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1. Introduction

In important work some thirty years ago, G. Birkhoff[2, 3] and E. Hopf[16, 17]
showed that large classes of positive linear operators behave like contraction
mappings with respect to certain ‘almost’ metrics. Hopf worked in a space of
measurable functions and took as his ‘almost’ metric the oscillation w(y/x) of
functions y and x with z(¢) > 0 almost everywhere, defined by

w(y/x) = ess.sup YO _ oo ing 40
t

x(t) o x(t)

Birkhoff used what has been called ([7]) ‘Hilbert’s projective metric’ or ([9]) the
‘Cayley—Hilbert metric’. In each case, it proved possible to obtain sharp estimates
for the contraction constant of a positive linear operator with respect to the ‘almost’
metric.

Subsequently, several authors generalized and sharpened the original results and
established a close connection between the Birkhoff and Hopf theorems. A partial list
of contributors includes F. L. Bauer{1], M. A. Ostrowski[25, 26] and P. J. Bushell
[8,7,9]. In addition, a number of mathematicians who were apparently unaware of
most of the above-mentioned theorems obtained closely related results and
interesting new propositions. We mention A. M. Krasnosel’skii, Je. E. Lifshits, Yu.
V. Pokornyi, A. V. Sobolev, and refer the reader to [19], {31] and the book [18].

We shall prove here a generalization of the work of Birkhoff, Hopf, Bauer,
Ostrowski, Bushell and others and refer to the cumulative result as the Birkhoff~Hopf
Theorem : see Theorems 3:5 and 3:6 below and the formulae of Section 6.

Typically, when the Birkhoff-Hopf Theorem is applied to a positive (possibly non-
compact) linear operator L, it implies that the L has a unique, normalized, positive
eigenvector v with corresponding eigenvalue A equal to the spectral radius of L and
that there are explicitly computable constants M and ¢, with ¢ < 1, such that
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for all positive vectors z. In addition, one may obtain explicitly computable formulae
for the so-called spectral clearance ¢(L) given by

||

¢(L) = sup {m zea(L)\{r(L)}},

where o(L) denotes the spectrum of L and r(L) its spectral radius. Indeed, such
estimates were one of the original motivations for the Birkhoff~-Hopf theorem. We
shall discuss these results more fully in a sequel to this paper [13].

In fact, the Birkhoff-Hopf theorem and associated ideas are important for a wide
variety of problems. It plays a central role in proving so-called linear and nonlinear
weak ergodic theorems of population biology (see [10, 14, 15, 23]); it is a useful tool
in problems concerned with rescaling matrices or non-negative integral kernels (so-
called DAD theorems; see [6, 24], [22, Section 4] and the references to the literature
in [22]); it has proved crucial in some problems concerning ordinary differ-
ential equations, particularly the question of convergence in direction (see
[5,4,29,30,32]); finally, these ideas play an important role in discussing
convergence of f*(x) and f™(x)/||f"(x)|| when f belongs to an appropriate class of
nonlinear operators and x is an element of a cone (see [21, 23]).

Despite its usefulness, the Birkhoff-Hopf theorem is not as widely known as it
should be, perhaps because of what A. M. Ostrowski [25, p. 91] has called a ‘certain
inaccessibility of Birkhoff’s presentation’. As far as we know, we present here the
first self-contained, elementary proof of the most general form of the theorem,
treating a vector space V with a cone C' = V, a vector space W with a cone D € W and
a linear map L: V- W with L(C) € D. Our basic observation is that it suffices to
prove the theorem in the case when V and W are two-dimensional. Next we analyse
two-dimensional cones and show that it suffices to prove the theorem when V =
W=R%C=D={xeR? z,x, > 0}and L = [?1], with « > 1. Proving the theorem in
this case is a simple calculus exercise which is carried out in Section 5. An amusing
benefit of our proof is that, in contrast to all previous work, we need no assumption
that our cones are Archimedean or almost Archimedean.

The approach here basically follows unpublished notes of R. D. Nussbaum which
were written in 1986-87 and were one topic in a series of lectures at Emory
University in the Spring of 1988. Independently, S. P. Eveson[12, 11] found a
closely related proof of the theorem for the almost Archimedean case. The present
paper unites and refines these two approaches.

2. Preliminary definitions and results

Definition 2:1. If V is a real vector space and C is a subset of V, we shall call C
a cone (with vertex at 0) if it satisfies the following three properties:

(1) C is convex;

(2) tC = C whenever ¢t = 0, where (C = {tx: xeC};

3) Cn(—-C)={0}
If C satisfies properties (1) and (2), but not necessarily (3), we shall call C a wedge.

Remark 2-2. Note that we do not, in contrast to some of the literature, assume that
V is a topological vector space in which C is closed. If V is a topological vector space
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and C is a cone in V, then the closure C of C need not be a cone (for example, let
V =R? and C = {(u,v): u > 0} U {(0,0)}). It is, however, easily verified that C is a
wedge.

Definition 2:3. A cone C in a real vector space V induces a partial ordering on V
by
x <.y ifandonlyif y—=zxeC.

If there is no danger of confusion, we shall write < y instead of x < - y.
If xe C and y e V, we shall say that x dominates y if there exist real numbers & and
S with
ar < oy < o . (1)

If in addition x % 0, we shall follow Bushell [7] and define

M(y/x;C)=inf{feR: y <, fx},

m(y/x;C) =sup{aeR: ax € oy},

w(y/z; C) = M(y/x; C)—mly/x; C),
which we shall abbreviate to M(y/x), m(y/z) and w(y/x) when there is no danger of
confusion. It follows from (1) and the hypothesis « & 0 that m(y/x) and M(y/x) are
both finite. The quantity w(y/z;C) is called the oscillation of y over x with respect
to C; for convenience, we define w(0/0;C) = 0.

It is a straightforward exercise to show that if x dominates y then

m(y/z;C) < M(y/x;C), so w(y/x;C) = 0 and that if s and ¢ are positive scalars then
M(sy/ty) = sM(y/x)/t, m(sy/ty) = sm(y/x)/t and hence that w(sy/ty) = sw(y/z)/t.

Levmma 2-4. Let V be a real vector space and let C be a cone in V. For any xe C\{0},
the set V, of vectors in V dominated by x, that is

V,={yeV:ax <y < fx for some a, feR}
s a linear subspace of V. If we define

P.(y) = w(y/z; C),

then p, is a seminorm on V,, which is to say that if y, y,,y,€V, and AeR then

P +¥2) S P1) +0,(%2);  P.(Ay) = |Alp,(y)-

It is also true that

Al

w(Ay+pzx/vz) ==~ w(y/z)

JoryeV, A, u, veR and v > 0.

We leave the easy proofs of these facts to the reader. The subspace V, is also the
domain of the classical order norm ||, introduced by Krein and Rutman[20].

