MATH 251, Mariano Echeverria

Integration of Scalar Fields

This material corresponds roughly to sections 15.1, 15.2, 15.3, 12.7, 15.4, 15.6 and 16.4
in the book.

Double Integral:

< Suppose that z = f(z,y) is a function of two variables defined over a region R
of the xy plane. We represent the double integral of z over this region as

| | s (1)

Geometrically, we can think of it as a net volume. That is, when the surface
z(x,y) is above the zy plane we consider the volume to be positive and when
the surface z(x,y) is below the zy plane we consider the volume to be negative.
Theoretically it is defined by approximating this integral by the volume of par-
allelepipeds with rectangular base and height given by the function as show in
the figure.




Fubini’s Theorem: suppose that z(z,y) is continuous on the rectangle
R=la,b] x[c,d ={(z,y) |la<z<b c<y<d} (2)

Then the double integral [ [, z(z,y)dA can be computed by integrating the iterated
integrals ff (fc 2(w, y)dy) dx or f (f (x y)dw) dy, that is

// (2, y)dA = /(/ xydy)dx:/cd</abz(x,y)dx>dy (3)

The second and third integrals are computed similarly to how one computes partial
derivatives. For example, in f; ( fcd z(x, y)dy) dx one integrates with respect to y first,
treating x like a constant and then one integrates with respect to x. Likewise, for
fd (f; z(z, y)dx) dy one integrates with respect to x first, treating y like a constant.

c

For example, if z(z,y) = 2+ 2/—y and R = [-2,4] x [—4,0] thanks to Fubini’s
Theorem

4 0 0 4
// \/2+x\/—ydA:/ </ \/2+x\/—ydy> da::/ </ \/2+:c\/—ydac> dy
R -2 —4 —4 -2
(4)
As mentioned above, fo ( fE A V2+ x«/—ydy) dx means the following: integrate first

with respect to y pretending that x is a constant and then integrate the result of the first
integration with respect to z. If we follow the instructions then we can start by saying
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Because v/2 + x is being treated as a constant with respect to the innermost integral and
constants can be taken out of the integral. Since
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(a2 =18 (6)
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Therefore [ fR V2 +xy/—ydA = 3@2(6)3/2. Notice that in this iterated integral we inte-
grated first with respect to y. Thanks to Fubini’s theorem we are free to compute the
integration in the other order, that is, we can integrate first with respect to x.



The way in which we find f24 (fo v2+ :L\/—ydx) dy is entirely analogous to the

previous calculation. Now we are integrating first with respect to x and so we treat y as
a constant. Therefore, we can say that

[y [ o

and now we have to find

/ \/mdx_( <x+2>3/2)

r=4 )

= 3(6)"” (9)

r=—2

and in this way
Pav=a (ffvesads)dy = [0 V=5 (3(6)*?) dy
= 306 [2, V=udy
= 3072 (F)
= F(6)°/7

and we see that we obtain the same answer.
Example 1. Find [ [,(4 — 2 — y)dA where R = [0,2] x [0,1]

Again we will compute both iterated integrals f02 fol (4—z —y)dydx and fol f02(4 —T—
y)dxzdy to show that both integrals agree. In practice, however, it is only necessary to
compute only of the iterated integrals.

fofo —z —y)dydr = f02<4y—a:y—y7>‘y dx

The second iterated integral is

1 22
fo fo —z—y)dzdy = [, (4:6—7—3196) xzody
- 1
= Jo (6 —2y)dy (12)
= fo By=12)],,



Integration over non-rectangular regions:

= Type I Region: suppose gi(x) and g2(z) are continuous functions on [a, b] and
the region R is defined by

R={(z,y) | g1(z) <y < g2(2),a <z < b} (13)

[ [ st :/[/g w)dy]dx (1)

Then

= Type II Region: suppose hi(y) and ha(y) are continuous functions on [c,d]
and the region R is defined by

R={(z,y) | m(y) <z < hao(y);c <y < d} (15)
Then
(16)

Sigdi were R is triangle whose sides lie

For example, suppose we want to find [ [,
down on the z axis and the linesy =x , x = 1.



