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Andrews's Result (1979)

Theorem. We have

Do,o(n —2HROO

in other words Ry (n) = Doo(n+1)/Doo(n),
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Andrews's Result (1979)

Theorem. We have

Doo(n —2HROO

in other words Ry o(n) = Dgo(n+ 1)/Dgo(n), where

(n), (5 +n+3) ’

n—1

Roo(2n) =

(), (5+n=23)y

and where (a),, denotes the Pochhammer symbol

Rop(2n—1) =

(a)p=a-(a+1)---(a+n—1).
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George Andrews (1980):
Macdonald’s conjecture and
descending plane partitions
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Andrews's Conjecture (1980)
We let D 1(n) denote Andrews's 1980 determinant

Nbi i
det (5i,j+ < +Z_+j>> 5
1<i,g<n i

with A = pu — 2.
Theorem. The following holds:
1
Dii(2n) (1)) o (5204 3), 1 (5+7) i1y
D11(2n —1) (n), (=5 —2n+ %)L(n—nm

_on (5+2n+ %)n—l (5+ )I_(n+l)/2J
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_ (), (542mts),
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— Proven in 2013 using computer algebra.
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Generalization of Andrews's Determinant

Definition: For n,s,t € Z, n > 1, and X\ := y — 2 with u being an
indeterminate, we define D, +(n) to be the following
(n X n)-determinant:

Dys(n) = det <5i,j+<“z,“>)

s<i<s+n J
t<j<t+n
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Determinant with Kronecker-Delta

By applying this procedure recursively, all of the 1's coming from
deltas are removed and we obtain

(1)U det(BE,, ) fs>t
Dys(n) = IC{1,...n—s+t}

| Ic{1 2 t+ }(_1)(5_”"]' det(BrH™) if s <t,

where B§ denotes the matrix that is obtained by deleting all rows
with indices in I and all columns with indices in J from the matrix

Atitjt+stt—2
jHt—1

bi,j,s,t 1<i,5<n
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Lindstrom-Gessel-Viennot Lemma

Consider ‘base’ and ‘destination’ vertices of a directed acyclic graph
denoted by A = {ay,...,a,} and B = {by,...,by,}, respectively.
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Consider ‘base’ and ‘destination’ vertices of a directed acyclic graph
denoted by A = {ay,...,a,} and B = {by,...,by,}, respectively.
For each path P, let w(P) be the product of its edge weights. Let

e(a,b) = Z w(P) and

P:a—b
e(ar,b1) e(ay,b2) -+ e(ar,by)
e(az,b1) e(ag,by) --- e(az,by)
e(an,b1) e(an,ba) -+ e(an,by)

Then the determinant of M is the signed sum over all n-tuples
P = (P,...,P,) of non-intersecting paths from A to B:

n

det(M) = > sign(o(P)) [[w(P).

(Pr,....P,): AsB i=1

where o denotes a permutation that is applied to B.
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Lindstrom-Gessel-Viennot Lemma

In our context, it implies that the determinant without the
Kronecker-Delta

Adi+j+s+t—2
det ]
1<i,j<n Jtt—1

counts n-tuples of non-intersecting paths in the lattice N?:

t+n-1

t+1

A+S A+s+n-1
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Lattice Paths — Rhombus Tilings
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Kronecker-Deltas on the Main Diagonal

If s =t, the previous formula for D, ; simplifies to

i.e., Dg s(n) is the sum of principal minors of the binomial matrix.
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If s =t, the previous formula for D, ; simplifies to

Dss(n)= > det(B]),

IC{1,...n}
i.e., Dg s(n) is the sum of principal minors of the binomial matrix.
Hence:
D, s(n) counts all k-tuples of non-intersecting lattice paths,

k =0,...,n, and where the start and end points are given by the
same k-subset.
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Rhombus Tilings

Finding: The determinant D, (n) counts
» rhombus tilings
» of a hexagon with a funny-shaped hole (“holey hexagon”)
> that are cyclically symmetric.

» The hole has the shape of a triangle (of size A) with
“boundary lines” (of length s) sticking out of its corners.

Remark: This combinatorial interpretation is due to Krattenthaler
and Ciucu (at least for s = 0).

