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ABSTRACT. Let hom(G) denote the size of the largest clique or independent set of
a graph G. In 2007, Bukh and Sudakov proved that every n-vertex graph G with
hom(G) = O(logn) contains an induced subgraph with Q(n'/?) distinct degrees, and
raised the question of deciding whether an analogous result holds for every n-vertex
graph G with hom(G) = O(n®), where € > 0 is a fixed constant. Here, we answer their
question in the affirmative and show that every graph G on n vertices contains an
induced subgraph with Q((n/hom(G))'/?) distinct degrees. We also prove a stronger
result for graphs with large cliques or independent sets and show, for any fixed k € N,
that if an n-vertex graph G contains no induced subgraph with &k distinct degrees,
then hom(G) > n/(k — 1) — o(n); this bound is essentially best-possible.

1. INTRODUCTION

A subset of the vertices of a graph is called homogeneous if it induces either a
clique or an independent set. What can one say about the structure of graphs with
no large homogeneous sets? This is a central question in graph Ramsey theory and
has received considerable attention over the last sixty years. Let hom(G) denote the
size of the largest homogeneous set of a graph G. FErdds and Szekeres [8] proved
that hom(G) > (logn)/2 for any graph G on n vertices and subsequently, Erdés [7]
used probabilistic arguments to demonstrate the existence of an n-vertex graph G
with hom(G) < 2logn; here, and throughout the paper, all logarithms are base 2.
Despite considerable effort, see [11, 2, 6, 5] for instance, we know of no deterministic
constructions of graphs with no large homogeneous sets; this suggests that such graphs
should perhaps ‘look like’ random graphs. This belief is supported by many results
which show that graphs with no large homogeneous sets possess many of the same
properties as random graphs.

For a constant C' > 0, we say that an n-vertex graph G is C'-Ramsey if hom(G) <
C'logn. There are a number of results which show that Ramsey graphs share various
properties with dense random graphs. For example, Erdés and Szemerédi [10] proved
that Ramsey graphs must have edge densities bounded away from 0 and 1. Promel and
Radl [12] later showed that every C-Ramsey graph on n vertices is (d log n)-universal for
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some positive constant § = §(C'); here, a graph is k-universal if it contains an induced
copy of every graph on at most k vertices. As a final example, let us mention that
Shelah [13] proved that Ramsey graphs contain exponentially many non-isomorphic
induced subgraphs.

The results of this paper are motivated by a line of questioning proposed by Bukh
and Sudakov. Bukh and Sudakov [3] proved, settling a conjecture of Erdds, Faudree
and Sés [9], that every C-Ramsey graph on n vertices contains an induced subgraph
with at least én'/? distinct degrees for some constant 6(C) > 0. They then raised the
possibility of a similar result holding for graphs with much larger homogeneous sets,
and suggested in particular that for any 0 < € < 1/2, every n-vertex graph G with
hom(G) < n¢ should contain an induced subgraph with Q(n'/2=¢) distinct degrees; by
building on their work, we establish this fact as a special case of Theorem 1.1 below.

For a graph G, let f(G) denote the largest integer k for which G contains an induced
subgraph with k distinct degrees. Our first result is the following.

Theorem 1.1. For every graph G on n vertices, we have

f(@) > %(m%@)“.

We believe that this result is far from sharp however; for example, we are unable to
construct an n-vertex graph G either with hom(G) < n'/? and f(G) = o(n'/?), or with
hom(G) > n'/? and f(G) = o(n/hom(Q)).

Our next result sharpens Theorem 1.1 for graphs with very large homogeneous
sets. For a positive integer £ € N, the disjoint union of n/(k — 1) cliques each of
size k — 1 gives us an example of a graph G on n vertices with f(G) = k — 1 and
hom(G) = max{n/(k — 1),k —1}. We prove that if k is fixed and n is sufficiently large,
then such a construction is essentially best-possible.

Theorem 1.2. Fiz k € N and € > 0. If n is sufficiently large, then f(G) > k for every
n-vertex graph G with hom(G) < n/(k — 1+ ¢).

We remark that with ¢ fixed, the minimal n for which we are able to verify Theorem 1.2
is exponential in k. We further believe that it should be possible to prove Theorem 1.2
without an e-dependent error term; however, we are unable to do this at present.