Observe that this region is simultaneously type I and type II. We start by treating it
as a type I region. In this case x takes its values on the interval [0,1]. If we fix an x
inside this interval, then the values that y takes start at the horizontal line y = 0 and
end at the straight line y = x. Therefore the integral becomes

I Iz Sh;sz = fol fom Sigxdydm
— () [ dydo
= fol (*5%) wde

= fol sin zdz

= —cosaliZ;
= 1—rcosl

If we treat the region as type II then we use that y takes its values on the interval [0, 1].
For a fixed y, the values x take start at x = y and end at x = 1 and so the integral can

be written as ‘ Lol
// sma;dA:/ / Smxd:rdy (18)
R T 0 Jy T

f sinx

Notice that in this case we would need to find an antiderivative o which is no easy
task and so from a practical point of view this integral can’t be computed. This example
shows that despite the fact that the region is both of type I and type II, it may not be
equally easy to find the corresponding iterated integrals.

Example 2. Find [ | rTydA , where R is the region bounded by the curves
y=0,z=1, and y = /x.
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If we use the order of integration dA = dydzx, then we can have to think of the region
of integration as being composed of vertical segments (the pink arrow in the figure).

Notice that these arrows all start on the z-axis (equation y = 0), and they all end on
the green curve (equation y = /x). Therefore the integral we must do is

/:Uyd

R
? vV

—/ (/ xydy) dx
? 0

We still need to determine the bounds for the exterior integral. These correspond to
smallest and largest value x takes in this region. Therefore, since 0 < z < 1 we have to
do the double integral
/ xyd
R

1 el
:/ / xydy | dx
0 0
1 2
_ Y y=vz
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On the other hand, we can also use the order of integration dA = dxdy. In this case,
we think of the region of integration as being made of horizontal segments. They all
begin on the green curve (equation y = y/z) and end on the blue curve (equation z = 1).
Notice that when we use the order dzdy, x is being regarded as a function of y, which
means that the equation of the green curve is = y? instead of y = /.



In this case we have that

/7/ny1dA
:/7' </Z/2xydx>dy

The bounds for y are the smallest and largest value y takes in the region of integration.
Since 0 < y < 1 the integral we must do is

//xydA
R
1 1
([
0 y?
1 z2 y—
:/0 Z/<2> x:;Q dy

Example 3. Find the double integral [ [ R y?xdA where R is the region between
2

the curves y=z*, z =1, y = —=z.
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If we use the order of integration dA = dydx then we use vertical arrows to describe



the region of integration, which means that

/yQ:BdA
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On the other hand, if we use the order of integration dA = dxdy, then we need to split
the double integral into two double integrals, since the horizontal segments can start



from two different curves: the green and red curves. Therefore
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Example 4. Find [ [, If_—;fQ dA where R is the region shown in the following figure.

A

\/

We will treat this region as a type I region. In this case = takes values on the interval
[—1,1]. For a fixed z, y takes values between either the lower left - upper left sides of the



rhombus or the lower right - upper right sides of the rhombus. This depends on whether
x is positive or negative. Therefore, the first thing to do is find the equations of the four

lines. These are

lower left y=—-x—1
upper left y=xz+1
lower right y=x-—1
upper right y=—-xz+1

Therefore, the integral is equal to

—z+1
// Tty // TrY dydx—i—// Y de
a:+y+2 a1 TH+y+2 r+y+2

To find the integral we make the substitution (remember that = is constant)

u=x+y-+2
du = dy

and so the integrals become

f£)1 f12x+3 %dudaz + fol f233c+1 uT_Qd“dx

= f f2x+3 ( %) dudz + fol f23x+1 (1 - %) dudx

= [°, (22 +2 — 2In(2z + 3)) da
+ [0 (2 =22 —2(In3 — In(2z + 1)) dz
Using an substitution and integration by parts we can show that

JIn(2z + 3)dz = 522 + 3)(-1+In(2z + 3)) + C

NO|—=

JIn(2z +1)dz = 52z +1)(-14+1In(22+ 1)) + C

D=

and so the last integrals equal

(¢ + 22 — (2 + 3)(~1 + In(2z + 3))| "=,
+ (22 — 2? — 2203+ (2z + 1)(—1 + In(2z + 1)) E:)

= —-3(-1+In3)—[1-2—(1)(—=1+1n1)]
+1—-2In3+3(-1+1n3)—1(—-1+1In1)

= 3—3In3
+2—-2In3—-3+3In3

= 2—2In3

(19)

(20)

(21)

(22)

(23)

(24)

Problem 5. Write the double integral fl lnw — 1)v1 + e?¥dydz in the order dzdy.

