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ABSTRACT. Let €y, ..., €, be a sequence of independent Rademacher random variables.
Answering a question of Erdés from 1945, Beck proved in 1983 — using techniques
from harmonic analysis — that there is a constant ¢ > 0 such that for any unit vectors
v1,...,0, € R? we have

C
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We give a new, elementary proof of this result using a simple pairing argument that
might be of independent interest.

1. INTRODUCTION

Broadly speaking, Littlewood—Offord theory asks for estimates on the number of
subset sums of a given sequence V' of vectors vy, ..., v, that lie within a target set S.
This is equivalent to studying the probability that the random signed sum

Oy = €1V1 + €Ug + - - - + €,U,

lands within a given set, where the ¢; are independent Rademacher random variables
(i.e., independent random variables with P[¢; = —1] = P[¢; = +1] = 1/2). Littlewood
and Offord [8] originally considered the special case of this problem when each v; is
a complex number of norm at least one and showed that the probability that oy lies
within any open ball of radius one is at most O(n~'/?logn). This result was sharpened
in seminal work of Erdés [3] who used Sperner’s theorem to prove that this probability
is at most (LRT/"QJ)Q’”, which is sharp when v; =1 for all 1 <7 <n.

A large amount of work has since been done on extending these classical results, both
for ‘forward’ Littlewood—Offord problems like those described above, as well as ‘inverse’
Littlewood-Offord problems in the vein of Tao and Vu [12] (where one seeks a structural
characterization of the vectors V' given that oy is likely to land in S). In addition to
being interesting questions in their own right, both types of problems have garnered
a great deal of attention due to their many applications in random matrix theory;
see, for example [5, 9, 11, 12]. Our focus here will be on ‘reverse’ Littlewood—Offord
problems that ask for lower bounds on the probability that oy lies within a given
target S. Notable examples of such problems include Komlés’s Conjecture [10] and
Tomaszewski’s Conjecture [4], the latter of which was recently resolved in breakthrough
work of Keller and Klein [6].



Erdés [3] posed two natural conjectures in his original 1945 paper on the topic.
The first of these asked for an extension of his upper bound of (Ln% J)2_" for complex
numbers of norm at least 1 to vectors of norm at least 1 in arbitrary Hilbert spaces;
this was eventually resolved in full by Kleitman [7] (who further extended this bound to
arbitrary normed spaces). Erdds’ second conjecture, which asks for generally applicable
lower bounds, is a reverse Littlewood—Offord problem: is it always true that a random
signed sum of complex numbers of norm one is fairly likely to fall inside a closed unit
ball centred at the origin? More precisely, for x; € C and ¢; € {—1,+1}, he raised the

following problem:

We state one more conjecture.
(1). Let Ix.l =1. Then the number of sums P r_,exxi with
|2’;_,e;¢x;¢i =1 is greater than ¢2"n~1, ¢ an absolute constant.

Equivalently, this conjecture states that if V' = (vq,...,v,) is a sequence of unit
vectors in R?, then P[||oy || < 1] = Q(n™!). It was observed by Carnielli and Carolino [2]
that Erdds’ conjecture requires a minor adjustment (and is false as stated): assume
that n is even and consider v; = (1,0) and v; = (0, 1) for all ¢ > 1. Each coordinate of
oy has absolute value at least 1, and thus oy has length at least V2.

In view of this counterexample, Carnielli and Carolino adjusted Erdds’ conjecture
by replacing 1 by v/2. The main result of this paper is a new proof of this (adjusted)
conjecture.

Theorem 1.1. There exists an absolute constant ¢ > 0 such that for any unit vectors
v1,...,0, € R? and independent Rademacher random variables €1, .. ., €,, we have

c
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Some time after we found a proof of Theorem 1.1, we discovered that this particular
conjecture was solved in the following strong form by Beck [1] in a somewhat obscure
(since it does not reference [3]) paper from 1983.