This paper is organised as follows. In the next section, we establish some notation
and collect together a few basic tools. In Section 3, we introduce the main ideas used
in this paper and prove Theorem 1.1. In Section 4, we refine the ideas used to prove
Theorem 1.1 and prove Theorem 1.2. We conclude with a discussion of some open
problems in Section 5.



For the sake of clarity of presentation, we systematically omit floor and ceiling signs
whenever they are not crucial. We also make no attempt to optimise the absolute
constants in our results.

2. PRELIMINARIES

In this short section, we introduce some notation and collect together some facts that
we shall rely on repeatedly in the sequel.

2.1. Notation. For us, a pair {z,y} will always mean an unordered pair with x # y.
For a set X, we write X® for the family of all pairs on the ground set X.

Let G = (V, E) be a graph. We write v(G) and e(G) respectively for the number of
vertices and edges of G. The complement of G is denoted by G. The neighbourhood
of a vertex x is denoted by I'(x), and the non-neighbourhood of x is denoted by I'(z).
Also, let d(x) = |T(z)| denote the degree of  in G, and let d(z) = |T'(x)| be the degree
of zin G.

For a subset U C V, we write G[U] for the subgraph of G induced by U. For a vertex
x €V, we write I'y(z) for the set I'(z) N U and T'y(z) for the set T'(z) N U; we also set
dy(z) = |Ty(2)| and dy(z) = [Ty ()].

Finally, we define the neighbourhood-distance between two vertices x,y € V' by

0(z,y) = [(T(2) \ {y}) AT (y) \ {=})].
It is not hard to check that this distance satisfies the triangle inequality, i.e., 6(z,y) +
3y, z) > 0(x, z) for any three vertices z,y,z € V.

2.2. Graph theoretic estimates. We need the following simple fact about the
neighbourhood-distance.

Proposition 2.1. For each K € N, there exists a A € N such that the following holds.
If G is a graph with §(x,y) < K for all x,y € V(G), then either G or G has mazimum
degree at most A.

Proof. We prove the claim with A = 4K. The proposition is trivial if v(G) < 4K, so
we may assume that v(G) > 4K + 1. Fix a vertex v € V(G) and let s and ¢ be the
number of edges and non-edges between I'(v) and I'(v) respectively.

If 2 € T'(v), then dg,(z) < d(v,z) < K. Hence, s < K|I'(v)| and analogously,
t < K|I'(v)|. Since s+t = |I'(v)||'(v)], it follows that

P@)IIF(w)] < K(P ()] + [F()]) = K(u(G) = 1).

Since v(G) > 4K + 1, this is only possible if one of [I'(v)| or |T'(v)| is at most 2K. If
IT'(v)| < 2K, then it is not hard to see that every vertex has degree at most 3K; indeed,
this follows from the trivial observation that d(z) < §(z,v) 4+ d(v) for any x € V(G). If
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IT(v)| < 2K on the other hand, then it is clear that the maximum degree of G is at
most 3K. U

We shall also require the following fact.

Proposition 2.2. For any k, A € N, there exists an L € N such that the following
holds. If G is a graph with f(G) < k and maximum degree at most A, then G contains
at most L wvertices of degree at least k — 1.

Proof. We shall prove the claim with L = (A? 4+ 1)k. We say that two vertices
z,y € V(Q) are independent if (I'(z) U {z}) N (I'(y) U {y}) = @. As the maximum
degree of G is at most A, a vertex of G is dependent on at most A + A(A — 1) = A2
other vertices. Let S C V(G) be the set of vertices of degree at least k — 1 and suppose
for the sake of contradiction that |S| > L. Since |S|/(A% + 1) > k, we can select k
pairwise independent vertices from S; let xq, xo, ...,z be these vertices. For 1 <i < k,
let X; be an arbitrary (i — 1)-element subset of I'(x;) and let

X:{.CEl,ZL‘Q,...,.CEk}UXlUXQU"'UXk.

Since the vertices xy, z, ..., z) are pairwise independent, we see that dx(z;) =i —1
for each 1 < i < k. Tt follows that z1, s, ..., 2, have different degrees in G[X]; this
contradicts the fact that f(G) < k. O

Finally, we need the Caro-Wei theorem [4, 14] which refines Turén’s theorem.

