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Merino's Theorem for undirected graphs

Theorem 1 ([ML97])

Let G be a connected, undirected graph with a chosen vertex
s € V. If Rec(G,s) is the set of recurrent states of the sandpile
model Sand(G,s), then:

S MO = Te(Ly),

q€Rec(G,s)

where Tg(x; y) is the Tutte polynomial for the graph G.
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Merino's Theorem for undirected graphs

Theorem 1 ([ML97])

Let G be a connected, undirected graph with a chosen vertex
s € V. If Rec(G,s) is the set of recurrent states of the sandpile
model Sand(G,s), then:

Z yMaO) = Te(1;y),
q€Rec(G,s)

where Tg(x; y) is the Tutte polynomial for the graph G.

Corollary 2 (weak version of Merino's Theorem)

The polynomial ZqERec(G,s) yM(@) does not depend on the choice
of sinks € V.
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A conjecture of Perrot and Pham

Conjecture 1 ([PV13])

Let G be a strongly connected digraph with a chosen vertexs € V.
Let Rec(G,s,~) be the set of recurrent classes of the sandpile
model on the digraph. If the polynomial P(G,s;y) is given by:

PG, sy)= >y,
[a]€Rec(G,s,~)

then P(G,s;y) does not depend on the choice of vertex s.
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Weak version of Merino's theorem for abelian networks

Theorem 3 ([Chal4])

Let M be a Markovian network and let s € A be a letter of M. Let
Rec(G,s,~) be the set of recurrent classes of Ms. If the
polynomial P(M,s; y) is given by:

PM,siy)= Y,y
[a]€ Rec(Ms;~)

Then P(M,s; y) does not depend on the choice of sink s for the
Markovian network.
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Weak version of Merino's theorem for abelian networks

Theorem 3 ([Chal4])

Let M be a Markovian network and let s € A be a letter of M. Let
Rec(G,s,~) be the set of recurrent classes of Ms. If the
polynomial P(M,s; y) is given by:

PM,siy)= Y,y
[a]€Rec(Ms;~)

Then P(M,s; y) does not depend on the choice of sink s for the
Markovian network.

Remark
In particular, Theorem 3 verifies Conjecture 1 by taking M to be
the sandpile model on digraphs.
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Merino's Theorem (ct'd)

There are several notions in Theorem 3 that needs to be properly
defined, namely:

e Markovian network;
e Sink of a Markovian network;
e Recurrent classes;

e Level of a recurrent class.
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Abelian networks

An abelian network N [BL13] consists of the following data:
e The state space Q = {q1,92,...,qm};
e The alphabet space A = {a1,a2,...,an};

e For each a € A, a transition function t; : Q — @ and an
output vector o, : Q — N that satisfies the abelian
property, i.e.:

tyoty, =tpot,
05(ta(q)) + 0a(q) =0a(ts(q)) + 05(q),

forall a,be Aand q € Q.
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Abelian networks (ct'd)

We use the pair x.q to describe the current state q € Q of the
network and the number of letters x € Z# waiting to be executed.



Abelian networks

Abelian networks (ct'd)

We use the pair x.q to describe the current state q € Q of the
network and the number of letters x € Z# waiting to be executed.

Executing a letter a € A on x.q gives us a new pair x'.q’, where

q/ :ta(q);
X =x—1, + 0,(q).

We use 7,(x.q) as a shorthand the pair x'.q’.



Abelian networks

Abelian networks (ct'd)

We use the pair x.q to describe the current state q € Q of the
network and the number of letters x € Z# waiting to be executed.

Executing a letter a € A on x.q gives us a new pair x'.q’, where

q/ :ta(q);
X' =x — 1, + 0.(q).

We use 7,(x.q) as a shorthand the pair x'.q’.

If w=aia>...a, € A*, then executing w on x.q gives us:

Tw(X.Q) = Ta, 0 Ta,_; 0+ 0 sy (X.Q).



Abelian networks

Production matrix

We say that a network N is irreducible if for any q,q’ € Q there
exists a word w € A* such that t,(q) = q'.

The production matrix P € Mat(A, Q) is a square matrix indexed
by A such that the column of P associated to a € A is equal to:

Po= lim =3 0,((t:)/(a).
i=1
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Halting networks

An irreducible abelian network J{ is called a halting network if
the production matrix P has Perron eigenvalue strictly less than 1.



Abelian networks

Halting networks

An irreducible abelian network J{ is called a halting network if
the production matrix P has Perron eigenvalue strictly less than 1.