Theorem 1.2. For all d > 2, there exists some cq > 0 such that for any unit vectors
v1,...,0, € R? and independent Rademacher random variables €, . . ., €,, we have
c
P [||ew1 N [P \/Zz] >
n
While Theorem 1.1 is just a special case of Beck’s theorem, we believe that our new
proof has some independent value since, in particular, it uses elementary, geometric
methods which (in our opinion) are much simpler than the deep, harmonic-analysis
arguments used by Beck.

The rest of this paper is organised as follows. The high-level ideas that form the
basis of our arguments are encapsulated in a few key lemmas in Section 2, and the



proof of Theorem 1.1 then follows in Section 3. We conclude with a discussion of open
problems in Section 4.

2. THE PAIRING ARGUMENT

For ease of notation, we henceforth write || - || for the Euclidean norm unless stated
otherwise. Also, given a sequence V = (vy,...,v,) of vectors, we exclusively use oy
to denote the random signed sum €;vy + - - - 4 €,v,,. Although we will ultimately only
work in R?, we state our lemmas here in terms of R? in general since this introduces no
extra complications in our argument.

To prove concentration of the random signed sum oy € R? around the origin, it is
natural to try and apply the second moment method (and Chebyshev’s inequality in
particular). As was formally worked out in [2], this approach easily shows that oy has
a constant probability of landing within a ball of radius roughly /n, after which a
pigeonholing argument implies that there is some ball of constant radius in which oy
lands with probability Q(n‘d/ 2). However, there is no guarantee with this approach
that this constant-radius ball is centered at the origin, and all of what we do in the
sequel is aimed at circumventing this obstacle.

We get around the obstacle described above by relating concentration estimates for
oy to concentration estimates for the difference of two independent copies of oy,. This
reduction ultimately yields the following pairing lemma, the proof of which will be the
main goal of this section, establishing sufficiently strong concentration for the random
signed sum oy provided one can find a reordering of our vectors V' = (vy,...,v,) such
that the norms of the consecutive differences v9;_; — v9; are small.

Proposition 2.1. Let V = (vy,...,v,) be a sequence of unit vectors in R with n even
and r, o0 > 0 reals such that r2 > o+ 372 oy — vy ||2. Then

Plllov|| < 7] = Qg (n™?).

Before we can prove Proposition 2.1, we require a few definitions. Given a sequence
of vectors V = (vy,...,v,), we define its sequence of difference vectors §(V') by

6(V) = (v1 —v2,v3 — vy, ... » V2|n/2|—-1 — v2\_n/2j)a

i.e., (V) consists of all the differences vy; 1 — vg; for 1 <7 < |n/2]. For a real number
a > 0 and a sequence of vectors V', we define

Pa(V) = Pllov| < ]

and we define ¢,(V') to be the probability that two independent samples X, X’ of oy
satisfy || X — X'|| < a. The key ingredient for proving Proposition 2.1 is the following
lemma.



Lemma 2.2. Let V = (vy,...,v,) be a sequence of vectors in R, let a,b > 0 be reals,

and set
1 /2]
V= (5(021'1 + UQi)) .

i=1
If n is even, then

a > qa V)- i D )
Paso(V) 2 a(V) - min py(D)
where D ranges over all subsequences of 6(V'). If n is odd and if every vector of V' has
norm at most K, then
a V) > q,(V)- mi D).

Parbir(V) 2 6a(V) - min pi(D)
Proof. The odd case follows immediately from the even case since the probability that
lov] < ¢+ max; ||lv;|| is always at most the probability that |oy_(,.}]| < ¢, so we
assume in what follows that n is even.