Example: For s=t¢t =1, n =2, and A = 1 we obtain
4 6
D1,1(2)‘)\_>1 - ‘4 11‘ = 20.
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Let

[3(n-1)]
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F(n) = 2
E(m)Fi(n) ] (u+2i+2n—1), ifnisodd,

=1
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Our Conjecture

...and let ...

i
L

Si(n) = (26k(ﬂ + 8k — 1) (%);kz—l (g(u+ 5)) ak—3

e
I
—

X (Bt 4k +2)),y (3l + 4 +2))y,_p ,T(R))

/((%)! (3 + 6k —3))y,,, )

Sa(n) = 3 (2% (n+ 8k +3) (3)3, (31 +5))50

i
L

B
Il
—

< (3(p+4k+4), (5t 4k +4))y, o, T(k+ %))

/((zk +1)! (S (u + 6k + 1))3k+5),
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Our Conjecture

(%<M+6n—3))3n—2

(5 + 5))an_3

3 +2)),, —1
" <(2 A(Lu+3§§ "t M(éw )Sl(n))
(%(/‘4' 6n + 1))37@71

(%(/‘ + 5))2n—2

(u+14) (5 +4)y, 5 plu—1)
( Gt (1 9) B
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Gy = [P+ D) i nis odd,
Py(3), if n is even.

Then for every positive integer n we have

Dy 1(n) = C(n)F(n)G(L%(n—f— 1)J)
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Our Conjecture
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We found a beautiful formula for Andrews's determinant Dy 1(n)
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C(n) = &
+96(u — 1)(154°
+ (= 1) (p* — 144 + 1012 — 160 —
+2(p = 3) (= 2)(u = 1)(p+ 1),
1%
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Our Conjecture
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Desnanot-Jacobi-Dodgson Identity (DJD)

Theorem. Let (m”)Z be an infinite sequence and denote by

M, 1(n) the determinant of the (n x n)-matrix whose upper left
entry is m ¢, more precisely the matrix (mi:j)s<i<s+n r<jctin:
Then:

M;t(n)Msi1,41(n —2) =

Msy(n — D) Mg a41(n — 1) — May1i(n — 1) M1 (n — 1).
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Desnanot-Jacobi-Dodgson Identity (DJD)

Theorem. Let (mu) be an infinite sequence and denote by

1,]EZ
M, 1(n) the determinant of the (n x n)-matrix whose upper left
entry is mg ¢, more precisely the matrix (m”)
Then:

s<i<s+n, t<j<t+n’

Ms,t(n>Ms+1,t+1(n - 2) =
Msi(n — 1) Mgy 01(n — 1) = Mgy14(n — 1) M g1 (n — 1).

Schematically:
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(DJD) for DL] (TL)

By (DJD) we obtain a recurrence equation for D 1(n):

DO’Q(TL + 1)D171(n — 1) = Do’(](TL)DLl(n) — Dlyo(n)D()’l(n).
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(DJD) for DL] (TL)

By (DJD) we obtain a recurrence equation for D 1(n):
DO’Q(TL + 1)D171(n — 1) = Do’(](TL)DLl(n) — Dlyo(n)D()’l(n).

We rewrite it slightly:

DQQ(TL + 1) _ Dl,O(n)DO,l(n>
Dram) = Doo(n) Dialn=1)+ Doo(n)
= R()’()(TL)

— Hence we need to know D o(n) and Dy 1(n).
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Zero Determinants

Task: We want to evaluate D; o(n) and Dy ;(n).
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Zero Determinants
Task: We want to evaluate D; o(n) and Dy ;(n).
We can show that D; o(2n) = 0 = Dy 1(2n) for all n.
Let M ") be the (2n x 2n)-matrix of Dy o(2n).

» Compute the (nontrivial) nullspace of M (™) for n < 15.
> It has always dim. 1: ker(M @) = (c,) for ¢, € Q(u)*".

v

For each n, normalize the generator ¢, (last component = 1).

» “Guess” recurrence equations for the bivariate sequence ¢, ;.

v

Use the holonomic systems approach to prove
2n
M) ¢, =0, ie., ZMi(j'n)Cn,j =0 forall 7 and n.
7=1

24 / 37



Other Determinants
We obtain product formulas for Dj¢(2n — 1) and Dg1(2n — 1),
by using a variant of Zeilberger's "HOLONOMIC ANSATZ".
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Other Determinants
We obtain product formulas for Dj¢(2n — 1) and Dg1(2n — 1),
by using a variant of Zeilberger's "HOLONOMIC ANSATZ".
Problem: Given a;; and d,, # 0. Show that det (a; j)1<i j<n = dn.