Remark 2-5. Of course, w(y/x;C) = 0 whenever y = Az. However, we may have
w(y/z;C) = 0 when y is not a multiple of . To see this, consider ¥ = R? and C =
{(u,v)eR®: > 0} U {(0,0)}. The reader will easily verify that M(y/z;C)=0 for
all z,ye C\{0}.
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If we consider V = C(S), the Banach space of continuous functions on a compact
Hausdorff space S, let C be the cone of non-negative functions in ¥ and choose an
everywhere positive function z, then we have

Oy = max Y6yt
Y/ O = e T )

As a special case, where S is a discrete space of n points, we have C(S) = R* and

n n
w(y/z) = max % minZ.

i=1 T =1 Xy
A similar example, first studied by Hopf[16, 17], arises in a space of real measurable
functions, quotiented as usual by the equivalence relation of ‘equal almost
everywhere’ and partially ordered by the cone of equivalence classes of almost
everywhere non-negative functions. In this case, the supremum a,nd infimum are
replaced by their ‘essential’ counterparts.

Definition 2-6. Let C be a cone in a real vector space V. If x, y € C\{0}, we shall say
that x is comparable to y in C if x dominates y and y dominates x. We shall write x

¢y or x ~y to denote this, using the second form where there is no danger of
confusion. It is easily verified that comparability is an equivalence relation on C; its
equivalence classes are known as components.

If x ~ .y, we have 0 < m(x/y) < M(z/y) and we define

Mx/y;C)
m(z/y;C)’

which we shall as usual write as d(«, y) when there is no danger of confusion. It is clear
from the definition that in any cone the origin is comparable only to itself; we make
the convention that d(0,0) = 0.

The function d(-, - ;C) is called the Hilbert projective metric or Cayley—Hilbert
metric induced by the cone C.

d(z,y;C) = log

LemMaA 27, Let V be a real vector space and let C be a cone in V. If x, y and z are
comparable elements of C then

d(z,y) =d(y,x); dlz,2) <d(x,y)+d(y,2)

and if A, p > 0 then
d(Az, py) = d(z,y); d(z,Az) =0.

The reader may easily supply the simple proofs of these facts, or refer to [8] for
proofs of these and other related results in a slightly less general framework.

The example given in Remark 2-5 shows that if d(z, y) = 0 then it is not necessarily
true that 2 is a scalar multiple of y.

Definition 2-8. Let V be areal vectorspace and C' © V be a cone. If T < V, we denote
by co(T') the convex hull of T and if I' = C we define diam(I"; C) to be the diameter
of T with respect to the Hilbert’s projective metric on C, so

diam(I"; C) = sup {d(z,y;C): x,yel" and = ~ . y}.
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The following proposition contains a number of fundamental properties of the
projective metric.

ProrposriTioN 2:9. Let C be a cone in a real vector space V.
(a) If @ and S are subsets of C and

{sx:820,zeQ} ={sy:s=20,yeS}

then diam(@; C) = diam(S;C).

(b) If T < C and all elements of T\{0} are comparable in C then diam(co(T);C) =
diam(7"; C).

(c) Let S be a convex set in C such that M(v/u;C) > 0 for all u,veS\{0} such that u
dominates v in C. Assume that diam(S;C) <oo. Then any two elements of S\{0} are
comparable in C.

(d) If V is a Hausdorff topological vector space and C is closed then for any set
Q < C such that all elements of Q\{0} are comparable in C, we have

diam(@; C) = diam(Q; C).

Proof. (a) This follows immediately from the fact that d(sz,ty;C) = d(z,y; C) if
s,¢ > 0 and 2 is comparable to y in C, and the convention that d(0,0) = 0.

(b) It suffices to prove that R = diam(7T'; C) = diam(co(T); C), since the opposite
inequality is obvious. Similarly, we may assume that R <co. Select B, > R.

If veT\{0} and ueco(T)\{0}, a little thought shows that

n
u=1t2 A, u,
k=1

where 0 <t <1, 22,2, =1and for 1 <k<n, A, >0 and u, €T \{0}.
By assumption, all non-zero elements of 7' are comparable, so there exist a,,
B > 0 such that o, v < u, < f,v and log(f,/a,) < R,. These inequalities yield

t(Z /\kak)v <u< t(z /\kﬂk)v;
k=1 k=1
80

Z /\kﬂk
k=1

n
2 Ay

k=1

d(u,v) < log

n
R
DA a et
k=1

2 Aoy

k=1
=R,

Since B, was any number greater than R, we conclude that d(u,v) < R for all
we co(T)\{0}, ve T'\{0}.
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Now suppose u,veco(7)\{0}. We may write

V=82, ViV
k=1
where 0 <s< 1, 2™ vy, =1and for 1 <k <m, 0<y, <1 and v,eT\{0}. Select
R, > R. Since by the first part d(u,v,) <R, there exist aj, f; > 0 such that for
1 <k<m, apu <o, < fu and log(a,/f;) < R,.
Just as before, this gives

m
S(E 7kak) Sz%c%—” (2 ')’lcalc)
k=1 k=1

which implies that d(u, v) < R,. Since B, was an arbitrary number greater than B, we
conclude that diam(co(7");C) < R.

(c) Assume for a contradiction that there exist non-zero elements u and v of §
which are incomparable in C. We may assume without loss of generality that v does
not dominate « in C, and consider two subcases: (1) that « does not dominate v in
C and (2) that u does dominate v in C.

For 0 <e< 1, define u, =u+ev and v, = v+eu. Suppose first that we are in
subcase (1). We claim that M(v./u,) = ¢! and m(v./u,) = €. Certainly we have

1

v,=vteu< e Hutev) =¢ltu,

so M(v./u,) < € '. On the other hand, if M(v./u,) < y < ¢!, we find that

(I—ye)v < (y—e€)u
and, since 1 —vye > 0, this implies that ¢ < y and % dominates v, a contradiction. The
argument that m(v,/u,) = ¢ is similar and is left to the reader.
Since S is convex, we have that (1+¢) u,eS\{0} and (1 +¢€)v,e S\{0}. Finally,
d(u, v,) = d(1+€)™ ,, (1+€)7v,) = log(e™?).

€’ Ve

Letting € 0, we contradict the assumption that diam(S;C) <co.
We may therefore assume we are in subcase (2). Let § = M(v/u) > 0. Similar
arguments to those above show that M(v,/u) = f+¢ and m(v,/u) = €, so

d(v,u) = d((1+€) v, u) = log’B te

Since g > 0, we again contradict the assumption that diam(S;C) < co.

(d) Tt suffices to show that diam(Q;C) = diam(@; C), the opposite inequality being
obvious. We may assume diam (@ ; C) < c0. If u,ve @\{0} and w and v are comparable
in C, let § = M(v/u), a = m(v/u) and select ' > o and § < f. By definition of a« and
S, we have

fu—veéC, v—a'ug¢C.

Since C is closed, there exist open neighbourhoods % of u and ¥ of v with
0¢% U ¥ and
Bu,—v,¢C, v, —a'u,¢C, (2)
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for all u,e and v, €% . By definition, there exists u,€Q N % and v,€eQ N ¥ ; by
hypothesis %, is comparable to », and by (2), we have

M(vl/ul) 2 ﬂl’ 'rn(vl/ul) < d/,

which by letting #/— £ and a’ —>a implies that diam(Q;C) > d(«,v). Since » and v
were arbitrary comparable elements of Q\{0}, the result follows.