We sample a random signed sum Y ¢v; as follows. First, sample i.i.d. uniform

random signs 61(1), 652) for all i < n/2. Define I to be the set of i < n/2 for which

egl) = 652), and sample i.i.d. uniform random signs 653) for each i € I. Define

n/2

m_\~m Lo 4
o Z € 5 (v9i—1 + V)

n/2
IS SR .
=1

el

DN | —

Observe that o) — ¢ + ¢ has the same distribution as oy; this is easy to verify by
checking that each of the four possible signed sums of vq;_1,v9; are equally likely for
every 1. Thus,

Paro(V) = Pllo) =0 + 0@ < a + 0]
— Epcsr) [Ello® — o + 0@ <atb | 1= D]
> Epcsvy [PlloV) —o®|| <a | I =D]-Plle®| <b | I =D

2 Pllo® — 0@ < - min Pllo®| <b| 1= D]
c

= qa(V) - min py(D),
as desired. O

To get good bounds from Lemma 2.2, it then suffices to establish good lower bounds
on ¢,, and to show that the sequence V can be reordered in such a way that the



vectors of 6(V') are small. The former is a straightforward consequence of Chebyshev’s
inequality.

Lemma 2.3. If W = (wy,...,w,) is a sequence of n vectors in RY of norm at most K,
then q,(W) = Qqax(n~%?) for any a > 0.

Proof. For each coordinate 1 < i < d, we have Var[(ow);] < K?n, so by Chebyshev’s

inequality, we have

1
P[|(ow)i| < 2dK+/n] > 1 — 2
By taking a union bound over all d dimensions, we obtain

1
Plllow |loo < 2dK/n] > 5

Thus there is at least a 1/2 chance that oy falls into a cube centered at the origin
with side length 4dK+/n. Such a cube can be covered by O4((K+/n/a)?) subcubes
of diameter a, so we see that if oy and oy are independently sampled from the
same distribution, the chance that they both fall into the same subcube is at least
Q4((a/K+/n)?), as desired. O

Since the vectors of W = (4(w; + ws), . ..) have norms no larger than the maximum
norm of W, we immediately get the following corollary.

Corollary 2.4. If W = (wy,...,w,) is a sequence of n vectors in R? of norm at most

K, then q(W) = Qqa.r(n~%?) for any a > 0. O

Similarly, once we know that the vectors of a difference sequence §(V') are small on
average, we can apply the following with 6(V) = W.

Lemma 2.5. If W = (w1, ...,w,) is a sequence of vectors in R and b,c > 0 are real
numbers such that Y | ||w;||* < b* — ¢, then for any subsequence D of W we have

po(D) > /b2

Proof. Observe that

Elllop|?) = E <Zu2u> —E| > <uu>]
ueD ueD u,u’' €D
=Yl <Y il < 82—,
ueD i=1

so by Markov’s inequality, we find

—c ¢
Pllool <8 = Pllool? <7 2 1- £ - €

giving the result. O



We now have all we need to prove Proposition 2.1.

Proof of Proposition 2.1. Applying Lemma 2.2 with a = «/3r and b = r — a (which is
positive since 1> > a > /3 = ar) gives

> . ] .
pr(V) > qu(V) o Pr—a(D)

By Corollary 2.4 and the fact that V' consists of unit vectors, we get
qa(v) = Qd,a(n_d/Q) = Qqar (n_d/Q)‘

For the second term, we apply Lemma 2.5 with b = r — a and ¢ = ra (which is valid
since (r —a)? —ra >r*—3ra=r*—a) to get

Pr—o(D) > ra/(r —a)® > a/3r*

for all D. Putting these two estimates together gives the result. U

3. PROOF OF THE MAIN RESULT

As noted earlier, the main obstacle in applying Lemma 2.2 to show concentration of
oy is to find an effective reordering of V' so that the sequence 6(V) = (v; — vs,...) has
small norms. In the two-dimensional case, there is a natural way to do this, namely by
ordering the vectors by argument as they are arranged around the unit circle. For this,

given a unit vector v in R? we write arg(v) to denote the unique 6 with 0 < 6 < 27
such that v = (cos(f), sin(#)).