Method: “Pull out of the hat” a holonomic function ¢, ; and prove

cnn =1 (n>1),

n

> cngaij =0 (1<i<n),
j=1

n

d

> enjang == (n>1)
j=1 n—1

Then det (ai7j)1<i7j<n = dn holds.
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Other Determinants

We obtain product formulas for Dj¢(2n — 1) and Dg1(2n — 1),
by using a variant of Zeilberger's "HOLONOMIC ANSATZ".

Problem: Given a;; and d,, # 0. Show that det (a; j)1<i j<n = dn.

Method: “Pull out of the hat” a holonomic function ¢, ; and prove

cnn =1 (n>1),

n
ch,jai,j =0 (1 <1 < n),
j=1

n

d
ch,jan,j = d . (TL > 1)
j=1 n—1

Then det (ai7j)1<i7j<n = dn holds.

Example: For Dy (2n) we obtain the following holonomic system
of recurrence relations for ¢, ;.

25 / 37



Recurrence Equations for ¢, ; for Dy (2n)

{(G+p+2n—3)(2u5% +8nj® — 255 +3u%5° — 48n25° — 125° — 24nj5° + 955 +
w35t 4+ 48n35t — 1142 5* — 84pn?j* 4 204n25* + 21p5* — 20p%nj* + 38unjt —
10n5* — 115% 4+ 216152 — 21352 + 312un®5° — 4080352 + 74253 + 281°n?j2 +
122un?5% — 198253 — 245 — 9u®ng® + 68u%nj® — 113ung® + 78nj% — 35° —
864n°52% — 756un % + 432n5% — 1357 — 1124%n35% — 308un352 + 600n3 52 +
114252 — 3u3n252 — 66u%n252 4 189un?j2 — 168n252 — 23152 — 2u*nj? +

15p3nj% — 28u%nj? + 33ung? — 34nj2 + 1352 + 864n°j + 432un’j + 432n°j —
144p2n*j + 1116un*j — 1104n*5 + 2435 — 8813nj + 384u°n3j — 392un’; —
36135 — 102§ — 14p*n?j 4+ 45u3n?j + 40u*n?j — 317un?j + 270025 + 14pj —
wPng +3ptng + 17u3ng — 89u2nj + 112unj — 42nj — 65 + 432un’ — 864n8 +
4324°n° —1080pun® +432n° +144p3n* —324p2n* — 156 un* +456n* +20u*n3 —
18u2n® — 2200203 + 470un® — 20402 + 1°n? + 3u*n? — 37un? + 57un? +
36un? —60n2 4 2u'n — 18u3n 4 54u*n — 62un+24n)cn s — (5 +u—3) (25 + pu —
3)(j —2n+1)(n+4n—1)(j* +2u5° — 65° 4+ p°j* — 12n25% — 9uj® — 6unj® +
6152 + 1352 — 3u?j — 12un?j + 36025 + 13uj — 6pngj + 24punj — 18nj — 125 +
2u% — 2p2n? + 20un? — 24n® — 6p — pBn + 11pn — 22un + 12n + 4)Cn j+1 +
2025 +p—2)n(2n+1)(=j+2n+1)(—=j+2n+2)(j +p+2n—1)(u+4n—3)(u+
4n—1)ens1,5, — (G +1)(2) +p) (= 2n) (j + p+2n = 3)en 5+ (45" +815° — 8% +
5p° 5% —8n?5% —5pj? —4png® +12n5% — 8% + 1 j+ 2% j —8un?j+-8n’j — 155 —
4p’ng 4+ 16pnj — 12nj + 125 4+ p® — 3p® — 2u*n® + 1612 — 2u — p®n + 3u’n +

Sun—24n+8)en i1 — (j+1—2) (2 +u=2)( =20+ 2 +u+2m—Dengia}



Recurrence Equations for ¢, ; for Dy (2n)

{4 p+2n — 3)(2u5® +8nj% — 25° + 3u%5° — 48n?5° — 1215° — 24n5° +95° +
w35t 4+ 48n35t — 1142 5* — 84pn?j* 4 204n25* + 21p5* — 20p%nj* + 38unjt —
10n5* — 115% 4+ 216152 — 21352 + 312un®5° — 4080352 + 74253 + 281°n?j2 +
122un?5% — 198253 — 245 — 9u®ng® + 68u%nj® — 113ung® + 78nj% — 35° —
864n°52% — 756un % + 432n5% — 1357 — 1124%n35% — 308un352 + 600n3 52 +
114252 — 3u3n252 — 66u%n252 4 189un?j2 — 168n252 — 23152 — 2u*nj? +

