,iuu = [ﬁo,iuu =0,

whence it is evident that operators (5.4.1) satisfy the invariance condition (10).
According to (5.4.2), in the case m = 0 the operators (5.4.1) commute. If
m # 0 then, setting

-~ ~ 14~
B, o=, Ei=—% (5.4.3)

from (5.4.2) we find that operators X,,,,,Xo, £; form the algebra
[Eyu, Z)W] =2 (g;wzu)\ + gu)\zua - guAEva - ng;u) ) (5'4'4)
[Z1, o] = [Z1, B = [0, ] = 0.

The algebra (5.4.4) is isomorphic to the Lie algebra of the group U(2)QU(2).
This isomorphism can be established by the following relations:

Tab © t€abcQe, oo « 1Q344, Lo «1Q7, I < 1Qs;
[Qa, Qb] = —[Q3+4a,Q3+5] = —€abcQc
Q340> Qb) = €abcQ34c [Q7,Qs] = [Qs,Q4] =0 A=T13.

Over the field of real numbers all elements of the algebra (5.4.3) are linearly
independent. In order to see this, it suffices to subject the operators (5.4.3) to
the transformation
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L = E:w = VEF-VV—I = %ihﬂa'ﬁ/],
20 . 26 = VE()V_I =1 Y- El] = VE]V_I = Ys,

where
V =ex (1 )‘)‘)’P =1 (l—zy)yP
p 2 1Y4) T 2 4) v .

The theorem is proved.

Since operators (5.4.1) do not belong to the class of first-order differential
operators of the form (7), they correspond to nonlocal symmetry of the Dirac
equation (5.3.40). In order to find the group action of the operators (5.4.1) we
shall use formulae (5.3.6). Since £#(x) = 0 for all operators (5.4.1) it means
ghat z,, = z,. For operator §,%, (f, are arbitrary constants) one successively

nds

¥'(2') = exp {—iZo0aba} ¥(z) =
[Z (2k)! “E°°0“)2k+2(2k j (=iZoaf a)2’°“] P(a) = (5.4.5)

02]: ad 92k+1

[Z et Z @k+1)! (‘ro%+$(1—i74)(voPa—%Po))aa]z/;(x) =
= !

=(ch6+ %0707.,0 () — — shB(l —i74) (‘yogw + "ragw ) 0a9(x),
where 0 = (67 + 62 + Bg)l/ ?. Here we have used the identity
(iZ0aba)’ = 6.
Similarly one obtains
¥'(2') = exp {—Ji€asc TasBe } Y(z) = (5.4.6)

= |cos B — 'é'la sin ﬂeabc'Ya'Ybﬂc + miﬁ sin ﬁ(l - i74)€abc'7apbﬂc] ¢($),

¥'(z') = exp {-Z1a} ¥(z) = [cha +iys4sha + % sha(l — i*n)fy,,P”] ¥(z),

where f,, o are arbitrary constants, 8 = (8% + 82 + 83)!/2.

The principal difference of the transformations (5.4.5), (5.4.6) from Lorentz
transformations for the Dirac spinor %(z) is that the function ¢/(z’) depends
not only on 9(z) (and parameters of the transformation) but also on the deriva-
tives 0y /0z,.
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2. We will show that operators (5.4.1) can be obtained within the framework
of Lie-Backlund approach.

As is known [161], the Lie-Backlund symmetry operators are looked for in
the form

0
X = (CE (e w:ﬂwmuz’ )_a_,w_a-}'

. 0 (5.4.7)
+ Y (DuDyuy---Du)n FTT—
0<pur <3, w12 Kk
k>1
where 5 .
D= oo +"’ﬂawv Ve g
P , _ Oy°
w al”” ¢yuzm,....

The problem of finding Lie-Backlund symmetry is the problem of finding func-
tions 7(z, Y%, ¢y, ...). The functions n are found from the condition of in-
variance.
X|[L] =0, (5.4.8)
[L)=0
where X is given in (5.4.7); [L] = 0 denotes the manifold of solutions of the
equation and all its dlfferentlal consequences. It is rather difficult (if not impos-
sible) to solve the problem in such general formulation without any restrictions
on the coordinates 7 of IFO (5.4.7). The needed calculations are enormous
even in the simplest cases. Besides that one has to study additionally the
algebraic properties of the found operators, which is rather difficult by itself.
Below we apply the Lie-Backlund method to the study of symmetry prop-
erties of the Dirac equation (5.3.40). Following [211] we rewrite it as eight-
component system of PDEs

zfyua—w —my =0,
Oz,
o7 (5.4.9)
z%% +meyp =0,
or in equivalent form
i0u0%¢ +m¢ =0, (5.4.10)

450 + F2¢* =0,

where ¢ = ¢(z) is an eight-component spinor, 'y, = (7# 0 ),

0 74 N (74 0)
L — Ty = C Te= 5.4.11
=(y B) m=i( 0 0) m=(3 5) een
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We look for the Lie-Backlund symmetry operators (5.4.7) setting n = A, ¢, +
F(¢), A, are 8-column constant matrices.

Theorem 5.4.2 [211]. The basis of Lie-Backlund symmetry operators (5.4.7)
under n = A, ¢, + F (@) of the Dirac equation (5.4.10) is given by the following
operators

~

I'=¢, Qa=Qa¢
PO = B =QuPR;
29 = i( —if)(Tudy - Tuo,) — 2imGué, (5.4.12)
o = Q.5
50 =Tyg, +imlTug, = =Q,50,
where
Q1 =Tuls,  Qp=ilsls, Qs=iluls, Ty=TolNl2Ts,
Guv = 3(Culy —TLTy).
Proof. Since the calculations are involved in the present case, we shall state

them in a sketchy manner, for the sake of brevity. From the condition of
invariance (5.4.8) with n° = (Audm)” + F°(¢) we get the defining equations

(CuBoy + T LA, ¢y — imn) =0,

[ir# ¢';A +m ¢=0]

(5.4.13)
Fylsn +Ten* =0,

where B = (Bg = 0n*/0¢”; a, B = 5,7), [iTu¢u+me = 0] is the totality of all
differential consequences of Equation (5.4.10). Taking into account differential
consequences we obtain from (5.4.13)

ToB(-Tola¢a +imlo@) + ToBda + ToAo($aa — m*¢)+
+(ToAa + TaAo)(—Tols¢pa + imLoda) + ToApPap — imn = 0, (5.4.14)
L4'sn + Tan* =0,

Decomposing the first equation of (5.4.14) into independent variables ¢as, one
finds the defining equations for matrices A,:

—T9A Ty — T4 AT oy + ToAp + Ty — (ToAp + 5 Ag)Tol's = 0, a#b
FoAg — (ToAs + g Ag) + Ty A, = 0, (no sum over a),
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whence follows

AD o 0o A® 0 0 0 0 )
A, = [ b )
“(o o)t o 0 /)t 4? o)F o 4P

where
Ag‘) = al‘(k)I + bg(k),ya + CZ[(ik)aaﬁ + dﬁ(k)74,‘/a + eﬂ(k) V4,

bg(k) — —bz(k), bﬁ(k) - —bz(k)

y  MFV
dg(k) - -—dz(k), bl:(k) - —d;(k), w#v
o = -, =y e =—al,

0% = 3(7%9° = 7Py°).

Here there is no sum over a. It leads to (5.4.12).

By substituting this result into (5.4.13) it is cumbersome but not difficult
to convince ourselves that the operators (5.4.12) exhaust the set of linearly
independent solutions of the defining Equations (5.4.13). So, the theorem is
proved.

In much the same way one can prove another statement.

Theorem 5.4.3 [211]. The basis of Lie-Backlund symmetry operators (5.4.7)
under n = A, ¢, + F(¢) of the Dirac equation (5.4.10) with m = 0 is given by
the following operators

~

I=¢,  Qu=Qué (5.4.12')
PO =¢,, B =Qudy;

=0 =il -T)(Tud, —Tosu), I = Q.20

=D =Tupy, =0 =Q.5D,

»0 =T,¢, (@) = Q, 2O,

Remark 5.4.1. Tt is easy to show that the sets of operators (5.4.12), (5.4.12')
contain operators (5.4.1) and (5.4.1) with m = 0, respectively.

3. Following [81] we will show that any relativistic wave equation for a
particle with non-zero mass and arbitrary spin is additionally invariant under
the Lie algebra of the group GL(2s + 1, C).

Let us write an arbitrary linear (differential or integrodifferential) equation

L =0 (5.4.15)
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where L is a linear operator defined on a vector space H ,

¥ =1(z) €H.

Definition 5.4.1. Equation (5.4.15) is Poincare invariant and describes a par-
ticle of mass m and spin s if it has the 10 symmetry operators Py, J,.,
u,v = 0,3, which form the basis of the Lie algebra of the Poincare group,
and any solution ¥ satisfies the conditions

P.Pry=m2y, W, Whyp = —m?s(s + 1), (5.4.16)
where W), is the Lubansky-Pauli vector

Wy = €upe JPP°. (5.4.17)

We consider only such equations as (5.4.15) which satisfy the given definition
and so may be interpreted as equations for relativistic particle of spin s and
mass m. The symmetry operators P,, J,, of such an equation satisfy the
commutation relations of AP(1,3).

[P.,P]=0, [Py, Juo] = i(9uPyr — 9uoP.), (5.4.18)
[Jy,ua J)\a] = i(g/,w't]v)‘ + yw\Jy.a - 9;4,\-]:/0 - gVaJyA)-

The eigenvalues of the corresponding Casimir operators P, P# and W,W* are
fixed and given by the relations (5.4.16). It is to be pointed out that we do not
make any supposition on the explicit form of the operators P, and J,.., they
can be as differential operators of the first order as nonlocal (integrodifferential)
ones.

Theorem 5.4.4 [81]. Any Poincare invariant equation for a particle of mass
m and spin s is invariant under the algebra AGL(2s + 1, C).

Proof. Let P,, J,, be the symmetry operators of Equation (5.4.15). Then
according to the definition and conditions (5.4.16) the following combinations

1
= Ll WP £ (B, P (420

are also the symmetry operators of this equation.
Using (5.4.18) and the relations

W.,P]=0,  [Wy,W.,]=i€uwpP’W° (5.4.20)
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one can make sure that the operators (5.4.19) satisfy the conditions

[Q;LV’ Qi:a’] = i(gﬂank + gl’)‘Q[:li.:ﬂ-

_ (5.4.21)
- 9@, — gani:A)m “(P,P*)?

and
= QO™ = —mT WA P, P,

. (5.4.22)
C2 = %epupchi“VQ:tpa = IFim_4W)\W PUPG,

It follows from (5.4.16) and (5.4.21) that on the set of solutions of Equation
(5.4.15) operators (5.4.19) satisfy the commutation relations

Q% Q%] = i(9u0QEs + 911 QFE, — 9QE, — 9,0Q5y )Y (5.4.23)

which characterize the Lie algebra of the group SL(2,C). From (5.4.16) and
5.4.22) one obtains the eigenvalues of corresponding Casimir operators

ay =3B +06 -1y, oy =-ilhy, (5.4.24)

where £y = s, 1 = £(s + 1).

So we demonstrated that any Poincare-invariant equation of non-zero mass
and spin s is additionally invariant under the algebra ASL(2,C), the basis el-
ements of which belong to the enveloping algebra of AP(1,3) and are given
exactly by the relations (5.4.19). According to (5.4.24) operators (5.4.19) re-
alize the representation D({y,€1) = D(s,%(s + [)) of AGL(2,C). Now we see
that this invariance algebra may be extended to 2(2s + [)-dimensional Lie al-
gebra isomorphic to the algebra AGL(2s + [, C). Exactly the basis elements
of AGL(2s + 1, C) have the following form on the set of solutions of Equation
(5.4.15):

Antkn = akn(Qgs - Q0+2)P§
Anntk = arnPr(QF + Qf), (5.4.25)
Xm'n = QlAmna

where

Q12—5‘"1+n €abc
1;[ —n ) Ql 28(8+ I)QOach’
m,n=12...,28+1; k=0,1,...,2s—mn

and ag, are coefficients determined by the recurrent relations

agn =1, a1n = [n(2s + 1 —n)]"Y/2,

Arn = GA—1nGr—1ntr-1, A=23,...,2s—n



318 Chapter 5. Some Special Questions

Actually, the polynomials of the symmetry operators fo,, given by the rela-
tions (5.4.25) are the symmetry operators of the equation (5.4.15). Operators
(5.4.25) form the basis of the algebra AG(2s + {,C) inasmuch as they satisfy
the commutation relations of AGL(2s + [, C)

[/\ab, ’\cd] = "[xabv ’\cd] = 8pcAad — 6adAbCa

~ ~ ~ (5.4.26)

[Aaby Aed] = GbeAad — Badrbe, a,b,c,d=1,2,...,25+ 1.
The relations (5.4.26) are correct on the manifold of solutions of Equation
(5.4.15). The validity of the above formulae can be verified by direct calculation
using the equivalent matrix representation for the basis elements of ASL(2,C)

Q:{, = fabcscy Qoa = "'iSa

where S, are matrices realizing the representation D(s) of ASO(3) in the
Gelfand-Zetlin basis. Thus the theorem is proved.

So, if Equation (5.4.15) is Poincare invariant and describes a particle of spin
s and mass m > 0, it is invariant also under AGL(2s + I, C) basis elements
of which belong to the enveloping algebra of AP(1,3). The operators (5.4.25)
together with the Poincare generators P, and J,, form the basis of the [10 +
2(2s+1)]-dimensional Lie algebra isomorphic to the algebra AP(1,3)®AGL(2s+
[,C). The last statement can easily be verified by moving to the new basis

P[.t - P,u.a J;u/ e Jy.u - Qy.u, Amn = Amn, Amn = Amn,

where

Qiz=X(s =1+, Qo= (5=n+1)nn

1 .
Qa2 = Z 2aln()‘n n+1 + Antin), Q31 = —i[Q12, Q23),

Qo2 = 1[Q23, Qos], Qo1 = —1[Q31, Qos).

The theorem proved has a constructive character insofar as it gives the
explicit form of the basis elements of additional invariance algebra via the
Poincare generators. Starting, for example, from the Poincare generators for
the Dirac equation (2.1.11) we obtain by means of the formula (5.4.19) the
additional symmetry operators

Qi = 0w W+ 5 (P = wh)(1 £ i), (5.4.27)
which one easily recognizes as operators from (5.4.1).

In conclusion, let us present the result on complete symmetry of the Dirac
equation (5.3.40) in the class of matrix differential operators of the first order
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(that is operators of the form Q = A*(z)8, + B(z), where A, and B are 4-
column matrices. Note, in Lie approach A, are obligatory scalar functions).
Let us denote this class as Mj.

It turns out that operators (2.1.11) and (5.4.1) do not exhaust all symmetry
operators of the Dirac equation (5.3.40) in the class M;.

Theorem 5.4.5 [81]. The Dirac equation (5.3.40) has only 26 linearly inde-
pendent symmetry operators Q € My, These operators include the Poincare
generators (2.1.11), identity operator and 15 operators given below

My = %74(1"# = my),
)
2
Ay =wpx” + 2w — 1,

wpy = mSuy + (VP — 1 FPy), (5.4.28)

B =iv(D — my,z"),

where
D=a'P+3i,  Su=zhwnl mr=03 (5.4.29)

The proof consists in constructing the general solution of the defining equa-
tions following from the invariance condition

[L,Q] = foL, (5.4.30)
where L = yP —m, Q, and fq are unknown operators belonging to M.

It will be noted that operators (5.4.28) do not form the basis of a Lie algebra
since commutators [wy.,wss] do not belong to the class M.

5.5 Symmetry of integrodifferential equations

Here we consider (following [88*]) a method of studying local symmetry prop-
erties of nonlinear systems of integrodifferential equations (IDEs) of the form

L+ MF($) + X / K (2,9, 9(z), $(v)) dy = 0, (55.1)
R‘n

where L is a linear differential operator: x € R™; ¢, F, K are columns with m
components; A;, Az are arbitrary constants. In what follows we shall suppose
that the integral of (5.5.1) exists.
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Before we proceed to formulate the principal result we note that the standard
Lie algorithm is inapplicable to the IDE (5.5.1). The symmetry properties
of Equation (5.5.1) can be studied by means of method of differential forms
[116, 84], but in this case one faces a problem of unwieldy calculations which
become really enormous when the order of the differential operator L and the
number of components of v increase. This circumstance essentially restricts
the applicability of the method of differential forms.

We shall investigate symmetry properties of IDE (5.5.1) in the class of first-
order differential operators of the form (7), (8). As a matter of convenience we
write here formulae (7), (8) once again

= f“(z)a—i; +n(z) &

X = £f‘(z)£; - (n(x)w)k—%,;, (55.2)

u=0mn-1, k=1,m.

Theorem 5.5.1. The maximal invariance algebra of the system of IDE (5.5.1)
in the class of first-order differential operators (5.5.2) is determined by the
following defining equations

1° [L,Q] = AMz)L, (AM(z) is an m-component matrix)

2 (10e) + M) - (a0 5 W)F(w:o,

3° {Bﬁa v) +7n(z) + Az) + E“(w) i f“(y)ai - (5.5.3)

kK 0 k O
—(n()¥()) ) (n(z)¥(z)) W}K(z,y,zﬁ(z),w(y)) =

Proof. Using formulae (5.3.6) one finds transformations generated by operator
(5.5.2):

), = e%9r,e %0 =z, 4 0¢¢(z) + - --
P'(2') = e4%e=Q)(x) = y(z) — On(z)P(z) + - - (5.5.4)
L(z',0') = e%PL(z,0)e%? = L(z,0) + 0[¢, L] + - - -

Further, according to the fundamental theorem of integral calculus, under
arbitrary coordinate transformation y, — Yy, an element of volume dy =
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dyo . . .dyn—1 transforms as
a /
dy — dy' = det <—0ly) dy, (5.5.5)

or in infinitesimal form, when gy, =y, + 6§ (y) + - - -,

dy' = (1 +oW ) dy (5.5.6)
Ay,

Now we substitute (5.5.4), (5.5.6) into the primed Equation (5.5.1):

L(, 8 (') + MF@') + A / K('y ' (@), 0 () dy =
= L(z,0)%() + MF®) + X / K (2,3, %(x), (v))dy+

{([Q(x 9), L(2.9)] - n(2)L(z,8))%(z) — Al(n(x>w<m))'°a—‘z,—kF<w>+

e /[‘96 ) 1 g(a) 5 + € 0) 5 - () -

©w

—(n(w)())" ]K(x,y, (@), b)) }dy +0@6?).

awk (v)
The requirement of invariance means that the above expression should be equal
to zero on the set of solutions of Equation (5.5.1). It immediately gives the
condition

(19, 1 = ) L)b(a) = 1 (1) o F )+
o / (352 + &) + £ )z (5:57)
k
~(na)i(a)) s — (1Y) s ) K (. (), 9(0) =

The condition (5.5.7) together with Equation (5.5.1) lead to Equations (5.5.3).
The general solutions of Equations (5.5.3) determines the maximal IA of IDE
(5.5.1) in the class of operators (5.5.2). The theorem is proved.

Now we consider several examples of IDE of the type (5.5.1).

Theorem 5.5.2. [88*] The equation
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3~-a 4—a
Ou+ \ud + X / Lly(:i—)gl—h—@G(]x — y|?u(z)u(y))dy = 0, (5.5.8)
R4

where |z — y| = [(z, — v.)(z¥ — y*)]'/?; v = 0, 3; G is an arbitrary integrable
function; w = u(z) is a real scalar function; A1, A2, a are arbitrary constants,
is invariant under the conformal group C(1,3) and has the most general form
in the class of conformally invariant IDEs of the type

Ou+ M F(u) + A2 /K(:c, y,u(z),u(y))dy = 0. (5.5.9)
R4

Proof. Let us use Theorem 5.5.1 and apply it to Equation (5.5.9). It is appro-
priate to recall that the free wave equation (Ju = 0 is invariant under AC(1,3)
(basis elements are given in (1.1.2), (1.3.2)), provided

[D’Pu] = [D’J#V] =0,

5.5.10
O.0)=20, [@O,K.d=4z.0. (6.5.10)

Using (5.5.10) we can write the defining equations 2°, 3° from (5.5.3):

(_a_ + 8;:) K (2,9, u(z),u(y)) =

Oz,

a 0 7] 0
(.’Eua—xu ‘Iu*é;; + y&; - y,,-az> K=0
0 0 ] 0
7 —_— —_—— —_— K=0, 5.5.11
(720 * 0~ oV~ ) o4l
oF

The general solution of the system (5.5.11) has the form
F = F(u) = \u?,

K = K(opule) ule) = 2T 06—y Pugo)uty)

Thus the theorem is proved.

