
 
Lecture 8 14.1 14.2

Functions ofmany variables and limits

Y x2

graph of a II'sinix
functionofvariable

curve

z xHy

ex y
z sinextyl

graph of a function
of two variables is a surface

Domain of a function fox y
consists of the points x y where

the formula equation for foxy
makes sense

z fumy
y

potential issue denominator D
x y e o

yet
domain of

Iyaz is any point

x y where x ty ex y't



I
It

gravitational
potential

Vex yet
GLEE1

Éarth

foxy Fg
domain

potential problem
stuff inside square

root
is negative

Inquisitions
I x y so

bitty
method for drawing
inequalities X

draw the equality first

I X ty



y
after you do this the plane
gets divided into regions
and you choose by trial and
error the regions where the 1252 52
inequality is satisfied x 5 x

lofty region f TAY x4youtside

notsatisfied x
iffy x

on region f X
x x

x t

satisfied on

region
domain of Axley
is the unit disc

Frye

1 domain
is unit

domain E 1,13 disc



Domain of fix something on
the number line

Domain offoxy some region
on the xy plane

Limits
ay y furs
2 tÉÉÉE

q Éo
sx

limy Fox Does not exist ONE

so no limit
limy fix 2

left
andl im so

fat I limits



are different

Ze fac y

ta

by

domain
to

ay Itai
now there are at lot

more one sided limits
than just left or right

key idea if you find
two one sided limits



that disagree then
the limit him foxy

rly cab

can't exist

example
l im
oxy sooo EFF

Yi



limit along the y axis

lim

2814 ling gog so

limit along
the ray

line

lim

IEEE t
x so

so limit does not
exist since you

found two different
one sided limits

this strategy only
works for showing
a link doesnt exist



For this class we can

use squeeze theorem
to show a limit exists

this is done in combination
with polar coordinates

x't y
9,1
191

intotif

x r cos o
Ir Caso tsin'D

y rsino
r

lining
sooo

Etty
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lim
no
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reos2osin0
ay

O
to
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so by squeeze no



 
Lecture 9 14.1 14.21

Back to limits 14.21 Basic strategies
Toshowthat a limit doeswant to study retest it is enough
to find two pathsIim foxy or trajectories 1 approaching

cry 8Carb
limits along theseL IIIpathsgive differentvalues

time
y coos

Toshow that a limit exists
use an argument like the squeeze
theorem
Rewrite x as x rcoso

y as yer sing

change foxy into an expression of rio
so if your expression has sing cos

or combinations of these then you use

the fact they are quantities between

exampi.EE

hYxiys sco.o It



TO
11 If II I I

different

limy Off logo get toExist

j
0 E IF E III

fatty o

ii

Fay sooo IIII
x roose ye rsing

limr o I.EE
F so Esin



limy r cos a sin 40

squeeze argument

Of sin e I
OE 6540 EL

80

O E sin taste Ey
only need
this tomultiply bea

by r2 fixed
number so

20,200,10
would work

o E
I Igoes

already
to be 0 to

zero by squeeze Oasro
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easier case
when the function
is continuous at the

