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Origins of the questions being asked

Early theorems
Examples
A ray of light

Introductory comments

We begin with a ring R with identity. It has an injective hull E = E (Rg)
with a fixed embedding of R into E. Let A = Endg (E). We will be
exploring possible ring structures on E which preserve the R-module
structure. Specifically we will look at

— What general theorems are known about when E has such a
compatible ring structure.

— Several examples illustrating the problems that can arise.

— A formal definition of a compatible ring structure

— Some elementary new results that illustrate why this problem is both
nice in theory and so difficult to get satisfying example oriented
results.
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Origins of the questions being asked

Early theorems
Examples
A ray of light

Known theorems concerning such a ring structure on E

Theorem

Assume the singular submodule of R is 0. Then there is a natural ring
structure on E extending R-module multiplication making E a right self
injective von Neumann regular ring.

Theorem
Assume homg (E/R, E) = 0. Then there is a natural ring structure on E
extending R-module multiplication.

Proof.

Let 4 € A. Consider the abelian group map ¢, u— p (1), from A to E.
Let (1) =v(1). Then (u—v)(1) =0so pr — v maps E/R to E. This
implies 4 = v sothe mapis 1to 1. Let me E. Thenthe map 1 — m
extends to a (unique) map my in A so ¢ is onto. For m, n € E, define

-1 Ex E— E, m-n=my o ny (1) will give the ring required structure
on E. OJ
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Origins of the questions being asked

Early theorems
Examples
A ray of light

Known theorems concerning such a ring structure on E

Theorem
Let A be a commutative artinian ring. Then E (A) has a compatible ring
structure <=> A is quasiFrobenius.

Proof.

A is a product of local rings, so without loss of generality A is local. The
socle of A is simple if and only if A is quasiFrobenius <= A is self
injective.

So assume the socle of R has length n > 1. Then E (R)g is a direct sum
of copies of E (S) where S is the unique simple A-module. If E has a
compatible ring structure, its ‘top’ must be n x n matrices over Enda (S)
so by standard artinian ring theory Eg = @Y ._,"eE for {e;} a complete
set of orthogonal primitive idempotents, and its socle must have
dimension n? over Enda (S) so it cannot be an essential extension of A.

—— O
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Examples

Example

Let Z,) denote the integers localized at a prime p, and Zpe the minimal
injective cogenerator of Z,). Let R be the ring with additive group

Zpy ® Lp and (Zp<)? = 0. Then E (R) = Z(p) ® Zpo has a compatible
ring structure but is not a rational extension of R.
Crucial points
— Zp is an injective cogenerator over Z ).
— Z(p) is its endomorphism ring.
— These facts tell you E (R) is an injective cogenerator for R on the
right.
— They do not tell you it is a ring.
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Example

Dischinger and Miiller have constructed a one-sided injective cogenerator
as follows. Let K be a field such that there exists an endomorphism ¢ of
K whose image is of finite codimension in K. Let T be the ring

T = K|[[X; o]]. the twisted power series ring with coefficients on the
left and X - k = o (k) X for all K € K. T is left Ore, so it has a field of
left quotients Q = { X" 37 k,X" : K, € K, i € N} which contains T
as a subring (with / = 0). Since every left ideal of T is of the form TX',
T is left hereditary so Q /T X is injective and contains a left
T-cogenerator U which can also be made into a right T-module. Set

R =T @& 7Ur where U? = 0.Then R is left self injective, and indeed a
cogenerator on the left, but it is not right self injective. If one takes the
classical left localization of K [X ; o] at the Ore monoid {X'}, Ris a
ring structure on the injective hull of the resulting ring.

— Query: does this example have a compatible ring structure on the
injective hull of Rg?
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Example

Let H be the real quarternions, and C the complex numbers. Then the
finite dimension algebra over R,

_|C cHp
R=lo %

is nonsingular on both sides so its injective hull on either side will be

semisimple Artinian incorporating all endomorphisms of its socle. Its right

0 H 0 0
socle{ +O]HI

0 0
~ |H H : Cc o0 0 C 0 Cjj.
E(RR)_{H H} and its left socle [O 0]+[O 0]+{0 O:|IS
C C C

homogeneous of composition length 3so E(grR)= [C C CJ.
C C C

is homogeneous of composition length 2 so
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Example
Let K be a field with an endomorphism o of K whose image is of finite
codimension in K. Set F = o (K) and let

(R, +)=F®,rFF

where for o, 3, v, 6 € F, [a ﬁ] [7 5] = [ow a(a)5+ﬁ’y]. Then R
does not have a compatible ring structure on its injective hull on either

side.
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(R, +)=F®FFr

Proof.

