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1 Introduction

In 1903 Voronoi [40] postulated the existence of explicit formulas for sums of
the form

(L1) S ),

for any “arithmetically interesting” sequence of coefficients (a,),>; and ev-
ery f in a large class of test functions, including characteristic functions of
bounded intervals. He actually established such a formula when a, = d(n)
is the number of positive divisors of n [41]. He also asserted a formula for

(1.2) a, = #{(a,b) € Z*| Q(a,b) = n},

where @) denotes a positive definite integral quadratic form [42]; Sierpinski
[38] and Hardy |14] later proved the formula rigorously. As Voronoi pointed
out, this formula implies the bound

(1.3) | #{(a,b) € Z° | a® +V* <z} — x| = O(z'/?3)

for the error term in Gauss’ classical circle problem, improving greatly on
Gauss’ own bound O(z'/?). Though Voronoi originally deduced his formulas
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from Poisson summation in R?, applied to appropriately chosen test func-
tions, one nowadays views his formulas as identities involving the Fourier
coefficients of modular forms on GL(2), i.e., modular forms on the complex
upper half plane. A discussion of the Voronoi summation formula and its
history can be found in our expository paper [26].

The main result of this paper is a generalization of the Voronoi sum-
mation formula to GL(3,Z)-automorphic representations of GL(3,R). Our
technique is quite general; we plan to extend the formula to the case of
GL(n,Q)\GL(n,A) in the future. The arguments make heavy use of rep-
resentation theory. To illustrate the main idea, we begin by a deriving the
well-known generalization of the Voronoi summation formula to coefficients
of modular forms on GL(2), stated below in (1.12H1.16]). This formula is ac-
tually due to Wilton — see [16] — and is not among the formulas predicted by
Voronoi. However, because it is quite similar in style one commonly refers
to it as a Voronoi summation formula. We shall follow this tradition and
regard our GL(3) formula as an instance of Voronoi summation as well. The
GL(2) formula is typically derived from modular forms via Dirichlet series
and Mellin inversion; see, for example, [8,21]. We shall describe this con-
nection with Dirichlet series later on in this introduction. Since we want
to exhibit the analytic aspects of the argument, we concentrate on the case
of modular forms invariant under I' = SL(2,Z). The changes necessary to
treat the case of a congruence subgroup can easily be adapted from [8,21],
for example.

We consider a cuspidal, SL(2,Z)-automorphic form ® on the upper half
plane H = {z € C | Imz > 0}. This covers two separate possibilities: ® can
either be a holomorphic cusp form, of — necessarily even — weight k&,

(1.4) D(z) = Z:; ann® V2 e(nz)  (e(z) —au 7)),

or a cuspidal Maass form —i.e., ® € C*°(H), 3 (8—;2 + 2 ) O = -\ with

9y?
A=1-1% veiR, and
(1.5) Dlo+iy) = D an /YK, (2ninly) e(nz)
[23]. In either situation, ® is completely determined by the distribution
(1.6 o) = 3 an bl efna).
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with the understanding that in the holomorphic case we set both a,, = 0 for
n<0andv = —%. One can also describe 7 as a limit in the distribution
topology: 7(x) = lim, o+ ®(z + iy) when @ is a holomorphic cusp form;
the analogous formula for Maass forms is slightly more complicated [34]. As
a consequence of these limit formulas, 7 inherits automorphy from &,

b

v— ax a
(L7) 7(z) = |ex+d* "7 (e, for any (c J

cx+d

) € SL(2,7Z).

This is the reason for calling 7 the automorphic distribution attached to
®. The regularity properties of automorphic distributions for SL(2,R) have
been investigated in [2,22,34], but these properties are not important for the
argument we are about to sketch.

If ¢ # 0 in (L.7), we can substitute  — d/c for x, which results in the
equivalent equation

(18) T(r—9) =l 7 (2 - ).

c cexr

We now integrate both sides of ((1.8)) against a test function g in the Schwartz
space S(R). On one side we get

/ T(x— 9 g(z)ds = / Z an |n| ™ e(nz — 24) g(z) dx
(1.9) - ¥ n0
= 3" a7 e(~ ) g(—n).

n#0

On the other side, arguing formally at first, we find
/ ezl (¢ = @) 9(@)dw =
R
(1.10) = e /R|~”C|2V1 Z an || e(% — &) g(x) dv

n#0

= P S g ] () / 2 e~ 2) g(a) d

n#0

To justify this computation, we must show that ([1.8)) can be interpreted as
an identity of tempered distributions defined on all of R. A tempered dis-
tribution, we recall, is a continuous linear functional on the Schwartz space



S(R), or equivalently, a derivative of some order of a continuous function
having at most polynomial growth. Like any periodic distribution, 7 is cer-
tainly tempered. In fact, since the Fourier series has no constant term,
7 can even be expressed as the n-th derivative of a bounded continuous func-
tion, for every sufficiently large n € N. This fact, coupled with a simple
computation, exhibits |cz|* ! 7 (% — i) as an n-th derivative of a function
which is continuous, even at x = 0. Consequently this distribution extends
naturally from R* to R. Using the cuspidality of ®, one can show fur-
ther that the identity (1.8]) holds in the strong sense — i.e., the extension of
x|~ (& — 1) Wthh was just described coincides Wlth T(z — %) even
across the point x = 0. The fact that 7 is the n-th derivative of a bounded
continuous function, for all large n, can also be used to justify interchanging
the order of summation and integration in the second step of . In any
event, the equality is legitimate, and the resulting sum converges ab-
solutely. For details see the analogous argument in Section [5| for the case of
GL(3), as well as [27], which discusses the relevant facts from the theory of
distributions in some detail.

Let f € S(R) be a Schwartz function which vanishes to infinite order
at the origin or more generally, a function such that |z]"f(z) € S(R).
Then g(z) = [, f(t)|t|” e(—at)dt is also a Schwartz function, and f(z) =

lz| " g(— ) With this choice of g, (1.841.10) imply
> awe(-nd/e) fn) =
=3 el T [T e [ o et
o | |u 2z

=, anetnafo) /: INGS P 10— B
=Y avelnajo)

21/ 1
’ / /t |7Vt fxt) e(—t — %%) dt dx
- Znﬂane(na/@m/x:_w /t:_mlxl‘”ltl”f(%)e(—t—@ dt dz

In this derivation, the integrals with respect to the variable ¢ converge abso-
lutely, since they represent the Fourier transform of a Schwartz function. The
integrals with respect to z, on the other hand, converge only when Rev > 0,
but have meaning for all » € C by holomorphic continuation.

So far, we have assumed only that a, b, ¢, d are the entries of a matrix in
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SL(2,7Z), and ¢ # 0. We now fix a pair of relatively prime integers a, ¢, with
¢ # 0, and choose a multiplicative inverse a of a modulo ¢:

(1.11) a,c,a€Z, (a,c)=1, ¢#0, aa=1 (modc).

Then there exists b € Z such that aa —bc = 1. Letting a, b, ¢, a play the roles
of a,b,c,d in the preceding derivation, we obtain the Voronoi: Summation
Formula for GL(2):

(1.12) Z#O ane(—najc) f(n) = |c]Zn7é0 ‘% e(na/c) F(n/c?).

Here a,, and v have the same meaning as in (1.4H1.6), f(z) € |z|7S(R), and

(1.13) Ft) = /R2 f<$1t962) |21]" 22| ™" e(—21 — 22) dro day -

One can show further that this function F' vanishes rapidly at infinity, along
with all of its derivatives, and has identifiable potential singularities at the
origin:

114  Fe) e { ]!~ SR) + Jol'* S®) it v ¢z
|z|'™ log |[x| S(R) + |z|"™ S(R) if v € Z

[27, (6.58)]; the case v € Z~o never comes up. The formula for F is
meant symbolically, of course: it should be interpreted as a repeated inte-
gral, via holomorphic continuation, as in the derivation. Alternatively and
equivalently, F' can be described by Mellin inversion, in terms of the Mellin
transform of f, as follows. Without loss of generality, we may suppose that
f is either even or odd, say f(—z) = (—1)"f(z) with n € {0,1}. In this
situation,

(1.15) F(x)

_oA\n I 14s+n+v r 14+s+n—v
_ sen(Co) 5”>/ i v i L S el S VT R Y
Res=c

4724 F(fs+277+1/) F(fsgnfy) n

where o > |Rev|—1 is arbitrary, and

(1.16) Muf) = [ fla) sgnap ot do

denotes the signed Mellin transform. For details see section [5 where the

G L(3) analogues of ([1.14H1.15)) are proved.
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If one sets ¢ = 1 and formally substitutes the characteristic function
Xje,z+¢q for f in , one obtains an expression for the sum ), cn<e On';
formulas of this type were considered especially useful in Voronoi’s time.
There is an extensive literature on the range of allowable test functions f.
However, beginning in the 1930s, it became clear that “harsh” cutoff func-
tions like X[c.+4¢ are no more useful from a technical point of view than the
type of test functions we allow in (1.12)).

The Voronoi summation formula for GL(2) has become a fundamental
analytic tool for a number of deep results in analytic number theory, most
notably to the sub-convexity problem for automorphic L-functions; see [18]
for a survey, as well as [10,21,32]. In these applications, the presence of the
additive twists in (1.12)) — i.e., the factors e(—na/c) on the left hand side —
has been absolutely crucial. These additive twists lead to estimates for sums
of modular form coefficients over arithmetic progressions. They also make it
possible to handle sums of coefficients weighted by Kloosterman sums, such
as ), 2o anf(n)S(n, k; ¢), which appear in the Petersson and Kuznetsov trace
formulas [13,32]. In view of the definition of the Kloosterman sum S(m, k; ¢),
which we recall in the statement of our main theorem below,

Z an f(n)S(n,k;c) = Z e(kd/c) Zan f(n)e(nd/c)

n#0 de(Z/cZ)* n#0
(1.17) a .
= e[ Y WF(H/C ) > el(k—n)d/c).
n#0 de(Z/cz)*

The last sum over d in this equation is a Ramanujan sum, which can be
explicitly evaluated; see, for example, [17, p. 55]. The resulting expression
for 3, o anf(n)S(n,k;c) can often be manipulated further.

We should point out another feature of the Voronoi formula that plays an
important role in applications. Scaling the argument = of the test function
f by a factor T~ T > 0, has the effect of scaling the argument ¢ of F' by
the reciprocal factor T'. Thus, if f approximates the characteristic function
of an interval, more terms enter the left hand side of in a significant
way as the scaling parameter T tends to infinity. At the same time, fewer
terms contribute significantly to the right hand side. This mechanism of
lengthening the sum on one side while simultaneously shortening the sum on
the other side is known as “dualizing”. It helps detect cancellation in sums
like >, ., anf(n)e(—na/c) and has become a fundamental technique in the
subject.



We mentioned earlier that our main result is an analogue of the GL(2)
Voronoi summation formula for cusp forms on GL(3):

1.18 Theorem. Suppose that a,, ., are the Fourier coefficients of a cuspidal
GL(3,7Z)-automorphic representation of GL(3,R), as in (5.9)), with represen-
tation parameters \,0, as in . Let f € S(R) be a Schwartz function
which vanishes to infinite order at the origin, or more generally, a function
on R—{0} such that (sgnz)%|z|= f(x) € S(R). Then for (a,c) =1, c # 0,
aa =1 (modc) and g > 0,

Zaqne —najc) f Z‘d‘

n#0 dlcg

1-X\—

T staat ().

—mtmi) denotes the Kloosterman sum

where S(n,m;c) =daef 3,2/ e (
and, tn symbolic notation,

F(t) = /R3 f(x1x2m3> Hj:1 ((sgn ;)% |z;]~Y e(—x;)) das dxs day .

t

This integral expression for I’ converges when performed as repeated integral
in the indicated order — i.e., with x3 first, then x5, then x1 — and provided
Re)A; > Re)Xy > Re s, it has meaning for arbitrary values of A1, A2, A3
by analytic continuation. If f(—x) = (=1)"f(x), with n € {0,1}, one can
alternatively describe F' by the identity

s+1-X; +6

sgn(—x)" _3 3 I(——5—) —s
F(z) = %/MZZ 3 <Hj o W>Mﬂ o)l ™" ds:

here M, f(s) denotes the signed Mellin transform (1.16)), the &} € {0,1} are
characterized by the congruences & = 0; + 1 (mod 2), and o is subject to

the condition o > max;(Re\; — 1) but otherwise arbitrary. The function F
15 smooth except at the origin and decays rapidly at infinity, along with all
its derivatives. At the origin, F' has singularities of a very particular type,

which are described in (5.30H5.33)) below.

Only very special types of cusp forms on GL(3,Z)\GL(3,R) have been
constructed explicitly; these all come from the Gelbart-Jacquet symmetric
square functorial lift of cusp forms on SL(2,Z)\H [11], though non-lifted
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forms are known to exist and are far more abundant [25]. When special-
ized to these symmetric square lifts, our main theorem provides a non-linear
summation formula involving the coefficients of modular forms for GL(2).
The relation between the Fourier coefficients of GL(2)-modular forms and
the coefficients of their symmetric square lifts is worked out in |26, §5].

Our main theorem, specifically the resulting formula for the symmetric
squares of GL(2)-modular forms, has already been applied to a problem
originating from partial differential equations and the Berry/Hejhal random
wave model in Quantum Chaos. Let X be a compact Riemann surface and
{¢;} an orthonormal basis of eigenfunctions for the Laplace operator on
X. A result of Sogge [39] bounds the LP-norms of the ¢; in terms of the
corresponding eigenvalues Ay, and these bounds are known to be sharp.
However, in the case of X = SL(2,Z)\H — which is non-compact, of course,
and not even covered by Sogge’s estimate — analogies and experimental data
suggest much stronger bounds [15,31]: when the orthonormal basis {¢;}
consists of Hecke eigenforms, one expects

(1.19) l6;l, = O0,)  (e>0, 0<p<oc).

Sarnak and Watson [33] have announced for p = 4, at present under
the assumption of the Ramanujan conjecture for Maass forms, whereas [39]
gives the bound O()\l/ 16) in the compact case, for p = 4. Their argument
uses our Voronoi Sumrjnation formula, among other ingredients. To put this
bound into context, we should mention that a slight variant of would
imply the Lindelof Conjecture: |((1/24it)| = O(1 4+ |¢[), for any € > 0 [31].

There is a close connection between L-functions and summation formulas.
In the prototypical case of the Riemann (-function, the Poisson summation
formula — which should be regarded as the simplest instance of Voronoi sum-
mation — not only implies, but is equivalent to analytic properties of the
(-function, in particular its analytic continuation and functional equation.
The ideas involved carry over quite directly to the GL(2) Voronoi summa-
tion formula (1.12)), but encounter difficulties for GL(3).

To clarify the nature of these difficulties, let us briefly revisit the case of
GL(2). For simplicity, we suppose ® is a holomorphic cusp form, as in (1.4)).
A formal computation shows that the choice of f(x) = |z|~* corresponds to

F(t) = R(s)[t|* in (T.13), with

k—1
(1.20) R(s) = " (2m)>! G J}: 3 )

(s +



Inserting these choices of f and F' into (1.12)) results in the equation

(1.21) Z:;l ane(—na/c)n™* = R(s)|c|'** Zzo:l an e(na/c)n*t,

which has only symbolic meaning because the regions of convergence of the
two series do not intersect. We should remark, however, that the methods
of our companion paper [27] can be used to make this formal argument

rigorous. When ¢ = 1, (1.21) reduces to the functional equation of the
standard L-function L(s,®) = > 7  a,n *. Taking linear combinations over

the various a € (Z/cZ)* for a fixed ¢ > 1 gives the functional equation for
the multiplicatively twisted L-function

(1.22) L(s,2®x) = ZZ; an x(n)n=*

with twist x, which can be any primitive Dirichlet character mod c.

The traditional derivation of (1.12)), in [8/[21] for example, argues in re-
verse. It starts with the functional equations for L(s, ®) and expresses the
left-hand side of the Voronoi summation formula through Mellin inversion,

(1.23) Zanf(n):%/R (s, ®)Mf(s)ds Mf(s):/ooof(t)ts_ldt,

with ¢ > 0. The functional equation for L(s,®) is then used to conclude
S Lanf(n) =>07  a,F(n), where MF(s) =r(1 —s)Mf(1 —s). To deal
with additive twists, one applies the same argument to the multiplicatively
twisted L-functions L(s, ® ®x). A combinatorial argument makes it possible
to express the additive character e(—na/c) in terms of the multiplicative
Dirichlet characters modulo ¢; this not particularly difficult. An analogous
step appears already in the classical work of Dirichlet and Hurwitz on the
Dirichlet L-functions > 7 x(n)n~%. For GL(3), the same reasoning carries
over quite easily, but only until this point: the combinatorics of converting
multiplicative information to additive information on the right hand side
of the Voronoi formula becomes far more complicated. For one thing, the
functional equation for the L(s, ® ® x) only involves the coefficients a; ,, and
an,1, whereas the right hand side of the Voronoi formula involves also the
other coefficients. It is possible to express all the a,, ., in terms of the a;,
and a1, but this requires Hecke identities and is a non-linear process. The
Voronoi formula, on the other hand, is a purely additive, seemingly non-
arithmetic statement about the a,, ,,. In the past, the problem of converting

9



multiplicative to additive information was the main obstacle to proving a
Voronoi summation formula for GL(3). Our methods bypass this difficulty
entirely by dealing with the automorphic representation directly, without any
input from the Hecke action.

