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Abstract

We establish a surgery exact triangle for involutive Heegaard Floer homology
by using a doubling model of the involution. We use this exact triangle to give an
involutive version of Ozsváth-Szabó’s mapping cone formula for knot surgery. As
an application, we use this surgery formula to give examples of integer homology
spheres that are not homology cobordant to any linear combination of Seifert fibered
spaces.
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CHAPTER 1

Introduction

Heegaard Floer homology, defined by Ozsv́ath-Szabó [OS04b], is a powerful
suite of invariants for studying 3-manifolds, knots inside of them, and 4-manifold
cobordisms between them. The first author and Manolescu [HM17] put additional
structure on this package of invariants, in the form of a homotopy involution, lead-
ing to involutive Heegaard Floer homology. Their refinement was motivated by
Manolescu’s resolution of the triangulation conjecture. Galewski-Stern [GS80] and
Matumoto [Mat78] reduced the triangulation conjecture in dimension at least 5
to the assertion that there exists an integral homology sphere with Rokhlin invari-
ant one that is of order two in Θ3

Z, the 3-dimensional integral homology cobordism
group. Manolescu [Man16] used a Pin(2)-equivariant version of Seiberg-Witten
Floer homology to show that there exists no such homology sphere, proving that
there exist manifolds in every dimension ≥ 5 that cannot be triangulated.

The involutive Heegaard Floer package has been particularly useful in studying
Θ3

Z; see, for example, [HHL21], [DHST23]. To a closed 3-manifold Y , the first
author and Manolescu [HM17] associate a homotopy involution

ι : CF−(Y ) → CF−(Y ).

The pair (CF−(Y ), ι) is called an ι-complex and, up to homotopy equivalence, is
an invariant of Y . Hendricks, Manolescu, and Zemke [HMZ18] show that up to
a weaker notion of equivalence, called local equivalence, the pair (CF−(Y ), ι) is an
invariant of the homology cobordism class of Y .

The goal of this paper is to extend various properties of Heegaard Floer homol-
ogy, such as the surgery exact triangle and mapping cone formula, to the involutive
setting. We show that up to local equivalence, the involutive mapping cone for-
mula simplifies dramatically, paving the way for effective computations. As an
application, we use this formula to prove:

Theorem 1.1. Seifert fibered spaces do not generate the homology cobordism
group Θ3

Z.

1.1. Involutive surgery exact sequences

One particularly useful feature of Heegaard Floer homology is the surgery exact
triangle. Given a framed knot in a closed 3-manifold Y , Ozsváth-Szabó [OS04c]
prove that there are exact triangles

(1.1) · · · → HF−(Y ) → HF−(Y0(K)) → HF−(Y1(K)) → · · ·
where HF−(Y ) denotes the minus flavor of Heegaard Floer homology with com-
pleted coefficients.

Our paper centers on establishing the surgery exact triangle for involutive Hee-
gaard Floer homology:

1
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Theorem 1.2. Suppose that Y is a closed 3-manifold and K is a framed knot.
There is an exact triangle

· · · → HFI−(Y ) → HFI−(Y0(K)) → HFI−(Y1(K)) → · · · .
The same holds for the plus version.

The surgery exact triangle was previously been established by the first author
and Lipshitz [HL19, Theorem 7.1] for the hat version of involutive Heegaard Floer
homology, but remained elusive for the minus theory. Our exact sequence mir-
rors the exact sequence of Ozsváth and Szabó [OS04c, Theorem 9.1] in ordinary
Heegaard Floer homology, as well as Lin’s exact sequence for Pin(2)-equivariant
Monopole Floer homology [Lin17, Theorem 1].

Additionally, we prove the following analog of [OS08b, Theorem 3.1] for invo-
lutive Heegaard Floer homology:

Theorem 1.3. Suppose that Y is an integer homology 3-sphere, and K is a
knot. For any n ∈ Z and m ≥ 1, there is an exact triangle

· · · → HFI−(Yn(K)) → HFI−(Yn+m(K)) → HFI−(Y ) → · · · .

In Theorem 1.3, HFI−(Y ) denotes a twisted version of involutive Heegaard
Floer homology. Furthermore,

(1.2) HFI−(Y ) ∼=
N⊕
i=1

HFI−(Y )⊕
M⊕
i=1

(HF−(Y )[−1]⊕HF−(Y )),

where

(N,M) =

⎧⎪⎨⎪⎩
(1, (m− 1)/2) if m is odd,

(0,m/2) if m is even and n is odd,

(2, (m− 2)/2) if m and n are even.

1.2. The involutive mapping cone formula

The exact triangle in Theorem 1.3 is a key ingredient in establishing Ozsváth
and Szabó’s mapping cone formula [OS08b] for the Heegaard Floer homology of
surgery along a knot. The mapping cone formula gives a powerful relation between
the knot Floer complex and the Heegaard Floer complex of surgeries. We first recall
the formula, and then discuss the involutive counterparts we prove in our present
work.

Given a knot K in an integer homology 3-sphere Y , define A−
s ⊆ CFK∞(Y,K)

to be the subcomplex generated over F[U ] by elements [x, i, j] with i ≤ 0 and j ≤ s,
which satisfy A(x)− j + i = 0, where A denotes the Alexander grading. We write
A−

s for its completion over F�U�. Define B−
s to be the subcomplex generated by

elements [x, i, j] satisfying the same Alexander grading restriction, and i ≤ 0, and
write B−

s for its completion. Define

A− :=
∏
s∈Z

A−
s and B− :=

∏
s∈Z

B−
s .

Ozsváth and Szabó [OS08b] construct a map Dn : A− → B− so that

(1.3) CF−(Yn(K)) 
 X−
n := Cone(Dn : A

− → B−).

We prove the following analog of (1.3) for involutive Heegaard Floer homology:
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Theorem 1.4. Suppose n ≥ 1, and K is a knot in Y , an integer homology
3-sphere. Then CFI−(Yn(K)) is homotopy equivalent over the ring F�U�[Q]/Q2

to a complex of the form:

XI−n (Y,K) :=

A− B−

QA− QB−.

Q(id+ιA) QH

Dn

Q(id+ιB)

Dn

Here Dn is the map in Ozsváth and Szabó’s mapping cone formula, ιA is a map
which is determined by the knot involution on CFK∞(K), ιB is a map which is
determined by the 3-manifold involution on CF−(Y ), and H is a homogeneously
graded map making the diagram into a chain complex. Equivalently, the iota-
complex (CF−(Yn(K)), ι) is homotopy equivalent (as an iota-complex) to X−

n , equip-
ped with the involution ιA +H + ιB.

A more detailed version of Theorem 1.4 is proven in Chapter 20. Theorem 1.4
also has a refinement over Spinc structures, which we briefly summarize. There is a
natural identification of Spinc(Yn(K)) with Zn, where Spin

c conjugation is identified
with the map i �→ −i. Of most interest to involutive Heegaard Floer homology are
the self-conjugate Spinc structures, which are the ones satisfying i ≡ −i mod n.
If n is odd, there is one self-conjugate Spinc structure on Yn(K), and if n is even,
there are two. The complex XI−n naturally splits over conjugacy classes of Spinc

structures on Yn(K), giving the involutive Heegaard Floer homology of Yn(K) in
each conjugacy class. See Chapter 20 for more details.

1.3. Knots in S3

One of the most useful properties of Ozsváth and Szabó’s mapping cone formula
is that for a knot K in S3, the map Dn is computable up to chain homotopy from
the chain complex CFK∞(K). For knots in other 3-manifolds, computation of Dn

usually requires knowledge of additional holomorphic curves, beyond those used
to compute the knot Floer complex. We prove a similar result for the involutive
mapping cone formula:

Theorem 1.5. If K is a knot in S3, and r ∈ Q, then CFI−(S3
r (K)) is com-

putable from the pair (CFK∞(K), ιK).

We briefly describe what goes into Theorem 1.5. If K is a knot in an inte-
ger homology 3-sphere, then the pair (CFK∞(Y,K), ιK) may naturally be viewed
as an object in a category of algebraic ιK-complexes ; see Chapter 3 for more de-
tails. These consist of chain complexes CK over a two-variable polynomial ring
F[U ,V ], equipped with an endomorphism ιK , which together satisfy a list of alge-
braic properties satisfied by any knot Floer complex. We say that an ιK-complex
is of L-space type if it algebraically looks like the knot Floer complex of a knot in
a 3-manifold Y satisfying HF−(Y ) ∼= F[U ]. Concretely, this amounts to requiring
that H∗(Bs) ∼= F[U ]. In Section 3.5, we construct an algebraically defined map

XIalgn :
{ιK-complexes of L-space type}

ιK-homotopy equivalence
→ {ι-complexes}

ι-homotopy equivalence
,
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which gives the maps Dn, ιA, ιB, and H, appearing in Theorem 1.4, via a specified
procedure. We call XIalgn the algebraic involutive mapping cone. The map XIalgn

enjoys several functoriality properties, with respect to morphisms of ιK-complexes.
The key property that characterizes XIalgn is that the maps Dn and H admit

a factorization though the inclusions of A−
s into B−

s and A−
s into B̃−

s , where B̃−
s

denotes the subcomplex of CFK∞(K) generated over F by elements [x, i, j] with
j ≤ s.

In Chapter 21 we prove that

(CF−(S3
n(K), ι)) 
 XIalgn (CFK∞(K), ιK).

Although Theorem 1.5 allows for algorithmic computation of CFI−(S3
n(K))

whenever the ιK-complex (CFK∞(K), ιK) is known, it often produces very large
chain complexes. For applications to homology cobordism, it is sufficient to work
with the local equivalence class of CFI−(S3

n(K)). We prove the following:

Theorem 1.6. Suppose K is a knot in S3 and n > 0 is an integer.

(1) The ι-complex CFI−(S3
n(K), [0]) is locally equivalent to (A−

0 (K), ιK).
Here, [0] is the self-conjugate Spinc structure of S3

n(K) corresponding to
[0] ∈ Z/n under the standard correspondence Spinc(S3

n(K)) ∼= Z/n.
(2) The ι-complex (CF−(S3

2n(K), [n]), ι) is locally equivalent to the complex

A−
n A−

n

B−
n

v v

with the involution which swaps the two copies of A−
n , and fixes B−

n .

The fact that for n > 0 the local equivalence class of CFI−(S3
n(K), [0]) is

determined by (A−
0 (K), ιK) is perhaps unsurprising in light of [NW15, Proposition

1.6], where Ni–Wu show that d(S3
n(K), [0]) (which can be thought of as the local

equivalence class of CF−(S3
n(K), [0]) in the non-involutive setting) is determined by

A−
0 (K). Theorem 1.6 also has an analog for rational surgeries. See Proposition 22.9

for a precise statement.
In [HM17], the first author and Manolescu use involutive Heegaard Floer ho-

mology to associate two new correction terms d(Y, s) and d(Y, s) to a rational
homology sphere Y with a conjugation invariant Spinc structure s, and two related
knot concordance invariants V 0(K) and V 0(K). (The definitions of these invari-
ants are reviewed in Sections 2.1 and 2.2.) As a consequence of Theorem 1.6, and
its analog for rational surgeries, we compute the involutive correction terms of p/q
surgery in terms of p/q and the involutive concordance invariants.

Proposition 1.7. Suppose that p, q > 0 are relatively prime integers and K is
a knot in S3.

(1) If p and q are odd, then there is one self-conjugate Spinc structure [0] on
S3
p/q(K), and furthermore

d(S3
p/q(K), [0]) = d(L(p, q), [0])− 2V 0(K),

d(S3
p/q(K), [0]) = d(L(p, q), [0])− 2V 0(K).
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(2) If p is even and q is odd, then there are two self-conjugate Spinc structures,
which we denote [0] and [p/2q]. The correction terms for [0] are the same
as the previous case, while

d(S3
p/q(K), [p/2q]) = d(S3

p/q(K), [p/2q]),

d(S3
p/q(K), [p/2q]) = d(L(p, q), [p/2q]).

(3) If p is odd and q is even, then there is just one self-conjugate Spinc struc-
ture [p/2q], and

d(S3
p/q(K), [p/2q]) = d(S3

p/q(K), [p/2q]),

d(S3
p/q(K), [p/2q]) = d(L(p, q), [p/2q]).

Note that Proposition 1.7 is a generalization of [HM17, Theorem 1.6], which
is the case q = 1 and p ≥ g(K). Proposition 1.7 has a particularly simple form for
+1 surgeries:

Corollary 1.8. If K is a knot in S3, then

d(S3
+1(K)) = −2V 0(K) and d(S3

+1(K)) = −2V 0(K).

1.4. An application to the homology cobordism group

In the 1950s, the Rokhlin homomorphism

μ : Θ3
Z → Z/2Z,

showed that Θ3
Z is non-trivial. Since then significant progress has been made in un-

derstanding the structure of the 3-dimensional homology cobordism group, starting
with Fintushel-Stern’s proof [FS85], using techniques from Donaldson’s proof of the
diagonalization theorem, that the Poincaré homology sphere has infinite order in
Θ3

Z. Subsequently, Fintushel-Stern [FS90] and Furuta [Fur90] established that Θ3
Z

contains a Z∞-subgroup, using Yang-Mills gauge theory; the third author [Sto17]
has given an alternate proof of this fact using Pin(2)-equivariant Seiberg-Witten
theory.

Dai, Hom, Stoffregen and Truong [DHST23] described a homomorphism

ĥ : Θ3
Z → Î,

where Î denotes the group of almost ι-complexes ; roughly, Î consists of ι-complexes
up to a slightly weaker version of local equivalence. They construct an infinite family
of linearly independent surjective homomorophisms

φn : Î → Z

to show that Θ3
Z contains a direct summand isomorphic to Z∞.

Despite this progress in understanding the structure of Θ3
Z, there has been rela-

tively less progress on understanding exactly which kinds of manifolds can represent
a given class ξ ∈ Θ3

Z.
The first results about this question were in the positive direction. Livingston

[Liv81] showed that any class in Θ3
Z is represented by an irreducible integer homol-

ogy sphere. Later, Myers [Mye83] proved that in fact any class admits a hyperbolic
representative.

In the negative direction, Frøyshov (in unpublished work), F. Lin [Lin17], and
the third author [Sto20] constructed classes ξ ∈ Θ3

Z that are not represented by
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any Seifert fibered spaces. However, none of these proofs suffices to establish that a
homology cobordism class is not represented by a connected sum of Seifert spaces.
The classes constructed by Frøyshov and in [Sto20] are both connected sums of
Seifert spaces: the proofs proceeded by describing, respectively, the behavior of
mod 2 instanton homology and Pin(2)-equivariant Seiberg-Witten Floer homology
of connected sums, as well as the Floer homologies of Seifert spaces. The class ξ
constructed by Lin is surgery on a certain alternating knot, but has Floer homology
consistent with it being representable as a connected sum of Seifert spaces. All of
these arguments depend on the fact that instanton Floer homology and Seiberg-
Witten Floer homology of Seifert fibered spaces are relatively easy to understand,
and then using that these theories can be understood under connected sum.

The group Î admits ĥ(ΘSF ) as a summand [DHST23, Figure 14], where ΘSF

denotes the span of Seifert fibered homology 3-spheres in Θ3
Z. Furthermore, building

on [DM19], [DS19] and [Dai19], Dai-Hom-Stoffregen-Truong prove ĥ(ΘSF ) ∼=
Z∞, and that ĥ(ΘSF ) is a proper subgroup of Î. Due to the challenging nature
of performing computations, they were unable to produce an integer homology 3-

sphere Y such that ĥ(Y ) 
∈ ĥ(ΘSF ). Using Theorems 1.5 and 1.6, we prove the
following:

Theorem 1.9. Let Y = S3
+1(−2T6,7#T6,13#T−2,3;2,5). Then n[Y ] is non-

trivial in Θ3
Z/ΘSF for any non-zero n ∈ Z.

Note that Theorem 1.1 follows immediately from Theorem 1.9. The proof
of Theorem 1.9 relies on the fact from [DHST23, Theorem 8.1] (cf. the proof of
[Dai19, Theorem 1.1]) that the almost-local equivalence class of linear combinations
of Seifert fibered spaces takes on a particularly simple form. Note that the manifold
Y in Theorem 1.9 is somewhat ad hoc, and does not immediately generalize to show
that Θ3

Z/ΘSF is infinitely generated. We plan to address this question in future
work.

Remark 1.10. More generally, one can consider ΘAR, the subgroup of Θ3
Z

generated by almost-rationally plumbed 3-manifolds. (For the precise definition of
an almost-rational plumbing, see [Ném05].) Note that Seifert fibered spaces are

almost-rationally plumbed. By [DS19, Theorem 1.1], ĥ(ΘSF ) = ĥ(ΘAR), so the
proof of Theorem 1.9 actually shows that n[Y ] is non-trivial in Θ3

Z/ΘAR; that is,
almost-rationally plumbed 3-manifolds do not generate Θ3

Z.

Theorem 1.9 also has the following corollary, which was suggested to us by Tye
Lidman.

Corollary 1.11. The Montesinos knots do not generate the smooth concor-
dance group C.

Proof. Recall that the double branched cover of a Montesinos knot is a Seifert
fibred space, and that furthermore the operation of taking branched double covers of
knots sends connected sums of knots to connected sums of 3-manifolds and concor-
dant knots to spin rational homology cobordant 3-manifolds. The local equivalence
class and almost local equivalence class of the pair (CF−(Y ), ι) for a 3-manifold
Y are invariant under not only integer homology cobordism but spin rational ho-
mology cobordism [HMZ18,DHST23]. Therefore it suffices to show that the
manifold Y of Theorem 1.9 is a double branched cover. Torus knots are strongly
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invertible, and connected sums of strongly invertible knots are strongly invertible
[Sak86]. Moreover, cables of strongly invertible knots are strongly invertible, see
for example [Wat11], so K = −2T6,7#T6,13#T−2,3;2,5 is a strongly invertible knot.
Therefore Y = S3

+1(K) is a double branched cover Σ(K ′) of some knotK ′ [Mon75].
Hence K ′ is not concordant to any connected sum of Montesinos knots. �

Remark 1.12. An alternate proof of Corollary 1.11 can be obtained as fol-
lows. Lowrance [Low08, Theorem 1.1] (see also [SS22, Corollary 1.3]) proved that
Montesinos knots have thickness at most one, from which it follows that if K is a
Montesinos knot, then ϕn(K) = 0 for n > 2, where ϕn is the concordance invari-
ant from [DHST21]. Since

⊕
n∈N ϕn : C → Z∞ is a surjective homomorphism, it

follows that Montesinos knots do not generate the concordance group.

Remark 1.13. A similar computation to the proof of Theorem 1.9 shows the

following. We recall from [HL19, Remark 9.7] that a homology sphere Y is ĤFI -

trivial if ĤFI (Y ) ∼= ĤF (Y ) ⊕ F, where Q vanishes on ĤF and is non-vanishing
on the remaining generator. Heretofore, no 3-manifolds have been shown to be

ĤFI -non-trivial. In Section 4.3, we compute that +1 surgery on −2T4,5#T4,9 is

ĤFI -non-trivial.

1.5. The involutive hypercube of a surgery triad

Theorems 1.2, 1.3 and 1.4 all follow from the existence of a certain hypercube of
chain complexes. See Chapter 5 for the definition of a hypercube of chain complexes.
The relevant version of the hypercube necessary for Theorems 1.3 and 1.4 is the
following:

Theorem 1.14. Suppose that K is a knot in an integer homology 3-sphere Y ,
m,n ∈ Z and m ≥ 1. Then there is a hypercube of chain complexes of the following
form

CF−(Yn(K))

CF−(Yn+m(K))
⊕m

i=1 CF−(Y )

CF−(Yn(K))

CF−(Yn+m(K))
⊕m

i=1 CF−(Y ).

hf1

ι1

f2

ι3

f1 h

f2

ι2

Furthermore, the maps f1, f2 and h are the ones appearing in Ozsváth and Szabó’s
exact sequence [OS08b].