The right injective hull of Rg looks like K & F, where R embeds in K as
o (K)+ F. We cannot multiply [0 F]-[K =0"*(F) 0] preserving
the R-module structure on [O F].

The left injective hull E (rR) of R looks like

E([0 opo(R])®E([0 orU])

where U is a o (F)-subspace of F complementary to o (F)-1. Let n > 1
be the o (F)-dimension of F over o (F). If E (rR) has a ring structure, it
is as an artinian ring €& with £ /J(€) n x n matrices over F, and

£J (€) = socle (rR) which is has left dimension n over o (F). It must be
the unique simple. Standard artinian ring theory shows this cannot
happen. O
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A very significant example

Example (BOPR)

Let A be a commutative local quasi-Frobenius ring with nonzero
Jacobson radical J. Set

(8 4

Then E(R)ZX A { Q?j 2§j

a f a+J f
[05 Ha*[ 0 4

ring compatible with the R-module structure, and

] with the embedding

has a ring structure as a quasiFrobenius

homg (E/R, E) = homp <[ jﬁ : ] , A) 20,
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R:H j?” andE(R)uA@Hﬂ ;‘?”

— R is an Artin algebra. A is a finitely generated injective cogenerator
over itself, so just as for finite dimensional algebras over a field,
Hompa (-, A) induces a Morita duality showing that the injective hulls

00 ] and the rows of the 2 x 2

of simple R-modules are A® [ 0 0

matrix ring.
— E(R) with the obvious multiplication is quasiFrobenius.
— E has more than one (set theoretic) ring structure as one can take, for

(1) 8 as the idempotent to be used in
the 1,1 position of the matrices for any j € socle (A).

example, the element j @ [

— All ring multiplications on E (R) are isomorphic as rings.
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Multiplication structures on abelian groups
What is a multiplicative structure on an abelian group?
Matrix example

Multiplicative structures

Definition (A)

A distributive multiplicative structure on an abelian group G is a group
homomorphism A\ from G ®7 G to G.

Definition (B)

A distributive multiplicative structure on an abelian group G is a group
homomorphism A from G to the additive group of Endz (G).
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Multiplication structures on abelian groups

What is a multiplicative structure on an abelian group?
Matrix example

Definition (C)

A ring structure on an abelian group G with distinguished element 1 # 0
is a group homomorphism A from G to the additive group of Endz (G)
such that the image of A is closed under composition of functions, 1
maps to the identity of A, and for all g € G, A(g) (1) = g.

Notation

If \: G — Endz (G) is a ring structure on the abelian group G, then for
g € G we denote \(g) by g\ and call the endomorphism gy, left
multiplication by g. For g and h in G, let g - h = gy (h).

Since the image of A is closed under composition, there is a k € G such
that A (k) = A (g) o A(h), namely k = X(g) o A(h) (1). This structure is
associative because composition of functions is associative, and 1 serves
as a two-sided identity.
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Multiplication structures on abelian groups

What is a multiplicative structure on an abelian group?
Matrix example

Example

Let us look at the ring R of 2 x 2 matrices over a field. When one uses
ordinary matrix multiplication, one thinks of this as a ring in the standard
definition. The endomorphism ring of (R, +) is 4 X 4 matrices, and, using
the ordered basis {[51’1 €12 €21 52’2] } the left multiplications are
given by

a 0 b O

A({a b]) 0 a 0 b
c d c 0 d 0

0 ¢c 0 d
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Multiplication structures on abelian groups
What is a multiplicative structure on an abelian group?
Matrix example

