Additional Problems for Multivariable
Calculus

Mariano Echeverria

1 Vectors and Curves

1. Two lines on the zy plane either intersect at a point or are parallel. a) When you
have two lines in 3d space (so zyz space), what are the possibilities? b) What
about two planes in 3d space? ¢) What about three planes in 3d space? d) Or
four planes in 3d space? e) What about a line and a plane in 3d space?

2. Two lines on the xy plane determine a unique line passing through these points.
a) Is this still true in 3d space? b) How many points do you need to specify a
plane in 3d space?

3. Suppose v is a vector with certain physical units. For example, if v were a velocity
vector then its units would be length/time. How are the units of |v| related to the
units of v? What are the units of ﬁ?

4. What is the line of intersection between the zz and yz planes?

5. What does the equation z = 3 correspond to if a) x is the only variable being
considered, b) z,y are the only variables being considered, ¢) xz,y, z are the only
variables being considered.

6. What does the equation 2% + y? = 4 correspond to if a) x,y are the only variables
being considered, b) z,y, z are the only variables being considered.

7. Suppose Vv is a vector on the zy plane different from 0. Then v = ‘V||%| is known
as the polar decomposition of the vector. Can you think of a reason why this name
is given to the previous equation? Hint: think of complex numbers.

8. Suppose vy, vy are two vectors and u another vector such that proj,v; = 3i — 5k
and proj,vs = 2j + 7k. Find a) proj,(vi + 2vs), b) proj,3vi and ¢) projs,ve.

9. Suppose vy, v, v3 are three different vectors. Does the expression vy - vy - v3 make
sense? What about vi X vo x v37 What about vy - (ve x v3)? Is the last expression
the same as v; X (vg - v3), or the same as (v - vg) X v3?
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If uxv=uxwand u# 0, then does v=w?

T/F If a, b are two arbitrary vectors then ||a x b|| = ||a]|||b]| cos
T/F If a, b are two arbitrary vectors then a x b =b X a.

T/F If a and b are unit vectors, then so is a X b.

T/F If a,b are two arbitrary vectors then (a x b) -a = 0.

T/F If a,b are two arbitrary vectors then ||a + b|| = ||a|| + ||b]|-
T/F If a,b are two arbitrary vectors then ||a x b|| = ||b x a|.

What curve do you get by intersecting the sphere z? 4 y? + 22 = 4 with the plane
x=y?

Suppose a particle is moving with position vector r(¢) and velocity vector v(t),
and acceleration a(t). a) if v(t) is constant, must |v(¢)| be constant? b) if |v(¢)| is
constant, must v(¢) be constant? c) if v(¢) and r(t) are orthogonal vectors, must
a(t) and v(t) be orthogonal?

Find the intersection between the sphere 3z% + y? + 22 = 4 and the cylinder
24 .2
y 4+ z2¢=1.

T/F Suppose that a GPS satellite is orbiting the Earth in such a way that its
distance from the planet remains constant. Then the velocity vector of the satellite
is always perpendicular to its position vector.

Suppose that rq(t) and re(t) are two curves which intersect at a point P. If
P =r(t;) and P = ry(ts), does this mean that ¢; = t57?

Suppose that ry(t) is the equation of a curve and one defines ry(t) = ry(At) for A
a positive constant (basically ry is using a different time scale than the one used
for r1). How is the velocity vector of ry related to the one of r1? What about the
acceleration vectors? If one defines r3(t) = ry(t —ty), how is the velocity vector of
r3 related to the one of r{? What about the acceleration vectors?

Suppose r(t) = Rcos(wt)i+ Rsin(wt)j gives the equation of a circle. What are the
units of w if ¢ is given in units of seconds, or more generally, time? What values
t must take if we want r(¢) to give a parametrization of the circle? The period of
r(t) is the smallest positive number 7" such that r(¢+7") = r(¢). What is 7" in this
situation?

Is the velocity vector v(t) of a curve r(t) always perpendicular to the acceleration
vector a(t)?

Find the point on the parabola y = z* which is closest to the point (2,1/2). ANS:
(1,1)
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Let O represent the center of a circle, and A, B denote two points on the circle
such that AB represents a diameter of the circle. If C' is another point on the
circle, show that CA and CB are perpendicular vectors.