In Theorem 1.14, the complexes CF−(Yn(K)) and CF−(Yn+m(K)) are the
ordinary Heegaard Floer complexes, summed over all Spinc structures, and with
coefficients in the power series ring F�U�. The maps ι1 and ι2 are chain homotopic
to the ordinary involutions on Heegaaard Floer homology. The map ι3 interchanges
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H H

D(H)

Figure 1.1. Realizing the involution on S3 by doubling.

the summands of
⊕m

i=1 CF−(Y ), but can otherwise be identified with the involution

on CF−(Y ).

1.6. The doubling model of the involution

The involution in [HM17] is given using an arbitrary sequence of Heegaard
moves from H to H. In this paper, we make use of a special sequence of moves
connecting H and H, which we call the doubling model of the involution. The key
observation is that if Σ is a Heegaard splitting of Y , containing a basepoint w,
then we can construct another Heegaard splitting D(Σ) of Y , with D(Σ) ∼= Σ#Σ,
which is embedded as the boundary of a regular neighborhood of Σ \ N(w). We
think of D(Σ) as lying half-way between Σ and Σ. Attaching curves for doubled
diagrams are described in Chapter 6. A schematic example is shown in Figure 1.1.
One helpful property of the doubling operation is that if H is a diagram for Y , and
D(H) is a double, then the maps from naturality relating CF−(H) and CF−(D(H))
have a conceptually simple form, and similarly for the maps from CF−(D(H)) to
CF−(H); see Proposition 6.1.

In the context of Heegaard Floer homology, doubled diagrams have been studied
in [Zem21], [JZ20] and [JZ24]. We note that a doubled Heegaard diagram can
also be thought of as a diagram obtained by gluing together two bordered Heegaard
diagrams [LOT18] for genus g handlebodies.

Finally, we note that the doubling model has an interesting topological relation
to work of Hass, Thompson and Thurston; see [HTT09, p. 2032]. If Σ is a
Heegaard surface in Y , it follows from the Reidemeister–Singer theorem that Σ and
Σ become isotopic as oriented surfaces after some number of stabilizations. The
doubling model shows that g = g(Σ) stabilizations is always sufficient. According
to [HTT09, Theorem 1.1], for each g > 1, there is a closed, oriented 3-manifold
with a genus g Heegaard surface Σ which does not become isotopic to Σ until at
least g stabilizations.

1.7. Organization

The paper is organized as follows. We begin by recalling some background on
involutive Heegaard Floer homology and Heegaard Floer homology with twisted
coefficients in Chapter 2. In Chapter 3, we describe the algebraic framework of
ι-complexes and ιK-complexes, and define an algebraic operation which takes an
algebraic ιK-complex C , and gives an algebraically defined model for the involutive
mapping cone XIalgn (C ). In Chapter 4, we use the involutive mapping cone formula
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to prove Theorem 1.9. In Chapter 5, we present some background on homological
algebra, in particular hyperboxes of chain complexes. Next, in Chapter 6, we de-
scribe the operation of doubling a Heegaard diagram, use this operation to give a
conceptually simple formula for the involution, and sketch the construction of the
main hypercube used to prove Theorem 1.14. In Chapter 7, we deal with some of
the analytic input, and in Chapter 8, we describe a neck-stretching technique that
will be particularly helpful to us. In Chapter 9, we describe several stabilization
operations for Heegaard diagrams, triples and quadruples, and in Chapter 10, we
describe their interaction with the counts of holomorphic curves. In Chapter 11,
we consider Heegaard triples where one set of attaching curves is obtained via a
small isotopy of another and show that in favorable circumstances, the counts of
holomorphic triangles are appropriately simple. In Chapter 12, we review some
background on Ozsváth and Szabó’s surgery exact sequence [OS08b] and describe
the maps which appear along the top and bottom faces of our main hypercube.
Chapters 13–18 deal with the construction of different pieces of the main hyper-
cube, and Chapter 19 deals with a technical detail from Chapter 16.6. In Chapter
20, we use the involutive hypercube to prove Theorem 1.4 and Theorem 1.3. In
Chapter 21, we prove that for a knot K in L-space integer homology sphere Y ,
the algebraic involutive mapping cone from Chapter 3 computes HFI−(Y 3

n (K)).
Finally, in Chapter 22, we consider rational surgery as well as 0-surgery.
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CHAPTER 2

Involutive Heegaard Floer homology

In this chapter, we recall background on involutive Heegaard Floer homology,
due to the first author and Manolescu [HM17], as well as some variations which
are relevant to the exact sequences and knot surgery formula.

2.1. 3-manifolds

If H = (Σ,α,β, w) is a Heegaard diagram of a 3-manifold Y , then H :=
(Σ,β,α, w) is also a Heegaard diagram for Y , where Σ denotes Σ, with its orienta-
tion reversed. We say H and H are conjugate. If � ⊆ Spinc(Y ) denotes a conjugacy
class of Spinc structures, and H is a Heegaard diagram, we write

CF−(H, �) :=
⊕
s∈�

CF−(H, s).

Note that � either consists of one Spinc structure s satisfying s = s, or is a 2-
element set of the form {s, s}.

There is a tautological chain isomorphism

η : CF− (H, s
)
→ CF− (H, s) .

There is additionally a chain homotopy equivalence

ΨH→H : CF− (H, s) → CF− (H, s
)
,

obtained by picking a set of Heegaard moves connecting H and H, and using the
induced map from naturality.

Hendricks and Manolescu study the involution ι : CF−(H, �) → CF−(H, �)
defined as the composition ι := η ◦ ΨH→H. They define the involutive Heegaard
Floer chain complex to be

CFI−(Y,�) := Cone
(
Q · (ι+ id) : CF−(H, �) → Q · CF−(H, �)

)
,

where Q is a formal variable, which we view as satisfying Q2 = 0.
Note that if � = {s, s} where s 
= s, then

HFI−(Y,�) ∼= HF−(Y, s)[−1]⊕HF−(Y, s).

See [HM17, Proposition 4.5]. For a conjugation invariant Spinc structure, Hen-
dricks and Manolescu extract two involutive correction terms d(Y, s) and d(Y, s)
defined via

d(Y, s) = max{r | ∃ x ∈ HFI−r (Y, s), ∀ n, Unx 
= 0 and Unx /∈ Im(Q)} − 1

and

d(Y, s) = max{r | ∃ x ∈ HFI−r (Y, s), ∀ n, Unx 
= 0; ∃ m ≥ 0 s. t. Umx ∈ Im(Q)}.
Involutive Heegaard Floer homology also has a connected sum formula

[HMZ18], extending Ozsváth and Szabó’s connected sum formula for ordinary

11
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Heegaard Floer homology [OS04c, Theorem 1.5]. If Y1 and Y2 are two 3-manifolds,
equipped with self-conjugate Spinc structures s1 and s2, then

(2.1) (CF−(Y1#Y2, s1#s2), ιY1#Y2
) 
 (CF−(Y1)⊗ CF−(Y2), ιY1

⊗ ιY2
),

where 
 denotes homotopy equivalence of iota-complexes.

2.2. Knots

If K is a null-homologous knot in an integer homology 3-sphere Y , Hendricks
and Manolescu also describe a skew-filtered homotopy automorphism

ιK : CFK∞(Y,K) → CFK∞(Y,K)

[HM17, Section 6.1], which we describe presently.
We recall that a Heegaard diagram for (Y,K) consists of a tuple H = (Σ,α,β,

w, z) such that the following hold:

(KD-1) (Σ,α,β) is a Heegaard diagram for Y . In particular Y \ Σ is the disjoint
union of two handlebodies Uα and Uβ .

(KD-2) K ∩Σ = {w, z}, and furthermore K intersects Σ positively at z and nega-
tively at w.

(KD-3) The tangles K ∩ Uα and K ∩ Uβ are boundary parallel.

If H = (Σ,α,β, w, z) is a diagram for (Y,K), then H := (Σ,β,α, z, w) is also
a diagram for (Y,K). There is a tautological isomorphism

ηK : CFK∞(H) → CFK∞(H)

given by ηK([x, i, j]) = [x, j, i].
The two diagrams H and H both represent (Y,K). However, there is an ad-

ditional subtlety that the roles of the basepoints have been reversed, and the nat-
urality theorem of [JTZ21] holds only for based knots and links. Nonetheless, we
may pick an automorphism ψ of (Y,K), which is supported in a neighborhood of
K, and which switches w and z via a half twist along K. Then ψ∗(H) and H are
both diagrams for (Y,K), with the same basepoints. Hence there is a naturality
map

(2.2) Ψψ∗(H)→H : CFK∞(ψ∗(H)) → CFK∞(H).

Hendricks and Manolescu define the knot involution ιK as

ιK := ηK ◦Ψψ∗(H)→H ◦ ψ∗.

Note that technically ιK is not an involution, since ι2K is homotopic to Sarkar’s
map id+ΦΨ (cf. [Sar15]); however, it is a convention to refer to ιK as the knot
involution.

One key property established by Hendricks and Manolescu is the relation of the
involutive knot Floer complex to the involutive Heegaard Floer complex of surgeries.
If K is a knot in S3, then according to [HM17, Theorem 1.5], (CF−(S3

n(K), [0]),
ιS3

n(K)) is equivariantly homotopy equivalent to the iota-complex (A0(K), ιK) for
n � 0 (in fact, n ≥ g3(K) is sufficient). Here [0] represents the conjugation
invariant Spinc structure identified with [0] in the usual identification of Spinc

structures on S3
n(K) with Z/nZ.
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From involutive knot Floer homology, Hendricks and Manolescu extract two
concordance invariants V 0(K) and V 0(K), which may be defined via the formula

d(S3
n(K), [0]) =

n− 1

4
− 2V 0(K), d(S3

n(K), [0]) =
n− 1

4
− 2V 0(K).

Finally, involutive knot Floer homology enjoys a connected sum formula, similar
to (2.1). If K1 and K2 are two knots in S3, then the knot involution ιK1#K2

on
CFK∞(K1#K2) ∼= CFK∞(K1)⊗ CFK∞(K2) is homotopic to

ι1 ⊗ ι2 +Φι1 ⊗Ψι2,

where Φ and Ψ are the two formal derivative maps, which are endomorphisms of
knot Floer homology. See [Zem19a, Theorem 1.1] for more details.

2.3. Twisted 3-manifold complexes

If K is a knot in a 3-manifold Y , then there is a twisted version of the com-
plex CF−(Y ), which naturally appears in the proof of the mapping cone formula
[OS08b]. In this section, we describe its definition, as well as define an involution.
To simplify the discussion, we focus on the case that Y is an integer homology
sphere. We will revisit the construction for rational homology 3-spheres in Chap-
ter 22, when we consider rational surgeries.

Definition 2.1. Suppose (K,w, z) is a doubly pointed knot. An enhanced
orientation ô = (o, p) on K consists of an orientation o on K, together with a
choice of special basepoint p ∈ {w, z}.

We write Hô or Ho,p for a doubly pointed Heegaard diagram, equipped with
an enhanced orientation of the underlying knot.

Suppose H = (Σ,α,β, w, z) is a diagram for K in Y , and further, suppose K is
equipped with an enhanced orientation ô. We now describe the complex CF−(Hô).
We define CF−(Hô) to be the free F�U�⊗F[Z/m]-module generated by intersection
points x ∈ Tα ∩ Tβ. If a ∈ Z/m, write T a for the corresponding element of the

group ring F[Z/m]. We equip CF−(Hô) with the differential

(2.3) ∂x =
∑

y∈Tα∩Tβ

∑
φ∈π2(x,y)
μ(φ)=1

#(M(φ)/R) · Unp(φ)Tnz(φ)−nw(φ) · y,

where p ∈ {w, z} is the special point of ô. Note that the ordering of the basepoints
in the exponent of T is induced by the orientation of K. More precisely, z is the
basepoint of K corresponding to a positive intersection of K and Σ, and w is the
basepoint of K corresponding to the negative intersection.

It is convenient also to have some additional notation. We will also write
(Σ,α,β, ŵ, z) or (Σ,α,β, w, ẑ) for a diagram of a knot with an enhanced orienta-
tion. The order of the basepoints indicates the orientation, through the convention
in (KD-2), and the hat indicates the special basepoint.

There is a trivialization

(2.4) θp : CF−(Ho,p) → CF−(Σ,α,β, p)⊗ F[Z/m]

given by
θp(T

s · x) = T s+Aw,z(x) · x.
extended equivariantly over the action of U . Here, Aw,z(x) denotes the absolute

Alexander grading of x, as an element of ĈFK (Σ,α,β, w, z). (Recall that the
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relative Alexander grading is given by Aw,z(x,y) = nz(φ)− nw(φ) where φ is any
class in π2(x,y).)

Lemma 2.2. The map θp is a chain isomorphism.

Proof. The map θp is obviously an isomorphism of modules, so it is sufficient
to show that it is a chain map. Suppose that φ ∈ π2(x,y) is a class with Maslov
index 1. Then φ contributes a summand of

(2.5) #(M(φ)/R) · Unp(φ)TAw,z(y)+nz(φ)−nw(φ) · y
to (θp ◦ ∂)(x), and a summand of

(2.6) #(M(φ)/R) · Unp(φ)TAw,z(x) · y
to (∂ ◦ θp)(x). Equations (2.5) and (2.6) are clearly equal, so θp∂ + ∂θp = 0. �

Writing H = (Σ,β,α, z, w), there is a tautological map

(2.7) η : CF−(Hô) → CF−(Hô),

given by the formula
η(U iT j · x) = U iT−jx.

It is straightforward to see that η is a chain isomorphism. Note that in (2.7), the

diagram Hô denotes H decorated with the enhanced orientation ô. In particular,
the enhanced orientation is the same in the domain and codomain of η.

The last ingredient of the involution is the flip-maps, which change the special
point of an enhanced orientation. These take the form of maps

Fw→z : CF−(Ho,w) → CF−(Ho,z) and

Fz→w : CF−(Ho,z) → CF−(Ho,w).

which we describe presently.
There is diffeomorphism map

φ∗ : CF−(Σ,α,β, z) → CF−(Σ,α,β, w),

obtained by moving z to w along a subarc of K, and then composing with the
change of diagram maps from naturality. In principle, there is a dependence on the
choice of subarc, however in all cases we will make a specific choice. The flip map
Fz→w is defined via the formula

(2.8) Fz→w := Tn · θ−1
w ◦
(
φ∗ ⊗ idF[Z/m]

)
◦ θz.

(Here n is the surgery coefficient that appears in the exact sequence). The other
flip map Fw→z is defined via the formula

(2.9) Fw→z := T−n · θ−1
z ◦
(
(φ−1)∗ ⊗ idF[Z/m]

)
◦ θw.

Finally, we define the involution ι of CF−(Σ,α,β, w, z) via the formula

(2.10) ι := Fz→w ◦ η ◦Ψψ(H)→H ◦ ψ∗.

We note that in Theorem 1.14, we are identifying
⊕m

i=1 CF−(Y ) with

CF−(Ho,w), for a Heegaard diagram H of (Y,K), as well as a fixed orientation
o on K. Furthermore, the map labeled ι3 therein is the map ι in this notation.
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CHAPTER 3

Iota complexes and mapping cones

In this chapter, we describe the algebraic framework of ι-complexes and ιK-
complexes, and define an algebraic operation which takes an algebraic ιK-complex
C , and gives an algebraically defined model for the involutive mapping cone
XIalgn (C ). In this chapter, we focus on the case that n is a non-zero integer.
The construction has natural analogs for rational surgeries and 0-surgeries. See
Sections 22.8 and 22.9.

3.1. ι-complexes

We begin by defining ι-complexes and ιK-complexes. Compare the following
to [HMZ18, Definition 8.1]:

Definition 3.1. An ι-complex is a chain complex (C, ∂), which is free and
finitely generated over F[U ], equipped with an endomorphism ι. Furthermore, the
following hold:

(1) C is equipped with a Z-grading, such that U has grading −2. We call this
grading the Maslov or homological grading.

(2) There is a grading preserving isomorphism U−1H∗(C) ∼= F[U,U−1].
(3) ι is a grading preserving chain map and ι2 
 id.

Remark 3.2. We will usually abuse notation and refer to the involutive map-
ping cone XIalgn (C ) = (Xn(C ), ιX), constructed in Section 3.5, as an ι-complex.
However, the reader should recall that Xn is defined over F�U�, is infinitely gener-
ated, and also satisfies U−1H∗(Xn) ∼=

⊕n F�U,U−1].

Definition 3.3. If (C, ι) and (C ′, ι′) are two ι-complexes, an ι-homomorphism
is a homogeneously graded, F[U ]-equivariant chain map F : C → C ′ such that
Fι + ι′F 
 0. Two ι-complexes (C, ι) and (C ′, ι′) are ι-homotopy equivalent if
there exist ι-homomorphisms F : (C, ι) → (C ′, ι′) and G : (C ′, ι′) → (C, ι) such that
FG 
 id and GF 
 id.

We write Iota for the category whose objects are ι-complexes, and whose mor-
phisms are ι-homomorphisms. Note that Iota is naturally a preadditive category,
but is not naturally a dg-category. There is a related category Iota, which we call
the category of ι-complexes with enhanced morphisms, as follows:

Definition 3.4. If (C, ι) and (C ′, ι′) are ι-complexes, we define the group of
enhanced ι-morphisms to be

Mor((C, ι), (C ′, ι′)) := HomF[U ](C,C
′)⊕HomF[U ](C,C

′)[1],

where [1] denotes a grading shift. We define

∂Mor(F, h) = (∂′F + F∂, F ι+ ι′F + ∂′h+ h∂),

15
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which makes Iota into a dg-category. An enhanced ι-homomorphism is an enhanced
ι-morphism (F, h) satisfying ∂Mor(F, h) = 0. An enhanced ι-homotopy equiva-
lence is an enhanced ι-homomorphism (F, h), such that there exists an enhanced
ι-homomorphism (G, k) such that (G, k) ◦ (F, h) and (F, h) ◦ (G, k) both differ from
(id, 0), the identity enhanced ι-morphism, by a boundary in Mor.

Remark 3.5.

(1) Note that an enhanced ι-homomorphism (F, h) consists of a chain map
F : C → C ′ such that Fι+ ι′F 
 0 via the chain homotopy h.

(2) We will see later that an enhanced ι-homomorphism (F, h) is an enhanced
ι-homotopy equivalence if and only if F is an ordinary homotopy equiva-
lence of chain complexes over F[U ]. See Lemma 5.5.

Composition of enhanced ι-morphisms is given by

(F, h) ◦ (G, k) = (FG, hG+ Fk).

The group of enhanced ι-morphisms (F, h) is canonically isomorphic to

(3.1) HomF[U,Q]/Q2

(
Cone(C

Q(1+ι)−−−−→ QC),Cone(C ′ Q(1+ι′)−−−−−→ QC ′)

)
via (F, h) �→ F +Qh.

3.2. Local equivalence

To study the homology cobordism group, we consider a special type of ι-
morphism, called a local map:

Definition 3.6. Suppose (C, ι) and (C ′, ι′) are two ι-complexes.

(1) A local map from (C, ι) to (C ′, ι′) is a grading preserving ι-homomorphism
F :C→C ′, which induces an isomorphism from U−1H∗(C) to U−1H∗(C

′).
(2) We say that (C, ι) are (C ′, ι′) are locally equivalent if there is a local map

from (C, ι) to (C ′, ι′), as well as a local map from (C ′, ι′) to (C, ι).