Remark 2:10. Part (c) of Proposition 2-9 is false if one only assumes that S is convex
and diam(S; C) <00. To see this, take

C={xeR?: z, >0o0rx =0andz, <0}

If we define S = C, the reader will easily verify that diam(S; C) = 0 but that (0, —1)
and (1,0) are incomparable elements of S.

Remark 2:11. In Definition 3-9 below, we define V(z,y) to be the subspace spanned
by x and y (so V(x,y) has a natural topology) and define C(x,y) = C n V(z,y). With
this notation, one may easily verify that the condition in part (¢) of Proposition 2-9
is satisfied if C(u,v) is a cone whenever u,v€S\{0} and » dominates v in C.

3. Positive linear operators

If ¢ and D are cones in real vector spaces V and W respectively and L is a linear
map from V¥ to W with L(C) < D, we wish to compare w(y/z; C) with w(Ly/Lx ;D) and
d(z,y; C) with d(Lx, Ly ; D). Our first lemma is trivial but will play an important role.

Lemma 3-1. Suppose that C is a cone in a real vector space V, that D is a cone in a real
vector space W and that L: V— W is a linear map with L(C) € D. If xzeC, yeV and x
dominates y then Lx dominates Ly in W and

o(ly/Lz; D) < o{y/x;C). 3)
If x, yeC and x ~ oy then Lx ~ , Ly and
d(Lx,Ly) < d{z,y). 4)
If L is a bijection and L(C) = D then equality holds wn both (3) and (4).

Proof. If x dominates y in V and ax < oy < ¢ fz, then fxr—yeC and y—aze(, so
L(px—y)eD and L(y—oax)eD. In terms of the order relation, we have

ala < pLy < ppLz, (5)

showing that Lx dominates Ly in D. Now, if Lz = 0 then Ly = 0 so w(Ly/Lx) = 0 by
definition and w(Ly/Lz) < w(y/x) since the oscillation is always non-negative.

If, on the other hand, Lz # 0 then it follows from (5) that M(Ly/Lx) < M(y/x) and
m(Ly/Lz) = m(y/x), and hence that (3) is true.

A similar approach establishes the corresponding results for d.

If L is a bijection between V and W with L(C) = D then we can apply the results
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above to the map L™: WV, since L~(D) < C, and conclude that, for xeC' and
y€V with x dominating ¥,

o(L™(Ly)/L7(Lx)) € w(Ly/Lx)
and for z, ye C with z comparable to y,

d(L7(Lx), L7 (Ly)) < d(Lz, Ly)
so equality holds in (3) and (4). |

Remark 32. If V=W =R"*, C=D={zeR": 2,2 0 for all 7}, and L: R*>R" is
given by a positive diagonal matrix or a permutation matrix, then Lemma 31
implies that for any x,yeC with x ~ y,

d(Lz, Ly) = d(z,y)
and for any xeC,yeV with z dominating ¥,

w(Ly/Lx) = w(y/z).

Definition 3-3. Let C be a cone in a real vector space V and D be a cone in a real
vector space W. Define non-negative real numbers N(L;C,D), k(L;C,D), A(L;C,D)
and y(L;C,D) by

N(L;C,D) =inf{y > 0: w(Ly/Lx;D) < pw(y/x;C) for all zeC,yeV such thatx
dominates y},

k(L;C,D)=inf{A > 0: d(Lx,Ly;D) < Ad(z,y; C) for all z,ye C such that z ~ , y},
AL;C,D) =sup{d(Lx,Ly;D): z,yeC and Lz ~ , Ly},

M(Ly/L
x(L; C,D)* = sup {——mng;LZ:J;

z,yeC,Lx ~ DLy},
where in the definition of y we adopt the convention that M(Ly/Lx)/m(Ly/Lx) = 1
if both M(Ly/Lx) and m(Ly/Lx) are zero.

N(L;C,D) is called the Hopf oscillation ratio, k(L ;C,D) is called the Birkhoff
contraction ratio and A(L; C, D} is called the projective diameter.

We shall as usual abbreviate these to N(L), k(L), A(L) and y(L) if there is no danger
of confusion. Lemma 34 implies that k(L) <1 and N(L) €1 and it is clear that
A(L) z Oand y(L) = 1. Wemay have A(L) =00 and ¥(L) = 0, and if we let log oo =00,
then we have
A(L) = 2 log x(L).

In much of the literature, N(L ; C, D) is defined only in terms of comparable elements
of the cone. Our definition is equivalent, as the following lemma shows.

LeMmma 3:4. In the notation of Definition 3-3,
N(L;C,D)=inf{g 2 0: w(Ly/Lx;D) < pwly/z;C) for all x,yeC such that x ~ ,y}.

Proof. This formula is identical to the definition of N(L;C,D) except that y is
restricted to being comparable to x instead of being allowed to be dominated by x.
To prove it, we shall show that if xe C'and y € V with  dominating y then there exists
z€ C comparable to x with w(y/z) = w(z/z) and w(Ly/Lx) = w(Lz/Lx).
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Tofindsuchaz, letar <y < frandletz=y+(1—a)xz. WehavezeCandz ~ cx
since
r<z<(f—at )z

and by Lemma 24, w(z/x) = o(y/x) and w(Lz/Lx) = o(Ly/Lx). I

We shall generally use this formulation of N(L; C, D) in preference to our original
definition, but it is useful in applications not to restrict ourselves to non-negative
vectors.

These definitions leave us in a position to state our main theorem.

THEOREM 3-5. Let C be a cone in a real vector space V, D be a cone in a real vector space
W and L be a linear map from V to W with L(C) < D. Suppose that A(L) <co. Then

X(L;C,D)—1

L; = N(L; = WB(L; T y@L;0,D)+1
ML;C, D) =N{L; ¢, D) = tanh 3A(L;C.D) = &m0y

THEOREM 3:6. Let C be a cone in a real vector space V, D be a cone in a real vector space
W and L be a linear map from V to W with L(C) € D. Suppose that A(L) =oco0. Then

E(L;C,D)=NL;C,D)y=1.

We shall see later that it is easy to deduce Theorem 36 from Theorem 3-5.

These theorems have a long history. In the literature it has usually been assumed
that C = D, but for various applications to nonlinear problems it is useful to have
C % D (see[22,section 4], [24] and [6]). Furthermore, as we shall see, allowing different
cones permits a flexibility in our arguments which will actually simplify the proof.

It has also usually been assumed in the literature that V and W are topological
vector spaces and that C and D are closed, or at least satisfy some sort of
‘Archimedean’ property. Our arguments will show that these assumptions are
unnecessary.

If V=W is a Banach space and C =D is a closed cone in V, G. Birkhoff [2, 3]
showed that

k(L;C,C) =tanhiA(L; C,C).

E. Hopf proved (basically for the case where V=W is a space of measurable
functions like L®, C = D is the cone of almost everywhere non-negative functions and
L is an integral operator) that

N(L;C,C) < tanhiAL;C,C),

though he never explicitly defined A(L;C,(). A different proof of a generalized
version of Hopf’s result was given by F. L. Bauer[1]. A. M. Ostrowski[25] and P. J.
Bushell[8] showed that

NL;C,Cy=k(L;C,0).