Lemma 3.1. Let V. = (vy,...,v,41) be unit vectors in R? with v, —= (1,0) and
Unt1 = (=1,0) such that 0 = arg(v1) < arg(vz) < --- < arg(vp+1) = m. Then
Z?:l |v; — via ||? < 4.

In fact, we will need the following generalization which recovers Lemma 3.1 by taking

V' =((1,0),(—1,0)).

Lemma 3.2. Let V' = (v],...,v])) be unit vectors in R? with 0 = arg(v}) < arg(vh) <
e <arg(vl,) < m. IfV = (vi,...,0n41) 8 a sequence of unit vectors in R?* which
contains V' as a subsequence and which satisfies 0 = arg(vy) < arg(vy) < -+ <

arg(anrl) = arg(“;n)a then

n m—1
S o = v < 3 el — vl
=1 i=1

Proof. Observe that the points v; all lie in the semicircle 0 < arg(v;) < 7, so in any
triangle v;v;11v;19 the angle at v;,; is either obtuse or right. Thus,

[vi = viga||” + [Jvit1 — viga||* < JJvi — vigal*.



The result then follows by iteratively removing the terms that are in V' but not V'
(since the inequality above implies that this procedure can never decrease the sum

> i — vaQ)- O

With Lemma 3.1, we can already give a short proof of a slightly weakened version
of Theorem 1.1 when n is even. We emphasize that this result is not needed for our
main argument, but it does serve as a warm-up to our more general approach that
necessitates some more careful geometric estimates.

Proposition 3.3. For any r > \/2, there exists an absolute constant ¢ = c(r) > 0 such
that if V.= (vi,...,v,) is a sequence of unit vectors in R* with n even, then

Cc
Plllov| <r] = —.
n

Proof. After reordering the vectors of V' and possibly replacing them with their negations,

we may assume v; = (1,0) and that 0 < arg(vy) < --- < arg(v,) < w. Define
V = (01,...,0,) = (v2,03,...,Uy_1,Un, —v1) and note that oy and oy have the same
distribution.

Set vn41 = (—1,0). By applying Lemma 3.1 to V' U {v,,41}, we see that Y ., [Jv; —
vi1||* < 4, and hence by the pigeonhole principle, either
n/2 n/2 n/2

Z ||U2i—1 - U2z‘||2 <2, or Z HU% - U2z‘+1||2 = Z H172z‘—1 - 772z‘||2 <2.
i=1 i=1 i=1

Without loss of generality we will assume Z?:/ Jvgio1 — vail|? < 2. In this case, the
result follows from Proposition 2.1 by taking a to be sufficiently small in terms of

n/2

r>V2 > Z |v2i—1 — vai|?,
i=1

by taking o = 2v/2(r — v/2), for example.
0

In order to prove the optimal bound in Theorem 1.1, we will need some ‘stability
analysis’; we will break our analysis into two cases depending on whether V' is ‘close to’
the extremal example (of having n/2 copies of two vectors (1,0) and (0, 1)) or not. To
this end, we make the following definitions.

Definition 3.4. We say that two unit vectors v,x € R? are y-close for some real
number y if either the angle between v and x is at most v radians or the angle between
—v and x is at most v radians, and we say that the pair is y-far otherwise. We say that
a sequence of unit vectors V= (vy,...,v,) is (2,7)-close if there exist two unit vectors
x1, Ty such that every v; is y-close to either xy or xs, and we say that V is (2,v)-far
otherwise.



The following lemma supplies the main consequence of being (2, y)-far that we require.

Lemma 3.5. For any v > 0, if a sequence of vectors V' is (2,~)-far, then there exist
three vectors uy, ug, us from V' such that every pair u;,u; with i # j is y-far.

Proof. Let uy be an arbitrary vector of V. There must exist some vector uy of V' which is
v-far from u,, as otherwise x; = x5 = uy would contradict V' being (2,~)-far. Similarly,
there must exist some ug which is y-far from both wuy,us, as otherwise xy = u; and
x9 = uy would contradict V' being (2, y)-far. O

If V is (2, v)-far, then we will use the three vectors guaranteed by Lemma 3.5 and
Lemma 3.2 to conclude that we can find a pairing of these vectors with pairwise distances
strictly smaller than two. To this end, we have the following lemma.