point aib

foxy is continuous

atcaiblifL

fatca.fm

which functions are continues

polynomials of try
trigonometric functions

which depend on x
y

exponential functions
which depend on try



combinations of these
all of them are continues
at any point of the
domain

example Eet

lim e

GAYE ITF.es j
6Et3lim

many 3 10,21 HII
xty LLimy

y soon



Back to 14.1

Level curves and level
surfaces

Level curve

gift

m

level are fixing
consists of all the points
xy where the value of

f equal C so where

Foxy L
example
level curves of

foxy x't y



4

zac
You solve

IEEE
radius re

É ay 4

level curves



fix y Tty
Fy c

x ty c

yet



Level surfaces for

family
3rariably
we can't see the
graph because
we would need a

fourth dimension

Level surfaces

foxiyi



all the points cry it

where f has value c

looks like
surfaces



 
Lecture 10 C 14.3 14.4

Last time

Level curves of foxy
Points cry where foxy has the same valve c

fix yl ethyl
levelcurves

thy c

Circles ofradios no

ox
on L
the valueof
f is the
Same

Level surfaces of foxy z

points exigit where foxy z has the
same value c

foxy t X'tyttÉ

a

level surface

tyrtez c
y

sphere radius ton each
sphere the

valve of f remains
constant

Partial Derivatives



df notation reminds you of a fractionor ratio

instantaneous rate of change

Dt unIIIII

i

units of II unifniffyz



Partial derivatives

foxy x t y

If partial
derivative of f with
respect to x

pretend y is constant
when taking the
derivative
2x to

ftp.Iiaearaatiewitrespect toy
pretend x is constant

when taking derivatives

O tf I



example
Fox y x2 y

3

IF 2 93 293 x

Eg
3

2

y
z

fay k sin x't Xy

Ey cos x tty x't xy

2x ty cos x't xy



If cos Kitty By
x't xy

x cos x't xy

tangent
iEl

line

BEY
ÉÉÉ

to

parallel
to x ax is

so y is fixed



JI Ey are slopes
of tangent lines
to curves obtained
by intersecting the

graph of the function
with planes

parallel to the x 7

and y z planes
respectively
units of 2ft unityff
units of Ty TIFF



y y y

Second Partial Derivatives

foxy R y
3

If 2 93 If
3
2

y

2f 3z zxy3 z

É E 3y 6xy

Ey 333 284 6 x y

Ey Ey By 3M Gx y



É'Éyt

IF

In general
the mixed partial derivative
agree so when
finding partial derivatives
with respect to different
variables you can
find the derivatives

th I



in any order that youwant

Chain Role

fax I ex t flt let

II
If

ye state

EI
IMI

Evatt

I eat



Chain Rule of twovariables
tts

fix y XY y t's

flt s Ltts Lt's

fltpktstt.AT
3tS

2tst2fs

t3t2t's



É F
IE

I i

y
i Xo i
i Ft i 237
É s s t s

f ay X att s y Es

21 ZEZE
IF It

y
I t x 2ts

y Z t s x

Es 2ts t t s



I t's Zt's 2ts

É 3 t's t 2ts

25 5 35 35 Is
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Directional derivative and gradient
Last time chain rule

fix y z x y
X Z

x u y utr t ur

Find EI andLET

Eu JEE EEF EE Eu
Hz Lu Ly It x y

u
C1tur 2ut2 t

ZI LEE Ey Ift Ee E
Hz O

Zy I X U

I 2cat



Directional Derivative

foxy temperature at the point
xy

If rate of change of temperature
if you more parallel to x axis
rate of change of temperature

5 if
you move parallel to y axis

i

i FUK O O t Vi Va

x y tri tu r



YETI
on this line f can

be thought as a functio
of t

If y
x y

t

df EYE Ey Get

df IE V t Ey V2



If
ax y

da
EEE

III

called gradient
of f

Gradient of foxy

gradf tf GE Ey
examples
fix y Rtty



LY y
gradient
2 2xty

Ey
X

Ff grad f Zxty x

gory xtsinly
229 1

2,8 coly

Fg grady 1 cosy



Gradient of foxy z

Ff grad FIE BIBI
example

ferry t xty txt

Itt
Ey 2y.LI

Ff gradf lltz 2y x



Gradient is a vector field

meaning at the point
y

or cry z

you draw a vector whose

entries are the
entries of grad f
evaluated at the point
in question for yl atty

Ayy
tf e grad f 242g



Directional derivative
of a function f in
the direction of a vector to
rate of change of f
in the direction determined

by the vector to

D of a
symbol for the
directional

derivative of f in
the direction is

conceptual question
Dro f Jf Def 2
Djof Ey



µ rate of
changeof

f along direction
to

key formula

two

o when you use this formula

you have to use a vector to
of norm 1 If you are

given a rector which is not of
norm 1 then really the



then ally he
formula is

Def
TAFjm

example
Find the directional
derivative of foxy x'try
in the direction of the
rector to 1B
evaluated at the point
P 12,4
Tf 2x ty x



Def Ff I
159

Def Carty x

Cliff
Defa IIe

rate of change of
at thepoint excy in the

direction of 5 11,03

Def 2,2 4 22252
3 8



Interpretation of directional
derivative

ay ft't

Def Ff My
Def IFFIDÉOSA

DELIA

O angle between T and If



Nfl E Def e tf I
w u

when whenas L
cos l

when
when PandFf
Hand Ff are parallel

point in 0 0

opposite O T
directions

Ff Ff
largest increase off

Deff Ff direction of
FP

I



Vf

largest decrease
off Ff

direction of Ff
interpretational hexyl height

Mountain

thy

the

x direction given by
The steepest ascent
direction given by th



y
steepest descent

Back to level corves

hexyl height ofmountain at

night
10 KY hexyl to

ing

Plangent
Ent take



O

Da h D height
is

A constant
en levelTh YI 0
curve

The y o

gradient th
is a vector perpendicular
to the level curve



 