Show that the diagonals of a rhombus (a parallelogram with sides of equal length)
are perpendicular.

Show that a parallelogram is a rectangle if and only if its diagonals have the same
length.

Use the cross product to show that the area of a triangle with vertices (0,0),
(ay,a3), (b1, by) equals %]albg — asgby].

Show that for any number k, the plane with equation z — 2y + 2z + 3+ k(2z —y —
z + 1) = 0 contains the line of intersection of the planes x — 2y + 2z + 3 = 0 and
2x —y — z+ 1 = 0. Hint: there is a really fast way to do this!

Write a function of one variable which gives the distance between an arbitrary
point on the line [ with equation ax 4+ by = ¢ and the point P = (x1,y;). Then use
this function to show that the distance from the line [ to the point P is

axy + by —

d
Ja +

(1)

The acceleration of a particle in the plane is a = 2i + 8j. a) Find the particle’s
position as a function of ¢ if its velocity at time ¢t = 0 is i — j and its position
at time ¢t = 0 is 2i 4+ 3j. b) Find the speed of the particle at time t = 1. ANS:
v(t) =2t +1)i+ 8t —1)j, r(t) = (*+t+2)i+ (4> —t+3)j. speed at t =1
18 \/%

27

Suppose that ||v|| = 7, ||w| = 6, and the angle between v and v is <¢ radians.

3
Compute [|2v — 3w|. ANS: 24/193

Simplify the following expression if | v|| = 3 and |w|| = 4: (Vv+w)-(v+wW)—2v-w.
ANS: 25

Find an equation for the curve which is the intersection of the plane 2x+4y+2z = 4

and the surface z = 2%+y*. ANS: r(¢) = (3cost — 1,3sint — 2, (3cost — 1)? 4 (3sint — 2)?)

Consider P = (1,3), Q@ = (5,—1), R = (2,3), S = (z,2) where z is unknown. a)
Find ]@ and ]@ . b) Find the value of x so that @ and ]ﬁ become parallel. ¢)

Find a unit vector in the direction of RS . ANS: ]@ = (4,-4), RS = (x—2,-1),
v=3, 42




2 Differential Calculus for Functions of Several Variables
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Suppose that the level curves of a function z = f(z,y) consists of straight lines.
Must the graph of f be a plane?

Suppose that T'(x,y, z) represents the temperature at the point (z,y, z), measured
. . . ¢ . 2
in Kelvin. What are the units of ?TZ? What about the units of ‘;ﬂg?

Suppose f(x,y) is a function defined on the zy plane. Is it possible for f(z,y) to
have only local maxima but no local minima? What about the converse: can a
function have only local minima but no local maxima? If a function has a critical
point which is a saddle point, must it have critical points which are either local
maxima or local minima?

. If (a,b) is a critical point of f (in the sense that f,(a,b) = f,(a,b) = 0), is it true

that (a,b) is a critical point of f2? How about the converse? Namely, if (a,b) is a
critical point of f2, does that mean that (a,b) is a critical point of f?

True/False: if Vf(a,b) = (0,0), fuz(a,b) >0 and f,,(a,b) > 0, then f has a local

minimum at (a, b).

The Coulomb potential generated by a charge ¢ located at the origin of the xy

plane is V(z,y) = 3L \/x;Ty?7 where ¢ is a constant. a) What is the domain of

V? b) What is the domain of V' if it is considered as a function of x,y, z , namely,
— _4q 1

V(l',y, Z) T 4req \/ZZTyQ ?

Suppose T'(z,y) represents the temperature of the floor at the point (z,y). If we

use polar coordinates x = r cosf, y = rsin # , we can think of T" as a function of r, 6.

Find 2L and %—g in terms of ?TZ; and %—Z. We say that the temperature is isotropic

ar
if %—:g = 0. Is the function T'(z,y) = ¥ isotropic? What about T'(z,y) = 2 + y*?

Suppose the domain of f(z,y) consists of the rectangle —1 <z < 1,0 <y <1,
while the domain of g(z, y) consists of the rectangle 0 <z <1, —1 <y < 1. What
is the domain of h(x,y) = f(z,y)g(x,y)?