The set of local equivalence classes forms an abelian group, denoted I, with
group structure given by

(3.2) (C, ι) ∗ (C ′, ι′) = (C ⊗ C ′, ι⊗ ι′).

See [HMZ18, Section 8]. According to [HMZ18, Theorem 1.8], the map

Y �→ [(CF−(Y ), ι)]

determines a homomorphism from Θ3
Z to I.

Given an ι-complex (C, ι), we may define correction terms d(C), d(C), and
d(C) as in Section 2.1, all of which are preserved by local equivalence.

3.3. Almost ι-complexes and almost local equivalence

There is an additional, weaker, equivalence relation between iota complexes, as
follows.

Definition 3.7 ([DHST23, Definition 3.1]). Let C1 and C2 be free, finitely
generated chain complexes over F[U ], such that each Ci has an absolute Q-grading
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and a relative Z-grading with respect to which U has grading −2. Two grading-
preserving F[U ]-module homomorphisms

f, g : C1 → C2

are homotopic mod U , denoted f 
 g mod U , if there exists an F[U ]-module ho-
momorphism H : C1 → C2 such that H increases grading by one and

f + g +H ◦ ∂ + ∂ ◦H ∈ imU.

Definition 3.8 ([DHST23, Definition 3.2]). An almost ι-complex is a chain
complex (C, ∂), which is free and finitely generated over F[U ], equipped with an
endomorphism ι. Furthermore, the following hold:

(1) C has an absolute Z-grading, such that U has grading −2.
(2) There is a grading preserving isomorphism U−1H∗(C) ∼= F[U,U−1].
(3) ι is a grading-preserving, F[U ]-module homomorphism ι : C → C such

that

ι ◦ ∂ + ∂ ◦ ι ∈ imU and ι2 
 id mod U.

It will often be convenient to consider the map

ω = 1 + ι.

Of course, every ι-complex has an associated almost ι-complex. Note that the
definition of an almost ι-complex is obtained from the definition of an ι-complex
by relaxing every statement about ι to merely be true mod U .

Definition 3.9 ([DHST23, Definition 3.4]). An almost ι-homomorphism from
C1 = (C1, ι1) to C2 = (C2, ι2) is a grading-preserving, F[U ]-equivariant chain map

f : C1 → C2

such that

f ◦ ι 
 ι ◦ f mod U.

Definition 3.10 ([DHST23, Definition 3.5]).

(1) If (C, ι) and (C ′, ι′) are almost ι-complexes, an almost local map is a
degree preserving almost ι-homomorphism F : C → C ′, which induces an
isomorphism from U−1H∗(C) to U−1H∗(C

′).
(2) We say that (C, ι) are (C ′, ι′) are almost locally equivalent if there is an

almost local map from (C, ι) to (C ′, ι′), as well as an almost local map
from (C ′, ι′) to (C, ι).

According to [DHST23, Theorem 3.25], the set of almost local equivalence

classes forms a totally ordered abelian group, denoted Î. As with the local equiva-
lence group, the group structure is given by

(3.3) (C, ι) ∗ (C ′, ι′) = (C ⊗ C ′, ι⊗ ι′).

There are homomorphisms

Θ3
Z → I → Î

The structure of the group Î is recalled in further detail in Chapter 4.
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3.4. ιK-complexes

There is a refinement of the notion of an ι-complex for knots, called an ιK-
complex. Before stating the definition, we state some algebraic background. Sup-
pose that (CK , ∂) is a free, finitely generated complex over the ring F[U ,V ]. There
are two naturally associated maps

Φ,Ψ: CK → CK ,

as follows. We write ∂ as a matrix with respect to a free F[U ,V ]-basis of CK .
We define Φ to be the endomorphism obtained differentiating each entry of this
matrix with respect to U . We define Ψ to be the endomorphism obtained by
differentiating each entry with respect to V . These maps naturally appear in the
context of knot Floer homology, see [Sar11,Zem17,Zem19c]. The maps Φ and Ψ
are independent of the choice of basis, up to F[U ,V ]-equivariant chain homotopy
[Zem19a, Corollary 2.9].

We say an F-linear map F : CK → C ′
K is skew-F[U ,V ]-equivariant if

F ◦ V = U ◦ F and F ◦ U = V ◦ F.
We may view a free complex over F[U ,V ] also as an infinitely generated

complex over F[U ], where U acts diagonally via U = U V . Concretely, if B =
{x1, . . . ,xn} is an F[U ,V ]-basis, then an F[U ]-basis is given by the elements U i ·xk

and V j · xk, ranging over all i ≥ 0, j ≥ 0 and k ∈ {1, . . . , n}.
Compare the following to [HM17, Definition 6.2] and [Zem19a, Definition 2.2].

Definition 3.11.

(1) An ιK-complex (CK , ∂, ιK) is a finitely generated, free chain complex
(CK , ∂) over F[U ,V ], equipped with a skew-equivariant endomorphism
ιK satisfying

ι2K 
 id+ΦΨ.

(2) We say an ιK-complex (CK , ∂, ιK) is of ZHS3-type if there are two Z val-
ued gradings, grw and grz, such that U and V have (grw, grz)-bigrading
(−2, 0) and (0,−2), respectively. We assume ∂ has (grw, grz)-bigrading
(−1,−1), and that ιK switches grw and grz. Furthermore, we assume
that A := 1

2 (grw − grz) is integer valued. We call A the Alexander grad-
ing, and we call grw and grz the Maslov gradings. Writing As ⊆ CK for
the subspace in Alexander grading s, we assume that there is a grading
preserving isomorphism U−1H∗(As) ∼= F[U,U−1] for all s ∈ Z.

(3) We say an ιK-complex (CK , ∂, ιK) is of L-space type if it is of ZHS3-type
and additionally H∗(Bs) ∼= F[U ], where Bs is the subset of V −1CK in
Alexander grading s.

In Definition 3.11, an ιK-complex of ZHS3-type is equipped with two Maslov
gradings, grw and grz. We note that in the literature, usually one considers just
the grw-grading, which is referred to as the homological grading.

Remark 3.12. If (CK , ∂, ιK) is an ιK-complex, then ιK commutes with U =
U V , and hence we can view CK as an (infinitely generated) complex with an
F[U ]-equivariant endomorphism ιK .

IfK is a knot in an integer homology 3-sphere Y , then we obtain an ιK-complex
in the sense of Definition 3.11 by considering the version of the knot Floer complex
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generated by monomials U iV j · x, for i, j ≥ 0, where U counts the basepoint w
and V counts the basepoint z. This contains equivalent information to the more
standard version of the knot Floer complex generated by tuples satisfying [x, i, j]
with A(x)− j + i = 0. The correspondence is given by

(3.4) U iV j · x ←→ [x,−i,−j].

Analogous to Definitions 3.3 and 3.4, we have the following notions of morphism
of ιK-complexes:

Definition 3.13. Suppose that C = (CK , ∂, ιK) and C ′ = (C ′
K , ∂′, ι′K) are

ιK-complexes.

(1) An ιK-homomorphism from C to C ′ consists of an F[U ,V ]-equivariant
chain map F : CK → C ′

K , which satisfies ι′KF+FιK � 0 (where � denotes
skew-equivariantly chain homotopy equivalence).

(2) The group of enhanced ιK-morphisms is

Mor(C ,C ′) := HomF[U ,V ](CK , C ′
K)⊕HomF[U ,V ](CK , C ′

K)[1, 1],

where HomF[U ,V ](CK , C ′
K) denotes the group of F[U ,V ]-skew-equivariant

maps. The differential on Mor(CK ,C ′
K) is given by

∂Mor(F, g) = (F∂ + ∂′F, F ιK + ι′KF + ∂′g + g∂).

We say (F, g) is an enhanced ιK-homomorphism if ∂Mor(F, g) = 0. Two
enhanced ιK-morphisms are ιK-homotopic if their sum is a boundary in
Mor(CK ,C ′

K).

We write IotaK for the category of ιK-complexes, with morphism set equal to
the set of ιK-homomorphisms. We write IotaK for the category of ιK-complexes
with enhanced ιK-morphisms.

There is also a natural notion of local equivalence of ιK-complexes:

Definition 3.14. Suppose that C = (CK , ∂, ιK) and C ′ = (C ′
K , ∂′, ι′K) are

ιK-complexes of ZHS3-type.

(1) A local map from C to C ′ is a (grw, grz)-preserving, F[U ,V ]-linear chain
map F : CK → C ′

K , which satisfies FιK + ι′KF � 0, and which induces an
isomorphism from H∗(U

−1As) to H∗(U
−1A′

s) for all s.
(2) We say C and C ′ are locally equivalent if there are local maps in both

directions.

According to [Zem19a, Theorem 1.5], the set of local equivalence classes of
ιK-complexes forms a group, denoted IK . The group operation is given by

(CK , ∂, ιK) ∗ (C ′
K , ∂′, ι′K) �→ (CK ⊗F[U ,V ]C

′
K , ∂⊗ 1+1⊗∂′, ιK ⊗ ι′K + ιKΦ⊗ ι′KΨ).

Furthermore, the map

K �→ [(CFK−(K), ιK)]

determines a homomorphism from the concordance group to IK , where CFK−(K)
denotes the version of knot Floer homology generated by monomials U iV j · x,
where i, j ≥ 0.
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3.5. The algebraic involutive mapping cone

In this section, we define the algebraic involutive mapping cone

XIalgn (C ) = (Xn(C ), ιX)

of an ιK-complex C of L-space type. The F�U� complex Xn(C ) coincides with
the minus version of the mapping cone complex constructed by Ozsváth and Szabó
[OS08b]. If (F, g) : C → C ′ is an enhanced ιK-homomorphism, then we will also
construct an enhanced ι-homomorphism,

XIalgn (F, g) : XIalgn (C ) → XIalgn (C ′),

which is well defined up to homotopy of enhanced ι-morphisms. We now summarize
the important properties of XIalgn :

Proposition 3.15. Let C and C ′ be ιK-complexes of L-space type.

(1) The pair XIalgn (C ) = (X(C ), ιX) is an ι-complex, which is well defined up
to ι-homotopy equivalence.

(2) If (F, g) is an enhanced ιK-homomorphism from C to C ′, then XIalgn (F, g)

is an enhanced ι-homomorphism from XIalgn (C ) to XIalgn (C ′). If (F1, g1)
and (F2, g2) are two enhanced ιK-morphisms which are ιK-homotopic,

then XIalgn (F1, g1) and XIalgn (F2, g2) are ι-homotopic.
(3) If (F, g) is an enhanced ιK-homomorphism, such that F is an ιK-homotopy

equivalence, then XIalgn (F, g) is an enhanced ι-homotopy equivalence.
(4) If (F, g) is an enhanced ι-homomorphism, such that F is a local map, then

XIalgn (F, g) is also a local map.

In this section, we describe the constructions of XIalgn (C ) = (Xn(C ), ιX) and

XIalgn (F, g), and prove parts part (2)–(4) of Proposition 3.15. In the subsequent
Section 3.6, we prove part (1).

Recall that As denotes the subset of (U ,V )−1CK generated by monomials
U iV j · x satisyfing A(x) + j − i = 0, i ≥ 0 and j ≥ −s. Recall also that Bs

denotes the subset of (U ,V )−1CK generated by monomials U iV j · x satisfying

A(x) + j − i, and i ≥ 0, but with no restriction on j. We define B̃s to be the
subcomplex generated by U iV j · x satisfying A(x) + j − i = 0, and j ≥ −s, but
with no restriction on i.

Note that in the literature, As is often given the equivalent definition of being
generated by [x, i, j] with A(x) − j + i = 0, i ≤ 0 and j ≤ s, and similarly for Bs.
The correspondence between the two definitions is given in (3.4).

We define As and Bs to be the completions over F�U� of As and Bs. We set

A :=
∏
s∈Z

As and B :=
∏
s∈Z

Bs.

Remark 3.16. Here and throughout, we slightly extend the notion of a graded
ring to allow for infinite sums of homogeneously graded elements, so that F�U� is a
graded ring over which As and Bs are graded modules, and likewise for analogous
cases.

Next, we let A be the F�U ,V �-module obtained by completing CK with respect
to the actions of U and V . We let B be defined as the F�U ,V �-completion of the
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module V −1 ·CK , and we let B̃ be the completion of the module U −1 ·CK . There
is a canonical shift map

(3.5) S : A → A,

which is an F�U�-equivariant chain isomorphism, as we now describe. The map S
sends As to As, via multiplication by V −s. This uniquely determines a map on

the completion. There are similar isomorphisms between B and B, and B̃ and B̃.
Abusing notation slightly, we denote these isomorphisms also by S .

Next, we pick a homogeneously graded chain homotopy equivalence

F : B̃s → Bs+n,

which exists since C is of L-space type. We set Xn(C ) to be the mapping cone

Xn(C ) := Cone(Dn : A → B),

where Dn := v + Fṽ. Here, v denotes the inclusion of As into Bs, and ṽ denotes

the inclusion of As into B̃s. The map Fṽ coincides with the map h in Ozsváth and
Szabó’s notation [OS08b].

We now construct the involution ιX, which will have the form shown in (3.6).

(3.6) ιX =

A B

A B.

ιA Hṽ ιB

The map ιA is induced by ιK and the shift isomorphism S , as we now describe.
By definition, ιK sends As to A−s. Hence, with respect to the canonical shift
isomorphisms As

∼= As and A−s
∼= A−s, given by multiplication by V −s and V s,

respectively, the map ιA is defined on As to be

ιA := UsιK .

The map ιB is defined on Bs to be

ιB := FUsιK .

Note, ιK sends Bs to B̃0, U
s sends B̃0 to B̃−s, and F sends B̃−s to B−s+n.

We now define the map H appearing in (3.6). We will construct it to send B̃s

to B−s. Consider the map

N := DnιA + ιBDn,

which sends As to B−s ⊕ B−s+n. The component of N which maps As to B−s+n

consists of

(3.7) Π−s+nNs = FṽUsιK + FUsιKv,

where Π−s+n denotes projection of B onto B−s+n. Since ιK is skew-equivariant,
we have

(3.8) UsιKv = ṽUsιK ,

as maps from As to B̃−s, so (3.7) vanishes. We now consider the component of N
which maps As to B−s. This takes the form

(3.9) Π−sNs = vUsιK + FUsιKFṽ.
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A B

A′ B′

QA QB

QA′ QB′

Q(1+ιA)

F

Dn

QHṽ

Q
(K

v+
Jṽ)

Q(1+ιB)

F

QM

Q(1+ι′
B
)

Lṽ

D′
n

Dn

F Lṽ F

D′
n

Q(1+ι′
A
)

Qg

QH′ṽ′

Figure 3.1. A diagram encoding XIalgn (F, g).

Using (3.8), we see that (3.9) is equal to (UsιK + FUsιKF)ṽ. The maps UsιK
and FUsιKF are both homogeneously graded, F[U ]-equivariant chain homotopy

equivalences from B̃s to B−s. Since CK is of L-space type, UsιK and FUsιKF

must be chain homotopic over F[U ], as maps from B̃ to B. We define the map H
appearing in (3.6) to be any +1 graded chain homotopy between UsιK and FUsιKF,

which sends B̃s to B−s.
The construction above gives a map ιX which is clearly a chain map from

Xn(C ) to itself. Hence, we may view XIalgn (C ) as inducing a chain complex over
F�U�[Q]/Q2 (though we have not established that ι2X 
 id).

Before addressing the well-definedness of XIalgn (C ), it is helpful to first address
functoriality of the construction, from which well-definedness will follow easily. The
description of enhanced ι-morphisms in (3.1) implies that the notion of an enhanced
ι-morphism is independent from whether ι2X 
 id, and hence we can tackle parts (2)–
(4) of Proposition 3.15 before considering part (1).

Suppose that C and C ′ are ιK-complexes, and (F, g) : C → C ′ is an enhanced
ιK-homomorphism. Let F and H be choices of maps used in the construction of
XIalgn (C ), and let F′ and H ′ be analogous choices for XIalgn (C ′).

Our goal will be to construct length 2 and 3 maps which turn the diagram in
Figure 3.1 into a chain complex. (Such a diagram is called a hypercube of chain
complexes ; see Chapter 5). Along the left face of Figure 3.1, we use the maps F
and g (technically, we are implicitly conjugating with the shift map in (3.5), though
we suppress this from the notation).

We first describe the map L, appearing in Figure 3.1. The sum of length 1
compositions along the top face (as well as the bottom face) is FDn +D′

nF , which
expands to

(3.10) Fv + FFṽ + v′F + F
′ṽ′F.

Here, v and ṽ denote the inclusion maps for C , while v′ and ṽ′ denote the inclusion
maps for C ′. Since F is induced by an F[U ,V ]-equivariant map, we have Fv = v′F
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and ṽ′F = F ṽ. Hence, (3.10) simplifies to

(FF+ F′F )ṽ.

As maps from B̃ to B′, the maps FF and F′F have the same grading, and map

B̃s to B′
s+n. Since B̃s and B′

s+n are homotopy equivalent to F[U ], and F and F′

are homotopy equivalences, it follows that the maps FF and F′F are homotopic to
each other. We let L be a +1 graded map such that

[∂, L] = FF+ F
′F.

We now construct the map M , appearing on the right side of the cube in
Figure 3.1. We let M be any F[U ]-equivariant, homogeneously +1 graded map
which sends Bs to B′

−s+n, and satisfies

[∂,M ] = FιB + ι′BF.

The existence of M follows from the fact that Bs and B′
s are homotopy equivalent

to F[U ], using the same logic that gave the existence of L.
We now construct the maps K and J appearing along the length 3 arrow

(dotted) in Figure 3.1. We wish to choose these maps so that the total diagram
is a chain complex (or equivalently, so that the maps make the diagram into a
hypercube of chain complexes; see Chapter 5).

Let N denote the composition of the length 1 and 2 maps which feature in the
length 3 hypercube relation, i.e.:

(3.11) N := MDn + ι′BLṽ +H ′ṽ′F + FHṽ +D′
ng + LṽιA.

First, an easy computation shows that [∂,N ] = 0 (in fact, this is automatic from
the length 1 and 2 relations of the diagram in Figure 3.1).

We expand N , and use the fact that F is induced by an F[U ,V ]-equivariant
map, and ιK and g are induced by skew-equivariant maps, to obtain that

N = qv + rṽ,

where

q = M + F
′g + LιA, and r = MF+ ι′BL+H ′F + FH + g.

We note that qv maps As to B′
−s+n while rṽ maps As to B′

−s. It is easy to check
that both q and r are +1 graded chain maps. Since C and C ′ are of L-space type,

every +1 graded map from Bs to B′
−s+n, or from B̃s to B′

−s is a boundary, since
HomF[U ](F[U ],F[U ]) is {0} in gradings greater than 0. Hence, q and r are both
chain homotopic to zero. We pick K and J to be any +1 graded null-homotopies

of q and r which send Bs to B′
−s+n and B̃s to B′

−s, respectively.

We now address the well-definedness of XIalgn (F, g) from the choices made in
the construction:

Proof of Part (2) of Proposition 3.15. Suppose that (F1, g1) and (F2, g2)
are two enhanced homomorphisms from C to C ′, which are ιK-homotopic as en-
hanced morphisms. We wish to show that the maps XIalgn (F1, g1) and XIalgn (F2, g2)
are enhanced ι-chain homotopic. (Our argument when (F1, g1) = (F2, g2) will prove

that XIalgn (F, g) is independent of the choices in the construction, up to enhanced
ι-homotopy).

Let F and H be the maps used to construct XIalgn (C ), and let F′ and H ′ be

the maps used to construct XIalgn (C ′). Let L1, M1, J1 and K1 be the maps used



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

24 3. IOTA COMPLEXES AND MAPPING CONES
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Figure 3.2. The enhanced ι-morphisms XIalgn (F1, g1) +

XIalgn (F2, g2) (left) and E (right).

in the construction of XIalgn (F1, g1), and let L2, M2, J2 and K2 be the analogs for

XIalgn (F2, g2).