lectupanagifp.it
impliatdifferntiati

calc 1

Tty I o yes IF
I find dig directly

indirect route

K y 11

2x Ly dy D

a

x'tight 1 zany I Fg
find 2 Eydirectlyindirect I find 27 and Eyapproach

City E I

to
3

x 2
O

beagse



are independent
É

Fy
x y't 24 22171

0 4 2233

5

alternatively can

think of
y as

a function of X Z

Eye FEET



y

X ty z I

É x t y 7 2,11

2x 2
y
2

to 0

I
because
X Z
are now

x ty t z I ind
variables

X t y
E 22,111

O 2g 24 27 0



FINE

hast time

DEF
tf.gg

Dpf

gradf.tw



Tf gradf Ey Ey 2
for foxy z

or Ey Ey
for foxy
important thingfrom
last time
gradient Tf is

a vector which is

perpendicular to the
level curves of a



I w s

function

f
Fry p

off
FY Aff

Of
y

top Ff X

fax g 3

Same happens for
level surfaces



EYE

foxy XUE
levelsurfaces

spheres

Aof

fEyiF4

Ff 2x Zy



Tangent planes to a

level surface Fffrfat

y

IFI Eff
foxy t C

key idea to find
the equation of a

tangent plane you



gen p yneed a normal
vector and
for this you can

take the gradient

ATHLETE S

example

foxy it xy
222

level surface fo

Xy 221 0



y z o

find tangent plane
to this surface
at the point

Pall Z 1

FEET EFFED
Tf 4,411 2,1 4

To
2x y 42 P P

Zxty 42 2,11 411441



Y C I 1

2xty 42 2 2 4

2xty 42 0

eq tangent plane

É

axtbytceaxotbyotcz.cab c 849 it Caleta yo zo

another example ty't E l



y

tangent plane at
P
fix y Z XHy t z

Ff C 2x 2 y 22

Ffl PK LGi
3j



Fr tf y 2g Z
MB Ws 1183 431,13

3 3 3

Est 293 233
2

xtytt BL

14.7 Optimization



Haraetogis

linehorizontal

Iggy flexio

foxy
plane

with
respect

to the floor

fatty

so Ff should be parallel
to the rector Ed coat

so we need



21 0
35

7

Critical point of a fury
It is a point where

21 0 and
2g o

example

foxy x y
criticalpoints
EI go



2x

Ey 0 5 0

so co o is the

only critical pointfor foxy Xy





 
Lecture 13 optimization 14.71 a
calc 1

t.VE

flex ko
f P o

EP asyouapproach thispoint
www.ntsoffaysf YYpjjiijithipyourheightincreases

21 0 and Igo
Max or a min

m

depending on Walppfahit

p

as youapproachthis
point your height

SecondDerivatveTestdeweases
Fon.d a critical point P IfCPO andEy Ipo
Compute the second partial derivatives

and write them

H 8 III
as a 2x matrix

323 Hhere standsforHessian



det H P o gameover

I this test is inconclusive and you
gain no information

fatigerminant def HIP negative

of this matrixof
800 get a saddle point

P
CPJ o

thecritical point P is a

this is a numbers dett P 0 U relativemin
positive det

fagged to

relatimax

Example

fix y tx3ty't 2xy
6 39

2

critical points finding

If x2 2y 6



If 29 2 3

4 X 29 6 0

2 2 y
2 3 0

start with 2

Ry 3

923AM

substitute in l

x
2

3 28 6 0



x2 2 3 0

G 3 XH D

a
3 X I

4 32 3 3 9 3 1

point
33 TE

found two critical

points



classify them

If x't 2 y 6

Ey
Z y

2x 3

1 2x

fay
2

If 2

11k133g



4544611
critical point R 3 3
doth P 4 3 1 830
2 P 2x 2.3 650

ItP is
relative min

critical point 0
1
52

det H Q 41 11 41 1 it
Q is a

co

I



Saddle point
Relative min local

min

Relative max local
Max

foxy At y
critical points
31 3 2

28 35



35 0 I
only one

Tassie
3 bx 2fyz 6y

1250
H Gx 0

0 by
doth 36

9



y
de th 0,01 0

inconclusive we
can t classify it

now with a twist
absolute max and min

Iggy
fix

fix

a b

to find abs max and abs min

here which includes the



critical points of fax
on this interval and
the value of fox at
the boundary pants