Proposition 2.3. Every graph G contains an independent set of size at least
Z 1 > 'U(G)Q
) d(v) +1 = 2e(G) +v(G)

Proof. Order the vertices of G uniformly at random and consider the set I of those
vertices that precede all their neighbours in this ordering. Clearly, I is independent;
the proposition follows since

DIEY ﬁ -

veV(Q)

2.3. Probabilistic inequalities. We need the following two well-known inequalities;
the proofs of these claims may be found in [1]. We shall require Markov’s inequality.

Proposition 2.4. Let X be a non-negative real-valued random variable. For anyt > 0,
we have

P(X>t)<¥. O

We shall also require Hoeffding’s inequality.
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Proposition 2.5. Let X = 3" | X; where X, X, ..., X,, are independent real-valued
random variables with 0 < X; < 1 for each 1 <i <n. For anyt > 0, we have

IP’(]X—E[XHZt)ngxp(_itz). O

3. SMALL HOMOGENEOUS SETS

This section is devoted to the proof of Theorem 1.1. Before we prove the result, let
us give an overview of the proof. To show that a graph GG contains an induced subgraph
with many distinct degrees, we pick a random subset U of the vertices and consider
the subgraph of GG induced by U. We first show that if the neighbourhood-distance
between a pair of vertices z,y € U is large, then the probability of dy(z) and dy(y)
being equal is small. Next, to show that there are many such pairs of vertices with
large neighbourhood-distances, we bound the number of pairs of vertices with small
neighbourhood-distances in terms of hom(G). We now make this sketch precise.

Proof of Theorem 1.1. The result is trivial if our graph has fewer than 250 vertices, so
we may assume that G = (V, E) is a graph on n > 250 vertices. Let U be a random
subset of V' obtained by selecting each vertex of G with probability 1/2, independently
of the other vertices. Define an auxiliary degree graph D on U where two vertices
x,y € U are joined by an edge if they have the same degree in G[U]; note that D
is the union of vertex disjoint cliques, one for each vertex degree in G[U]. For any
pair of distinct vertices x,y € V, the probability that zy is an edge of D is precisely
P(dy(z) = dy(y))/4. Hence, the expected number of edges of D is given by

Ele(D)] =7 Y Pu(x)=du(y).

{zy}ev®

We shall bound the probability of the event dy(z) = dy(y) by the neighbourhood-
distance between = and y; a similar result appears in [3].

Lemma 3.1. For any pair of distinct vertices x,y € V', we have

20

P(dy(z) = du(y)) < VOO

Proof. Let s = |I'(z) \ I'(y)| and t = |I'(y) \ ['(x)|. Observe that s 4 ¢ is equal to
d(z,y)+2if zy € F and §(z,y) otherwise. Without loss of generality, we may suppose
that s > t. Therefore, s > 6(x,y)/2 and it follows that

P(dy(z) = dy(y)) = 231+t i (j) C)

=0




1 S 10 20
N g(ts/ZJ) = Vs+1 = Vo(r,y) +1 -

As an immediate consequence of this lemma, we have

Ele(D)] < (1)
{xy}ze:v(g) V0 (z,9)

We now bound the right-hand side of (1) in terms of hom(G). Fix a vertex z € V and
consider the sets S = I'(x) and T'= ['(z). Note that §(z,y) > dz(y) for any y € T. By
applying Proposition 2.3 to the graph G[T], we get

1 1
D D e
dr(y) +1 7 2=00(z,y) + 1

Similarly, if y € S, then 6(z,y) > dg(y). Applying Proposition 2.3 to the complement
of G[S], we similarly get

hom(G >Z >Z§

yGS

It follows that

1
Shom(@)> Y — L
vty S0y T

Finally, by summing this inequality over all the vertices of G and applying the Cauchy—
Schwarz inequality, we get
2

1 n\ 1
mon@> ¥ s> (0) | T o] @

{zytev® {zy}ev®
From (1) and (2), we conclude that
D)] < 4y/n3hom(G).
It follows from Markov’s inequality that

P(o(D) > 12/ hom(@) ) < %

Next, since |U| is the sum of n > 250 independent indicator random variables and
E[|U]] = n/2, it follows from Hoeffding’s inequality that

P(|U| <n/3) < =



Hence, with positive probability, the degree graph D satisfies v(D) > n/3 and e(D) <
12(n® hom(G))*2. Applying Proposition 2.3 to D, we see that this graph contains an
independent set of size at least

v(D)? 1 n
26(D) + o(D) ~ 250\ hom(G)’