The Voronoi summation formula for GL(3,Z) encodes information about
the additively twisted L-functions » _, , e(na/c)anqn|™*. It is natural to ask
if this information is equivalent to the functional equations for the multiplica-
tively twisted L-functions L(s, ® ® x). The answer to this question is yes: in
section 6 we derive the functional equations for the L(s, ®®x), and in section
7, we reverse the process by showing that it is possible after all to recover the
additive information from these multiplicatively twisted functional equations.
It turns out that our analysis of the boundary distribution — concretely, the
G L(3) analogues of — presents the additive twists in a form which
facilitates conversion to multiplicative twists. Section 7 concludes with a
proof of the GL(3) converse theorem of [20]. Though this theorem has been
long known, of course, our arguments provide the first proof for GL(3) that
can be couched in classical language, i.e., without adeles. To explain why
this might be of interest, we recall that Jacquet-Langlands gave an adelic
proof of the converse theorem for GL(2) under the hypothesis of functional
equations for all the multiplicatively twisted L-functions [19]. However, other
arguments demonstrate that only a finite number of functional equations are
needed [29,44]. In particular, for the full-level subgroup I' = SL(2,Z), Hecke
proved a converse theorem requiring the functional equation merely for the
standard L-function. Until now it was not clear what the situation for GL(3)
would be. Our arguments demonstrate that automorphy under I' = GL(3, Z)
is equivalent to the functional equations for all the twisted L-functions. Since
the various twisted L-functions are generally believed to be analytically in-
dependent — their zeroes are uncorrelated [30], for example — our analysis
comes close to ruling out a purely analytic proof using fewer than all the
twists.

Our paper proves the Voronoi summation formula only for cuspidal forms,
automorphic with respect to the full-level subgroup I' = GL(3,Z). It is
certainly possible to adapt our arguments to the case of general level N, but
the notation would become prohibitively complicated. For this reason, we
intend to present an adelic version of our arguments in the future, which will
also treat the case of GL(n), and not just GL(3). Extending our formula to
non-cuspidal automorphic forms would involve some additional technicalities.
We are avoiding these because summation formulas for Eisenstein series can
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be derived from formulas for the smaller group from which the Eisenstein
series in question is induced. In fact, the Voronoi summation formula for a
particular Eisenstein series on GL(3), relating to sums of the triple divisor
function d3(n) = #{z,y, 2 € N| n = zyz}, has appeared in [1] and in [7], in
a somewhat different form.

Some comments on the organization of this paper: in the next section we
present the representation-theoretic results on which our approach is based,
in particular the notion of automorphic distribution. Automorphic distribu-
tions for GL(3,Z) restrict to Nz-invariant distributions on the upper triangu-
lar unipotent subgroup N C GL(3,R), and they are completely determined
by their restrictions to N. We analyze these restrictions in section [3] in
terms of their Fourier expansions on Nz\N. Proposition gives a very
explicit description of the Fourier decomposition of distributions on N7\ N’
we prove the proposition in section Section [5| contains the proof of our
main theorem, i.e., of the Voronoi summation formula for GL(3). The proof
relies heavily on a particular analytic technique — the notion of a distribution
vanishing to infinite order at a point, and the ramifications of this notion.
Since the technique applies in other contexts as well, we are developing it in
a separate companion paper [27]. We had mentioned already that we derive
the functional equations for the L-functions L(s, ® ® x) in section [6 using
the results of the earlier sections, and that section [7| contains our proof of
the Converse Theorem of [20].

It is a pleasure to thank James Cogdell, Dick Gross, Roger Howe, David
Kazhdan, Peter Sarnak, and Thomas Watson for their encouragement and
helpful comments.

2 Automorphic Distributions

For now, we consider a unimodular, type I Lie groupﬂ G and a discrete sub-
group I' C G. Then G acts on L?(I'\G) by the right regular representation,

(2.1) (r(9)f)(h) = flhg), (g€, heT\G).

If (T'NZg)\Zg, the quotient of the center Zg by its intersection with I,
fails to be compact — as is the case for G = GL(n,R), I' = GL(n,Z), for

!The type I condition is a technical hypothesis, satisfied in particular by reductive and
nilpotent Lie groups; these are the two cases of interest for our investigation.
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example — one needs to fix a unitary character w : Zg — C* and work instead
with the right regular representation on

L2(I'\G) = space of all f € L} (I'\G) such that

flgz) =w(2)f(g) for g € G, z € Zg, and / |f|?dg < .
N\G/Z¢

(2.2)

The resulting representation can be decomposed into irreducible constituents
[9]: a direct sum of irreducibles if the quotient I'\G/Zs is compact, or a
“continuous direct sum” — i.e., a direct integral — in general. Even in the
case of a direct integral decomposition, direct summands may occur. It is
these direct summands we are concerned with. We recall some standard
facts.

Let (m, V') be an irreducible, unitary representation of G, embedded as a
direct summand in L2 (T\G),

(2.3) iV — L2(T\G).

One calls v € V' a C* vector if v — 7(g)v defines a C*° map from G to the
Hilbert space V. The totality of C* vectors constitutes a dense subspace
V> C V, which carries a natural Fréchet topology via the identification

(24) Ve ={feC®G, V)| flg)=n(g)f(e) forallge G}, v+« f(e).

Note that 7 restricts to a continuous representation on this Fréchet space.
Dually, V' lies inside V' ~°°, the space of distribution vectors; by definition, the
distribution vectors are continuous linear functionals on (V')*°, the space of
C vectors for the irreducible unitary representation (7', V') dual to (7, V).
Thus

(2.5) Ve cV cVve,

which is consistent with the following convention: we define distributions on
a manifold as continuous linear functionals on the space of compactly sup-
ported smooth measures. This makes continuous functions, or L? functions,
particular examples of distributions, in analogy to ([2.5]).

The inclusion (2.3) sends C*°-vectors to C*° functions, resulting in a
continuous, G-invariant linear map

(2.6) i1V s O®(\G).
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Since i(v), for v € V*°, is I'-invariant on the left, the composition of ¢ with
evaluation at the identity determines a I'-invariant, continuous linear func-
tional on V> — in other words, a ['-invariant distribution vector for the dual
representation (7', V'):

(2.7) e (V)™™), (1,v) = i(v)(e) forveV™.

This is the automorphic distribution corresponding to the embedding .
We remark that 7 completely determines the embedding. Indeed, for v € V*°
and g € G, i(v)(g) = (r(9)i(v))(e) = i(x(g)v)(e) = (7.7(g)v), so T does
determine the restriction of to V°°, which is dense in V', and hence
determines the embedding itself.

Since we work with the automorphic distribution rather than the embed-
ding, it will be more convenient to interchange the roles of 7 and the dual
representation 7’. Thus, from now on,

(2.8) i: V' — L2(T\G), 7€ (V)N (v, 7)=i{)(e) forve (V).

The natural duality between L2(I'\G) and L?(T'\G) makes this reversal of
roles legitimate. Even if 7 has central character w, not every 7 € (V~=°°)F
arises from an embedding of V' — L2(T'\G). However, for any such 7 and
v € (V') the map g — (7'(g)v,7) defines a ['-invariant C'*° function on
G, so continuous, G-invariant homomorphisms from (V') to C*°(I'\G) do
correspond bijectively to distribution vectors 7 € (V=)'

We now specialize our discussion to the case G = GL(3,R). Loosely
speaking, any irreducible unitary representation can be realized as a subrep-
resentation of a not-necessarily-unitary principal series representation [5]. To
make this precise, we consider the subgroups

ai
A= a2 a; > 0 , N_
as

I
* %
-

(2.9)

€1
M = €9 € € {:i:l}
€3

Here, as elsewhere, we do not explicitly write out zero matrix entries. Then
M A is the full diagonal subgroup of G, which normalizes N_. The semidirect
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product P = MAN_ constitutes a minimal parabolic subgroup. We fix
parameters

A= (A, A, A3) €C® suchthat 37 | A €iR,

(2.10) !
and 5:(51,52,53) G(Z/2Z) ,

which we use to define the character

€1a1 3
2.11 P C = BT aver
( . ) Wxr,s - — s Wx,6 * €209 = a— (Ij 6]»
* *x €303 Lj=1

Via left translation, G acts on

Vs ={f€C®G)| flgp) =wrs(p ") f(g) forall g€ G,pe P},
(mas(9)f)(h) = f(g'h).

Since ;Aj € iR by hypothesis, the center of G acts via a unitary character.
The significance of the factor az/a; in the definition of the inducing character
wy,s will become apparent presently.

In geometric terms, V%3 can be regarded as the space of C'™ sections of a
G-equivariant C* line bundle £, 5 — G/P. The quotient G/P is compact —
as follows, for example, from the Iwasawa decomposition G = K AN_, with
K = O(3,R). Since AN_ fails to be unimodular, G/P does not admit a G-
invariant measure. However, any product fi fa, with fi € V5 and fo € V5 5,
transforms under G' as a smooth measure on G/P. Since integration of
smooth measures over the compact manifold G/P has invariant meaning, it
follows that there exists a canonical, G-invariant pairing

(2.12)

(2.13) VS x VS, — C.

This duality between representations with parameters A and —\ depends on
the presence of the factor as/a; in the parametrization of wy s in (2.11)).

To make the pairing explicit, we note that K = O(3,R) acts transitively
on G/P;indeed, G/P = K/M since G = KP and K N P = M. The action
of K, in particular, preserves the pairing, so it can be described concretely
as integration over K,

14)  (fi.f) = /K ARAEE G (feV, feVsy),
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up to a positive constant which reflects the normalization of measures. For
A € i R3, the complex conjugate A coincides with —\. In this situation,

215 (uf) = [ AWERE (GRS AR

defines a G-invariant inner product, and V{5 is the space of C'™ vectors for
a unitary representation (s, Vi s), on the Hilbert space completion of V5.
Even without the hypothesis A € i R?, there exists a representation () s, Vi 5)
on a Hilbert space — though not necessarily a unitary representation — whose
space of C vectors coincides with V.

We now consider an arbitrary irreducible unitary representation (7, V') of
G. The result of Casselman [5] that we alluded to before, combined with the-
orem 5.8 of [43] and specialized to the case at hand, guarantees the existence
of parameters (A, d) such that

(2.16) Ve = V3,

continuously and G-invariantly. A deeper result of Casselman-Wallach [6,43]
implies that this embedding extends continuously, and of course equivari-
antly, to the spaces of distribution vectors,

(2.17) VR e ViR

Here V/\fg’o can be interpreted in three equivalent ways. On the one hand, it
is the space of distribution vectors for the — possibly non-unitary — represen-
tation which has V5 as the space of €™ vectors. It can also be characterized
as the space of distribution sections of the line bundle £, 5 — G/P whose
(™ sections constitute the space V5. Lastly, it is the space of distributions
on G which transform on the right under P according to the character wj s,
as in the distribution analogue of the definition (2.12)).

This brings us closer to the idea of an automorphic distribution as a
distribution in the usual sense. The subgroup

1

*
(2.18) N = 1 c G

— % ¥

acts freely on its open orbit in G/P, i.e., on the image of NP in G/P.
Since this open Schubert cell is dense, restriction from G to N defines an
N-invariant inclusion

(2.19) JiVES — CO(N).
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Via j, the representation 7y 5 acts on C*°(N): for g € G and a genericn € N,
we write g~'n = n,mya,n_,, withn, € N, m, € M, a, € A,n_, € N_;
then

(2.20) J(mas(g)v)(n) = was((mgay) ™) jo(ny),

as follows from . When ¢~ 'n fails to lie in the open Schubert cell,
the right hand side is undefined, so this equation must be interpreted as the
equality of two C'*° functions on their common domain, which is dense. The
embedding j extends continuously to the space of distribution vectors,

(2.21) J:Viso — C™°(N),

but no longer as an injection, since a distribution cannot be reconstructed
from its restriction to a dense open subset. However, remains valid for
distribution vectors v € V5%, as long as the right hand side is well-defined.

The composition of the inclusion and the map defines a
continuous, N-invariant linear map V= — C~>°(N). If 7 € V™ arises
from an embedding i : V' — L2(T'\G) as in (2.8), we tacitly identify 7 with
its image in C~°°(N), which is I' N N-invariant:

(2.22) 7€ C(CNN\N).

The concrete interpretation of the automorphic distribution 7 with a I' N V-
invariant distribution on N takes notational license in two ways. First of all,
it depends on the choice of the embedding , and secondly, the image of a
distribution vector in C~*°(N) does not determine the vector. We deal with
the former ambiguity by fixing the embedding throughout the discussion;
this is legitimate since the L-function we attach to 7 will turn out to be an
invariant of 7. As for the latter, when the discrete subgroup I is sufficiently
large — e.g., a congruence subgroup of GL(3,7Z) — the I'-translates of the
open Schubert cell cover all of G/P, so any I'-invariant distribution vector is
determined by its restriction to N, after all.

3 Fourier Series on the Heisenberg Group

We now apply Fourier analysis on I' M N\ N to automorphic distributions 7
as in (2.22). To simplify the discussion, we let GL(3,7Z) play the role of T":

(3.1) INN\N = N, \N, with Nz = GL(3,Z)NN.
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We should remark, however, that the results of this section can be easily
extended to the case of a congruence subgroup I' C GL(3,Z). It will be
convenient to use coordinates on NV,

(3.2) R> = N, (1,y,2)

< X

Then Z3 corresponds to Nz and {z = y = 0} to the center of N. In terms
of the coordinates, the group law is given by the formula

(3.3) (21,91, 21) - (X2, Y2, 22) = (21 4 T2, Y1 + Yo, 21 + 22 + 21Y2) -

Left and right translation on N preserve the measure dx dydz. Since the
inequalities 0 < x <1,0<y <1,0<z<1 cutout afundamental domain
for the action of Nz on N,

11 gl
(3.4) / dedydz = / / / drdydz = 1;
Nz\N o Jo Jo

in other words, dx dy dz represents Haar measure normalized so as to assign
total measure one to the quotient Nz\ V.

The irreducible unitary representations of the three dimensional Heisen-
berg group N are well known [24]. First of all there are the one-dimensional
unitary representations

(3.5) (z,y,2) +— e(ax+by), with (a,b) € R?,

Any such character, considered as function on N, is Nz-invariant if and only if
a and b are integers. It follows that the functions e(rz + sy), with (r,s) € Z?,
constitute a Hilbert space basis of the largest subspace of L?(Nz\N) on which
the center of N acts trivially.

Next we fix a non-trivial character of the center. Since we are interested in
Nz-invariant functions, we only consider non-trivial characters that restrict
trivially to the intersection of the center with Ny. These are precisely the
central characters

(3.6) (x,y,2) — e(nz), with neZ—{0}.

Up to isomorphism, there exists exactly one irreducible unitary represen-
tation (m,,V,) of N with this central character. It has two different, but
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equally natural models: in both cases on the Hilbert space V,, = L?(R), one
with action

(3.7) (mn (2, y, 2) f)(t) = e(n(z + ty)) f(z + 1),
the other, with action
(3.8) (Tn(z,y, 2)h)(t) = e(n(z —zy +tx)) h(t —y) .

The two actions are intertwined by the Fourier transform and a scaling of
the argument,

(3.9) f(t) — h(t) = fnt).

Here, as always, we normalize the Fourier transform according to Laurent
Schwartz’ convention,

(3.10) i) = / F(u) e(—ut) du.
R
There is another relation between the two models: the outer automorphism

of N conjugates 7, into 7_,. Note that the N-invariant pairing

(312)  Vo.xVe — C,  (fi. fp) = /Rfl(t)fz(t)dt,

exhibits (7_,, V_,) as the dual of (m,, V},), and simultaneously (7_,,V_,,) as
the dual of (7,,V,).

The partial derivatives g—x, g—y, % at the origin in R? span the Lie algebra
of N. If f is a C'*™ vector for m,, the identities

(3.13) Wn((%)f = %f, ﬂn(g—y)f = 2mintf, Wn(%)f =2minf

imply the square-integrability of the function ¢ + t*f)(¢) for all k,¢ € N,
so f must be a Schwartz function. Conversely, for any Schwartz function f,
(x,y,2) — mu(x,y,2)f visibly defines a C* map from N to the Schwartz
space S(R), hence in particular a C> map from N to L?(R). One can argue
the same way in the case of 7,,. Thus, for both actions,

(3.14) V> ~ S(R), anddually, V-* ~ S'(R),

—-n
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i.e., distribution vectors are tempered distributions. In analogy to (3.12)), we
denote the pairing between V> and V> by integration.

We fix a non-zero integer n € Z — {0} and a residue class k € Z/nZ. For
any choice of o, p € §'(R), the expressions

(z,y,2) — Zezk(modn) e(nz+ly)o(z+ L)

(3.15) ,

(#.5,2) 7= Doy € = 7) - 02) p(5 = )
define distributions on /V; what matters here is the temperedness of o, p and
the fact that the summation simultaneously involves a translation in one
variable and multiplication by powers of a non-trivial character in the other.
Using ([3.2H43.3)), one finds that these distributions are Nz-invariant on the
left, i.e., they lie in C~°°(Nz\N). Moreover, the first of the two depends N-
equivariantly on o when N acts on V- = §'(R) via 7, and on C~*(Nz\N)
via the right regular representation ([2.1)), whereas the second expression de-
pends N-equivariantly on p relative to the action 7, on V,-* = §'(R). Our
next statement involves the Fourier transform of tempered distributions on
R and the finite Fourier transform on the set Z/nZ. We define the former
by the identity

~

(3.16) / G(t) f(t) dt — / o(t) f(t)dt forall ocS(R), feS(R),

R

in accordance with our convention of regarding the notion of distribution as
an extension of the notion of function. In the definition of the finite Fourier
transform of a = (a)rez/mz ,

(3.17) ay = ZEGZ/HZ e(5)ay,

we follow a common convention that omits the normalizing factor and com-
plex conjugation of the character customary in representation theory.

3.18 Proposition. Any 7 € C~°(Nz\N) has Fourier expansion
T(l’,y, Z) = ZT,SEZ Cr,s 6(7“5(7 + Sy) +

+ ZnGZ—{O} ZkGZ/nZ (Zézk(modn) e(nz * gy) Uan(I + E/’I’L)) ’
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with o, € S'(R). The series converges in the strong distribution topology
on C~°(Nz\N). The contribution on the right indexed by any n € 7 — {0}
can be written alternatively as

ZkEZ/nZ ZZEk(modn) e(nZ + gy) O-n,k<x + ﬁ/n) =
= Zkez/nz Zgzk(modn) e(n(z —zy) + 4x) pnp(/n —y),

in terms of distributions p,x € S'(R) which are related to the Fourier trans-
forms of the o, by the identities

ZkEZ/nZ ax prk(y) = ZkeZ/nZ @ T (ny)

here the coefficients ax, k € Z/nZ, can be chosen arbitrarily, and (ay) de-
notes the finite Fourier transform of (ax), normalized as in (3.17)).