EE
É

d

now the region is
either a rectangle or a

triangle
make a list which includes

the critical points inside
theregion



the vertices of the
rectangle or triangle
The critical points
that you get from
each edge of the region

find abs max labs min

foxy 4 x 8xyt2yH

Cont
top

ox



critical points off

27 4 84 21
8 2

31
0

Ey 0 8 25
8

4 84 0 s yet
8 2 0 07 4
hit

H 8 8 psadf.int

deftly E 64

new part



É

List
critical point Fitz
vertices triangle
0001 4 01 10 l

critical points coming
from each edge of the
function

fix y 4 8 xy
2 y H



y y

FLY
1 x

Green side KO

fig Lyft
fly 2 tho critical

points
Blue side yo
fax 4 1
F x 4 E no critical points



hypotenuse y l X

foxy 48 8xyt2yH
fix1 4 8 4 X 24 At

4 8 8
2

2 2 1

8 2 6 3

flex 16 X 6 0

when 168 6

FETE

Ig



i

Ojo

4Dy_4Kytyt

Hartz 2

copy I abs mi's

110 5 Abs may

Osl 3



I

8 8 Ig



 
Lagrange Multipliers 14 8
Problem build a box with no top openbox so that

the surface of the box is loft
the volume of the box is a big as possible

area ofthebox Xy 2 2 2ye 10FIFI go owner
two ways to solve this problem
Method 1 turn the volume into a function of
two variables inorder to applythe methodsfrom
before

constraint Xy 2 7 Ly z to
equation

27 tty lo x y
z FÉ

V xyz xyg.IEFIEF
foxy 0ÉÉÉ
quotient

route

II C

YIIIY x.rs



y

2ft 2oxythyIty
4xyroxyth

35 2

IgÉy
EI y 2oIYÉ

Liam

wolfram alpha E J

Ey a

gygy
222 0

Ego



KEITH 0

Eggs so

5480
of

y do x ay o

2 x2 10 y 2 97 0

eg all

ya lo x2 2 91 0

or I x2 2xy o

volumeof

4box O I1ot Hy
not interesting

eg 2forust
a lo yr ay O

T



TEO 10 ya Eyedvolume of box 10 y

trust
not interesting

10 2 10 y
O X y

O lx y City
d

EI

El
not good

since x
y z

are the lengths4 of the sizes of
a box



Eye
substitute in

10 x 2x
y

10 x 2 2

10 35

HEE

FEW

IEEE YEE



y f

method 2 Lagrange
multipliers

work with all the initial
variables without trying
to substitute one of

them in terms of the
others

x y z xyz I
xyt2xtt2yzD

level surface of

guy a Xy 2 2 2yz



g y y y

ÉE

É

ÉEÉ

levelsurface
F vector tangent

maybe there is a to the

place where TV and

Fg are parallel

I tr tag Jd
rescaling factor

b



a number

DEV TV I

Itg a

T
Davao

so at this point
the directional derivative

vanishes so it is

like a critical point
Arg

LEEt Ayaz's
w



Exist
I the velocity vector

of a path on

the surface

Ét

if FV and Fg are

parallel at some point
on the surface then



the directional derivative
Of I vanishes for all

the paths on this surface
at the point in question

method 2

you find when the
two gradients are

parallel

Vex ly z xyz
go y z x y 2 7

29



TV ye xt Xy

Fg yt2z xt2t 2xt2y

when is TV parallel
to Fg

constant number

p
called Lagrange

TV Agg
multiplier

Cyz xtixyl tlytzz.az
ly

lift

714 27

2 Xt A 27



ya x 2xtzy
2 l

XZ Yz 7 277 ty 2k

z x y XCX y
2 x y thx y o

x y Cz X O

II

typ MI

y



you get to
the same

conclusion
as before

nng.gg
what happens if

go to frist equation

ye Elly 27

Yt Zy 222

222 0

7 0 Volume o



bad 1 Ignorethis
case

Lagrange multiplier method

foxy a you want
to maximize

or minimize
this one

like the volume functions

gory ti o constraint
equation
level surface

p



if you want to maximize
or minimize f you
must solve

Ff
IFy

Lfonstanthagranemltplier

AE 2 9 32 5

Mitty



2 9 37 5

T
Find point on theplane
closest to the origin
distance Eye
foxy it l Xt y't t

guy z 2x y 32 5

Lagrange multiplier
Ff A Fg



2 129,22 1 211 3

a at at

ay I y E
22 37 2

32

can use

2x y 32 5
2X E Ei 5

7 5947



X 57 9 74 it

point
E Fa

Ti

Remark you don't

need to check for
these problems that
the point or pants
you find yield a

Max or min



ma in

without Lagrange
7 5

25 9

foxy 21 thy't't r

farcy tty't 5
35

look for

EI O
Eye