The vertices of this independent set have different degrees in G[U] by the definition of
D. Therefore, the subgraph induced by U has at least (1/250)(n/hom(G))'/? distinct
degrees with positive probability; the result follows. [l

4. LARGE HOMOGENEOUS SETS

In this section, we consider graphs with large homogeneous sets and prove Theorem 1.2.
Before we turn to the proof of Theorem 1.2, let us identify the inefficiencies in the
proof of Theorem 1.1; to this end, we consider some examples of graphs with large
homogeneous sets that contain no induced subgraphs with many distinct degrees. Let
b, k,n € N be positive integers satisfying b < k < (logn)/2 and consider

(1) a disjoint union of n/k cliques each of size k,

(2) a disjoint union of k cliques each of size n/k, and

(3) a disjoint union of k/b copies of H, where H is the disjoint union of n/k cliques
cach of size b.

It is not hard to see that if G is the graph in either of the above three examples, then
hom(G) = n/k and f(G) = k. Suppose that G is one of the graphs described above;
let U be a 1/2-random subset of V(G) and define the degree graph D on U as in the
proof of Theorem 1.1.

If G is the graph in example (1), then with high probability, G[U] has about

n(k—1

2k i
vertices of degree ¢ for each 0 < ¢ < k — 1. This means that while G[U] has k distinct
degrees, the k cliques in the auxiliary graph D have very different sizes. Hence, the
final application of the Caro—Wei bound in the proof of Theorem 1.1 is too crude for
this graph.

If G is the graph in example (2), then G[U] again has k distinct degrees with high

probability. However, notice that 0(x,y) is either 0 or 2n/k — 2 for any pair of vertices
x,y € V(G) with the former being the case for about 1/k of the pairs. Our application

of the Cauchy—Schwartz inequality in the proof of Theorem 1.1 is therefore suboptimal
for this graph.

Our third example is a generalisation of the first two examples. The graph defined in
example (3) is the complement of the graph in our first example if b = k, and is the
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graph in our second example when b = 1. When 1 < b < k, this example illustrates
both the aforementioned inefficiencies in the proof of Theorem 1.1.

Nevertheless, notice that in all of our examples, a random induced subgraph has at
least k distinct degrees with high probability; our strategy for proving Theorem 1.2 will
be informed by this fact. Let us now sketch our strategy. First, we show that we may
partition the vertex set of our graph G into groups in such a way that vertices within
a group are all close together in neighbourhood-distance while vertices from different
groups are far apart. We then select a random subset U of the vertices as before. We
use the bound on hom(G) to show that in G[U], the degrees of the vertices within
a group are distributed like the vertex degrees in a random induced subgraph of the
graph in example (1). We then argue that most pairs of vertices from different groups
have different degrees in G[U]. We finally deduce from these facts that the number of
distinct degrees in G[U] is large.

We are ready to prove Theorem 1.2; while following the proof, the reader is encouraged
to keep example (3) in mind.

Proof of Theorem 1.2. The result is trivial when k& = 1, so fix k£ > 2. Also, we may
assume without loss of generality that 0 < e < 1/2. With the benefit of hindsight, we
define the constants 3 = ¢/10k, n = ¢3/10°k? and J = 10*k22% /n*,

Assume that n is sufficiently large and suppose for the sake of contradiction that
G = (V, E) is a graph on n vertices with hom(G) < n/(k —1+¢) and f(G) < k.

Let U be a random subset of V' obtained by selecting each vertex of V' with probability
1/2, independently of the other vertices. As before, define an auxiliary degree graph D
on U where two vertices x,y € U are joined by an edge if they have the same degree in

G[U].
For a set of vertices W C V, we define

A 5)
1L o T R —
{z,ytew®@ V o(z,y) +1

We first prove the following.