We shall refer to the ¢, s as the abelian Fourier coefficients of T since they
are the coefficients of the abelian characters of N in the Fourier expansion.
On the other hand, the expressions , with o, and p, in place of o
and p, should be viewed as the non-abelian Fourier components of 7.

The proof of the proposition occupies section [ below. We finish the
current section with some fairly immediate consequences of the statement of
the proposition. Let us suppose now that 7 arises from a discrete summand
i: V' — LZ(T\G) as in (2.8), with G = GL(3,R) and I' = GL(3,Z), via an
embedding V™ < V| 7 as in . We can then regard 7 as Ny-invariant
distribution on N, as in , so the notation of proposition applies.

Recall the parametrization of N. It makes the linear subspaces
{y = 0}, {z = 0} correspond to subgroups N, ., N, . of N. By definition,
the inclusion ¢ is cuspidal if

(3.19) / i(v)(n)dn = 0 = / i(v)(n)dn
NZON’E,Z\NJ),Z NZmNy,Z\NyJ

for all v € V', or equivalently, for all v in the dense subspace (V).

3.20 Lemma. If the inclusion i : V' — L2(T'\G) corresponding to T is
cuspidal, the coefficients ¢y, co s vanish, for all r,s € 7.

The lemma has a partial converse, which is far more subtle — see the proof

of lemma [7.24]
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Proof. Since i(v)(n) = (7'(n)v, 7) = (v, 7(n~!)7), the vanishing of the
two integrals, for every v € (V') is equivalent to the vanishing of the
distribution vectors

(321) ch,z - / 7T(7’L)7’dn, Ty,Z = / W(n)TdTL.
ch,z/Nz,szZ Nqu/Ny,ZﬂNZ

If the variable n € N, , in the first integral corresponds to (¢,0,u) under
the parametrization (3.2)), applying m(n) to the distribution 7 results in the
distribution 7(z — t,y,z — u — ty). We now appeal to proposition and
find

11
(3.22) (2,9, 2) = /0 /OT(CL’ —t,y,z —u—ty)dtdu = ZSEZ cos €(sy) .

Thus, if 7, , = 0, the coefficients ¢y, s € Z, all vanish. Similarly, 7,. = 0
implies ¢, o = 0 for all r € Z. O

We now look at the action of the finite group M, defined in . Since
GL(3,Z) contains M, the distribution 7 must be M-invariant. Recall that 7
has meaning as distribution on /N via the embedding and restriction
of distributions from G to N. In view of the transformation law , for
mée M and n € N,

(3.23) 7(n) = (ms(m)7)(n) = 7(mn) = wys(m)T(m nm).
Written in terms of the coordinates on N, conjugation by a diagonal matrix
m with diagonal entries €; sends (z,y, z) to (€162, €263y, €1€32), hence

3

(3.24) T(e1e9, €a€3y, €1€32) = H ejj T(x,y,2) (€, €, €3 € {£1}).

J=1

In particular, a non-zero 7 can exist only if d; +d2 4+ 3 = 0 — this is analogous
to the non-existence of modular forms of odd weight for SL(2,Z). Thus we
explicitly require

(3.25) 0 +d+3d3 = 0.

We now combine with proposition and conclude:

3.26 Lemma. For all choices of indices k,n,r, s,

Cors = (1) Crsy oonp(z) = (1) oup(=2), poni(y) = (=1 pun(y)
Crms = (1) ers, 0ni(@) = (1) 0uk(2), poni(y) = (1) pas(—y) -
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Our next statement relates the non-abelian Fourier components to the
abelian coefficients. We fix two relatively prime integers a, ¢, with ¢ # 0,
and choose an integer a € Z which represents the reciprocal of a modulo ¢:

(3.27) a,a €7, ceZ—A{0}, aa=1 (modc).
3.28 Proposition. Under the hypotheses just stated, for any q € Z — {0},
a)  Oegaq(®) = (sgnex)® |cxM27! Z oy Cra e(ract—rc?az™h),

D) pegaq(y) = (sgney)™ |ey[r2 st Zsez cpse(sc 2yt —sact),

The coefficients c,p, co s satisfy the relations

)\1—)\2—1 - _ —1 N 6 — 0
c) Z Croe(rr) = =1 Zrez croe(=ra™) if 05
reZ 0 if 03=1,

y[r2~ et cose(—sy™') if 61=0
d) ZSGZ Cos €(sy) = { 0 ZSEZ if 91=1.

The equations a)-d) can be interpreted as identities between distributions
on R*. However, the proof establishes more: an equality between distribution
vectors in appropriately defined representation spaces for SL(2,R). Details
will be given in corollary [3.38] following the proof of the proposition.

Proof. We begin with a). Because of (3.27)), there exists b € Z such that
aad — bc = 1. The first matrix factor on the left in the identity

a —b 1 z+act 2
—Cc a 1 Y =
1 1
1 —c 227! —ac™! az—by —c !
= 1 —cz +ay —c —cr
1 1

lies in SL(3,Z). In view of (2.12), (3.25), and the GL(3,Z)-invariance of T,

the matrix identity implies

Ly, z) = (sgn(—cx))63 \c:v])‘l”\rl X

-1

(3.20) T(z+ac

x 7(—c 2z ' —act,ay—cz, —by+az).
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We now equate the Fourier components on both sides that transform accor-
ding to any non-trivial character in the variable y and the trivial character in
the variable z. Since ¢ # 0, each of the terms ¢, e(r(—5= — %) + s(ay — cz))
either involves z non-trivially or does not involve y at all. Consequently these

terms do not contribute. We apply proposition [3.18 and conclude

_ 03 Aoa—A1+1
(sgn(—cxz))* |cx| ZTEZ,S#O

=YX eyt an) ey — ) ol — 2+ 5.

n#0 {=k(modn)
k€EZ/nZ cl=na, nb#la

ase(r(x+92)+sy) =

If ¢/ = na, the identity aa — bc = 1 implies fa — nb = n/c, which cannot
vanish; in particular, ¢/ = na implies nb # fa. This allows us to replace the
three sums on the right by a single sum, over non-zero integers n such that
¢ = nac™! is integral, with k denoting the residue class of £ modulo n. Since
a and c are relatively prime, we must sum over n = cq, with ¢ # 0, and set
k = ¢ = aq. For these values of n, fa —nb = q and ¢/n — a/c = 0, hence

_ o3 Aa—A1+1
sy TR

— Z#O e(qy) Oegag( —c 2271,

crse(r(r+ac™t)+sy) =

We equate the coefficients of e(qy) on both sides and replace z by —c 2271,

to obtain part a) of the proposition.

The verification of b) proceeds quite analogously. However, instead of
using the first identity in proposition directly, we use the one obtained
from it by expressing the o, in terms of the p, x:

T(l‘7y, Z) - Z Crs 6(7’1’ + Sy) +
r,s€Z

(3.31)
L S S ez —ay) + ) puslt/n — )

n#0 k€Z/nZ \{=k(modn)

Because of (2.12)), (3.25)), and the GL(3,Z)-invariance of 7, the identity

1 1 2 z+ay—actx
1 y — act =

1

o
QA
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1 arx—cz c ey t+az—actzy™) 1
_ 1 el — =2y~ 1yl

1 c cy
implies

—Asz—1

r(x,y—act, z+xy—ac'z) = (sgney)’ |cy|™ X

1

(3.32)

x t(ax —cz,act —c 2yt eyt o —actay ™)),

Next we express 7 in terms of the ¢, s and p, 1, as above. The formulas sim-
plify considerably because what enters as argument of p,, ; in the expression
(3.31) is not z itself but z — zy. Applied to the arguments of 7 on the left
and the right, respectively, this substitution gives

(z4+xy —ac'z) — x(y—ac!) = z,

c eyt +az—ac oy — (av —cz)(act —c 2yt = —bx + az.

We now equate the terms on both sides which are constant in z and transform
in the variable x according to any non-trivial character. Arguing exactly as
in the proof of a), we find

(sgney)™ ey " cie(rats(y—ac')) =
r#0, s€Z

(3.33)
=Y e(q2) pegagc2yh).

970

Isolating the coefficients of e(qy) on both sides and substituting ¢~2y~! for
y gives the formula b).

According to lemma [3.26, d3 = 1 implies ¢,o = 0 and ¢; = 1 implies
co,s = 0. This covers two of the four cases in ¢) and d). For the proof of the
remaining two, we set a =a =0, b = 1, ¢ = —1 in the identities (3.29}3.32)).
In the former, we express 7 as in proposition [3.18| and equate the terms on
both sides which transform according to the trivial character in both y and
z; when 93 = 0, this immediately gives the first case in ¢). Similarly, for
the first case in d), we express 7 in the two sides of the equation as
in (3.31) and equate the terms which transform trivially under both x and
z. [

In order to extend the validity of the identities a)-d) in proposition m,
we need to interpret the distributions ) | ¢, qe(rz), >, cqs€(sy), oni and p,
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as distribution vectors for certain representations of SL(2,R). Corresponding
to the datum of u € C and n € Z/27Z, we define

(3.34) Wi5, = {f€C¥(SL(2,R)) | f(g("7)) = (sgna)’|al"""f(g) },
on which SL(2,R) acts by left translation. Alternatively and equivalently,
(3.35) Wi, = {feC¥R) | (sgna)"|z"" f(~1/z) € C*(R) },

with action
(Wun(9™) (@) = (sen(cz +d))" |cx +d*~ f(22E]),

(3.36) for g = (CCL Z) € SL(2,R).

The space of distribution vectors for this representation is
(3.37) W, ° = strong dual space of W2,

which can be defined as in (3.34 , with the C'*° condition replaced by C'~*°. In
other words, each o € W2 can be regarded as a distribution o € C~>(R),
together with a specific extension of (sgnx)” |z[*~'o(—1/x) across x = 0.
The action of SL(2,R) on this space is also given by the formula (3.30).
However, one needs to be careful how to interpret this equality at x = —d/c.
For details see the discussion in section [2| of the analogous construction of
the representations Vy 7 of GL(3,R).

3.38 Corollary. The distributions oy, Y .oy Crqe(rz) € CT°(R) extend
naturally to vectors in the representation space Wy =\ s . Similarly pyr and

Y sz Cas €(sy) extend to vectors in Wy, 2,6~ With this interpretation, equa-
tions a) - d) in pmposztzon can be stated as follows:

D Craclrn) = <whmg( ’ _f)l )acq,aq> (z) |

Dy Case(=sy) = (whwl( ) _El )ﬂcq,aq) (y)

>, croe(ra) (%1 A253( o é)ZreZcr,oe(r~))(x) (65=0),
S peten) = (s ( ) o )T e ) (i=0)

The first two of these identities depend only on a € Z/cZ , not on the parti-
cular choice of a € 7.
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Recall the definition of the abelian subgroups N, ., N, . C N just before
the identity (3.19). To see how the proof of proposition implies the
corollary, we introduce the projection operators

Daks Pze: (V)\T(SOO)Nx,zﬂNZ N (VA—5<><>)va,sz\fZ7

)

1
1x
(3.39) PukT = /0 6(](31‘)7@\,5( 11>Td:L‘,
1
1 =z
pz77':/e€z7r,5 17 )7 dz,
¢ o (€2) s ( 1>

indexed by k, ¢ € Z, and the analogously defined projections
(340) py7k7 pz,ﬂ : (V):éoo)Ny,zﬂNZ SN (V)\T(;OO)Ny’ZmNZ )

Using the common notation p,, in both instances is justified: both extend
naturally to the space of invariants for IV, ;N\ N, .N Nz, on which they coincide.
Since N, . N N, . is the center of N, the projection p,, maps Nz-invariants
to Nz-invariants,

(3.41) Pe.z - (VA}OO)NZ - (VA_,aoo)NZ'
The centrality of N, . N N, . in N also implies the commutation relations

(342) Pkax©OPtz = PtzCPkaxyr PkyOPltz = Pt,z°Pky-

Finally, for future reference, we observe that
(3.43) przopo,- : (VA_,aoo)NZ - (V,\TJOO)NZ7 Pky©Po,z - (V,\Taoo)NZ - (VA}OO)NZ )

for all £ € Z. What matters here is the fact that N, . and N, . commute
modulo the center of N, which acts as the identity on the image of pg ..

When the restriction to NV of an automorphic distribution 7 € (V)\_,(;OO)GZ
is expressed as in proposition [3.18] one finds

540 (Pyk 0P T) N (2,y,2) = e(nz+ky)opk(z+k/n) (n#0),

| (Pya 0 P=07) N (@,2) = D crgelra +qy).

We now restrict p,rop.,,7 and pygop,07 to S-N,, =N, S, where
a b

(3.45) S = c d € SL(3,R) » = SL(2,R).
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Note that S-N,, = N, ,-S has an open orbit in /P, namely the union of
the open Schubert cell traced out by N and the codimension one Schubert
cell which can be described symbolically by the equation x = oo . In general,
one may not restrict a distribution vector 7 € V, 7 from G to the subgroup
S. However, pyrop.,,7 and p,,0p.o7 can be restricted to any subgroup
whose orbit through the identity coset in G/P is open — in particular to
N, .- S. Since both p,op.,7 and p,, 0 p.o7 transform according to
a character of N, ., they can be restricted to S after all. This restriction
transforms according to the character wys of SN P on the right; cf. .
At this point, and the distribution analogue of imply the first
assertion of the corollary.

The identity , with « replaced by x —a/c, equates two Gz-invariant
vectors in Vy 5, to which we can apply the projection py ;o p. . After doing
so, we substitute back x + a/c for . The resulting equation extends the
meaning of the equation following , and the other equations derived
from it, across © = oo and x = 0. In particular, a) and c¢) have meaning even
at x = oo and z = 0, as equalities in W), _,, 5,. Because of the Nz-invariance
of 7, the identity a) depends only on @ modulo ¢, not on the integer a. This,
in effect, establishes the first and third of the identities in corollary [3.38] The
remaining two follow similarly from the proof of proposition [3.28

We should remark that the proof of parts a) and c) of proposition m,
and of the first and third identity in corollary depend only on the
invariance of 7 under the subgroup of I' generated by Nz and the copy of
SL(2,7Z) embedded as the top left 2 x 2 block in SL(3,Z), whereas the other
parts of the proposition and the corollary use invariance under Nz and the
copy of SL(2,Z) embedded as the bottom right 2 x 2 block.

4 Proof of Proposition (3.18

We shall deduce decomposition of C~*°(Nz\N) from the analogous decom-
position of L?(Nz\N). The L? statement we need can be deduced from the
results of Brezin [3]. However, it just as simple to establish it directly, using
the notion of automorphic distribution.

The discussion of the section [2| provides a canonical N-invariant inclu-
sion Homy(V,,, L*(Nz\N)) — (V-°)" — an isomorphism, in fact, since
Nz is cocompact in N. We now construct an explicit basis of the space of
Nyz-invariant distribution vectors. Any ¢ € V7 is automatically (0,0, 1)-
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invariant. Since (1,0,0), (0, 1,0), and (0,0, 1) generate Nz, the Nz-invariance
of p € V¢ ~ §'(R) under the action 7_,, comes down to two conditions:

(4.1) o(t+1)=¢(t) and e(—nt)o(t) = o(t).

Since e(—nt) — 1 vanishes to first order on the set + Z and nowhere else,

(4.2) {6ni | KEZ/MLY, with ¢np = > 0

{=k(modn)

)

Sl

constitutes a basis of (V) C V-, ~ §'(R). In this formula ¢, denotes
the delta function at q € R.

The embedding i, : V,>° < C*°(Nz\N), which corresponds to the auto-
morphic distribution 7 = ¢,, via (2.§), sends f € V> = S(R) to

(inkf)(@,y,2) = / Oni(t) (o (,y, 2) £)(t) di
(4.3) - /R 0c(t)e(n(z+ty)) f(t +z)di

{=k(modn)

= ) elnz+ly) flr+t).

{=k(modn)

By construction, 4, is N-equivariant with respect to the action =, on V>
and the right translation action on C*°(Nz\N).

We now describe alternate embeddings which are equivariant with respect
to m,. For the purposes of this argument, we let F denote the Fourier
transform, normalized as in (3.10). The Poisson summation formula asserts

that F (3 ,cp 00) = D sy ¢, hence

(14)  (Flowt) =F (X, de) ) = ek} o).
According to (3.7H3.9)), when f, h are related by the identity h(t) = (F f)(nt),
(4.5) (Fom(z,y,2) [) () = (Tulz,y,2)h)(t/n).

Combining (4.3H4.5]), we now find
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_ /R (F ) () (F 0 7,y 2) f)(£) dlt
- / (F i) (t) (Ful, y, 2)h) (t/n) dt

_ _ thy 1t
= [ X, d0etnls —ay+ )+ B h(s -
— _ k £ _
= ¥, ez — )+ tla + B (L~ ).
This can be summarized as follows:
(46) (Zn,kf)(xa Y, Z) = ZﬁeZ/nZ (fk) (jn@ h)(l’ Y,z ) )
with h € S(R) related to f € S(R) by the equation
(4.7) ht) = f(nt),
and with j,, : V>° < C*°(Nz\N) defined by
. _ _ £ _
@8)  Gush@y2) = 3, elnl(z = y)+ ) h( )

The embedding j, x is N-equivariant with respect to the action 7, on V> =
S(R), as can be seen from the derivation of or by direct verification.

Recall the normalization of Haar measure. For ki, ko € Z/nZ and
fi,faeV® ~ SR),

(ln K S15 0, k2f2 L2(Nz\N) —

_ /// e((ty = LYy) fi(e + ) Folw + 2) dw dy dz

(f1> f2)L2(]R) if ki = ko
0 if ky # ko .