Remark 5.5.1. One can directly verify the conformal invariance of Equa-
tion (5.5.8) by means of final conformal transformations (see formulae (2.3.2),
2.3.33))

l__xu_cuwz o 1-2
s= ot W) =o@au(),  olze) =12+
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o —y =2 gy B (5.5.12)

Vo(z,c)a(y,c)’ v o4(y,c)

In much the same way one can prove the validity of the following statements.

Theorem 5.5.3. The nonlinear IDE for Dirac spinor field

{ma+ M@ 4+ dg— (%”ipw 75 + (5.5.13)
[(WY#"/))('/)'Y“w)]

+)\ / l["/) y)w(y ]a [w(z)w(z)]a—l

|2(4 3a)

6(lz - yI*@(e(a) (E(y)w(y)))dy}w(w) =0,

where A1, A2, A3, a are arbitrary constants; G is an arbitrary integrable func-
tion (other notations see in Paragraphs 2.1, 2.3), is invariant the conformal
group C(1,3).

Theorem 5.5.4. The nonlinear IDE for complex scalar field

( ai + _é_) ¥+ M@ Y)Y + (5.5.14)

=+ =2
+ Ay /exp {1%} »(y)(zo — v0) />
R4

¥ @@ W)) - S @@ . _
A ( (o —v0)? ’ exp{ (1‘0 —y0) ¥*(2)¥(y) }> d'y =0.

where v is an arbitrary integrable function, is invariant under the Schrédinger
group Sch(1,3) and generalizes the Schrédinger equation.

5.6. On exact and approximate solutions of the multidimensional Van der Pol
equation

In [63] the multidimensional generalization of Van der Pol equation was sug-
gested. Here we following [191] construct some exact and approximate solu-
tions of this multidimensional Van der Pol equation.

So, the equation in question is

8
Du+hu+hu—xw%§%=o (5.6.1)
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where v = u(z) is a real scalar function, x € R*; (A, A2,A3) = const. By
means of Lie’s method one can show that the Lie-maximal IA of Equation
(5.6.1) is the 7-dimensional Lie algebra AE(3)@®P, with basis elements

Py = 9y, P, = 3,, Jab = 2o Py — T P,. (5.6.2)

Using the algorithm stated in Paragraph 1.4 and symmetry operators (5.6.2)
one can construct an ansatze to solve Equation (5.6.1). Below we consider
some of such ansatze.

Let

uwz)=pw), w=pzo+B -2 B-F=p#0. (5.6.3)

The substitution of (5.6.3) into (5.6.1) results in the original Van der Pol
equation for function p(w):

d
+ M@+ Mafo(1 — Aap?) L = 0. (5.6.4)

\ Py
B G dw

du)2

Unfortunately, exact solutions of this equation are not known yet. Therefore,
we apply the Krilov-Bogolubov-Mitropolski method [32] to obtain an approx-
imate solution of Equation (5.6.4). So, in a first approximation we find

p(w) = aoe™/?[1 + ad(e® — 1)/4]‘1/2 cos (\/—gzw + 0)

X200
S

where ag, 6 are arbitrary constants; € = — Inserting this result into

(5.6.3) we obtain an approximate solution of Equation (5.6.1):

_ agexp {3efz} (\/‘ 9> 5.6.5
u(z) [+ 102 (oxplee) 1)]_1/2 cos | 4/ 2 Bz + (5.6.5)

Setting in (5.6.4) A\; = 0 we get the ODE

B? ::2 + A2B0(1 — A3’ )

which can be fully integrated. Its general solution has the form
1/2

) _
plw)y== i[1—<)\§;f0) exp{ ;f°w+cz}] , (cz = const).

Correspondingly, we can write a partial solution to Equation (5.6.1) under
A] =0:
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2 ~1/2
u(z) = :t\//\z3 [1 - ()‘23/;2[30) exp { Q)ngzfo B8z, + 02}] , (5.6.6)

Consider the ansatz

u@) = pw), w=3(a-2)°-68, (5:6.7)
F=6, F=-0#0
which reduces Equation (5.6.1) to the ODE
e202d2 + =0 (5.6.8)

The general solution of Equation (5.6.8) has the form

[ A A
W(w) = ¢1 COS ﬁw + c2 SIin ﬁ w, A1 >0
[=A [=A
<P(w)=clexp{ m;-w}-f-czexp{— ﬁw}, A <0.
Inserting this result into (5.6.7) we obtain solutions of Equation (5.6.1):
— A 2 _03. 7
u(z) = c¢1 cos 2oz [5 a-z)° — B~x] +
i MG g2 - 057 A > 0;
+osin |\ Z (3@ 9 -65-7),  M>0

(5.6.9)
=Alr1,n a2 03 . 7
u(z) = ¢, exp ers [3(@- %) B-Z] ¢+
ALY PR RPCI. 0 A <0
+ cyexp W[i(a ) -08-4] ¢, 1
Consider another ansatz
u(z) = p(w), w=z9+0na-z, @ =0. (5.6.10)
Which reduces Equation (5.6.1) to the original Van der Pol equation
%
+ A1 + A2(1 — A3¢? ) 0. (5.6.11)

dw2
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By analogy with Equation (5.6.4) we construct an approximate solution of
Equation (5.6.11):

aoecw/?

[1+ %a? (e —1)]

o(w) = 7z cos(vV a1 w +6) (5.6.12)

Integrating (5.6.11) under A; = 0 we find a family of solutions of Equations
(5.6.1) under A\; = 0:

3 ods ) e
u(z) = £/ [l —( 2 3) exp {2)\2(zo +6Inéd - T) + ¢z} . (5.6.13)

A3 3

In conclusion, let us note that exact solutions of Equations (5.6.1) can be
used for obtaining new approximate solutions of the equation. Indeed, let
u(z) = ¢(x) be an exact solution of Equation (5.6.1), then we shall look for
an approximate solution in the form

u(z) = p(z) + €g(x) (5.6.14)

where ¢ is a small parameter. The substitution of (5.6.14) into (5.6.1) and
taking only first order in € gives a linear PDE for function g = g(z):
99

0
D9+A1g+)\2 (1—1\3(/72)5—2/\&;73—(5 ] =0

which should be considered as defining an equation for function g(z).

5.7 Conditional symmetry of PDEs

Generalizing results of works [94, 67, 108, 7*, Appendix 4 in [82]] here we
introduce the concept of conditional invariance (briefly: c-invariance) of PDEs
or, in other words, invariance of PDEs on submanifolds of their solutions. The
usefulness and efficiency of this conception is illustrated on a set of nonlinear
equations from heat-conduction, Born-Infeld theory, gas dynamics, nonlinear
acoustics, and some others. With the help of c-invariance, we construct new
classes of exact solutions of these equations, which cannot be obtained based
on the Lie approach.

1. The conditional invariance. Consider a system of PDEs of sth order
L(z,u,4,...,u) =0, (5.7.1)

where u = u(z), £ € R", u is a totality of s-order derivatives. Equation (5.7.1)
admits (in sense of Lie) an algebra A = {X} (the general form of operators X
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is written in (2)). It means that condition of invariance (3) holds true for any
operator X € A. Here we rewrite (3) as follows

XL = RL, (5.7.2)

where R = R(z,u, 0, 8) are some differential operators, depending on z and u.

Definition 5.7.1. A system of PDEs (5.7.1) we shall call c-invariant if there
is an additional condition (equation), compatible with (5.7.1), which enlarges
the symmetry of the system (5.7.1).

A clear example of c-symmetry gives us Maxwell’s equations. The maximal
IA of the system

%?—:rotﬁ, %I—;Iz—rotE'
is 10-dimensional (82, p.121]:
A =(Po=08, Po=208u, Job=2u0— 2400+ E.08, — ExOE,+
+ HoOn, — HyOn,, D =10;+,0,, F = E.0y, — H.0E,,
I =E,8g, + H.0n,)

and we see that it is not Lorentz invariant. But, by supplementing the above
system to the Maxwell’s equations by the well-known additional conditions

divE:O, divF =0

we thereby essentially enlarge its symmetry: the IA of Maxwell’s equation is
the 16-dimensioinal Lie algebra AC(1,3)®F.

If A is the maximal IA of Equation (5.7.1), then for any operator Y not
belonging to A, the condition of invariance (5.7.2) does not hold. Instead of
(5.7.2), we will have

YL = RoL + Ry L, R #0, (5.7.3)

where Ry, R, L; are some differential expressions.

Definition 5.7.2. System of PDEs (5.7.1) we shall call c-invariant under an
operator Y which does not belong to IA of (5.5.1) if it is invariant under this
operator only together with an additional condition

Li(z,u, v, .. u) =0, (5.7.4)
or, in other words, instead of (5.7.2), now we have (5.7.3) and

YLi = RpL + RsL1. (5.7.5)
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The additional condition (5.7.4) select from the whole set of solutions of
Equation (5.7.1) a subset and this subject may well be true to have the sym-
metry wider than that of the whole set. It is most desirable to know how to
select such subsets of solutions.

It is obvious that the concept of c-invariance makes sense only if the couple
of equations (5.7.1) and (5.7.4) is consistent. Relation (5.7.5) represents the
necessary condition of compatibility for Equations (5.7.1), (5.7.4). So, to find
c-invariant solutions one has to solve compiling systems (5.7.1), (5.7.4) and the
equation

Yu=0 (5.7.6)

and for which purpose to find the very operator Y. In general case, it is rather
complicated to solve this problem. However, if additional condition (5.7.4)
coincides with (5.7.6), then one succeeds in obtaining a constructive algorithm
for finding c-invariant operators.

Definition 5.7.3. System of PDEs (5.7.1) we shall call ¢(Y')-invariant (or Y-
conditional invariant) if

YL = RoL + Ry (Y). (5.7.7)

As in the previous case (see Definition 5.7.2) relation (5.7.7) represents a nec-
essary condition of compatibility of system (5.7.1), (5.7.6). It will be noted
that even in Lie’s case, when R; = 0, fulfillment of relation (5.7.7) does not
guarantee compatibility of system (5.7.1), (5.7.6). For example, any linear in-
homogeneous PDE of first order Qu = const # 0 is, clearly, invariant under the
operator @, though it has no Q-invariant solutions because it is inconsistent
with the condition Qu = 0 which defines such solutions.

Definition 5.7.3 can be generalized on differential operators Y of second or
higher order. To do it one has to use the condition of invariance (5.7.7) in the
Lie-Backlund form.

It is clear that ansatze constructed within the framework of conditional
symmetry include Lie’s in particular, as well as others which we shall call
non-Lie ansatze.

2. Conditional invariance of nonlinear heat equation under the Galilei alge-
bra. As is well known (see §3.3) the linear heat equation

1
g+ —Au=0
2m

admits AG(1,n), provided

Go = 2002 + Mz, udy, (5.7.8)
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and there is no one nonlinear heat equation of the form
uo + V[f(u)Vu] = 0, f(u) # const, (5.7.9)

which would be invariant under Galilean transformations. But it only means
that the whole set of solutions of Equations (5.7.9) is not invariant under
Galilean transformations [66], though there may be a subset of solutions which
will be Galilean invariant. An affirmative answer on this question gives the
following theorem.

Theorem 5.7.1. [39*] The nonlinear heat equation (5.7.9) is invariant under
Galilean operators

Go =290, + M (u)z40, (5.7.10)
if .
(Vu)®> _
uo + M) 0, (5.7.11)
where u
M(u) = 2_f(u—) (5712)

Proof. Having acted on (5.7.9) by Ga (ga is constructed by virtue of formulae
(1.1.7)), we find

Gafuo + V[f(u)Vu]} = [M'ug + (M f)"(Vu)?+ (5.7.13)
+(fM) Au)za + [2(M f) — 1u,

whence follows
2(Mf)Y -1=0,

which gives (5.7.12). Substituting (5.7.12) into (5.7.13), we get

Ga{uo + V[(f(w)Vu] } = %&t){uo + V[f(u)Vu)] }-

~ .'L'ufl(u) o+ (6'”)2 (5714)
2f(w) | ° " 2M(u)
whence follows (5.7.11).
To complete the proof, one can make sure that
(Vu)? / (Vu)?
G, -7 | = - . 5.7.15
¢ [uo + 2M(u) M'(u)zq |up + M (u) ( )
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Theorem 5.7.2. The nonlinear heat equation (5.7.9) is ¢(G,)-invariant under
Galilean operators (5.7.10) if

kn +2 (5.7.16)

where m, k are arbitrary constants, kn +2# 0, m # 0 ).

Proof. Conditions (5.7.6) in this case have the form
Gau = Zouy — M(u)z, =0 (5.7.17)
whence follows

Us = Ty [Gau + M(u) - z,]

(5.7.18)
Au = zg‘a,,G,,u + zgzM(u)(nwo + M(u)Z?).

Substituting (5.7.18) into (5.7.13), we have
Galuo + V[f(w)Vul] = M'z, {uo + V[f(w)Vu]} + 2o[2(M f) — 1)605} Gou+
+ 252z {[(M )" — M'f')(Gyu + 2Mxp) + M 3005+
+ag *[2(M f) + nMf' = 1)zo + M(Mf)"Z}, (5.7.19)
whence follows (5.7.16). Since [G,,Gs] = 0, the theorem is proved.
It will be noted, that if f(u) = Lu* (m # 0, k # —2), then Equation (5.7.9)

is c-invariant under operators G, (5.7.10), provided M(u) has two different
forms, (5.7.12) and (5.7.16).

So, to describe nonlinear heat condition, one may use the completed Equa-
tions (5.7.9), (5.7.11), that is the system

wo + V[f(u)Vu] =0,
(f}u)2 : (5.7.20)

= —,
o+ 2M (u)

u
where M (u) = ——.

= 57w
Next we study the maximal IA of the system (5.7.20).

Theorem 5.7.3. The maximal IA of coupled Equations (5.7.20) is Aé(2,n),
basis element having the form

9o, awa Oa, Jab = a0y — 240,
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Gi1. = Zo0a + mxaawa G2o = wo, + mmaa(h (5721)
D1 = 2290y + 0., Do = 2wy + %40,

where a,b=T1,n, m = const # 0,

w= 2m/f—s-tldu. (5.7.22)

Proof. After changing variables according to (5.7.22), Equations (5.7.20) take
the form

Aw =0,

0 \2 (5.7.23)
wo + VW _ .

2m

Then applying to (5.7.23) the Lie algorithm, we find that maximal IA of these
coupled equations is AG(2,n) with basis elements (5.7.21).
Now we find some exact solutions of Equations (5.7.20). From equation

0.G.u=0 (5.7.24)

where 0, are arbitrary constants, G, are given in (5.7.10), (5.7.12) we find the
ansatz:

2
Elﬁw = / %du = o(J) + 42:70, (5.7.25)

where (&) is an unknown function of variables & € R™. In three-dimensional
space & are as follows

wy = T, we = af, w3 = BT, (5.7.26)

where @, § are constant vectors (@2 =2 =1, a- 5 =0).
Substituting ansatz (5.7.25) into (5.7.23) we get
n

P22 + P33 +

)

A (5.7.27)
3 + 3 + —wapa = 0.
w1

A particular solution of Equations (5.7.27) has the form

2
n ws

=__22 =1). .7.28

p=—go (=D (5.7.28)

Then the formula

/ fELu) du = 2 —41;265)2, (n=1) (5.7.29)
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gives a Galilean-invariant solution of Equation (5.7.9)
Consider the nonlinear equation

1=~ -

up + —T;V(ukVu) =0. (5.7.30)

From (5.7.17), (5.7.10), (5.7.16), we find the ansatz
km 2
k_ km_z7 5.7.31
u = (o) + kn + 22z ( )

which reduces (5.7.30) to the following ODE

UL (5.7.32)

kn+2xzo

The general solution of (5.7.32) can easily be obtained and therefore via (5.7.31)
we find a solution of (5.7.30)

& —kn/(kn+2) km 72 2
= _Z = t 5.7.33
u” = Az, A = k#—-—, A=cons ( )

3. Conditional invariance of the Born-Infeld equation under conformal alge-
bra. In §1.9 we established that the maximal IA of the n-dimensional Born-
Infeld equation

(1 - wu”)0u + ulu’u,, =0 (5.7.34)
is AP(1,n +1).
Theorem 5.7.4. Born-Infeld equation (5.7.34) is invariant under AC(1,n+1)
if
1-u,u"=0

(Basis elements of AC(1,n + 1) are written in (1.2.2)).

Remark 5.7.1. The Born-Infeld equation (5.7.34) is a differential consequence
of the eikonal equation.

(1= w,u”)0u + v u"u,, = (Ou - 2u8,)(1 — uw,u”).

Except for conformally invariant subset of solutions, Equation (5.7.34) pos-
sesses a subset of solutions which is invariant under an infinite-dimensional
algebra.

Theorem 5.7.5. Equation (5.7.34) is invariant under the infinite-dimensional
algebra AP(1,n) with basis elements written in (1.2.19) if

u,u’ =0
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Theorem 5.7.4, 5.7.5 can be proved analogously to Theorem 5.7.1.

Using invariants of AC(1,n + 1)

A A
TAT Baz — —
w1 = ——, wp = —, (A=0,n+1, 2,41 = u)
QAT QAT

and invariants of AP (1,n)
wyr = dyu(u)z*, we=u, dyd"=0

where a4, (4 are arbitrary constants, d,,(u) are arbitrary differential functions,
we obtain the following ansatze

zvaz? [ Paz?
azh @ (aAa:A) , (5.7.35)
du(u)z = p(w) (5.7.36)

However, these ansatze are not invariant under IA of the Equation (5.7.34),
nevertheless they reduce it. Substitution ansatz (5.7.35) into (5.7.34) we get
the ODE

(@aatw? — 2048wz + BaB2)? — 2asaws — aaf)pp’ +aaa?y? =0.

Ansatz (5.7.36) satisfies (5.7.34) under arbitrary ¢.
When

asat = asft = BaB* =0,

formula (5.7.35) gives a solution of the Born-Infeld equation (5.7.34) with ar-
bitrary differentiable function ¢; otherwise it is a linear function of ws:

Y= /\1(412 + Az, /\1, Az = const.

4. Extension of symmetry of acoustic nonlinear equations.

In many cases equations of nonlinear acoustics have the form
uoo = C(z, u, 11L)A'u, (5.7.37)
where u = u(z), z(zo, ) € R'*", C(x, u, u) is a smooth function depending on

T, u, v. One can make sure that Equation (5.7.37) is not Galilean invariant,
but, as we shall show it, it has Galilean invariant subset of solutions.
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Theorem 5.7.6. Equation (5.7.37) is conditionally G,-invariant under G,
from (5.7.10) if

2

M(u) =m = const, C(z,u,u4)= F(w, Vws) + 7%5, (5.7.38)
0
where F is a arbitrary differentiable function, w € R3,
mz? (Vu)?
= =y - — = . 5.7.39
w1 = To, Wy =1u 270 w3 = up + o ( )
Ansatz following as a solution of equations Gou = 0
=
mZ
= —_—— 5.7.40
u=pleo) + (5.7.40)
reduces (5.7.37), (5.7.38) to the ODE
Zoy" = nmF(z0,9,¢',0) (5.7.41)
When n = 1, C(z,u,u) = u Equation (5.7.37) takes the form
Ugp = UUL]L. (5.7.42)

As is shown in [160] Equation (5.7.42) is reduced to the ODE by the ansatz
obtained with the help of operator

Q = 8y + 2z901 + 8x¢0, (5.7.43)
which does not belong to IA of this equation.

Using condition (5.7.7) one can obtain more operators of c-invariance of
Equation (5.7.42).