Claim 4.1. For each W C V| we have

: [W? — 3k|W]|
(W) > n :

Proof. The statement is trivial if |W| < 3k, so suppose that [W| > 3k 4+ 1 > 7. Note
that by Lemma 3.1, the quantity 6(W) is an upper bound for the expected number of
edges of D spanned by W N U; in other words,

Ele(D[W NU])] < 6(W).
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Applying Markov’s inequality, we get
P(e(D[W NU]) > 36(W)) < 1/3.
Also, |W N U]| is the sum of |W| > 7 independent indicator random variables, so by
Hoeffding’s inequality,
P(W NU| < |W|/3) <2exp(—14/9) < 1/2.
Hence, with positive probability, we have both e(D[W NU]) < 36(W) and |W NU| >

|W|/3. By Proposition 2.3, with positive probability, the graph D[W N U] contains an
independent set of size at least

WU o
2e(DIW NU]) + |[WNU| ™ 546(W) + 3|W|
However, since f(G) < k, we know that D cannot contain an independent set of size k.
It follows that

w2
546(W) + 3|W|’

or equivalently,
[W? — 3k|W]|
> .
54k
This tells us that every large subset of V' must have many pairs of vertices whose
neighbourhood-distance is small. This suggests that we should be able to group the
vertices of (G into large groups in such a way that the neighbourhood-distance between

5(W) O

any two vertices within a group is small. We prove such a statement this next; recall

that 8 = /10k and J = 1021k202%% /(£ 3)%.

Claim 4.2. There exists a K = K(k,€) > 0 such that the following holds. There are
pairwise disjoint sets Ay, A, ..., A,, CV such that

(1) |JAyUAyU---UA,| > (1= P)n,

(2) |A;| > Bn/10%k for each 1 <i < m,

(3) if v,y € A;, then 0(z,y) < K, and

(4) if v € A; and y € A; with i # j, then 6(x,y) > J.

Proof. We prove the claim with

log(10*k
K =2( 1092 + M )
log(1+ 3/2)
We shall construct a sequence of pairwise disjoint sets A, Ay, ... and another nested

sequence of sets By C By C ... such that for each [ € N,
(i) By is disjoint from A; U Ay U---U A4,
(i) |A;] > Bn/10%,
(iii) [Bil < (5/2) Xy 1A,



(iv) if x,y € A;, then d(z,y) < K, and
(v) ifz e Ayand y € V \ (A U B)), then 6(z,y) > J.

We set By = @. Let [ > 0 and suppose that the sets A;, As,..., A; and B; have

already been constructed satisfying the above properties. The claim is proved if

S ]Ai| > (1 — B)n. Suppose otherwise; we construct A;,1 and By as follows.
Define W =V \ (BiUA; UAyU---UA;) and note that |W| > fn/2. Let p be the

number of pairs {z,y} € W such that §(z,y) < 10°k%. Note that we have

W2

BT

A )
wy= Y <5
{w,y}GW(Q) V 5('T7 y) + 1

On the other hand, if n is sufficiently large, then by Claim 4.1, we have
_IWE—skw) W

54k 100k
It follows that p > |W]?*/10%k. Thus, there is a vertex w € W and a subset S C W
with |S| > |IW]/10%k where every z € S satisfies §(w, z) < 10k2.

We set C; = {w} U S and iteratively construct an increasing sequence of sets

o(W)

Cy € Cy C ... as follows. Having constructed Cj, consider the set T' of vertices
x € W\ C; for which there exists a vertex y € C; such that §(z,y) < J. If |T| > B|C;|/2,
then set C;;1 = C; UT. Otherwise, stop and define A;,1 = C; and B;,1 = BjUT.

It is clear that By 1N (A3 UAyU---UA;;) = @ and that §(x,y) > J for all z € A;
and y € V' \ (Bj11 U Aj11). It is also clear that
Wi _
103k 104k
Finally, note that we must have |T| < 5|C;|/2 when we define A;; and By, so we
inductively have

|Apa] > |Ch] >

I+1

p
[Brnl < 5 > A
=1

Next, observe that for each ¢ > 1, we have

AN AN
| > = > = .
Cy] > (1+ ) 101> (145 ) e

As each C} is a subset of W, it is clear that the sets A;.; and By get defined after
at most log(10%k)/log(1 + 3/2) iterations. The neighbourhood-distance satisfies the
triangle inequality; consequently,

S(w, ) < 10°* + (i — 1)J

for all z € C; and therefore,
§(z,y) < 2(10°K* + (i — 1)J)
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for all x,y € C;. Thus, for all x,y € A;,1, we have

4
5(z,y) < 2(10%2 + %) - K.