(4.9)

It follows that the i,, for k € Z/nZ, extend continuously to L*(R), and
that the extensions constitute an orthonormal basis of Homy (V;,, L*(Nz\N)).
Different values of n € Z — {0} correspond to different central characters, so
the images of 4, for different n are perpendicular. Thus, for F' € L*(Nz\N),
there exist uniquely determined b, ; € C and f, x € L*(R) such that

Flaans) = 3 belrrtsp) + Y o Gnihus)@.9.).
(410) kEZ/nZ

and (2 = S el + S0 fuklBagey
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Quite analogously there exist h, , € L*(R) such that

F(:z:,y, Z) = ZT,SEZ brs e(mc—l—sy + Z nzyéOZ (]nkzhnk)(x Y,z )7
(4.11) keZ/n

and [y = Do el + 30 Mol

The identities (4.614.8) relate the A, to the f, x:

hn(y) = Zeezmz 6(%)};1,Z(ny>7

or in equivalent, but more symmetric form,

(4.12) ZkEZ/nZ ar i (y) = ZkeZ/nZ @ Jr(ny)

with any choice of coefficients ay, k € Z/nZ — cf. (3.17).

When the explicit formulas for i, and j,; are substituted,
(4.10{4.12) amount to the L? analogue of proposition . Let us suppose
now that the function F' in - ) has derivatives of order up to £ > 1. In
view of the equivariance of 7, ; and the identities , the non-abelian
Fourier components of r(4-)F, r(5- o r(9-)F are

T( )Zn,k<fn,k(t)) - Zn,k(frlz,k(t» )
(413) 7’( )ka(fn,k(t) = 2min ka(tfn’k(t)) s
7”( )in,k<fn,k (t)) = 27in Z.n,k:(fn,k (t)> .

In these equations, r denotes the right regular representation (|2 and o
gy, % are regarded as generators of the Lie algebra of N, as in In
particular all the f; ,(t) and tf,x(t) must lie in L*(R). Iterating this argu-
ment, one finds that the existence of derivatives up to order ¢ implies the

finitenesd?] of

(4.14)  IFIF = Y (Z 5% by + Z | g (t)lliz(m)

17320 AL
i+tg<e

gl

~—

S g

Conversely the finiteness of ||F'||? ensures the existence of L? derivatives of
order up to £. We conclude that the family of Sobolev norms || ||¢, ¢ € N,

*Note the presence of the factor n in the second formula in (4.13)) and recall that n # 0.
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defines the topology of C*°(Nz\N). In particular, each non-abelian Fourier
component f, of a C* function F' satisfies the finiteness conditions

(4.15) D iy isce I Dl72m < o0

for all £ > 0, hence f, 1 € S(R).
Since the norms || ||, increase with ¢, for any 7 € C~°°(Nz\N), the linear
map

(4.16) C*(Nz\N) > F+— T Fdn

NzZ\N

must be bounded with respect to at least one of the norms, and therefore
with respect to all but finitely many of them. Thus 7 lies in the completion
of C*°(Nz\N) with respect to a Sobolev norm || ||, with negative index, i.e.
the norm dual to the norm || ||,, with £ > 0. The existence of a series expan-
sion as described in proposition [3.18 now follows from an essentially formal
Hilbert space argument. Each of the non-abelian Fourier components o, 5, of
T pairs continuously against the component f_, r € S(R) of an arbitrary
test function F' € C*°(Nz\N); in other words, o, is a tempered distribution.
By construction, the series of 7 converges with respect to the norm || ||,
which means that in converges in the strong distribution topology. The re-
lation , finally, is inherited by the non-abelian Fourier components of
7 because S(R) is dense in S’(R). This completes the proof.

5 Voronoi Summation for GL(3,7Z)

In this section we prove our main theorem using the machinery developed in
sections |2l and (3] and the analytic tools developed in [27]. We continue with
the hypotheses of section [3} in particular the automorphic distribution 7 is

invariant under I' = GL(3,Z), and >_0; = 0 — cf. (3.25). We also suppose 7
is cuspidal, so

(5.1) o = cos = 0 forall r,seZ,

as follows from lemma [3.201
In the paper [27] we introduce the notion of vanishing to infinite order
for distributions: o € C~*°(R) vanishes to infinite order at z = 0 if, for
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each n € N, there exists an open interval I containing the origin, a collection
of L* functions f; € L>*(I), 1 < j < N,, and non-negative integers k; ,
1 < j < N,, such that on the interval I,

n ki
(5.2) o(z) = x ZlgjgNn xkjﬁ i(r).

We show that a distribution ¢ which satisfies this condition is uniquely de-
termined, among all distributions with the same property, by its restriction
to R* [27, lemma 2.8]. This justifies the following terminology: a distribution
o € C~>°(R*) has a canonical extension across 0 if there exists a — necessarily
unique — extension to a distribution on R which vanishes to infinite order at
the origin. By definition, ¢ € C~*°(R) vanishes to infinite order at o € R
if x — o(x + x¢) vanishes to infinite order at 0; 0 € C~°(R — {zy}) has
a canonical extension across zg if  — o(x + o) has a canonical extension
across 0; and 0 € C~°(R) extends canonically across oo if z +— o(1/x)
extends canonically across 0 [27]. Very importantly, if o has a canonical ex-
tension across either 0 or oo, then so do the distributions x +— |z|%¢(z) and
x — |z|*sgn(z)o(x), for every o € C [27], proposition 2.26].

The assertion of the next lemma depends crucially on the cuspidality
of the automorphic distribution 7, which is a standing assumption in this
section. We shall prove it at the end of the section, after using it to complete
the proof of the Voronoi summation formula.

5.3 Lemma. The distributions Y ., C;q€(TT), Ongy Y sez Cas €(SY) s Prk
extend canonically across oo, and all of them vanish to infinite order at every
rational point.

A comment on the connection between the lemma and corollary [3.38
the former considerably strengthens the latter, from which it will be deduced.
The corollary asserts the equality of unspecified extensions of distributions to
distribution vectors, whereas the lemma implies the equality of the uniquely
determined canonical extensions.

We begin the proof of the main theorem with some remarks about the
operators 1, s which are the subject of [27, §6]: for a € C, and 0 € Z/2Z,

(5.4) Tosf = F(z— f(1/z)(sgnz)’ z[*7") (feSMR)).

The integral that computes this Fourier transform converges absolutely when
Rea > 0. Even without the restriction on «, T, 5 f is well defined as function
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on R — {0} which depends holomorphically on «, because the Fourier kernel
x +— e(—xy) vanishes to infinite order at infinity when y # 0. The function
To.sf tends to zero rapidly as |z| — oo, along with all its derivatives, and at
the origin T}, 5 f has potential singularities, which can be described explicitly.
Let S,is(R) denote the linear span of all products (sgnx)?(log |z|)¥|z|° f(z),
with 5 € C,n € Z/2C, k > 0, and f € S(R). Then 7,5 extends from S(R)
to Ssis(R) and maps this space to itself:

(55) Ta75 : Ssis(R) — Ssis(R) .

[27, theorem 6.6]. In particular, one can compose any two or more of these
operators. Also note that the integration pairing

(5.6) /Rf(x) o(x)dzr is well-defined for any f € Sgs(R),

provided o € §'(R) vanishes to infinite order at the origin,

as follows from the definition of the space Sgs(R).

If 0 € §'(R) vanishes to infinite order at the origin, the Fourier transform
o extends canonically across oo [27, theorem 3.19]. Hence o(1/x) may be
regarded as a tempered distribution on R which vanishes to infinite order at
x = 0. The distribution (sgnz)°|z|*~'5(1/x) inherits this property, so

(5.7) Ti50(x) = (sgna)’ |z[*'5(1/x)

defines a linear operator on the space of ¢ € §'(R) which vanish to infinite
order at the origin. This is the adjoint of the operator (/5.5 with respect to

the pairing (/5.6]):
/ngf(:c) o(x)de = /f(:v) Trso(x)dr if f € S4(R)
R R

and if o € §’(R) vanishes to infinite order at z = 0

(5.8)

[27, theorem 6.9].

Turning to the substance of the proof, we express the automorphic distri-
bution 7 as in proposition [3.18 It will be convenient to work with renormal-
ized Fourier coefficients

(5.9) Ars = Crg |7"|Al |s|_’\3 (sgn 7")51 (sgn 3)53 )
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These can be described in terms the Hecke action — see below — and
therefore have canonical meaning. The passage from the ¢, to the a,; is
analogous to the normalization a,|n|™ for the Fourier coefficients in .
We should also point out that the parameters (A, d) in depend on the
choice of a Casselman embedding, which is not unique. Different embeddings
give different Fourier coefficients ¢, ;. On the other hand, the description of
the a,, in terms of the Hecke action means that they are determined by 7
itself, except for a constant normalizing factor. Note that

(510) Qrs = A_ps = Apr_s = A_p_g, Qro = 07 Qg,s = 07

)

because of lemma [3.26, the renormalization ([5.9)), and the cuspidality of 7.
Fix integers a, ¢, ¢ € Z such that a, c are relatively prime, ¢ # 0, and
g > 0. As usual, we let a € Z denote an inverse of @ modulo ¢; for emphasis,

(5.11) a,a,c,q€Z, ¢#0, ¢>0, (a,¢)=1(modec), aa=1 (modc).

We now substitute y = ¢ 2z into the second equation in proposition m,
reverse the roles of a, a, and use ([5.9)):

Aa—Az—1
Peqaq(r/c?) = (sgncx)™ il Z Cqn€(n/x —mnajc)
n#0
(5.12) o lppehe o
= (sgncx)’q " |- Z agn (sgnn)®n|®e(n/z —najc).
c
n#0

According to proposition [3.18]
_ 2 — (1 5
(5.13) paaale) = Y0 etafe)Sgalazfe).

In view of lemma and the definition of the operator T, (5.12({5.13)
imply

Znﬂ] gn (sgnn)%|n|Me(nz —najc) = (1%, -2;.6,00)(7), with

5.14
5-14) oo(z) = ¢! (sgne)™ |2 Z e(ta/c) oeqi(cx/q) .

LEL/cqZ

For { € Z/cqZ, we let £ € Z denote a solution of the congruence £/ = (cq, )
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modulo cq; the particular choice of ¢ will not matter. With this convention,

Oequ(cz/q) =
? 0 07 0)2
(515  — BTan VRN Y e ey (BT — ELE)
Z sgnx 53|(cq g)ll A1+A2+A3 " e(n(cq/)[ _ n(cq,Z)Q)
= Zunzo (sgnn)d nh|c2p[Tatre O erd) S Bz )

as follows from the first identity in proposition and the definition of the
a,s in terms of the ¢, ;. This implies

UCQ,Z(C‘]"/Q) = (Tilf)\g,é'go-l)(x), Wlth

(5.16) I(cq, €)1 M1Hre s

o (x e(Meely 5 02 (@),

- Zméo (sgnn)3 [n =2+ O (cad) S g

which does vanish to infinite order at the origin, as required.
We now fix a test function f € (sgnz)%|z|*S(R), as in our statement of
the Voronoi summation formula. Then

(5.17) g(z) = / (sgn9)™ [y £(y) e(—y) dy

is the Fourier transform of a Schwartz function, and hence is a Schwartz
function itself. In view of Fourier inversion, (5.8)), and (|5.14)),

’n’)\g’ g n

D o Gancl(=na/O) f(n) = > O el=nale)(n)
(5.18) = /Rzn;éo agn [0 (sgnn)® e(nr — na/c) g(x) dv
= Y ST [ et 0) T ) 0)

teZ/eql, gl—M |c| A2+A3

Similarly (5.8)) and ([5.16)) imply

(cg. 1A

(5.19) /RU’”’Z(”/ D) de =3, (sgnn) [n[ 222

n(cq,l n(cq,l)?
X a”v(c%f)e( neat)t )(TM >\2753h>(M)7

cq c3q
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for any h € Sg(R). We now substitute h = T),_», 4,9 and combine the
resulting equation with ((5.18)):

S Ganel—naje) f(n) =
S % e TR n(cg.0% 15, | nlcq.O)? 1-A
(520) - 7./ caZ, 1-A1—A2—A3 (Sgn cgq )1| cgq | tX
n#0L—te /et |(cq, {)]

G, (cq,b n(cq,0)l a n(cq.)?
’;Lf ) 6( (cqqZ)E + %) (Tkl—)@ﬁg © T/\2_/\3751 g)((c+q£)) ’

since ¢ > 0 by assumption.

As the index of summation ¢ in ranges over Z/cqZ, the greatest
common divisor d =g (cq, ¢) ranges over all divisors of c¢q and the quotient
0" =get £/d over the units modulo cg/d. In this situation, any inverse ¢ to
¢ modulo cq/d can take the place of /. When the sum over £ is broken up
into a double sum over d and ¢, only the exponential term involves ¢ and ¢'.
This observation leads to the following simplification of :

S dancl-na/e) fln) =
_ ’c‘l_)\l_)\2_>\3 nd?\61 |nd? |1-X
- Zniozd\cq |n| |d|1*/\1*)\2*/\3 (sgnch) ' |6Tq| X

X g S(aq,m; cq/d) (Ta,xa.05© Tay-rs.5 9) (%)
|C|17)\17)\27)\3

- a . nd?
= Zn;éo Zd‘cq |n| |d|1_>\1_>\2_/\3 anvd S<GQ7 n7 CQ/d) F(ch) s

where by definition

(5.21)

(522) F(t) = (Sgn t)(Sl |t‘1_)\1 (T)\l_)\27530 TAQ—)\3,51 © F(<Sgn x)63 |$|_/\3f)) (t) 5

and where

nd?l’ {'da _ = .
(5.23) D ey o+ G = Slagnicq/d)

is the Kloosterman sum with parameters aq, n, cq/d.

In the definition of I, the Fourier transform is computed by the
absolutely convergent integral . Since g is a Schwartz function, the
integral expressing Th,_»,s, ¢ in terms of g converges absolutely, provided
Re(A2 — A3) > 0. In that case h(z) = Th,—x, 5 9(x) is globally continuous
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and decays rapidly as || — co. But then T),_,, s,/ is also computed by an
absolutely convergent integral, provided Re(A; — A2) > 0. We conclude: if
ReA; > Re )Xy > Re)\g,

50y FO=Com0P - g / @ty =z =) x

X (sgnx)%(sgny)® (sgn 2)% |o| A3 |y| A2 A "M gy dy dz

with all three integrals converging absolutely when performed in the indicated
order. Since the operator depends holomorphically on «, the identity
(5.24]) retains meaning for other values of A1, A2, A3 by analytic continuation.
The same is true for the repeated integral

/ / / xlxﬂs)
(525 r1=—00 a:zf—oo r3=—00

H ((sgnz;)% |z;| ™Y e(—x;)) das das day

which results from by the change of variables x; = tz, x5 = y/z,
x3 =1x/y.

We now impose the parity condition f(—z) = (—1)"f(z), with n € {0, 1},
in which case F' also satisfies this condition. The intermediate function g,
defined in , has parity n + d3, and

(5.26) Myis,9(s) = (=1)"™% Grisy(s) My f (1= 5 = X3)

as follows from the formula |27, 4.51] for the Fourier transform of the signed
Mellin kernel; here G, (s) denotes the Gamma factor defined in (6.6{16.7)).
At this point, two applications of [27, lemma 6.19] imply

621 MF(s) = (<17 (] Gues (s = A+ 1) Myf (=),

We use the Gamma identities (6.4) and (6.11) to express the product of

Gamma factors in the more familiar form

; X r s+1=X;+4 )
oy _ _—3/2-3s OGN N 2
(5.28) szl Gos,(s=Xj+1) =7 szl <z i P(_s+/\j+53) );
2

with 07 € {0,1} determined by the congruence 05 = n + J; (mod2). An
analysis of the poles of the Gamma factors and of M, f shows that M, F
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is meromorphic and regular for Re s > max;(Re A; — 1). Moreover M, F (s)
decays rapidly on vertical strips |27, §6]. Thus we can apply the signed Mellin
inversion formula,

47

(5.29) Fla) = eno) /R (P ] ds

with o chosen large enough to place the line of integration to the right of all
the poles of M,F. The alternate expression for F' in our statement of the
Voronoi summation formula now follows from (|5.27H5.29)).

The singularities of F' at the origin reflect the location and order of the
poles of M, F. For the statement of the relevant results in [27], we introduce
the partial order

(530) (Oél, 771) =< (042, 772) < Qo — O] € (QZ +m + 7]2) N ZZO
on the set C x Z/2Z. According to [27], 6.54],

(5.31) F € Z (sgnz)% [z|"Y S(R) if (cu,n;) A (aj,m;) for alli # j.

In the description of the remaining two cases, ¢ denotes a permutation of
the set {1,2,3} such that Re \,, < Re\,, < Re\,,. With this convention,

F € (sgnz)|z|'"* log |z| S(R sgnx )ooi| |1 A7 S(R
g F €GO ol S®) + o] i S(R)
it (/\017501) j ()\027602) and (A0j750'j) ﬁ ()\037503) for ] - ]-a 2
[27, 6.55], and
b0j || 1= Ao 3—j
gy € Lieyes () a7 Goglal S(R)

lf ()\0'1’60'1) j ()\0'27502) j ()\0'3750'3>

[27, 6.56]. That completes the proof of the Voronoi summation formula for

GL(3), except for lemma [5.3|

Proof of lemma [5.3] Recall the arguments and notation in the proof of corol-
lary Restated in terms of this notation, the first of the two cuspidality
conditions asserts that p, oo p,o7 = 0. As pointed out in the proof of
corollary [3.38] ps o and p,, commute on the image of p. o, hence

(5.34) 0 = PyqOPz0OP20T = Pr0OPyqOPz0T -
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We had argued that it is legitimate to restrict the distribution p, ,0p. o7 to
the subgroup S = SL(2,R), and we had identified this restriction with the
extension of ) ¢, e(rz) to a vector in Wy ™, s which is periodic, even at
0o. To simplify the notation, we tacitly identify the sum with its extension.
Then ([5.34)) is equivalent to

(5.35) /01 N ((1) i) <ZTEZ cmem)) dt = 0.