Apparently unaware of some of the literature (notably Birkhoff’s papers [2] and [3]),
Zabreiko, Krasnosel’skii and Pokornyi[31] and Krasnosel’skii and Sobolev[19] have
obtained closely related results.

The first step in proving Theorem 3-5, and the heart of our approach to the
problem, is to show that it suffices to prove it when ¥V and W have dimension less than
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or equal to 2. First, we need to give some definitions and recall some elementary
results.

Definition 3.7. If C is a cone in a real vector space V, we shall call C finite-
dimensional if there exists a finite-dimensional subspace E of V with C < E. In this
case, we define dim(C), the dimension of C, to be the smallest dimension of a finite-
dimensional linear subspace £ of V with C< E.

Recall (see {27, chapter 1]) that if £ is a finite-dimensional, real vector space, then
there is a unique topology on E which makes £ a Hausdorff topological vector space.
It follows that if C is a finite-dimensional cone in a real vector space V, we may define
C, the closure of C, even though V is not assumed to be a topological vector space:
we let £ be any finite-dimensional subspace of V with C € E, take the unique
topology on E which makes it into a Hausdorff topological vector space, and define
C to be the closure of C in this topology. It is not hard to see that C is independent
of the particular subspace chosen.

By virtue of this remark, topology will play some role in the proof of Theorem 3-5.
We shall need another well-known result of point set topology.

Lemma 3-8. Let C be a convex set in a topological vector space E. If x € C and yeC then
(1—t)x+tyel for 0 <t < 1.

Proof. See [28, chapter 11, section 1-1]. |

By using Lemma 3-8, one may easily see that if C is a cone with non-empty interior
in a topological vector space E and if t€ C and y e C then ax + Sy e C for all « > 0 and
B = 0. We shall use this fact later.

Definition 3-9. Let V be a real vector space and C a cone in E. If z,y €V, then let
Viz,y) =f{ax+Py: a, fe R},
Clz,y) =Cn Vix,y).

Remark 3-10. In this definition, we clearly have dim(C) < 2. Moreover, if u,ve
C(z,y) = : K, we have
u< v ifand onlyif < v

Tt follows that if ue K and ve V then 4 dominates » with respect to K if and only if
# dominates v with respect to C and that in this case

M@/u; K) =M@w/u;C); mv/u;K)=m(@v/u;C)

and hence that w(v/u;K) = w(v/u;C). Similarly, one sees that for u,veK, u is
comparable to v in K if and only if « is comparable to v in C and that

d(u,v;0) = d(u,v;K).

By using these elementary remarks, we can reduce the proof of Theorem 3-5 to the
proof of a much simpler result.

LevMma 3-11. In order to prove Theorem 3-5, it suffices to prove it when dim(C) =
dim(D) = 2, dim(V) = dim(W) = 2 and L is injective.

Proof. Let V, W, C, D and L be as in Theorem 3-5.
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If dim(C) < 1 or dim(D) < 1, one may easily verify that k(L ;C,D) = N(L;C,D) =
A(L;C,D) = 0, so Theorem 3-5 is trivially true.

If dim(C) = dim(D) = 2 and dim(V) = dim(W) = 2 but L is not injective, then the
range of L is of dimension zero or one; in either case, one may easily verify that
k(L;C,D)=N(L;C,D)=A(L;C,D) =0, so Theorem 3-5 is again trivially true.

We now assume that Theorem 35 is true whenever the spaces and cones involved
are two-dimensional and the map is injective. By virtue of the remarks above, this
implies that it is true whenever the two spaces are two-dimensional.

We now abbreviate k(L ; C, D), N(L;C,D) and A(L; C, D) to k(L), N(L) and A(L). For
z,y€C we have (using the notation in Definition 3-9)

L: Viz,y)~>W(La,Ly); L(Cla,y))  D(Lz,Ly).
We may thus define functions k, N and A on C xC by

k(x,y) = k(L; C(z,y), D(Lzx, Ly)),
Nx,y) = N(L; C(x, y), D(Lx, Ly)),
A(z,y) = A(L; Clz, y), D(Lx, Ly)).
Since we have assumed Theorem 35 to be true for spaces of dimension 2 or less, we

have
k(x,y) = N(x,y) = tanh jA(z, y). (6)

On the other hand, using the identities in Remark 3-10, we have

k(zx,y) = inf{A = 0: d(Lu, Lv; D) < Ad(u,v;C) for all u,ve C(x,y) with u ~ ¥},

=
N(z,y) =inf{u 2 0: o(Lv/Lu;D) € pw(v/u;C) for all u,veC(x,y) such that u
dominates v in C},

A(z,y) = sup{d(Lu,Lv;D): u,ve C(x,y) and Lu ~ ,Lv}.
It follows easily that
k(L) = sup{k(x,y): x,yeC},
N(L) = sup{N(z,y): z,yeC},
A(L) = sup{A(z,y): z,yeC}.
By using these equations and (6), we see that
k(L) = sup{k(z,y): =, yeC}
= sup{N(z,y): 2,y C}
= N(L)
= sup{tanhiA(z,y): z,yeC}
= tanh(sup 3A(z,y): z,yeC})
= tanhA(L). |

In addition to Lemma 3-11, another tool to simplify the proof of Theorem 3-5 will
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be the replacement of the linear map L with a map SL7T, where S and T are suitably
chosen linear bijections.

LEMMA 3-12. Let C be a cone in a real vector space V, D be a cone in a real vector space
W and L a linear map from V to W with L(C) € D and A(L;C,D) <co. Let V, and W,
be real vector spaces and S: V-V and T: W— W, be linear bijections. Define cones C,
and D, by C, = 8YC) and D, = T(D) and let L, = TLS. Then

k(L>C:D) = k(Ll;Cle),
N(L;C,D) = N(L,;C,,D,),
A(L;C,D) = A(L,;C,,D,).

In particular, to prove the identity in Theorem 3-5 it is sufficient to prove it for the map
L, and the cones C, and D,.

Proof. Lemma 3-1 implies that w(Sv/Su;C) = w(v/u;C,) and d(u,v;C,) = d(Su,
Sv; C) for all appropriate u,veC,. Similarly, we have d(T¢, Ty;D,) = d(§, ;D) and
o(Tn/TE;D,) = w(y/&; D) for all appropriate £, 7€ D. The identities claimed all follow
immediately from this.

4. Classification of two-dimensional cones

In this Section, we shall show that the closure of a two-dimensional cone in the
plane is either a half-plane or may be identified by means of a linear isomorphism
with the positive quadrant. These representations give a simple formula for the
projective metric in a two-dimensional cone. These facts are almost self-evident, but
their proof does not appear to be as simple as one might expect.

The topology used on the plane throughout this section will be the usual Euclidean

topology.

THEOREM 4-1. Let C be a two-dimensional cone in R2. Then exactly one of the following
two alternatives is true.
(1) C is a cone and there exist linearly independent vectors u and v such that

C={Au+pv: A, pu = 0},
C = {Au+pv: A, pu> 0}
(2) C is not a cone and there exist linearly independent vectors w and v such that
C={Autmv: AeR, pu = 0},
C={Autmw: XeR, u> 0}

Proof. Since C is two-dimensional, it contains two linearly independent vectors, «
and b. It follows that
{Aa+ub: A, u > 0}

is an open set contained in C, so Aa+ ,ubeé whenever A, > 0. In particular, there
is a disc centred at (a-+b) and contained in C, so there is a disc centred at —(a+b)
entirely disjoint from C, and hence —(a+b)¢C.
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We define x = 2a+beC and y = — (a+b)¢C, and note that z and y are linearly
independent. We now consider two cases: that C is a cone, and that it is not a cone.
If C is a cone, define 7 by

7=sup{te(0,1): (1—t)y+ix¢C}.