Suppose two level surfaces fi(x,y, z) = ¢; and fa(x,y, 2z) = ¢ intersect on a curve.
What is an easy way to find the tangent vector v to any point on this curve from
Vfl and Vfg?

T/F The function f(z,y) = (1 — 2% — y?)"2In(2? + y* — 1) has empty domain.

True/ False: If V f(z,y) = (0,0), then (z,y) is a local minimum or local maximum

of f
True/False: For any unit vector u , Df_,(r) = —D fu(r)

True/False: if f(x,y) =Iny, then Vf(z,y) =1/y
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True/False: if f is differentiable at (a,b) and V f(a,b) = (0,0), then f has a local
maximum or minimum at (a, b)

True/False: if f(z,y) has two local maxima then f must have a local minimum
If f(u,v,w) is a differentiable function and u = x —y, v =y — z and w = z — =z,

show that of of of
AT — 2
oz + dy + 0z )
Let f(z,y,2) = 2> + 9>+ 22, At the point (1,2,1), find the rate of change of f in
the direction perpendicular to the plane 4z — 4y + 7z = 3, pointing away from the
origin. ANS = 2/3

Let f(z,y, z) be a differentiable function and suppose that r(¢) is a path which lies
on the surface f(x,y,z) = 17. If r(5) = (1,4, 2), show that r'(5) is orthogonal to
Vf(1,4,2).

For f(z,y) = A — (2® + Bx + y* + Cy), what values of A, B,C give f a local
maximum of 15 at the point (—2,1)? ANS: A=6, B=4, C = -2.

Let S denote the surface ?+y*—32% = 10 and P = (2, —3, 1), which is a point on S.
Find an equation for the tangent plane to S at P. ANS: —1 = 2(z—2) — (y+3)—=z

A function f(x,y) has gradient (—3,4) at the point P = (—1, 3). Write an equation
for the tangent line at P to the level curve of f passing through P.

Suppose that a duck is swimming in a circle, x = cost, y = sint, while the
temperature is given by the formula T' = z%¢Y — zy3. Find % using the chain rule.
ANS: 4L = (2costes™" —sin®t) (—sint) + (cos? te"™ — 3 cos tsin® t)(cos t)

Let f(z,y) = \/(x —a)? + (y — b)2. Show that for any (z,y) # (a,b), we have
2
(&) + (%) =1

Find the point on the graph of z = 3z% — 4y* at which the vector n = (2,3,1) is

normal to the tangent plane. ANS: (—1,2 —11)
Find the directional derivative of
U(z,y,z) = 22y — 3y*2 (3)

at the point P = (1,2, —1) in the direction toward the point @ = (3, —1,5). ANS:
90
7

Use Lagrange multipliers to find the critical points of f(z,y,2) = =z + y + 2z,
subject to the constraint 22+ y? + 2% = 3. ANS: (\@ V2 \/5) ) (—ﬁ —?, —\/5)
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27. Find the rectangular box of maximum volume with edges of length x,y, z if the
sum of the lengths of the edges x +y + 2z is 132 cm. ANS: x =y =2 =44

28. Find the max1mum Volume of a box of rectangular base that must be inside the
ellipsoid £ + % + % = 1. ANS: 5o

29. Find the shortest distance from the plane 3x — 2y — z = 3 to the origin using
Lagrange multipliers. ANS: \/%

30. Use the Lagrange Multiplier methods to prove that the shortest distance from the

: — () e |Aat+Bb+Cct D
point (a, b, ¢) to the plane Az + By + Cz+ D =0 is YRS pEs

3 Double and Triple Integrals

1. Suppose f(z,y) and g(x,y) are continuous functions on the unit square 0 < x < 1,
0 <y < 1. Isit true that fol folf(x, y)g(z,y)dydx = (fo fo T,y dydx) (fo fo T,y dydx)

2. Suppose p(x,y) has units of electric charge per unit area. What are the units
of [ [, p(x,y)dA? More generally, how are the units of [ [, f(x,y)dA related to
those of f(x,y)?

3.If [ fR z,y)dA > 0, does that mean that f(x,y) > 0 at every point of the region
of integration R?

