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Proposition 1. We have

V (2, p) =
p (p− 1)

p+ 1
.

Proof. The proof is by induction on p. First, we know that V (2, 1) = 0, which matches the
formula. Now, assume that we know that

V (2, p− 1) =
(p− 1) (p− 2)

p
.

Recall that Boyce proves that

V (1, p) =
p2

p− 1
.

So, we have

V (2, p) =

(
2

p+ 2

)
(−1 + V (1, p)) +

(
p

p+ 2

)
(1 + V (2, p− 1))

=

(
2

p+ 2

)(
−1 +

p2

p− 1

)
+

(
p

p+ 2

)(
1 +

(p− 1) (p− 2)

p

)
=

(
2

p+ 2

)(
p2 − p− 1

p− 1

)
+

(
p

p+ 2

)(
p2 − 2p+ 2

p

)
=

2p (p2 − p− 1) + p (p+ 1) (p2 − 2p+ 2)

p (p+ 1) (p+ 2)

=
2p3 − 2p2 − 2p+ (p2 + p) (p2 − 2p+ 2)

p (p+ 1) (p+ 2)

=
2p3 − 2p2 − 2p+ p4 − 2p3 + 2p2 + p3 − 2p2 + 2p

p (p+ 1) (p+ 2)

=
p4 + p3 − 2p2

p (p+ 1) (p+ 2)

=
p2 (p+ 2) (p− 1)

p (p+ 1) (p+ 2)

=
p (p− 1)

p+ 1
,

as required.
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