Our selection of x and y ensures that 0 < 7 < 1, that v = (1 —7)x+ 1y € 0C, and that
(because x and y are linearly independent) % % 0. Since we are assuming that C is a
cone, —u¢C. We now define o by

o =sup{se(0,1): (1—s)(—u)+sx¢C}.

As before, we find that 0 < o < 1, that v = (1—0) (—u)+ox€0C and, since z and y
are linearly independent, that « and v are also linearly independent.
Since C is a wedge, we have

Au+mpv: A,pu >0 < C.
We easily derive from Lemma 3-8 that G=0C, s0
6=C2 {Au+pv: A, pu > 0}
To complete the proof, it suffices to show that
C={Au+puw: A, p > 0}

If not, then there exists a point z = A, u+ poveC with either A, < 0 or g, < 0. We
may assume without loss of generality that A, < 0 and note that then y, > 0, since
otherwise we would have z + 0, zeC and —ze(C. We now have, by Lemma 3-8,
that .

3 Ao u+ s v) +3(IAglu +1Aglv) = pyveC,

contradicting the fact that vedC.

We now consider the alternative case, that C'is not a cone. Since C is a wedge, there
exists u + 0 with «, —ue(. It follows that uedC, since otherwise we would have
ueC = C and —ueC, from which it would follow by Lemma 3-8 that

0=23u+ —w)el=0C.
Similarly, —u€dC.
Now, select ve é’, and note that » and u are linearly independent, since otherwise
v would be a scalar multiple of %, and hence an element of dC. Because C is a wedge
containing %, —u and v,
C2{Aut+mw: AeR, p = 0}.

To complete the proof, we must show that C contains no element of the form
Ay u+ pyv, where y, < 0. If C' does contain such an element, then A, u+ |y, veC, so
by Lemma 3-8 we have

Ao = F(Agu+pov) +3Agu+|polv) € ¢
contradicting the fact that uedC. I

COROLLARY 4-2. (Using the same notation and hypotheses as Theorem 4-1.)
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If C is a cone and x and y are elements of C, so
x=Au+A,v, y=putu,v,

with Ay, Ay, g, fhe > 0, then x 48 comparable to y and

M(x/y) = max{i\— ﬁ}
o Mg

m(z/y) = mm{/\ &}
Hy H

x/y /\ A
My /‘2
d( ) log Al IMZ

If, on the other hand, C is not a cone then if xeC, yeV and x dominates y then
w(y/x;C) =0, and if x is comparable to y in C, then d(z,y;C) =0

Proof. The proofs of the results which apply when C is a cone are left as a simple
exercise for the reader. The proof of the remainder of the corollary follows.
Suppose x dominates y in the order relation induced by C. By Theorem 4-1, we
have
x= A u+A,v,
Y= Hutpp0.
Now, suppose

ar < oY < ¢ pe.
This is equivalent to

(g —aA)u+ (u,—ad,)vel,
(BA = py) u+ (BA,—py) veEC.

Thus, by the representation of C, a, < u, < fA,. Thus, if A, = 0 then g, =0 and
both # and y are multiples of w, so w(y/x) =0 and if they are comparable then
d(z,y) = 0.

We shall now assume that A, > 0, and show that m(y/x) = M(y/x) = p,/A,. Let
€> 0 and let &« = p,/A,—e and f = p,/A,+¢. We have

y—(@—e)x = putp,v—(a—e}A u+A,v)

= (/Al—[’l—ﬁ—e]/\l)u+/\26v
AZ

which is an element of ¢, hence C because its v coordinate is strictly positive, so
ax < o y. A similar argument shows that y < . f, so since ¢ may be arbitrarily small
we have

M(y/x) = m(y/x) /;:

Thus, w(y/x) = 0 and if = is comparable to y then d(z,y) = 0. |
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To use these results concerning the closures of cones instead of a more detailed
classification scheme based on the cones themselves, we need to know that if Cis a
cone then it induces the same projective metric and oscillation as C. This is the
content of the next lemma.

LemMa 4-3. Let C be a cone in a real topological vector space V such that C is also a
cone. Then for all xeC and yeV, x dominates y with respect to C if and only if x
dominates y with respect to C, and in this case

M(y/x;C) = M(y/=;C),
mly/z; C) = my/x; ). |
Proof. 1t is clear that if x dominates y in C then x dominates y in C and
My/x;C) = M(y/=;C),
m(y/x; C) < m(y/x;C).
Because of the identities M(y+ Ax/x) = M(y/x)+ A and m(y+ Azx/x) = m(y/x)+ A,
which are true for any partially ordered vector space, and the fact that y + Az e C for
sufficiently large A, it is sufficient to prove the lemma for yeC.

Let a = m(y/x;C) and g = M(y/x;C). Since C is closed, ax < y < fz, and since
yeC, o« and g are both strictly positive. Writing az < y < fz in terms of the cone,
we have that y —ax and fz—y are elements of C. Since yeC and y—axeC, we have
by Lemma 3-8 that for t€(0, 1),

(1—-ty+ty—ax)eC
which implies that etz < oy for all te (0, 1), so m(y/z;C) = a = m(y/z;C). A similar
argument shows that M(y/x;C) < M(y/z;C).

COROLLARY 4'4. Let C be a cone tn a two-dimensional real vector space V such that C
is also a cone. Then for all xeC and yeV, x dominates y with respect to C if and only
of x dominates y with respect to C, and in this case

M(y/z;C) = M(y/x;C),

m(y/x; C) = m(y/x; C).
Proof. Tf zeC, this is a special case of the previous result. If x =0, then it is
trivially true. As in the previous result, it is sufficient to prove this for y comparable

to z, by adding a sufficiently large multiple of z to y. If xedC\{0}, then by the
representation in Theorem 4'1, we have that for some veC,

C={Ax+pv: A, u= 0},
C={Az+pw: A, pu > 0}

Suppose z dominates y in C, so ax < sy < sfx. Let y = Az + puv, then by the
representation of C' we have

a<A<B, 0<u<0,

so u = 0. Thus, y is a scalar multiple of x and M(y/x) = m(y/x), regardless of the cone.
Finally, if x dominates y in C, then it dominates y in C since C 2 C, so by the
previous part, m(y/x) = M(y/x) in either cone.
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CoROLLARY 4-5. In the notation of Theorem 3-1, if C and D are cones and dim(V) =
dim(W) = dim(C) = dim(D) = 2, then

Proof. This result follows easily from 4-4. |

LemMa 46. To prove Theorem 35, it is sufficient to prove it in the case that
dim(V) = dim(W) = dim(C) = dim(D) = 2, C and D are cones and L is injective.