The key concept

There are two ways to look at the ring structure, namely

{a b] [u v]:[au—i—bw av + bx

c d||w x cu+dw cv+dx
or
a 0 b O u au + bw
0 a 0 b v| _ |av+ bx
c 0 d 0| |w| = |cu+dw
0 ¢ 0 d| |x cv + dx

Barbara L. Osofsky Injective Hulls of a Ring with Compatible Ring Structures



Compatible ring structures on E

Compatible ring structures on E

Definition
Let R be a ring with 1, E = E (Rg) an injective hull of Rg for some
fixed embedding R < E. A compatible ring structure on E is (given by)
an abelian group embedding A : E — A = Endg (E) closed under
composition such that (1g), = the identity of A.
— A priori A need not be an R-module. Indeed it ‘usually’ is not.
— The image of A\, Ey, has an induced R-module structure.
— Since (1g), = 1a and for all m, n € E (my (n)), = mx o ny,

(mx (1r)), = my so since X is monic, m = my (1g).
— Since A consists of R-maps, for all m € E and r € R,

my (r)=my(1g) r = mr

That is, restricting the right factor to R in this multiplication on E
gives the R-module multiplication on E.
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Compatible ring structures on E

The BOPR example

E has ordered basis

(A Alh1 Alha Alhy Alha)

so
s 00 0O
0 a 0 b O
Ex=|0 0 a 0 b
0 c 0 d0
0 0 c 0 d
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Compatible ring structures on E

We now look at a new A-basis for E obtained by adding elements in the
socle of A to the first column of the matrix ring while fixing a basis for
R. That is, we take as a new basis the columns of

P#J/ =

[eNeNeNeN
[oNeNoll e
oo~ OO
O O OoOovX
— O OoOOoOOo
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Compatible ring structures on E

1 -4 0 —v O0f|s 0 0O 0 O |1 w O v O
0 1 0 O 0|0 a O b O]|0O 1 0 O O
0 0 1 0 0|0 O a 0O b||O O 1 OO
0 0 0 1 0|0 c O d 0|0 O O 1 O
0 0 0 0 1|0 O ¢ O d||0 O O 0 1

s —ap—cv+suy 0 —bu—dv+sv 0

0 a 0 b 0

= |0 0 a 0 b

0 c 0 d 0

0 0 c 0 d
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The initial theorems revisited

Our new theorem

Now assume we have a ring structure Ey. A\ operates on the left of E
and contains E) as a subring.

Theorem
Let E, R, and \ be as before. Set

J={peN:pu(lg) =0}.

Then:

1. J is a left ideal of A. It is a right ideal if and only if 3 =0. In
particular, N /3 is a ring if and only if 3 = 0.

2. As left Ex-modules, (N; +) = (J; +) ® (Ex+).

3. Ex/J(E)) 2A/J(N).
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Corollaries

The initial theorems revisited What's left

Proof.

Re 1.

Re 2.

Re 3.

Statement: J is a left ideal of A. It is a right ideal if and only if
J=0. In particular, A /T is a ring if and only if 7 =0.

Proof: Let € Aand n € 3. Then pne (1) =0. If n # 0. Since E
is essential over Rg, there exists a m € E such that

0=#£mn(m) € R. The map 1 — m from R to A extends to a map
v € A such that nv ¢ 7.

Statement: As left Ex-modules, (A; +) = (J+) @ (Ex; +).
Proof: For € A, set ue(1)=me E. Then p— my € 3. Thus
AN=Ex+7. If m#0, my ¢ 7, so the sum is direct.
Statement: E\ /J(E\) 2 A/J(N).

ng()SOJ() I J( )ﬂE)\,andJ(A)mE)\:J(E)\).
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Corollaries
The initial theorems revisited What's left

Corollaries

Corollary (1)

Ey /J(E)) is a right self injective von Neumann regular ring, and
idempotents lift modulo J (Ey).

Proof.

The ring properties are inherited from A /J(A) since 3 C J(A). The
lifting of idempotents for both rings has exactly the same proof
associating idempotents with closed submodules of R. O

Barbara L. Osofsky Injective Hulls of a Ring with Compatible Ring Structures



Corollaries

The initial theorems revisited What's left

Corollary (2)

Let Ir € Rgr have two set theoretically distinct injective hulls My and M,
in Egr. Then there is a compatible ring structure Ey: on E such that
some element e of E idempotent in E) is not idempotent in E),. Hence
the ring structure is not set theoretically unique.