Therefore, the sets Ay, As, ..., A;r1 and Bjy also satisfy the properties described above.

To finish the proof, note that since the sets Ay, As,... are pairwise disjoint, the
above described construction procedure must terminate; indeed, if m > 10%k/3, then
> iy [Ail > (1= B)n. O

Let K and A, Ao, ..., A, be as promised by Claim 4.2. Note that m < 10*k/f since
|A;| > Bn/10% for each 1 <i < m.

To proceed, we need to introduce the following notion of independence. If S C V
and x,y € S, we say that x and y are S-independent in G if

(Ts(z) U{z}) N(Ts(y) U{y}) = 2;

analogously, we say that z and y are S-independent in G if

(Cs(z) U{z}) N (Ts(y) U{y}) = 2.
Recall that U is a 1/2-random subset of the vertices; therefore, if z and y are S-
independent, then dyns(x) and dyns(y) are independent random variables.

For 1 < i < m, let r; be the unique non-negative integer such that
rin (ri +1)n

— <A -n < ———.

k—1+¢ [Ail =mm < k—1+¢
Our next step is to show that each A; has a large subset of pairwise A;-independent
vertices; recall that n = ¢8/10°k%.

Claim 4.3. For each 1 < i < m, there is a subset B; C A; with |B;| > nn/2k? such
that either

(1) r; < da,(x) < k—2 for every x € B;, and
(2) any pair of distinct vertices x,y € B; are A;-independent in G,
or

(1) r; < da,(z) <k —2 for every v € B;, and
(2) any pair of distinct vertices x,y € B; are A;-independent in G.

It is clear from the definition of r; that r; < k — 1; the above claim implicitly tells us
that our assumptions about G actually imply that r; < k — 2 for each 1 < i < m.

Proof of Claim 4.3. Fix 1 <i <m and let r = r;;, A= A; and F = G[A4;]. To avoid
confusion, we write dp and dr to denote the degrees and neighbourhood-distances in
the graph F.
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Note that dp(x,y) < d(x,y) < K for all z,y € A. Hence, by applying Proposition 2.1
to F', we see that there exists a A = A(k, ) such that either dp(x) < A for all z € A
or ap(aﬁ) < A for all x € A. We suppose that the former holds; the other case may be
handled analogously.

We now apply Proposition 2.2 to F' and conclude that all but at most L = L(k,¢)
vertices x € A satisfy dp(x) < k — 2. Let ¢ be the number of vertices x € A with
dp(z) <r—1. Then, by Proposition 2.3, F' contains an independent set of size at least
q/r. From our assumption about hom(G), it follows that

mo
k—1+¢
therefore, there are at least nn vertices x € A with dp(z) > r.

Let S; be the set of vertices © € A with dp(z) > r. Let Sy be the set of those x € S}
which are A-dependent on some vertex y € A with dp(y) > k — 1; the number of such
y is at most L, so it follows that |Ss| < L(1 + A + A(A —1)). If n is sufficiently large,
then the set S3 = 57\ Sy contains at least 2nn /3 vertices. For every vertex z € Ss, there
are at most (k —2) + (k —2)(k — 3) < k? — 1 other vertices y € A such that z and y are
A-dependent. Hence, we can greedily select a set B C S3 of pairwise A-independent
vertices of size at least |Ss|/k? > nn/2k?. O

g < rhom(F) <rhom(G) <

For 1 <i <m,let B; C A; be as guaranteed by Claim 4.3 and let A; be the event that
there exists an integer d; > 0 and r;+41 pairwise disjoint sets B, o, B; 1, ..., Bi,, C BiNU
such that for all 0 < s,t < r;,

(1) [Bis| > nn/2M1k2,

(2) duna, () = duna,(y) for all z,y € B; 4,

(3) duna,(x) # duna,(y) for all z € B; s and y € B;; with s # ¢, and
(4) dUﬂ(V\Ai)(fE) =d; for all z € Bi,O U B@l U---u Bi,n--

We next prove the following bound.