Theorem 5.7.7. Equation (5.7.42) is ¢(Y)-invariant, provided
Y = A(z)8 + B(z)1 + [a(z)u + B(x)]0y (5.7.44)
and functions A(z), B(z), a(z), B(z) satisfy the following equations:
a). A#0. B#0
B B o o
a=2(B1 -4~ 3A), B=27By, an=—An+2 (2)1 Ay,
1

ago + 2%060 - [%Aoo +2 (%)1 Bo] = fu — [%Au +2 (%) Al] )
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Boo + 2%‘% - [%Aoo +2 (%)1 Bo] =0, (5.7.45)

B B o
By — 204 — [—Au +2 (—-) Al] +2—A4, =0,
A A), A

B B B a
Bgo + 2ZO¢0 - [XAOO +2 (X) ) Bo] + 27130 =0.

b). A =0, B # 0 (without loss of generality one can put B =1)

a0 =0, an+3am +a®=0, (5.7.46)
Bi1 + aBi + (31 +2a2)B = 0, Boo — BB — aB% = 0. (5.7.47)
¢c). A=1,B=0
_ _ a3 =
a; =0, ago + aag — o = Py, (5.7.48)

B(Bo + aff) =0, Boo + a8 —a’B =0.

The proof of this theorem is not complicated but is rather cumbersome and
for which reason we shall omit them.

Partial solutions of Equations (5.7.45)—(5.7.48) give explicit forms of op-
erators (5.7.44) and we list them in Table 5.7.1., where we used notations:
ai, b; (i,5 = 1,10) are arbitrary constants, w = }a4z3 + asToz1,  is a Weier-
strass elliptic function, which satisfies the equation

o = o? (5.7.49)
f(xo) is a solution of the Lame equation

" =ef (5.7.50)

and F(z) satisfies the equation

F"((Eo) = F2(:E0) (/ F—z(xo)dzo + bg) . (5.7.51)

Having solved some reduced ODEs from Table 5.7.1, we succeed in finding
solutions of Equation (5.7.4):

u = Pi(z0)Q1(z1), u= 15232} + Q1(z1)] + 2§ R1(x1),
u = 30(20)73 + f(wo)z1 + f2(x0), (5.7.52)

u=[Pa(a0) + Qalar) [ F~*(z0)dzo] F(ao)
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Table 5.7.1. Operators Y of ¢(Y )-invariance of Equation (5.7.42), ansatz and

reduced ODEs.
N Operator Y Ansatz u = Reduced ODE
1. |01 +a10, = ¢(zo) + a171 " =0
2. | Qo + (a2z1 + a3)0, = ¢(z1) + zo(azz1 + asz) ¢"'=0
3. | Go + (aszo + as5)- = p(w) + 2a411 (¢ — 2a43w—
(&1 + 2a48,,) —as)¢" = asy’
2
z
4. [ 01+ [p(zo)z1+ = p(ﬂﬁo)?1 + f(zo)z1 + @(%0) |¢" = py
+f(x0)]6u
5. | 200 + (u + arzy+ = zop(z1) — (arz1 + ag) "=0
+ag)0y
3
6. | 290 + [xg(aga:1+ = 1:6'2(p(z1) + -?—(ag.’l‘l + alo) (p" =6
+a10) - 2u]6u
7. | 2161 + ('IL + bizo+ = :z:1<p(zo) - (blxo + bs) 50" =0
+b2)0,
x% :E% "
8. | 2101+ [u+ p(20) 5 — | = p(z0) 5 +@(20)z1 + f(20) | ¢" = g0
—f(xo)]au
9. |2300 + (3z3u — 1523+ | = zdp(z1) + 3z5 22%— ©"=0
+b31 + b4)0, —L(bsz1 — ba)zy?
10. | 722161 + (ziu + 3234 | = z19(z0) + 375 222 - T = 6y
+b5£l:g + bs)au —b5$8 - bszaz
11. | p(x0)00 + ¢’ (z0)udu | = p(z0)p(z1) " =1
12. F(Io)ao + [F’(zo)u-{- = F(:L'o)(p(z]) + (%.’L‘% + b1+ QO” = by
+%IL‘% + brzy + bslau + bs) F(z0) / F—2(1L'0)d$0
u = p(w) + aszo(aszo + 2as), (5.7.53)

where Pi(z), Qk(z), Ri(x) are arbitrary polynomials of order k¥ = 1,2, and
the other notations are the same as in Table 5.7.1.
Note, when a4 = 2, as = 0, operator Y3 coincides with (5.7.43). The corre-
sponding solution (5.7.53) is also obtained in [160].
The above results on two-dimensional Equation (5.7.42) can be generalized
on the multi-dimensional case, that is, for the equation

Upo = ulAu.

We present these results in Table 5.7.2.

(5.7.54)
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Table 5.7.2. (In this table & is a constant vector, @ = 1, w = 2czz§ +
C3TOAT.)
N Operator Y Ansatz u = Reduced ODE
1|V + aa, = (o) + ¢'=0
2{80 + (GZ + ¢1)0y = p(Z) + 2o (AT + c1) Ap=0
3.|@d + (cazo + c3)V+ = p(w) + 2c20% (¢ — 2cow—
+2c2(camo + €3)@0, -3 =y
- . 1 .
4|V + [p(z0)Z + f(x0)@] 0y = %p(a:o)m2+ " = pyp
1 e 1
+T—Lf(zo)ax + ;gp(zo)
5 200 + (u + GF + ¢1)0, =zop(Z) — AT — Ap=0
3
62000 + [23(3Z + 1) — 2u)d, =qfﬂﬂ+%%ﬁ+q)Aw=6
71(@B)V + d(u + 2o + ¢3)8y |= @Zp(x0) — (c2mo +¢3)  |9”" =0
8|(@Z)V + afu+ = Lp(zo)(ad)*+ " = pp
=2
az .
o) EE  p(ao)a +(z0)aZ + f(@o)
3
9.)x30p + (3xdu — 1582+ = 23p(&) + —xg 25°— Ap=0
+aZ + ¢1)0, —gz(')'z(d'f+ c1)
10|22(GZ)V + d[zdu + 3(GZ)%+ | = dZp(xo) + 3z5 2(GF)2— |xd¢" =69
+cszf + 3]0, —c4xd — c3z5”
11 p(20)00 + ' (z0)udy = p(z0)e(Z) Ap=1
12.| F(z0)0 + [F'(zo)u+ = F(z0)p(Z) + (332 + a&+|Ap = by
+%1i‘q + az + Cl]au +61)F((E0) / F_z((l,‘o)dxo

gas dynamics, and Navier-Stokes

5. Extension of symmetry of equations Ou + Auuy = 0, Hamilton-Jacobi,

Theorem 5.7.8. Equation

is

Ou + Auug =0

¢(Y')-invariant with

4
Y= xgao + (zou - ~) Ou

A

Theorem 5.7.9. The Hamilton-Jacobi equation

U

0o+

(Vu)?* _

2m 0

(5.7.55)

(5.7.56)

(5.7.57)
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is ¢(Y)-invariant with

Qu=r6a+z,,(xo+\/z§—2mr)6u, (r=\/§?)

Theorem 5.7.10. Equations of gas dynamics
. L 1=/
o+ (€ V)i = ——pV (—2-p2> ,
po + div(p@) =0

are c(Y)-invariant with

Y, = 25118, + 200, + 040, (aa = const).

Theorem 5.7.11. The Navier-Stokes equations
o + (@ V)@ + A\AT =0,
when n =1, is ¢(Y')-invariant with

Y =228 — (z1u! — 4))0,1.

Ansatz obtained by virtue of operator (5.7.56) has the form

u = zop(Z) + 2/Azo

and it reduces Equation (5.7.55) to the nonlinear Laplace equation

Ap = Ap?.
Operators (5.7.58) give the ansatz

(=2 - 2m7‘)2/ 3

u = @(zo) + zoT — 3m

which reduces the Hamilton-Jacobi equation to the ODE

my' +z3 = 0.

(5.7.59)

(5.7.60)

(5.7.61)

(5.7.62)

(5.7.63)

(5.7.64)

This latter can be easy solved, and as a result we find a solution of Equation

(5.7.57)

U = ToT —
3m ’

(z2 — 2mr)%/% + 3 (r < T3 ) .

- 2m

(5.7.65)



Section 7 339

Operators (5.7.60) give the ansatz

-

@ = @(zo) + g—, p =@ (zo) + xy "t aE (5.7.66)
0

which reduces the gas-dynamics equations to the system of ODEs

Todo + @ + Az "d =0,
0 (5.7.67)

Topd + ng® + z5"dF = 0.

This latter ODE can be easily integrated, and as a result we find a solution of
Equations (5.7.59)

P - A a.
u=(x+é')z01+n z, " d,

1
g (5.7.68)
— —-n - - _—
p=coxy " + &(Z + C)xg +n(n—1)

We do not succeed in generalizing operator (5.7.62) for the multi-dimensional
case, but the ansatz

2\
u' = z19(z0) + o (5.7.69)

is easily generalized as

22(2=n) ")] , (5.7.70)

a=f[¢(zo)+ 2

Ansatz (5.7.70) reduces the multi-dimensional Navier-Stokes equation (5.7.61)
to the ODE

¢+’ =0
(it will be note, that in this case reduction is made on independent and depen-
dent variables) whence follows a solution of Equations (5.7.61)

i=7 [i + E\%ﬂ] . (5.7.71)
To T

Remark 5.7.2. Since some reduced equations have wider symmetry than the
initial equation, we can use this wider symmetry to construct nontrivial formu-
lae of GS. In particular, the nonlinear Laplace equation (5.7.63), under n = 6,
is conformally invariant, and if it has a solution u;(z), then

:z+é':z2) 2

+=,  (o=1+202+6%?) (5.7.72)

up(z) = Too2us ( gy
0
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will be also its solution.

6. Conditional symmetry and exact solutions of the Boussinesq equation

It is known that the maximal invariance algebra of the Boussinesq equation
ugo = 1A+ A2u =0, w=u(r), z=/(20,%)€R"*" (5.7.73)

is the extended Euclid algebra Aﬁ(l,n) with basis elements

aOEi, aazéa
a

8:170
All inequivalent ansatze which reduce the two-dimensional (n = 1) equation
(5.7.73) to the ODE constructed with the help of operators (5.7.74) are as
follows

Jab = Ta0—240s, D = 2x009+To0,—2ud,.(5.7.74)

u=pWw), w=oaTo+ 01T, ap,a; = const;
1

u=_plw),  w= % (5.7.75)
Olver and Rosenau [160] considered ansatz
u=pw)—4p’z, w=x +puxi, = const, (5.7.76)
which reduces the two-dimensional equation (5.7.73) to the ODE
@ + 9 + 2up = 8ulw + c1. (5.7.77)
Ansatz (5.7.76) is invariant under the operator
Q =08y — 22 z2001 — 80\2xp8,, A= —2pu, (5.7.78)

which does not belong to the invariance algebra (5.7.74), and therefore it is
a non-Lie ansatz. Below (following [83*]) we systematically describe in terms
of conditional symmetry non-Lie ansatze of type (5.7.76) which reduce the
two-dimensional Boussinesq equation (5.7.73) to ODEs. Similar results were
independently obtained by Levi and Winternitz [85%].

It will be noted that Clarkson and Kruskal [84*] have described ansatze

u(z) = f(z)p(w) + 9(z) (5.7.79)

which reduce the two-dimensional Boussinesq equation to ODEs using direct
substitution. The main difference of our approach from that of theirs consists
crucially in using the conditional invariance of the equation which allows us
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to obtain not only the ansatze found in [84*] but other ones which cannot be
obtained within the framework of the direct method [84*].
So, consider the two-dimensional Boussinesq equation

Ugo + uu11 + 'U,% + u3111 = 0. (5.7.80)

Theorem 5.7.12. [83*] Equation (5.7.80) is Q-conditionally invariant under
the operator
Q = A(2)3 + B(x)d1 + [ale)u + B(x)|o (5.7.81)

if functions A(z), B(z), a(z), B(z) satisfy the following equations:
1) A # 0 (without loss of generality one can put A = 1)
a=-2B1, o1=Bn=0, B=-2B(By+2BB),
B1 = 3Boo + (aB)o + B1(By — 2BB; + aB),
Bi1 = —(8o + 4B1) (a0 + a2), (5.7.82)
Boo — 2BoB1 + 4B1(Bo — S1B + af) + 2008 = 0;
2) A=0,B=1,
ag=0, a1 +5a00 + 203 =0,
B11 + 3aBy + 4028 + 51 B + bay(a® — ay) + Saaq (a1 +2a%) =0,
Br111 + 401118 + 6a11(B1 + aB) + 4oy [(o? + a1)B+ (5.7.83)
+(B1 + aB) + Poo + 3661 + 2087 =0.

The proof is obtained by direct calculation according to formula (5.7.7).
In the first case there exists the general solutions of Equations (5.7.82) and
it results in the operator

Q = & + (az1 + b)d; — 2[au + a(a’ +2a%)z3+

R (5.7.84)
+ (a'b + ab’ + 4a®b)z1 + b(b' + 2ab))u,
where a = a(zo), b = b(zo) satisfy the ODEs
a" +2aa' —4a® =0, b +2ab' —4a’=0 (5.7.85)

Depending on explicit form of a, b there are several inequivalent operators
Q1 =00+ 901 — 2200y, (a=0, b=xg); (5.7.86)
Q2 =190 — (z1 + 61'8)31 + 2[u + 3((8%:176'2 - 24.13 + 2$1.’Dg)]6u,
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__ Y s,
(a—- zo,b—6x0),

1 3
Q3 = 2200y + (71 — 322)01 — 2(u — 374 +9x(2,)3u, (a = oo b= _§x°>;
0

w'
Q4 =2W3oy + w’ [13131 - (2u + fo)au], (a = m—-, b= O);

Qs = 2Wap + W'(z1 + )0y — 2W'u+ WW'(z1 + p)® + 21 + p| Bu,

w' w
(a=§W» b= ap, p=/(W—,)2dzo>,

where W = W (zy) is the Weierstrass elliptic function satisfying the ODE
W" =W? or (W')? = (W3 + const).

In the second case we succeeded in obtaing several partial solutions of Equa-
tions (5.7.83) which results in the following operators

Qe = 220, + (23 — 221)8,, a =0, B =z} — 21125

Qr=6+(A- %le)a,,, a=0 B=A+ %W:cl;
Qs =101 +2ud,, a= oot B=0; (5.7.87)
1
4
Qo = {01 +2(zfu+24)3,, a= 2, 8= —g,
T ry

where A = A(zo) is the Lame function satisfying equation A” = WA. Using
operators (5.7.86), (5.7.87) we find ansatze:

1°. u=p(w)—422, w=z; +z3; (5.7.88)

2
2. u=adolw) - (Zo46at) = mle +2)

+ z?
3°. u=zlpw)+2(x — 22 , =xl—°;
0 ‘P() (1 0) \/Z'T
1 1 T
£ u= W) - Wal, w=—;
u Wsa(w) gWer, w N
. 1 1 /w\? ) @ 1 W .
5°. u—Wgo(w)—Z(W) (z1 + p)%, w—ﬁ—i W—sﬁpdzo,

6°. u=pw)—-2z5%2? + 2371, w=20;

7°. u=gw) - §2IW + Az1, w = zo;
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8. u=1zfp(w), w=go;
9°. u=apw) - 12272, w =

After substitution of ansatze (5.7.88) into (5.7.80) we get, respectively, the
following reduced ODEs:

1°. (p"' + (p‘,O, + 2¢ = 8w + cy; (5.7.89)
2°. " + o' + 30p = 1800w + c3;

3°. (pllll + ((P + %WZ)’P” + (’PI)2 + %uﬂp' +2p =0

4°. (pllll +(,0(P"+ ((p/)z + %(w2tpn + 7w(p/ +8(,0) =0;

o A
5°. "+ + (') + —2-(w<p' +2p - ) =0;

2
6°. ,,—_2(P+w6=0;
w
. Q"= iWe+ A% =0;
8°,9°. " +6p%=0,

where c;, ¢ are arbitrary constants.
Having solved the reduced Equations (5.7.89) and using once more formulae
(5.7.88) we obtain solutions of Equation (5.7.80):

u=-123W(zo), uw=-12z7%, (5.7.90)

uw=-32iW(z) — 1227%, uw=2(z, —3)

12 x? c
u=2(x; —3) u= —]2‘ —6c2xd + 18c3zdzy + a;—: + cs73.

T (m + z2)?’ z2

Now let us give some results on studying conditional symmetry of the multi-
dimensional Boussinesq equation.

Theorem 5.7.13. [83* Equation (5.7.73) under n = 6 is invariant with
respect to the conformal algebra AC(6) with basis elements

_ 9
T 9z,

K,=2z,D —2%8,, a,b=1,2,...,6, z*= 2.z,

0. Jab = o0 — 2p0s, D= Zq0, — 4u0y,

(5.7.91)

if
Au+ 3u? =0. (5.7.92)
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An ansatz obtained by means of operator K, has the form

_ bz — b*a?

pra (5.7.93)

1
u = Fw(wl,wz), w1 =Ty, we

where b, are arbitrary constants. The corresponding reduced equations are

1
p11 =0, 2wzpe2 +5p2 = ZB;(,OZ (5.7.94)

Partial solution of Equation (5.7.94) is ¢ = —4b*w; ' and it results in the

following solution of the Boussinesq equation (5.7.73) under n = 6:

4

Ty T o=b

U =

7. In this point we give a brief review of conditional symmetry carried out
by us and our collaborators up to 1991.

1°. Nonlinear wave equation

Ou=" (5.7.95)
u
is conformally invariant under the condition (see Appendix 6)
1—u,u” =0. (5.7.96)
2°. Nonlinear wave equation [100%*]
Ou = A\u* (5.7.97)
is conformally invariant under the condition
u,u” = dgutt. (5.7.98)
The Liouville equation
Ou = A\e* (5.7.99)
is conformally invariant under the condition
u,u” = Age”. (5.7.100)

The Monge-Ampere equation

det () =0 (5.7.101)
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is conformally invariant under the condition (5.7.96).
3°. Equations of the form
Ugp — ﬁ[f(u)eu] = F(z,u, ) (5.7.102)

were considered in [108*] and it has been established that the following equa-
tions

ugo — & (W™ %uy) = —u”?,
w0 — O1(ch “2uu;y) = —(up + thu),
00 ( , 1) (uo ) (5.7.103)
ugo — A1(cos™* uuy) = —(ug + tanu),
oo — V(e®*Vu) =0
are invariant under the Poincare algebra if the conditions
up —u i =1,
2 -2, .2
ug — ¢ch "“uuy =1,
. ) 3 (5.7.104)
Ug — cos” “uuy =1,
u? — (V)2 =1
hold true, respectively.
Equations
ugo — 01 (v~ 2uy) = —u~%u; cotanxy,
oo — &1 ( ch “2uy) = 2sh ~124,
00 = &1 1 (5.7.105)

ugo — A1(cos™% u;) = 2sin 2u,
Ugo — 6(62"611,) = —n(ug thze + 1)
are conformally invariant under the conditions (5.7.104), respectively.
4°. Equation of nonlinear acoustic
up1 — A (f(u)ul) — Uy —u3zz =0 (5.7.106)
which coincides, under f(u) = u, with the Khokhlov-Zabolotskaya equation
Uo1 — 31 ('U,’U,l) — U9y — U33 = 0 (5.7.107)

was considered in [58%,106*]. In particular, there it is established that Equation
(5.7.107) under the condition
upuy —uud —ui —ui=0 (5.7.108)

is invariant under infinite-dimensional algebra of special form.
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It will be noted that Equations (5.7.103) under corresponding conditions
(5.7.104) are locally equivalent to the system

Ow =0,

(5.7.109)
w,w” =1,

and Equations (5.7.105) under corresponding conditions (5.7.104) are locally
equivalent to the system

Ow= 2—,
w (5.7.110)
w,w’ = 1.
5°.  @-conditional symmetry of the nonlinear wave equation
ugo — 01 (f(u)ur) = g(u) (5.7.111)

under

flu) = < Xe¥, Mk, Muy A/, Au=2/3, %+ 22, du=4/5, dut, au=4/3, du=t >,
g(u) = <0, Au, Adu~1/3, Ay=(F+1) | je2 >

was studies in [94*, 105*].