Do not find the value.
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The way the integral is written, we need to find an antiderivative of /1 + e2¥, which
is not impossible but it is somewhat tedious. Therefore, we will invert the order of
integration.

To do this notice that the largest value of y in the region of integration is In 2 and so
the interval of integration for y is [0,In2]. For a fixed value of y, x starts at the curve
y = Inx, which we write as x = €Y, and ends at the curve x = 2. Therefore the integral

is the same as o
n
/ / (x — 1)V 1+ e2dxdy (25)
0 ey

Let R be a region in the xy plane and let f be continuous and nonnegative on R.
Then the volume of the solid under a surface bounded above by z = f(z,y) and
below by R is given by

V= /R [ fappaa (26)

Problem 6. Find the volume of the solid that lies under z = z? + y? and above the
square 0 < x <2, -1 <y < 1.
The volume is
vV = f02 f_ll(:lc2 +y?)dydx

= B (P 8) e

= e 0

_ 23 | 2
= (548
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f f is integrable over the plane region R, then its average value over R is given by

Jof fy)dA [ [ flx,y)dA
areaof R [, [dA

(28)

Problem 7. Find the average value of the function f(z,y) = e~ over the plane region
R: the triangle with vertices (0,0), (1,0) and (1,1).

0.5

The area of the triangle is % and so the average value is

fol o e’ dydx
T

2

- 2f01 e~ dx

(29)
2\ [z=1
- (76%)@:0
= G-

When integrating a scalar function (like density) A(s) along a curve r(s) , both pa-
rameterized by the arc length, we need to compute

L
m—/ Ads (30)
Jo

If we use a parameterization which is not s, then we compute instead

b
m—/ Avdt (31)

where [a, b] is the interval which parameterizes the curve.

Example 8. Suppose a cable has circular shape and it has radius R, centered at the
origin. If the density of the cable is A\(x, %) = z* + 22y, find the total mass.
We will use the second formula, for which we will use the parameterization

r(t) = Rcosti+ Rsintj (32)
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of the circle, for 0 <t < 27. In this case v = )v‘ = R. Since

x = Rcost y= Rsint (33)
the density as a function of ¢ is
A= R'cos't + R'cos?tsin®t = R* cos?t (34)

Using equation 31 we find that

27
m = / R’ cos? tdt = R°n (35)
0

Polar Coordinates: ‘“official” convention

x =rcost y =rsinfd

r=+/x2+y>? tan@z%

(36)

Polar Coordinates: Other acceptable conventions [picture]

T =TrCcosy Yy =rsing
r=+/x2+y>? tang = 2
x

dA = rdrdy (37)

13



Figure 1: Polar coordinates p, ¢ on the xy plane

Figure 2: Polar and cartesian coordinates
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Cylindrical Coordinates: “official” convention

T =rcosf y =rsinf z=z
r =22+ y? taru,o:g
x
|dV = rdzdrdd (38)

Cylindrical Coordinates: other acceptable conventions [picture]

T =TCoS y =rsine z=z

r=\/x2+y>? tanap:%

AV = rdzdrdg (39)

Figure 3: Cartesian and cylindrical coordinates

15



Spherical Coordinates: official conventions

x = pcosfsinp y = psinfsin g Z = pcosy

p=va2+y?+2? tanf = 2 COS(p:—z
T /$2+y2+2’2

Here 0 <0 <2mrand 0 < ¢ < .

dV = p?sin pdpdpdf

Spherical Coordinates: other acceptable conventions [picture]

T = rcossinf y =rsinesinf z=rcosf

r=+x2+y2+ 22 tanga:y cosf = ——=
x /$2+y2+22

Here 0 <o <2mrand 0 <0 < .

dV = r%sin Odrdfdy

(40)

(41)

Figure 4: Spherical Coordinates

16



Example 9. Find the triple integral

/]

where R is the region bounded by the cone z = \/22 + y? and the plane z = 1.