Lemma 3.6. Let V' = (v}, vh, v}, v)) be a sequence of unit vectors in R? such that
(1) 0 =arg(vy) < arg(vh) < arg(vh) < arg(v)) = m, and
(2) V" is (2,7)-far for some 0 <y < /2.
Then
3
Dl = vl < 4 - 8sin’(v/2).
i=1
Here, and throughout this section, we use the fact that if u,v are unit vectors at
angle 6 from each other, then

lu —v|| = 2sin(0/2).

Proof. By Lemma 3.5 we know that every pair of vectors besides v}, v} are y-far. As
noted above, if §; is the angle between v} and v}, , then |[v; — v],||* = 2sin®*(0;/2).
Moreover, because 61 + 0, + 03 = 7, a standard trigonometric identity implies that

Z [ — vfyy 1* =D 4sin®(6;/2) = 4(1 — 2sin(6; /2) sin(6,/2) sin(03/2)).

i=1

Because each v;, v;_, is y-far, we have that v < 6; < 7 —, giving the desired result. [

The lemmas above are enough to prove Theorem 1.1 whenever V' is (2, v)-far, so it
remains to deal with the case that V' is (2,7)-close. This is easy to do in the following
special case; here, we emphasize that our exact choices of 1/2 and arcsin(0.1) are not
particularly important.

Lemma 3.7. Let V = (vy,...,v,) be a sequence of unit vectors in R? with n even and
0 < < arcsin(0.1). If there exists unit vectors x1,xo and an even integer m such that
every v; with i < m s y-close to x1 and every v; with i > m is y-close to xo, then

Pllov]l < 1/2] = Q(n™").

8



Proof. Possibly by taking negations of vectors, we may assume that every v; with i < m
has angle at most v with z;, and possibly by rotating and reordering the first m vectors,
we may further assume that 0 = arg(v;) < --- < arg(v,,) < 27. Applying a trivial
bound alongside Lemma 3.2 with V' = (v, v,,) gives
m/2 m—1
D s —vail® < Y oi—vinal* < loi—vn|* = 4sin*(arg(v,,) /2) < 4sin*(y) < 0.1.
i=1 i=1
By the same argument, we may negate and reorder the v; with ¢ > m so that

n/2

Z |vai—1 — voi]|* < 0.1,

i=m/2+1

so in total we have
n/2

Z ||U2i—1 — U2i||2 S 02
i=1

Since r = 1/2 satisfies r* = 1/4 > 0.2, Proposition 2.1 implies the result by taking
a = 0.01, for example. ([l

Lemma 3.7 solves (in a strong sense) the problem when V' is (2, v)-close and an even
number of vectors are close to each of x1, x5. If instead an odd number of vectors are
close to each of x1, z9, then we will prove the result by selecting two vectors wuy, us near
x1, To respectively, applying Lemma 3.7 on V' — {uy, us}, and then adding signed copies
of uy, ug back to oy _fyu; uy}- The following geometric lemma will be necessary in order
for this scheme to work.

Lemma 3.8. Given unit vectors u,u’ € R* and any vector w € R? with ||w| < 1/2,
there is a choice of signs €,¢ € {—1,41} such that ||w + eu + €| < V2.

Proof. Possibly by replacing u’ with its negation, we may assume that the angle § <«
between u and u’ is at least m/2, and possibly by rotating our vectors, we may assume
without loss of generality that u = (cos(f/2),sin(5/2)) and «’ = (cos(S/2), —sin(5/2)).

