http://dx.doi.org/10.1090/conm/254/03963

Contemporary Mathematics
Volume 254, 2000

Some properties of Koornwinder polynomials

Siddhartha Sahi

Dedicated to Prof. R. Askey on his 65th birthday.

Introduction

Let R be the ring of Laurent polynomials in z;,...,z, over a field F, and let
S be the subring consisting of polynomials which are invariant under permutations
and inversions of the variables. In [6], Koornwinder introduced a basis of S con-
sisting of certain polynomials Py, whose coefficients depend on six parameters, g,
t,a, b, c, d, in F, and which are indexed by partitions A,

A=(A1,...,A\n) €Z" such that A\; > --- >\, >0

The Koornwinder polynomials are a generalization of the one-variable Askey-
Wilson polynomials [1], and they possess several remarkable properties which were
conjectured by Macdonald and Koornwinder. In [3], van Diejen showed that all of
these properties were implied by a single conjecture—the duality conjecture. This
conjecture was subsequently proved in [10] by a suitable generalization of the work
of Cherednik to this setting. See also [8]. In fact, in [10] we introduced certain
“nonsymmetric” polynomials E), indexed by A in Z™, which form a basis of R.
Most properties of the Py have natural nonsymmetric analogues for the E)y, and in
[10] we state and prove a duality conjecture for the E), as well. In this paper we
investigate the E) in greater detail. More precisely, we show that they:

e are orthogonal with respect to a natural inner product on R,
e are triangular with respect to a certain partial order on the monomials,
e have positive coefficients for suitable limiting values of the parameters.

In view of the substantial interest and importance attached to the one-variable
case, we include a brief, self-contained sketch of our principal results in the setting
of Askey-Wilson polynomials.

1. Askey-Wilson polynomials

For the convenience of readers primarily interested in the one variable case,
we summarize some of our main results for Askey-Wilson polynomials [1]. For the
proofs (in the general case) see [10] and the later sections of this paper. Let F be
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396 SIDDHARTHA SAHI

the field of rational functions in the square roots of 5 parameters g, to, t1, ug, u1:
1/2 ,1/2 1/2 1/2
F=@Q (ql/2yto/ :tl/ 7“0/ ,ul/ )

DEFINITION 1.1. Let H be the F-algebra with generators Ty, Ty, Uy, Uy and
relations:

To ~ to,T1 ~ t1,Up ~ uo, Uy ~uy, TiToUply = ¢~ /2

(Here, as elsewhere, A ~ a means A— A~! = al/?2 —q~1/2)) We define elements
X,Y in ‘H by means of the formulas:

X =T7'U7Y, Y =TT

Let H = <T0,T1>, Hy = <T1>, Rx = <X,X_1>, Ry = (KY_1> be the sub-
algebras of H generated by the indicated elements. Then Hj is two-dimensional
(spanned by 1 and Tp), Rx and Ry are isomorphic to the Laurent rings in X and
Y, respectively, and we have the following (linear) isomorphisms:

HxRx®H, H=Hy®Ry

The map x: T; — t: / 2,2’ = 0,1, extends to a character of H, and we consider
the induced representation Ind%(x) acting on the quotient space H/Z where T is
the left ideal generated by the elements h — x(h),h € H. Let R be the Laurent ring
in the variable z. Then we can realize the representation on R, via the following
formulas

Xf(z) = zf(x)
_L1/2 —12(l—cz™H)(1 —dz™!)
Tof(z) =ty f(z) + 1o 1-qz- 9
- 1-—-az)(1-bx _
Tuf() = 2£(a) + 72520 (1) - f(a)
where we have
o= ti/zu}ﬂ,b _ —t}/zu;l/z,c _ ql/zté/zué/z,d — —ql/2té/2u51/2.