We now wish to construct an enhanced ι-morphism E from XIalgn (C ) to XIalgn (C ′)
such that

∂Mor(E) = XIalgn (F1, g1) + XIalgn (F2, g2).

First, we pick (φ, η) ∈ Mor(C1,C2) such that ∂Mor(φ, η) = (F1+F2, g1 + g2), which
exists by hypothesis.

The relation

(3.12) ∂Mor(E) = XIalgn (F1, g1) + XIalgn (F2, g2)

can be compactly restated as follows. Consider the F�U�-module M appearing on
the right side of Figure 3.2 (consisting of the direct sum of A, B, A′, B′ and so

forth). We build an endomorphism Ê of M , as follows. We begin with E as show
on the right side of Figure 3.2, and add Hṽ, Dn, Q(1 + ιA), Q(1 + ιB) to the back
face of the cube, and also add the corresponding maps to the front face. Then, we
add the internal differentials of A, B, and so forth. Equation (3.12) is equivalent to
the relation

(3.13) Ê2 = XIalgn (F1, g1) + XIalgn (F2, g2).

We now construct λ, μ, κ and ζ. Our construction will be similar to our
construction of the maps XIalgn (Fi, gi).

We begin by noting that (3.13) is already satisfied along the left face of the
cube, since the desired relations are

F1 + F2 = [∂, φ] and g1 + g2 + ιA′φ+ φιA = [∂, η],

which is equivalent to ∂Mor(φ, η) = (F1, g1) + (F2, g2).
Next, we wish λ to satisfy

(3.14) D′
nφ+ φDn + (L1 + L2)ṽ = [∂, λṽ].

Rearranging, and using the fact that φ is induced by an F[U ,V ]-equivariant map,
we see (3.14) is equivalent to

(φF+ F′φ+ L1 + L2)ṽ = [∂, λ]ṽ.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

3.5. THE ALGEBRAIC INVOLUTIVE MAPPING CONE 25

The map φF+ F′φ+ L1 + L2 is a +1 graded chain map from B̃ to B′, which sends

B̃s to Bs+n, and hence is null-homotopic. We let λ be any +2 graded homotopy,

which sends B̃s to Bs+n.
Next, we construct μ. The desired length 2 relation for the right face of the

cube is

φιB + ιB′φ+M1 +M2 = [∂, μ].

It is straightforward to check that φιB + ιB′φ+M1 +M2 is a +1 graded chain map
which sends Bs to B−s+n, and hence is null-homotopic. We let μ be any +2 graded
null-homotopy, which also sends Bs to B−s+n.

Finally, we construct κ and ζ. The desired equality is
(3.15)
H ′ṽ′φ+D′

nη+μDn+φHṽ+ ιB′λṽ+λṽιA+(K1+K2)v+(J1+J2)ṽ = [∂, κv+ ζṽ].

It is easy to check that the left hand side of (3.15) decomposes as a sum qv + rṽ,

where q sends Bs to B′
−s+n and r sends B̃s to B′

−s. Furthermore both q and r are
+2 graded chain maps, and hence are null-homotopic, since HomF[U ](F[U ],F[U ]) is
trivial in grading +2. We let κ and ζ be +3 graded null-homotopies.

The above relations show exactly that ∂Mor(E) = XIalgn (F1, g1) + XIalgn (F2, g2),
so the proof is complete. �

We now consider the behavior of XIalgn with respect to ιK-homotopy equiva-
lences, and local maps:

Proof of parts (3) and (4) of Proposition 3.15. We begin with part (3).
Suppose (F, g) is an enhanced ιK-homomorphism from C to C ′, such that F is a
homotopy equivalence of chain complexes over F[U ,V ]. Clearly, the map F induces
a homotopy equivalence of chain complexes over F�U� from A to A′. Similarly, F
also induces a homotopy equivalence between B and B′. We pick a map L : B → B′,
as in the construction of XIalgn (F, g). The same argument as in Lemma 5.5 im-
plies that the map induced by F and L is a homotopy equivalence from Xn(C ) to

Xn(C
′), for any choice of L. Lemma 5.5 now implies that the map from XIalgn (C )

to XIalgn (C ′) is an ι-homotopy equivalence, completing the proof of part (3).
Next, we consider part (4). For concreteness, we focus on the case that n > 0,

as the case that n < 0 is a minor modification. Suppose that (F, g) is an enhanced
ιK-homomorphism, such that F is a local map. We want to show that the map
from Xn(C ) to Xn(C ′) induced by F and L becomes an isomorphism after inverting
U . One should note that there is some subtlety in that localization at U does not
naturally commute with infinite direct products, so we need to argue somewhat
carefully. First, we truncate the mapping cone and consider the quotient complex
Xn(C )〈b〉 generated by Ai for −b ≤ i ≤ b and Bi for −b+n ≤ i ≤ b, for some large
b. Analogously to [OS08b, Lemma 4.3], the projection maps onto the quotient
complexes Xn(C )〈b〉 and Xn(C ′)〈b〉 are quasi-isomorphisms. Since these are finite
direct sums, we may invert U on each summand. Each summand is homotopy
equivalent to F�U,U−1]. Furthermore, both vs and Fṽs become quasi-isomorphisms
after inverting U . From this description, we see that projection of U−1Xn(C )〈b〉
onto U−1A0 ⊕ · · · ⊕ U−1An−1 is a quasi-isomorphism. Furthermore, under the
projection map onto these summands, the map F is intertwined with the identity
map from F�U,U−1] to itself. In particular, the map induced by F is an isomorphism
from U−1H∗(Xn(C )) to U−1H∗(Xn(C ′)), completing the proof. �
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3.6. The algebraic cone is an iota-complex

In this section, we prove part (1) of Proposition 3.15, i.e. that the pair
(Xn(C ), ιX) is an iota complex whenever C is an ιK-complex of L-space type. We
begin by proving that the algebraic analogs of the large surgery complexes are
iota-complexes:

Lemma 3.17. Suppose CK = (CK , ∂, ιK) is an ιK-complex. Then CK is also
an ι-complex, if we view CK instead as a chain complex over F[U ]. In particular
ι2K 
 id, F[U ]-equivariantly, on each As.

Proof. We will write C = (C, ∂, ι), for CK , viewed as a complex over F[U ].
We will write down a +1 graded endomorphism of F[U ]-modules H : C → C which
satisfies

ι2 + id = [∂,H].

The map H we write down will not in general be a map of F[U ,V ]-modules.
First, it is sufficient to write down a homotopy between ΦΨ and 0, since by

definition, ι2K 
 ΦΨ+ id. There is an F[U ]-equivariant map

Ω: C → C,

defined similarly to Φ and Ψ, except keeping track of the changes of the U variable.
More concretely, if x and y are basis elements of an F[U ]-basis of C, and ∂(x)
contains a summand of Uk · y, then Ω(x) contains a summand of kUk−1 · y. In
terms of our original F[U ,V ]-basis of CK , Ω has the following description. If
〈∂(U iV j · x),y〉 = U i+mV j+n, then

〈Ω(U iV j · x),y〉 := (min(i+m, j + n)−min(i, j))U i+m−1V j+n−1.

There is an F[U ]-equivariant map HΩ2 : C → C, of homogeneous grading +1,
which satisfies

(3.16) Ω2 = [∂,HΩ2 ].

If 〈∂(x),y〉 = U mV n,

〈HΩ2(U iV j · x),y〉 = �(�− 1)

2
· U i+m−2V j+n−2,

where � = min(i + m, j + n) − min(i, j). Equation (3.16) follows from the same
argument as in [Zem15, Lemma 14.18].

We make the following claims:

Φ + V Ω = [∂,HΦ]

Ψ + U Ω = [∂,HΨ],
(3.17)

where

HΦ(U
iV j · x) = max(0, i− j)U i−1V j · x, and

HΨ(U
iV j · x) = max(0, j − i)U iV j−1 · x.

It is easy to check that HΦ and HΨ give well defined endomorphisms of CK (in
particular, there are no negative exponents when applied to elements U iV j ·x with
i, j ≥ 0).
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We now prove the first equation of (3.17). Suppose that 〈∂(x),y〉 = U mV n.
We compute directly from the definitions that

〈Φ(U iV j · x),y〉 = m · U i+m−1V j+n,

〈V Ω(U iV j · x),y〉 = (min(i+m, j + n)−min(i, j)) · U i+m−1V j+n,

〈∂HΦ(U
iV j · x),y〉 = max(0, i− j) · U i+m−1V j+n,

〈HΦ∂(U
iV j · x),y〉 = max(0, i+m− j − n) · U i+m−1V j+n.

Hence, to prove the first equation of (3.17), it is sufficient to show that if i, j,m, n
are integers, then
(3.18)
max(0, i−j)+min(i, j)+max(0, i+m−j−n)+min(m+i, n+j)+m ≡ 0 (mod 2).

Note that max(i+m− j − n, 0) = max(i+m, j + n)− j − n and max(0, i− j) =
max(i, j)− j. Furthermore, max(a, b) + min(a, b) = a+ b, for any a and b. Hence,
we manipulate the left hand side of (3.18), as follows:

max(i, j) + min(i, j) + max(i+m, j + n) + min(i+m, j + n)− j +m− n− j

= (i+ j) + (i+m+ j + n)− j +m− n− j

≡ 0 (mod 2),

establishing (3.18), and hence the first relation of (3.17). The second relation
of (3.17) follows by an easy modification.

Combining (3.16), (3.17) and the F[U ,V ]-equivariance of Φ, we conclude

ΦΨ 
 ΦU Ω

= U ΦΩ(3.19)


 U V ΩΩ


 0. �

The maps ιA and ιK are conjugate under S . Hence, we obtain the following
corollary:

Corollary 3.18. The map ιA : A → A satisfies ι2A 
 id.

We now investigate the homotopy constructed in Lemma 3.17 in more detail.
We write

HA : A → A

for the null-homotopy of ΦΨ constructed in Lemma 3.17. Concretely,

(3.20) HA := ΦHΨ + U HΦΩ+ U V HΩ2 .

It is helpful now to abuse notation slightly, and write v for the inclusion of A

into B, and ṽ for the inclusion of A into B̃.
In our proof of part (1) of Proposition 3.15, we will encounter the expressions

vHA and ṽHA. The general algebraic strategy is to factor the maps through an
initial factor of v or ṽ. Hence, one might optimistically hope that

(3.21) vHA = HBv, and ṽHA = H
˜B
ṽ,

for some F[U ]-equivariant maps HB : B → B and H
˜B
: B̃ → B̃. Such maps do not

exist in general, as we illustrate in Example 3.19.
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ΦΨ =

H1 = H2 =

Figure 3.3. Two null-homotopies of ΦΨ for the figure-8. The
solid arrows are differentials of CFK∞, and the dotted arrows de-
note ΦΨ, H1 or H2. The shaded region is A0.

Example 3.19. Consider the figure-8 knot. The complex A0, and the map ΦΨ
are shown in Figure 3.3, as well as two natural choices of null-homotopies, H1 and
H2, of ΦΨ. The map H2 extends to a F[U ]-equivariant map over B0, and the map

H1 extends to a map over B̃0. There is no F[U ]-equivariant null-homotopy of ΦΨ

on A0 which extends over both B0 and B̃0.

Despite Example 3.19, it turns out that we may construct maps HB and H
˜B

which satisfy (3.21) up to a further chain homotopy, as we now describe.
We define HB : B → B via the formula

(3.22) HB := ΦHΨ + V −1U ΦHΦ + V −1U HΦ2 .

Note that V is invertible on B. The map HΦ2 in (3.22) is defined similarly to HΩ2 ,
as follows. If 〈∂(x),y〉 = U mV n, then

〈HΦ2(U iV j · x),y〉 = m(m− 1)

2
· U i+m−2V j+n.

Thinking 2-categorically, we think of the map HB as being constructed from the
following sequence of homotopies:

ΦΨ
ΦHΨ−−−→ ΦU Ω = V −1U ΦV Ω

V −1U ΦHΦ−−−−−−−→ V −1U Φ2 V −1U HΦ2−−−−−−−→ 0.

(Here, an arrow denotes a homotopy between the maps at the two ends). It is
straightforward to check that the expression in equation (3.22) gives a well-defined
map from B to B.
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Next, we define H
˜B
: A → B̃ via the formula

(3.23) H
˜B
:= HΦΨ+ U −1V HΨΨ+ U −1V HΨ2 .

Here, HΨ2 is the map which satisfies

〈HΨ2(U iV j · x),y〉 = n(n− 1)

2
· U i+mV j+n−2,

if 〈∂(x),y〉 = U mV n. We think ofH
˜B
as being associated to the following sequence

of homotopies:

ΦΨ
HΦΨ−−−→ V ΩΨ = U −1V U ΩΨ

U −1V HΨΨ−−−−−−−−→ U −1V ΨΨ
U −1V HΨ2−−−−−−−→ 0.

The maps HB and H
˜B
satisfy

[∂,HB] = ΦΨ and [∂,H
˜B
] = ΦΨ.

The following technical lemma relates HA, HB and H
˜B
:

Lemma 3.20. Suppose that (CK , ∂, ιK) is an ιK-complex of L-space type.

(1) There is an F[U ]-equivariant map hA,B : A → B satisfying

[∂, hA,B] = vHA +HBv.

Furthermore, hA,B may be taken to have homogeneous grading +2, and
send As to Bs.

(2) There is an F[U ]-equivariant map h
A,˜B : A → B̃ satisfying

[∂, h
A,˜B] = ṽHA +H

˜B
ṽ.

Furthermore, h
A,˜B may be taken to have homogeneous grading +2 and

send As to B̃s.

Proof. We begin by investigating part (1). We consider the sum vHA+HBv.
Using the formulas in (3.20) and (3.22), we compute that if 〈∂(x),y〉 = U mV n,
then

〈(vHA +HBv)(U iV j · x),y〉

=

(
max(0,m+ i− n− j) · (min(m+ i, n+ j)−min(i, j))

+
(min(m+ i, n+ j)−min(i, j))(min(m+ i, n+ j)−min(i, j)− 1)

2

+max(0, i− j)m+
m(m− 1)

2

)
U i+m−1V j+n−1.

(3.24)

To simplify (3.24), we introduce some notation. Write

(3.25) X := U iV j · x and Y := U i+mV j+n · y.
Define

ε(X) := max(i− j, 0) and ε(Y) := max(m+ i− n− j, 0),

which we view as elements of Z. Note that

min(m+ i, n+ j)−min(i, j) = min(0, n+ j −m− i) +m+ i−min(0, j − i)− i

= −ε(Y) + ε(X) +m,
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since min(0, a) = −max(0,−a) for all a ∈ Z. Hence, the coefficient of
U i+m−1V j+n−1 in (3.24) becomes

ε(Y)(−ε(Y) + ε(X) +m) +
(−ε(Y) + ε(X) +m)(−ε(Y) + ε(X) +m− 1)

2

+mε(X) +
m(m− 1)

2

≡ ε(Y)(ε(Y)− 1)

2
+

ε(X)(ε(X)− 1)

2
(mod 2).

In particular, vHA +HBv = [∂, hA,B], where

hA,B(X) = U−1 · ε(X)(ε(X)− 1)

2
·X.

It is easy to check that hA,B is F[U ]-equivariant and maps As to Bs.
We now consider part (2) of the main claim. The argument is similar to part (1),

as we now describe. Similar to the previous case, using (3.20) and (3.23), we
compute that if 〈∂(x),y〉 = U mV n, then

〈(ṽHA +H
˜B
ṽ)(U iV j · x),y〉

=

(
mmax(0, j − i) + max(0,m+ i− n− j)(min(m+ i, n+ j)−min(i, j))

+
(min(m+ i, n+ j)−min(i, j))(min(m+ i, n+ j)−min(i, j)− 1)

2
+ nmax(0, i+m− j − n+ 1) + nmax(0, j + n− 1−m− i)

+
n(n− 1)

2

)
· U i+m−1V j+n−1.

(3.26)

We let X and Y be as in (3.25), and define

ν(X) := max(0, j − i) and ν(Y) := max(0, n+ j −m− i).

Noting that min(m + i, n + j) − min(i, j) = −ν(Y) + ν(X) + n, and also that
max(0, a)+max(0,−a) ≡ a mod 2, for any a, modulo 2 the coefficient of the right
hand side of (3.26) becomes

mν(X) + (m+ i− n− j)(−ν(Y) + ν(X) + n) + ν(Y)(−ν(Y) + ν(X) + n)

+
(−ν(Y) + ν(X) + n)(−ν(Y) + ν(X) + n− 1)

2

+ n(i+m− j − n) + n+
n(n− 1)

2
.

(3.27)

Rearranging (3.27), we obtain

− ν(Y)(ν(Y)− 1)

2
+

ν(X)(ν(X)− 1)

2
+ (n+m)ν(X) + (m+ i− n− j)(−ν(Y) + ν(X)) + n

+ n(n− 1) + 2n(m+ i− n− j).

(3.28)

Noting that, modulo 2, (i − j)ν(X) = ν(X) and (m+ i − n − j)ν(Y) = ν(Y), we
see that, modulo 2, (3.28) is equal to

(3.29)
ν(Y)(ν(Y) + 1)

2
+

ν(X)(ν(X) + 1)

2
+ n.
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We define

h(X) := U−1 · ν(X)(ν(X) + 1)

2
·X and k(U iV j · x) := j · U i−1V j−1 · x.

Note that h is F[U ]-equivariant, while k is not. Also note that h maps As to B̃s.
The above manipulation shows that

(3.30) ṽHA +H
˜B
ṽ = [∂, h] + [∂, k].

We note that [∂, k] = U −1Ψṽ. The map U −1Ψ is F[U ]-equivariant, maps B̃s to

B̃s, and shifts both grw and grz by +1 (recall that grw = grz +2s on B̃s). Since

CK is of L-space type, there is an F[U ]-equivariant map h0 : B̃s → B̃s such that

U −1Ψ = [∂, h0], as endomorphisms of B̃s. We extend h0 to an endomorphism of

all of B̃, by declaring h0 to be equivariant with respect to U and V . We set h
A,˜B

to be

h
A,˜B

:= h+ h0ṽ,

which manifestly satisfies [∂, h
A,˜B] = ṽHA +H

˜B
ṽ, completing the proof. �

Proposition 3.21. If C = (CK , ∂, ιK) is an ιK-complex of L-space type, then

XIalgn (C ) is an ι-complex.

Proof. Let H and F denote the maps chosen in the construction of ιX. We
compute that

(3.31) ι2X + id =

A B

A B.

ι2
A
+id

Hι
Av+ι

BHṽ
ι2
B
+id

Here we have implicitly used the relation UsιKv = ṽUsιK , which follows since ιK
is F[U ,V ]-equivariant. Our proof of the main claim will be to show that

(3.32) ι2X + id 


A B

A B

0
qv+rṽ

0

where q : B → B and r : B̃ → B are F�U�-equivariant maps such that q sends Bs to

Bs and r sends B̃s to Bs+n, such that q and r are +1 graded. Note that if this is
the case, then q and r must be chain maps. Furthermore, q 
 0 and r 
 0, since
C is of L-space type. We obtain a homotopy giving the relation ι2X + id 
 0, by
defining a map from Xn(C ) to Xn(C ) which puts this null-homotopy of qv + rṽ
along the diagonal.
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More generally, suppose that F : Xn(C ) → Xn(C ) is a grading preserving map
which is filtered with respect to the mapping cone filtration, i.e., F takes the fol-
lowing form:

F =

A B

A B.