4. True/False: the integral [ /2 Tr/2

sphere

p2 sin Odpdfd¢ gives the volume of 1/4 of a

5. True/False For any a,b € R and a continuous function f, [ fobf(x,y)dydx =
fo fo x,y)dzdy

6. True/False: If f(z,y) = g(x)h(y) then [ [, f(z,y)dA = ([ [, 9(x)dA) ([ [, h(y)dA)
7. True/False: fol Jo Vo +yrdyde = [ fol V& + y?drdy
8. True/False: For any integrable function f, [ fyaf(x,y)dxdy =y f;f(:c,y)dxdy.

9. Integrate f(x,y) = 6y + 16 over the triangular region 7 with vertices (0,0), (2,4)
and (10,0). ANS: 480

10. Sketch the region of integration and write an equivalent integral with the order of
integration reversed for the integral f02 fjf xydydz. Evaluate the integral in both

forms. ANS: fof Yrydrdy = 8/3

11. Evaluate f01 fyl sin(z?)dzdy. ANS (1 — cos(1))/2
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Use a double integral in polar coordinates to calculate the area of the polygonal
region with vertices (0,0), (B,0) and (B, H). ANS: 1BH

Let E denote the region in the first octant that is bounded below by the cone
z = y/2% + y? and above by the sphere 2> + 3* + 2% = 9. Express the volume of £
as an iterated triple integral in i) cylindrical and ii) spherical coordinates. Then
evaluate both integrals. ANS= 97(2 — /2)/4

Let E denote the region inside the sphere x2 + 4%+ 2? = 25 and inside the cylinder
r? +y? = 16. ANS= 3927/3

Let D be the region in the first quadrant bounded by the curves y = z, y = 3z |
zy =1 and 2y = 3. Evaluate [ fD xrydA using the transformation x = u/v, y = v.
ANS= 2In3

Calculate the volume of the region W inside both spheres 2% + 3* + 22 = 4 and
2+ y* + (2 — 2)> = 4. ANS: 107/3.

Let £ be the region inside the ellipse 222 + 22y + 5y? = 4. Noting that 222 + 22y +
5y? = (v + 2y)? + (x — y)?, apply the change of variables u = x + 2y, v = x — y in
order to find the area of £. ANS= 47/3

Find the bounds for the region R determined by the curves y = 2% and y =
z + 2 and write [ [, f(z,y)dA in two different ways. ANS: f f”Q f(z,y)dydz,

fo f f (z,y dederfl f\f f(z,y)dxdy

Find the bounds for the region R determined by the curves y = %, y = e™*, the
vertical lines # = —2 and = = 1. Write [ [, f(x,y)dA in the order dydz. ANS:

f fo (x,y)dydx + fo fo f(z,y)dydz

Find the bounds for the region R in the first quadrant determined by the curves
22 +y? =4andy = —x +2 . Write ffR x,y)dA in the order dxdy. ANS:

fo QV; v f(z,y)dzdy
Find f02 sz 23ev” dydr. ANS: 5 (eft — 1)
Find f1/2f 9xdydx ANS: 3( ‘/‘;’>

For a > 0, find the double integral

a prvV2a%—x2
/ / zy(x + y)dydx (4)
0 T

by switching to polar coordinates. Your answer will depend on a. ANS: 4‘1[—25“5



24.

25.

26.

27.

The integral [ f2 sl ViG=r? (167 — 73 — 2?r)dzdrdf is given in cylindrical coordi-

nates. Write (but do not Compute) the integral using spherical coordinates. ANS:

N fﬂ/Q fzf (16 — p*)p? sin pdpdpdl

Write the double integral f1 hm — 1)v1+ e?dydx in the order dzdy. Do not
find the value. ANS: fan fey )\/ 1+ e?vdxdy

fofoazz\/%ANSa( - 1)

Use spherical coordinates to evaluate [ [ [, —%%% _ where T is the region

(x24+y2422)
bounded by the spheres 2% + y? + 22 = 4, 22 + y? + 22 = 9 and the half-cone

4 Vector Fields

10.

. True/False: V- (VxF)=0
. True/False: If F, G are vector fields and V x F =V x G, then F = G.