Claim 4.4. For each 1 <1 <m,
1
P AZ >1—-—.
(A) v
Proof. Fix 1 < ¢ < m and suppose that all pairs of distinct vertices from B; are
A;-independent in G the other case may be handled similarly by working with vertex
degrees in G instead of G.
For each W C V' \ A;, we shall prove that
1
P.AZ un(v Az =W)>1— —.
(AU N\ A) = W) > 1—

We fix W C V' \ A; and condition on the event U N (V' \ A;) = W; note that any event
that depends only on the vertices in A; is independent of this event. If the collection of
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degrees {dw () }.ep, contains k distinct integers, then the subgraph induced by B; UW
has k different degrees, contradicting our assumption that f(G) < k. Hence, there
exists an integer d; > 0 for which there are least |B;|/k vertices x € B; with dy (x) = d;
let C; C B; be the set of these vertices.

For a vertex z € C; and 0 < s < r;, let I;(x,s) be the indicator of the event
{z € U} Nn{dyna,(z) = s} and define

Ii(s) = Z Ii(x,s).

zeC;

Observe that E[[;(x, s)] > 1/2F1 since r; < da,(x) < k — 2 and consequently,

Cil _ mn

Also, the indicator random variables {;(x, s) }.ec, are independent, so by Hoeffding’s
inequality, we have

nn 1
B(4(s) < 2k+1k3> = 3mk
for all sufficiently large n since m < 10%k/3. If I;(s) > nn /2 1k3 for each 0 < s <y,
then A; clearly holds. Since r; < k — 2, the claim follows by the union bound. O

Define the event A = A1 N Ay N ---NA,,; it is clear from the previous claim that
P(A) > 2/3.

Let us remind the reader that D is the graph on U where x,y € U are joined by an
edge if dy(x) = dy(y). Let b be the number of edges zy of D with € A; and y € A,

for some 1 <i < j <m. As §(z,y) > J for such a pair of vertices x and vy, it follows

from Claim 3.1 that
5

vVJ+1

P(xy € E(D)) <

and hence, E[b] < 5n%/J'/2.
Let B be the event that b < 15n2/J'2. By Markov’s inequality, P(B) > 2/3. We
finish the proof of Theorem 1.2 by proving the following.

Claim 4.5. If both A and B hold, then G[U] has at least k distinct degrees.

Proof. We know that D is the union of vertex disjoint cliques, one for each vertex
degree in G[U]|. If A holds, then for each 1 < i < m, the graph D[A; N U] contains
at least r; 4+ 1 disjoint cliques D; o, D; 1, ..., D;,, (which correspond to the degrees in
G|U] of the vertices in B;g, Bi1,. .., Bi,,) each of size at least nn /281 k3. Additionally,
if B holds, then there are no edges in D between D, ; and D, for any 1 <i < j <m,
0<s<r;and 0 <t <r;. Indeed, if not, then D, ; U D;, induces a clique in D and we
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arrive at a contradiction since we would then have

n*n? 15n2'

2k+2].6 > \/j )

here, the last inequality holds since J = 10*2% k12 /n*. Hence, for all 1 < i < m and

0 < s <y, the cliques D, ; all correspond to distinct degrees in G[U]. Thus, G[U] has
at least > " (r; + 1) different degrees. Since

b>|D;||Dj| > 5

(ri+1)n
S > A
k:—1~|—5_| =
it follows that
dri+1)>(1=B—mn)(k—1+e)>k—1;
i=1

here, the last inequality holds since 8 = ¢/10k, n = £3/10%k and m < 10%k/3. Since
Yo, (r; + 1) is an integer, this sum is at least k. We conclude that if both A and B
hold, then G[U] has at least k distinct degrees. O

We know by the union bound that P(A N B) > 0. Therefore, G[U] has k distinct
degrees with positive probability, contradicting our assumption that f(G) < k; the
result follows. O

5. CONCLUSION

We conclude this note by discussing two of the questions we alluded to in the
introduction. First, as we mentioned earlier, we suspect that the following strengthening
of Theorem 1.2 is true.

Conjecture 5.1. Fiz a positive integer k > 2. If n is sufficiently large, then f(G) > k
for every n-vertex graph G with hom(G) < n/(k —1).

It may be read out of the proof of Theorem 1.2 that if G is an n-vertex graph
with hom(G) > n/(1001logn), then f(G) = Q(n/hom(G)); for such graphs, this is a
significant improvement over Theorem 1.1. We believe that it should be possible to
prove a similar result for graphs with much smaller homogeneous sets.

Conjecture 5.2. If G is an n-vertex graph with hom(G) > n'/? then f(G) =
Q(n/hom(G)).
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