This in turn implies ¢, = 0, as was argued already in the proof of lemma[3.20}
and also has a consequence at infinity, which we shall now explicate.

The periodic distribution ) ¢, e(rz) has zero constant term, thus ex-
tends canonically across oo by [27, proposition 2.19]. At first glance, there
are two notions of extension across co: as distribution on R U {oo}, and as
vector in the representation space W, ™, ;. The two extensions are related
by the multiplicative factor (sgnz)%|z|**~*2 — see the discussion following
(3-37) — which does not affect the notion of vanishing to infinite order at
oo [27), proposition 2.26]. It follows that ) ¢, ,e(rz) can be extended to a
vector in Wy ™, ; mot only in the manner described in corollary - we
shall call this the natural extension — but also as a distribution vector which
vanishes to infinite order at co. We let (3, ¢, 4e(rr))e € W, ™), 5 denote
the difference between the two, which is supported at infinity by construc-
tion. In view of |27, lemma 2.8] and [27, proposition 7.20], the canonical
extension inherits both periodicity and the property from the natural
extension, hence so does their difference:

Yry—rs,04 ((1) 1) (ZTCWG(T@> = <Zrcr,q e(rx))

o0

' 1t
and /Ow,\l,\w;g (0 1) (ZTGZ cwe(rx)> dt = 0.

[e.o]

(5.36)

[e.o]

The space of distribution vectors in Wy ™, s supported at oo has a natural
increasing filtration by the normal order: by definition, the k-th derivative
of the delta function at oo has order k. The upper triangular unipotent
subgroup N, C SL(2,R) fixes the point at infinity, and therefore preserves
this filtration. In fact,

(5.37) the action of N on {0 € W, %, s | suppto C {co} } induces

the identity on the successive quotients of the filtration.
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To see this note that N, is the unipotent radical of the isotropy subgroup at
oo. As such, it acts trivially on the fiber at oo of any SL(2, R)-equivariant
line bundle, in particular the line bundle whose sections constitute Wy °_°)\27 P
For the same reason the vector field which generates N, has a second order
zero at oo. Taken together, these two statements imply .

Because of , N, acts unipotently on any finite dimensional subspace
of {o € W%, s, | suppt o C {oo} }, for example the subspace of all sections
of normal order at most m, for a given m > 0, which are invariant under
some Ny, € Ny, ne # e. This latter space is acted upon by the compact
quotient N, /{n* | k € Z}. A compact group which acts unipotently must
act trivially. Thus (5.36({.37) imply (D>, ¢ 4€(rz))e = 0 — in other words,
> .Crqe(rz) vanishes to infinite order at co. Since the roles of x and y are
related by the outer automorphism , the analogous statement about
> .Cqse(sy) is also correct. Note that the identities in corollary relate
Ocqaq A pegaq near = 0 to, respectively, Y c.qe(rz) and ) cq,e(sy)
near r = oo. Hence

(5.38) the 0, and p,  all vanish to infinite order at 0,

Therefore, by |27, theorem 3.19], their Fourier transform have canonical ex-
tensions across infinity:

(5.39) the o, and p,; all have canonical extensions across oo.

As in the earlier discussion, one can interpret this alternatively and equiva-
lently as a statement about distributions on RU{oo} or about vectors in the
appropriate representation spaces.

Like )~ ¢, qe(rx), the distribution o, € C~*(R) has two potentially
different extensions to vectors in Wy ™, . the natural extension, i.e., in
the manner specified in corollary [3.38] and the canonical extension. We let
(Onk)oo € W, O_OA% 5, denote the difference of the two. Note that corollary
relates the behavior of 0.z, at oo to that of )  _, c.qe(rz) at a/c. In
particular ) _, ¢, e(rx) vanishes to infinite order at a/c if and only if
(Oeqaq)oe = 0. But (a, ¢) is an arbitrary pair of relatively prime integers with
c # 0, so all the Y _, ¢, qe(rr) vanish to infinite order at every rational
point if and only if (0,x)e = O for all n # 0 and k. When that is the
case, another application of corollary implies that also the o, vanish
to infinite order at all rational points. We can argue similarly in the case of
png and Y, cqse(sy). Conclusion: to complete the proof of lemma , it
suffices to show (0, k)00 = 0 and (pnk)eo = 0 for all n # 0 and k.
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We fix integers a, ¢, ¢, a as in (5.11]), choose b € Z so that aa — bc =1,
and define

, My = 1 1 y Myy = ynyv_l

(5.40) v = a
c 1

QA

Arguing as in the proof of corollary [3.38| one finds that p, ,op. ¢ 7 is invariant
under n, and py © Pyq© P.o T = 0. Since v fixes T,

() 0 Prg 0 Pao o (Y )T = T(Y) 0 pay 0P T is invariant under

(5.41) nyy and (w(7) © pyo 0 (1Y) (7(7) © Pag 0 pro o m(y 1)) 7 = 0.

The operator p;q © p.o sends any vector in V, 5 to the component that
transforms under N, , according to the character e(—qz). But v~! normalizes
N, . and acts on this group via (z, z) — (ax + cz,bx + az), from which one
can deduce

(5.42) T(7) ©Prg 0 Ps0 0 T(Y ") = Priag© Pacq-

Recall the definition of the codimension one Schubert cell {z = oo}, following

(3.45). We use the matrix identity

1 =z =z 1 z 1 =z
(5.43) 1y = 1y 1 ,
1 1 1

to extend the coordinates (x,y, z) from the open cell N to NU{x = oo}, with
x expressed as x = 1/u near x = 0o, of course. This is legitimate because the
second factor on the right lies in the group S ~ SL(2,R) — cf. — whose
orbit through the identity coset is a copy of CP! ~ R U {oo}. Proposition

and the proof of corollary imply

(PzeqT) (2,9, 2) =

(5.44) = ¥ Z e(cqz + ty) (whms ( ! _é )acq,k) (2),

k€EZ/cqZ =
mod(cq)

as an identity valid not only on N, but even on N U {z = oo}. In view of
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(5.42) and the multiplication law ({3.3]),
(T(7) 0 pagoppom(y ) 7) (2,y,2) =

1 cqt—t
(5.45) = / Z e(agt+ cq(z — ty)+ Ly) <¢A1,\2,53 (1 clq )acq,k)(w) dt,
0

kEZ/cqZ
=k (cq)

again as an identity between distribution sections of £ s over N U {z = co}.

When we write 0egr = (Tegk)can + (Teqk)oo as the sum of the canonical
extension of o k/r and a summand supported at infinity, the integrand
in splits into the sum of two terms, one of which vanishes to infinite
order along {z = oo} [27, lemma 7.2 and the other supported on {z = oo}
According to [27, proposition 7.20], that remains the case after the integration
is performed:

(546) 71—(7) o pm,q o pz,O o ﬂ-('y_l) T = Tinforder + T{x:oo} )

where Tinforder Stands for a distribution section over N U {x = oo} which
vanishes to infinite order along {z = oo}, and with

T{z=00} (QZ, Y, Z) =

1 cqt—~4
1 q
(547) = / > elagt+ cq(z — ty)+ ty) ?/m-&,ag( 7 )(ch,k)oo dt
0 kEZ/cqZ
L=k (cq)

supported on {x = co}. We shall extend the identity (5.46) to a larger set.
For this purpose, we need to know that

U =gt NUYNU{z =00} U~vy{x =00} isopenin G/P,
(5.48) T =get {¥ =00} U~y{x =00} isa closed submanifold of U,
and both U and T are nyy,ny’l-invariant.

This can be verified directly or, more easily, deduced from the explicit de-
scription of the Schubert cells in section [7], in the proof of lemma [7.24] Note
that yN, ,7~! contains the one parameter unipotent group through n, .; the

3To apply [27, lemma 7.2, one needs to know that the canonical extensions of the
summands in (5.45) vanish at co uniformly |27, definition 7.1]. One can show that directly;
alternatively, one can argue as in the proof of the stronger statement (7.55) in @
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operator m(y) o pyo © m(y!) involves integration over this one parameter
group modulo the cyclic group generated by n, . We claim:

the identity ((5.46) is valid on all of U, with Tiuforder NOW denoting
(5.49) an expression which vanishes to infinite order along 7', and

with 7Tr;—o} supported on the complement of y{z = oo} in T

To see this, it suffices to show that m(y) o p,, © p.o o T(y~!) 7 vanishes to
infinite order along v{x = oo}, or equivalently, in view of (5.41)), that

(5.50) (Pegop=0m)(@.y,2) =

L Caselar+y)
vanishes to infinite order along {x = oco}. In the first part of the proof we
showed that 3, ¢;se(gz + sy) vanishes to infinite order along {z = oo},
for each s # 0. Hence so does >, o ¢4s€(qr + sy) [27, lemmas 7.2 and
7.13]. Applying the projection operator p,, does not destroy this property

[27, proposition 7.20], so (5.49) follows.
Because of ((5.48H5.49) and [27, proposition 7.20], both summands in

(5.46) inherit from 7(y) o pyy 0 p.o o w(y~!) 7 the two invariance properties
mentioned in (5.41)). In particular,

T{z=occ} 18 invariant under n, . and is annihilated

(5:51) by (7)o pyoom(yt).

A straightforward calculation shows that the two sets {x = oo, y = a/c}
and y{x = oo} cover T disjointly. Hence, in view of ([5.49)),

(5.52) T{z=oo} is supported on {z =00, y=a/c} C T.

We regard g—y as an element of the Lie algebra of N, as in (3.13]). Then 'Yg_y'fl

generates the one parameter unipotent subgroup of GL(3,R) passing through
ny,~. This subgroup fixes {x = 0o, y = a/c} pointwise — equivalently, the
generating vector field yg—yy_l vanishes along {x = oo, y = a/c}. More
precisely, in terms of the local coordinates u=1/z, v =y —a/c, z,

vg—yv_l = hi(u,v,z) % + ha(u,v,2) % + hs(u,v,2) %,
(5.53) with hy, he vanishing to second order along {z = oo, y = a/c}

and hg vanishing to first order.
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One way to see this is to note that gy~!, with ¢ = (1 . 1), carries the
submanifold {z =00, y =a/c} onto {x =z =0} C N, and that

1

1 Lz 2 e ) i *
g 1t |gt 1y | = 1 S k% :
1 1 1 * % %
which implies gg—g*1 =—x(z— xy)% — yzg—y — 22%. This latter identity in

turn implies ((5.53)).

The space of distribution sections of L£ys over U with support in the
codimension two submanifold {z = oo, y = a/c} is filtered by the normal
order. This is analogous to the normal order filtration discussed in the first
part of the proof; it counts the total number of normal derivatives, in both
conormal directions. Because of (5.53)), the vector field 7g—y7’1 lowers the
normal order by one. In general the normal order is well defined only locally,
but 7{,— is periodic in the variable z and therefore has a globally well
defined normal order. It follows that 7(,—. lies in a finite dimensional space
of distribution sections, invariant under the action of the one parameter
subgroup generated by vg—yv’l, on which this group acts unipotently. We
now appeal to and argue the same way as in the first part of the
proof, to conclude that 7{,—) vanishes. Next we multiply 7{;—oy = 0 by
e(—cqz), express T{;—o} as in , substitute v + a/c for y, note that
e(la/c) = e(ka/c) when ¢ = k mod(cq), and then unfold the integration
with respect to t:

1 1 cat=t
0 = / Z e((0 — eqt)v + ka/c) ¢A1—/\2,63< Cl‘l ) (Ceq k)0 dt
0 k€EZ/cqZ
(5.54) 1=k (cq)
— Z e(ka/c)/e(—cqvt) @Z),\l_)\2753(1 i) (Ceq k)0 dt .
k€Z/cql R

When we reinterpret this identity on the level of the top quotient of the
filtration referred to in —i.e., the top level quotient at which there is a
non-zero component — (0., k) 1O longer gets translated, since N, acts tri-
vially on the quotient. That leaves the integral [, e(—cqut) dt = |cq|™" do(v)
as a factor which can be pulled out. Conclusion:

(5.55) ZkeZ/ch e(ka/c) (Gegr)se = 0,
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since a non-zero “top component” cannot occur at any level.

To simplify the notation, we write n for the product cq. Any fraction
with denominator n can be expressed as a/c with a and ¢ as above, so (5.55)
asserts the vanishing of the finite Fourier transform of Z/nZ > k — (0p.4) oo ,
and therefore implies (0y,1)o0 = 0 for all n # 0 and k € Z/cqZ. The p,,; are
related to the o, by an outer automorphism of G which stabilizes N. It
follows that the (p, k) must also be zero. As was pointed out before, this
completes the proof of lemma [5.3] O

6 L-functions

In this section we derive the analytic continuation and functional equation of
the standard L-function of a cuspidal GL(3,Z)-automorphic representation
of GL(3,R), and more generally, of the standard L-function twisted by a
primitive Dirichlet character.

Let us recall the existing methods of proof. Jacquet-Langlands first estab-
lished the analytic continuation and functional equation via an integral over
the entire group G = GL(3,R) [12]. Jacquet, Piatetski-Shapiro, and Shalika
later found an argument using Mellin transforms over one-dimensional tori
of G [20]; see also [4]. Their approach enabled them to give a necessary and
sufficient condition for automorphy in their converse theorem, a topic we
shall return to in section [7} A third method, of Langlands and Shahidi, uses
the constant terms of maximal parabolic Eisenstein series on GL(4) [35].

The method we present here has some similarities to that of [20], but
totally avoids the use of Whittaker functions. Our arguments apply equally to
cusp forms on quotients GL(3,R) by congruence subgroups of I' = GL(3,7Z).
We have chosen to limit the discussion to case of full level, to explain most
transparently how our method works.

Let 7 be a cuspidal automorphic distribution for I' = GL(3,Z) as in
section , with normalized abelian Fourier coefficients a,, ,, as in (5.9). The
standard and contragredient L-functions of 7 are defined as

(6.1) L(s,7) = Zﬁh,nn_s and L(s,7) = Zan,ﬂl_s,
n=1 n=1

respectively. The latter is the standard L-function for the automorphic dis-
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tribution 7 obtained from 7 by conjugation with the outer automorphism

1
(6'2) g — Wiong <gt)71 wl?)rllg’ with Wiong = wlorllg - 1 )
1

whose restriction to N we encountered before, in . When 7 corresponds
to the embedding of the irreducible unitary representation 7/, 7 corres-
ponds to the embedding of the dual representation 7, via the composition of
(2.8)) with the outer automorphism . The series (6.1]) converge uniformly
and absolutely for Res sufficiently large, because the Fourier coefficients of
a periodic distribution grow at most polynomially in terms of the index.
It is important to note that agrees with the usual definition — e.g.,
in [4, §8] — of the L-function of an automorphic form ¢ € L2(T'\G) inside
the direct summand determined by 7. One can see this by relating the
Fourier-Whittaker expansion of ¢, as in [28] or [36], to the abelian part
of the Fourier expansion of 7 — in effect, by proving a GL(3)-analogue of
[34, lemma 5.65]. However, it is much easier to argue using the Hecke action:
when 7 is an eigendistribution of the Hecke operators 17, and T}, 1, the a, s
can be renormalized so that a;; = 1, in which case the a;, and a,; coincide
with the Hecke eigenvalues of ¢ — see ([7.4H7.7]) in the next section.

A Dirichlet character modulo ¢ is a function xy : Z — C obtained by
lifting a character of (Z/qZ)* and then extending it to all of Z by defining
x(n) =0 when (n,q) # 1. A Dirichlet character x’ modulo ¢’ is said to be
induced from x if ¢ divides ¢/, and x and X’ agree on all integers relatively
prime to ¢’. When a character x modulo ¢ is not properly induced one calls
x primitive and q the conductor. The standard L-functions twisted by the
primitive Dirichlet character y are defined as the series

(6.3) L(s,7®X) Zalnx n~° and L(s,7T®Yx) Zaan

n=1 n=1

These, too, converge for Re s sufficiently large. When y = 1 is the trivial
Dirichlet character, L(s, 7®x) coincides with the standard L-function L(s, 7).

The statement and proof of the functional equation involve the I'-function
and various I'-identities. We begin with the notational conventions

(6.4) Ta(s) = 7°/2T(s/2), Tels) = 2(2m)~*T(s),
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which are commonly used in the context of L-functions. The classical dupli-
cation formula relates these two modified I'-functions:

(6.5) Fe(s) = Tr(s)Tr(s+1).

For § € Z /27, and initially only for 0 < Res < 1, we define
(6.6) Gs(s) = / e(x) |z|*! sgn(x)’ d (0<Res<1).
R

Both Gy(s) and G(s) extend meromorphically to the entire complex plane:
(6.7) Go(s) = T'c(s) cos(ms/2), Gi(s) = ilc(s) sin(ms/2),

as follows from the standard identity [J~e™“z* 'dz = a*I'(s)e™*/? which
holds when 0 < a, 0 < Res < 1. Since I'(s) is never zero and has simple
poles only, at the points s = —n, n=0,1,2, ...,

the poles of Gs(s) are all simple and lie at s € (2Z + 6) N Z<o,
the zeros of Gs(s) are all simple and lie at s € (2Z+ 0+ 1) N Z~o .

(6.8)
In view of (6.7)), the identity

(6.9) Gs(s)Gs(1—5) = (=1)°

paraphrases the well known functional equation for the I'-function,
(6.10) I'(s)I'(1—s) = 7 csc(ms).

This functional equation, in combination with the duplication identity (6.5)),
also implies
FR( S + 5)

(6.11) Gs(s) = ¢5FR(1_8+5) (6 € {0,1}) .

Unlike and (6.9), which visibly depend only on the parity of ¢, (6.11)

becomes incorrect without the condition 6 € {0,1}. We conclude this dis-
cussion of I'-identities with a less well known formula,

AM — X € 2Z+6—02+1 =
(6.12) Fe(s + M)

Fc(l—S—Ag) ,

Gs, (5 + A1) Gsy(s+ Ny) = M2t
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which can be deduced from the functional equation and the standard
identity I'(s + 1) = s I'(s).