Let K = |jw|]] < 1/2 so that w = (K cos(#), K sin(6)) for some 6. Possibly by
replacing w with its negation, we may assume that —7/2 < 6 < 7/2, and without loss
of generality, we may assume that 0 < 0 < 7/2. Consider the vectors

w;=w—u—u = (Kcos(f) —2cos(3/2), K sin(6)),
wy = w —u+u = (K cos(0), K sin(0) — 2sin(5/2)),

and observe that to prove the lemma, it suffices to show that at least one of these
vectors has norm at most /2. For this, we observe that

[[wal|* + wz]|* = [K? + 4 cos®(B/2) — 4K cos(6) cos(5/2)]
+ [K? + 4sin?(8/2) — 4K sin(0) sin(3/2)]



=2K? +4 — 4K cos(0 — 3/2) < 4,

where the last inequality relies on the fact that K < 1/2 <1/4/2, | — 3/2| < 7/4 for
0<6<7/2 and /4 < /2 < /2. This implies that ||w,|| < /2 for some t € {1,2},
proving the result. 0

We can now prove Theorem 1.1 in the case when n is even.

Theorem 3.9. There exists an absolute constant ¢ > 0 such that if V = (v1,...,v,) is
a sequence of unit vectors in R? with n even, then

Pllovii< v = <.

Proof. The first half of this proof will parallel that of Proposition 3.3, and as such we
omit some of the redundant details in this case. Let V = (vy,...,v,) be a sequence
of unit vectors in R? with n even, and for concreteness, let v = arcsin(0.1) < 7/2
(though this exact value is not very important). We break our argument into two cases
depending on whether V' is (2, v)-close or not.

First, we suppose that V is (2,7)-far. In this case, the following claim implies that
we can apply Proposition 2.1 with 7 = v/2 and a = 0.00001 to get the desired result.

Claim 3.10. [t is possible to reorder and negate some of the vectors of V' so that

n/2

Z |vgi—1 — vas]|* < 1.9995.

i=1
Proof. By Lemma 3.5, there exist uy, us, ug in V' which are each vy-far from each other,
and possibly by reordering, negating, and rotating these vectors, we can assume v; =
u; = (1,0) and that 0 < arg(vy) < --- < arg(v,) < 7. Letting v,11 = —v; = (=1,0
and applying Lemma 3.2 with V' = (vy, ug, us, v,.1) shows that

~—

D lvi = visa|* < 4 — 8sin®(v/2) < 2-1.9995.

i=1
The claim follows from the pigeonhole principle by either considering V or V =
(UQ,'Ug,...,Un,—Ul). OJ

Next, suppose that V' is (2,7)-close. This in particular means that there exists
unit vectors xy,rs and some 1 < m < n such that, possibly after reordering the
vectors V', we have that v; is vy-close to x; for all 7 < m and v; is y-close to x5 for all
1 > m. If m is even, then the result follows from Lemma 3.7, so we can assume that
m is odd. Let V' be the subsequence of V' obtained by removing v,, and v,. In this
case V' satisfies the conditions of Lemma 3.7 with x;, x5 and m — 1, so we conclude
that P[||oy/]| < 1/2] = Q(n™!). Observe that conditional on oy~ lying in this range,
the probability that oy = oy + €,v,n + €,v, has norm at most V2 is at least 1 /4

10



by Lemma 3.8, so we again conclude that P[||lov| < v2] = Q(n~'), completing the
proof. O

We will now deduce the case of odd n from the even case, for which we need the
following geometric result.

Proposition 3.11. If V = (vy,...,v,) is a sequence of unit vectors in R? with n > 3,
then (at least) one of the following statements holds.

(a) There exists some i such that for all j, either
arg(v;) < arg(v;) < arg(v;) + 7w /24,
or
arg(v;) < arg(—v;) < arg(v;) + 7 /24.
(b) There exist distinct i, j,k such that for any w € R? with |w|| < /2, there exist
signs €;, €5, € € {—1,+1} such that ||w + €v; + €;v; + ev|| < V2.

We note again that the exact value of 77/24 is not crucial here; we simply need some
number strictly smaller than 7/3 and slightly larger than 7 /4.