6°. In [192] it is established that the d’Alembert equation
Ou=0
is invariant under the infinite-dimensional algebra P> (1,7) if the condition
uu’ =0

holds true.

7°. In [56*, 90*, 129*] was treated the Q-conditional invariance of the
nonlinear heat equation
up + u11 = F(u), (5.7.112)

which especially distinguished the following cases

U +un = /\u3,

= Au® —u),
to + U (u3 v) (5.7.113)
Uo + U1 = )\(u - u))

up + u11 = Mu® — 3u+ 2)
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8°. In [91*,104*] we considered the nonlinear heat equation
uo + V(f(u)Vu) = F(u). (5.7.114)
Generators of Q-conditional symmetry for the equations

uo + O1(e*u1) =0,

o+ 61(u‘1/2u1) —o0, (5.7.115)
were found, and it was established that the equation
uo + V(e*Vau) + de ™ =0 (5.7.116)
under the condition
uo + %e“(ﬁuf + %e_“ =0 (5.7.117)

is conformally invariant.

9°. Conditional symmetry of the Kadomtsev-Petviashvili equation
uo1 + (¥?)11 + ugz + w1111 =0 (5.7.118)
is studied in [93*].

10°. In [92*] is considered the generalized Korteweg-de Vries equation
Up + F(’Ll,)’ll/llc + 4111 = 0. (5.7.119)

It is shown that Equation (5.7.119) is Q-conditionally invariant with respect
to the Galilei algebra under the conditions

F(u) = MuP™R/2 4 3pu(1=R)/2) (5.7.120)
F(u)=u*(\lnu+ A),
F(u) =1 —u?)1=8/2(); arcsinu + Ag),
F(u) = (14 u?)10/2() arcshu + Ag).
11°. In [99*,101%] it is established that the Boussinesq equation

up + Au? =0 (5.7.121)

is Q-conditionally invariant under the Galilei algebra.

12°. Q-conditional symmetry of the Born-Infeld equation (5.7.35) is stud-
ied in [102¥].



348 Chapter 5. Some Special Questions
13°. In [107%] it is established that the nonlinear polywave equation
O™u = du!—2m (5.7.122)
is invariant under the conformal algebra provided

n
Ou=—, uwu' =1
u

14°. In [95*,96*] Q-conditional symmetry of the gas dynamics equations

is studied:
uy —ui =0,

ul —ud =0, (5.7.123)
uy — F(u',v®)u? =0
under
Ful,ud) = < dul, Au?)%, M) 72, Au?) 72, A(!) 732, A (0?2, A (@3) 71 >
15°. In [31*, 137%] it is shown that the nonlinear Dirac equation
(170 — Xy)p =0 (5.7.124)

under the condition ¥y = 1 is invariant with respect to the operators

Q1 =18 — Ay, Q2=103+ 3. (5.7.125)

16°. In [57*%,103*109%) it is studied the conditional symmetry of the
nonlinear Schrédinger equation

(P - %) ¥ = F(9])9. (5.7.126)

It is shown that Equation (5.7.126) with the nonlinearity
F(|9]) = Mlp|™* + Xolol* (5.7.127)

is invariant under the operator

Q=z.P. - %1 +n -Z’— (¥dy — $*dy) (5.7.128)

provided
MA[P| + X[+ = 0. (5.7.129)
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5.8 Nonlocal symmetry of quasirelativistic wave equation

Consider a PDE of fourth order (on spatial variables) which, following [60,75],
we shall call a quasirelativistic wave equation
p? pt
Pyyy = H(P)Y, H(P)=ay— —, 5.8.1
w=HPW,  H(P)=ar;—+ag (5:81)
where ¥ = ¥(z) is a complex scalar function: z = {zg = ¢, 2.} € R%; ag, a4,
my are arbitrary real constants;

7] . 0
a, Pa__1(9$a,,

Py=1 pP2=PpP,P, a=1,23. (5.8.2)

Under ag = a4 = 0 Equation (5.8.1) coincides with the well-known Schrédinger
equation, and under ag = myg, a4 = —m} the Hamiltonian of (5.8.1) represents
by itself the first three terms of Taylor expansion of the relativistic Hamiltonian

H(P) = (m2 + P*)"/? (5.8.3)

By means of Lie’s method one can make sure that the maximal IA of Equa-
tion (5.8.1) is the 8-parameter Lie algebra Ag=AFE(1,3), with basis elements

PO, Paa Jab=$an—bea7 1.

This result means that Equation (5.8.1) is invariant neither under Lorentz
transformations nor under Galilean ones. But, of course, it does not mean
that symmetry properties of Equation (5.8.1) are exhausted by the first-order
differential operators of AE(1,3). Equation (5.8.1) possesses a wide nonlocal
symmetry.

Theorem 5.8.1 [60,75]. Equation (5.8.1) is invariant under the 20-dimension-
al Lie algebra Asp D Ag with basis elements
P01 Pﬂ.) Juba I)

Va, ='i[H,xa,] = ('n170+a_24p2) Pﬂ.)

G =tV, — a4, (5.8.4)

Rab = "a4(Pa.Pb + %6abP2)-

Proof. One can directly verify that operators (5.8.4) satisfy invariance con-
dition (10). Operators Py, Py, V,, Ry, and I commute and together with
operators J,s, G, satisfy the following commutation relations
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[Jabs Jed] = t(8acTba + ObaJac — badJoc — Sbcdad),

[Jab, Ge] = 1(02cGb — 66cGa),  [Jaa, Po] =0,

[P., Gp] = 1bas1, (G4, Gs] =0,

[Po, Ga] = iVa, [Jab, Pe] = i(8acPs — SbcFa),

[Va, Gs] = i(Rab — babazl), (5.8.5)
[Jabs Red] = i(8acRod + 8baRac — dpcRad — aaRbc),

[Jab, Ve] = 1(8acVh — b Va),

[Ga, Roc) = ias(bab P + Obc Pa + bacFb),

and thereby form a Lie algebra. It will be noted that operators V;, Ga, Ras
belong to the class of third-order differential operators and hence they generate
nonlocal transformations.

Using formulae (5.3.6) we calculate final transformations generated by the
operator

Q = imv,G, =t (1 ¥ %@Pz) Va8 — imE - 7, (5.8.6)
where v, are arbitrary real parameters. So, we have

tl - etuna,te—tvab., — t,

(5.8.7)
T = et et % = gy + vt,
and
P! (') = et*%e~y(z) (5.8.8)
Since
~[tve8.,Q) = imov’t,
[tv28a,imov?*t] = [Q,imov*t] = 0,
one can use formula (5.3.39). Applying it to (5.8.8) one gets
¥(@) = exp {0, — Q + Smav’t }v(a) =
(5.8.9)

1)2

= exp {im [z‘ava + 3

t— %a.ithvaPa] } Y(z).
So, we can conclude that Equation (5.8.1) is invariant under Galilean trans-
formations (5.8.7), provided %-function is transformed according to (5.8.9).
Unlike Galilean transformations given in the Table 4.1.2, the transformation
(5.8.9) is nonlocal. It becomes local when a4 = 0, and in this case it coincides
with the standard Galilean transformation of the Schrodinger wave function.
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Now we will show that Equation (5.8.1) describes uniform motion of a par-
ticle with rest mass mg and takes into account dependence of the full mass of
the particle on its velocity. But before doing this we shall demonstrate that the
relativistic integrodifferential wave equation Py = H(P)y with the Hamilto-
nian given in (5.8.3) describes the well-known effect of the growing mass of a
particle by increasing its velocity according to the law

Mo
vVi—o?
With the help of formulae (A.3.5), (A.3.6) one easily finds

AR 7/ _ F, )
B = Vo S iH(P). 2] =i [ P +m‘2”xa] T VPitmd (5.8.11)

£ = Vo =i[H(P),V,] =0,

m = (5.8.10)

where dot means differentiation with respect to ¢. Let us recall that in (5.8.11)
quantities z,, &, = V,, V,, P, are operators of coordinates, velocities, acceler-
ations, and of impulse, respectively. The transition to corresponding classical
quantities is made by means of the change

Tg — Tq, P,=—i 9 — Pa (5.8.12)
0z,
So, one finds from (5.8.11),(5.8.12) the expression for particle velocity

I - (5.8.13)

N

On the other hand, according to the definition of velocity, we have

Da
e = — 5.8.14

v, = (5.814)
where m is the full mass of the particle. Equating these two expressions (5.8.13)
and (5.8.14) and then solving the obtained equation with respect to m, we get
the formula (5.8.10).

In the same spirit we shall act in the case of Equation (5.8.4), we can write

according to (5.8.12) the corresponding classical expression

Da Ay o

=P M2 5.8.15
Vo= St PP ( )

Substituting (5.8.14) into (5.8.15) we get a cubic equation with respect to m:

—_ = —-1=0. 5.8.16
— + 5 m ( )
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Let a4 < 0. Solution of Equation (5.8.16) can be looked for in the form
m="2sina (5.8.17)
c

where «, ¢ are arbitrary real constants. Substitution of (5.8.17) into (5.8.16)
followed by multiplication on 3¢, yields

3 2
3sina — 4sin® a (gmglad%) = 3c. (5.8.18)

Let us define ¢ so that
3 5 2
gmola4'c—2 = 1,

that is

3 1/2 o 1 3 3/2
c= (gmglad) v % 3 w= (5) vy/milay- (5.8.19)

Now we can rewrite Equation (5.8.18) as
3¢ = 3sina — 4sin® o = sin3a

whence follows

1 1 1 w
a = — arcsin3c = - arcsinw = - arctan ——.
3 3 3 V1—w?

Finally, we get the formula

m= moi sin (1 arctan (5.8.20)
w 3

w
Starting from (5.8.20) we can conclude that in mechanics based on Equation
(5.8.1) with a4 < 0, as well as in relativistic mechanics, the limiting speed
exists. But unlike relativistic mechanics, where the mass of a particle infinitely
increases when velocity v tends to its limit v — 1 (see formula (5.8.10)), in the
considered case we have according to (5.8.20)

3
m =, 5Mo (5.8.21)
Now consider the case of Equation (5.8.1) with a4 > 0. Solution of Equation
(5.8.16) we look for in the form

mo
m = —sha.
c
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As a result we obtain
m=m0-3— sh (lln (w+ 1+w2>> , (5.8.22)
w 3

where w is defined in (5.8.19). So, in mechanics based on the Equation (5.8.1)
with as > 0 the limiting speed does not exist, and when velocity v aims at
infinity the mass of particle tends to zero.

In conclusion, it will be noted that the same analysis can be made for an
equation of the type (5.8.1) with the Hamiltonian

N
H(P)=) a.P™,  N<co.
n=0

5.9 Are Maxwell’s equations invariant under Galilean transformations?

More than eighty years ago Lorentz, Poincare, and Einstein gave negative
answer on this question we are about to discuss. At present it is common
knowledge that Maxwell equations (ME)

OF . .
—5—=rotH, divE =0,
o (5.9.1)
. H . o

=—=—-r0tE, divH =0

ot

are invariant under the Lorentz transformations and are not invariant under
the Galilei ones

zh = x4 + v,t, V=t a=1,2,3, (5.9.2)

where v, are arbitrary constants (the speed of inertial frame of reference).
The negative answer on the discussed question is connected with the implicit
suggestion that the relationship between E, H and E', H' is local, that is,
the field transformation E — E’, H — H' depends only on unprimed fields
(and, of course, on parameters v,) and do not depend on their derivatives.
But if we assume that field transformations may be nonlocal, we will have new
possibilities, and our question will have a positive answer [111*].

Theorem 5.9.1. Maxwell equations (5.9.1) are invariant under Galilei trans-
formations (5.9.2), provided the electric and magnetic fields are transformed
as

E'=E-vx H- (7 %) 1ot H + O(v?), (5.9.3)
7

H =H+7xE+ (7 %) 1ot E + O(v?).
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Proof. We offer a straightforward proof of this theorem. As follows from (5.9.2)
V=V, 8=8-%V (5.9.4)

Substituting (5.9.3), (5.9.4) into primed ME we get, omitting terms quadratic
in v,:

(div E) = div E' = div E — div (7 x H) - div[(#- &) rot H]
=divE+ 7 rot H—7- rot H = divE =0,
where we used the identities
div (7 x H) = —7- rot H,
div[(@- ) rot H] = 7- rot H.
Further
O E' — (rot HY = (8, —7-V)E' — rot B = B -5 x H — (7 &) rot H—
—(7-V)E — rot H — rot (7 x E) — rot[(7 - 7) rot £,
(dot means differentiation with respect to t). Taking into account the identities
rot (7 x E) = —7- E + #divE,
rot[(7 - Z) rot E] = - Frot tot E + 7 x rot E

and using (5.9.1) we get

-

OuE' — (rot HY = E—Gx H — (7-F)rot  — (7- V)E — rot H+
+(7-V)E - ¥divE — (7 &) rot rot E — 7 x rot E =
=E — rotH — 7 x (ﬁ+ rot E) — (7 - &) rot(ﬁ+ rot E) — #divE = 0.

In the same way one can test the invariance of the rest of the equations
of the system (5.9.1) with respect to Galilei transformations (5.9.2), (5.9.3).
Thus the theorem is proved.

Comparing transformations (5.9.2), (5.9.3) with the infinitesimal Lorentz
transformations

F=F+T+00?), t=t+7 Z+0(?); (5.9.5)
E=E-%xH+0 2,
o =B Tx HAOW) (5.9.6)
H =H+7x E+0(?)
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one immediately sees that the simplicity of geometrical transformations (5.9.2)
results in complexity (nonlocality) of transformations (5.9.3). To clarify the
meaning of the result obtained, let us write down the system (5.9.1) in another
equivalent form
Oy —a S
o = Hp, H =1i02(S - V),
divE =0, divH =0,

(5.9.7)

where
. (0 -I
’(l/ = '(/)(IIJ) = column(E1 EZ E3 Hl H2 Hs), g9 =1 13 ﬁ (598)

I3, 0 are 3 x 3 unit and zero matrices, respectively;

00 0 0 0 i 0 —i 0
S;=(00 —i], S;=0 00, Ss=[i 0 0] (599)
0i 0 - 0 0 0 0 0

It is not difficult to show that system (5.9.7) is invariant under the following
two Poincare algebras

7]
I_p _ 9 _ 0_
P#_Pﬂ—axﬂv u—0,3, xr _t’
. Sc 0 9.
L = 2.Py — x4 Py + i€ape 0 s ) (5.9.10)
J({a. = zO'Pa. - xaPO + EzSu;
and 1
Rl =-in, PI=Pl Jh=Jk
(5.9.11)

JE =P, - %(Hwa +z,H) + 1525,

Operators J{, generate the well-known Lorentz transformations, while oper-
ators JJL generate another (nonlocal) transformation. Since JZ are not dif-
ferential operators of the first order (in the Lie sense), we cannot use Lie’s
equations to find the corresponding group action. In this case we shall use
formulae (5.3.6), according to which we find

1 — T V) p=t(@V) _ ¢
r=er e (5.9.12)

(V) go—t(3-V)

Il
8y
<y

T =e + vt

¥ (') = exp{t(7- V) } exp{—t(7- V) +52(S - 7+ & - 75 - V) }¢(z), (5.9.13)
where function ¥(z) is defined in (5.9.8).
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Infinitesimal transformations (5.9.3) result from (5.9.13) in first order of
v,. Final geometrical transformations (5.9.12) coincide with the Galilei ones
(5.9.2). As we see, representations of AP(1,3) given by (5.9.10), (5.9.11) are
inequivalent because they result in different group actions. But on the manifold
of solutions of ME (5.9.7) we have

T =JEv,  (J&L)*% = () ¥,.. (5.9.14)

where ¥ is an arbitrary solution of ME, and therefore they are equivalent in a
sense. The idea of duality of spacetime symmetry of relativistic equations was
first put forward in [59] (see also §5.3).

An important application of transformations (5.9.12), (5.9.13) consists in
the possibility of correctly introducing the concept of approximate Galilei in-
variance with absolute time for relativistic equations [111*]. It is obvious that
we can interpret transformations (5.9.2), (5.9.3) as an approximate Galilei in-
variance of ME. Formula (5.9.13) allows us to calculate Galilei transformations
for the electromagnetic field in any approximation in v,. So, for example, the
second approximation has the form

—

E'=E-¥xH- (7- %+ 15%t) rot H+

+1 [mf ~ 3@ E)+ (- 9)((7- V)E — 20 x ot E) + (Z- 17)2AE] +0(v%),
H =H+7xE+ (7-+ 1) rot E+ (5.9.15)
+1[H - 5@ - H)+ (& 3)((5- V)H - 20 x ot H) + (Z - 5)"AH] + O(v*).

The Lorentz transformations in second approximation look like

t=t+& 7+ 2%t + O(+®), (5.9.16)

A'=A+5xE+1 [mﬁ—a(a-ﬁ)] +0(03).

The main difference between transformations (5.9.2), (5.9.15) and (5.9.16) (as
well as between (5.9.2), (5.9.3) and (5.9.5), (5.9.6)) is that the time ¢ in Galilei
transformations (5.9.2) is unchanged in contrast with Lorentz transformations
(5.9.5), (5.9.16). This advantage of Galilei transformations is due to the non-
local law of transformations of E and H (compare (5.9.3), (5.9.6) and (5.9.15),
(5.9.16)).
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5.10 Nonlocal spacetime symmetry of the Klein-Gordon equation

Consider the Klein-Gordon wave equation
@+m?p=0 (5.10.1)

and write it down in equivalent form [59]

;99
=H
i ®,
H= ﬁ [(E2 +$2)0‘1 + (E2 - 332)1:0'2], (5102)
E? = -A +m?,

where ¢ is the two-component function

¢1 i 9p
= , = ——, = 5.10.3
¢ ( b2 é1 oy 2= ( )
2 # 0 is an arbitrary constant, o; and o are 2 x 2 Pauli matrices (2.1.3).
According to Remark 5.3.8 and Theorem 5.3.4, Equation (5.10.2) is invariant
under Galilei transformation (5.3.43) (with H given in (5.10.2)).

It will be noted that, in contrast with the Dirac equation, operators

JE = 2oP, — L(Hao + 2 H) (5.10.4)

are nonlocal even on the set of solutions of Equation (5.10.2), where they take
the form [111%]

Jgo =10 + 30y + i(al +i02)0% (5.10.5)

Operators (5.10.5) generate transformation (A.3.3) and

#z')=1 [(Uo +a3)chf+o09— 03 — —(01 + wz)g— sho| ¢(z), (5.10.6)

where § = {01,05,05}, 8 = (62 + 62 + 62)1/2, o is a unit 2x2 matrix. It will
be stressed that Equation (5.10.2) is not Lorentz invariant in the Lie sense.
As we see, Lorentz transformations of function ¢(z) (5.10.6) are nonlocal and
therefore non-Lie.

From (5.10.6) one can derive, according to the general relation (17), the
formula of generating new solutions. This formula has the form [111%]

- =

¢n(z) = 3|(1 +03)sechf +1— a3 + —(01 + 10’2)0 v th 9] é1(z'), (5.10.7)
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where ' are given in (A.3.3).

5.11 On solutions of the Schrédinger equation, invariant under the Lorentz
algebra

The Lie-maximal invariance algebra of the Schrodinger Equation (3.3.24) is
given in (3.3.25). The algebra ASch(1,3) does not contain the Lorentz algebra
ASO(1,3). But if to look for symmetry operators among non-Lie operators we
will have new possibilities. So, in [115*] it is established that the Schrédinger
equation (3.3.24) is invariant under the Lorentz algebra with basis elements
belonging to pseudodifferential operators. Indeed, one can make sure that the
operators
1

Joa =
0 2m

(PG, + G,P), Jab = 2o Py — 2 P, (5.11.1)

where P = \/P,P, (P, = —i8,, G, = tP, — mz,), satisfy invariance condition

v v }32 R

[S, JuJu = 0; S=P - Py u,v=0,3 (5.11.2)
and form the Lorentz algebra ASO(1,3) with commutation relations written in
(A.2.2). The action of pseudodifferential operators Jy, from (5.11.1) is defined
by means of integral Fourier transformation in (1.3.17).