The functional equation for the twisted L-functions also involves the
Gauss sum

(6.13) g = Zm/qz x(k)e(k/q) .

If x is primitive,

(6.14) b) ZkeZ/qZ x(k)e(nk/q) = x(n)g,, forall neZ;

see [37, Lemma 3.63|, for example.

6.15 Theorem. Let 7 € (V,35°)" be a cuspidal automorphic distribution for
['=GL(3,Z) asin (@, and x a primitive Dirichlet character modulo g > 0.
Denote the parity of x by x(—=1) = (=1)¢, € € Z/2Z. Then L(s,7 ® X),
L($,7 ® X), Gersy(s+A3)L(s, TR ) and Geys,(s— A1) L(s,7®X) all have an-
alytic continuations to entire functions on C which are polynomially bounded
on vertical strips. These functions obey the functional equation

3
L(l —s, F® >—<> _ q3s+>\1+)\2+)\3 9;3 (H G6+5j (S + /\J)> L(S, T X) .

J=1

Our statement of the functional equation applies uniformly to all auto-
morphic representations. The usual statements, such as those in [12,20,35],
distinguish among representations depending on where they show up in the
Langlands classification. It is an simple matter to translate between the dif-
ferent versions of the functional equation using the I'-identities (6.4H6.12)).
If an irreducible unitary representation (m, V') occurs as cuspidal, GL(3, Z)-
automorphic representation, there are only two cases to consider. Either

or A\; —A;+0;—0; is an odd integer for some 7 < j. In the former situation, the
Langlands classification associates (7, V') to the minimal parabolic subgroup,
and the usual statements of the functional equation assert that

Tr(s+ M+ 07) Tr(s + Ao+ 05) Tr(s + A3 + 05) L(s, 7 ® ),

(617) . ! !
with ¢, € {0,1}, J; =€+ J; (mod2),
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is an entire function, which agrees with the analogous expression involving
L(1—s,7®X), up to a constant factor and powers of q. The equality of the two
expressions follows immediately from our version of the functional equation,
in conjunction with . The non-parity condition , together with
, ensures that no poles of any one of the three factors Geys,(...) on the
right hand side of our functional equation are obliterated by a zero of one of
the other factors. Another application of shows that the poles of these
three factors occur precisely at the points where the three I'-factors in @
have poles. Thus, in view of our functional equation, the expression @
is indeed entire.

If fails for a cuspidal, GL(3,Z)-automorphic representation, the
Langlands classification attaches it to a maximal parabolic subgroup. One
can then choose the Casselman embedding so that

a) )\1—/\26(2Z+51—52+1)QZS0, )\2—/\3¢Z<0 or

6.18
( ) b) )\2—)\3€<2Z+(52—53+1)OZ§0, )\1—>\2¢Z<0.

The two cases are related by the outer automorphism , SO we may as
well suppose that we are in the situation a). The dual representation then
corresponds to the case b), with the dual choice of (A, ). According to the
usual statements of the functional equation,

Fc(s + )\2> FR(S —+ )\3 + (%) L(S, T X) 5

6.19
(6.19) with ;5 € {0,1}, 05 =€+ I3 (mod?2),

is entire and agrees — up to a factor involving g,, ¢, and powers of ¢ — with
the analogous expression corresponding to the dual data. This follows from
theorem [6.15] in conjunction with and (6.11H6.12]).

When ¢ = 1 in the statement of theorem [6.15] x is identically 1, g, = 1
and € = 0. In that case, L(s,7 ® x) reduces to the standard L-function,
which satifies the slightly simpler functional equation

(6.20)  L(1—s,7) = Gs(s+\)Gs(s+ \o) Gsy (s + As) L(s, 7).

We had remarked in the introduction that can be formally derived
from our main theorem, with f(z) = |z|~°. While the statement of the
main theorem does not allow this choice of f(z), the proof can be adapted,
and even simplifies with f(z) = |z|™*. This is the strategy we follow below,
not just for L(s,7) but also for L(s,7 ® x). The latter case requires some
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combinatorial arguments; we present these in a form which is useful also for
the proof of the converse theorem in section [7} Our point of departure is the
symmetric form of the identity between the o, and py in proposition [3.18]

a .
(6.21) Z ar pgr(y) = Ze:1 ay 04,0(qy)

k=1
rather than the asymmetric form used in ((5.13)) to derive the Voronoi formula.

Proof of theorem [6.15 We set a, = x(k) in (6.21]). Then by (6.14p) and the
definition (3.17)) of the finite Fourier transform,

(6.22) D eny XB pary) = 9y X(O)Fglay).

According to lemma [5.3] both sides of vanish to infinite order at y =
0 and have canonical extensions across oo, as do their Fourier transforms.
Their signed Mellin transforms are therefore entire functions of s and are
polynomially bounded on vertical strips |27, §4]. We integrate against
the shifted Mellin kernel [¢|=57*2(sgn )<+ :

S+Ao— _ R
= qu + 1 ZEE(Z/qZ)* X(£> (ME+620q,f) (1 — 5 — )\2)
= (D) g g Gy, (- 5= Aa) X
ZfG(Z/qZ)* X(g) (M€+620-q,£) (8 + )\2) ;

the second step is justified by [27, theorem 4.12]. The index k on the left
hand side is relatively prime to g. We recall the hypothesis ¢ > 0, and we let
k denote the multiplicative inverse of £ modulo ¢g. Then

. 5 Aa—Az—1
(6.24) pgx(t) = (sgnt)™ [qt[™> Znﬂ)

by proposition and the relation (5.9) between the ¢, and a,j. We

substitute this sum for p,; on the left in (6.23)), change variables from ¢ to

1, use the restriction (3.25)) on the §; and appeal to [27, lemma 3.38], which

allows us to compute the Mellin transform of the resulting series formally:
(Me+52pq,k) (I—-s—A) =

(6.25) = €7 Mersy (X0 a1 Il (sgnn)® e(% — 28)) (s + A3)

_ q25+>\2+)\3_1 G6+63(5 —+ )\3) Zn;ﬂ) A1n |n|_8 (Sgn n)e e(_%k) ’

(6.23)

a1 [ (sgnn)® (5 — 2F),
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provided Res > 0. Since (sgnn)® = x(sgnn) and (—1)¢ = x(—1), the
identity (6.14)) implies

(Sgnn) ZkE(Z/qZ)* X(k) 6(—71]{3/(]) -
= Yoy X(—ksgnm)e(nk/a) = (=1 x(In) gx .
In view of (6.25H6.26]),

ZkE(Z/qZ)* X(k) (Me+62,0q’k) (1 — 5 — )\2> —
= 2(—=1) gy *TT G s (s 4+ X3) L(s, 7@ X) .

(6.26)

(6.27)

This is the left hand side of , which we already know is an entire
function, polynomially bounded on vertical strips. The same assertion can
be made about G ,(s + A3) L(s,7 ® X), since gy # 0 by (6.14h).

With small modifications, the preceding argument applies also to the ex-
pression in parentheses on the right hand side of . We merely replace
ain by an1, x by X, s by 1—s, and (), ) by their images under the outer
automorphism (6.2)); also, the opposite signs of the arguments of the expo-
nential terms in lines a) and b) in proposition introduce the additional
sign factor (—1)°:

X f Me + )\ -
(6.28) ZEE(Z/qZ)* X( )( +520q,€(y)>(3 2)
= 2(-1) Mg MR G s (1—s—A\)L(1 —5,7RY).
This, too, is the shifted Mellin transform of a tempered distribution which
vanishes to infinite order at y = 0 and extends canonically across zero. Hence

Gers, (s — A1) L(s, 7 ® x) is entire and has polynomial growth along vertical
strips. According to lemma [5.3

_1 -
gx ZkG(Z/qZ)* X(k) Zn;ﬁo Cn,1 e(nx 4+ nk/q) —

(6.29)
- Zn# X(n) enye(nz) = Znﬂ x(n) (sgnn)™ |n| ™ a1 e(nz)

vanishes to infinite order at = 0. We let d,(z) denote the delta function at
a € R. Then > _,x(n)(sgn n)%|n|=Ma, 10, (x) is the inverse Fourier trans-
form of (6.29), which therefore extends canonically across oo |27, theorem
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3.19]. This tempered distribution also vanishes identically near = 0, so
2L(s,7®X) =

(630) / +6 A — — 0 -2
— e+01 1—s 1 L1 O d
| (sena)™ fa] Do X() (sgnn)™ [0 ™ a1 00 (2) da

is entire, of polynomial growth along vertical strips. Replacing 7® Y by 7®x,
we get the same conclusion about L(s, T ® x), of course.
The functional equation is an immediate consequence of ((6.27H6.28)) and

(6.23)), coupled with the Gamma identity and the relation (6.14h) be-
tween g,, gy, ¢ and €. O

The preceding proof deduces the functional equation from the validity of
with a;, = x (k). Reversing the steps we obtain a statement, lemma
below, which we shall use in the proof of the converse theorem. We fix
parameters

A= (A, A, Ag) € C, with Y04 A € iR,

6.31
( ) (5 - (51, (52, (53) € (Z/2Z)3, Wlth Zl§j§3 (Sj = 0

In addition we consider the datum of complex coefficients (a1 ,)n>1, (@n1)n>1,
which grow at most polynomially in n. If x is a Dirichlet character, we define
twisted Dirichlet series

(6.32) Ly(s) = Z:o:l a1, x(n)n%,  Lg(s) = Zzozl an1 X(n)n=%;

they converge for Res > 0. We suppose that these series, corresponding to
every choice of ¢ > 0 and primitive Dirichlet character modulo ¢, extend to
the complex plane and satisfy the regularity hypotheses

Ly(5), Gersy(s+A3) Ly(s), Ly(s) and Geygy(s — M) Ly(s)

are entire functions, of polynomial growth on vertical strips,

(6.33)

as well as the functional equations

3
630 Le(l-s) = ¢ g (T Go (s +4) Luls);

here € € Z /27 is defined by the parity condition x(—1) = (—1)¢. We use ([5.9)
to determine coefficients (¢1,)nz0 and (c,1)nx0 in terms of the a;, and a, ;.
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Recall the definition (3.37) of the representation spaces W, 2. As periodic
distributions without constant term, the tempered distributions

63) ) = Y cnclnn), mal) = 3

n£0 Cl,n e(ny)

extend canonically across oo [27], proposition 2.19], and thus can be regarded
as vectors in Wy % s and W, >, ;, respectively. For (c,a) = 1 only, we
use the first two formulas in corollary to define vectors

(6.36) Oca € Wi "5 Pea € W32\ 6
in terms of 7, ; and 7, ;. By construction, both vanish to infinite order at 0.

6.37 Lemma. Let x be a primitive Dirichlet character of conductor ¢ > 0.
Under the hypotheses just stated, the identity holds with a = x(k),
as an identity of tempered distributions on R. Both Zke(z/qz) X(k) pgr and
ZZG(Z/(]Z) X(0) o0 vanish to infinite order at the point at infinity.

At the very beginning of the proof of theorem we had remarked that
ay = gy X(0), L € Z/qZ, corresponds to a, = x(k), k € Z/qZ , via the finite
Fourier transform ([3.17). Thus has meaning in the present context:
Pqr and o, occur with non-zero coefficients only when they are well defined,
i.e., only when (¢, k) = (¢,¢) = 1.

Proof. In view of (6.26)),

Zke(Z/qZ)* X(k) 7ya(y — kfa) =
(6.38) = Zke(Z/qZ)* x(k) Z arn |n|™ (sgnn)® e(ny — nk/q)
n#0

= (=1gx ) o x(n)ain

n|* (sgnn)” e(ny),

so Ly (s — A3) is the Dirichlet series formed from the Fourier coefficients of
this periodic distribution. It has parity € + d3, since x(—n) = (—1)x(n).
At this point the hypothesis allows us to apply |27, proposition 5.37],
with a,, = x(n) a1,, v = —As, and 6 = € + d3, and conclude that

(6.39) Zke(z/ 2 x(k)71,(y — k/q) vanishes to infinite order at y =0.
q *
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The definition of p, relates the behavior of 71 ,(y — k/q) to that of p,x(y)
at y = oo, and we already know that p, vanishes to infinite order at y = 0.
Arguing analogously in the case of the o,,;, we find

ZkG(Z/qZ)* X<k> pq’k(y) and ZéE(Z/qZ)* X<£) O-Q7Z(y)

vanish to infinite order both at y =0 and at y = .

(6.40)

The sign factors in the defining relations for the p,, and o, show that both
have parity € 4+ d5. An even or odd tempered distribution which vanishes to
infinite order at 0 and extends canonically across oo is completely determined
by its signed Mellin transform |27, theorem 4.8]. It follows that (6.22) — i.e.,
the identity asserted by the lemma — is equivalent to the first half of (6.23). In
effect, the proof of theorem shows that the equality of the outer terms in
(6.23)) is equivalent to the functional equation (|6.34)). To complete the proof
of the lemma, all that remains to establish is the second half of , ie.,

(1YY iy KO (Mer) (1= 5= o) =

(6.41)
= GE+52(1 -5 )‘2> Z X(g) (M6+520q,€) (3 + )‘2> :

te(z/q2)*

This follows from an application of |27, theorem 4.12]. ]

7 The Converse Theorem

The functional equation for a cuspidal automorphic representation involves
only the coefficients a1, a1, , but all the a,,, are needed to reconstruct
the automorphic representation. As is well known, Hecke theory provides
the bridge between the two types of data. Since Hecke operators for GL(n)
have upper triangular representatives, they act transparently on automorphic
distributions. We briefly review the relevant formulas, not only as a tool for
the proof of the converse theorem, but also to identify our definition of the
L-functions L(s, T ® x) with the usual one. Details on the Hecke algebra can
be found in 37, §3] and [4, §9], for example.

The Hecke algebra for I' = GL(3,Z) acts on the [-invariants in any
representation space for GL(3,R), in particular on (V, 7). It is generated
by operators 7}, and 7T),; attached to each prime p. To shorten the formulas,
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we introduce the matrix

-1
a

i L
(71) ha,b,c;i,j,@ = b j € GL(?),Q)
c
whose inverse has entries a, b, ¢ € Z~q , i, j, { € Z, and the notation
(72) )\w - )\1 + )\2 + )\3,
which is the differential of the central character of 7y s; cf. (2.8]) and (2.12)).
Then, for 7€ (V,3°)",

—1
Tip,m = p (ﬂﬁ(hm,l;mo,o)T +

+ g T h o T + E T h 0.i0) T
0<i<p >\,5( Lp,l,l,O,O) 0< j, t<p Aﬁ( 171:p707J7€) )

Aw—1
ToaT = p (ﬂ,a(hp,p,l;o,o,o)T +

+ 3 e (paposo) T+ 3w (hiad) )

The presence of the factor p* in the second formula compensates for the
fact that the matrices in the definition of T,; have determinant p~2,
whereas those in the definition of 7}, have determinant p~'. Conjugation
by the outer automorphism interchanges 7,1 and 7' ,. They commute
with each other and with the operators corresponding to other primes. We
shall also need the formulas for the action of the Hecke operators in terms of

the coordinates (3.2)) on N,

(7.3)

JAET/pT.

(Tpam)(x,y,2) = p*7(w,py,pz) + p* ') mpx, 2 2)
JEZ/PZ

A1 —2 T4 z4+0+iy
+p ! § T(T??Ja p ) )
iILEL/PZ

(7.4)
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which is a straightforward consequence of .

Conjugation by any matrix in GL(3,Q) maps I to a subgroup of GL(3, Q)
that is commensurate to I'. Using this observation one can show that the
action of the Hecke algebra preserves the space of all cuspidal automorphic
distributions 7 € (Vy5°)". If v € V.55 is an SO(3)-finite vector, the map
which assigns to any cuspidal 7 € (Vy5°)" the L? function g — (7_s(g)v, 7)
is equivariant with respect to the Hecke actions on L*(T'\GL(3,R)) and on
(V/\TOO)F. This observation, in conjunction with the usual arguments, makes it
possible to simultaneously diagonalize the action of the T}, and T}, corres-
ponding to all primes p, on the space of cuspidal automorphic distributions
7 € (Vi)' Let us suppose then that 7 € (V,3°)" is a cuspidal Hecke
eigendistribution, say 11,7 = p1,7 and 1,17 = p,, 17 for all primes p. From
one sees that T3, and T),; operate separately on the abelian and the
non-abelian part of the Fourier decomposition of 7, as in proposition [3.18]
Because of corollary and lemma [5.3] the abelian Fourier coefficients ¢,
completely determine 7. Recall that the a,, 1 < 7,5 < 0o, determine the
¢ s and are determined by them; cf. (5.9(5.10). A straightforward analysis
of lets us conclude that a;, = p11,a11 and a,1 = pp 1011, and that if
these coefficients vanish, then so do all the others. In particular, a;; cannot
vanish unless 7 = 0. We can therefore renormalize 7 so that a; ; = 1; in that
case, [t1p = G1,p, [lp1 = Qp1. 1O summarize,

(7.5) TipT = a1pT, TpaT = apa T

when 7 is a cuspidal Hecke eigendistribution, normalized so that a;; = 1. In
this situation,

-\

a1pQrs = Qp/ps + D " Qrpyp + Ursp,
A

Up,1 Qrs = GQrgp + P Qppsp + Qrps,

(7.6)

subject to the convention that coefficients with a non-integral index r/p or
s/p are to be omitted; also recall ((7.2]). These identities can be deduced from
(7.4). The Euler factorizations

oo
—5 —s —25—A —3s—Au\—1
§ A1n M - H (1 — AippP + Qp1 P Y =P w) )
n=1 P
oo
-5 __ —s —254+A —3s+Au\—1
E:m Gni = = Hp (1 = apap™ + arpp™ ™" — p~7) 7,

for Res > 0, then follow formally from (7.6). As was mentioned earlier,
(7.5) and ([7.7) imply in particular that our definition (6.1)) of the standard

(7.7)
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L-function agrees with the usual one. Recursive use of (7.6) leads to an
explicit formula for the a, s in terms of the a,; and a;

(78) Qrs = Zd\(r 5) /,L(d) (r/d,1 Q1,5/d

here p(...) denotes the Mobius p-function,

o o . (=1)" ifall e;,=1and p; # p; fori #j,
(7.9) p(pips?---pyr) = . ’ !
0 if at least one e; > 1.
A detailed discussion of the logical connections between (7.6H7.8)) can be
found in [4, §9], for example.
For the statement of the converse theorem, we fix parameters A\, J as in

(6.31) and two Dirichlet series

(7.10) L(s) = anl appn”°, I:(s) = anl anan”*,

which we suppose converge for Res > 0. If y is a primitive Dirichlet
character with conductor ¢ > 0, we define the twisted L-functions L, and
ZN)X as in ; these too converge for Res > 0. We suppose further that
L, and f/;( have meromorphic continuations to the entire complex plane, for
every primitive Dirichlet character y.

