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What is a Classical Point Singularity?

@ On n+ 1 dimensional space-time R%” =2 R x R” with metric

n = diag(1, —1, —1...) and coordinates x = (x%, x*, x2,...).
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What is a Classical Point Singularity?

@ On n+ 1 dimensional space-time R%” =2 R x R” with metric

n = diag(1, —1, —1...) and coordinates x = (x%, x*, x2,...).

o A point charge is represented by a future directed time-like curve
(“world-line") z(#) : R — R, cilze > |92
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What is a Classical Point Singularity?

@ On n+ 1 dimensional space-time R%” =2 R x R” with metric
n = diag(1, —1, —1...) and coordinates x = (x%, x*, x2,...).

@ A point charge is represented by a future directed time-like curve
(“world-line") z(#) : R — R, ‘1,29 > |92

@ We will use the proper time parameterization z(7) defined by

d7 = \/Mu 2Pz dS.
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What is a Classical Point Singularity?

@ On n+ 1 dimensional space-time R%” =2 R x R” with metric

n = diag(1, —1, —1...) and coordinates x = (x%, x*, x2,...).

@ A point charge is represented by a future directed time-like curve
(“world-line") z(#) : R — R, ‘1,29 > |92
@ We will use the proper time parameterization z(7) defined by

d7 = \/Mu 2Pz dS.

@ Associated to the particle is a mass m > 0, scalar charge o € R,

velocity u# = ‘1,2 and momentum p* oc u*.
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What is a Classical Point Singularity?

@ On n+ 1 dimensional space-time R%” =2 R x R” with metric

n = diag(1, —1, —1...) and coordinates x = (x%, x*, x2,...).

@ A point charge is represented by a future directed time-like curve

(“world-line") z(#) : R — R, ciize > |

@ We will use the proper time parameterization z(7) defined by
dT = \/MuwzrzVdb.
@ Associated to the particle is a mass m > 0, scalar charge o € R,

velocity u# = ‘le and momentum p* oc u*.

o Notation: Jump and Average:

f(z+e)+f(z—¢)
f(z) = lim, 2

L = Jim (Fz+ 9~ Fz - )
1)
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Scalar Point Charge

The scalar point charge acts as a source for the scalar field via

OU = RU - AU=a / 5D (x — z(7))dT (2)

v 2(7)
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Motion of Scalar Field Animation

Given initial data (Vo, V1) and a charge trajectory z(7), the solution for U

is well-known.
OU = a [ 6§ (x — z(7))dT

U‘XOZO = VO (3)
doU| Vi

x0=0 —

Figure: Animation of scalar field sourced by a moving point charge in one space
dimension.
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(In)admissible Force Laws

@ We demand a joint evolution which preserves the total
energy-momentum of the field-particle system.
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(In)admissible Force Laws

@ We demand a joint evolution which preserves the total
energy-momentum of the field-particle system.

a,u(Trﬁ:tter + Eﬁzd) =0 (4)
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(In)admissible Force Laws

@ We demand a joint evolution which preserves the total
energy-momentum of the field-particle system.

a,u(Trﬁ:tter + Eﬁzd) =0 (4)

@ For fluids of sufficient regularity, cons of En-Mom returns an equation
of motion for the fluid.
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(In)admissible Force Laws

@ We demand a joint evolution which preserves the total
energy-momentum of the field-particle system.

a,u(Trﬁ:tter + Eﬁzd) =0 (4)

@ For fluids of sufficient regularity, cons of En-Mom returns an equation
of motion for the fluid.

@ It is often claimed that point singularities satisfy the EQ of motion for

fluid test-particles:
P oru(z) (5)
dr
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(In)admissible Force Laws

@ We demand a joint evolution which preserves the total
energy-momentum of the field-particle system.

a,u(Trﬁ:tter + Eﬁzd) =0 (4)

@ For fluids of sufficient regularity, cons of En-Mom returns an equation
of motion for the fluid.

@ It is often claimed that point singularities satisfy the EQ of motion for

fluid test-particles:
P oru(z) (5)
dr

@ 0"U cannot be evaluated along z(7), joint evolution equations are
inconsistent.
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Inconsistency

o It is sometimes claimed that we should ignore the singular
contribution of a particle to its own force law. This ignores
radiation-reaction.
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Inconsistency

o It is sometimes claimed that we should ignore the singular
contribution of a particle to its own force law. This ignores
radiation-reaction.