(flaz™) — f(2))

The action of Y on R can be diagonalized, and we now describe the eigenvalues and
eigenvectors. For this we introduce the “formal” g-logarithms of the parameters as
follows:

ko = logq to, kl = logq tl, lo = lqu Uop, ll = lqu Ui,
and for n € Z, we put

i >
ﬁ:{ n+p ifn>0

1
n-p ifn<o > “herer=35k+k),

THEOREM 1.1 ([10]). The action of Y on R can be diagonalized, and for each
n € Z there is an eigenvector E,,, unique up to multiple, which satisfies

YE, =q"E,
THEOREM 1.2 (see Theorem 4.1). The polynomials E,, can be computed recur-
sively by setting Eo = 1, and defining, up to scalar multiple,
E_n_1=(anUp+by)E,, forn>0
E,=(c,Th+dp.)E_n, forn>0
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SOME PROPERTIES OF KOORNWINDER POLYNOMIALS 397

where Uy = ¢~V/2T5 1 X = ¢~1/2 (To —t5 +t"1/2) X and

an = qﬁ - q—n—l

n =g~ ug?) + a7 - )
tn=q"—q "
dn=q 677 =0 + (6 10
REMARK 1.1. This defines E, recursively, along the following sequence:
(1) n=0-1,1,-22-3,...
DEFINITION 1.2. We also define (up to multiples)
P, = (Tl +t_1/ )En forn>0
Qn = (Tl-t1/2) E, forn>0

Finally, we normalize E,, P,, @), so that, in each case, the coeflicient of z"
1. After this normalization, the other coefficients become rational functions in g,
a, b, e d.

THEOREM 1.3 ([10]). P, is the Askey-Wilson polynomial.

THEOREM 1.4 (see Theorem 5.1). The coefficient of ™ in E,, is nonzero iff m
precedes n in the sequence (1).

For the next result, we treat ko, ky, lo, !, as the primary parameters, and con-
sider the limits

E,=1lmE,, P,=lmP, Qp=IlimQ,.
q—1 q—1 q—1
For each integer n, define
2n if n>0
|_l (ko + k1 + 1), wherem—{ 2n|—1 if n <0

THEOREM 1.5 (see Theorem 6.4). The coefficients of enEn and e, P, are poly-
nomials in ko + k1 and ly + 1y with non-negative integer coefficients.

For our final result, we now specialize the parameters, assuming that F =
Q(g'/?) and that

ko=n1+n3, ki=ni—ny lo=n3+ng, l1i=n3—ny

for some positive integers n; € N. We define an inner product on R as follows:
First, recall that the Askey-Wilson weight function [1] is

A(z) = Ap(z)A4(z7)

where

— (D)oo (=)0 (0"22) o0 (—¢?2)
A () = e e (b2) (@) (@0
and (u)eo = (4;q)oo denotes the following infinite product (see [4]):

(1-u)(1-qu)(1-q*u)---,
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398 SIDDHARTHA SAHI

DEFINITION 1.3. We define C(z) := A(z)p(x), where
_(z—a)(xz D)
o(x) := praEEE
Next observe that under the present assumptions, C(x) is a Laurent polynomial.
DEFINITION 1.4. Let t be the involution of R which maps ¢ — ¢~ !,z +— z71,
and define an inner product on R by

(f,9) = [fg'Ch.
where [ - |; denotes the constant term of a Laurent polynomial.

THEOREM 1.6 (see Corollary 3.2).

1. The polynomials {E, : n € Z} are an orthogonal basis of R.
2. The polynomials {Py, Pi,...,Q1,Q2,...} are an orthogonal basis of R.

2. Preliminaries

2.1. The Weyl group. Define Ly = Z", L = Z™ & Zd, and regard L as a
space of affine linear functions on Ly, via the pairing

(z,y +20) = (z,y) +2, z,yeZ" z€Z

where the inner product on the right is the usual one on Z". Let €4, ...,e, be the
unit vectors in Z™, then

Ry = {ﬂ:E,‘ * Ej,QEi} C Ly
is a root system of type C,,, and

R={a+z2z0:a€Ry, z€Z}CL

is an affine root system of type 5,,. We fix compatible positive root systems as
follows
Ra- = {—62‘ + 8j,i < ]} U {—261'}
Rt ={a+nd:n>0,a € Ry} URY
Then the corresponding simple roots are
ag =0+ 261,01 = —€1 + €2,dots,apn_1 = —€p—1 + En, Qn = —2€n.
For each a in R, let s, denote the reflection in Ly about the hyperplane
H,={z € Ly: (z,a) =0}