Do the integral using cylindrical and spherical coordinates.

The region of integration is between the xy plane and the z = 1 plane, as shown on
right hand side image. Since the region of integration is symmetric about the z axis, one
can take a cross section of the region, obtained by intersecting the region with any plane
which is perpendicular to the xy plane and contains the z axis: this is the left hand side
image.

Notice that the vertical axis corresponds to the z axis, while the horizontal axis can be
regarded as representing the r axis, where r denotes the radial coordinate from cylindrical
coordinates.

1.5

0.5

-1 -0.5 ) 0.5 1

Cylindrical coordinates: here finding the bounds for the order of integration dzdr
can be obtained in the same way in which we found the bounds for the order of integration
dydx when working on a non-rectangular region (z plays the role of y, while r plays the

17



role of z). In cylindrical coordinates z = y/22 + y? = r so

/ / / AV
R
—///zrdzdrdﬁ
R
21 1 1
:/ (/ (/ zrdz) d7“> de
0 0 T
27 1 2,2 )
= r— |i=, drdf
Lo
1 2 1
:/ /(r—r3)drd9
2Jo Jo
1 2 7"2 7“4 1
3| G-z

1/1 1 2m
= (== db
2\2 4/ J

On the other hand, when using spherical coordinates we have |notice that the equation
z = /22 + y2 reads in spherical coordinates pcos ¢ = \/p2sin? ¢ cos? 0 + p? sin? ¢psin? f =
psin ¢ from which we obtain ¢ = 7/4 as one of the bounds for ¢. Likewise, z = 1 reads

18



1
cos ¢’

/ / /R AV
_ / / /R 2 sin bdpdbdd
27

:/0 (/Om (/Omé(b(pcos@pQ sm¢dp> d¢> do

w/4 P4 p=—L
—27r/0 T \ngow cos ¢ sin gpd¢

7 /”/4 cos¢sin¢d¢
0

2 cost ¢

pcosp=1or p= which is one of the other bounds we cared about|.

2

:71'/77/4 sin¢d¢
2 )y cos?o

o 1 1
4 (L>2 12
V2
_7I'
4

Notice that to find foﬂ/ 4 %dqﬁ you can make a substitution u = cos ¢, du = — sin ¢pd¢.
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Computing surface integrals:
If a surface S is parameterized with coordinates u, v then the surface differential is

or(u,v) " or(u,v)
ou ov

and the surface integral of scalar field f is denoted as

/ /S f(u,v)ds (44)

When f = f(z,y) is a function defined on a region R inside the zy plane we can write

the previous integral as
| | stwspdsy (45)

The area of the surface can be computed as

M&:/Lw (46)

When we are parameterizing the region R using coordinates u, v then we write dS as

dudv (43)

w:‘

dA = J(u,v)dudv (47)

where J(u, v) is the Jacobian of the parameterization (or of the change of coordinates)

Q
8
Q
S

:L./U, '/I/./U
Yu Yo

~
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o))
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Il
QU
<
@Q‘

(48)

Y
S
QY|
clec |t

In this way the integral can be computed as

//ﬂ%mﬂwmmm (49)

As an example, if we use polar coordinates then the area differential can be written as
El diferencial de 4rea en coordenadas polares es

dA = rdrdf (50)

and the integral to perform can be written as

//ﬂmw (51)

20



Figure 5: Surface Integral

Figure 6: Computing a surface integral
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f Vaz—12  adydx

0 a2—z2—y2
The idea is to compute this using polar coordinates since it simplifies the integrand,
as well as the bounds of integration. Notice that

0<z<a 0<y<Var— a2 (52)

To interpret the second inequality we square it first

Example 10. Evaluate [

0<y?<azr—2? (53)

adding z? to each side of the inequality we conclude that

e <z’ 49 <ax (54)
The first inequality says that
2% =2 +4? (55)
which is equivalent to y = 0.
The second inequality says that
2® +y* = ax (56)
Completing squares we find that
a2 o, a?
_Z = 57
(”3 2) = (57)

which is the equation of a circle centered at (%, 0) with radius 2. Therefore, the region

5
of integration looks like

(0,0) (a/2,0)

Now we need to find the limits with respect to the variables r, 6. From the picture

™

0<6<3 (58)
Using 22 + y? < ax we can write this as
r < acosf (59)

22



so the integral becomes

a pVar—zx? a 5 acosf a
/ / —dA = / / —————rdr | dr
o Jo Va2 —x?—y? 0 0 a? —r?