7.11 Theorem. (GL(3) x GL(1) converse theorem — see [20]) The function
L(s) is the standard L-function of a cuspidal GL(3,Z)-automorphic repre-
sentation with scalar Hecke action provided:

a) both L(s) and L(s) have Euler product factorizations as in , and

b) for every primitive Dirichlet character x of conductor q > 0, the twisted
L-functions L, , ZNLX satisfy the analytic hypotheses ((6.33)) and the functional
equation (|6.34]).

The proof of the theorem occupies the remainder of this section. The
idea is to construct a cuspidal automorphic distribution 7 € (V/\_,g’o)F from
the datum of the Dirichlet series .

The identity defines coefficients a,s, r, s > 1, in terms of the
coefficients of the Dirichlet series . The convergence of these series for
Res > 0 implies that the a;, and a,; grow at most polynomially with
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n, which in turn bounds the growth of the a,, in terms of powers of the
indices. Equivalently the a,, can be characterized by the identity

- - L(Sz) L(31)
12 m,n 81 2 = 2TV 7 ) )
(7.12) meZIG am tn (51 7 52) (Resi, Resy > 0)

which encodes the defining relation (7.8)) for the a, [4, §9]. The Euler pro-

ducts for L(ss), L(s1) and ((s; + s2) determine an Euler product for the
double Dirichlet series ((7.12)). This latter Euler product implies that

(7.13) the a,s satisfy the four term relations (7.6)) ,

as can be seen by forming the double Dirichlet series from the four term
relations and rearranging terms.

We now use to introduce coefficients ¢, ,, for all non-zero r, s. Like
the a,, they grow at most polynomially in the indices. Hence

(T14)  Taweian(w,5,2) = Y ens e(ro+sy) € CT(NZ\N)

is a well defined Nz-invariant distribution on N. This is the abelian part of

the automorphic distribution 7 we want to construct. It is an eigendistribu-
tion of the Hecke operators ([7.4)):

(715) Tl,pTabelian = A1,p Tabelian » Tp,lTabelian = dp1 Tabelian »

since these identities are formally equivalent to the four term relations (7.6)).
Our next task is to construct the non-abelian Fourier components. Be-
cause of [27, proposition 2.19], the tempered distributions

(T16)  Teale) = 30 craclra)e maly) = 3 casclsn)

have canonical extensions across infinity. Hence |27 proposition 2.26] allows
us to regard them as distribution vectors,

—00 —00 .
(717) Tm:q € A1—A2,03 Ty:q S W)\Q—)\g,517

cf. (3.37). By construction, 7, ,(x) and 7,,(y) vanish to infinite order at
xr = oo and y = oo, respectively. For a,c,q € Z, ¢ # 0, ¢ > 0 and
(a,c) =1, we use the first two formulas in corollary to define

(

—00 —00
718) Ocqaq € W,\lf)\2753 ’ Peqaq € W)\gf)\g,(ﬁ )
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When ¢ = 1, the definitions ([7.16{{7.18]) agree with (/6.35(6.36)). The hypothe-

ses of the converse theorem include those of lemma [6.37, so its conclusions
apply in the present setting. The element of SL(2,Q) that relates oqyq4 to
Ta,g ad g aq tO Ty 4 depends only on a modulo ¢, not on the particular choice
of a. This allows us to regard the distribution vectors as indexed by
n =cq and k = aq € Z/nZ, as in the statement of proposition m

We shall now reduce the proof of the converse theorem to a sequence of
five lemmas about the formal sums

7—(1’2) (gj, Y, Z) = Tabelian(xa Y, Z) +

+ Zn#ozkez/nZZgEk (mod n) e(nz + fy) O—n,k(x + ﬁ/n)

7'(2’3) (337 Y, Z) = 7_abelian(x7 Y, Z) +
N Zﬂﬁgozkez/nzzﬁfk o) e(n(z — xy) + £x) pup(l/n —y).

Recall the definition of the codimension one Schubert cell {x = oo} in the
proof of lemma [5.3] Its union with the open Schubert cell N is stable under
the parabolic subgroup P12 C GL(3,R) generated by N and the copy
of GL(2,R) x GL(1,R) which stabilizes the decomposition R?* = R? @ R.
Similarly NU{y = oo} is stable under the parabolic subgroup P23) generated
by GL(1,R) x GL(2,R) and N. The space V, 7 was defined as the space
of distribution sections of the G-equivariant line bundle £y 5 — G/MAN_.

Further notation: Pz(l’z) = P12 NI and PZ(2’3) = P3N,

(7.19)

7.20 Lemma. The series 7% converges in the strong distribution topology
toa PZ(1’2)—mvariant distribution section of Ly 5 over NU{x = oo}. Similarly

(2:3) )

T converges to a PZ(Q’3 -invariant distribution section over N U{y = oco}.

We do not make a notational distinction between the series (1), 7(2:3)

and their limits. Note that the Hecke operators ([7.3) have representatives in
P12 0 P23 and thus can be applied to sections of £y 5 over N U {z = oo}
or N U {y = oo}.

7.21 Lemma. Both 7% and 733 are eigendistributions of the Hecke ac-
tion: for all primes p,

TLPT(M) = al,pT(l’Q), Tp717(1’2) = ap717'(1’2)
T1p7(2’3) = a17p7'(2’3), TplT(z,g) = ap717'(2’3).
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1,2

7.22 Lemma. 7?2 and 733 agree on their common domain N.

7.23 Lemma. 712 wanishes to infinite order along {x = oo}, and 733

vanishes to infinite order along {y = oco}.

—0o0

7.24 Lemma. There exists a unique 7 € (V)5 O which agrees with 7%

and 733 on their respective domains. This distribution vector T is cuspidal.

Assuming the statements of the five lemmas, we can easily complete the
proof of the converse theorem. The Hecke operators map I'-invariants to
[-invariants. Thus, invoking lemmas and we find that T} ,7 —ay ,7
is I'-invariant and vanishes on the open Schubert cell N, whose I'-translates
cover G/MAN_. This difference must therefore vanish globally. We argue
similarly in the case of T},; and conclude

(7.25) Ti,7 = a1,T, ToaT = apiT,

for all primes p. Thus 7 is a cuspidal I'-invariant Hecke eigendistribution, as
asserted by the theorem. We now turn to the proofs of the five lemmas.

Proof of lemma We shall only treat the case of 7(1?). One can argue
analogously in the case of 7(33) or use the fact that the two series are related
by the outer automorphism ([6.2)). We argue as in the proof of lemma to
extend the coordinates (x,y, z) from N to N U {z = oo}, with x replaced by
its reciprocal along {z = 0o}, of course. This allows us to identify sections of
Ly over NU{x = oo} with functions on N, , which take values in W), _, s,;

cf. (3.3413.37)). Because of ([7.16{{7.18)), (7.19)), and the definition of 0.4, in
terms of the first identity in corollary |3.38| the sum

(1,2) —
TN ey, 2) = Z#D e(qy) Tuq(x) +
1 —a/c
+ Zq>oZ(a,§201 e(cqz + aqy) <¢A1AQ,53 ( 1/ > ocq,aq)(x)
= >, ela) mogla) +
a —b
+ Zq>02(aé20=1 e(cqz + aqy) <¢A1—A2,53 ( ¢ & ) vaq)(x)

formally defines a distribution section of £, s over NU{z = oco}. On the right
of this identity, @ and b are to be chosen subject to the condition aa —bc = 1;

(7.26)
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the particular choice does not matter since 7, 4(x) is invariant under integral
translations.

We establish convergence separately for >° _,e(qy) Tuq4(z) and the re-
maining sum. When we regard the 7, , as scalar distributions, as we may,
27, proposition 2.19] asserts that >, e(qy) 7. 4(x) converges to a distribu-
tion on (RU{oo0}) x R/Z which vanishes to infinite order along {co} x R/Z.
The interpretation of the e(qy) 7, ,(z) as distribution sections of L, s over
NU{z = oo} involves multiplication by (sgn )% |z|*~*2~! and the introduc-
tion of the third coordinate z, which affect neither convergence of the series,
nor vanishing to infinite order along x = co |27, proposition 2.26]. For future
reference, we record the observation that

(7.27) Z(Hgo e(qy) Tzq(x) vanishes to infinite order along {z = oo},

as distribution section of £y 5. Thus Tapelian — Which coincides with the restric-
tion of 3o e(qy) Tuq(x) to N — extends canonically from N to NU{z = oc}.

The topology of Wy ™, ;. can be described as the inductive limit of the
C~* topologies, k > 0, on the space of distribution sections of class —k, i.e.,
locally representable as k-th derivatives of continuous sections. Since RU{oo}
is compact, the topology on the space of C~* sections is definable by a Banach
norm || ||—x. As was pointed out before, the ¢,,,, grow polynomially in terms
of the indices. This implies that all the 7, , are C~" sections for a common
choice of k, and

(7.28) | Teqll-k = O(|g|™) for some m; > 0.

The definition of the action y,_», s, in terms of the translation action of
SL(2,R) on RU {oo} implies that the operators

(7-29) ¢A1—/\2,63(9) : W,\_lcio,\g,ag - WA_lo—o,\Q,53 (9 € SL(2>R))

distort the norm || ||_x by a factor which can be bounded in terms of some
power of the matrix norm of g. For fixed a, ¢ € Z with (a,c) = 1, the
remaining integer entries a, —b of the matrix on the right in can be
chosen so that the matrix norm becomes bounded by a multiple of a? + ¢2.
Hence

C

(730> || w)\lf)\g,(sg ( _al _ab ) Tz,q ||—k S C ’fJ|m1 (CL2 + C2>m2 )
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for some C' > 0 and mq, ms € N. Since ((g—y)2 + (%)) e(cqz + aqy) acts on
e(cqz + aqy) as multiplication by —4 72 ¢* (a? + ¢?), the double sum indexed
by ¢ and (a, c) in (7.26)) converges in the strong distribution topology.

To establish the le’2)—invariance of the sum 1) we recall first of all
that Zq 20 e(qy)Tz4(x) is the canonical extension of Tapelian(Z,Yy,2) across

{z = o0}. Also,

a —b
131) gz +amn) (o (7 ) @) = mast)elan) ol
as an identity of distribution section of £y s over N U {x = oo}, where
a —b
(7.32) y=| —c a

Thus 7(1?) can be identified with the sum of the v-translates of the canonical
extension of Tapelian » With 7 running over all the matrices ((7.32) indexed by
integers a, ¢ with ¢ # 0 and (¢, a) = 1, in addition to v = e. These constitute

a complete set of representatives for Pz(l’z) /M Nz, — recall 1) The Pz(l’z)—
invariance of 72 follows because Tupelian 1S M- and Nz-invariant, which also
makes its canonical extension M- and Nz-invariant |27, lemma 2.8]. 0J

Proof of lemma|7.21] Recall the definitions ((7.1]), (7.3]) of the Hecke operators
Ty, T, 1. The subsets

S1p=1{p11:000} U{h1p1i00 | 0<i<p}U{h11p0,e|0<7,0<p}
Sp1= {hpp1:000} U{bp1po0 | 055 <p}t U{hippioe | 0<i,£< p}

of GL(3,Q) satisfy the following two conditions:

(7.33)

a) g1, 2 €S and giI' = gpI' = g1 = g2,
b) F(UgES gr) = UgES 9F7

with either S = S;, or S = 5,1 [4, §9]. These formally imply that the Hecke
operators preserve the space of I'-invariants. We claim:

(7.34)

the conditions ((7.34), for both S =S}, and S = S, 1, remain

7.35
( ) correct when I is replaced by either Nz or PZ(1’2) = pi2Nr.
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This is obvious for the condition a), since I' D PZ(I’Q) D Nyz. The group Ny is
generated by

Il
—_

(736) ny = 1 , No 11 , N3
1 1 1

It is not difficult to show that conjugation by any one of these reshuffles the
cosets gNz, g € S — in this connection, it helps to observe that in , one
can let the indices 7, j, ¢ run over any complete set of representatives of Z/pZ
without changing the collection of right Nz-cosets generated by the members
of the resulting set S. This establishes b) in the case of Nz. Modulo Ny,

Pz(l’z) is generated by

—1 1 1
(737) S12 = 1 s d2 = -1 s d3 = 1

Conjugation by either dy or d3 maps the sets S = 51, and S = 5, to
sets of the same type, with indices ¢, j, £ permuted modulo p. That, as was
remarked already, does not alter the right Nz-cosets generated by S. Thus,
to verify b) for the group PZ(1’2), it suffices to show that conjugation by s; o
reshuffles the right PZ(I’Q)—cosets generated by S. In the case of S = Sy, this
comes down to the GL(2)-analogue of (7.34p), which is well known. To deal
with S = 5,1, note that conjugation by sy 5 fixes h;, 1,000 and interchanges
{hp1p0j0Nz | 7 € Z/pZ} with {hippio0eNz | £ € Z/pZ, i = 0}. On the
other hand, when i ¢ pZ, there exists a, b € Z such that ap — ib = 1, which
gives the matrix identity

a b

—1 — N (172)
(7.38) 51201 ppioe S12 = hippbpene | ¢ P € happbpeve 77
1

As i runs over (Z/pZ)*, so does b; also, for fixed i, b € (Z/pZ)*, as £ runs over
7./ pZ, so does bl, whereas bp = 0 modulo p. We conclude that conjugation by
51,2 permutes the cosets Ry p i 0.0 PZ(1’2) indexed by i € (Z/pZ)* and { € Z/pZ.
In view of what has already been shown, this implies that conjugation by s; o
permutes the PZ(I’Q)—msets generated by S, 1. The verification of is now
complete.

63



For entirely formal reasons, ((7.35)) implies that T} , and 7,1 preserve the

1,2)

space of PZ( -invariants in any G'L(3,Q)-module. In particular

(7.39)  (Thp —a1,) ™ and (T,; — apq) 7™ are Pz(l’z)—invariant,

since 7(1?) itself has this invariance property. We argued earlier that both
operators preserve Nz-isotypic components. In the proof of lemma ., we
had constructed 7(1?) as the sum of the translates my 5(7)71?, where 7'(1 2)
denotes the canonical extension of Topelian from N to N U{z = oo} and ~v
runs over a complete set of representatives for P /M Nz. Among these
summands, the one corresponding to v € M Ny hes in the space on which
the center of Nz acts trivially, whereas all the others lie in spaces on which
the center acts nontrivially — cf. (7.26)) and (7.317.32). Appealing to (7.15)),
we now see that all the abelian Fourier coefficients of (T}, — a;,) 7"? and

(T2 — ap1) 702 vanish. The restriction to N of a P{"?-invariant section
of £, over N U {z = oo} is completely determined by the abelian Fourier
coefficients; this follows from the proof of proposition |3.28 and corollary
3.38] coupled with the remark at the end of section [3} Thus (T1 p—a1,) T
and (T,1 — ap1) 72 vanish at least on N. But the P."?-translates of
N cover N U {z = oo}, forcing (T1, — a;,) 7? and (Tp’l —a,1) ™Y to
vanish identically. The analogous assertions about 733 can be proved by
the same reasoning or, alternatively, can be deduced from those about 712
by applying the outer automorphism ((6.2)). O

Proof of lemma In view of (7.19) and proposition [3.18] we must es-
tablish the identity (6.21]), as an identity of tempered distributions on R, for

all ¢ # 0 and all (ax)rez/qz- In fact, we shall establish slightly more. The
o4,k and p, , have been defined not only as tempered distributions, but as
vectors in W%, o and W ™\ 5 respectlvely By construction, they vanish
to infinite order at the origin. Thus once ) has been established for all
choices of coefficients (ay), |27, theorem 3. 19] ensures that the o, and p, x
can be canonically extended from R to RU {co}. It is not obvious, however,
that the canonical extensions agree with how the o, and p,  have been
defined — they might conceivably differ by distributions supported at oo. We
shall show by induction that

q N e
Zk | Ok Pyk k(y) = Z(: ap 04,0(qy) as tempered distributions,

(7.40)
and Z ar pq.x(y) vanishes to infinite order at y = oo ,
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for all (ax)rez/qz. This implies in particular that both the p, ; and the o4,
vanish to infinite order at oo, since the latter are related to the former by
the outer automorphism (6.2)).

In the present setting the parity conditions asserted by lemma hold
by construction, so for ¢ and —q are equivalent. We therefore may
and shall suppose that ¢ > 0. Lemma [6.37| already establishes the assertions
(7.40) whenever ay = x(k) for some primitive Dirichlet character x of con-
ductor ¢q. In particular, is correct when ¢ = 1. Arguing inductively,
we may suppose that is satisfied for every smaller choice of q.