15p3nj% — 28u%nj? + 33ung? — 34nj2 + 1352 + 864n°j + 432un’j + 432n°j —
144p°n*5 + 1116pun*j — 1104n*j 4+ 2135 — 88u3n®j + 384u°n®5j — 392unj —
36n%5 — 10p2j — 14u*n?j + 451305 + 40pu>n?j — 317unj + 270025 + 14uj —
wPng +3ptng + 17u3ng — 89u2nj + 112unj — 42nj — 65 + 432un’ — 864n8 +
4324°n° —1080pun® +432n° +144p3n* —324p2n* — 156 un* +456n* +20u*n3 —
18u2n® — 2200203 + 470un® — 20402 + 1°n? + 3u*n? — 37un? + 57un? +
36un? —60n2 4 2u'n — 18u3n 4 54u*n — 62un+24n)ca ; — (5 +u—3) (25 + pu —
3)(j —2n+1)(n+4n —1)(j* +2u5° — 65° 4+ p°j* — 12n25% — 9uj® — 6punj® +
6152 + 1352 — 3u?j — 12un?j + 36025 + 13uj — 6pngj + 24punj — 18nj — 125 +
2u% — 2p2n? + 20un? — 24n® — 6p — pBn + 11pn — 22un + 12n + 4)Cn j+1 +
2(2j+p—=2)n(2n+1)(=j+2n+1)(=j+2n+2) (G +p+2n—1)(p+4n—3)(u+
dn—1)cns15, — (G +1)(2) +p) (G —2n) (j +p+2n—3)ca 5+ (45" +815° — 8% +
5p° 5% —8n?5% —5pj? —dpng® +12n5° — 8% + 1 j+ 2% j —8un?j+8n°j — 155 —
4p’ng 4+ 16pnj — 12nj + 125 4+ p® — 3p® — 2u*n® + 1612 — 2u — p®n + 3u’n +

Syun~24n -+ 8)cn 1~ (G +1-2) (25 +n-2)( -2+ +utn—Densia}



Back to Dy 1(n)
By (DJD) we had the recurrence

Dl,O (n)Do’l (n)

D1 1(n) = Roo(n)Dia(n—1) + Doo(n)
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Since Dy 1(n) = D1,(n) = 0 for even n, the recurrence simplifies:

Dy 1(n) = Roo(n)Dii(n—1) (n even).

For odd n we obtain D; ;(n) =

: (T2 Rro()) (T2 Roa ()

= Ropo(n)Di1(n—1) + (1 — 211721 Roo(j)
j=1 110,
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Back to Dy 1(n)
By (DJD) we had the recurrence

Dl,O (n)Do,l (n)

D1 1(n) = Roo(n)Dia(n—1) + Doo(n)

Since Dy 1(n) = D1,(n) = 0 for even n, the recurrence simplifies:

Dy 1(n) = Roo(n)Dii(n—1) (n even).

For odd n we obtain D; ;(n) =

: (T2 Rro()) (T2 Roa ()
211521 Roo(d)
(=1 " Riol)Ros()

I VO iCTE e

= Roo(n)D1,1(n — 1) + (p —

= R070(n)D171(n — 1) +

27 / 37



Main Result

Theorem. Let p be an indeterminate and let p; be defined as
po(a,b) = a and pi(a,b) = b for k > 0.

If n is an odd positive integer then

(n+1)/2 1 (= 1),
Di(n) = kZ:o Pk (4(” -2), (2k — 1)!) 2(5+k— %)kfl

A (ut2i+1), (5 +2j+3)

<11

7j—1

j=1 (j)j—l (% +j + %)j—l
T e 2) (52— ), (5 42+ 3);
N . 2
ik (1), G+1),, (5+i+3);
If n is an even positive integer then... [similar formula]

28 / 37



Off-Diagonal Kronecker-Deltas
Now let's look at the situation s # t.

General formula:

Ic{ > }(_1)(5_”"]' det(Bf,,_,) ifs>t

D, _ C{1,...,n—s+t

+(n) Y (—D)EH det(BIFY) i s <t
IC{1,...,n—t+s}
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Off-Diagonal Kronecker-Deltas
Now let's look at the situation s # t.
General formula:

1c{ > }(_1)(5_”"]' det(Bf,,_,) ifs>t

Ds _ C{1,....,n—s+t

#(n) Y (=DEO det(BIFY) i s <t
IC{1,...,n—t+s}

Remark:

For a particular (cyclically symmetric) rhombus tiling, the number
of unit segments which are not crossed by a horizontal rhombus
corresponds to the cardinality of the set I and hence its parity
determines whether this tiling is counted with weight +1 or with
weight —1.
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INONONININININ/NS
INONONININININ/NS
NANININNININ/

— N O M

N |
w o= <

Off-Diagonal Kronecker-Deltas
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Off-Diagonal Kronecker-Deltas

Example: Shapes for different choices parameters.