If H is a halting network, then for each a € A there exists a global
action 75 : @ — @ that sends one state of H to another state.

A state q € Q of H is recurrent if for all ¢’ € Q there exists a
word w = a7 ...a, € A* such that

Ta 0 Ta(d) = q.
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Markovian networks

We say that an irreducible abelian network M is Markovian if
e the production matrix P is an irreducible matrix;
e1T.pP=1T.
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Examples of Markovian networks

Sandpile network

Let G = (V, E) be a strongly-connected digraph and let
V={1,...,n}.

The alphabet space A of Sand(G) is the vertex set V.
The state space @ of Sand(G) is [[iL; Zoutdeg(i)-
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Examples of Markovian networks

Sandpile network

Let G = (V, E) be a strongly-connected digraph and let
V={1,...,n}.

The alphabet space A of Sand(G) is the vertex set V.
The state space @ of Sand(G) is []i_; Zoutdeg(i)-

For each i € V, the transition function t; : @ — Q is defined by
t,'(Z]_,Zz, - 7Zn) = (21, ey Zi—1,Zi + 17Zf+]_7 - ,Zn).
The output vector 0; : Q — N is defined by:

0i(z1,...,2zp) =

0 if z; # outdeg(i) — 1;
(a_,',')je\/ if z; = outdeg(i) — 1.
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Examples of Markovian networks (ct'd)

Rotor network
The alphabet space A of Rotor(G) is the vertex set V.

The state space @ of Rotor(G) is []i_; Zoytdeg(i)-
For each i € V, the transition function t; : @ — Q is defined by

t,'(Zl,ZQ, - 7Zn) = (21, ey Zi—1,Zi + ]->Zi+17 o ,Zn).
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Examples of Markovian networks (ct'd)

Rotor network
The alphabet space A of Rotor(G) is the vertex set V.

The state space @ of Rotor(G) is []i_; Zoytdeg(i)-
For each i € V, the transition function t; : @ — Q is defined by

t,‘(Z]_,ZQ, s 7zn) = (Zla sy Zim1, 2+ 1azf+17 s 7Zn)-
For each i € V, choose a cyclic ordering njo, nj 1, ..., N outdeg(i)—1

for the neighbors of i in G. The output vector 0; : @ — NA is
defined by:

0i(z1,...,2n) = 1”/,Z,-+1‘



Level of a state

(O @ (=»

«E»

Q>




Level of a state

Level of a state

Let M be a Markovian network, choose an initial state qg € Q.
The level of a state q € Q is defined by Ivi(q) =1 - x+ 1, where
x € ZA satisfies 7,,(x.qo) = 0.q.



Level of a state

Level of a state

Let M be a Markovian network, choose an initial state qg € Q.
The level of a state q € Q is defined by Ivi(q) =1 - x+ 1, where
x € ZA satisfies 7,,(x.qo) = 0.q.

Remark
The level of a state is well defined and does not depend on the
choice of vector x if M is Markovian.
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Sink of a Markovian network



Sink of a Markovian network

Markovian network with sink

Let M be a Markovian network, and let s € A be a letter of M.
The Markovian network with sink, denoted by My, is the abelian
network constructed from M by removing all the alphabets of type
s that is produced by the network.
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Example of Markovian networks with sink

Sandpile network with sink
Let M = Sand(G), and let s € V(G).
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Example of Markovian networks with sink
Sandpile network with sink
Let M = Sand(G), and let s € V(G).
The alphabet space A of Sand(G, s) is the vertex set V.
The state space @ of Sand(G,s) is [[/_; Zoytdeg(i)-

For each i € V, the transition function t; : @ — Q is defined by

ti(z1,z2,. ..y zn) = (21, ...y zi—1, 2 + 1, Zig1, -« -, Z1).
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Example of Markovian networks with sink

Sandpile network with sink
Let M = Sand(G), and let s € V(G).

The alphabet space A of Sand(G, s) is the vertex set V.
The state space @ of Sand(G,s) is [[/_; Zoytdeg(i)-
For each i € V, the transition function t; : @ — Q is defined by

ti(z1,z2,. ..y zn) = (21, ...y zi—1, 2 + 1, Zig1, -« -, Z1).

The output vector 0; : @ — NA is defined by:

)= {0 if z; # outdeg(i) — 1;

0,'(21, PN . .
(aj,']_j;és)jev if z; = outdeg(/) — 1.