J K L

We say that F is simple if the diagonal map K decomposes as

K = qv + rṽ,

where q : B → B and r : B̃ → B are homogeneously graded, F�U�-equivariant maps,

such that q sends Bs to Bs, and r sends B̃s to Bs+n. Equation (3.31) implies that
ι2X + id is simple.

Given an F�U�-equivariant chain map F : Xn(C ) → Xn(C ), which is filtered
with respect to the mapping cone filtration, it is natural to change the maps J , K
and L individually. We make the following observations:

(κ-1) If F ′ is obtained by replacing L with [∂B, κ]+L and replacingK withK+κDn,
for a +1 graded map κ : B → B, then F ′ 
 F . If F is simple and κ sends Bs

to Bs, then F ′ is also simple.
(κ-2) If F ′ is obtained by replacing J with J + [∂A, κ], where κ : A → A is a +1

graded map, and also replacing K with K +Dnκ, then

F ′ 
 F.

Furthermore, F ′ is simple if F is simple and Dnκ decomposes as jv + kṽ,

for homogeneously graded maps j : B → B and k : B̃ → B such that j maps

Bs to Bs and g maps B̃s to Bs+n, and q and r are grading preserving (with
respect to the mapping cone grading).

(κ-3) If F ′ is obtained from F by adding [∂, κ] to the diagonal map K, where
κ : A → B is any +1 graded map of F�U�-modules, then F ′ 
 F .

All of the above observations are straightforward to prove.
We return to the expression for ι2X+id in equation (3.31). Firstly, ι2B 
 id on B

(automatically, since C is L-space type), so using observation (κ-1), ι2X+id is chain
homotopic to a simple map which maps A to A via ι2A + id, and maps B to B via 0.

Next, we take an F[U ,V ]-equivariant map κ satisfying [∂, κ] = ι2K + id+ΦΨ
on CK . Conjugating with the shift isomorphism, we obtain a map from A to B,
which we also denote by κ (abusing notation slightly). Since κ is induced by an
F[U ,V ]-equivariant map, we have

Dnκ = (v + Fṽ)κ = κv + Fκṽ.

By (κ-2), we may replace the component of ι2X + id mapping A to A (which takes
the form ι2A + id) with ΦΨ, while retaining simplicity of the map.
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By Lemma 3.17, there is an F�U�-equivariant map HA : A → A which satisfies
ΦΨ = [∂A, HA]. By (κ-2)

ι2X + id 


A B

A B.

0

qv+rṽ+D
nH

A

0

Note that

DnHA = vHA + FṽHA.

Conjugating the maps constructed in Lemma 3.20 with the shift map S , we obtain

maps HB : B → B and H
˜B
: B̃ → B̃ such that

vHA 
 HBv and ṽHA 
 H
˜B
ṽ.

Hence, by (κ-3)

ι2X + id 


A B

A B,

0

(q+H
B )v+(r+H

˜B )ṽ

0

which completes the proof, since we have reduced to the form described in (3.32).
�

3.7. The local equivalence class of surgeries

In this section, we prove that the local equivalence class of XIalgn (C ) has a
simple form:

Proposition 3.22. Suppose C is an ιK-complex of L-space type and n > 0.

(1) Then XIalgn (C , [0]) is locally equivalent to A0(C ).

(2) Furthermore, XIalg2n (C , [n]) is locally equivalent to the complex

(3.33)

An An

Bn

v v

with the involution which swaps the two copies of An, and fixes Bn.

We split the proof of Proposition 3.22 into two parts:

Proof of part (1) of Proposition 3.22. We assume n = 1, to simplify the

notation. Projection gives a local map from XIalg+1(C ) to A0(C ), so it suffices to
construct a local map

F : XIalg+1(C )〈k〉 → XIalg+1(C )〈k + 1〉.
On the summands A−k+1, . . . , Ak−1, B−k+1, . . . , Bk, we define F to be the identity.
On the remaining summands, we define F as in Figure 3.4, where α, β, and γ are
maps which we define shortly.
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A−k · · · Ak

B−k+1 · · · Bk

A−k−1 A−k · · · Ak Ak+1

B−k B−k+1 · · · Bk Bk+1

h

id

β

α

v

id
γ

id id

h v h v h v

Figure 3.4. The map F : XIalg+1(C )〈k〉 → XIalg+1(C )〈k + 1〉. Solid
arrows denote F , while dashed arrows denote internal differentials

of XIalg+1(C )〈k〉 and XIalg+1(C )〈k + 1〉.

We recall that hs : As → Bs+1 is the composition of Fsṽs, where Fs : B̃s → Bs+1

is a choice of homogeneously graded homotopy equivalence, and ṽs is the inclusion

of As into B̃s. The choice of Fs does not affect the homotopy type of the mapping
cone complex, so we make the following convenient choice of Fs:

(3.34) Fs := UsιK .

In (3.34), ιK gives a homotopy equivalence between B̃s = C(j ≤ s) and C(i ≤ s),
and Us gives a chain isomorphism between C(i ≤ s) and B = C(i ≤ 0). With these
definitions, the involutions take the form

ιB = ι2K and ιA,s := UsιK .

(The formula for ιB looks odd, but follows from the definition ιB,s := FsU
−sιK).

With this choice of F, the property of F being a chain map is equivalent to the
relations

[∂, α] = 0,

hα+ v = [∂, β],

[∂, γ] = 0,

vγ + h = 0.

(3.35)

In (3.35), the maps are to be applied only to A−k or Ak, as appropriate, and also
∂ denotes the internal differential of the summands As and Bs (in particular, not
the mapping cone differential, which includes v and h). We set

α = Uk+1ιK and γ = UkιK .

These are clearly chain maps, so the first and third relations of (3.35) are satisfied.
The fourth is also satisfied, since hk = UkιK ṽk. The second relation of (3.35),
which involves α and β, is equivalent to

(ι2K + id)v = [∂, β].
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[F, ιX]|A−k
=

A−k

Ak Bk

Ak Ak+1 Bk

ιA

H−kṽ

id
γ

id

+

A−k

A−k−1 B−k A−k

Bk+1 Ak+1 Bk+1 Ak Bk

id

α

β

H−k−1ṽ ιA ιB ιA H−kṽ

[F, ιX]|Ak
=

Ak

A−k

A−k−1 B−k A−k

ιA

α

β id

+

Ak

Ak Ak+1

B−k A−k A−k−1

id
γ

Hkṽ ιA ιA

Figure 3.5. Computing [F, ιX] on A−k (top row) and Ak (bottom row).

A−k · · · Ak

B−k+1 · · · Bk

Ak+1 Ak · · · A−k A−k−1

Bk+1 Bk · · · B−k+1 B−k

h

ιBβ+H−k−1ṽα

v

βιA+Hkṽ

v h v h v h

Figure 3.6. The commutator [F, ιX] (solid arrows). Note that
the order of the indices is reversed along the bottom row. Dashed
arrows denote internal differentials of Xn(C ).

We pick any F[U ]-equivariant, homogeneously +1 graded map J : Bs → Bs satisfy-
ing [∂, J ] = ι2K + id, which exists because Bs 
 F[U ]. We define

(3.36) β = Jv.

With these definitions, F becomes a chain map. Furthermore, F is homo-
geneously graded with respect to the grading on the mapping cone, and clearly
becomes an isomorphism on homology after inverting U .

It remains to show that

(3.37) FιX + ιXF 
 0.

Note that FιX + ιXF = 0 on all of the summands of XI+1(C )〈k〉 except for A−k

and Ak. On Ak and A−k, we expand out [F, ιX] schematically in Figure 3.5.
After removing and canceling terms, we obtain the description of [F, ιX] shown

in Figure 3.6.
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F =

A−n An

Bn

An An

Bn

h

U−nιK

v

id

id

v v

G =

An An

Bn

A−n An

Bn

v

UnιK

Jv

v

id

id

h v

Figure 3.7. The maps F and G (solid arrows).

Hence, it is sufficient to show that the maps

ιBβ +H−k−1ṽα : A−k → Bk+1 and βιA +Hkṽ : Ak → B−k

are null-homotopic. (Given such null-homotopies, we form a null-homotopy of
[F, ιX] by putting these null-homotopies in the same positions as in Figure 3.4).
Expanding out the definitions, we obtain

ιBβ +H−k−1ṽα = (ι2KJ +H−k−1U
k+1ιK)v.

The map (ι2KJ + H−k−1U
k+1ιK) is a +1 graded chain map from B−k to Bk+1,

and is hence null-homotopic, since both B−k and Bk+1 are homotopy equivalent to
F[U ], with 1 supported in the same grading.

Similarly,

βιA +Hkṽ = JUkιK ṽ +Hkṽ,

which is null-homotopic by the same reasoning. This concludes the claim about the
Spinc structure [0]. �

We now consider the local class of even surgeries:

Proof of part (2) of Proposition 3.22. The proof of part (1) carries over

to show that XIalg2n (C , [n]) is locally equivalent to the truncation of XIalg2n (C , [n])

shown in (3.38), with the involution induced by XIalg2n (C ).

(3.38)

A−n An

Bn

h v

As before, we can choose F−n = U−nιK , so that h = U−nιK ṽ, in (3.38).
We define chain maps F and G between (3.33) and (3.38) in Figure 3.7. Here,

Jv is the same map as in (3.36). We compute [F, ι] and [G, ι] in Figure 3.8.
In Figure 3.8,

L = H−nU
nιK + ι2KJ.
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[F, ι] =

A−n An

Bn

An An

Bn

h

H−nṽ

v

id+ι2K

id+ι2K

v v

[G, ι] =

An An

Bn

An A−n

Bn

v

id+ι2K

Lv

v

Jv

id+ι2K

v h

Figure 3.8. The commutators [F, ι] and [G, ι].

We claim that [F, ι] and [G, ι] are both null-homotopic. We construct null-
homotopies of [F, ι] and [G, ι] in (3.39).

(3.39) HF =

A−n An

Bn

An An

Bn

h

α

v

HA

β

HB

v v

HG =

An An

Bn

An A−n

Bn

v

HA

γ

v

δ

HB

v h

In (3.39) we write HB and HA for the homotopies constructed in Section 3.6 (plus
an F [U ,V ]-equivariant homotopy between id+ι2K and ΦΨ, which we suppress from
the notation). The relation [F, ι] = [∂X, HF ] is equivalent to the relations

id+ι2K = [∂,HA],

id+ι2K = [∂,HB],

HBh+H−nṽ = [∂, α],

HBv + vHA = [∂, β],

(3.40)

(applied only to An or A−n, as appropriate). The first and second relations of (3.40)
follow from the constructions of HA and HB. The existence of a β satisfying the
fourth relation of (3.40) follows from Lemma 3.20. The existence of α which satisfies
the third relation follows since HBh+H−kṽ is a +1 graded chain map which factors
through ṽ.

Similarly, [G, ι] = [∂X, HG] is equivalent to the relations

id+ι2K = [∂,HA],

id+ι2K = [∂,HB],

HBv + Jv = [∂, δ],

Lv + vHA +HBv = [∂, γ].

(3.41)

The first two relations are immediate. The existence of δ which satisfies the third
relation follows since HBv + Jv is a +1 graded chain map which factors through
v. The existence of γ satisfying the fourth relation is as follows. By Lemma 3.20,
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A−k−1 A−k · · · Ak Ak+1

B−k−2 B−k−1 B−k · · · Bk−1 Bk Bk+1

A−k · · · Ak

B−k−1 B−k · · · Bk−1 Bk

vh

γ

β

h v

id

h v

id

h v

δ

ε

α

id id id id

ζ

vh h v

Figure 3.9. The local equivalence F : XIalg−1(C )〈k + 1〉 → XIalg−1(C )〈k〉.

vHA 
 HBv. Furthermore, L is a +1 graded chain map from Bn to Bn, so is
null-homotopic. The proof is complete. �

For negative surgery coefficients, we have the following analog of Proposi-
tion 3.22:

Proposition 3.23. The local equivalence class of XIalg−n(C , [0]) coincides with
the local class of (A0(−C ), ιK)∨, where ∨ denotes the dual ι-complex, and −C
denotes the dual ιK-complex.

Proof. The proof is very similar to the proof of Proposition 3.22, so we only
sketch the important details. As before, we focus on the case that n = 1. Inclusion

gives a local map from XIalg−1(C , [0])〈k〉 to XIalg−1(C , [0])〈k + 1〉, so it suffices to
construct a local map F in the opposite direction, which we do in Figure 3.9.

The necessary relations for F to be a chain map are

[∂, α] = 0,

[∂, γ] = 0,

αh+ vγ = 0,

v + hγ = [∂, β],

[∂, δ] = 0,

[∂, ζ] = 0,

hδ + ζv = [∂, ε],

h+ vδ = 0.

(3.42)

In (3.42), the third and fourth relations have domain A−k−1, while the last two
have domain Ak+1. Toward (3.42), we make the following definitions:

(3.43) α := U2k+1 id, γ := UkιK , δ = Uk+1ιK , and ζ = U2k+1 id .

It is easily checked that with the definitions in (3.43), maps β and ε may be found
so that (3.42) is satisfied. Thus, F is a homogeneously graded chain map, and
clearly sends F[U ]-non-torsion cycles to F[U ]-non-torsion cycles.
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The proof of Proposition 3.22 extends easily to show that [F, ιX] is null-homo-

topic. We conclude that XIalg−1(C , [0]) is locally-equivalent to the complex

(3.44)

A0

B−1 B0

h v

with involution induced by XIalg−1. An argument analogous to the proof of part (2)
of Proposition 3.22 shows that (3.44) is locally equivalent to the complex

(3.45)

A0

B̃0 B0

ṽ v

with the involution which is ιK on A0, and is also ιK on the B-summands, switching

B0 and B̃0. We now claim that the complex in (3.45) is homotopy equivalent to

the subcomplex Abig
0 of CFK∞(K) generated by [x, i, j] with min(i, j) ≤ 0 and

A(x) + i− j = 0. To see this, note that the complex in (3.45) is Cone(ṽ⊕ v : A0 →
B̃0 ⊕B0). Note A0 = B̃0 ∩B0 and Abig

0 = B̃0 +B0. We obtain an exact sequence

(3.46) 0 → A0
ṽ⊕v−−−→ B̃0 ⊕B0

Σ−→ Abig
0 → 0,

which manifestly induces a chain map Φ from Cone(ṽ ⊕ v) → Abig
0 . A chain map

Ψ in the opposite direction is given by basic homological algebra. Namely, we may

construct F[U ]-equivariant, splittings f : Abig
0 → B̃0 ⊕B0 and g : B̃0 ⊕ B0 → A0 of

the exact sequence in (3.46) because Abig
0 is a free module over F[U ]. In general, f

and g will not be chain maps. There is an induced map Ψ: Abig
0 → A0⊕ B̃0⊕B0 =

Cone(ṽ ⊕ v) given by Ψ(x) = (g∂fx, fx). Basic homological algebra shows that Φ
and Ψ are chain maps, and furthermore, homotopy inverses. The map Φ commutes
with the involution, and hence it follows automatically that Ψ commutes with the
involution up to homotopy.

Furthermore, it is not hard to see that (Abig
0 (C ), ιK(C )) is canonically isomor-

phic to (A0(−C ), ιK(−C ))∨, where ∨ denotes the dual ι-complex, completing the
proof. �

Remark 3.24. For ιK-complexes induced by knots in S3, Proposition 3.23 fol-
lows from Proposition 3.22, together with the observation that S3

−n(K) =
−S3

+n(m(K)). A similar statement holds more generally for null-homologous knots
in L-spaces.

3.8. Correction terms of integer surgeries

Proposition 3.22 has the following implication for the involutive correction
terms of surgeries, which is the restriction of Proposition 1.7 to integer surgeries:

Proposition 3.25. Suppose K is a knot in S3 and n > 0. Then

(3.47)
d(S3

n(K), [0]) = d(L(n, 1), [0])− 2V 0(K)

and d(S3
n(K), [0]) = d(L(n, 1), [0])− 2V 0(K),
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and

(3.48) d(S3
2n(K), [n]) = d(S3

2n(K), [n]), and d(S3
2n(K), [n]) = d(L(2n, 1), [n]).

We begin with a lemma which will allow us to pass to a smaller model of X,
where Bs = F[U ]:

Lemma 3.26. Let (C, ι) be an ι-complex. Then for any chain complex C ′ ho-
motopy equivalent to C, there exists a homotopy involution ι′ : C ′ → C ′ such that
the ι-complex (C ′, ι′) is homotopy equivalent to (C, ι).

Proof. Suppose that f : C → C ′ and g : C ′ → C such that g ◦ f 
 id via a
homotopy H. Then it is straightforward to verify that ι′ = f ◦ι◦g gives a homotopy
involution on C ′ and that f ◦ ι 
 ι′ ◦f via f ◦ ι◦H and g ◦ ι′ 
 ι◦g via H ◦ ι◦g. �

Remark 3.27. Note that if A 
 A′ via fs : As → A′
s and f ′

s : A
′
s → As where

f ′
sfs 
 id via Hs, and B 
 B′ via gs : Bs → B′

s and g′s : B
′
s → Bs where g′sgs 
 id

via Js, then X := Cone(D : A → B) 
 Cone(gDf ′ : A → B) =: X′ via the homotopy
equivalence

F : X → X′

(a, b) �→ (f(a), gDH(a) + g(b))

with homotopy inverse

G : X′ → X

(a′, b′) �→ (f ′(a′), JDf ′(a′) + g′(b′)).

(It’s straightforward to verify that G ◦ F 
 idX. Furthermore, one can see that
F ◦ G is homotopic to a chain isomorphism, i.e., an upper triangular matrix with
ones along the diagonal, which we will denote φ. Hence F ◦G ◦ φ−1 
 idX′ . Then
G 
 G ◦ F ◦G ◦ φ−1 
 G ◦ φ−1.) In particular, if we replace each As and Bs with
homotopy equivalent complexes A′

s and B′
s respectively, then the induced mapping

cone X′ still has the form as in Theorem 20.1.

We now prove Proposition 3.25, our computation of the correction terms of
surgeries:

Proof of Proposition 3.25. The first claim about the correction terms in
the Spinc structure corresponding to [0] is an immediate consequence of Proposi-
tion 3.22, together with the definition of the absolute grading on the mapping cone
complex (see [OS08b, Section 4]), the large surgery formula for involutive Heegaard
Floer homology, and the definition of the involutive concordance invariants.

We now investigate the second claim, concerning even surgeries. Let C be the
complex

An An

Bn

v v

with involution ι which swaps the two copies of An and is the identity on Bn. This

represents the local equivalence class of XIalg2n (C , [n]) 
 CF−(S3
2n(Y ), [n]).

For any element x ∈ An, let x
 denote the copy of x in the lefthand copy of
An and xr the copy in the righthand copy of An. By Lemma 3.26, we may replace
Bn with an appropriately-graded copy of F[U ]. More precisely, using Remark 3.27
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we choose some chain maps g : Bn → F[U ] and g′ : F[U ] → Bn, and a homotopy J
between g′g and the identity map on Bn. Then taking the maps fs and f ′

s in the
statement of the remark to be identity maps and the homotopy H to be identically
zero, we see that replacing Bn by F[U ] replaces ι by F ◦ ι ◦G, where F and G are
chain homotopy equivalences in the remark. We see that

(F ◦ ι ◦G)(x
) = xr + Jv(xr)

(F ◦ ι ◦G)(xr) = x
 + Jv(x
)

(F ◦ ι ◦G)(b) = b

where the last term is forced by the fact that b ∈ F[U ]. Let M = Jv, so that ι is
replaced by ι +M . Notice, in particular, that the element x
 + xr is always fixed
by the replacement involution.