Following [89*], we look for solutions of the Schrodinger equation (3.3.24),
invariant under the operators (5.11.1). The corresponding ansatz is defined
from the condition

Joau =0, Japu = 0. (5.11.3)

If we go over in (5.11.3) to Fourier transform, we get

[(% - 2—;—22 ko — iéé%] (L, F) = 0, i
(kab-H - kb@a) @(t,k) = 0.
The general solution of Equations (5.11.4) has the form
u(t, k) = (k2)~1/4 exp{—itﬁ}tp(t). (5.11.5)
2m

Substitution of (5.11.5) into the Fourier transform of the Schrédinger equation
results in
Oy

=~ =o. 11.
2 =0 (5.11.6)
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So, we obtain that the solution of the Schrédinger equation which is invariant
under ASO(1,3) (5.11.1)

K27 k
u(t,E) = c/e”"”(lcz)"l/4 exp {—ztz—} d3k, (5.11.7)
R3
where c is an arbitrary constant. To simplify the expression (5.11.7) let us go

over to spherical coordinates, choosing the polar axis along the vector Z. In
this case expression (5.11.7) can be rewritten as

oo T 2m -,
2
u(t, T) =c/k3/2dk/sin6d0/d<pexp {ikzcose—itﬁk;n—} =
0 0

0

7 72
= dme / k'/? exp {—zt-k— } sin kz dk, (5.11.8)
2m

T
0

where z = /7%, k = \/l—c‘z. After calculation of the last integral, we finally
find [89*]

u(t, .’1-’/") = i:’%ew (J_1/4(UJ) + 'LJ3/4(U})), (51].9)

where w = mz?/4t; J_1/4, J3/4 are Bessel functions. One can make sure
that (5.11.9) satisfies Schrodinger equation (3.3.24) and it is solution invariant
under the Lorentz algebra (5.11.1).

In conclusion, it will be noted that the substitution ¢ — —:t transforms the
Schrdodinger equation (3.3.24) into the heat equation

= —Au=0. (5.11.10)
m

If we do the same transformation with expression (5.11.9), we obtain the fol-
lowing (real) solution of the heat equation (5.11.10):

c\/_ _ mz?
t3/2 s (1_1/4(W) - 13/4(0))) ) w = _Zt—a (51111)
where c is an arbitrary real constant, I_y /4, I3,4 are modified Bessel functions.
It will be appropriate to give here the solution of the Schrédinger equation

(3.3.24) invariant under 6-dimensional Galilei algebra
Ga = tPa — MZ,, Jab = iI)an - Il)bpa. (5.]1.12)

The corresponding ansatz is (compare with (5.11.5)):

-2
u(t, Z) = exp {zln%—} (). (5.11.13)
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Substitution of (5.11.13) into (3.3.24) results in the ODE
to + %(p =0,

the general solution of which is ¢ = const - t=3/2. So, the solution of the
Schrodinger equation invariant under the Galilei algebra (5.11.12) is

2
u(t, @) = et~ 2 exp {z%} , (5.11.14)

and one can compare it with the solution (5.11.9). It will be stressed that
solution (5.11.9) is not Lorentz invariant in the standard meaning, because
basis elements of the Lorentz algebra (5.11.1), under which (5.11.9) is invariant,
are non-Lie (nonlocal).

5.12 On approximate symmetry and approximate solutions of the nonlinear
wave equation with a small parameter

Following [62*], we introduce the concept of approximate symmetry and de-
scribe all nonlinearities F'(v) with which the nonlinear wave equation

Ou+ Aud +eF(u) =0 (5.12.1)

(O = 8,0#, p =10,3; X is an arbitrary constant, € < 1 is a small parameter,
u =u(z), z € R(1, 3)) is approximately scale and conformally invariant.

By means of Lie’'s method one can make sure that when F(u) # 0 and
F(u) # u3, Equation (5.12.1) is invariant under the Poincare group P(1,3)
only, because the term eF(u) breaks down the scale and conformal symmetry
of the equation Ou + Au® = 0.

Let us represent an arbitrary solution, analytic in €, of Equation (5.12.1) in
the form

u=w+ev, (5.12.2)

where w and v are some smooth functions of z. After sustitution of (5.12.2)
into (5.12.1) and equating to zero the ccoefficients of the zero and first power
of ¢, we get the following system of PDEs

2w® =0
Ow+w (5.12.3)
Ov + 3 \w?v 4+ F(w) = 0.

Definition 5.12.1. We shall call the approximate symmetry of Equation (5.12.1)
the exact symmetry of the system (5.12.3).
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Theorem 5.12.1. [62*] Equation (5.12.1) is approximately scale invariant (in
the sense of the definition above) if and only if

Mb 4 3N, gk
T - 0,-1;
P + P +au®*"% k#

F(u) = 2xbu® + 3Xcu’lnu + au?, k=0; (5.12.4)

22ullnu — 3xcu? +au®, k=-1

(k, a, b, c are arbitrary constants), with the generator of scale transformations
having the form
D =0 — wd,, + (kv + bw + ¢)0, (5.12.5)

Proof. Using Lie’s algorithm we find from the condition of invariance that the
generator of scale transformations should have the form

D = 28 — wd,, + n*(v, w)8,,
provided that from the invariance of the second equation of system (5.12.3),

773.0 =n?uw =n12uv =0¢7)2=kv+bw+c,
dF (5.12.6)

2Xbw? + 3Acw? + (2 — k)F —w— =0.
dw

The general solution of Equation (5.12.6) is given in (5.12.4). Thus the theorem
is proved.
In particular, as follows fron the above equation, the equation

Ou+ Ml +eu=0 (5.12.7)

is approximately scale invariant and the corresponding generator has the form
D =29 — wd,, + v8,. This statement holds true even if A = 0.

Theorem 5.12.2. [62*] Equation (5.12.1) is approximately conformally in-
variant if and only if
F(u) = —3\8u® + au?, (5.12.8)

with the generator of conformal transformations having the form
K = 2cz [0 — wdy — (v — B)3,] — x%cd (5.12.9)

where (3, a, c,, are arbitrary constants. The proof of Theorem 5.12.2 is per-
formed in the same spirit as that of the Theorem 5.12.1.
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It will be noted that Equation (5.12.1) with F'(u) given in (5.12.8) is reduced
within to € to the equation Ju + A'u3 = 0, where A’ = A + ea be means of the
transformation u — u+e€0. It is clear that the exact solutions of the associated
system (5.12.3) produce the approximate solutions of the Equation (5.12.1).
To find exact solutions of the system (5.12.3) one may use its symmetry un-
der P(1,3) and C(1,3) described above, applying the algorithm we have used
throughout the book. Below, we consider another possiblilty. Suppose that in
(5.12.2)

v = f(w), (5.12.10)

where f is an arbitrary differentiable function. In this case the system (5.12.3)
takes the form

Ow+Aw® =0 (5.12.11)
(ww*) f + Ow)f + 3\’ f + F(w) =0,
Sw . df (5.12.]2)
U= T

From the condition of splitting of Equation (5.12.12) one has to put
wyw? = A(w), (5.12.13)

where A is some function of w. Equation (5.12.13) is compatible with (5.12.11)
if A(w) = dw?, that is
wwt = dw? (5.12.14)

(see Appendix 6).
Taking account of (5.12.11) and (5.12.14) we rewrite (5.12.12) as

Aw?f —wf +3f) + w2F(w) =0. (5.12.15)

So, if we find function f(w) as solution of Equation (5.12.15), we thereby obtain
by means of expressions (5.12.2), (5.12.10) approximate solutions of Equation
(5.12.1). It will be noted that a subset of such solutions of Equation (5.12.11)
and (5.12.14) is conformally invariant since the corresponding approximate
system (5.12.11) and (5.12.15) is conformally invariant. Solutions of Equation
(5.12.15) for functions F(w) given in (5.12.4) have the form

a b c
~ - - -1
kT e kriv R FELO
flw) = —clnw—bw—§(2c+§), k=0 (5.12.16)
a
—w(2—)‘+blnw)+c, k=1

The solution of the system (5.12.11) and (5.12.14) is the function

-1/2

w=£[A(z, +a,)(z” +a”)] (5.12.17)
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where a, are arbitrary constants.
When A = 0, the nontrivial condition of splitting of Equation (5.12.12)
compatible with the Equation Ow =0 is

wowt =1 (5.12.18)
So, in this case we find approximate solutions of equation (5.12.1) be means

of expressions (5.12.2) and (5.12.10), where function is determined from the
equation

Ff+Fw)=0 (5.12.19)
and w, in turn, is determined from the system
Ow =0, wywt = 1. (5.12.20)

The system (5.12.20) is invariant under the extended Poincare group §(1,4)
and has solution
w = a,z” + a, a,a’ =1 (5.12.21)

where «,,, a are arbitrary constants.
In particular, equation
Ou+eu=0 (5.12.22)

is approximately invariant under the group P(1,4) on the subset of solutions
1
u=w—¢ (guﬁ +aw + a2> , (5.12.23)

where w is given in (5.12.21) and a1, ap are arbitrary constants.

In conclusion, let us note some generalizations of the concept of approxi-
mate symmetry studied above. First of all, one can consider higher orders of
approximation of u in ¢, i.e.,, u = w + ev) + e2v® + ... and can study the
symmetry of the corresponding approximate system of PDEs for functions w,
v, »(?) and so on. Secondly, one can expand in e-series not only dependent
variables, but also independent ones, e.g., o = t +ez(1) + €222 +- -, and can
construct in this way the corresponding approximate system and then study
its symmetry. Another approach to the study of approximate symmetry is to
use some special approximates, say the two-point Padé approximants

-1

u=Y fi | D g | (5.12.24)
k=0 =0

where functions fi, g; are determined from the condition: when ¢ — 0 expres-
sion (5.12.24) coincides with the expansion

uw=v0 + e 4 20 4 ... ek 1,
and when € — 00, (5.12.24) coincides with the expansion

u= w(o) + e_lw(l) + €_2w(2) + cee € >> 1‘
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Jacobi elliptic functions [3,4,24]

Jacobi elliptic functions E(z, k) (z is the variable argument, k is the parameter)
are solutions of the nonlinear ODE

E+aE+bE*=0, (E)*+aE*+1bE'=c (A.1.1)

where dot means differentiation with respect to z; a = a(k). b = b(k), ¢ = c(k)
are constants which depend on the paramenter k. For the first time elliptic
functions were introduced as inverse functions of an elliptic integral. This
problem of inversion was solved in 1827 by Jacobi and Abel independently.

There are twelve elliptic functions. The three basic elliptic functions are
determined as follows

sn(z,k) =sing
cn(z,k) = cosp (A.1.2)

dn(z,k) = % = (1 - k?sin? p)'/2,

where ¢ is implicitly defined by the elliptic integral of the first kind

(A.1.3)

P
_/ dr
) V1 - Kk2sin® 7
0

364
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The rest of the nine elliptic functions are reciprocals of these three functions,
and the quotients of any two of them.

Below in Table A.1.1 we present, following [4], the constants a, b, c for the
twelve Jacobi elliptic functions.

Table A.1.1. Jacobi elliptic functions and parameters of the Equation (A.1.1).

N E = E(z,k) a b c

1 sn 1+k? —2k? 1

2 cn 1—2k? 2k? 1—k?

3 dn —(2-k?) 2 —(1-k%)
4 ns = 1/sn 1+ k2 -2 k?

5 nc=1/cn 1—2k? —2(1 - k?%) —k?

6 nd =1/dn —(2-k?) 2(1 - k?) -1

7 $C= sn/cn —(2 - k?) -2(1 - k?) 1

8 sd = sn/dn 1— 2k? 2k%(1 — k?) 1

9 cs = cn/sn —-(2-k?) -2 1-k?

10 cd = cn/dn 1+ k2 —2k? 1

11 ds = dn/sn 1— 2k2 -2 —k2(1 - k?)
12 dc= dn/cn 1+ k? -2 k?

From the above definition of the basic elliptic functions it follows immedi-
ately that

sn (0, k) =0, cn (0,k) = dn(0,k) =1, (A.1.4)
and
sh = cn dn, ¢n = —sn dn,
dn = —k%sn cn;
1— dn?
snf=1-on®=—5—, (A.1.5)
dn? -1
Cn2=1+nT,

dn?2=1-k*sn2=1-k®*+k*cn?

Jacobi elliptic functions are doubly periodic functions of the complex argument
z. Specifically,

sn(z +4N1K + 12N2K') = sn z,
cn (244N K + 2No(K +iK')) = enz, (A.1.6)

dn (z + 2N, K + idN,K') = dn 2,
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where N; and N, are any integers and

w/2

dr
R = 0/ VT (A1)
K'=K'(k)=KF), K=vV1-k?
are complete elliptic integrals. Under ¥ = 0 and k = 1 one of the periods
becomes infinite and the elliptic functions degenerate:
k=0, then K' =00, K =7/2,
and snz=sinz, cnz=cosz, dnz=1;
k=1, then K =00, K' =7/2, (A.1.8)
and snz=thz, cnz=dnz=1/chz.

Restricting z to real values we see that snz, cnz, and dnz have periods
4K, 4K, 2K, respectively. The shortest period corresponds to k¥ = 0, when
K(0) = m/2. For k > 0, K(k) > w/2. All Jacobi elliptic functions are real for
real z and for 0 < k% < 1.

The basic functions snz, cnz, and dn z are finite everywhere on the real-z
axis and have the following zeros on this axis

sn(z,k) =0 at z = 2NK,
cn(z,k) =0at z = (2N + 1)K,
dn(z,k) # 0 for k < 1,

where NV is any integer. Only for parameter £ = 1 does dn z have zeros on the
real axis, namely, at z = +o00.
The Jacobi identities

sn (iz, k) = isc(z, k'), (' =v1-k?)
cn (iz, k) = nc(z, k'), (A.1.9)
dn (iz, k) = de(z, k")
enable one to change from real to imaginary arguments or conversely.
As an example of the use of elliptic functions we describe, following [4],
elliptic solutions of the nonlinear wave equation

Ou+ M? =0, (A.1.10)

where u = u(z) is a scalar function, z € R(1, 3).
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Let f(x) be a given explicit solution of Equation (A.1.10) with X equal to
—aM/b, that is
‘-”ﬁff’ =0. (A.1.11)

arf- 5

Then the ansatz
uw(z) = f(z)E(w, k). (A.1.12)

where E(w, k) is an elliptic function which satisfies ODE (A.1.1), will be a
solution of Equation (A.1.10) provided

E)f Ow
Bm oz,

ow 8w
dz, dz*

(A.1.13)
— Zfz =0

The system (A.1.13) can be considered as defining equations for the argument
w = w(z) of an elliptic function E(w,k). If a solution of this system exists
then an elliptic generalization of f(z) exists. Solving the conditions (A.1.13)
for w(z) is the essential step in the construction.

As far as there are 12 Jacobi elliptic functions, one might expect that 12
different elliptic generalizations of f(z) exist. Actually, five of these are redun-
dant. The remaining ones are [4]:

— wl k —_ wl kl
v i TR S\t )

w '
u_fcn( V—1+2k2 )'fnc<\/ﬁ’k>’

k) fde (_1’_;& k'>,

() =it (), A

w' ,
u= fnd ( kz,k) fed ( —1—k’2’k)’

W W'
= gt (S k) = ifsd (= ).
w=gs <\/—1+2k2 > ifs (x/—1+2k'2

u= fdn

[

2—k

u = fns

w/ wl
uw=fds| ————=,k | =ifds —————,k'>,
f <\/—1 + 2k? ) f (\/—1+2k'2
where ' = \/—a(k)w, and Jacobi imaginary identities (A.1.9) have been used
to obtain the second form of the solution with parameter &' = v/1 — k2.
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AP(1,3)-nonequivalent one-dimensional
subalgebras of the extended

Poincare algebra AP(1,3)

Here we would like to demonstrate as example of finding one-dimensional sub-
algebras of a given algebra. As a given algebra we take the extended Poincare
algebra AP(1,3) whose one-dimensional subalgebras have been used in Para-
graph 2.2 in constructing ﬁ(l, 3)-nonequivalent ansatze for spinor field.

In what follows, an essential role will be played by the CBH formula, which
we write once again for the sake of convenience

o0

exp{~6Q2)Q: exp{8Q2) = 3 U101, Q5), (A21)

n=0

where {leQg} = Qla {QluQIZC} = [{leQs_l}yQﬂv

with k =1,2,..., and Q,, Q. are some operators.

Lemma A.2.1. [109,11*] By the transformation
Q-Q =vQv-'
where V = exp{6"“ J,.,. }, the operator
Q = CpuJyy = AcMy + By Ny,

368
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where M = ’%Ekijjij and Ny, = Jor (Ax, By are arbitrary constants) can be
reduced to one of the following forms

1° Q' =aoy + BJes, if (A- E)Z +(A2 - B2)? #0,
2° Q =a(Jy+)), fA-B=A2-B2=0.
Proof. Let us introduce a new operator

J, = %(Ma +iN,), K.= %(M,L —iN,).

Using commutation relations of AP(1,3)

[P/.u Pv] =0, [Pua Jua] = i(g/_wPa - gy.o-Pu)a

) (A.2.2)
[J;u/» J)\a'] = l(guaJVA + guaJ/,ur - gy)\Jua - gua'JuA),
one can easily check the validity of relations
[Ja,y']b] = ?eachca (A23)
[Kaq, K] = t€abe Ko, [Ja, Kb] = 0.
Operator @ can be rewritten as Q = arJi + by K., provided
ar, = —Bj —iAg, by = By — iAg.
By means of (A.2.1) and (A.2.3) one obtains
Q' =ViQV{ = V@, + (V@) K1 = aJo + BJas,
where
. as . ay us
Vi =exp{ —tarctan —J; pexpq i | arctan ————= + = | J2 p -
oot ) p{ ( veara 2) 2} (A2.4)

. bo } ) by Ty
cexpq —tarctan — Ky pexp< i | arctan ——— + = | K
P { b P { ( B+n 2)

It is evident that these formulae lose their validity in the case
Zizzaf+a§+a§=0®,p=§2, A-B=0

Therefore, one can apply operator (A.2.4) only in the case 1°. Let us now
consider the second case 2°. It follows from (A.2.1) that
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exp{O M, } A M), exp{—0M,} = Ax My cos 0+ (A.2.5)

+AaMo(1 — cosf) + €are A Mysin (no sum over a),

exp{0M,}Bir Ny exp{—0M,} = BN cosf+ (A.2.6)

+ByNo(1 — cosb) + €greBi N sin 6 (no sum over a),

Using identities (A.2.5), (A.2.6) one can make sure that the following equal-
ity holds

Q' =VaQVy ' = Vo(A- M + B - N)V; ! = —V A2 sign A3(Jo1 + Ji2),

where
A VAZ ¥ A2
Vo = exp ¢ arctan —lMg exp ¢ arctan —1+—2M1 .
Az A3
_ (A.2.7)
-exp{ |arctan — 22V A" + 18(By Az — BoAy) | M
1Y HB2A1_A2B1 142 241 3
. _J1, z>0 o(z) = 1, >0
SEIT =121, z<0° @ =1\o, z<0
This completes the proof.
Theorem A.2.1. [109,212,11%] The operator
Q = AgMy + BNy + CD + C*P, (A.2.8)
(Ax, Bg, C, C* are constants)
can be reduced by means of transformation
Q-Q =VvQVv-l, V =exp{6**J., +6D +6+P,} (A.2.9)

to one of the following forms: IfA-B =0, A = B?, then
1) Q =Jo+ iz +aD,

2) Q@ =Jn+J1z+pP;— PR,

3) Q' =Jn+ Ji2+ (Ps,

If(A-B)’ + (A2 — B2)2 #0, then
4) Q' =Jy+aD,
5) Q' = Jo1+bJs + aD, (A.2.10)
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6) Q' =Jo1+bJos+ D+ (P,
7 Q=Jn+ P,
8) Q' =Jaz+ P+ axh,

If A= B =0, then

9) Q' =D,

10) Q' =P+ P,
11) Q' = h,

12) Q' =P,

Proof. Let us consider at first the case when A% + B2 # 0. Then, as follows
from Lemma A.2.1, there exists an operator V;(Vz) of the form (A.2.9) such
that

(a) under A-B = A% - B2 =0,
ViQVy! = a(Jor + Ji2) + 6D + 64P,,
(b) under (A- B)? + (A% — B2)? #0,
V2QVy ! = ador + BJoz + 0D + 64P,,
Below we shall use the identities
exp{iA* P, } Jop exp{—iA“P,} = Jog + AgPa — AaPs
exp{iA* P, } D exp{—iA*P,} = D — M*P,, (A.2.11)
exp{iA* P, } P, exp{—iA*P,} = P,,

which can be easily proved be means of the CBH formula (A.2.1). In the case
(a) we have

Q' — Q" =exp{iNP,}(Jo1 + J12 + 0D + 6°P,) exp{—i\*P,} =
=Jon+ Ji2+ 6D + O”PM + MPy = XP1 — A2Pi — M Py — 0)\°P,.
Under 6 # 0 one can always choose A, so that

Q” =Jon+ 12 +6D

and under 8 = 0 so that

Q" = Jor + J12 + aPy + 3P, a<0
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If in this latter operator a # 0, then
Q" = exp{—iln|a|D}(Jo1 + J12 + aPy + BPs)exp{iln|a|D} =

=Jo1 + J12 — signaPo + lgilpg

If a =0, then
Q" = Jo1 + J12 + BPs.