° Dirac [5] famously tried to derive an EQ of motion directly from
O matter = —0, Tﬁeld
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Inconsistency

o It is sometimes claimed that we should ignore the singular
contribution of a particle to its own force law. This ignores
radiation-reaction.

° Dirac [5] famously tried to derive an EQ of motion directly from
a matter = a fleld

@ Problem: En-Mom of field sourced by point singularity in R3 is
changing at divergent rate for all time, T, ~ %
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Inconsistency

o It is sometimes claimed that we should ignore the singular
contribution of a particle to its own force law. This ignores
radiation-reaction.

° Dirac [5] famously tried to derive an EQ of motion directly from
a matter = a fleld

@ Problem: En-Mom of field sourced by point singularity in R3 is
changing at divergent rate for all time, T, ~ %

@ Dirac invented infinite bare-mass renormalization to recover an
equation of motion for the point singularity.
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Inconsistency

o It is sometimes claimed that we should ignore the singular
contribution of a particle to its own force law. This ignores
radiation-reaction.

e Dirac [5] famously tried to derive an EQ of motion directly from
au Tr/nL:tter = _aﬂ Tflitelfd'

@ Problem: En-Mom of field sourced by point singularity in R3 is

changing at divergent rate for all time, Tfo, ~ &

o Dirac invented infinite bare-mass renormalization to recover an
equation of motion for the point singularity.

@ Problem: Using Colombeau Algebra, Gsponer(2008) showed that one
can derive a large family of different particle force laws.
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Quantum Mechanical Cop-out

@ Shouldn't we be modeling point particles using quantum theory?
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Quantum Mechanical Cop-out

@ Shouldn't we be modeling point particles using quantum theory?

o QFT famously admits divergent quantities that can be traced back to
divergences in the classical theory of relativistic point charges.
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Quantum Mechanical Cop-out

@ Shouldn't we be modeling point particles using quantum theory?

o QFT famously admits divergent quantities that can be traced back to
divergences in the classical theory of relativistic point charges.

e Ex: Annihilation of quantum particle at origin in R3.
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Quantum Mechanical Cop-out

@ Shouldn't we be modeling point particles using quantum theory?

o QFT famously admits divergent quantities that can be traced back to
divergences in the classical theory of relativistic point charges.

e Ex: Annihilation of quantum particle at origin in R3.

Non-Rel: idw) = (—A + :;53(;)> Y. (6)
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Quantum Mechanical Cop-out

@ Shouldn't we be modeling point particles using quantum theory?

o QFT famously admits divergent quantities that can be traced back to
divergences in the classical theory of relativistic point charges.

e Ex: Annihilation of quantum particle at origin in R3.

Non-Rel: i0:) = —Av, Ii_r}rb O (r(x)) = ik Ii_rp0 rp(X).  (6)
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Quantum Mechanical Cop-out

@ Shouldn't we be modeling point particles using quantum theory?

o QFT famously admits divergent quantities that can be traced back to
divergences in the classical theory of relativistic point charges.

e Ex: Annihilation of quantum particle at origin in R3.

Non-Rel: i0:) = —Av, Ii_r}rb O (r(x)) = ik Ii_rp0 rp(X).  (6)

Rel: i0w) =a -V + mpy, B.Conlyvalidin1ldim (7)
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State of Affairs

o Kiessling[1] proposed in 2019 that the force law should be derived
directly from energy-momentum conservation
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State of Affairs

o Kiessling[1] proposed in 2019 that the force law should be derived
directly from energy-momentum conservation

0u(Ty" +T57) =0 (8)
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State of Affairs

o Kiessling[1] proposed in 2019 that the force law should be derived
directly from energy-momentum conservation

Ou (Tg" +T3") =0 (8)
Ty = (0"U)(0"U) - %n“”(f?ﬂU)(aMU). (9)
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State of Affairs

o Kiessling[1] proposed in 2019 that the force law should be derived
directly from energy-momentum conservation

O (T +Ty") =0 (8)
Ty = (0"U)(0"U) - %n“”(f?ﬂU)(aMU). (9)
T = / ' p” 6D (x — 7(r))dr (10)

o In dimensions n > 1, we expect OU = a [ (") (x — z())dT to be
inconsistent with energy-momentum conservation [1,4].