Let an be a tower generator of An. That is, an is a cycle of maximal grading
such that Um[an] 
= 0 for m ≥ 0 in H∗(An). Let bn be a generator of Bn. Then
v(an) = UVnbn. The element [a
n + arn] is then a tower generator in H∗(C). By
[OS08b, Section 4] and [NW15, Proposition 1.6]

gr(bn) = d(L(2n, 1), [n])− 1

gr(a
n) = gr(arn) = d(S3
2n(K), [n]) = d(L(2n, 1), [n])− 2Vn(K).

We now turn our attention to the computation of the involutive correction
terms. Let ∂A denote the differential in the complex An and ∂C denote the differ-
ential in the complex C. Consider the involutive complex

CI = (C[−1]⊗ F[Q]/(Q2), ∂ι = ∂C +Q(1 + ι)).

Note that, as elements of CI, we have

gr(bn) = d(L(2n, 1), [n]) gr(a
n) = gr(arn) = d(S3
2n(K), [n]) + 1

because of the upward grading shift. Observe that Um(a
n + arn) is ι-invariant and
is nonzero in H∗(CI) for all m ≥ 0. Therefore [a
n+arn] generates a copy of F[U ] in
H∗(CI) in gradings of the same parity d(S3

2n(K), [n]) + 1 modulo two, which must
therefore be contained in the first tower in H∗(CI). Hence d(C) must be no less
than

gr(a
n + arn)− 1 = d(S3
2n(K), [n]) + 1− 1 = d(S3

2n(K), [n]).

Since d(S3
2n(K), [n]) = d(C) is also an upper bound on d(C), we conclude that

[a
n + arn] generates the first tower in H∗(CI) and

d(C) = d(S3
2n(K), [n]).

We now locate the second tower in H∗(CI). We claim that the class [bn]
generates the tower. First we check that Um[bn] 
= 0 for m ≥ 0. For if not, then
Umbn lies in the image of ∂ι for some m. Since ∂ι(Bn[−1]⊗F[Q]/(Q2)) lies entirely
in Im(Q), we see that there must exist some x1, x2, x3, x4 ∈ An such that

Umbn = ∂ι(x

1 + (x


2 + xr
2) +Qx


3 +Q(x

4 + xr

4)).

Then

Umbn = v(x

1) + ∂Ax



1 +Q(x


1 + xr
1) +QM(x


1) + (∂Ax


2 + ∂Ax

r
2)

+Qv(x

3) +Q∂Ax



3 +Q(∂Ax



4 + ∂Ax

r
4)

= v(x

1) + ∂Ax



1 + (∂Ax



2 + ∂Ax

r
2) +Q(v(x


3) + ∂Ax


3
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+ (x

1 + xr

1) + (∂Ax


4 + ∂Ax

r
4) +Mx


1)

We see that we must have v(x

1) = Umbn and ∂Ax

r
4 = xr

1. But then

∂2
C(x

r
4) = ∂C(x

r
1) + ∂C(v(x

r
4))

= ∂A(x
r
1) + v(xr

1) + 0

= ∂A(x
r
1) + Umbn


= 0.

This is a contradiction, so Um[bn] 
= 0 for all m ≥ 0. It remains to be shown
that [bn] 
= U [η] for some η ∈ CI. Since bn is an element of maximal grading in
Bn[−1]⊗F[Q]/(Q2), the element η must lie in (An⊕An)[−1]⊗F[Q]/(Q2). Suppose
that

bn + Uη = ∂ι(x

1 + (x


2 + xr
2) +Qx


3 +Q(x

4 + xr

4))

= v(x

1) + ∂A(x



1) +Q(x


1 + xr
1) +QM(x


1) + (∂Ax


2 + ∂Ax

r
2)

+Qv(x

3) +Q∂Ax



3 +Q(∂Ax



4 + ∂Ax

r
4).

We observe that v(x

1) = bn and v(x


3) = 0. We then have

Uη = ∂A(x


1)+ (∂Ax



2 + ∂Ax

r
2)+Q∂Ax



3 +Q((x


1 + ∂Ax


4)+ (xr

1 + ∂Ax
r
4))+QM(x


1)

Since Uη is in the image of U , in particular xr
1+ ∂Ax

r
4 = Uxr for some x ∈ An.

However, then

Uv(xr) = v(Uxr)

= v(xr
1 + ∂Ax

r
4)

= v(xr
1) + ∂Bv(x

r
4)

= bn + 0

= bn.

This is a contradiction since bn is not in the image of U . We conclude that [bn]
generates the second tower in H∗(CI), and that

d(C) = gr(bn) = (d(L(2n, 1), [n])− 1) + 1 = d(L(2n, 1), [n]). �
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CHAPTER 4

An application to the homology cobordism group

The goal of this chapter is to use the involutive mapping cone formula to
prove Theorem 1.9, that is, to find examples of homology spheres which are not
homology cobordant to linear combinations of Seifert fibered spaces. Our proof
begins by computing the ιK-complexes of certain linear combinations of torus knots
and their cables, in order to compute the almost-local equivalence class of Y =
S3
+1(−2T6,7#T6,13# − T2,3;2,5). We then use these calculations to show that n[Y ]

is non-trivial in Θ3
Z/ΘSF for any non-zero integer n. The proof relies on the fact

from [DHST23, Theorem 8.1] (cf. the proof of [Dai19, Theorem 1.1]) that the
almost-local equivalence class of linear combinations of Seifert fibered spaces takes
on a particularly simple form.

Let Tp,q;r,s denote the (r, s)-cable of the (p, q)-torus knot, where r denotes the
longitudinal winding. The goal of this chapter is to compute the local equivalence
class of the ι-complex associated to S3

+1(K), where K = −2T6,7#T6,13#− T2,3;2,5,
in order to prove that S3

+1(K) is not homology cobordant to a linear combination
of Seifert fibered spaces.

In Section 4.1, we compute some tensor products of abstract ιK-complexes. In
Section 4.2, we identify some of these abstract ιK-complexes with the ιK-complexes
of specific knots in S3. In Section 4.3, we use Proposition 3.22 to compute the local
equivalence class of (CF−(S3

+1(K)), ι). In Section 4.4, we use these calculations to
prove Theorem 1.9.

4.1. Some tensor products

We begin by computing the local equivalence classes of several tensor products
of ιK-complexes. Throughout, we describe ιK-complexes as finitely generated chain
complexes over F[U,U−1]; that is, following Remark 3.12, we consider A0 as a chain
complex over F[U ] with an F[U ]-equivariant endomorphism ιK and localize at U .

Lemma 4.1. Let C1 be the complex in Figure 4.1 generated by a, b, c, d, e with
Maslov gradings

M(a) = M(b) = 0, M(c) = M(d) = −1, M(e) = −2,

differential

∂a = 0, ∂b = c+ d, ∂c = e, ∂d = e, ∂e = 0,

and ιK (which we denote by ι1)

ι1(a) = a+ U−1e, ι1(b) = b+ a, ι1(c) = d, ι1(d) = c, ι1(e) = e.

Let C2 be the complex in Figure 4.1, together with the endomorphism ι2

ι2(xi) = x4−i, 0 ≤ i ≤ 4.

43
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a

b

c

de

(a)

x0

x1

x2

x3

x4

(b)

Figure 4.1. Left, the complex C1. Right, the complex C2.

y0

y1

y2

y3

y4

f

g

hi

Figure 4.2. The complex C3, which is locally equivalent to C1 ⊗ C2.

The tensor product C1 ⊗ C2 is locally equivalent to the complex C3 in Figure 4.2,
where ι3 is given by

ι3(yi) = y4−i, i 
= 2

ι3(y2) = y2 + U−1i

ι3(f) = f + y2

ι3(g) = h+ y1

ι3(h) = g + y3

ι3(i) = i.

Proof. Let (C1, ι1) and (C2, ι2) be as above. Recall from [Zem19a, Theo-
rem 1.1] that

ιC1⊗C2
: C1 ⊗ C2 → C1 ⊗ C2

is given by
ι1 ⊗ ι2 + (Φ1 ⊗Ψ2) ◦ (ι1 ⊗ ι2).
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ax0+U−1ex0

ax1+U−1ex1

ax2+U−1cx1

ax3

ax4

bx2bx3+cx2

bx1+dx2

dx3+ex2+cx1

bx0+ax0

bx1+cx0+ax1

dx0

dx1+ex0

bx4

bx3+dx4

cx4

cx3+ex4

cx0

cx1

ex0

ex1

dx4

dx3

ex4

ex3

Figure 4.3. The complex C1 ⊗ C2.

where Φ1 and Ψ2 are the formal derivatives of ∂. (In practice, after fixing a basis,
(Φ1 ⊗Ψ2)(x⊗ y) counts arrows leaving x that point an odd number of units to the
left and arrows leaving y that point an odd number of units down, together with
an overall factor of U−1.) For simplicity, we will denote ιC1⊗C2

by ι12. We find
that ι12 is given by

ι12(ax0) = ax4 + U−1ex4,

ι12(ax1) = ax3 + U−1ex3,

ι12(ax2) = ax2 + U−1ex2,

ι12(ax3) = ax1 + U−1ex1,

ι12(ax4) = ax0 + U−1ex0,

ι12(bx0) = bx4 + ax4 + U−1cx3,

ι12(bx1) = bx3 + ax3,

ι12(bx2) = bx2 + ax2 + U−1cx1,

ι12(bx3) = bx1 + ax1,

ι12(bx4) = bx0 + ax0,

ι12(cx0) = dx4 + U−1ex3,

ι12(cx1) = dx3,

ι12(cx2) = dx2 + U−1ex1,
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ι12(cx3) = dx1,

ι12(cx4) = dx0,

ι12(dx0) = cx4,

ι12(dx1) = cx3,

ι12(dx2) = cx2,

ι12(dx3) = cx1,

ι12(dx4) = cx0,

ι12(ex0) = ex4,

ι12(ex1) = ex3,

ι12(ex2) = ex2,

ι12(ex3) = ex1,

ι12(ex4) = ex0.

Consider the change of basis shown in Figure 4.3. It is straightforward to verify
that we may ι12-equivariantly decompose C1 ⊗ C2 as

C1 ⊗ C2 = X1 ⊕X2 ⊕X3,

where X1 consists of the “staircase” together with the three-by-three box (namely,
the span of ax0+U−1ex0, ax1+U−1ex1, ax2+U−1cx1, ax3, ax4, bx2, bx3+cx2, bx1+
dx2, dx3+ex2+cx1),X2 consists of the upper left and lower right rectangle (the span
of bx4, cx4, bx3 + dx4, cx3 + ex4, bx0 + ax0, bx1 + cx0 + ax1, dx0, dx1 + ex0), and X3

consists of the remaining two rectangles (the span of dx4, ex4, dx3, ex3, cx0, cx1, ex0,
ex1).

Since X1 supports HF∞, it follows that C1 ⊗ C2 is locally equivalent to X1,
which is isomorphic to (C3, ι3) as described in the statement of the lemma. �

Lemma 4.2. Let C4 be the complex in Figure 4.4 together with

ι4(zi) = z20−i, 0 ≤ i ≤ 20.

The tensor product of (C1, ι1) and (C4, ι4) is locally equivalent to C5 in Figure 4.5,
where ι5 is given by

ι5(wi) = w20−i, i 
= 10

ι5(w10) = w10 + U−1m

ι5(j) = j + w10

ι5(k) = l + w9

ι5(l) = k + w11

ι5(m) = m.

Proof. The proof is analogous to the proof of Lemma 4.1. �

Lemma 4.3. Let C6 be the complex in Figure 4.6 with

ι6(vi) = v10−i, 0 ≤ i ≤ 10.

Then C6⊗C6 is locally equivalent to (C5, ι5), where ι5 is as described in Lemma 4.2.
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z0

z1

z2

z3

z4

z5

z6

z7

z8

z9

z10

z11

z12

z13

z14

z15

z16z17

z18
z19

z20

Figure 4.4. The complex C4 = CFK∞(−T6,13).

Proof. After a change of basis, we have that C6 ⊗ C6 splits as in Figure 4.7.
Moreover, this splitting may be chosen to be equivariant with respect to ιC6⊗C6

=
ι6 ⊗ ι6 + (Φ6 ⊗ Ψ6) ◦ (ι6 ⊗ ι6). The “staircase” together with the three-by-three
box along the diagonal form a direct summand that is isomorphic to C5, under the
identification

w0 = v0v0,

w1 = v0v1 + v1v0,

w2 = v0v2 + v2v0 + U−1v1v1,

w3 = v0v3 + v1v2 + v2v1 + v3v0,

w4 = v0v4 + v2v2 + v4v0,

w5 = v0v5 + v1v4 + v2v3 + v3v2 + v4v1 + v5v0,

w6 = v0v6 + v2v4 + v4v2 + v6v0 + U−1(v1v5 + v5v1),

w7 = v0v7 + v1v6 + v2v5 + v3v4 + v4v3 + v5v2 + v6v1 + v7v0,
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w0

w1

w2

w3

w4

w5

w6

w7

w8

w9

w10

w11

w12

w13

w14

w15

w16w17

w18

w19

w20

j

k

lm

Figure 4.5. The complex C5.

w8 = v0v8 + v2v6 + v4v4 + v6v2 + v8v0,

w9 = v0v9 + v1v8 + v2v7 + v3v6 + v4v5 + v5v4 + v6v3 + v7v2 + v8v1 + v9v0,

w10 = v0v10 + v2v8 + v4v6 + v6v4 + v8v2 + v10v0 + U−1(v1v9 + v5v5),

w11 = v1v10 + v2v9 + v3v8 + v4v7 + v5v6 + v6v5 + v7v4 + v8v3 + v9v2 + v10v1,

w12 = v2v10 + v4v8 + v6v6 + v8v4 + v10v2,

w13 = v3v10 + v4v9 + v5v8 + v6v7 + v7v6 + v8v5 + v9v4 + v10v3,

w14 = v4v10 + v6v8 + v8v6 + v10v4,

w15 = v5v10 + v6v9 + v7v8 + v8v7 + v9v6 + v10v5,

w16 = v6v10 + v8v8 + v10v6,

w17 = v7v10 + v8v9 + v9v8 + v10v7,

w18 = v8v10 + v10v8,

w19 = v9v10 + v10v9,



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

4.2. THE ιK -COMPLEX OF −2T6,7#T6,13# − T2,3;2,5 49

w20 = v10v10,

j = v6v4 + v8v2 + v10v0,

k = v6v5 + v7v4 + v8v3 + v9v2 + v10v1,

l = v5v4 + v6v3 + v7v2 + v8v1 + v9v0,

m = v5v5,

as shown in Figure 4.8. Indeed, it is straightforward to verify that ιC6⊗C6
maps

the span of {w1, . . . , w20, j, k, l,m} into itself. It is then sufficient to show that the
basis in Figure 4.7 can be chosen so that none of w1, . . . , w20, j, k, l,m appear in
ιC6⊗C6

of any of the other basis elements. Since ιC6⊗C6
is grading-preserving and

skew-filtered, it is sufficient to verify this for the vertices along the top and right
edges of the rectangles shown in Figure 4.9, as well as for v2v8 and v8v2, the top
right corners of the two squares in Figure 4.9. By a direct computation, one sees
that the span of

{v1v0, v1v1, v2v0, v2v1 + v3v0, v7v10 + v8v9, v8v10, v9v9, v9v10},
that is, the span of the vertices of the upper left and bottom right rectangles in
Figure 4.9, forms an ιC6⊗C6

equivariant subcomplex. Similarly, one sees that the
span of

{v3v2 + v4v1 + v5v0, v3v3, v4v2 + v6v0 + U−1v5v1, v4v3 + v5v2v6v1 + v7v0, v3v3,

v3v10 + v4v9 + v5v8 + v6v7, v4v10 + v6v8, v5v10v6v9 + v7v8, v7v7, }
that is, the span of the vertices of the middle two rectangles in Figure 4.9, also
forms an ιC6⊗C6

-equivariant subcomplex. Lastly, one sees that ιC6⊗C6
(v2v8) =

v8v2 +U−1v9v1 and ιC6⊗C6
(v8v2) = v2v8. (Alternatively, there is a change of basis

such that all of the rectangles in Figure 4.9 except the central 3 × 3 square are
“paired” with their symmetric mate by ιC6⊗C6

.)
Thus, the span of {w1, . . . , w20, j, k, l,m}, which is isomorphic to C5 in Fig-

ure 4.5, forms an ιC6⊗C6
-equivariant summand of C6 ⊗ C6. Since this summand

supports HF∞, it follows that C6 ⊗ C6 is locally equivalent to C5, as desired. �

4.2. The ιK-complex of −2T6,7#T6,13#− T2,3;2,5

Recall that K ⊆ S3 is an L-space knot if S3
r (K) is an L-space for some r > 0.

We say that K is a negative L-space knot if S3
−r(K) is an L-space for some r > 0.

The following lemma, combining results of [OS05] and [HM17], describes the
ιK-complex associated to a negative L-space knot K in terms of the Alexander
polynomial ΔK(t).

Lemma 4.4. Let K be a negative L-space knot with Alexander polynomial

ΔK(t) =

n∑
i=0

(−1)itai ,

where (ai)
n
i=0 is a decreasing sequence of integers and n is even. Then CFK∞(K)

is generated over F[U,U−1] by xi, 0 ≤ i ≤ n, with Maslov gradings

M(xi) = 0, i even

M(xi) = −1, i odd
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v0

v1

v2

v3

v4

v5

v6

v7

v8v9

v10

Figure 4.6. The complex C6 = CFK∞(−T6,7).

where the Z ⊕ Z-filtration level of x0 is F(x0) = (0,−g(K)) and relative filtration
of xi, xi+1 is

F(xi)− F(xi+1) = (ai − ai+1, 0), i even

F(xi)− F(xi+1) = (0, ai+1 − ai), i odd.

The differential is given by

∂x0 = x1

∂xi = xi−1 + xi+1, 2 ≤ i ≤ n− 2 even

∂xn = xn−1

∂xi = 0, i odd.

The endomorphism ιK is given by

ιK(xi) = xn−i, 0 ≤ i ≤ n.

Proof. The description of CFK∞(K) follows from [OS05, Theorem 1.2] (cf.
[OSS17, Theorem 2.10]). The description of ιK follows from [HM17, Section 7].

�
Lemma 4.5. We have the following identifications:

(1) The complex (C2, ι2) in Figure 4.1 where ι2(xi) = x4−i is the ιK-complex
associated to −T2,3;2,5.

(2) The complex (C4, ι4) in Figure 4.4 where ι4(zi) = z20−i is the ιK-complex
associated to −T6,13.

(3) The complex (C6, ι6) in Figure 4.6 where ι5(vi) = v10−i is the ιK-complex
associated to −T6,7.
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Figure 4.7. The complex C6 ⊗ C6, after a change of basis.

Proof. The Alexander polynomial of −T2,3;2,5 is

Δ−T2,3;2,5
(t) = t8 − t7 + t4 − t+ 1,

the Alexander polynomial Δ−T6,13
(t) is

t60 − t59 + t54 − t53 + t48 − t46 + t42 − t40 + t36 − t33 + t30

− t27 + t24 − t20 + t18 − t14 + t12 − t7 + t6 − t+ 1,

and the Alexander polynomial of −T6,7 is

Δ−T6,7
(t) = t30 − t29 + t24 − t22 + t18 − t15 + t12 − t8 + t5 − t+ 1.