Let us now consider the case (b). If a # 0, then on dividing into o and on
transforming the operator Q according to (A.2.11) we obtain

Q' = exp{iMP,}(Jo1 + bJaz + 0D + 0#P,) exp{—iA*P,} =
=Jo1 + M Py — AP +bJa3 + b(A3 Py — A2 P3) + 6D — 00\ P, + 0¥ F,.
Under 6 # £1, 62 + b% # 0 it is always possible to choose A, so that
Q' = Jp1 +bJoz +6D.
Under § = £1, one can choose A\, so that
Q' = Jn +bJas £ D + R
Under 8 = b = 0 there exist such A, that
Q' = Jo1 + Ps.

Under a = 0, using identities (A.2.11), one can reduce the operator Q' to one
of the following forms:

Q”=J23+0D, 6#0
Q" = Jyzs + a1 Py + o P, 0=0.

Remaining to be considered is the case A=B=0,ie,Q=6D+ 6*P,.
Using (A.2.11) one easily obtains under 8 # 0:

exp {%G“P,‘} Qexp {%G”Py} =0D.

If § = 0, then analyzing three possibilities 6,0* = 0, 6,6* > 0, 6,60 < 0 we
obtain operators 10)—12) from (A.2.10). Thus the theorem is proved.

Note A.2.1. When proving the theorem we used only commutation relations
of AP(1,3) given by (A.2.2) and

[P.,D] =iP,,  [Ju,D]=0 (A.2.12)

and we did not use any concrete representation.
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Some applications of

Campbell-Baker-Hausdorff

operator calculus

In the present Appendix we consider some applications of operator calculus
expounded in Paragraph 5.3.

1. Let us calculate finite transformations of spacetime variables for the
Lorentz group. We take generators of the Lorentz algebra AO(1,3) in the form

Jo=EXV)a,  Joa = To8a + 180, a=1,23 (A.3.1)
and consider two operators

M=auds=&-(&xV),
N=ﬁaJ0a=$oﬁ-§+ﬁ~:i’80,

where o, 8, are arbitrary real constants (group parameters). Using formulae

373
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(5.3.6), (5.3.8), (5.3.11) we find

o = exp{M }zo exp{—M} = zo,
T = exp{M}z,1 exp{—-M} =z, +

)" on (Z x d)a a)a (=1~ T,0? — o8&
(z (2 +1 a? +1) (Z (2n > = =

=z, cosa + (-'_al sin a + —“%62—2:—)(1 —~cosa),
(A.3.2)
, g BEss B
%o = exp{N}ao exp{ N} =z ,Z;O @) B ; Cnt1)
=zochB + gg sh 8, (A.3.3)
z; = exp{N}z,exp{—-N} = 7, + ﬂa’gz. f( chB-1)+ ,BaxO‘Stﬂl_ﬂy

where a = (af + a2 + a3)'/?, B = (B? + 6% + B3)/2.

2. Here we derive useful formulae for evaluating commutator of operator-
valued function with an operator.

Theorem A.3.1. Let Z, W be some non-commuting operators belonging to
the algebra A (defintion of A see in Paragraph 5.3). Let f(Z) be an operator-
valued differentiable function which can be represented as a power series

— Z anz"™ (A3.4)
n=0
(a, are numerical coefficients). Then in A the following identities hold
~ 1
[@, (2)] Z; (2f(@){®w, 2"}, (A.3.5)
(f(@), ] = Z (2", 0} (2£(@)), (A.3.6)

Proof. At first we evaluate the commutator [@,Z"]. Using CBH formula (5.3.8)
we find

e"o"ﬂ?eo’ ]

|||
l
D
—_
&
3]
D
M
Il
| 5~
3
i)
])
3
Nt
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Therefore
o~ 2 o
Oz Ox ~ ~n
[@,e*"] = e nz::lm{w, }

=" =05 )\ [
oSl = Y 5] | e} =
n=0 k=0 =1

:ZZ A “w,z'}

k=01=1

After equating in this identity terms with equal degree of 8 we get

| N i 1 e A,\l_nl | anelf~ Al
Ail® T =D e T H@,8 = ) 2,8,
: =1 : =1
!

l = n.
Cn = Nn -0

Hence .
[@,2" =Y Cla~Y®,z'} (A.3.7)

=1

From (A.3.4) we find

ey = S g, gt A38
f’zf(x)—;an(n_l)!x : (A-3.8)

Using formulae (A.3.4), (A.3.7), (A.3.8) we obtain (A.3.5):

[@, f@)] =) anl®,7"] =
n=0
= i anicﬁﬂ—’{@,a‘} =
n=0 =1
= Z Zaanlw"'l{@ )=
1=1 n=l
=Y 5 (3s@) 125

In the same way one can derive formula (A.3.6). To do it one should start
from the indentity

[, @) = Y Ck{z*, @)z, (A.3.7)
k=1
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which follows from (5.3.8) analogously to (A.3.7). For examples of applications
of these formulae see Sec. 1.3.

3. In this point we prove the basic Lie’s theorems for local groups by means
of the CBH operator calculus. For the first time such a proof had been done
in 1906 by Hausdorff [117]. Below we follow (38,189)].

As it was shown in Paragraph 5.3, final transformations generated by in-
finitesimal operator of Lie type

9

Xzfﬂ(z,¢)a—i—+nk(z,¢)w, pu=0n-1k=1m (A.3.9)
°w

can be obtained be means of the formula

za — 7'y = exp{0X}zaexp{-0X}, za = {x., "}, (A.3.10)
A=0,1,...,n+m—1.

Here it is convenient not to distinguish independent and dependent variables,

but further we will write instead of index A the index p bearing in mind that

1 can always be extended to A=n+m — 1.

Theorem A.3.2. Let operators (A.3.9) form an r-dimensional Lie algebra
AL(r), in which the following relations hold

X, X;)=chXe, igk=Tr7 (A.3.11)

ek = —ck, c§icks + Cichs + clici, =0 (Jacobi identity) (A.3.12)
(cfj are certain constants, called the structure constants). Then there exists
an r-dimensional group of point transformations G(r) which corresponding to
this AL(r).

Proof. Consider two infinitesimal operators
T=a'X;, JT=VX; (A.3.13)

where a*, b’ are arbitrary constants, i,j = 1, 7. According to (A.3.10) we have

- "_ 29y o=9p—F
r, =e're”Y, r, =e"ere” Ve,

which can be rewritten be means of (5.3.11) as

Aana A A A A
T, = e“evr e”Ve" = ' e (A.3.14)
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The theorem will be proved if we convince ourselves that operator z from
(A.3.14) belong to the AL(r), that is it can be represented as

Z=c"X,, ¢ = ¢*(a,b), (A.3.15)

where ¢* are parameters depending on a and b. Note: formula (A.3.10) as
well as (A.3.14) with 2 given by (A.3.15) lead to local (point) transformations
insofar as the expression

[e o)

F&) = 2 (@)e™*? = 3 (€0 (@)

n=0

is just a Maclaurin’s series of an expansion of function f(z').
To find 7 from (A.3.14) let us use formulae (5.3.12). Taking into account
(A.3.11) we successively obtain

.31~ VLK, ) = P Xy = X
{&:\’ @\2} = [[/I\, @\]a@\] = alﬂ:BZXs = ai(/@2);‘_"xs’

(A.3.16)

{i’@m}zai(ﬁn)fxsa n=1)27"’a
where 8 = (8% = b/ ck;). So we can write the first term 2 of the series (5.3.12):
D) — (1)
= Z n! Bn{2,97} = Z n!
n=0

n=0
where

Bnﬁ") @ X, = X, (A317)

; = (=1)" e’
ff=dB, B=)Y ( n‘) B.g" = ef_ o (A.3.18)
n=0 :

As it is known from linear algebra a power series f(3) converges if and only if
all characteristic roots of the matrix 3 lie inside the ring of convergence of the
series f(z). As was already said (see formula (5.3.51)) the seriess

f@) =Y (—_an)’—Lan"
n=0 .

converges if |z| is less than 27. Speaking more precisely, this series converges
everywhere except points where z = 2mik. Therefore element 2; is well-defined
everywhere except the points where det|3 — 27wik|=0, k = 1,2,....

To find the rest terms of the series (5.3.12) we shall use the following state-
ment.
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Lemma A.3.1. Let

F=1@ = @)X, i=d X, d; are constants
Then the equality holds

( )f d’afs(b X (A.3.19)

Proof. According to the Taylor series expansion of operator-valued function
f(¥ + 6u) (see Lemma 5.3.1) we have

f@+63) = £(§) + 6 (@6;) @)+

On the other hand we can write

f(g+6u)=f(b+0d)X, = [fs(b) +6d’ ?: +] Xs.

After equating these two expressions we obtain the identity (A.3.19). Thus the
lemma is proved.
By means of (A.3.19) we find 75, 73, ... from the expansion (5.3.12):

é’f

2 = l Z 2 = ] = —l s

2 2 (zla'\) 21 2f 6b7 s 2[f 7a]a (A 3 20)

o 1 o o s ~2 h
s=3 (2'13;) Z = y{f N7 S
where g = f7 2 Hence
1= 56

Z=7+ (elf'e )X, (A.3.21)

and thereby we get

=t telfet=0+ Y (—'nl—,)-{ £ (F0u )™, (A.3.22)

n=0 :

where f° and 7 are defined in (A.3.18) and (A.3.20), respectively. In particular,
in a first approximation we have

B=1+31B+---, Bf =6 +5bch+--

ff=a+: csa‘b’

and therefore

ca'bl + - (A.3.23)

S
c=a"+b+ 2”
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Analogously, in a second approximation (A.3.22) results in [189):

c=a*+b+ Zcualb’ + —= 12 ucua’b’ (b —a') +- (A.3.24)

This completes the proof of Theorem A.3.2.
Now we shall obtain the so-called Maurer-Cartan equations. Consider an
operator-valued function
exp {J + €t + 60} (A.3.25)

where =¥ X;, 0 =dX;,9=hX;,j=1,r;and ¥, &, h7, ¢, 6 are arbitrary
constants. Expandlng it in the Taylor series according to (5.3.15) and using
the formula (5.3.18) one successively obtains

exp{y + €U + 60} = exp{y + €t} + 6 (ﬁc’);) exp{Y+eu}+---=
=exp{y + e} + 6¢ (0,7 + eu)exp{G + eu} +--- =
= [1+80(5,9) + 8 (@05) w(5,9) + -] (exp{F} + ew(@,§) exp{@} + ) =
= [1+ey(,9) + 69 (3,9) +€b(, 85)9 (9, 9) + b9 (9, ) (@, §) + - -] exp{7}.
Let us write down a coefficient under €é. It is
[(@3)%(9,9) + (@, §) (@, 9)] exp{F}.
Interchanging @ and ¥ and equating the two expressions, we get the indentity
(@5;) v(@.9) - (79;) ¥(@ 9w (@,9) = (A.3.26)
= 9@, §)Y@,9) — @ 9)¥(@, 7).
But according to (5.3.20) we have

u,7) o~ (=1 " =" nsi —
$(@, 7 nz;] n+1)'{ }= (;( 0’ )idXs—- (A.3.27)
= 93 (B)d' X,
where matrix 9(8) (see also (A.3.18)) is
Y(B) =§: n+1yﬁ._34 (A.3.28)

Analogous expression one obtains for (7, 7):

¥(9,9) = B'P; (8)X,. (A.3.29)
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Note that the series (A.3.28) is convergent for any matrix 4. Using (A.3.19)
we get

k
(33;) v,y = w22, .
A.3.30
~ ~ . OPE(b
(vB;)t/;(u,y):d‘hJ d(;bg )Xk.

Substituting (A.3.27)—(A.3.30) into (A.3.26) and equating coefficients under
equal products of d*h?, we obtain equations

opk oYy
abi b

= chpsyl, (A.3.31)

which are known as the Maurer-Cartan equations.
Consider operators

~ 7]

G= B
acting in dual space of parameters. The third Lie’s theorem will be proved
if we show that operators (A.3.32) are linearly independent and form a Lie
algebra with structure constants c; (A.3.12).

Linear independence of operators (A.3.32) follows from the fact that det|B| #
0 insofar as the inverse matrix B~! = y((3) exists (series (A.3.28) is convergent
for any ). Let us compute the commutator

(A.3.32)

Bt OB\ O def 0
5.0 = (BS=—2 —BsZ= ) — = Rt. ——. A.3.33
13} (Bl o D abs> a5t~ ok (A-333)
Differentiating the identity
YEBt = 6F (A.3.34)
with respect to b° we get
. OB oPF
k1 tZTt — . A.3.35
Vi g + Bigpe =0 ( )
Multiplying (A.3.33) by ¥ and using (A.3.35) we find
Bth 31/’? C'Wlf — th (A 3 36)
i\t ~aee ) = VT -

By means of the Maurer-Cartan equations (A.3.31) we can rewrite (A.3.36) as
follows
BBl el bty = clu BBl = oy = Vi R

)

As a result we have
R§; = Bick; (A.3.37)
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Substituting (A.3.37) into (A.3.33) we get
A’\—’“Bsa = c* G (A.3.38)
(@, 5] = i} kagps — Culk -9
Thus we have proved the third Lie’s theorem.

4. An important extension of the Hausdorff formula results when one con-
siders the solutions of the ODE for operator-valued function %(¢) depending
on real variable ¢,

y=— =4ty §0)=1, (A.3.39)

&S

where g(t) is a given operator. Following [146] we look for a solution of (A.3.39)
in the form
9(t) = exp{2(t)} (A.3.40)

and the problem then becomes one of finding an expression for Z(t). It follows
from (5.3.18), (5.3.20) that

¥ = (’i 8;) & = W(Z, E)e; = Ae;,

xR =™ - . (

=0 (27) = L oy )

Using Lemma 5.3.3 we can invert the series for g (A.3.41) according to formula
(5.3.28):
4o (2]
°= Z n!
n=0

where B,, are the Bernouilli numbers (5.3.13). Finally, this equation is solved
by iteration, by setting

n

B.{q,z"},

’I\():O,
t

Z1(t) = /z’j(‘r)dr,

T

a0 = [ |2 S 800, | [ann )| )

0o \n=0 0

Z(t) = / (Z (1" B, {Ej(‘r),zﬂ_l(r)}> dr (A.3.42)

n!
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and putting
zZ(t) = klim Zr(t)- (A.3.43)

This result was first obtained by Magnus [146], and formulae (A.3.42), (A.3.43)
are the continuous analog to the Hausdorff fromula.
In particular, if

|'(/1\(T),/?1\(7‘1)d7’1:| =0, (A.3.44)

0
then solution of Equation (A.3.39) has the form

y(t) = exp {/ﬁ(r)dr} : (A.3.45)

0

Consider another example of Equation (A.3.39), namely when operator g(t)
has the form

qt) =) a;(t)Q;, n<oo (A.3.46)
j=1
where a;(t) are scalar differentiable functions of ¢, and the @Q; are time-
independent operators forming an n-dimensional Lie algebra AL(n), n is finite.
The following statement holds.

Theorem A.3.3 [26%27*]. The solution of Equation (A.3.46) with the op-
erator q(t) given by (A.3.46) may be expressed in the form (at least in a
neighborhood of t =0)

§(t) = [ exp{g:(t)Q:} (A.3.47)
1=1
where g;(t) are scalar functions which are solutions of the following system of
nonlinear ODEs:

a1 fll 612 cee £ln 91
a .. : g

o I : 21, a@=0,  (A348)
Qn €nl e e {nn g"

&;; are certain analytic functions of g. If the operators Q; form a solvable Lie
algebra, then Equations (A.3.48) take the form

al fl] 0 0 e 0 9'1
as _ € &2 O ... O g2

, 9i(0)=0, (A.3.49)

an é.nl cee cee . .. §nn gn
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and in this case solution (A.3.47) exists globally.

The proof of Theorem A.3.3 based on the CBH formula (5.3.8) and on the
properties of Lie algebras, in particular of solvable Lie algebras. Let us remind
some definitions.

A Lie algebra is said to be solvable if its derived series (also called a com-
mutant series)

Lo>LW>L® 5 . 51® 5 . (A.3.50)

ends by zero ideal L(¥)| provided & is finite. A subalgebra S is called an ideal
if the commutator [Z,7],of Z€ Sand g€ L, is in S.

The set of those elements of algebra AL which are the result of commutu-
tation of elements @ and ¥, where @ € N, v € M (N, M are some subspaces of
AL) forms a Lie product and is denoted by [N, M].

The ideal L) = [L, L] is called a derived algebra or commutant. By analogy
with L() we define L) = [LM), L], L®) = [L(?) L?)], and so on.

As an example to what has been said above we consider, following [28*], the
time-dependent Fokker-Planck equation

ou

2
5 = {5 a0 +o0) + et (A.3.51)

where u = u(z,t) is a scalar function. We look for solution of this equation in
the form
u(z,t) = y(t)u(z,0), (A.3.52)

where operator y(t) satisfies Equation (A.3.39), provided

2 = —a(t) 2o — )2 +c(t) 25 (A.353)
i) =-a az” oz T oz e
Comparing (A.3.53) with (A.3.46) we have
d 3 d 8%
-9,.-,9 -9 -9 A.3.54
Q1 325 =%5; 1, Q2 3 Qs 92 ( )

Operators (A.43.54) form a Lie algebra with commutation relations

[@1,Q2] = —Qq, [Q2,Q3] =0, (@1, Q3] = —2Qs,
whence follows that it is a solvable algebra insofar as
LW = < Q2,Q3 >, L®=<0>

and commutant series (A.3.50) ends under k = 2.
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Searching for operator-valued function g(¢) in the form (A.3.47)
9(t) = (t 9 ﬁ(t)_a_ ex (t)-éz— (A.3.55)
y(t) = exp aft) -z ¢ exp el e ARIQw 3.

we find for the unknown functions a(t), 3(¢), y(t) the linear system of ODEs:

—af(t) 1 0 0 af(t)
—bt) | =0 e =® 0 ) (ﬁ(t)), (A.3.56)
c(t) 0 0 e 2 ) \4()

with a(0) = 3(0) = v(0) = 0; whence follows

t

a(t) = — [a(r)dr

0

B(t) = — ftb('r)e"‘(’)dr, (A.3.57)
0

t
y(t) = — fc(r)e""’(")dr.
0
Using the easily derived identities

exp {f(t)%} u(z) = u(z + f(t)),

exp {f(t)%m} u(z) = e/ Wu(efMz), (A.3.58)

exp{f(t) il } \/‘W {— 4f(t))2}u(y)dy

we successively obtain be means of (A.3.52), (A.3.55), (A.3.57) the solution of
the Fokker-Planck equation (A.3.51):

u(z,t) = exp {a(t)a—i—z}exp{ﬁ(t)(%}exp{ ():22} u(z,0) =

(e o]

_exp{a(t)—x}exl’{ﬂ(t)_}\/m/dyu v,0 exp{ (94;(26)) }

B 9 - (=+B0P | _
= exp{a(t)gz} \/TT(t / dyu(y, )exp{ 4’7(t)) } =
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(e o)

et — (zex® 2
:\/T(’y——)(_ﬁ / exp{—[y ( 47(t-;_6(t))] }u(y,O)dy, (A.3.59)

where functions a(t), 6(t), ¥(t) are given in (A.3.57).
It will be noted that the Fokker-Planck equation (A.3.51) is reduced by
means of the change of variables (see §3.8)

u(z, t) = e*Ou(y, 1),

y = etz + B(t), (A.3.60)
T=-1(t)
to the standard heat equation
Wr = Wyy. (A.3.61)

5. The CBH formula (5.3.8) can be used for finding final transformations
generated by operators forming a superalgebra. Without going into details let
us present an example of such calculations.