The Weyl groups v?/ and W are the groups generated by the reflections from

Ry and R respectively. They are Coxeter groups on generators si,dots, s, and

S0, ..., Sn respectively, where s; = sq,. If A = (A1,...,An) € Lo, then we have the
following formulas for the action of the generators:

So A= (=1—=XA1,A2,...,An)
(2) si-A=(A1nA2 ., Ak, Aiy - An) 1 F O
Sn-A=(A1,A2, .-y Ano1, —An)
Via the pairing, we get a linear action v — wv of W on L, satisfying

(w - v, wv) = (vo, V).
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SOME PROPERTIES OF KOORNWINDER POLYNOMIALS 399

For A+ ré € L, we have
So(A+7d) = (=A1, A2, An) +(r= A1) 6

(3) si(A+718) =8, A+714,i#0
As before, let R be the ring of Laurent polynomials in z1,...,z, over a field
F. Then R can be regarded as the group algebra of Ly through the map
A=Ay Ag) 2 =2}z
and via (2) we obtain a representation of W on R, given by the formulas
so- f(z) =7 f (271, 22,. .., Zn)
(4) si- f(x) = f(z1,22,. -, Tit1,Tiy. -, Tn), L £ 0,1
sn f(z) = f (21,22, ..., Tn-1,2,,").
Now fix an element ¢ in F, and consider the map from L to R, given by

A+ 26— g*z}t -z

Using this map, we obtain another representation of W on R corresponding to (3).
This is given by the following explicit formulas:

Sof(-'l') = f(qxl-lvx%-'-,xn)
(5) Sif(x) = f(xlyx’.’a" 9y Ti41, T4y - -'7zn)1 1 # O,Tl
Snf(.’l:) = f (.'131,1'2, vee 7$n—1azr_;l) .

In the subsequent discussion, we will need both representations (4) and (5). We
will distinguish them from each other by writing them as f — w - f and f — wf,
respectively. (Note that f — wf is an algebra automorphism of R.)

2.2. The Hecke algebra. Let H be the Hecke algebra of W. This is a
deformation of the group algebra of W, and depends on three parameters t, to, and
t, with square roots in F. We recall (see e.g. [7]) that H is generated by elements

To, - .., T, which satisfy the same braid relations as sy, s1, . . ., S, (of type 6',,), and
also satisfy quadratic relations, which we write in the form

T,-T/' = til/2 _4V2

1

where t; =t = .-+ = t,_; = t. H contains a commutative subalgebra Ry
isomorphic to the Laurent ring in Y3,...,Y,, where

Yi= (T Toe) (T To)(T7 - T2Y).

Following Noumi [9], we can define a representation of H on R which depends
on two additional parameters ug, u, with square roots in F, as follows: Put

a= t;/zu;/z, b= —t,ll/zu;l/z,c - ql/zté/zué/z,d _ —q1/2t(1)/2u51/2

and define
Tof = t/2f + 15720 ”(‘i‘—_l)(f;;f”“_l) (s0f = f)
Tif =t'%f + t'l/z%f:% (sif =f), i#0,n
R e s e {CV )
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400 SIDDHARTHA SAHI

Then these operators satisfy the quadratic and braid relations, and extend to a rep-
resentation of H on R. The action of Ry can be simultaneously diagonalized, and
the nonsymmetric Koornwinder polynomials Ey (see [10]) are the corresponding
eigenbasis. The eigenvalues are given as follows: Put

k =log,t, ko=1log,to, kn= log,tn, lo=log uo, ln=1log,un.
and p = (p1,...,pn) With

ko + kn
2

pi = + (n —i)k.

DEFINITION 2.1. For X in Z", let Wy be the (unique) shortest element ofvf/
o~1 . ..
such that wy -\ is a partition, and define
PROPOSITION 2.1 (see [10]). TheY; are simultaneously diagonalizable, and for
each A in Z"™, there is an eigenvector Ey satisfying
Y,Ex=q~E\, i=1,...,n. O
(The E)’s are unique up to scalar multiples and can be normalized by requiring
that the coefficient of z* be 1.)
3. Orthogonality
In this section we specialize parameters, assuming that F = Q (¢'/2) and that
t=¢",a=q",b=—q¢",c= qns+1/2’d — _qn4+1/2
for some integers n; € N. Equivalently, we have
t=q"t0 =q" "ty = ¢ T up = ¢ Uy = g™
k =mno,ko = n1 + n2,kn = ny —n2,lo = n3g +ng,ln =nz —ny
We write (u)oo for the infinite product
(1-w(1-qu)(1-¢*y)...,
and following Koornwinder [6] we define A(z) := A (z)A4(z~!), where