Merino’s Theorem Abelian networks Markovian networks Level of a state Sink of a Markovian network Recurrent class A weak

Markovian networks with sink (ct'd)

e The state space of M is equal to the state space of M.
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Markovian networks with sink (ct'd)

e The state space of M; is equal to the state space of M.
Hence we can define the level of a state q of M to be equal
to the level of q in M.
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Markovian networks with sink (ct'd)

e The state space of M; is equal to the state space of M.
Hence we can define the level of a state q of M to be equal
to the level of q in M.

e The production matrix of M has Perron eigenvalue strictly
less than 1, so M is a halting network.
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Markovian networks with sink (ct'd)

e The state space of M; is equal to the state space of M.
Hence we can define the level of a state q of M to be equal
to the level of q in M.

e The production matrix of M has Perron eigenvalue strictly
less than 1, so M is a halting network.
Therefore, it makes sense to talk about the recurrent states of
the network M.
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Recurrent class

Let M be a Markovian network and let s € A. We define an
equivalence relation ~ on Rec(Ms) by q ~ g’ for q,q" € Rec(M5)
if g’ = (75)%(q) for some k € N.



Recurrent class

Recurrent class

Let M be a Markovian network and let s € A. We define an
equivalence relation ~ on Rec(Ms) by q ~ g’ for q,q" € Rec(M5)
if g’ = (75)%(q) for some k € N.

A recurrent class [q] is the equivalence class of an element
q € Rec(Ms).



Recurrent class

Recurrent class

Let M be a Markovian network and let s € A. We define an
equivalence relation ~ on Rec(Ms) by q ~ g’ for q,q" € Rec(M5)
if g’ = (75)%(q) for some k € N.

A recurrent class [q] is the equivalence class of an element
q € Rec(Ms).
The level of a recurrent class [q] is defined by

vi([a]) = max vi(a).
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A weak version of Merino's Theorem
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A weak version of Merino's Theorem

Theorem 3
If M is a Markovian network and s € A is a letter of M, then the
polynomial P(M, s; y) does not depend on the choice of s:

PM,s;y) =y, yMla
[a]€Rec(Ms;~)
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(Full) Merino's Theorem for Eulerian digraphs



In order to state Merino's Theorem for Eulerian digraphs, we need
to introduce a generalization of one variable Tutte polynomial for
directed graphs.
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Rooted spanning tree

Let G be a strongly connected digraph, and let s be a vertex of
V(G).

An s-rooted spanning tree is a subgraph of G such that there is
a unique directed path from s to v for each vertex v € V(G).

s-rooted spanning trees
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External activity

Fix a total order <. on E(G).
Let T be an s-rooted spanning tree, and let e € E(G) \ E(T).
The graph T U {e} has a unique circuit C.

e
N
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External activity

Fix a total order <. on E(G).
Let T be an s-rooted spanning tree, and let e € E(G) \ E(T).
The graph T U {e} has a unique circuit C.

st A
N
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External activity

Fix a total order <. on E(G).
Let T be an s-rooted spanning tree, and let e € E(G) \ E(T).
The graph T U {e} has a unique circuit C.

SO > \\:
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External activity

Fix a total order <. on E(G).
Let T be an s-rooted spanning tree, and let e € E(G) \ E(T).
The graph T U {e} has a unique circuit C.

SO > \\:

The circuit C decomposes to two directed paths P; and P,. Let
P1 be the path that contains e.

Py

P>




External activity

Fix a total order <. on E(G).
Let T be an s-rooted spanning tree, and let e € E(G) \ E(T).
The graph T U {e} has a unique circuit C.

N

The circuit C decomposes to two directed paths P; and P,. Let
P1 be the path that contains e.

Py

AN

The edge e is externally active w.r.t.T if the smallest edge of
E(C) is contained in E(Py).




Greedoid polynomial

The external activity of T, denoted by ext(T), is the number of
edges that are externally active w.r.t T.

The greedoid polynomial of G w.r.t root vertex s [BKL85] is the
polynomial

MNG,siy)= Y,y
TERST(G,s)



Merino’'s Theorem Abelian networks Markovian networks Level of a state Sink of a Markovian network Recurrent class A weak

Merino's Theorem for Eulerian digraphs

Theorem 4 (C., 2015+)

If G is a connected Eulerian digraph and s is a vertex of G, then
the following two polynomials are equal:

P(Sand(G,s);y) = A(G,s;y).



Thank you!
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