Consider, following [199], an operator

X =a;X;, 71=1,2,3, (A.3.62)
where X; are basis elements of the superalgebra SQM(1,2), satisfying relations
[X1, X2] = [X1,X3] =0,
[X2, Xs3]+ = X2 X3 + X3Xo = X1, (A.3.63)
[X2, Xa]4 = [X3, X3]4 = 0.

Operator X; is called even and two others are called odd. In the above defini-
tion of operator X (A.3.62) parameters a; are as follows: a1 is a real number,
ay, az are Grassmann numbers. It should be kept in mind that an odd gener-
ator anticommutes with a Grassmann variable. For example,

X2a3 = —a3X2, (A.3.64)

The superalgebra SQM(1,2) (A.3.63) has a faithful 2 x 2 matrix representation

10 01 (0 0
Xl_(o 1), X2=(0 O), x3_<1 0). (A.3.65)

We adopt the convention that matrices with Grassmann variable entries are
linear combinations of the generators and their products, multiplied from the
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left by Grassmann parameters. The matrices multiplying the product asas are
treated as even.
So, for example,

2
10 0 1 0 0\l _
(0 5)+e (@ 0)+ (3 0)] -
10 10 10 01
= (o 1) (6 V) ra o 1) (o o)
10 00 01 10
won(o oV 5)ree (5 0)a o 1)
01 00 00 10
+a2<0 1)(13(1 O)+a3<l 0>a1<0 l)+
00 01
+a3<1 0)a2(0 0): (A.3.66)
1 0 1 00
=af(0 1>+2a1a2(0 0)+2a1a3(1 0)—
0 1 00 00 01
“2% 0 o)\1 0) %21 0)\o o)~
10 01 00
=af<0 1)+2a1a2(0 0)+201a3(1 0)-—
10 00
— azasg 0 0 + aza3 0o 1)
Let us determine a one-parameter subgroup of the supergroup as
exp{6X}, 6 = const. (A.3.67)

The expression (A.3.67) in the case of X given by (A.3.62) takes the form
60X} = O (@X,) 4=
exp{ }=exp{9anj}=l+0anj+a(aj j) +.--=

0‘2
_ egal (1 e 7(12(13 0(1,2 ) _
= 2 =
fas 1+ 92—(1.2(13

,’2

_ fay [ eTTTR® Oas

=e€ 82 .
fas €T azas

For more details on superalgebras see [112, 134, 199, 144*] and the references
cited therein.

(A.3.68)
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Differential invariants (DI) of Poincare
algebras AP(1,n), AP(1,n) and
conformal algebra AC(1,n)

Following [43*] we give functional bases of second-order differential invari-
ants (DI) of algebras AP(1,n), Aﬁ(l,n), and AC(1,n) which are realized on
(n + 1 4 m)-dimensional space R™!(z) x R™(u), € = (To,T1,-.-,Tn), U =
(ul,. .. u™) = u(z).

1°. DI of AP(1,n) in scalar case m = 1:

Sk = Sk(Uur) = Wpsopus Wpsrpiz *** Wpsgpos

Rie = R (s, Upw ) = UpoUpr Wpsopsy ** * Upe_ i
1°°. DI of AP(1,n) when m > 1:

Ry = Ry (uy, u}“,),

- T 1 - 1 .. 1 T ... T
SJk(u#V’ ulw) = Uprpo Wpui 1 s Y Ypr
71 =0,k k=1,n+1, r =1, m, no sum over r.

2°. DI of AP(1,n) = {AP(1,n), D =20 + M"0w}: A#0,

u” ” _
e Sjk (), ul, ) (u)FEA=D

387
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Ry ( )(u )2k/)\ k— 1)
A=0:

w o Sk (U, u,) (uha) 7,
R (u],ul,) (ulg) 7",
3°. DI of AC(1,n):
A#0, S (6n,,08,) (w21

r

u 3 ~1)—
Rk(a;’glv)(ul)[k@//\ 1) 1]’

ul’
where j = 0,k, k=1,n+1, =2, m, with no sum over r;
T 1
o = Yo _ M
I3 ur u] ’

L wap A (g
le = )\um, +(1- A)—;—T + mg,w ( - ) >

uT
A=0, =
r 1,12k 1 T
u, (uaua) SJk (u}#l”w#l‘)’
Ry (u, wh, ) (ulul) ok

where

wy,, = uhul, (u;U + lguu uﬁﬁ) —ug(ujup, +ujug,),

i=0k  k=Tn+1, r=2m,
no sum over r.
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Differential invariants (DI) of Galilei
algebras AG(1,n), AG(1,n) and
Schrédinger algebra ASch(1,n)

Following [42*] we give functional bases of second-order DI of algebras AG(1,n),
AG(1,n), and ASch(1,n).

1°. DI of AG(1,n) = {0k, 0a, 0y, Jab = %oy — 2480, Ga = t0s + paudy} :
S;(@ab), v=lnu
M1 = 2ppt + Papa,
My = g2 o + 2100 Pat + PaPsPab,
R;(0a, ¥ab),

where

oa = UPat + YaPab, .7 =Ln.
1°°. DI of AG(1,n) = {AG(1,n), D = 2t0; + 2,0, + Audy} :

M, R, S
W’ Ml3+j ’ Mll +5°

1°°°. DI of ASch(1,n) = {Aé(1,n), M=tD— 20, + E°ud,, A= -g} :

389
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N, R, 5,
]\]12 ’ N13+j ’ N11+j ’

N1 = 2p0; + Paa + PaPa,s
5 1 1 1 .
Ny = p"pre +2u —PtPaa + Papat | +PaPsPab + - PaPaPi + -2—n(sobb) ,

where

e (=n)!5!
R, = ZR((LPM) ‘e—f(—}%l),

i( n)'(j — I +1) Su(pany .
=0
1).

e+ -
R;, Sy are given in (A.5.
2° DI of AG(1,n), u =
M1 = pt — Pa0a, Mz = @t — PatOa,
R; = Rj(Pa,@ab),  Sj=Sj(par) =11
2°° DI of AG(1,n), p = 0:

M7 R; S;
M T T

2°°° DI of ASch(1,n), u = 0:
RyM-36¥D M2+,
where
M = (¢ — 0apa)’ + (P1t — Pat0a)(A + PaibTas),
{ras} ={0at}™!,  Ga = Tabpre-
Below we list DI in the case of complex scalar fields .

3°. DI of AG(1,n) = {04, 0, Jab = TaOp — 40y, Go = 10, +imz,Q, I =
POy + * Oy (Q = Y8y — Y*Oy+)} :

m#0 =
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o+ o, (¢ = Inv, Im ¢ = arctan %)
My = 2imét + ¢pada, My,
My = —im® ¢y + 2iMPapar + Gapdbar, M3,
Sik = Sjk(Pabs Pap)s
R} = R;(0a,0a), R} = R;(0, bab),
R} = R;(¢a + %, Bab), 0o = iMmdat + dbPab-
3°°. DI of AG(1,n) = {AG(1,n), D = 2t9; + 0, — 3nl}, m#0:

M; M, M3
M, MZ  MZ

RIMT®H) p=1,2;  RM7UTY) 5 Myt
and ¢ + ¢* under A = 0,
My exp{A(¢ + ¢*)} under X #0.
3°°°. DI of
ASch(1,n) = {Aé(l,n), Il =tD — t?8, + %m:caz'al}, A= —%n, m#0:

N N, N
Ny’ NPT N}

4
M exp{;((b + ¢*)} ,
RINTOH) (e=1,2);  RINTUMD, SNy,

where

N1 = 2im¢; + ¢ada + Paa,

N = —m2¢tt + 2zm <¢a¢at + - ¢t¢aa) ¢a ¢b¢ab + ¢a¢a¢bb + (paa.a

XJZZ[ Sre(=n)*CLOIT 7 (faa)* 7 (B1aV T H T+

=0 r=0

+5(Paa)* (952 7,

ZRJ(saaa)f — ((”) ,’C;, £=1,2,3.
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4°. DI of AG(1,n), m = 0:
p+¢*, Mi=¢i—¢o0., M
My = ¢y — pat0a, M;, (Pat = Ta, Bab) s
R} = Rj(¢a,bab),  RZ (8%, 6ab),
= R; (00 — 05,%as), Siik-
4°°. DI of AG(1,n), m = 0:

Mo N Mpo B Su
My ME O MP oMY oMt

and Mj exp {2(¢ + ¢*)} under A # 0; ¢ + ¢* under XA = 0.

4°°°. DI if ASch(1,n), m = 0:

N Ny? (Six)?
Ny’ Ny’ N

A=0 = ¢+ ¢,

(RNTOTD, =124

A#0 = Nlexp{x(¢+¢)} %,
(R)? (S;)?
N3exp{ ¢+¢ )} N_i;ﬁ’ (e= 1,2,3)> sz-{—l )

where
Ny = (¢t~ 0atba)” + (b1t — TaBat) (A + GaBoTas)
{ras} = {das} 7",
Ny = (¢ — ¢c0c) bobiTap — (6 — #207) aPoTab,
N3 =70 (¢ — da) + ¢¢ — &1,
Ta = (Gobe + Adot) Tas,  {Fab} = {Abab + Gaths} ",
= Rj(¢a, bab), RS = R;(¢3, bab),
R} =R;j(0a—03,0a), R} = Rj(0a, bas),

(Pa = (¢¢ — T685)(P:Tac — BeTic) — Bobarsa(da — 02));

Sik = Sik(Pab, dap)-

Appendix 5



Appendix 6

Compatibility and solutions
of the overdetermined
d’Alembert-Hamilton system

The system
Ow = Fi(w),

wuwt = F(w), (A.6.1)

where w, = dw/dz*, u = 0,3, Fy, F, are arbitrary smooth functions, often
arises from reduction of a Poincare invariant PDE to an ODE (see Paragraphs
1.4, 2.1, 5.12). Here we consider, following [86*, 122*, 130*], the compatibility
of the overdetermined system (A.6.1) and describe its solutions.

By means of an appropriate change of dependent variable, system (A.6.1)

can be transformed to the form
=F
Dw = Flw), (A.6.2)
wpwt = A, A = const.

Lemma A.6.1. Solutions of the system (A.6.2) satisfy the indentities

Wy Wy = _AF)
1 .
Wy, WoipaWoopy = aAzF, e (A.6.3)
—1* d*F
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Fw o
8x%9zP’

dF

where wyg = ﬂ:ﬁ,nZl,st.

Lemma A.6.2. Solutions of the system (A.6.2) satisfy the equality
det (wy) = 0. (A.6.4)

The proofs of these lemmas one can make straightforwardly.

Theorem A.6.1. The necessary condition of compatibility of the overdeter-
mined system (A.6.2) is

0,

Alw + Cl)_l,

2ANw+a)[(w+e1)? + e 7T,

3A[(w + 01)2 +)[(w+a 2+ 3co(w+cr) + C3]—l,

F(w) = (A.6.5)

where c1, c2,c3 are arbitrary constants.
Proof. By direct (and rather tiresome) verification one can be convinced of the
following identity
6(Wpwy W v Wiy vy Wy ) — (AW (Wi, Wey vy Wgp) — (A.6.6)
—3(Wy Wy )2 + 6(0w)* (Wpry i) — (Ow)? = 24 det (wap)-
Substituting (A.6.3), (A.6.4) into (A.6.6) we obtain the nonlinear ODE for

NE + 4N FF + 3X2F? + 6AFF? + F* = 0, (A6.7)

The general solution of Equation (A.6.7) is given in (A.6.5). Thus, the theorem
is proved.

Remark A.6.1. Compatibility of the three-dimensional d’Alembert-Hamilton

system has been investigated in detail by Collins [41], who essentially used

geometrical methods which could not be generalized to higher dimensions.
Using Lie’s method one can prove the following statement.

Theorem A.6.2. [86*, 130*] System (A.6.2) is invariant under the 15-para-
meter conformal group C(1,3) iff

F(w)=3Mw+c¢)™, A>0, ¢ = const. (A.6.8)
Remark A.6.2. Formula (A.6.8) can be obtained from (A.6.5) by putting

¢ce = c3 = 0. So Theorem A.6.2 demonstrates the close connection between
compatibility of system (A.6.2) and its symmetry.
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In conclusion, let us list the explicit form of exact solution of system (A.6.2),
taking into account Theorem A.6.1.

Table A.6.1. Cases of compatibility of system (A.6.2) and corresponding

solution.
N A F(w) w = w(z)
1 1 0 dz
2 1 w! [(de)? — (az)?]'/?
3 1 2w1 [(dz)? — (az)? — (bz)?]!/?
4 1 3w™1 (zy2¥)!/?
5 -1 0 az cos hy + bz sinhy + ¢1,
dr — axcoshy — bzrsinhy —ga =0
6 -1 —w™1 [(az + h1)? + (bx + he)?]'/?
7 -1 —2w1 [(az)? + (bx)? + (cz)?]}/?
8 0 0 hy

In this table, hy, g; are arbitrary smooth functions of dz + cz, and h2, g2 are
arbitrary smooth functions of w+cz; a, b, cu, d, are arbitrary real constants
satisfying conditions (2.1.27).
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Q-Conditional Symmetry
of the Heat Equation

Here we consider in full detail, as a simple but non-trivial example, how to
find and use Q-conditional symmetry of the one-dimensional heat equation*

Ug = U1 (A7.1)

(v = uw(zo, z1), uo = Ou/dx0, w1 = Ou/dz;, and so on).

The definition of Q=symmetry is given in Sec. 5.7 (see Definition 5.7.3,
p.328). The Lie-maximal invariance algebra of Equation (A.7.1) is written in
(5.1.6). The problem of finding non-classical symmetry (in our terminology:
Q-conditional symmetry) was first put forward by Bluman and Cole [131%*].
However, in this important paper the authors did not give explicitly any oper-
ators which would differ from those of (5.1.6). Below we will present a complete
investigation of this problem.

The general form of a first-order operator is

Q = A(zo, z1,u)d + B(zo, 1, )01 + C(T0, 71, )0y, (A.7.2)

where A, B,C are some differentiable functions of zy,z1,u to be determined
from the invariance condition (5.7.7). It will be noted that because of the
imposed condition (5.7.6)

Qu=0<= Aup + Bu; =C, (A.7.3)

there are really only two independent cases of operator (A.7.2).

Theorem A.7.1. The heat equation (A.7.1) is Q-conditionally invariant under
operator (A.7.2) if and only if its coordinates are as follows:

* Some results herein were obtained in collaboration with R.E.Popovich.
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Case 1:
A=1 B=W\zg,z1), C=W3(zo,z1)u+W3z0,21) (A.7.4)
and functions W = W (zg,z1) = {W, W2, W3} satisfy

(Bo+2Wi —0n)W =F, F={2w},0,0}; (A.7.5)
Case 2:

A=0, B=1, C =v(xo,z1,u) (A.7.6)

and functions v = v(xg, 1, u) satisfies the PDE

vy = V11 + 20014y + v 0yy. (A7.7)

Proof. From the criterion of invariance
Q(uo — uu) vy = 0, (A.7.8)
Qu=0

absolutely analogously to the standard Lie’s algorithm, one finds the defin-
ing equation for the coordinates of operator (A.7.2) which can be reduced to
(A.7.4)—(A.7.7). Tt is to be pointed out that unlike Lie’s algorithm, in the cases
considered above, the defining equations (A.7.5), (A.7.7) are nonlinear ones,
which is a typical feature of Q-conditional invariance.

It goes without saying that Q-conditional invariance includes Lie’s invariance
in particular. So, in our case of the heat equation, we obtain infinitesimals
(5.1.6) as simplest solutions of (A.7.5), (A.7.7):

A=1, W=0=2Q=34
v=0, B=1=Q=24, (A.7.9)
0, B=1,

v=—(21/2x0)u = Q = G = 7901 — 1218,

A
A
A=1, W'=uz,/2z9, W2=W3=0=Q=D,

A=1, Wl=u/zy, W?=—(2z0+2%)/423, W3 =0=Q=1IL

Remark A.7.1. The system of defining equations (A.7.5) was first obtained
by Bluman and Cole [131*]. Further investigation of system (A.7.5) was con-
tinued in [132*], where the question of linearization of the first two equations of
(A.7.5) had been studied. The general solution of the problem of linearization
of Equations (A.7.5), (A.7.7) will be given after a while.

Now let us list some concrete operators (A.7.2) of @Q-conditional invariance
of Equation (A.7.1) obtained as partial solutions of the defining equations
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(A.7.5), (A.7.7). In the following table we also give corresponding invariant
ansatze and the reduced equations.

Table A.7.1.

N Operator Q Ansatz u = Reduced ODE

1. — 2100+ & =(p(:1)0+$%/2) e"=0

2. —z18p + 01 + 230, = ¢(zo + 73/2) + 7} ¢"'=-3

3. x30y — 3216y — 3ud, = z19(T0 + §2%) ¢'=0

4. 138y — 3216, — =z10(z0 + §73) + £25 | ¢ =-15
—(3u+ 3)d.,

5. z101 + u0y = z1(20) ¢'=0

6. cthz,01 + ud, = (o) chzy o' —p=0

7. cot 101 — udy = (o) cos T1 ¢ +e=0

8. 01 —udy — L6u = (2z9 — z1)e" " p(x0) o —p=0

21‘0 — I
9. o — LV —2(930 + ’U,) O = —x9 — %[Z] + (p(:v())]z (p’ =0
10. (zo + %w%)ao - 110 = p(zoz1 + %13:1;) o"'=0

Theorem A.7.2 The Lie-maximal invariance a,Igebra of system (A.7.5) is given
by the operators

8o, 81, GW =201 + w1 — LW'Ay» — Loy W3dys,
DM = 2508y + 2101 — W'y — 2W28y2, (A.7.10)
M = 0 (20 + 10 — W01 — 2W 202 — SW38ps )+

+z1 (O — W1dy2) — 28w2 — J22W30ys,
XW = (fo+ AW = fWHBys, I = W3y,

where f = f(xo, 1) is an arbitrary solution of (A.7.1), that is, fo = f11-

Theorem A.7.3 The Lie-maximal invariance algebra of system (A.7.7) is given
by the operators

80, 61, D(z) = 2:!:080 + xlal + ‘U,au, D(s) = uau + ’Uaua
G = 200, — 1, (udy + v9,) — 1ud,, (A.7.11)
@ = z9(zy + 101 — 1udy — 3v0,) — 122 (udy, + v8,) — Lxiud,,

X®@ = fo, + f10,, (fo = fu)-
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One can get the proofs of these two theorems by means of the standard Lie’s
algorithm.

Operators (A.7.10), (A.7.11) can be used to find exact solutions of Equations
(A.7.5), (A.7.7). In particular, using the formula of generating solutions at the
expense on invariance under I1(?)

”H(zo,zl, u)=(1- 9$o)3/2 exXp {‘1(?;%_0)} vl(zf),x'uul)'*‘
0 T1u ' To ’ T
L L = . (AT12
+1—0x0 2’ %o 1-0z’ 1 1 -0z ( )
1 6z
r_ _ 1/2 _= 1 p—
u' = (1-0x) exp{ 11— 6a; }, (0 = const)

one can construct new solutions of Equations (A.7.7) starting from known ones.