Proof. We already know that it is sufficient to prove Theorem 3-5 when dim(V) =
dim(W) = dim(C) = dim(D) = 2 and L is injective. If C or D is not a cone, then it
is immediate from Corollary 4-2 and the fact that 4 does not increase either d or w
that k(A4;C,D), N4 ;C,D) and A(4;C, D) are all zero, so Theorem 3-5 is trivially
true.

LemMMA 47. To prove Theorem 3-5, it is sufficient to prove it in the case that V =
W=R? C=D={xeR? x,,x, > 0} and L is represented with respect to the standard
basis by the matrix

a b
- i

Proof. We know by Lemma 4-6, that to prove Theorem 35, it is sufficient to prove
it in the case that dim(V) = dim(W) = dim(C) = dim(D) = 2, C and D are cones and
L: V— W is injective with L(C) € D.

Corollary 45 implies that we may replace C by C and D by D without affecting £,
N or A, and hence assume that C and D are closed.

Theorem 41 implies that there are linearly independent vectors u, veC and 4,
$€D such that

where a, b, ¢, d > 0 and ad—bc £+ 0.

C={au+pfv:a f =0}
D = {ai+f5:a, f = 0}.
Define S: R*~>V and T': W R? by
S(a, f) = au+ fv,
T(aii + o) = (a, f).
We have that S and 7 are injective linear maps with S(K) = C and 7'(D) = K, where
K is the standard cone in R?. By Lemma 3-12, it suffices to prove Theorem 3-5 with

L replaced by L, =TLS, C=D =K and V=W = R? Let L, be represented with
respect to the standard basis by the matrix

a b
¢ d
so L,(1,0) = (a,c) and L(0,1) = (b,d). Because L,(K) S K, a, b, ¢ and d are non-

negative; because L is injective, ad —bc & 0. We are also assuming that A(L,; K, K)
< o0, so by Proposition 2:9, (a,c) and (b, d) are comparable in K. A little thought
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shows that this is true only if either a =b=0,¢c=d =0 or all of a, b, ¢ and d are
positive. Either of the first two cases contradict the hypothesis that ad —bc # 0, so
we must have a, b, ¢, d > 0. |

5. Completion of the proof of the Birkhoff-Hopf theorem
We know from Lemma 4-7 that to prove Theorem 3-5, it is sufficient to prove it in
the case that V=W =R? C=D = {xeR? x,,z, > 0} and L is represented with
respect to the standard basis by the matrix

a b
-
where a, b, ¢, d > 0 and ad—bc + 0.
To prove the theorem for this restricted case, we shall use the simple formulae for
w and d in R? to convert the problem into a simple exercise in calculus.
Before we start, we shall use one final reduction. This is not strictly necessary, but
it substantially simplifies the calculus.

LemMma 5:1. To prove Theorem 35, it s sufficient to prove it in the case that V =
W=R: C=D={xeR? x,,x, > 0} and L is represented with respect to the standard

basis by the matrix
[ 1] ’
1 «

Proof. Bearing in mind Lemma 4-7, all we need to show is that, with the given
spaces and cones, then given a matrix

where oo > 1.

there exists a matrix

with k(4") = k(4), N(4") = N(4) and A(4") = A(4).

We shall construct this matrix by multiplication on the left and right by matrices
which are bijections on the cone. According to Lemma 3-12, this does not affect N,
kor A.

We begin by finding positive diagonal matrices D, and D, such that D, AD, is
doubly stochastic, that is that its row and column sums are all 1. Let

N2 |y, O
Dl_[o xz]’ D2_[0 ?/2]

D AD =|:a’xly1 bxlyZ
! : Y, dx,y,)

SO

Now, for 0<z, <1, let z, =1—2,, ¥y, = 1/(ax,+cx,) and y, = 1/(bx, +dx,). This
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makes the columns of D, AD, sum to 1; to make the rows also sum to 1, it is sufficient
to have

ax, ba,
= 1.
ax,+cx, bx,+dx,
Now let
_ ax, bx,
ax,+c(l—z;) bx,+d(l—=z,)

O(x,)

Since #(0) = 0 and 6(1) = 2, there exists x, € (0, 1) such that §(x,) = 1. With this value
of z,, and x,, ¥, and y, as defined above, D, and D, are positive and D, AD, is positive

and doubly stochastic, so
D, AD, =[ g l‘ﬂ].

=g B

Now, if det(4) > 0, let P be the identity matrix, and if det(4) < 0 let P be the
permutation matrix

0 1

[

(recall that det(4) = 0 by hypothesis), so

=), )

where y > 1/2. Finally, let D be 1/(1—v) times the identity matrix, so
a 1
A’ =PD,AD,D =
14D, [1 a}’
where o > 1.
Since 4" was obtained from 4 by multiplication on the left and right by matrices

which are bijections on the cone, 4" has the same projective diameter, oscillation
ratio and contraction ratio as 4. |

Remark 52. If 4 is any n xn matrix, all of whose entries are positive, then there
exist positive diagonal matrices D, and D, such that D, AD, is doubly stochastic, and
such matrices are unique up to scalar multiplication. Such results are called DAD
theorems; references to the relevant literature may be found in section 4 of [22], and
in [6] and [24]. Clearly, the key result above is a direct proof of the DAD theorem
for 2 x 2 matrices; conversely, it is a special case of results in section 4 of [22] that
Theorem 3-5 can be used to give an easy direct proof of the above-mentioned DAD
theorem in the n x n case. Thus, there is a close connection between DAD theorems
and Theorem 3-5.

We may now give the simple proof of the Birkhoff—-Hopf Theorem for the case of
positive matrices of the type given in Lemma 5-1.

a 1
1 af
where a > 1, and consider A acting on R?, partially ordered by the usual cone. Then

N(A) = k(4) = tanh3A(4).

THEOREM 5'3. Let A be the matrix
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Proof. We have
w(Axz/Ay)

z,yeC w(x/?/)

ydominatesx
o(zfy)+o0

N4) =

Since w(Az/Ay)/w(zx/y) is independent of positive scalar multiples of either x or y, we
may take a cross-section through the cone. It is convenient to consider x = (1, s) and
y = (1,¢) for non-negative s and ¢. For w(x/y) to exist and be non-zero, we must have
s,t >0 and s + ¢. Thus,

w(dz/Ay)

NA4) =
“) 5,t>0,5%¢ w(x/y)

Now, if we use the standard formula for v in R2,

a+s_1+as
N(4) = sup a+t 14+al
50 12
t
- su (a®—1)¢
i@+ 1)
s+t
= sup ¢(t)
t>0
where
(a®—1)t
fy=-— 1"
o) (@+t)(at+1)

The maximization of ¢ over (0, 00) is a simple problem: ¢ is non-negative, its only
stationary point is at 1 and its limits at 0 and oo are both zero; it follows that its
supremum is attained at 1 and is equal to

af—1  a-—1
(a+1)2 a+1’

$(1) =

A similar approach to the contraction ratio gives an apparently more difficult
maximization problem. We have

(a+s)(1+at)
k(A) = sup (a4 £) (14 as)
S0 log >
t
= sup [P (s, 1),
skt#>to
where
(e +s)(1+at)
(s, t) = (a+t)(1+as)‘

log ;
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It is convenient to write

_ Je)=ft)
yis.h) = log s—log ¢’
where
a+t
J) = log ==

Using the generalized mean value theorem, we have that for 0 < s <t there exists 7
with s <7<t and

_ _f&)—ft)
vis.0 = log s—logt

=77

(1—a?)r
(e+7)1+aT)

= —¢(r).