True/False: If F is conservative then V- F =0
True/False: curl(divF)) is not a meaningful expression

Let D be the triangle in the xy plane with vertices at (0,0), (1,0) and (0,1). a)
Evaluate [ 2y*dz + 2xdy as a line integral. b) Evaluate the line integral in a) by
using Green’s Theorem and then evaluating a double integral. ANS= 1/3

Show that the vector field F = (322y?z +1, 223yz + 2, 23y* + 3) has zero curl. Then
find a potential V with VV = F. ANS: 23?2 +x + 2y + 3z

Evaluate [, (y + e )dx — xdy, where C is the square with vertices (0,0), (1,0),
(1,1) and (0, 1), oriented counterclockwise. ANS —2

Calculate the flux [ [¢F -ndo where S is the part of the plane 2z + 5y + z = 10
in the first octant with the upward-pointing normal, and F =< z, 2y, 6x >. ANS:
5950/3

Calculate ffSF -ndo, where S is the part of the paraboloid z = 9 — 2% —
y? on or above the plane z = 1, with the upward-pointing normal, and F =

T Y
(W7W7Z)

Find the work of the vector field F(z, y, z) = yi along the curve which is obtained as
the intersection of the surfaces z = 2 +y? —2 and 2z +4y = z+2. Hint: you may
find it useful to complete the squares and use the identity sin®t = 1(1 — cos(2t)).
ANS: —7




11. Consider the vector field F(z,y, z) = (y + y*2)i+ (z — z + 2zy2)j + (—y + 2y?)k
. Compute the line integral (Work)fc1 F - dr , C is the curve r(t) with equation
r(t) = (cost,t —1,e!™™) and 0 < ¢t < w/2. ANS: =% —2e +2

12. Evaluate the work (line integral)fc ydr + xdy + 2zdz. Here C is the curve with
equation r(t) = t(t — 1)eV'i + sin (Zt3)j+ Lk for 0 <t < 1. ANS: 1

12

13. Find the value of the constant A for which the vector field F(z,y,2) = (2zy +
Az22, 2yz + Ax?, 2x2 + A\y?) is conservative. ANS: A = 1

5 Divergence and Stokes Theorem

1. Recall that if a, b are two vectors then a- (a x b) = 0, since a x b is perpendicular
to a so their dot product must be zero. Likewise, we have that a x a = 0. There
are analogues of these identities which involve the entity V. More precisely, a)
show that if F(z,y,2) is a vector field, then V- (V x F) = 0 and b) if V is an
arbitrary scalar function, then V x (VV) = 0.

2. Use Stokes’ theorem to find the work ¢ F - dr, where F(x,y, z) = zi+ yk and C is
the unit circle 2* + y? = R%. ANS: 0

3. Consider the closed curve C obtained from the intersection of the paraboloid z =
4 — 22 — y?with the three octants * = 0, y = 0, z = 0, as shown in the figure
(so the curve consists of three pieces). Use Stokes’ theorem to compute the line
integral (work)§ ., F - dr where F(z,y, z) = (yz)i—zzj+k. When applying Stokes’
theorem, choose the normal vector n on the surface S which has positive third

coordinate. ANS: 0

4. Using Stokes’ theorem, find I = [ [, (V x F) -ndo , where F = yi+zj+ (y + 2) k
and S is the portion of the surface 2z + y + z = 2 above the first octant and n is
the unitary normal vector to the surface, with non-negative z component. ANS: 2

5. Use Stokes’ theorem to evaluate |, c —y3dz+23dy — z3dz where C is the intersection
of the cylinder 22 4+ 4> = 1, and the plane z +y + z = 1. Assume C is oriented
counterclockwise with respect to the xy plane. ANS: %”

6. Verify Stokes’ theorem for the upper hemisphere of the sphere z? + y? 4 22 = 9,
the its boundary 22 4+ y? = 9,2 = 0 and the vector field F = yi — xj. ANS: —187



. For F = 2zi+ y%j+ 2’k and S the unit sphere z? +y?+ 22 = 1, compute [ F-ndo
using the divergence theorem. ANS: 87/3

. Verify the divergence theorem for F = 22%yi — y?j +422%k and the region bounded
by > +22=9,x=0and z =2. ANS: 0

. Find the divergence of F = zi + yj and G = ;LJFZJQ ANS: 2 and 0 respectively.
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