Recall that negative torus knots admit negative L-space surgeries, as does −T2,3;2,5

[Hed09, Theorem 1.10] (cf. [Hom11]). The result now follows from Lemma 4.4.
�

We now combine Lemma 4.5 with the computations of Section 4.1 to compute
the ιK-complex of K = −2T6,7#T6,13#− T2,3;2,5.
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a=v10v10

b=v9v10+v10v9

c=v8v10+v10v8

d=v7v10+v8v9+v9v8+v10v7

e=v6v10+v8v8+v10v6

f=v5v10+v6v9+v7v8+v8v7+v9v6+v10v5

g=v4v10+v6v8+v8v6+v10v4

h=v3v10+v4v9+v5v8+v6v7+v7v6+v8v5+v9v4+v10v3

i=v2v10+v4v8+v6v6+v8v4+v10v2

j=v1v10+v2v9+v3v8+v4v7+v5v6+v6v5+v7v4+v8v3+v9v2+v10v1

k=v0v10+v2v8+v4v6+v6v4+v8v2+v10v0+U−1(v1v9+v5v5)


=v0v9+v1v8+v2v7+v3v6+v4v5+v5v4+v6v3+v7v2+v8v1+v9v0

m=v0v8+v2v6+v4v4+v6v2+v8v0

n=v0v7+v1v6+v2v5+v3v4+v4v3+v5v2+v6v1+v7v0

o=v0v6+v2v4+v4v2+v6v0+U−1(v1v5+v5v1)

p=v0v5+v1v4+v2v3+v3v2+v4v1+v5v0

q=v0v4+v2v2+v4v0

r=v0v3+v1v2+v2v1+v3v0

s=v0v2+v2v0+U−1v11

t=v0v1+v1v0

u=v0v0

v=v6v4+v8v2+v10v0

w=v6v5+v7v4+v8v3+v9v2+v10v1

x=v5v4+v6v3+v7v2+v8v1+v9v0

y=v5v5

Figure 4.8. The summand of C6 ⊗ C6 that is isomorphic to C5.

Proposition 4.6. The ιK-complex of K = −2T6,7#T6,13#− T2,3;2,5 is locally
equivalent to the complex (C3, ι3) in Figure 4.2, where ι3 is given by

ι3(yi) = y4−i, i 
= 2

ι3(y2) = y2 + U−1i

ι3(f) = f + y2

ι3(g) = h+ y1

ι3(h) = g + y3

ι3(i) = i.

Proof. By Lemma 4.5 and the Künneth formula for ιK-complexes, we have
that the ιK-complex of K is C6 ⊗ C6 ⊗ C∗

4 ⊗ C2.
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v9v1

v2v8
v8v2

v8v10v9v10

v7v10+v8v9v9v9

v2v0

v1v0

v2v1+v3v0

v1v1

v4v10+v6v8v5v10+v6v9+v7v8

v3v10+v4v9+v5v8+v6v7v7v7

v4v2+v6v0+U−1v5v1

v3v2+v4v1+v5v0

v4v3+v5v2+v6v1+v7v0

v3v3

Figure 4.9. The complex C6 ⊗ C6, after a change of basis, with
some basis elements labelled.

We have the following sequence of equivalences, where 
 denotes local equiva-
lence:

C6 ⊗ C6 ⊗ C∗
4 ⊗ C2 
 C6 ⊗ C6 ⊗ C∗

4 ⊗ C∗
1 ⊗ C1 ⊗ C2


 C5 ⊗ C∗
5 ⊗ C1 ⊗ C2


 C1 ⊗ C2


 C3,

where the first and third equivalences follow from the fact that Ci and C∗
i are

inverses in the local equivalence group of ιK-complexes, the second equivalence
follows from Lemmas 4.3 and 4.2 (and duality, in the latter case), and the fourth
equivalence follows from Lemma 4.1. �
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i
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cd

fg

h

a

e

Figure 4.10. The complex A−
0 associated to C3 with (appropriate

U -powers of) y1, y2, y3, y4, y5 renamed a, b, c, d, e respectively.

4.3. Surgery along −2T6,7#T6,13#− T2,3;2,5

In this section, we employ Proposition 3.22 to compute the local equivalence
class of (CF−(S3

+1(K), ι), where K = −2T6,7#T6,13#− T2,3;2,5.

Proposition 4.7. Let K = −2T6,7#T6,13#− T2,3;2,5. Then (CF−(S3
+1(K), ι)

is locally equivalent to (C, ιC) where C is generated by x0, x1, x2, x3, x4 where

∂x0 = 0 ωx0 = 0

∂x1 = Ux2 ωx1 = x0

∂x2 = 0 ωx2 = 0

∂x3 = U3x4 ωx3 = x2

∂x4 = 0 ωx4 = 0,

where ω = 1 + ιC .
In particular, in the notation of Section 4.4, the almost local equivalence class

of S3
+1(K) is (+,−1,+,−3).

Proof. By Proposition 4.6, we have that (CFK∞(K), ιK) is locally equiva-
lent to (C3, ι3). Let (A−

0 , ιK) denote C3{max(i, j) ≤ 0} with the homotopy invo-
lution induced by ι3. Proposition 3.22 implies that (A−

0 , ιK) is locally equivalent
to (CF−(S3

+1(K), ι). Thus it suffices to show that (A−
0 , ιK) is locally equivalent to

the ι-complex (C, ιC) in the statement of Proposition 4.7.
We have that (A−

0 , ιK) is generated over F[U ] by a, b, c, d, e, f, g, h, i with

∂a = Ub, ιK(a) = e, ω(a) = a+ e,

∂b = 0, ιK(b) = d, ω(b) = b+ d,

∂c = b+ d, ιK(c) = c+ U2i, ω(c) = U2i,
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∂d = 0, ιK(d) = b, ω(d) = b+ d,

∂e = Ud, ιK(e) = a, ω(e) = a+ e,

∂f = h+ g, ιK(f) = f + c, ω(f) = c,

∂g = U3i, ιK(g) = b+ h, ω(g) = b+ g + h,

∂h = U3i, ιK(h) = d+ g, ω(h) = d+ g + h,

∂i = 0, ιK(i) = i, ω(i) = 0,

as shown in Figure 4.10, where y0, U
−1y1, U

−1y2, U
−1y3, y4 have been renamed

a, b, c, d, e respectively, f, g, h have been shifted by U−1, and i has been shifted by
U−4. (We include ω = id+ιK above in order to aid with verifying the calculations
below.)

Consider ψ : A−
0 → C defined to be

ψ(a) = x1,

ψ(b) = x2,

ψ(c) = 0,

ψ(d) = x2,

ψ(e) = x0 + x1,

ψ(f) = 0,

ψ(g) = x3,

ψ(h) = x3,

ψ(i) = x4.

It is straightforward to verify that ψ is a chain map and that ωψ = ψω. Moreover,
since [a + Uc + e] is a U -nontorsion cycle in H∗(A

−
0 ) and [x0] is a U -nontorsion

cycle in H∗(C), it follows that ψ induces an isomorphism on U−1H∗.
Now consider φ : C → A−

0 defined to be

φ(x0) = a+ Uc+ e,

φ(x1) = a,

φ(x2) = b,

φ(x3) = g,

φ(x4) = i.

It is straightforward to verify that φ is a chain map. We have that ωφ 
 φω via
H : C → A−

0 defined by

H(x0) = g,

H(x1) = 0,

H(x2) = c,

H(x3) = f,

H(x4) = 0.

Moreover, since [x0] is F[U ]-non-torsion inH∗(C) and [a+Uc+e] is F[U ]-non-torsion
in H∗(A

−
0 ), it follows that φ induces an isomorphism on U−1H∗.
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n

p

q

rs

Figure 4.11. The complex C7.

Hence ψ and φ provide the desired local equivalence between (A−
0 , ιK) and

(C, ιC). (In fact, ψφ = idC3
and φψ 
 idA−

0
via the homotopy J defined by

J(d) = c, J(h) = f , and J(y) = 0 if y 
= d, h.) �
Remark 4.8. Recall from [HL19, Remark 9.7] that a homology sphere Y is

called ĤFI -trivial if ĤFI (Y ) ∼= ĤF (Y ) ⊕ F where Q · ĤF (Y ) = 0 and Q is non-
vanishing on the remaining generator. Let J = −2T4,5#T4,9. Similar computations

to those in Sections 4.1 and 4.2 can show that Y = S3
+1(J) is not ĤFI -trivial.

Indeed, we have that (CFK∞(J), ιJ) decomposes ιJ -equivariantly as C7⊕C8 where
C7 the complex in Figure 4.11 where the Maslov gradings of the generators are

M(n) = M(p) = 0, M(q) = M(r) = −1, M(s) = −2,

and ι7 is given by

ι7(n) = n,

ι7(p) = p+ n,

ι7(q) = r,

ι7(r) = q,

ι7(s) = s

and C8 consists of an even number of rectangles which are paired by ι8 much like
the (non-square) rectangles in Figure 4.3 are. (Compare this to the computation
of −2T6,7#T6,13, which is locally equivalent to C1 in Figure 4.1.) An application

of the involutive mapping cone then shows that ĤFI (S3
+1(J))

∼= ĤF (Y ) ⊕ F3 and

where Q · ĤF (Y ) = 0 and Q is non-vanishing on the remaining generators.

4.4. Almost local equivalence classes and S3
+1(−2T6,7#T6,13#− T2,3;2,5)

The goal of this section is to prove Theorem 1.9. We begin by recalling some
some terminology and notation.

Recall from [DHST23, Section 4.1] that to a sequence (a1, b2, a3, b4, . . . ,
a2m−1, b2m), where ai ∈ {±} and bi ∈ Z\{0}, we may associate an almost ι-complex,
called the standard complex of type (a1, b2, a3, b4, . . . , a2m−1, b2m), as follows. (We
will abuse notation and let (ai, bi) denote both a sequence and the associated stan-
dard complex.) The standard complex is generated over F[U ] by t0, t1, . . . , t2m. For
each symbol ai, we introduce an ω-relation between ti−1 and ti as follows:

• If ai = +, then ωti = ti−1.
• If ai = −, then ωti−1 = ti.
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For each symbol bi, we introduce an ∂-relation between ti−1 and ti as follows:

• If bi > 0, then ∂ti = U |bi|ti−1.
• If bi < 0, then ∂ti−1 = U |bi|ti.

We begin with a few lemmas about tensor products of standard complexes.

Lemma 4.9. Let k ≥ 2 and let

Sn = (+,−1,+,−k,+,−1,+,−k, . . . ,+,−1,+,−k)

where the right-hand side consists of +,−1,+,−k repeated n times. There is an
almost local map from Sn to S1 ⊗ Sn−1.

Proof. Let the complex Sn be generated by x0, x1, . . . , x4n, the complex S1 by
y0, y1, . . . , y4 and the complex Sn−1 by z0, z1, . . . , z4n−4. Define f : Sn → S1⊗Sn−1

to be

f(xi) =

{
yi ⊗ z0 if 0 ≤ i ≤ 4

y4 ⊗ zi−4 if 5 ≤ i ≤ 4n.

It is straightforward to verify that f is an almost local map. �

Lemma 4.10. Let k ≥ 2 and let

−Sn = (−, 1,−, k,−, 1,−, k, . . . ,−, 1,−, k)

where the right-hand side consists of −, 1,−, k repeated n times. There is an almost
local map from −Sn to −S1 ⊗ −Sn−1.

Proof. Let the complex−Sn be generated by x0, x1, . . . , x4n, the complex−S1

by y0, y1, . . . , y4 and the complex −Sn−1 by z0, z1, . . . , z4n−4. Define f : − Sn →
−S1 ⊗ −Sn−1 to be

f(x0) = y0 ⊗ z0,

f(x1) = y0 ⊗ z1 + y1 ⊗ z0 + y1 ⊗ z1,

f(x2) = y0 ⊗ z2 + y2 ⊗ z0 + y1 ⊗ z2,

f(x3) = y0 ⊗ z3 + y1 ⊗ z2 + y2 ⊗ z1 + y3 ⊗ z0 + y3 ⊗ z1,

f(x4) = y0 ⊗ z4 + Uk−1y2 ⊗ z2 + y4 ⊗ z0 + y4 ⊗ z1,

...

f(x4i+1) = y0 ⊗ z4i+1 + y1 ⊗ z4i + Uk−1y2 ⊗ z4i−1 + Uk−1y3 ⊗ z4i−2,

+ y4 ⊗ z4i−3 + Uk−1y3 ⊗ z4i−1 + y1 ⊗ z4i+1,

f(x4i+2) = y0 ⊗ z4i+2 + y2 ⊗ z4i + y4 ⊗ z4i−2 + y3 ⊗ z4i + y1 ⊗ z4i+2,

f(x4i+3) = y0 ⊗ z4i+3 + y1 ⊗ z4i+2 + y2 ⊗ z4i+1 + y3 ⊗ z4i + y4 ⊗ z4i−1,

f(x4i+4) = y0 ⊗ z4i+4 + Uk−1y2 ⊗ z4i+2 + y4 ⊗ z4i,

...

f(x4n−3) = y1 ⊗ z4n−4 + Uk−1y2 ⊗ z4n−5 + Uk−1y3

⊗ z4n−6 + y4 ⊗ z4n−7 + Uk−1y3 ⊗ z4n−5,

f(x4n−2) = y2 ⊗ z4n−4 + y4 ⊗ z4n−6 + y3 ⊗ z4n−4,

f(x4n−1) = y3 ⊗ z4n−4 + y4 ⊗ z4n−5,
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f(x4n) = y4 ⊗ z4n−4

where i = 1, . . . , n − 2. It is straightforward to verify that f is an almost local
map. �

Lemma 4.11. Let k ≥ 2. Then, in the notation of Lemmas 4.9 and 4.10, we
have that S⊗n

1 is locally equivalent to Sn.

Proof. By Lemma 4.9, we have that Sn ≤ S1 ⊗Sn−1 and by Lemma 4.10, we
have that −Sn ≤ −S1⊗−Sn−1, or equivalently, Sn ≥ S1⊗Sn−1. Since ≤ is a partial
order on the set of almost local equivalence classes (see [DHST23, Definition 3.19]),
it follows that Sn = S1 ⊗ Sn−1, where equality denotes almost local equivalence.
Hence by induction, S⊗n

1 = Sn. �
Remark 4.12. In Lemmas 4.9 and 4.10, the complexes Sn and −Sn are in fact

iota complexes (not just almost iota complexes), and the maps are in fact local
maps (not just almost local maps). Hence S⊗n

1 and Sn are in fact locally equivalent
(not just almost locally equivalent).

We are now ready to prove Theorem 1.9.

Proof of Theorem 1.9. Let Y = S3
+1(−2T6,7#T6,13#−T2,3;2,5). By Propo-

sition 4.7, we have that the almost local equivalence class of (CF−(Y ), ι) is
(+,−1,+,−3). Then by Lemma 4.11, the almost local equivalence class of
(CF−(nY ), ι) is (+,−1,+,−3,+,−1,+,−3, . . . ,+,−1,+,−3), that is, the sequence
(+,−1,+,−3) repeated n times.

Suppose (ai, bi) represents the almost local equivalence class of a linear com-
bination of Seifert fibered spaces. By [DHST23, Theorem 8.1] (cf. the proof of
[Dai19, Theorem 1.1]), if ai = + for all i, then bi ≥ bi+1 for all i. Hence nY ,
for n 
= 0, is not homology cobordant to any linear combination of Seifert fibered
spaces. �
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CHAPTER 5

Hypercubes and hyperboxes

In this chapter, we present some background on homological algebra.

5.1. Hyperboxes of chain complexes

We recall the notion of a hyperbox of chain complexes, due to Manolescu and
Ozsváth [MO10]. We let En denote the unit cube in Rn:

En := {0, 1}n.
More generally, if d = (d1, . . . , dn) ∈ Zn

≥0, we define the cube of size d to be

E(d) =
n∏

i=1

{0, . . . , di}.

If ε = (ε1, . . . , εn) ∈ E(d), we write

‖ε‖ = ε1 + · · ·+ εn.

Definition 5.1. An n-dimensional hyperbox of chain complexes of size d =
(d1, . . . , dn) ∈ Zn

≥0 consists of a collection of Z-graded F-vector spaces

(Cε)ε∈E(d),

together with a collection of maps

Dε
ε0
: Cε0

∗ → Cε0+ε
∗−1+‖ε‖,

indexed over pairs (ε0, ε) ∈ E(d) × En such that ε0 + ε ∈ E(d). Furthermore, if
ε ∈ En and ε0 ∈ E(d), then

(5.1)
∑
ε′∈En

ε′≤ε

Dε−ε′

ε0+ε′ ◦Dε′

ε0 = 0,

whenever ε0 and ε0 + ε are both in E(d).

If H = (Cε, Dε
ε0) is a hyperbox of chain complexes of size d, we write C for the

total space

C :=
⊕

ε∈E(d)

Cε.

Similarly, the maps Dε
ε0 may be summed to give an endomorphism

D : C → C.

Equation (5.1) implies D2 = 0. Similarly, if (C,D) is a hyperbox, and ε ∈ En, we
write Dε for the direct sum of Dε

ε0 over all ε0 where the map is defined.
A hyperbox of chain complexes of size d = (1, . . . , 1) ∈ Zn

≥0 is called an n-
dimensional hypercube of chain complexes.

For this paper, we only consider hyperboxes of dimension n ≤ 3.

59
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5.2. Stacking and compressing hyperboxes

In this section, we describe two algebraic operations, called stacking and com-
pressing.

We begin with the operation of stacking. A hyperbox of size (1, 1, 2) is the same
as two hyperboxes of size (1, 1, 1), which have chain complexes and maps which
coincide along one face. More generally, suppose we have a hyperbox H1 of size
(x, y, d1) and a hyperbox H2 of size (x, y, d2). Suppose further that the restriction
of H1 to E(x, y) × {d1} coincides with the restriction of H2 to E(x, y) × {0}. We
form a new hyperbox St(H1, H2) , which is a hyperbox of size (x, y, d1 + d2). A
similar description holds for stacking two hypercubes of the same dimension, which
coincide along a hyperface.

We now describe compression, which is described by Manolescu and Ozsváth
[MO10, Section 5]. The operation takes an n-dimensional hyperbox H = (C,D)

of size d, and yields an n-dimensional hypercube Ĥ = (Ĉ, D̂). The compression
operation is fundamental to our construction of the main hypercube from Theo-
rem 1.14. To simplify the exposition, we focus on the compression of hyperboxes
size (d), (1, d) or (1, 1, d), which will be sufficient for our purposes.

We begin with 1-dimensional hyperboxes of size (d). A hyperbox H = (C,D)
of size (d) is a collection of d+ 1 chain complexes C0, . . . , Cd, together with chain
maps

D1
i : C

i → Ci+1.

We depict such a hyperbox as

C0 C1 · · · Cd.D1 D1 D1

The compression Ĥ = (Ĉ, D̂) has underlying chain complex equal to C0⊕Cd. The

length 0 map D̂0 is the restriction of the original length 0 map D0. The length 1

map D̂1 is the d-fold composition of the original length 1 map, D1. We depict Ĥ as

C0 Cd.
(D1)◦d

Next, we move on to 2 dimensional hyperboxes of size (1, d). A 2-dimensional
hyperbox of size (1, d) consists of 2(d+ 1) chain complexes (Cε)ε∈{0,1}×{0,...,d}, as

well as chain maps D01 and D10, and a chain homotopy D11 between D10 ◦ D01
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and D01 ◦D10. Schematically, we depict (C,D) as the diagram

C00 C10

C01 C11

...
...

C0d C1d.

D11

D01

D10

D01

D10

D01 D11 D01

D01
D11

D01

D10

The compression Ĥ = (Ĉ, D̂) is the 2-dimensional hypercube depicted below:

C00 C10

C0d C1d.

̂D10

̂D01
̂D11

̂D01

̂D10

Here

D̂10 = D10,

D̂01 = (D01)◦d,

D̂11 =
∑

i+j=d−1
i,j≥0

(D01)◦j ◦D11 ◦ (D01)◦i.
(5.2)

The length 2 compressed map D̂11 is shown schematically in Figure 5.1.
We now discuss 3-dimensional hyperboxes and their compressions. Suppose

that H = (C,D) is a 3-dimensional hyperbox of size (1, 1, d). The underlying chain

complexes of the compressed Ĉ are

Ĉ(ε1,ε2,ε3) := C(ε1,ε2,ε3d).