(Z1)o0 (= T1)00 (41 2Z:) 00 (12T )00 71 (iT5)o0(TiZ; Moo
Ar(z)=]] —
(azl)oo(bxt)oo(cxt)oo(dzz)oo i<j (t.’L‘i.'L'j)oo(tlL‘,‘:IJj )oo
Under the present assumptions, A, and A are Laurent polynomials in R and S,

respectively, and Koornwinder (6] has shown that the Py are mutually orthogonal
with respect to the inner product

(f,9) = [f9A]r,

where [ - ]; denotes the constant term of a Laurent polynomial. In this section we
shall prove the nonsymmetric analog of this result.

DEFINITION 3.1. We define C(z) := A(z)p(x), where

H (x: —a)(zi = b) H (ziz; — t)(zix]._l —t)

wlz) = -1 (@iz; - D(maz; — 1)’

i<j
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SOME PROPERTIES OF KOORNWINDER POLYNOMIALS 401

Observe that the denominator of ¢ “occurs” in A(z~!), and hence C(z) is a
Laurent polynomial as well.

DEFINITION 3.2. We define an inner product on R by

(f,9) = [fg'Cl1.

where 1 is the involution of R which maps ¢ — q~!

-1
, and T; — ]

Our main result is:
THEOREM 3.1. For all f,g in R andi=0,...,n, we have
(Tif,9) = (f, Ti-9) .
Proor. Writing T; in the form
Ti = fi+ gisi
it is easy to check that g;' = g;, while
fim fl =t =7 = T, - T,
which implies
T = fiT +gzsi
(see also [10]). Then we get
(T:f,9) = (f, T7'9) = (fif + gisif,9) = (f, flg + gl sig)
= (gisif,9) — (9:f, si9)
= [(s:f) 91 (9:C)1 = [f (sig") (9O
= [(s:£) 9" (9:0)1r — [(5if) 9'5:(9:CO)]1-
(To obtain the last equality, we used the fact that s; is an algebra homomor-

phism and does not affect the constant term.)
Thus it suffices to show that s,(g;C) = ¢;C for all i, or equivalently that

sigi) si(p) si(B) _ 1 p L 0,.
gi 12 A
If i # 0, then s;(A) = A, and we have

)

1/2( — Tz 1+1)

gi =t~ for 1<i<n

(1-ziz H-l)
g —¢-1/2 (1 ~-azn)(1 - bz,)
o (1-22)

Now by direct computation, we get
¢ _ -tz (L -zizr)) _ sig)
si(p)  (1=zipz;!) (1 -tz ) 9i
L4 (1 - ax-l)(l _ bx—l) (1- 'Trz:) - Sn(gn)
salp) (1-z3%) (1-azn)(1-bzn)  9gn
which implies the result in these cases.
For i = 0, we note that if u is independent of z;, then

(uz1) o, (uzy?t) -
1 0_0 uz—ll = = (u1) oo (uqzy 1)oo
1

for 1<i<n
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402 SIDDHARTHA SAHI

is sp-invariant. This implies that

so ((u1)g (uzioo) 80 (1 —uai?)

(uxl)oo(u:cl‘l)oo - l—uar:f1

Using this we get

where
_ (=21 +o7Y)(1 - V22 ) + ¢/
(1 -az7h)(1 = bz7H)(1 — cz7h)(1 - dz7?t)
(1 —z7'z;)(1 - z7 'z )

(1 —tzy ') (1 - tay 'z; )

21

1<j

On the other hand, by a direct calculation, we see that

so() _ so(¥2)

¥ Y2
where
Y2 = S (;)(zl —b) 1 (@125 — )(@az; " — 1) :
zi-1 1<5 (@175 = 1)(z1z;' - 1)
Now, since

g = tgm(l —czyt)(1 ~bait)
(1-gz7?)

it follows that
Yrthago = t5 /.
This implies that
50(90) so(p) s0(A) _ so (Y1%290) _ 1
g9 ¢ A Y1¥290 '

which completes the proof. a

From the theorem it follows that the T; are {-unitary operators. But then so are
the Y;, and since the nonsymmetric Koornwinder polynomials E are simultaneous
eigenfunctions of the Y;, with distinct eigenvalues ¢* , we deduce the following:

COROLLARY 3.2. The E) are mutually orthogonal with respect to (-,-).