Proof. Our proof rests on the following technical geometric claim analogous to Lemma 3.8.

Claim 3.12. If u,u/ € R? are unit vectors at an angle B satisfying /2 < 3 < 177 /24,
then for any w' € R? of norm at most \/3, there exist e, € {—1,+1} such that
w4 eu 4 || < V2.

Proof. Possibly by rotating our vectors, we may assume without loss of generality that
u = (cos(B/2),sin(3/2)) and v’ = (cos(3/2), —sin(3/2)). Let K = |Jw'|| < v/3 so that
w' = (K cos(0), K sin(0)) for some . Possibly by replacing w’ with its negation we
may assume —7/2 < 0 < 7/2, and without loss of generality, we may assume that
0 <6 < x/2. Consider the pair of vectors

wy =w —u—u = (Kcos(f) —2cos(3/2), K sin()),
wy = w' —u+u = (K cos(f), K sin(f) — 2sin(3/2)),

and observe that for the claim it suffices to show that at least one of these vectors has
norm at most \/§

First, consider the case that K < 2cos(f — 3/2). As in the argument in Lemma 3.8,
we have by our assumption on K that

Jwi||” + |Jwe|]? = 2K* + 4 — 4K cos(0 — 3/2) < 4,

and hence |Jw]|> < 2 for some t € {1,2} as desired.

11



Now, assume that K > 2cos(f — 3/2); in this case, we shall show [w;] < /2.
Because K < /3, our assumed inequality implies |§ — 3/2| > 7/3. Note that we can
not have 6 > /2 + 7/3 since 8/2 > n/4 and 6 < 7/2, so we must have

Tow
with this last step using § < 177/24. For any such 6 and 7/2 < < 177/24 and
K <3< 1.76, we have

|wi]|? = K? 4 4 cos?(B/2) — 4K cos(0) cos(/2)

< K? 4 4 cos? <%) — 4K cos <418> cos (%) < K?4+2-176K <2,

proving the claim. 0

We also need the following observation.

Claim 3.13. If (a) does not hold, then there exists some i,j such that the (shortest)
angle between v; and both of v;, —v; is at least Tm/24.

Proof. If this were not the case, then we can assume, possibly after replacing some
vectors with their negations, that every vector has angle at most 77 /24 with vy, and
possibly by rotating all of our vectors, we can assume arg(vy) = 77/24. If we let v;
be such that arg(v;) = miny arg(vg) and v; be such that arg(v;) = maxy arg(vy), then
we must have arg(v;) > arg(v;) + 7m/24 (since otherwise (a) would hold for ¢ by the
definition of 7, j). We also have

arg(v;) < 7m/24 + arg(vy) < 14w /24 4 arg(v;) < 7 + arg(v;)

by the assumption on vy, which implies that the angle between v; and v; is arg(v;) —
arg(v;) > 7m/24. Similarly, because arg(v;) < 7m/24 + arg(v;) < m we find that
arg(—v;) = m + arg(v;). This implies that 7 < arg(—v,) — arg(v;) < 7 + 147/24, which
implies that the angle between —v; and v; is 27 — arg(—v;) + arg(v;) > 7™ — 147/24 >
Tm/24 as desired. O

We now complete the proof. Assume that (a) does not hold and let i,j be as in
Claim 3.13, and let k& be any index not equal to ¢, j. We claim that (b) holds with this
choice of i, j, k. Let w € R? be an arbitrary vector of norm at most v/2. Observe that
there exists some ¢, € {—1,1} such that w' = w + €,v; has norm at most V/3: indeed,
this follows by taking any €, such that w and ezv;, have angle at most 7/2 between
them. Possibly by replacing v; with its negation, we may assume that the (shortest)
angle 8 between v; and v; satisfies § > /2, and by our choice of 4, j, we must have
p < 17m/24 (as otherwise, the angle between v; and —v; would be at most 7m/24).
Applying Claim 3.12 with u = v;, ' = v; gives signs with the desired property, finishing
the proof. O
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We now have all that we require to prove Theorem 1.1.