Solutions of Equations (A.7.5), (A.7.11) can be obtained by the use of reduc-
tion on subalgebras of the invariance algebras (A.7.10), (A.7.11). For example,
using the subalgebra < dp+aI() > of the algebra (A.7.10) we find the following
solution of the system (A.7.5)

Wl —_ C% - Cg
—c1 tan(c1z + c2) + c3 tan(csx + c4)’
W2 = —orea 1 tan(c3z + c4) — cztan(ciz + c2) (A.7.13)
= —c163

—ci1 tan(c1z + ¢2) + c3 tan(esz + ¢4)’
W3 — ((pa::c _ Wl(pz _ WZ(p)eat,

where ci,...,c4 are arbitrary constants, ¢ = (), Yzz = ap.

Theorem A.7.4. The system (A.7.5) is reduced to the system of disconnected
heat equations

20 = illa (Z= i(.’E(),CI)l) = {zl) 22’ 23}) (A714)

with the help of the nonlocal transformations
2%122 -z zfl

wl=_217 < “11
2122 — 2123

(A.7.15)

1,2 _ ,1,2
_RPA T 5%

2122 — 21227

w? = W3 =28 + Wizl - w22l

Expressions (A.7.15) result in (after using the corresponding operator (A.7.2),
(A.7.4)) the ansatz

1 (A.7.16)

u=z'p(w) + 28, w

N
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(21, 2%, 23 are solutions of (A.7.14)), and the reduced equation is ¢” = 0. This
means that
u=c12' + c22? + c325. (A.7.17)

So, we get just the well-known supersosition principle for the heat equation.
Letting W2 = W3 = 0 we get from (A.7.5) the Burger’s equation

W+ 2WWi = Wy,. (A.7.18)

Using Hopf-Cole transformation (see Sec. 5.1) one obtains solutions of Equation
(A.7.18) in the form

Wi=-amnf=-2(fy= fu) (A.7.19)

This results in the operator
Q = f8 — f16;. (A.7.20)

Q-conditional symmetry of Equation (A.7.1) under the operator Q (A.7.20)
leads to the following statement.

Theorem A.7.5. If function f is an arbitrary solution of the heat equation
(A.7.1) and u is the general integral of the ODE

fidzo + fd.’lll =0, (A.7.21)

then u satisfies Equation (A.7.1).

Proof. We note that Equation (A.7.21) is a perfect differential equation and
therefore its general solution, u(zo, ;) = ¢, possesses the following property

uo = f1, u = f. (A.7.22)
Having used (A.7.22) we obtain
u —unn = f— fo =0,

and the theorem is proved.

Theorem A.7.5 may be considered as another algorithm of generating solu-
tions of Equation (A.7.1). Indeed, even starting from a rather trivial solution
of the heat equation, u = 1, we get the chain of quite interesting solutions

2 3

1—»x1—>zo+%—*wo$1+%—'“', (A.7.23)



Appendix 7 401

and among them the solutions

2m 2m—2 2 2m—4 m-—1 2 m
z
", %0 i ol AN Sl S P
2m)! 1 (2m-2) 2! (2m —4)! (m-1)2! " m!
3t gy it g g2 et 2 Il

4ot (A.7.25)

Cm+1)! 1N Em—-1)" 20 2m=3)!
where m =1,2,3,....

It will be also noted thay supposing function v in (A.7.7) to be independent
of z1, and denoting

(m—1)!3" m'1’

v —1 (A.7.26)
T.U(xo, ’U,)

we get instead of (A.7.7) the following remarkable nonlinear heat equation
wo = 0y (W™ 2wy). (A.7.27)
One easily see that the operator
Q = w(zo,u)01 + Oy (A.7.28)

sets the connection between Equations (A.7.27) and (A.7.1):

_ 1 Up — U11
wo — au(w Zwu) = —81 (—‘_> )
(51 U1

1 (A.7.29)
U — U1 = - /[wo - 6u(w'2wu)] du
by means of the change of variables
0z1(zo, 1) du(zo, 1) 1
= . : = . A.7.30
W(IQ, u) 6“ ] 6$1 'UJ(J;O,'U/) ( )
This result has been obtained differently in [133%, 134*].
If we suppose v from (A.7.7) to have the form
v = p(Zg, 1)U, (A.7.31)
then (A.7.7) is reduced to the Burger’s equation for ¢
Po = 291 + p11, (A.7.32)

and one may say that operator

Q =01 + pud, (A.7.33)
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sets the connection between Equations (A.7.32) and (A.7.1) via the substitu-
tion
o= hlf (A.7.34)
Letting

v = ¢(0, T1)u + h(zo,Z1) (A.7.35)
and substituting it into (A.7.7) one finds the Burger’s equation (A.7.32) for

function ¢ and the following equation for h
ho = 2htp1 + h11- (A736)

Having made the change of variables

h=—(fi/flg+an (A.7.37)
we reduce (A.7.32), (A.7.36) to two disconnected heat equations
fo=fu  g90o=9gu. (A.7.38)

Now we see how to linearize Equation (A.7.7) in the general case. Let us
introduce the notations

S1(zo, 21, u,v) = vg — (vn + 20v1, + vsz). (A.7.39)

After changing the variables to

v= —?—, z = 2(zo, T1,u) (A.7.40)
we get
1
S1(xo, 1, u,v) = _z_(al + v98y)S2 (%0, 1, U, 2), (A.7.41)
where
2 22
Sz(.’to, Ty, U, z) =20 — 211 + 22—21", - -z-2-zuu. (A742)
Having applied the hodograph transformation
Yo = o, v = I1, Y2 = 2, R=u (A.7.43)
we get .
52(1}0, Tri,u, Z) = —E(RO - Ru), (A.7.44)
2
where

R = R(yOa Y1, 3/2)

So, we see that Equations (A.7.5), (A.7.7) are reduced to the heat equations
(A.7.14), (A.7.44), respectively.
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On Nonlocal Symmetries of
Nonlinear Heat Equation*®

We will show how to find and use nonlocal symmetries of the nonlinear heat
equation to construct its exact solutions.
The complete group classification of nonlinear one-dimensional heat equation

ug = O (F(u)ul), (A.S.l)

(u = u(zwo, 1), F(u) is an arbitrary differentiable function, ug = Ou/dzo, and
so on) was made by Ovsyannikov (see [161]). His results may be summarized
as follows.

Theorem A.8.1. Depending on the function F(u), the maximal invariance
algebra (MIA) of Equation (A.8.1) is determined by the following basis ele-
ments:

1) F(u) is an arbitrary function, then MIA is three-dimensional,

0 15]
aﬂ_a_wo’ L=

2) F(u) = MAu*, then MIA is four-dimensional,

Dy =2x00y + 101 (A.8.2)

O, O, Dy,  Dy=2z16; + %u@u (A.8.3)

3) F(u) = Ae“, then MIA is four-dimensional,
aﬂa (91; Dl, D3 = 1,0, + 28, (A84)

Results in this appendix were obtained with the collaboration of V.A.Tychinin
and T.K.Amerov.
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4) F(u) = Au=*/3, then MIA is five-dimensional,
&, 61, D1, Dy=mz:16 - ‘guau, Il =230 — 3z1ud,. (A8.5)

It is also known (see [135%], for example) that the chain of transformations

w(zg,21) = %j;:ﬁ)’ (A.8.6)
T9 = t, z1 = w(t, ), v=u; (A.8.7)
dw(t,z)
—_— = A.8.
o8 = 2, 2) (A88)

does not go out from the class of equations (A.8.1). It means that having made
transformations (A.8.6)—(A.8.8) one gets from (A.8.1) another equation

2t = 0. (F* (2)2z), (A.8.9)

where
F*(2) = 272F(z7Y). (A.8.10)

Below we use transformations (A.8.6)—(A.8.8) to construct nonlocal ansatze
which reduce Equation (A.8.1) to ODEs. We also give nonlocal formulae of
generating solutions and superposition of solutions of Equation (A.8.1) for
some nonlinearities F'(u).

First of all we consider the equation

Ug = al(u—zul). (A811)

As it follows from (A.8.10) this equation is reduced by means of (A.8.6)—(A.8.8)
to the linear heat equation
2t = Zzz (A812)

whose maximal invariance algebra (MIA) is 6-dimensional, and it is given in
(5.1.6). The difference between MIAs of these two (equivalent in a sense) Equa-
tions (A.8.11) and (A.8.12) says that nonlinear Equation (A.8.11) possessess
a non-Lie symmetry which corresponds to Lie symmetry of the heat equation
(A.8.12) generated by Galilei and projective operators (compare MIAs (A.8.3)
and (5.1.6)). It is obvious that this non-Lie symmetry of equation (A.8.11)
cannot be obtained with the help of Lie’s method.

Let us make use of this fact and construct ansatze for Equation (A.8.11)
which correspond to those of Equation (A.8.12) invariant under operators

G=t0, — %zz@,,

A.8.13
1 = t(t8; + 28, — 328,) — 32°20.. ( )
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Using transformations (A.8.6)-(A.8.8) we find

u(zo,71) = [Z0z1 + T1h(w)]™!, w=T+z, (A.8.14)
exp{zoT + ';—’x%}«p(w) = T,
B 2(z3 +1) - T
u(a:o,wl) - z1[2($g + 1)1/2h(w) _ T(l;o]’ w = ,———1 N x%, (A . 15)
exp {,\arcta,nxo — 4—(1%—25} p(w) = z1(1+ wcz))l/4.
0

In (A.8.14), (A.8.15) 7 = 7(x0, 1) is a function parameter, h = ¢/p. Ansatze
(A.8.14), (A.8.15) reduced (A.8.11) to the Riccati equation

h+h =w, (A.8.16)

h+h* = —1w? + A, (A.8.17)
respectively, or in terms of ¢ we have
¢ —wp =0,
G+ (de? - g =0.

Solutions of these equations are expressed in terms of Bessel functions.
The connection between solutions of Equations (A.8.11) and (A.8.12), as
follows from (A.8.6)-(A.8.8), is

6z(mo,7‘)]_1’ (A.8.18)

uw(zo,z1) =

( 0, 1) [ o1
where 7 = 7(zo,71) is a functional parameter to be determined from the
condition

2(zo,T) = Z1. (A.8.19)

Now consider the following question. Since Equation (A.8.12) is linear, then
function

z(t,z) = Qz(t,x) (A.8.20)

will be its solution provided z is a given solution and Q is any symmetry
operator from (5.1.6). How to obtain analogous results for Equation (A.8.11)?
To this end one has to use the connection between the two Equations (A.8.11)
and (A.8.12) given by (A.8.6)-(A.8.8). So, choosing in (A.8.20) as Q operator
9, we find corresponding formula of generating solutions for Equation (A.8.11)

(A.8.21)

Bu(wo,r)] -1
or ’

(a0, 1) = [, P |



406 Appendix 8
2, . . . . .
where 1 is a new solution and 4 is a given one; 7 is to be determined from the

condition
w(xo, ) = 2yt (A.8.22)

For example, starting from solution
w(zo,7) = —g (=In/Zo z1 )'_1/2 , (A.8.23)
we obtain with the help of (A.8.21), (A.8.22) the new parametrical solution
U(z9,T) = xgﬂr (In7T— %)_1 , InT = (zoz17)%. (A.8.24)

When Q = 9;, then formulae (A.8.18)-(A.8.20) result in

[12($0a T)]5

1
(o, Z1) = , (A.8.25)
(e, 1) 2[u (20, 7)]2 ~ [w(zo, T)|2do(T0, T)
where 7 = 7(z9, 1) is to be determined from the condition
U, (20, 7) + Z1[u(zo, T)]* = 0. (A.8.26)

In the same way one can construct the explicit form of formulae (A.8.20) for
Equation (A.8.11) for any symmetry operator from MIA of the heat equation
(5.1.6)

Formulae (A.8.3) mean that Equation (A.8.11) is not invariant under the
Galailei transformations while the heat equation (A.8.12) is, the transformation
having the form

t'=t, ¢ =z + 2at, 2’ = exp{—a(z + at)}z (A.8.27)

(a is an arbitrary constant). However, having used the nonlocal connection
(A.8.18), (A.8.19) between the two equationz one can write down correspond-
ing Galilean transformations for Equation (A.8.11) and afterwards the formula
of generating solutions, the latter having the form

(w0, 7) (A.8.28)

2
U\To,T1) =
(20, 21) axlﬁ(xg,‘r)+:c1/7"

where 7 = 7(z, ;1) is a function parameter to be determined from the equa-
tions

= a.’El'Clt(l'OaT) + xl/T] ’ (A 8.29)

[(zo, T)]?T0 = T11 /72 + 2a1i(zo, T).
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It will be noted that the first equation of (A.8.29) contains zo as a parameter
(so this equation may be considered as an ODE with separate variables) and
the second equation serves for sharpening dependence 7 on xzy. The following
example shows the efficiency of formulae (A.8.28), (A.8.29). Choosing as u the
simplest solution of Equation (A.8.11), ﬁ(zo,xl) =1, we get, with the help of
(A.8.28), (A.8.29), the new highly non-trivial solution

—In[(z1u)™! - a] + a[(z1u) ™! — a]"! = Inz; + a*ao. (A.8.30)

This is a parametric solution.

Next we will consider how to construct formula of superposition of solu-
tions for Equation (A.8.11) analogous to that of linear superposition 3(t,z) =
z(t,z) + z(t, z) of the heat equation (A.8.12) (2, 7 are given solutions, 7 is the
new one). Having used once more formulae (A.8.18), (A.8.19) one finds

1 1 1
+ 5 > (A.8.31)

13(910013101) &(950,71) w(wo, T)

where 7 = 7"“(:30, z1), k = 1,2 are functional parameters to be determined from
the conditions
d(wo,%)d;=1i($0,7l’)d7g, 71+72'= 1,

T
- (A.8.32)
#0 =7I:11[;1’12(:L‘0,Tk)] 2, k= 1,2.

Note, letting u(zo, 1) = 1/w(zo,z1) we rewrite Equation (A.8.11) and for-
mulae (A.8.31), (A.8.32) as

wo = wlwiy; (A.8.33)
W(zo, 1) = Wzo,7) + W(To,7); (A.8.34)
dr dr ;2
u(zo, 71) B (o, )’ TrTEm (A.8.35)
To =#11[Tf’)(x0,7€)/7'51]2, k=1,2.

For example, starting from two simple solutions of Equation (A.8.33)
ul)(xo, z1) = 21, uz;(:zo,xl) =21 (A.8.36)
we find by means of (A.8.34), (A.8.35) another solution
WAz, 21) = £e~2%0 [1 — 201e2%0 £ \/1 = 2z €250 ] (A.8.37)

and one may compare (A.8.36) with (A.8.37).
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Let us consider the equation
U = (91 (u_2/3u1). (A838)

This equation is transformed through the use of (A.8.6)-(A.8.8) into the equa-
tion
2 = 05 (2732,) (A.8.39)

which is remarable by its local symmetry propertites (see Theorem A.8.1, case
4). Without going into details we list below Lie ansatze for Equation (A.8.39)
and then transform some of them with the help of (A.8.6)-(A.8.8) into ansatze
for Equation (A.8.38), acting in much the same way as when considering Equa-
tions (A.8.11), (A.8.12).

Ansatze for Equation (A.8.30):

1) z=z"%pw), w=t;

1
2) z=17%(w), w=at+=;
r

1
3) z =tz 3p(w), w=alnt+—x-;

4) z=(2*+1)"%?p(w), w=t+ larctang; (A.8.40)
5) z= (2" — 1) p(w), w =1+ Aarcthz;

6) z=t4(z? +1)"32p(w), w = Int + Aarctanz;

7)) z=t34? - 1)732p(w), w = Int + Aarcthz.

Ansatze for Equation (A.8.38):

1) u=[p'(z0)a3 + p¥(z0)] "%
2) [z1 + ¢! (20)] [¢2(20)]¥* = =13 (w) + (),

w = @*(xp) + T, —::- = u; (A.8.41)
3) [o1 + o' (20)] [*(@0)]° / 68 (P2 (w)dr,

w = @*(zg) + ©3(7), n=u.

After substitution of ansatze 1)-3) (A.8.41) into Equation (A.8.38) we get,
respectively

1) ot + 4((p1)2 =0, (A.8.42)

<p —2<p =0;
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2) @' = (9?4,

¢ = Aa($)?,

3(F) 7+ X + §ha® — M = 0;
3) @' =0,

¢2 = /\2(952)2a

25°% — 3(¢°)2 = 2\ (¢%)",
(9*)~1/3G" — £(0")~T/3($*)2 + 3ha(p*) /3 + Sxopt — ¢t =0,

where Aj, A2, A3 are arbitrary constants.
Having integrated system 2) from (A.8.42) under A; = 0, we obtain the
following parametric solution of Equation (A.8.38)

Y . (3c3z1 + camo)
7(T — 4c3x)

(A.8.43)
(T + c3mo) (7 — 4czz0)* = (3cfar + Cz.’l:o)4 ,

where 1, ¢z, c3 are constants of integration.

In conclusion we consider such case of transformations (A.8.6)—(A.8.8) when
they are symmetry transformations of Equation (A.8.1). One sees from (A.8.10)
that it meets the case when

272F (27 1) = F(2). (A.8.44)
This functional equation has solution
F(z) = z"'f(In2), (A.8.45)

where f is an arbitrary differentiable even function. So, formulae (A.8.6)-
(A.8.8) determine nonlocal symmetry transformations of the equation

ug = 1 [f(Inw)u1/u], (f(a) = f(-a)). (A.8.46)

Using this fact we construct formula of generating solutions of Equation
(A.8.46). It looks like

w(zo, 1) = (A.8.47)

1
"1/(930, T) ,
where the functional parameter 7 = 7(z¢, 1) is to be determined from the
equations
1 f(lnm)m1

T0———""""""".

R A.8.48)
d(xo, T) T (

n=



410 Appendix 8

For example, starting from the solution

To

1 = A.8.49
u(Zo, T1) 1+ cosz ( )
of equation
U

we find, with the help of (A.8.47), (A.8.48), the new solution of Equation
(A.8.50)
2.'130

Tz + 23’

It will be noted that solutions (A.8.49) and (A.8.51) essentially differ from
each other on their properties, such as boundedness, periodicity, and analyt-
icity behavior at infinity, at zero, and so on. It is a distinguishing feature of

nonlocal transformations that they may essentially change properties of solu-
tions unlike those of Lie’s solutions.

u(zo, T1) = (A.8.51)
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Lagrange-Euler eq. 18, 59, 150
Lame eq. 128, 250, 335

Lame functions 128, 342

Laplace eq. 78, 274, 330, 338
Legendre eq. 26

Levi-Leblond eq. 210, 215, 225, 258
Lie algebra vii, 376

Lie algorithm (method) x-xiv
Lie equations 8, 186, 299

Lie’s theorems 376-381
Lie-Backlund symmetry 312, 328
linear PDEs xiii, xiv, 88, 297, 328
Liouville eq. 3, 28, 280, 344

Markovian processes 193

Maurer-Cartan equations 379, 380

maximal invariance group (algebra)
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Boussinesq eq.; 278 of Burger’s eq.;
144 of Dirac massless eq.; of Dirac
eq. 57, 306; of eikonal eq. 6, 10;
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eq. 29, 30; of Maxwell eq. xvi, 327;
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Maxwell equations x, xi, xvi, 80,
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—for vector potential 80, 90, 126,
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Monge transformations
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Navier-Stokes equations 260, 339

non-Abelian solutions 136

non-Lie ansatz 274, 328, 340

non-Lie method xi, 250, 298, 310

nonlocal linearization 277
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Operator of full differentiation (total
derivative operator) xii
Ornshtein-Uhlenbeck equation 193

Padé approximants 363

Pauli matrices 55
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Poincare algebra 2, 369
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—transformations 64

Poisson eq. 141

polywave eq. 10, 80

Proca Galilei invariant eq. 210

projective Galilean transformations
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projective transformations 199,
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pseudodifferential equation 14
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Rayleigh process 193
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Riemannian invarints 230-231
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Separation of variables xv, xvi, 110
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Schrédinger algebra 200

Schrédinger equation 167, 199, 357
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Schrodinger group 199, 200, 202
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symmetry anaylsis vii

three-body problem 286
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total derivative operator xii

ungenerative solutions xv, 19, 88,
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unitary field theory 56
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wave equation x, 10, 89, 142, 181,
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