4. Recursion

In this section we provide explicit recursive formulas for the nonsymmetric
Koornwinder polynomials. We work once again with general (unspecialized) pa-
rameters q, t, to, tn, Uo,un. The recursion is with respect to the W-action (4).

THEOREM 4.1. Suppose A = s; - u # p then, up to a scalar multiple,
(qﬁi - X“)T,--i—c,» E, for i#0

By = a
(q)‘l—qﬁl)Uo-i-co E, for i=0
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SOME PROPERTIES OF KOORNWINDER POLYNOMIALS 403

where Uy = q“1/2T0_1x1, and
co =" (ug* = wg?) + ¢ (uz '/ — ul/?)
ci = gr(t~Y? —t1/2) for 0<i<n
en = (512 1) + (15 ~ %)
PROOF. By Theorems 5.3 and 6.1 of [10], E) is a multiple of S, E,,, where
S;=[T;,Y;] for i=1,...,n;
So = [Y1,U,] with U, = z7'ToY;!
To deduce the theorem we use the relations
T; ~ ti,Up ~ uo, Un ~ un

from [10], where
th=-=th1 =1,

and
1/2 _ ,-1/2

Z~zmeans Z — Z 1 =2Y%2
For i # 0,n we have
S =17\ Y] = 7YY - Vi,
But Y,»T[1 =T;Y; 41, so we get
Si = Ti(Ys = Yirr) + (/2 - tV2)Y,
Since
Y,E, = quEu
YigE, = qﬁ‘+1Eu = q-xiE;u
the result follows for i # 0, n.
For i = n, we get
Sp =T, - Y, T
But
Yo Tl = (Tn. . . T)To(TS ... T7Y),
which is conjugate to Tp. Hence we get
Y T, ~to,
and it follows that
S =Ta(Ya = Y7 ) + (622 = )Y + (6512 - 15/
Since
Y.E, = qﬁ"Ep
Y, 'E, =qPE, = ¢*E,,

the result follows in this case.
For i = 0, we have

So = [V1,U; Y] = V1, Y1 Ty 'z1] = ¢/?11 S
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where Sy = [Y1,Up]. Since Y} is invertible, E) is also a multiple of S4E,. Now
Yilo = ¢ 20" = ¢ 3 (Un + g2 — /%)
Un = q7V2U5 Y = g7 V2 (U +up 2 — ug/ )Yt
So we get
So = Y1Up — UpY1

=Uo(a Y7 =Y4) + (ug "/ — wg)a 7Y+ g7 (g2 — ).

The result follows since
YiE, = ¢"E,
¢ Y 'E, =q P E, = ¢“E,.

5. Triangularity

In this section and the next we consider the coefficients of the Koornwinder
polynomials with respect to the monomial basis. For this we shall need various
basic facts about the Bruhat order and Coxeter groups, which can be found in [5],
for example.

DEFINITION 5.1. We define wy to be the shortest element in W such that w), -
A=0.

(This conflicts with the notation in [10] but that should not cause confusion.)
The element w) admits the following alternative description: Let > denote
the Bruhat order on W with respect to the generators sg,---,s,. Now W acts

transitively on Z™ via the action (2) and the stahbilizer of 0 is W. Thus we can
identify
Zn ~ W W,

o
and w;l is the (unique) coset representative of A € Z" = W/ W, which is minimal
with respect to the Bruhat order. Our second main result is:

THEOREM 5.1. The coefficient of z# in E) is nonzero if and only if wy > w,.

The proof is somewhat involved, and in this section we will prove the “only if”
implication. For this we need several intermediate results.