It is immediate from this that sup || < sup ¢, both suprema being taken over the
domains of the functions. To show that sup || = sup ¢, fix ¢t > 0 and choose an
arbitrary positive . By the mean value theorem argument above, —i(t—¢,t+¢) =
¢(7) for some 7€[t—e€,t+€]. Since ¢ is continuous at ¢ and ¢ may be made arbitrarily
small, this shows that || attains values arbitrarily close to ¢(¢) for any given ¢. It
follows that sup || = sup ¢.

We thus have

Tt remains to be shown that tanh 1A(4) = (a—1)/(a+1).

Let e, = (1,0) and e, = (0, 1) be the standard basis vectors for R%. A(C) is given by
the set of all non-negative linear combinations of Ae, and Ae,; it follows from
Proposition 29 that

A(4) = diam(4(C)) = d(de,, Ae,).

Since Ae; = (a, 1) and de, = (1,a), we have d(de,, de,) = log a® = 2 log a.
Now, since A(4) = 2 log a, a = exp(A(4)/2) and

N(A) = I(d) = a—1 exp(A(4)/2)—1

= a1 " expad) )1 k). !

Finally, we show that if the projective diameter is infinite then the oscillation and
contraction ratios are both equal to 1.

TurorREM 54. Let V and W be real vector spaces partially ordered by cones C and D,
respectively. Suppose that L is a linear operator from V to W with L(C) = D and
A(L;C,D)=00. Then

NL;C,D)y=k(;C,D)=1.

Proof. Given M > 0, there exist x and y such that d(Lz, Ly) > M. Consider the two-
dimensional subspaces V' generated by x and y and W’ generated by Lx and Ly (Lx
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and Ly are linearly independent since d(Lx, Ly) > 0; this implies that x and y are also
linearly independent).

We place a partial ordering on W’ by means of the cone D and on V' by means of
the cone ¢’ generated by = and y, so

C'={Ax+py: A, p =0}

Since " is a subcone of C, d(u,v;C") = d{u,v;C).

Now, regarding L as a map from V’ ordered by ¢’ to W ordered by D, L has
projective diameter d(Lx, Ly) (by Proposition 2:9), so we may conclude from the
result for the finite projective diameter case that given € > 0 there exist », ve (" with

d(Lwu,Lv; D)
— 1> 1 - —e€.
du.0.0) tanh 3d(Lx,Ly;D)—e

Now, d(Lx,Ly;D) 2 M and d(u,v;C") = d(u,v;C), so

d(Lwu, Lv; D)
—— 2 "’ > tanh M —e.
dw,v;0) - e
Thus, by choosing large M and small ¢, we may find % and v such that
d(Lu,Lv;D)/d(u,v;C) is arbitrarily close to 1. Since we know a priori that
k(L) < 1, we conclude that k(L) = 1.

A similar proof shows that N(L) = 1.

6. Positive matrices and integral operators

In the special case that V=R"*, W=R™, 0 ={xeR": 2,2 0 for all 7} and D =
{xe R™: z;, = 0forall i}, Theorem 3-5 is usually stated in a sharper form with an explicit
formula for A(L; C, D) in terms of the matrix representation of L. To establish this
formula, it will be useful first to prove more general results.

If we take C' as in Remark 210 and L:C—C to be the identity map, then
A(L;C,C) = 0 and L(C) contains non-zero elements which are not comparable in C.
If, however, we impose mild additional conditions then Proposition 2-9 implies that
(in the notation of Theorem 3-5) all non-zero elements of L(C) are comparable. A
slightly less general version of this result has been obtained by Eveson[11].

Lemma 6-1. Let the notation and hypotheses be as in Theorem 3-5. Assume that if u and
v are any non-zero elements of L(C) such that w dominates v in D, then M(v/u) > 0 (this
will be the case if D(u,v) is a cone whenever u and v are non-zero elements of L(C) such
that u dominates v in D). Then it follows that all non-zero elements of L(C) are comparable
in D,

Proof. Let 8 = L(C) € D, so S is convex and diam(S; D) < co. It now follows from
Proposition 2-9 that any two non-zero elements of S are comparable in D. |

We now return to the case where V= R", W = R™ and C and D are the cones of non-
negative vectors in V and W, respectively. If we consider the elements of R” as
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column vectors and if 4 = (a,;) is an m x 7 matrix, then 4 defines a linear map on R”
and if a; >0 for 1 < 4,5 <=, then 4(C) = D. We let ¢; (1 <j < n) denote the jth
standard basis vector for R", so Ae; is the jth column of the matrix 4. The reader may
easily verify that if « and y are elements of C then

Y
d(z,y;C) = log max 2 %Y (7)
Y g 15 xjyz

with a corresponding formula for the cone D.

THEOREM 62. Let V=R", C={zeR": 2,20 for 1 <i<n}, W=R"™ and D=
{xeR™: 2,20 for 1 <i < m}. Let A be an mxn matrix (a;) such that a; = 0 for
1<i<m, 1 <j<n, 50 A(C) € D. If{e;: 1 < ¢ < n} is the standard orthonormal basis

Jor R™, assume that there exists a set J < {1, 2,...,n} such that Ae; and Ae; are non-
zero and comparable in D for each i,5€J and Ae, = 0 for all i¢J. Then it follows that
A(A4) = A(A4;C, D) is finite and

A(A) = max d(de;, Ae;). (8)

i,jed

If, moreover, a; >0 forall 1 <t <m, 1 <j<nthen

a..q. .
A(4) = max d(de;,Ae) =log max L (9)
1<i,j<n 1<i,7<n pj Pqi
1<pg<m

Proof. Let T' = {Ae,;: i€ J} and observe that
AC) ={tx:t = 0 and zeco(T)}.
By using parts (@) and (b) of Proposition 2'9, we see that
A(4) = diam(A(C); D) = diam(co(T"); D) = diam(7T'; D)

which yields (8). Equation (9) follows from this and the explicit formula for
d(Ae;, Aej) in (7).
Equation (9) is closely related to results of E. Hopf{16], who observed that

analogous formulae hold for integral operators.

TaEOREM 6:3. (See Hopf[16]). Suppose S is a compact Hausdorff space, p is a
regular Borel measure on S of full support (so u(@) > 0 for any open set G = S) and
k:Sx8S—R is a positive continuous function. Let V = C(S), the Banach space of
continuous, real-valued functions on S and let C be the cone of non-negative functions
in V. Define A: V-~V by

(Ax)(s) = J k(s, t) z(t) p(dt) (10)
s
Then it follows that

—AA:C.C) = K(s, ) k(u, v)
A(d)=AA;C,C) = log sfrtl,i),{v " o) k. t) (11)
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Proof. If x and y are non-zero elements of C we have

= max A9E) _  [sk(s,7)y(r) pldr)
M(Ay/Az) = msa'x (Ax)(s) = ma .[S ]C(S v) ( )/,l/(dll)

-1 Isk( x(v) p(dv)
m(dy/Az))' = M(Az/Ay) = max Tk (1) ldr)

Thus we obtain that

k(s,7) k
M(Ay/Ax)M(Ax/Ay) = ﬂkzzv (w, ”;xzviz

(1) p(dv) p(d7)
d

T
(7) pldo) uldr)’

From this formula, we easily conclude that
x4;C,0) = x(4)
inf{A = 0: f {k(s, 7) k(u, v) — A%k(s, v) k(w, )] 2(v) y(7) p(dv) p(d7) < 0
for all z, ye C\{0} and s,u€eS}.