L. Frolov (Rutgers) Point singularities in classical field theory August 5th, 2025



State of Affairs

o Kiessling[1] proposed in 2019 that the force law should be derived
directly from energy-momentum conservation

O (T +Ty") =0 (8)
Ty = (0"U)(0"U) - %n“”(f?ﬂU)(aMU). (9)
T = / ' p” 6D (x — 7(r))dr (10)

o In dimensions n > 1, we expect OU = a [ (") (x — z())dT to be
inconsistent with energy-momentum conservation [1,4].
@ Modify “vacuum law” to regularize sourced fields:

(1+ %D)DU _ a/5(4)(x _2(r))dr  K-T.Z[2], Hoang et al.[3]
(11)
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Conservation of Stress Energy-Momentum

Theorem (Force Law in 1 Space Dimension)

Suppose U satisfies U = « [ §@)(x — z(1))dT on RY where z(7) is an
arbitrary time-like world-line.
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Conservation of Stress Energy-Momentum

Theorem (Force Law in 1 Space Dimension)

Suppose U satisfies U = « [ §@)(x — z(1))dT on RY where z(7) is an
arbitrary time-like world-line. Then assuming conservation of
energy-momentum

O, TH =-0,T,", ve{o,1} (12)

returns the unique force law

L. Frolov (Rutgers)

Point singularities in classical field theory August 5th, 2025



Conservation of Stress Energy-Momentum

Theorem (Force Law in 1 Space Dimension)

Suppose U satisfies U = « [ §@)(x — z(1))dT on RY where z(7) is an
arbitrary time-like world-line. Then assuming conservation of

energy-momentum

O, TH =-0,T,", ve{o,1}
returns the unique force law

dp” §
d_I:- =— [nﬂ i1 (zo,xl)]xlzz1 )

(12)

(13)
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Conservation of Stress Energy-Momentum

Theorem (Force Law in 1 Space Dimension)

Suppose U satisfies U = « [ §@)(x — z(1))dT on RY where z(7) is an
arbitrary time-like world-line. Then assuming conservation of
energy-momentum

OuThH" = =0y Ty, ve{0,1} (12)
returns the unique force law

dp”
dr

— [AuTH (% xY)] - (13)
This force can be explicitly computed as

dp” 7]
I = —advU. (14)
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Derivation of Force Law 1

/OHT‘“’dV:/ TN, dS (15)
Q o

: )W

Tl / /NT/ .

Figure: Region of integration Q and its normals
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Derivation of Force Law 1

4 v 14 2 de
/BQ TIN,dS = p(r2) — p* (1) = / g (15)
0
? 2(7)
€
NT:
Tt
n
T, a
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Derivation of Force Law 1

dr = — THN,dS. 1
/T dr " /asz u Nud> (15)

1

v 2(7)
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Derivation of Force Law 1

/TZ LT Iim/ TH N, dS. (15)
m dT e—0 a0
0
X
2(7)
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Derivation of Force Law 2

Lemma

Suppose U satisfies equation (3) with (U,dpU)]| ,_, € C*'(R) x L*(R)
and singular source concentrated on a time-like world-line z(7). Then U is
of regularity C%1(RY?Y), and ,U, T} € L®(RM).

2(7)
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Derivation of Force Law 2

2
lim / TH'N,dS = / (T8 mu(2° X)) sy A7 (16)
o0 1

e—0

o ()
Ty s
(S

) i/ xl

L. Frolov (Rutgers) Point singularities in classical field theory August 5th, 2025 11/19



Analyzing Force Law

So weak conservation of energy-momentum returns
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Analyzing Force Law

So weak conservation of energy-momentum returns

/T2 ﬁdT =— /T2 [n, THY (2% xY)] dr. (17)
o dT L L URAT T d=z(r)

1 1

as desired.
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Analyzing Force Law

So weak conservation of energy-momentum returns

T dpl/ T ”
/T o = —/T [n#Tﬁ (zo,xl)]XI:ZI(T) dr. (17)

1 1

as desired.

e For (U,d0U)| o_, smooth away from z!(0), we have

[0,,U] =—an, (18)

xl=zl(r

L. Frolov (Rutgers) Point singularities in classical field theory August 5th, 2025



Analyzing Force Law

So weak conservation of energy-momentum returns

T dpl/ T ”
/T o = —/T [n#Tﬁ (zo,xl)]XI:ZI(T) dr. (17)