LEMMA 5.2. For0<i<nandw e W,
either w < ws; or w > ws;.
LEMMA 5.3. For0<i<n and w,w’ € W,
ifw < w and w' < w's; then ws; < w's;.

PROOF. These are basic properties of the Bruhat order, see Chapter 5 in [5].
0O

LEMMA 5.4. Suppose A € Z™ and s; - X # X for some 0 < i < n. Then

Wg; A = W)AS;.
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SOME PROPERTIES OF KOORNWINDER POLYNOMIALS 405

LEMMA 5.5. Suppose A € Z", and that v € Z™ is a convex combination of A
and p = s; - A. Then,

either wy <w, <w, or wy, <w, Lwy.

We shall prove these lemmas in the appendix. In order to use them, we also
need the following result:

LEMMA 5.6.

1. If z# occurs in Upz?, then p is a conver combination of A and s - \.
2. For1 <i < n, if z* occurs in T;x>, then u is a conver combination of A
and s; - .

PRroOF. For the first case, we recall that
30'(A17"' 7>‘n) = (_’\1 - 1? yAn)'

Now Up commutes with multiplication by z2,- - ,z,. Therefore we may assume

z* = 27 for some integer m.
and we need to verify that if

m-1<Il<m if m>0
m<IlI<-m-1 if m<0

z} occurs in UpzT, then {

Since
on;n = q-—l/2To—1x7ln+l
it suffices to establish the following two assertions:

e T;'z% is a linear combination of z} for l between k and —k.
e If k > 0, then z¥ does not occur in T 'z¥.

To see this we observe that

_ -1
Tyizh = 652k + 152 L= c(:i’_);i i )((z H*-af).

If kK <0, we rewrite this as

-1,..2
~ _1/3 _ qg T -1
Tk = 52k (1+q ’(:vl—C)(xl—d)—( q—1:1z)2—1 >?
1

and observe that the parenthetical expression is a polynomial of degree —2k in ;.
If k > 0, we rewrite the expression in the form

(gz72)* -1
Ty 'ak = t5 %2} (1 - (-1 - dx;l)%—> ;
qr{° -1
and observe that the parenthetical expression is a polynomial of degree 2k in z7?,
without constant term. These considerations imply the two assertions and, thereby,
the first part of the lemma. The proof of the second part of the lemma is similar
and easier, and we leave the details to the reader. O

We can now prove the first part of Theorem 5.1. More precisely:

LEMMA 5.7. If x# occurs in Ey then wy > w,.
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406 SIDDHARTHA SAHI

PROOF. We shall proceed by induction on the Bruhat order of wy. If wy is the
identity, then A = 0 and E) = 1, and the result is trivially true. If w) is not the

identity, then there is some i such that
Wy > W)S;-
By Lemma 5.4, the right side equals w, where

L=8; A

By Theorem 4.1 and Lemma 5.6, we conclude that if ¥ occurs in E), then v
is a convex combination of v and s; - v for some 7 such that z” occurs in E,. By
Lemma 5.5 this implies that

w, < max (W, WyS;) .

On the other hand, by the inductive hypothesis, we have

Wy 2 Wey,
and by Lemma 5.4 and Lemma 5.3 we deduce that

W) = WyS; > MaX (W, WyS;) .
Combining these, we deduce that wy > w,,.

6. Positivity

In this section we treat k, ko, kn, lo, I, as the primary indeterminates, rather
than as formal g-logarithms of t, tg, t,, ug, u,. Then we have:

t‘:qk) t0=qk07 tn=qk", Uoquoy Un :ql"'

DEFINITION 6.1. With the above specialization, we define E\ to be the limit
E)\ = lim E)‘
q—1

A priori, it is not obvious that this limit exists. However we shall deduce this,
and more, from a recursion formula for the E. Recall the action f — s;- f defined
in formula 4, then we have

THEOREM 6.1. Suppose A = s; - u # u; then, up to a scalar multiple,

E,\=(€Si+f)‘Eu

where

Bi-M, b+l for

1=0
e, f= Ai — 1, k

for 0<i<n
An_ﬁnv ko + kn fO’I" i=n

PROOF. From the formula for T;, it follows that, as ¢ — 1,

T.f —si-f, for >0
Uyg—so-f, for i=0

Now, up to scalar multiple, the recursions of 4.1 can be rewritten as
T; +c1-/(q‘—‘-' - qx") and Up -f—co/(qx1 - qﬁl) .