If we define A by
k(s,7) k(u,v)
A?= max —————-,
soru, K(S, V) k(u, T)

we obviously have y(4) < A. If 0 < A < A, we have
k(s,7) k(u, v) — A%k(s, v) k(u,7) > 0

for (s,u)el; x W, and (v,7)e U, x W,, where U; and W; are open sets. There exist

continuous functions z,ye€C\{0} which vanish outside U, and W, respectively. If
(s,w)e U, x W,, we find that

(Ay)(s)(Ax)(u) _ ,
Mdy/Ax)Md=/Ay) > 2 S g ~

s0 x(4) > A. It follows that y(4) = A and that (11) holds. |

Remark 6-4. If p is not of full support, one obtains

k(s,t) k(u,v)

< b SR i St A
A(4) € log max T, 0) kD)’

s, t,u,v

but equality need not hold, as one may see by taking s = 8, the Dirac delta measure.
If ke L}(S x §) is a non-negative function such that

ess.sup ch(s, ) u(dt) < o0

8

then k defines a bounded integral operator 4 : £ = L*(S)—+ £ by (10). If C is the cone
of non-negative functions in £, the argument above shows that

¥(4) <inf{A =2 0: k(s, 7) k(u, v) — A%k(s, v) k(u, 7) < O for almost all s,u, v, 7}.
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However, our previous arguments do not prove that equality holds in (11).

We note that in the generality of Remark 64 it is easy to find functions
ke L>(S x 8) such that 4: L* — L® is not a compact map: see remark 56 in section
5 of [6].

REFERENCES

[1] F. L. Baugr. An elementary proof of the Hopf inequality for positive operators. Numerische
Math. 7 (1965), 331-337.

[2] G. BrkuoFF. Extensions of Jentzsch’s Theorem. Trans. Amer. Math. Soc. 85 (1957), 219-226.

[3] G. BirkHOFF. Uniformly semi-primitive multiplicative processes. Trans. Amer. Math. Soc. 104
(1962), 37-51.

[4] G. BirkHoFF and L. Korin. Asymptotic behaviour of solutions of first order linear
differential-delay equations. J. Math. Anal. App. 13 (1966), 8-18.

[5] G. BrkHOFF. Integro-differential delay equations of positive type. J. Differential Equations
2 (1966), 320-327.

{6] J. M. Borweix, A. S. LEwis and R. D. Nusspaum. Entropy minimization, DAD problems
and doubly stochastic kernels. J. Functional Analysis, to appear.

[7]1 P.J. BusaeLL. Hilbert’s projective metric and positive contraction mappings in a Banach
space. Arch. Rational Mech. Anal. 52 (1973), 330-338.

[8] P.J. BusHELL. On the projective contraction ratio for positive linear mappings. J. London
Math. Soc. 6 (1973), 256-258.

[9] P. J. BusHELL. The Cayley—Hilbert metric and positive operators. Lin. Alg. Appl. 84 (1986),
271-280.

[10] J. E. Conen. Ergodic theorems in demography. Bull. Amer. Math. Soc. 1 (1979), 275-295.

[11] S. P. Eveson. Hilbert’s projective metric and the spectral properties of positive linear
operators. Proc. London Math. Soc., to appear.

[12] S.P. Evesox. Theory and applications of Hilbert’s projective metric fo linear and nonlinear
problems in positive operator theory. Ph.D. thesis, University of Sussex, 1991.

[13] S. P. Evesox and R.D. NussBaum. Applications of the Birkhoff-Hopf Theorem to the
spectral theory of positive linear operators. Math. Proc. Camb. Phil. Soc., to appear.

[14] T. Fusimoro and U. KrRAUSE. Asymptotic properties of inhomogeneous iterations of nonlinear
operators. SIAM J. Math. Anal. 19 (1988), 841-853.

[15] M. GoruBirsky, E.KeeLer and M. RornmscHiLp. Convergence of the age structure:
Application of the projective metric. Theoretic. Population Biol. 7 (1975), 84-93.

[16] E. Horr. An inequality for positive integral operators. J. Math. Mech. 12 (1963), 683-692.

[17] E. Hopr. Remarks on my paper ‘ An inequality for positive integral operators’. J. Math. Mech.
12 (1963), 889-892.

[18] M. A. KrasNosgL’sk11, JE. A. LirsHITs and A.V.SoBoLEV. Positive linear systems: the
method of positive operators. Sigma Series in Applied Mathematics, vol. 5 (Heldermann
Verlag, 1989).

(19] M. A. KrasNoOsEL’SKII and A. V. SoBOLEV. Spectral clearance of a focusing operator. Funct.
Anal. Appl. 17 (1983), 58-59.

[20] M. G. Krein and M. A. RurMaN. Linear operators leaving invariant a cone in a Banach
space. Transl. Amer. Math. Soc. 10 (1962), 199-325 (English translation by M. M. Day).

[21] R. D. NussBauMm. Hilbert’s projective metric and iterated nonlinear maps. Memoirs of the
American Math. Soc. 75 (1988), 391.

[22] R. D. NussBauM. Hilbert’s projective metric and iterated nonlinear maps II. Memoirs of the
American Math. Soc. 79 (1989), 401.

{23] R. D. NussBauM. Some nonlinear weak ergodic theorems. SIAM J. Math. Anal. 21 (1990),
436-460.

[24] R. D. NusssauM. Entropy minimization. Hilbert’s projective metric and scaling integral
kernels. J. Functional Analysis, to appear.

[25] A. M. OsTrowsKI. On positive matrices. Math. Ann. 150 (1963), 276-284.

[26] A. M. OsTrowsKI. Positive matrices and functional analysis in Recent Advances in Matrix
Theory (University of Wisconsin Press, 1964) pp. 81-101.

[27] W. Rupix. Functional analysis (McGraw-Hill, 1973).

[28] H. H. ScHAEFER. Topological vector spaces (Macmillan, 1966).



The Birkhoff-Hopf theorem 55

[29] K. Wysockr. Behaviour of directions of solutions of differential equations. Differential and
Integral Equations 5 (1992), 281-305.

[30] K. Wysockl. Ergodic theorems for solutions of differential equations. S14M J. Math. Analysis
(1993), to appear.

[31] P. P. ZaBrErko, M. A. KrasnosiL’skil and YU. V. PoRKorNYI. On a class of positive linear
operators. Functional Analysis and its Applications 5 (1972), 272-279.

[32] A. D. Z1eBUR. New directions in linear differential equations. SIAM Review 21 (1979), 57-70.