For the inductive step, we identify the vector space of sequences (ay)rez/qz
indexed by Z/qZ with Fun(Z/qZ,C), the space of C-valued functions on
Z/qZ. If r > 0 divides g, the projection p(r,q) : Z/qZ — Z/rZ induces the
pull-back of functions

(7.41) p(r,q)" : Fun(Z/r7Z,C) — Fun(Z/qZ,C).
We shall also use the operation
m(r,q) : Fun(Z/rZ,C) — Fun(Z/qZ,C),

big if kr/qgeZ
(m(r,q) b = § 1 /e
0 otherwise ,

(7.42)

the adjoint of the linear map Fun(Z/qZ, C) > (a¢) — (agr) € Fun(Z/rZ,C)
induced by Z/rZ > ¢ — {q/r € Z/qZ. The finite Fourier transform ([3.17))

relates these two operations: a simple computation shows

o~

(7.43) a =prq'b = a = gm(r,q)b

if r divides ¢, a € Fun(Z/qZ,C), and b € Fun(Z/rZ,C).
The crux of the inductive argument is the compatibility of (7.40) with
the two operations ([7.411{7.42)). Specifically,

if 1 <r < g is a divisor of ¢, the assertions (7.40]) hold for

7.44
(7.44) all a € p(r,q)* Fun(Z/rZ,C) and a € m(r,q) Fun(Z/rZ,C).

Recall that the outer automorphism ((6.2)) switches the roles of the o, ; and
the p, . In particular, a; and @ play symmetric roles in (7.40). Thus, and

in view of ((7.43)), we only need to verify (7.44]) for a € m(r,¢) Fun(Z/rZ,C).
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Also note that m(r,q) = m(s,q) o m(r,s) if r|s and s|q, so we only need to
treat the case when ¢/r is prime. Finally, it suffices to consider a = m(r, q)b
when b € Fun(Z/rZ,C) is a “delta function” — i.e., by = 1 for exactly one
k € Z/rZ and b; = 0 for j # k — since delta functions span Fun(Z/rZ, C).

To establish this remaining case, we suppose that ¢ = rp, for some prime
p, and a = m(r,q)b with b = delta function at k € Z/rZ. Then a is the
delta function at pk € Z/qZ, and a, = e({k/r). In short, we must equate
Papk(y) With 37,77 e(Ck /1) 04,0(qy) and show that pgpr vanishes to infinite
order at co. Since e(¢k/r) = e((¢ + rj)k/r) for j € Z, we can re-phrase the
assertion to be proved as follows:

(7.45) Park(y) = ZZGZ/rze(gk/ ) Zjez/pz Gg,0++j(qy) , and
pqpe(y) vanishes to infinite order at y = oo.

This, finally, is what remains to be shown, for every k € Z/rZ.
We shall do so using the inductive hypothesis and two identities which
follow from lemma [7.21k

ap,1 Un,k(x) = p’\3 On/p, k/p(@") +

(7.46) A A1
+ p ? O-n,pk<p$) + p ! ZjEZ/pZ Unp,k+nj(x/p>7
and
- a1 Pui(y) = P puspr(py) +
: Ao—1 . A1
TPy Pt (/D) D ()

To deduce these identities from lemma [7.21} we appeal to the formula (7.4])
for the action of T, ; and the fact, which we have used before, that 7T}, acts
separately on the abelian and non-abelian parts of the Fourier decomposition

of 7. Substituting n = r in ([7.47)), we find
-~ ap1 pri(y) = P pyp(py) +
. Ao—1 ) A1
TPy P /D) PP pk(y).
On the other hand,

> elkt/r)apiGralry) = > e(kﬁ/r)(p)“"’&}/p,g/p(ry) +

LeLrZ Lel/rZ

+ p/\rl 8r,p€(ry/p) + p)\l Z 3q,€+rj(qy))v
JEL/PL

(7.49)
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which follows from ([7.46|) when we take Fourier transforms, replace k by ¢, n
by r, x by ry, multiply the resulting equation by e(k¢/r), and take the sum
over { € Z/rZ. As usual, terms with non-integral indices are to be dropped.
By induction,

pri(y) = > e(lk/r)Gre(ry),

LeL]TL

(7.50)
o) = 3 (%) Gurptlry) = 3 €0k /r) G iplry):

e/ L7, (eZ/rT.

the second equation is to be disregarded unless p|r, of course. Since terms
with non-integral subscripts are to be dropped, again by induction

D ppmnlyfp) = 9 Y0 elilh—ri)/p) py s (u/p)

JEZ/pZ 1,J€L/pZ

=p " Y D elilk—rj)/p) etk —r))/rp)Gre(ry/p)

4,JEL/PL LEL]TL

— Z Z JW+ir)/p)e(k({ + i) /D) Grtir(Ty /D)

1,JEL/PL O0<U<r

— Z Z g—i"”" /Tp) Urﬁ—i—zr(ry/p)

E€L/PZ 0<L<r
p|(l+ir)

The projection Z — Z/rZ maps {{ +ir |0 <l <r, 0<i<p, p|({+ir)}
onto the set {¢p € Z/rZ | ¢ € Z/rZ} and preserves multiplicities, hence

(7.51) ZjEZ/pZ P i (y/p) = dez/rz e(kl/r) T, p(ry/p) -
The identities (7.50H7.51)) match three of the four terms in (7.48) to the

corresponding terms in . Equating what remains, we obtain the ex-
pression for p,pr in terms of the o, s4,;. By induction, we know that
three of the four terms in ([7.48)) vanish to infinite order at y = oo, so pgpk
must vanish to infinite order, too. That establishes and completes the
verification of .

Lemma asserts when a = y for some primitive Dirichlet cha-
racter y of conductor q. Next we consider the case of an imprimitive Dirichlet
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character xy modulo ¢, which is then induced from a primitive character y,
whose conductor r properly divides ¢q. By definition,

w0 i (Gg=1
(7:52) X8 = {o £ (6q) £1,

so x — p(r,q)*x, lies in the subspace

(7.53) {a € Fun(Z/qZ,C) | a; =0 if ¢ is a unit modulo ¢ }.

But ((7.40) is satisfied for a = p(r,q)*x, because of ([7.44]). The Dirichlet

characters modulo ¢, both primitive and imprimitive, constitute a basis of
the space of functions on (Z/qZ)*. It therefore suffices to prove for
functions in the space . Every non-unit ¢ € Z/qZ can be expressed
uniquely as the product ¢ = qu/r in terms of a divisor r of ¢, 1 <r < ¢,
and a unit u € (Z/rZ)*. Hence

{a € Fun(Z/qZ,C) | ay =0 if ¢ is a unit modulo ¢} =
(7.54) = @ m(r,q){a € Fun(Z/rZ,C) | a, =0 if { & (Z/rZ)" }.

rlg, 1<r<q

In view of ((7.44)), the assertion ((7.40)) is correct for every a in this space, so
(7.40) holds in complete generality. O

Proof of lemma . The outer automorphism relates the two state-
ments, so it suffices to prove the assertion about 7% . According to ,
the first term on the right in (7.26]) vanishes to infinite order along {x = oo}.
We shall use [27, lemma 7.2] to show that also the second term vanishes
there to infinite order. It remains to verify the hypothesis of the lemma in
the present setting: we must show that

1 —{/n _
(755) 77Z}>\1_)\2753 < 1/ ) U?’L,f 9 Wlth n &€ Z;&O; 6 - Z,

vanishes to infinite order at x = oo, uniformly in (n, ¢),

in the sense of [27, definition 7.1].
The distributions 7, , are periodic, without constant term. As such they
can be expressed as k-th derivatives of continuous periodic, hence bounded,
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functions, for every sufficiently large k. Because the Fourier coefficients ¢, 4
have polynomial bounds, it is possible to choose k independently of ¢, in
which case the sup norms of the bounded continuous functions grow at most
polynomially with g. The family of distributions 7, ,(c"*y — a/c), indexed
by ¢, ¢ € Z4 and a € Z, is therefore bounded in the sense of [27, (7.14)].
The members of the family have canonical extensions across co, which vanish
there to infinite order, uniformly in (g, ¢, a) in the sense of |27} definition 7.1].
According to |27, lemma 7.12] and |27, lemma 7.16],

pug(y) = (sgny)’ [y 7 (¢ Pyt —a/c), with

7.56
(7.56) n=cq, k=aq, ¢>0, c#0, (a,¢c) =1, aa=1 (modc),

is therefore also bounded as family indexed by (n, k) and vanishes to infinite
order at y = 0, uniformly in (n, k). Note that is consistent with our
earlier definition of the pj, .

In the proof of lemma , specifically and the comment following
, we argued that the o, , vanish to infinite order at co. In this statement
we may regard the o, either as distribution sections of the appropriate line
bundle or as scalar distributions on R U {oco}, since the two interpretations
are related by the factor (sgny)%|z[*~*2~1. Initially we shall regard them
as scalar distributions. Inverting the Fourier transforms in , we find

n—1

(T57T)  owslo+fn) = f(Z e(ay—k/n))pn,k(y))(—m)

k=0
as an identity of scalar distributions on R U {oco}, with both sides vanishing
to infinte order at x = oo — the 0,4 as was just remarked, and the right hand
side as the Fourier transform of a tempered distribution which vanishes to
infinite order at the origin. The boundedness of the family p,, , and the fact
that they vanish to infinite order at the origin in the uniform sense implies
these same two properties for the expression between the large parentheses
in (7.57), viewed as family indexed by (n,¢). The Fourier transforms then
vanish to infinite order at z = oo in the uniform sense |27, lemma 7.15], and
that remains true when the variable z is scaled by the factor —n [27, lemma
7.16]. We have shown that the o, (z + ¢/n), regarded as a family of scalar
distributions on R U {co}, vanish to infinite order at # = oo, uniformly in
(n,£). Alternatively we may regard these as a family of vectors in Wy, _,.s,-
The passage between the two viewpoints involves multiplication by the func-
tion (sgnz)%|x|*~*271 which does not affect the vanishing to infinite order
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in the uniform sense [27, lemma 7.12]. That, in effect, establishes ([7.55)) and
completes the proof. O

Proof of lemma [7.24] We shall construct 7 in three stages. To simplify the
discussion, we introduce the notation

X = G/MAN_, S, = {z=0}, S, = {y=00},

7.58
( ) S, = closure of S, , S, = closure of S,,.

The intersection S, N §y consists of three Schubert cells, S;, and S, ., both
of dimension one, and Sy, which is a single point. The indexing of S, ,, Sy »
is pinned down by the following statement:

P2 acts on X with orbits NU S, , SyUSyz, SzyUSo,

(7.59) - . ,
and P®?® acts with orbits N U Sy, SeUSzy, SyzUSp.

We shall also use the closure relations

vay = Sx,yU’Sba SJ? - SxUSx7yUSy7xUSO,

7.60 _ _
(760 Syz = SyaUSo, Sy = SyUS,,USy,USo.

One way to see this is to identify X with the manifold of flags in R?, i.e.,
the manifold of nested subspaces Fy; C Fy C R*, with dim F; = j. Evidently
G acts transitively on this manifold. Let {ej, es, e} denote the standard
basis of R3. The isotropy subgroup at the “reference flag” Fy, = Res, Fy =
Res @ Reg, is the minimal parabolic subgroup , so X 2 G/MAN_, as
claimed. The group N acts freely on its orbit through the reference flag, and
can therefore be identified with this orbit:

(761) N = {F1§ZR€1€BR€2, FQZﬁRGl};

this is the open Schubert cell. Working out the P02~ and P*3)-orbits and
their closures, one finds

(762) S, = {FQDRel}, Sy = {F1CR61@R62},
and
(7.63) So = SeyNSye = {Fi=Re;, F;, =Re; ®Rey },
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making ([7.59H7.60)) completely explicit. Note also that all the orbit closures
are smooth.

Because of lemma there exists a distribution section 7 of £ 5 over
the open set

(7.64) O, = NUS,US, = X —5,,—5,.

which agrees with 7(1?) over NUS, and with 73® over NUS,. In particular,
71 18 PZ(1’2)—invariant over NUS, and PZ(2’3)—invariant over N US,. According
to lemma 71 vanishes to infinite order along S,. Differently put, the
restriction of 7 to O; — S, has a canonical extension across S,, and 7
coincides with that canonical extension. Since 7 is PZ(I’Q)—invariant over
O, — S, = N US,, the restriction of 7 = m\s5(y)11 to O — 5, extends
canonically also across 7.5, for every v € PZQ’Q). The various translates 7.5y,
v E PZ(I’Z), cover the P¥-orbit S, U S, ., which is a closed codimension one
submanifold of O1US,, , = X _S’Ly- By construction, the canonical extension
of 7 from O, =S, to O, U S, , agrees with 71 on O; and is PZ(I’Q)—invariant.
We can argue similarly to extend 7 across S, ,. The result is a distribution
section 1 of Ly over

(7.65) Oy = O,US,,US,, = X -5

which vanishes to infinite order along both S, U S, , and S, US, ., and which
is PZ(1’2)—invariant over 01 US,, =X — S’z,y, as well as PZ(2’3)—invariant over
O1US,, =X -85,

The final extension, from Oy = X — Sy to X, uses the action of the Weyl

group. Together with M A — recall (2.9)! — the matrices

-1 1
(766) S12 = 1 € PZ(LQ)a S23 = 1 € PZ(,273)
1 —1

generate the normalizer Ng(A) of A. Conjugation by s;2 and so 3 generates
the Weyl group W(A) = Ng(A)/MA, and
(7~67) w; = 51,29523S51,2 = 52351,2523

represents the longest element of W(A). Because of the known invariance
properties of T, Tys(S12)T0 = T2 = 7T)\’5(§273_1>T72 on X — S, — Sy We

apply s23 to both sides and note that s93S5, , = S, ;, to find

(768) 7T)\75(8273 8172)’7'2 = T9 On X — 82735’1»7‘1; — Syx .

)
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Since 7y s5(s127 )72 agrees with 75 on X — S, this implies the identity
Tas(812 )72 = mas(823 812)72 on the complement of s335,, U S, .U Sy, ,
hence 7y 5(w;)T2 = T2 on the complement of $; 25235, U 5125, US,,. We
get the same identity on the complement of 52,351725’%1« U 52,35’%3’, U Sy,m after
interchanging the roles of s; 5 and sy 3, and of S, , and S, ,, respectively. We
have shown:

mys(w))T2 and T, coincide on the complement of the set

7.69 _ _ _ _ _ _
( ) (31,252,35$,y U 51,28y,x U Sx,y) N (82,331,2Sy,m U SQ,SS;B,y U Sy,:c) .

The exceptional set can be described more simply as the union Sp U w;Sy, as
we shall argue next.

The action of s; 5 interchanges the spaces Rey, Rey and fixes Res; similarly
593 fixes Re; but interchanges Res; and Res. With this description of the
action one readily identifies the exceptional set in ([7.69)) with SoUw;Sy, which
is also the complement of Oy Nw;Oy. Thus 7y 5(w;) T2 = 72 on Oy Nw;Oy. We
can therefore “glue together” m, s(w;)72 and 72 to a well-defined distribution
section 7 of Ly 5 over Oy Uw;Oy = X. In other words, there exists 7 € V/\_,g’o
which is w;-invariant and agrees with 7, over X — 5.

On X — Sy, 7 agrees with 75, which is Pél’Q)-invariant on X — ijy and
Péz’g)—invariant on X — S, .. Since S,,NS,. =Sy and PZ(LZ) OPZ@’?’) = M Ng,

(7.70) 7 is M Nz-invariant on X — Sj.

But w; normalizes M and w;So NSy = 0, so 7 is globally M-invariant. Since

. (1,2) - . = .. .
T = mys(w;)T is P, “-invariant on the complement of S, ,, it is invariant
under wlPZ(1’2)wl_ ! on the complement of w;S,,. Since w;Sy C N and S, , are
disjoint, so are wlgx,y and Sp. At this point allows us to conclude the
global invariance of 7 under NzﬂwlPZ(m) w; ! and also under NzﬂwlPZ(Q’?’)wl_ !
as can be seen by interchanging the roles of the subscripts x and y. Since wy,
M, NznN wlPZ(I’z)wl_l and Nz N wlPZ(2’3)wl_1 collectively generate I', we have
shown that 7 is [-invariant.

To establish the cuspidality of 7, we use the notation of (3.21]) to define

two projection operators
(7.71) T = Pp.T =qet Tor, and 7 +— P,.T =g Ty,

by taking the average of, respectively, the N, .- and N, ,-translates of 7 over
a fundamental domain for the action of the subgroups of integral points.
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Since the abelian Fourier coefficients ¢, o and ¢y, vanish by construction,
the proof of lemma shows that P,,7 = 0 = P, .7 at least on the open
Schubert cell N. In the course of the construction of 7 we saw that 7 vanishes
to infinite order along S, U S, , and S, U S, ;. These are N-invariant, closed
submanifolds of X — Sy’x, respectively X — S’w, which are N-invariant and
open in X. We can therefore appeal to |27, proposition 7.20] and conclude
that both P, .7 and P, .7 vanish to infinite order along S, U S, , and along
Sy U Sy . We already know that these projections vanish on N, which is the
complement of S, U S,, US,US,, in (X —S5,,)U (X —S:,) =X —S,.
Thus P, .7 and P, .7 must vanish on X — S [27, lemma 2.8].

Note that S,US, . = S,N(X —S,,). As was just remarked, 7 vanishes to
infinite order along this closed submanifold of X — S, ,. Thus 7 = 7y 5(s2.3)7
vanishes to infinite order along the sg 3N S, é—invariant closed submanifold
52,39, N(X —523S5;,) of the open, 3273N52_7§-invariant subset X —s9395,, C X.
Since N, . C 32,3]\732_3, we can appeal once more to [27, proposition 7.20] and
conclude that P, .7 vanishes to infinite order along 32735'y N(X — 52735'%).
But P,.7 =0on X — Sy and

(772) 82735y N (X — 82’3S’$,y) = {Fl C R@l D Reg s FQ 7£ R61 © R@g }

contains Sy = {F; = Rey, Fy = Re; @ Res}, hence P, .7 =0 on all of X. In
this argument we can switch the roles of the subscripts z, y, and interchange
s12 and sy 3, allowing us to conclude that also P, .7 vanishes globally. That

makes 7 cuspidal. ([l
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