Licensed to Princeton University. Prepared on Sat Dec 15 18:50:37 EST 2012 for download from IP 128.112.200.107.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



SOME PROPERTIES OF KOORNWINDER POLYNOMIALS 407

As ¢ — 1, we obtain

- 1/2 1/2 1/2
co _ 5 ug 1/2 “0/ +q~1/2un / -y /
> - gm g — g, g — g,
lo+1, _ i
Bi—A €
For i > 0, a similar calculation shows that
Ci f
—_ -,
qﬁe — q'\i €
and the result follows. O

LEMMA 6.2. If A = s;-p # pu, then wy > wy, iff one of the following conditions
is satisfied

e i=0 and ;>0

e 0<i<n and p; < lit1

e i=n and p, <O0.

LEMMA 6.3. Suppose A = s; - u # u, and one of the conditions of the above
lemma is satisfied, then the scalar e in Theorem 6.1 is of the form

e =do +di(ko + kn) + d2k
where dg is a positive integer and d; and d2 are non-negative integers.

We shall prove these lemmas in the appendix. Our positivity result for the E ’\
is the following:

THEOREM 6.4. There erists a scalar cyy such that we have
caEx = Z ezt
Biw, Sw/\

where each cy, is a nonzero polynomial in ko + kn, k, and lg + l,,, with nonnegative
integral coefficients.

PrOOF. Fix a reduced decomposition of w) as follows:
W) = 84, 8-
and for j =0,...,[, define
A(]) =sij...si1 -0
Then by Theorem 6.1 we see that there is a scalar c)) such that
(6) onEx = (ersi + fi) - (exsi, + fi,) - 1
where,
AP i =0
G 3D NG i £0
i i; J
Multiplying out the right side of formula 6, we can write it in the form 3" ¢y, z*.
By Theorem 6.1 and Lemma 6.3 the e;’s and f;,’s are nonzero polynomials in ko+k»,

k, and lp + l, with non-negative integral coefficients. Since the coeffcients ¢y, are
sums of products of the e;’s and f;,’s, they too are positive. The monomials which
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occur in the expansion of formula 6 are those obtained by applying subexpressions
of

Sip -+ 8iy
to the constant function 1. Now if w, < w), then w, can be written as a subex-
pression of
Wy = 84y ... 84
Taking the corresponding subexpressions on the right side of formula 6, we see
that the coefficient of z# in cy)E) is not zero. In conclusion we note that by the
minimality of wy, no proper subexpression applied to 1 gives z*, hence

1
Ca\\ = H €j.
=1

7. Appendix: Bruhat order

For each w in W, let I(w) be the length of a reduced (i.e., shortest) expression
of w in terms of the s;. Then we have

Hw) = [(w)]
where
M(w) = {a€ Rt :wa ¢ R}.
The Bruhat order on W can be characterized in the following ways

1. For o in Ry , we have ws, < w iff a is in IT(w).
2. w’ < w iff w’ can be obtained by omitting some factors in a fixed reduced
expression of w.

Similar results hold for I/?/ and Rg. For A in Z™, let w), and w a be as in Definitions
5.1 and 2.1.

LEMMA 7.1. For X\ in Z™ we have

1. II(wy) ={a € R*:()\a) <0}
01

2. H(w)\ ):{aeRS’:(/\,a)>0}

PROOF. See Theorem 1.4 in [2]. O

We can now prove Lemmas 5.4, 6.2, and 5.5.