INONINININENNSONNINININ/N
INANINNN NN NN
INONININININ QEENNNININININ
INININININININ QI NNINININNN/N
NANININININ/ NI NNNNINNIN/
\VAVAVAVAVAVAY  VANAVAVAYAYAYY

JAVAVAVAVAN
VAVAVAVAVAVAN
JAVAVAVAVAVAVAY
VAVAVAVAVAVAY VA

VAVAVAVAVAVAVAVAVAY
\VAVAVAVAVAVAVAVAY

VAVAVAVAVAYAY
VAVAVAVAVAYS

s=—-1,t=2,n=6, A=4
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More Results

We find closed-form evaluations of some infinite 1-dimensional
families of Dy +(n).

v

o O

v

= O

v

o ©) ©) ©)
2 v 4 L 4 % 4 »

u [ o o [ [ ] [ ]
u ] [ [ o o [ ] [ ]

u [ [ [ [ [ [ ([ [

32/ 37



Example of an Infinite Family (A): Red Squares

Family A: can be reduced to the base case Dy o(n):

DZT,O(”) = Dovo(n - QT) ‘p,*),LL‘FG'I‘
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Example of an Infinite Family (A): Red Squares

o(n):

)

Family A: can be reduced to the base case Dy

) ‘,ua,quGr

D070(n — 2r

Dy, o(n)

VAVAVAVAVAVAVAVAVAYV 'VAVAVAVAVAVAVAN
NANNININININININININININININININININ/
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Example of an Infinite Family (A): Red Squares

o(n):

)

Family A: can be reduced to the base case Dy

) ‘,ua,quGr

D0,0(TL — 2r

Dy, o(n)

VAVAVAVAVAVAVAVAVAYV 'VAVAVAVAVAVAVAN
NANNININININININININININININININININ/
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Blue Diamonds

Example of an Infinite Family (B):

Family B: If n > 2r is an even number, then Dy, _1¢(n) = 0.

INONININONINN SN/ NN/ N/N/N
NAOAANANNANNININININININN/
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Blue Diamonds

Example of an Infinite Family (B):

1,0(”) =0.

Family B: If n > 2r is an even number, then Do,
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Example of an Infinite Family (B): Blue Diamonds

Theorem. Let i be an indeterminate, and let » and n be positive
integers. If n is an odd number, then

(n—1)/2
Dar—1,0(n) = H (=Ra2r—1,0()),

i=r
where Ry, _10(n) =

2

n—r

(%+2n+r—%)
2

n—r

(p+2n+dr—4) (u+2n+4r=3)
(n_r+1)nfr+1 (n_r+1)n77' (%+n+2r_ %)

ie., RQT,LO(?’L) = D2T71’0(27”L + 1)/D2T,1,0(2n — 1) forn > r.
If n > 2r is an even number, then Dy, _; o(n) = 0. Moreover,

n—1 i—
Doar-1(n) = (H M) + Dar—1,0(n).

i=0 (Z + 1)27%1
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To Do List

>

]

> O

> O
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To Do List

O
v
= O
v
= O ©) O
3 v A 4 % A 4 % A 4
u o ] [ ] [ ] [ J
u [ ] | [ ] [ ] [ ] [ J
u [ ] [ ] ] [ ] [ ] [ ] [ ]

v" Done: Red Squares and Blue Diamonds (Combinatorics)

® 0 0 =

36 / 37



To Do List

O
v
= O
v
= O ©) O
3 v A 4 % A 4 % A 4
u o ] [ ] [ ] [ J
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v" Done: Red Squares and Blue Diamonds (Combinatorics)
V" Follows: Hollow Squares and Hollow Circles (DJD)
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To Do List

O
v
= O
v
= O ©) O
3 v A 4 % A 4 % A 4
u o ] [ ] [ ] [ J
u [ ] | [ ] [ ] [ ] [ J
u [ ] [ ] ] [ ] [ ] [ ] [ ]

v" Done: Red Squares and Blue Diamonds (Combinatorics)
V" Follows: Hollow Squares and Hollow Circles (DJD)
v" To Do: Purple and Green Triangles

® 0 0 =
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