Proof.

Let E = M; @ K, Then K #£ 0. Let e € E, be the projection of E to M,
with kernel K,so K = (1 —€e) Ex. Then E = M, ® K also, and e maps
M, isomorphically onto My, so M, is generated by an idempotent of the
form e 4+ (1 — e) ke with (1 — e) ke # 0 . Let ¢ be the R-module
automorphism of Eg taking e to e + (1 — e) ke and 1 — e to itself. Then
the conjugation my — ¢~'my¢ which is a composition of elements of A
and fixes ¢ (1) gives another compatible ring structure on E in which e is
no longer idempotent. O
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Corollaries

The initial theorems revisited What's left

Corollary (3)

Let R be any ring such that E = E (Rg) has a compatible ring structure.
Then any two compatible ring structures on E are isomorphic.

Proof.

Let E\ and E): be ring structures on the injective hull E (Rg). By our
theorem, E) and Ej: are both direct sum complements of J. Let 7 be
the projection of A onto Ey with kernel 3. Then 7| is an abelian
group isomorphism from E, to E)/. Note that A is in general not an
R-module, so 7 (1a) need not be 1, but it must be of the form 15 + «
where « is an element of J and therefore it must be a unit in A. For
example, in BOPR, if E) corresponds to the original multiplication on the
injective hull, all other multiplications will have 7 (15) = (1 + &),, for
some k in the socle of 4, and Kk =0 < pu = —v.
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Corollaries

The initial theorems revisited What's left

Set S = {(77)\)_1 uy (TA) s uy € E,\/}. Then & C Ais closed under
composition and addition, and 15 = (7A) " (1g),, (7A); therefore S is a
subring of A isomorphic to Ej.

Let s = (7A) ' ux (7A) € S. Note that A maps E isomorphically to Ey,
7 takes Ey to Ey/, uy takes Ey/ to Ey without sending any units of A to
zero, 7! then takes Ey to Ey. and then A~ maps Ey back to E by
evaluating at 1. Now

s(1) = (7)) uw (7 (1a) = A7 (7 (un (7 (1))
AL (ky) =k for some k € E

and s(1) =0 <= s=0. Themap S — Ej), s+ (s(1)), is then a
ring isomorphism between S and E) so both E) and E) are ring
isomorphic to S.
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Corollaries

The initial theorems revisited What's left

Corollary (4)
If E), is two-sided artinian, then Ey is quasiFrobenius.

Proof.

Since Eg is injective and a finite sum of nonisomorphic indecomposable
injective modules with simple socles, the socle of every principal
indecomposable projective right E-module is simple. Since for any two
primitive idempotents e and f, eE = fE <= socle (eE) = socle (fE),
every simple right E-module appears in the socle of E. Hence the right
annihilator of the socle of E, r (socle (Eg)) = J.

For any primitive idempotent e, let sE = eE /eJ(E) for some 0 # s € R.
Any E-map from sE to E is determined by its image on sR, so is given
by multiplication by an element in Ey, so As = Es is its own double
annihilator, and >_; As; =Y/, Es; also is its own double annihilator.
Moreover, the right annihilator of s; is a maximal right ideal, so the left
annihilator of that right annihilator, namely Es;, must be simple. In
particular, the right socle is contained in the left socle.
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Corollaries

The initial theorems revisited What's left

Now for each isomorphism class of primitive idempotents [e], there is a
unique isomorphism class of primitive idempotents [f] such that there is
a nonzero element fre € socle (Eg). Then fre is in the left socle of E, so
every simple left E-module appears in the left socle of E and its dual is
simple because the socle of eE is simple.
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The initial theorems revisited

What's left?

— Can a ring have a compatible multiplication on its injective hull on
one side but not the other?

722 When does a ring have a compatible ring
structure on its injective hull?
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The End

Thank You

Surender Jain founded the unive.;sity"s'ri.ng theory program
and is at the heart of the Center of Ring Theory.

Figure: Happy Birthday S K and many more
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