PROOF (OF LEMMA 5.4). Write p = s; - A and w = w)s;, then we have

w-p=wys;-p=wy-A=0
By minimality of w,, this implies
w > wy.
Therefore to prove that w = wy, it suffices to show that
l(w) < Hwy).
To prove this we first assume that a; € II (wy) and put
§ =T (wx) \ {a:}
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Then we have
8- SC R+
Since
(ﬂasi 'a) = (s‘i : Aysi -C!) = (’\va)
It follows from Lemma 7.1 that
si- S C I(wy).
This implies that
l(wy) = 1 < Ywy).
However, o; € II(w,) implies that
l(w) = l(w,\si) < l(w,\).
Thus we get
Hw) < H(wy)
which implies the result in this case. If a; ¢ II (w)), then from Lemma 7.1 is easy
to see that a; € II (w,). The result follows by interchanging the role of A and p. 0O

PRrROOF (OF LEMMA 6.2). By Lemma 5.4 we have
Wy = WyS;
Therefore we have
wy > wy & a; ¢ M (wy)
By Lemma 7.1, we deduce that
wy > w, € (u,a;) >0

Now we have

(;L,(5+2€1)=2/11+1 ifi=0
(o) =< (M, —€i+€iy1)=—pi+pipn HO0< i<n
(1, —2ep) = —2pn ifi=n
and the result follows. O

To continue, we recall that

2\ (ko + kn .
P=Z(O—2—+(n—z)k>€,~
=1

Observe that p is anti-dominant: that is to say, for all a not in R we have
(py@) = c1 (ko + kn) + c2
where c;, co are non-negative integers.
PROOF (OF LEMMA 6.3). We can rewrite e as
(B-Xer) i1=0
e={ —(B-A&) 0<i<n
—(E—-Mep) i1=n
Now by formula (23) of [10] we have
A=s; - L.
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Therefore
_ (B, ai) €1, 1=0
E-A=¢ (Ba;)(eis1—¢€i), 0<i<n
(ﬁv ai) En, 1=n
Substituting this into the formula for e we get
e=({, o).

Now if ¢ # 0, then we get
o 0_1
e=(u, o)+ (wu Py ai) = (p, ) + (p, w, -m)

By the first part of Lemma 7.1 we get (i, ;) > 0, and by the second part of the

same lemma, we deduce that 7.%; -a; is a negative root. Since p is anti-dominant,
we deduce that the second term is positive and this proves the lemma for 7 # 0.
On the other hand, if i # 0, then we get

o1
€= (p'aal)) - (,0, w, 0)
where § = —2¢; is the highest (positive) root. Once again, we have (u,a9) > 0 by
Lemma 7.1. Writing ap = § — 0, we get that

(1,0) < 1.
Since (u,0) is an integer, we deduce in fact that
(1,0) <0.
-1
Applying Lemma 7.1 again we conclude that — 17)“ -6 is a negative root. Thus
-1
—(p, 1(1))“ -0) is positive, and this proves the lemma for i # 0. O

PROOF (OF LEMMA 5.5). If s; - A = A, then v = A = p, and the result is
trivially true. So we may assume s;-A # A. Then by Lemma 5.4 we have w, = wy-s;
, so either w, < wy or w, > wy, and without loss of generality we may assume
that w, < wy. Hence we have a; € II(w)), and by Lemma 7.1 this implies that

(/\,a,-) <0.

Now the reflection corresponding to the affine root a + k¢ is given by

Sa+k6‘/\=/\—()‘10+k6)d=)‘_(A’a)dkd; where & = (a a)a.

First suppose that i # 0, then we have

H =8 A=A - (/\y)\i)di~

If v € Z is a convex combination of A and y, then
v=M\A+ld&;, for some lin Z with 0 <! < — (A, \;).
Now let
k=-(\ao)—L
Then k is positive, and hence a; + kd is a positive affine root. Moreover, then we
have
Sa; +ké A=A — ()\,ai)di - kdi = A+ld, =V

Thus we get

WASa;+ks -V = wWx - A =0,
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and by minimality of w,, this implies
(7) Wy < WASa;+ks-
On the other hand,
Ma; +k6) =\ a)+k=-1<0
so by Lemma 7.1, we get
o; + kb € II(wy)
and so
WrSa;+kés < Wx-
Combining this with the inequality 7 we get
w, < Wy.
A similar calculation shows that
Wy S WyS—a;+15 < Wy
which completes the proof of the lemma for ¢ # 0. Now for ¢ = 0, we have
p=3s0-A=A—(Aao)er
and
v=a+le for some 0 <! <~ (A ap).
Setting
k=-(\a0) -1,
and arguing as for ¢ # 0, we deduce that

Wy S WyS—gp+1s < Wy < WrSag+ks < Wi-
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