Using the change of variables
u=a®—r? du = —2rdr

we find that

uy

z a?sin? 6 z 2
2 a du 2 a
(=) ae = df
/o /a2 ﬂ( 2) a/o \/aGQSinQ@

:a/02 (a—asin@)d&zaz(ﬁ—i—cosﬁ)j:a2 (g—l)

(60)

2
Example 11. Evaluate [ [, ( =y > dzxdy where R is the region shown below.
A

THy+2

\

The region is bounded by the four lines

r+y=1 r—y=1
r+y=-—1 r—y=-—1

This suggests making the change of variables
u=x+y v=r—Y

which we rewrite as
u—+v uU—"v
$ pry y pry

2

The Jacobian is

9z Ow
J(u,v)z‘det(% v >‘:‘det<
ou

ov

N[O =
l D[ —
N[
N——
Il
|
| =
Il
DN | =
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Recall that we take the absolute values to make it positive. Finally
- 2
ACT
1 1 2
1
= / / Y —du | dv
-1 L \u+2 2

Computation of volume:
If a region V is parameterized using coordinates u, v, w then the volume differential is

ar(u, v,w) (8r@hlmuﬁ y 8r0uv,w))

dv =

90 7 0 dudvdw (68)

Ifr = z(u,v,w)i+y(u, v, w)j+z(u, v, w)k this volume differential can also be computed
as

dz Odx Oz
dV = |det [ £ gg % dudvdw = |J (u, v, w)|dudvdw (69)
ou o bw

where J(u,v,w) is the Jacobian in three variables. We denote the integral as

//Ajmmmw’ (70)

Figure 7: Computing volume
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When the region of integration is defined by the conditions

a<z<b gi(z) <y<g(z) hi(zy) <z<h(z,y) (71)

the integral is written as

b g2(x) ha(x,y)
/ / / F(x,y,z)dz | dy | dx (72)
a g1(x) hi(z,y)

with analogous formulas if the roles of x,y, z are changed.

Example 12. Find the volume of solid T limited by the paraboloids z = 2% + 32,
z = 42 + 492, the cylinder y = 22 , and the plane y = 3z.

For convenience we break the picture into two, the first one denotes the “floor” and
the “roof” for T', while the second denotes the “lateral walls”.

06 08 1
1o o8 06 04 02 O 02 04

eje x ejey

Figure 8: Volume between paraboloids
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Figure 9: Region determined by the cylinder and the plane

i

Vv z — 7
S et

Figure 10: Picture depicting the four surfaces at once

To find the limits of integration we also draw things on the xy plane.
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Figure 11: Region of integration on the zy plane

The curves y = 22 and y = 3z intersect when 2 = 3z, that is, = 0,z = 3. Using
formula 72 we find that the volume is

\%
:///dzdydx
3 3z 4(22+y?)

/ / / dz | dy | dz
0 22 22 4y2

3 3x
/ (/ 3(z% + y2)dy> dx

0 x2

3
/0 (32%y +4°) 35 da

3
/ 322 (3z — a:2) + 2723 — 25dx
0

3
—/ 3623 — 32* — 25dx
0

16767

35

Example 13. Find the volume of a sphere of radius R.
In this case we use spherical coordinates

2r T R 4
V= / / / dV = / / / 2 sin fdrdfdy = -7 R? (73)
o Jo Jo 3

Example 14. Use spherical coordinates to evaluate [ [ [ %, where T is the
region bounded by the spheres 22 + 3% 4 22 = 4, 22 + 4% + 22 = 9 and the half-cone
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22 +y?—22=0,2>0.

With respect to spherical coordinates the previous equations become r = 2, r = 3 and
sin? f = cos? . These equations are independent of ¢, so our region can be regarded as
being obtained from a slice which is rotated with respect to the z axis, so we just need

to draw a cross section.

Ay

From here it is clear that the limits are

2<r<3 0<o< 0<p<2m

m
4

so the integral in spherical coordinates is
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