Proof of Theorem 1.1. Let V = (vy,...,v,) be a sequence of unit vectors in R? with'
n > 2. The result holds if n is even by Theorem 3.9, so we may assume that n > 3 is
odd.

First, consider the case that Proposition 3.11(a) applies to V', and possibly by rotating
and reordering our vectors we can assume 0 = arg(v;) < --- < arg(v,) < 7n/24. By
Lemma 3.2, we have

n—1
7
> o= vl < o = |? < 250 () <172

i=1

By Proposition 2.1, we then have that ||oy_g,,1 | < 1 occurs with probability Q(n™!), and
conditional on this event, we have with probability at least 1/2 that ||oy_{,,} + €00 | <
V2 (since oy _y,} and €,v, will be at angle at least 7/2 from each other with probability
at least 1/2), proving the result in this case.

Next, assume that Proposition 3.11(b) applies for some 4, j, k, and let V! =V — {v; —
v; — vy }. By Theorem 3.9 we have ||oy|| < +/2 with probability Q(n~!), and conditional
on this event, we have by Proposition 3.11(b) that [|oy: + €v; + €;v; + epvg| < V2
with probability at least 1/8, proving the result in this case and hence completing the
proof. 0

As an aside, we note that our approach here can be used to obtain results for the
reverse Littlewood-Offord problem in R? in general. In particular, similar geometric
arguments can be used to show that for every d > 2, there exist absolute constants
r,c > 0 depending only on d such that such that for any unit vectors vy, ..., v, € R? and
independent Rademacher random variables €1, ..., €,, we have P[||e;v; + ... 4+ €,0,]]2 <
r] > n~%/4._ However, we do not know how to use these ideas to obtain the same tight
results of (Beck’s) Theorem 1.2.

4. CONCLUSION

In this paper we gave a new proof of an old conjecture of Erdés by showing that if
vy, ..., v, € R? are unit vectors, then with probability Q(n™!), their random signed sum
has norm at most v/2. The radius /2 is best possible here for even n by considering the
case v; = (1,0) for an odd number of i and v; = (0, 1) otherwise, but as far as we know
the following stronger bound might hold for odd n, matching the original conjecture of
Erdos.

We leave the n = 1 case as an exercise to the reader.
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Conjecture 4.1. There exists an absolute constant ¢ > 0 such that for any unit vectors
v, ..., U, € R? with n odd and independent Rademacher random variables €, . .., €y,
we have

C
IED[Helvl Tt 6n’UnHQ < 1] > E

Our present proof of Theorem 1.1 admits a bit of slack when n is odd and can be
adjusted to prove P[||lov|| < r] = Q(n~!) for some r < /2, though it seems new ideas
are needed to get all the way down to r = 1. The order of magnitude of Q(n~!) in
Theorem 1.1 is best possible, but exactly determining the implicit constant seems to be
an intriguing problem in discrete geometry.

Question 4.2. Forn > 1, let V range over all sequences of n unit vectors in R?. If
r > 0, how does the function

f(r)= liggolf ir‘}f]P’[HUVH <rln
behave? In particular, is f(r) always an integer multiple of 4/7?

Theorem 1.1 shows that f(r) > 0 if and only if » > v/2. Note that the ‘in particular’
part of this question would hold if the minimizer of the probability always consisted of
roughly n/2 copies of (1,0) and (0,1). For the specific case of r = /2 we believe the
following even stronger statement holds.

Conjecture 4.3. For all n sufficiently large, there exists some t < n such that for any
unit vectors vy, . ..,v, € R? and independent Rademacher random variables €, . . ., €y,
we have

Pllews + ..+ envalle < V2| 2 P [llenn] + ...+ eutilla < V2]
where v, = (1,0) for i <t and v, = (0,1) fori>t.
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