1 1

as desired.

e For (U,d0U)| o_, smooth away from z!(0), we have

[a U]Xl—zl — _anu (18)
@ The final force law % = —ad? U follows from
£2(xh) -
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Force Law Consequences 1

Corollary

The force contribution of external scalar fields follows the standard law
satisfied by test charges.
Fel;t = —ad” Uext- (20)

However, the singular “self-force” can now be determined, and the

expression for it guarantees the conservation of the system’s total
energy-momentum.

F.;elf: —a0” Usource = 5 (21)
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Force Law Consequences 2

Theorem

For any set of particle parameters with positive bare mass and non-zero

real scalar charge, and for any “admissible” initial data, the joint initial
value problem given by

" 9,0,U(x) = af5(2)(x — z(1))dT

U(0,xt) = W(xh) (22)
oU0,x1) = Vi(xh),
dz¥ v
dr — U
P v (23)
{% =— [T (Zojxl)]xlzzl(v)'

admits a unique, global-in-time solution.
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Force Law Consequences 3

Theorem

For any set of particle parameters with positive bare mass and non-zero
real scalar charge, and for any “admissible” initial data, the joint initial
value problem given by

n"0,0,U(x) = 0
[8NU]x1:zl(T) = o

24
UOx) = Vo(x!) &)
U0, X)) = Vi(xb),
dz¥ v
dr — L
b y (25)
{% == [nl‘ TZ (ZO’Xl)]xlzzl(T) :

admits a unique, global-in-time solution.
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@ We studied the joint evolution equations for a scalar field and its
point charge source in 1 space dimension

OUu=a« / 6@ (x — z(7)dr. (26)
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@ We studied the joint evolution equations for a scalar field and its
point charge source in 1 space dimension

@ We rigorously derived an equation of motion for the point charge
from weak energy-momentum conservation

d’ _

dr o [”u THV(ZOaxl)]

(26)

xl=z1"
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@ We studied the joint evolution equations for a scalar field and its
point charge source in 1 space dimension

@ We rigorously derived an equation of motion for the point charge
from weak energy-momentum conservation

@ The computed force law closely resembles the one satisfied by test
charges.
—a’u”

2

Flfelf = —a0" Usource =

St

(26)
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@ We studied the joint evolution equations for a scalar field and its
point charge source in 1 space dimension

@ We rigorously derived an equation of motion for the point charge
from weak energy-momentum conservation

@ The computed force law closely resembles the one satisfied by test
charges.

@ This force law allowed us to prove well-posedness of the joint
evolution problem for the field-particle singularity system.
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@ We studied the joint evolution equations for a scalar field and its
point charge source in 1 space dimension

@ We rigorously derived an equation of motion for the point charge
from weak energy-momentum conservation

@ The computed force law closely resembles the one satisfied by test
charges.

@ This force law allowed us to prove well-posedness of the joint
evolution problem for the field-particle singularity system.

@ Singularity in scalar field equation reinterpreted as Boundary
Condition along {x = z(7)}.
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@ These results indicate that point charges interacting with fields of
sufficient regularity admit well-posed joint evolutions.
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@ These results indicate that point charges interacting with fields of
sufficient regularity admit well-posed joint evolutions.

@ In higher dimensions we need to study non-linear wave equations
coupled to point sources.
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@ These results indicate that point charges interacting with fields of
sufficient regularity admit well-posed joint evolutions.

@ In higher dimensions we need to study non-linear wave equations
coupled to point sources.

@ Non-linear modifications may regularize the sourced fields to permit a
well-posed joint evolution

< 1+a;(fjaa > /5"H)X—Z( ))dr.  (26)
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@ These results indicate that point charges interacting with fields of
sufficient regularity admit well-posed joint evolutions.

@ In higher dimensions we need to study non-linear wave equations
coupled to point sources.

@ Non-linear modifications may regularize the sourced fields to permit a
well-posed joint evolution

< 1:§%m > /5H”X—Z)M (26)

@ As a first step: Quasi-Linear Schrodinger with Point Singularity for all
deN

Vi

V1-IVoP

i0) =V - + ik6(M(K)ep. (27)
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