The length 1 maps, D̂100, D̂010 and D̂001, as well as the length 2 maps, D̂110, D̂101

and D̂011, are essentially the same as in the 2-dimensional case. See (5.2). The
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D̂11 =
∑

D01

D11

D01

D01

D01

Figure 5.1. The length 2 map D̂11 of the compression of a 2-
dimensional hyperbox of size (1, d).

length 3 map, D̂111, is given by the formula

D̂111 :=
∑

i+j=d−1
i,j≥0

(D001)◦j ◦D111 ◦ (D001)◦i

+
∑

i+j+k=d−2
i,j,k≥0

(D001)◦i ◦D101 ◦ (D001)◦j ◦D011 ◦ (D001)◦k

+
∑

i+j+k=d−2
i,j,k≥0

(D001)◦i ◦D011 ◦ (D001)◦j ◦D101 ◦ (D001)◦k.

(5.3)

Equation (5.3) is schematically illustrated in Figure 5.2.

5.3. Mapping cones and hyperboxes

In this section, we describe the relationship between the hyperbox construc-
tion of Manolescu and Ozsváth and the more common mapping cone construction.
The results of this section will be helpful for deriving the involutive mapping cone
formula from the hypercube in Theorem 1.14.

Example 5.2. Suppose (C0, D0) and (C1, D1) are chain complexes, and F 1
0 :

C0 → C1 is a chain map. We may form the mapping cone complex

Cone(F 1
0 ) := C0[−1]⊕ C1,

which has differential D0+D1+F . The mapping cone complex is naturally filtered
over the set {0, 1}. The mapping cone complex is a 1-dimensional hypercube of
chain complexes, of size (1). If F 1

0 : C0 → C1 is a chain map, then there is an exact
triangle

· · · → H∗(C0) → H∗(C1) → H∗(Cone(F
1
0 )) → H∗−1(C0) → · · · .
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D̂111
=

∑

D001

D111

D001

D001

D001

D001

D011

D001

D101

D001

D001

D101

D011

D001

D001

+ +

Figure 5.2. The length 3 map D̂111 of the compression of a 3-
dimensional hyperbox of size (1, 1, d).

Example 5.3. Consider a 2-dimensional hypercube H = (C,D) satisfying
C10 = 0. Such a hypercube has the following presentation:

C00

C01 C11.

D01 D11

D10

The data of H is equivalent to three chain complexes, two chain maps D01 and
D10, and a null-homotopy D11 of the composition D10 ◦ D01. Equivalently, the
hypercube is the same as a chain map from C00 to Cone(D10 : C01 → C11).

More generally, suppose H = (C,D) is an arbitrary 2-dimensional hypercube
of chain complexes:

C00 C10

C01 C11

D01

D10

D11

D01

D10

.

The data of the hypercube H is equivalent to a chain map from Cone(D01
00 : C

00 →
C01) to Cone(D01

10 : C
10 → C11) which is filtered with respect to the mapping cone

filtrations.
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Example 5.4. Suppose that H = (C,D) is a 3-dimensional hypercube, which
has the property that C010 and C011 are both zero. See (5.4).

(5.4)

C000

C100 C110

C001

C101 C111

We can identify the subcomplex generated by C100, C110, C101 and C111 as the
cone of a filtered chain map

G : Cone

⎛⎜⎜⎜⎝
C100

C101

⎞⎟⎟⎟⎠→ Cone

⎛⎜⎜⎜⎝
C110

C111

⎞⎟⎟⎟⎠ .

The 3-dimensional hypercube in (5.4) may be interpreted as encoding the data
of a chain map

Φ: Cone

⎛⎜⎜⎜⎝
C000

C001

⎞⎟⎟⎟⎠→ Cone(G),

which is filtered with respect the last component of the indexing (the vertical di-
rection in our diagrams).

5.4. Hypercubes and involutive complexes

In this section, we describe some helpful algebra for relating the hypercube con-
struction to the algebraic setting of involutive Heegaard Floer homology. Suppose
R is a ring such that 2 = 0, and that we have a hypercube of chain complexes over
R of following form:

(5.5)

X Y

X Y

g

f

h
k

f

.

In particular, the complexes and morphisms along the top and bottom coincide.
We can view Cone(g) and Cone(k) as complexes over R[Q]/Q2, where Q takes the
first copy of X to the second, and similarly for Y .

The diagram in (5.5) determines a map f + Q · h from Cone(g) to Cone(k)
which is Q-equivariant. We collect the following basic algebraic facts:

Lemma 5.5. Suppose that X, Y , f , g, k and h form a hypercube, as in (5.5).
Suppose that f : X → Y is a homotopy equivalence.
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(1) The induced map f + Q · h from Cone(g) to Cone(k) is also a homotopy
equivalence over R[Q]/Q2.

(2) If g2 
 id, then k2 
 id. Similarly, if g2 
 0, then k2 
 0.

Proof. Let j : Y → X be a homotopy inverse to f . We consider the first
claim. First, we claim that jk 
 gj. To see this, we begin with the relation
kf 
 fg, and pre- and post-compose with j to obtain jkfj 
 jfgj. Using the fact
that j and f are homotopy inverses, we obtain that jk 
 gj. If s is a map so that
jk + gj = [∂, s], then j + Q · s is a chain map from Cone(k) to Cone(g). Since
jf 
 id, the composition (j+Q · s) ◦ (f +Q ·h) is chain homotopic to a map of the
form Ψ = (id+t ·Q), for some t : X → X. The map Ψ is a chain isomorphism, with
inverse equal to itself. Hence Ψ ◦ (j +Q · s) is a left homotopy inverse of f +Q · h.
A similar argument shows that (f +Q · h) has a right homotopy inverse. An easy
argument shows that if (f + Q · h) has both a left and a right homotopy inverse,
then they must be homotopic.

To prove the second claim, suppose first that g2 
 id. We perform the following
computation:

id 
 fj


 (fg)(gj)


 (kf)(jk)


 k2.

A similar argument shows that if g2 
 0, then k2 
 0. �

5.5. Hyperboxes of attaching curves

Manolescu and Ozsváth also describe a natural analog of a hyperbox for dia-
grams in the Fukaya category. The main structural difference is that in the Fukaya
category, we must include higher compositions into the hypercube relations. We
make the following defintion, focusing on the case relevant to Heegaard Floer ho-
mology:

Definition 5.6. An n-dimensional hypercube of beta attaching curves on (Σ, w)
is a collection of attaching curves βε, ranging over ε ∈ En, together with a distin-
guished element

Θβε,βε′ ∈ CF−(βε,βε′),

whenever ε < ε′. Furthermore, whenever ε < ε′, the following compatibility condi-
tion is satisfied:

(5.6) 0 =
∑

ε<ε1<···<εk<ε′

fβε,βε1 ,...,βεk ,βε′ (Θβε,βε1 , . . . ,Θβεk ,βε′ ),

where fβε,βε1 ,...,βεk ,βε′ is the map which counts 2+k-gons. An n-dimension hyperbox
of beta attaching curves is defined by the obvious adaptation.

An n-dimensional hypercube of alpha attaching curves is a collection of attach-
ing curves (αν)ν∈En

, together with a distinguished chain Θαν′ ,αν ∈ CF−(αν′
,αν)

whenever ν < ν′. Furthermore, the classes Θαν′ ,αν satisfy the natural adaptation

of (5.6).

Remark 5.7. Manolescu and Ozsváth’s definition of a hypercube of beta at-
taching curves [MO10, Section 8.1] assumes that for all ε, ε′ ∈ En, the curves
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βε and βε′ are related by a sequence of handleslides and isotopies, whereas ours
does not. The additional generality will be useful especially in Section 16 when we
construct the central hypercube.

Example 5.8. We consider a 2-dimensional hypercube of beta attaching curves,
which has the following form:

β00 β01

β10 β11

Θβ00,β01

Θ
β 00

,β 11

Θβ00,β10 Θβ01,β11

Θβ10,β11

.

The compatibility relations are equivalent to the length 1 chains, Θβ00,β01 , Θβ00,β10 ,
Θβ10,β11 and Θβ01,β11 , being cycles, and to the relation

∂Θβ00,β11 + fβ00,β01,β11(Θβ00,β01 ,Θβ01,β11) + fβ00,β10,β11(Θβ00,β10 ,Θβ10,β11) = 0.

Remark 5.9. Given a collection of attaching curves (βε)ε∈En
, and a set of

length 1 chains Θβε,βε′ , ranging over ε, ε′ ∈ En such that |ε− ε′| = 1, it is natural
to ask when one may pick higher length chains which satisfy the hypercube relations.

If, for all ε, ε′ ∈ En, the attaching curves βε and βε′ are related by a sequence of
handleslides and isotopies, and length 1 cycles are chosen to represent the top degree

generators of HF−(Σ,βε,βε′ , w), then a procedure of Manolescu and Ozsváth
[MO10, Lemma 8.6] proves the existence of such a collection of higher length
chains which satisfy the hypercube relations.

5.6. Pairing hypercubes of attaching curves

Suppose Lα = (αν)ν∈Em
is a hypercube of alpha attaching curves, and Lβ =

(βε)ε∈En
is a hypercube of beta attaching curves. Furthermore, suppose that the

Heegaard multi-diagram with all 2m+2n attaching curves has only transverse dou-
ble point intersections, and is weakly admissible. In this situation, there is a nat-
urally associated n +m-dimensional hypercube of chain complexes CF−(Lα,Lβ),
as follows.

The chain complex associated to the vertex (ν, ε) ∈ Em+n is CF−(αν ,βε). To
describe the maps, it is helpful to introduce some notation. If ν1 < · · · < νi and
ε1 < · · · < εj , we define the map

fβε1→···→βεj

αν1→···→ανi : CF−(αν1 ,βε1) → CF−(ανi ,βεj )

via the formula

fβε1→···→βεj

αν1→···→ανi (x)

= fανi ,...,αν1 ,βε1 ,...,βεj

(
Θανi ,ανi−1 , . . . ,Θαν2 ,αν1 ,x,Θβε1 ,βε2 , . . . ,Θβεj−1 ,βεj

)
,

extended equivariantly over the action of U . The hypercube map in CF−(Lα,Lβ)
from (ν, ε) to (ν′, ε′) is given by the formula

(5.7) F βε→βε′

αν→αν′ :=
∑

ν<ν1<···<νi<ν′

ε<ε1<···<εj<ε′

fβε→βε1→···→βεj→βε′

αν→αν1→···→ανi→αν′ .
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In the notation of Section 5.1, the map F βε→βε′

αν→αν′ would be written D
(ν′−ν,ε′−ε)
(ν,ε) . If

ν = ν′, then we will usually write F βε→βε′

αν , and similarly if ε = ε′.

Lemma 5.10. If Lα and Lβ are m and n-dimensional hypercubes of attaching
curves on (Σ, w), such that the Heegaard multi-diagram consisting of all 2m + 2n

attaching curves is weakly admissible, then the diagram CF−(Lα,Lβ) is an (n+m)-
dimensional hypercube of chain complexes.

Lemma 5.10 follows immediately from the associativity relations for holomor-
phic polygons, together with the compatibility conditions in (5.6).

5.7. Hypercubes with twisted coefficients

The above notions naturally adapt to give a notion of a hypercube of attaching
curves on a doubly pointed surface (Σ, w, z) with twisted coefficients. Assume
first that there is a chosen path γ from w to z. A twisted hypercube of alpha
attaching curves Lα is defined similarly to the untwisted case, except all of the Floer
complexes have coefficients in F�U� ⊗ F[Z/m]. A holomorphic curve representing
a class φ is counted with a multiplicity of Unw(φ)Tnz(φ)−nw(φ). We may pair two
twisted hypercubes La and Lβ to form a hypercube of chain complexes over F�U�⊗
F[Z/m], denoted

CF−(Lα,Lβ).

We are usually interested in a subcomplex of CF−(Lα,Lβ), which we denote by

CF−(Lα,Lβ). Suppose that Lα and Lβ are n and m-dimensional, respectively.

If (ε, ν) ∈ En × Em, we define CF−(Lα,Lβ)
(ε,ν) to be CF−(αε,βν) ⊗ T 0 ∼=

CF−(αε,βν) if

αε′ ∩ γ = βν′
∩ γ = ∅ whenever ε′ ≤ ε and ν′ ≤ ν,

and we define CF−(Lα,Lβ)
(ε,ν) = CF−(αε,βε) otherwise. It is straightforward

to see that CF−(Lα,Lβ) is a subcomplex of CF−(Lα,Lβ).

5.8. Low dimensional notation

Since we will only be dealing with hypercubes of dimension 3 or less, it is
convenient to make some special notation.

(1) We use the characters Θ, λ and ω for length 1, 2 and 3 chains, respectively,
in a hypercube of attaching curves.

(2) We use the characters F , H, and P , respectively, for the length 1, 2 and
3 maps in a hypercube of chain complexes.

(3) We use the characters f , h and p to indicate triangle, quadrilateral, and
pentagon counting maps, respectively.

As particular examples, if α′ and α differ in a single hypercube coordinate, we

write fβ
α→α′ for the map fα′,α,β(Θα′,α,−). Similarly, if α′ and α differ in two

coordinates, we write fβ
α→α′ for the map fα′,α,β(λα′,α,−).
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CHAPTER 6

Doubled Heegaard diagrams and the involution

In this chapter, we begin by describing the operation of doubling a Heegaard
diagram of a 3-manifold in Section 6.1. There is an analog for diagrams of knots,
which is described in Section 6.2. In Section 6.3, we will see how doubled Heegaard
diagrams give a conceptually simple formula for the involution. In Section 6.4, we
sketch our construction of the main hypercube, in terms of doubled diagrams. We
prove a technical result regarding admissibility of doubled diagrams in Section 6.5.

In this chapter, we focus on the case that Y is an integer homology 3-sphere,
which simplifies the discussion of the twisted complexes CF−(Y ). This level of
generality will be sufficient for our purposes until Chapter 22, when we talk about
rational surgeries.

6.1. Doubled Heegaard diagrams

Suppose that (Σ,α,β, w) is a Heegaard diagram for (Y,w). Let D ⊆ Σ be
an open disk centered at w. Note that both N(Σ \ D) and its complement are
handlebodies. We construct a new Heegaard surface D(Σ) for Y :

D(Σ) := ∂ ((Σ \D)× [0, 1]) ∼= Σ#Σ.

We now describe a method for constructing attaching curves on D(Σ). We
may take one set of attaching curves to be α ∪ β, where α ⊆ Σ and β ⊆ Σ. (The
barring of β indicates only that it lives on Σ). A second set of attaching curves
may be constructed as follows. Let I ⊆ ∂D be a subinterval. Let d1, . . . , d2g be a
set of pairwise disjoint, properly embedded arcs in Σ \ D, such that ∂di ⊆ I, and
which induce a basis of H1(Σ \D, I;Z). If we view D(Σ) as Σ#Σ, we may double
the arcs d1, . . . , d2g to obtain a collection of pairwise disjoint simple closed curves
Δ = (Δ1, . . . ,Δ2g) on D(Σ), which form a set of compressing curves for D(Σ). On

Σ#Σ, we view the basepoint w as living in a subset of the connected sum region
which is complementary to I × [0, 1].

The above construction naturally gives two Heegaard diagrams,

D(H) :=
(
Σ#Σ,α ∪ β,Δ, w

)
and D(H) :=

(
Σ#Σ,Δ,α ∪ β, w

)
,

which are conjugates of each other.
The transition maps ΨH→D(H) and ΨD(H)→H have a simple description, as we

now describe. Let β′ be small Hamiltonian translate of β, such that |βi∩β′
j | = 2δij .

There is a 1-handle map

F β,β
′

1 : CF−(Σ,α,β) → CF−(Σ#Σ,α ∪ β,β ∪ β
′
),

defined by the formula

(6.1) F β,β
′

1 (x) = x×Θ+

β,β
′ ,

69
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extended F[U ]-equivariantly, where Θ+

β,β
′ is the top degree generator of CF−(Σ,

β,β
′
). Next, we note that (Σ#Σ,β ∪β

′
,Δ, w) is the double of (Σ,β,β′, w) which

is a diagram (S1 × S2)#g. Hence, assuming the diagram (Σ#Σ,β ∪ β
′
,Δ, w) is

weakly admissible, there is a cycle

Θ+

β∪β
′
,Δ

∈ CF−(Σ#Σ,β ∪ β
′
,Δ, w) 
 CF− ((S1 × S2)#g

)
,

representing the top degree generator of homology. See Section 6.5 for more on
admissibility and doubled diagrams. We define

fβ∪β
′→Δ

α∪β
(x) := fα∪β,β∪β

′
,Δ

(
x,Θ+

β∪β
′
,Δ

)
.

Proposition 6.1. If H = (Σ,α,β, w) is a Heegaard diagram and D(H) =
(Σ#Σ,α ∪ β,Δ, w) is a double of H, then

ΨH→D(H) 
 fβ∪β
′→Δ

α∪β
◦ F β,β

′

1 .

Dually,

ΨD(H)→H 
 F β,β
′

3 ◦ fΔ→β∪β
′

α∪β
.

In Proposition 6.1, the map F β,β
′

3 is the dual of the map F β,β
′

1 in (6.1), i.e., it
is F[U ]-equivariant and satisfies

F β,β
′

3 (x×Θ) =

{
x if Θ = Θ−

β,β
′

0 otherwise.

Proposition 6.1 is proven by interpreting the first composition as the cobor-
dism map for a canceling sequence of 1-handles and 2-handles. The second map is
similarly interpreted as the cobordism map for a canceling sequence of 2-handles
and 3-handles. See [Zem21, Proposition 7.2] for further details.

6.2. Doubled diagrams for knots

In this section, we describe an analog of the doubling construction from Sec-
tion 6.1, for doubly pointed diagrams of knots. We also describe an analog of Propo-
sition 6.1 for the twisted complexes CF−(Σ,α,β, ŵ, z). There is a new source of
ambiguity in the construction, since we may add the new 1-handles near either w,
or near z.

Suppose H = (Σ,α,β, w, z) is a Heegaard diagram for a doubly pointed knot
(K,w, z) in Y . We form a diagram (Σ#Σ,α ∪ β,Δ, z, z) by doubling the diagram
H, at the basepoint w. In this diagram, we delete w, and add a new basepoint
z ∈ Σ, which is the image of z on Σ.

The diagram (Σ#Σ,α ∪ β,Δ, z, z) may naturally be viewed as a diagram for
(Y,K), as follows. Let D be an open disk containing the basepoint w, and we
embed Σ#Σ into Y as ∂(N(Σ\D)). The knot K no longer intersects the Heegaard
surface at w, and instead intersects it at z ∈ Σ and z ∈ Σ. See Figure 6.1.

There is a 1-handle map

F β,β
′

1 : CF− (Σ,α,β, ŵ, z) → CF−
(
Σ#Σ,α ∪ β,β ∪ β

′
, z, ẑ
)
.

We think of F β,β
′

1 as corresponding to attaching 1-handles near w, then moving w
to the position of z.
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Σ
K

Σ
K

z

z

Σ

z
w

Figure 6.1. A Heegaard diagram for a knot (top), and its double (bottom).

We have the following analog to Proposition 6.1, for twisted complexes:

Proposition 6.2. The composition

fβ∪β
′→Δ

α∪β
◦ F β,β

′

1 : CF− (Σ,α,β, ŵ, z) → CF− (Σ#Σ,α ∪ β,Δ, z, ẑ
)

is chain homotopic to the map for the diffeomorphism which moves w to z along a
subarc of K, while keeping z fixed, followed by the map from naturality. Dually,

F β,β
′

3 ◦ fΔ→β∪β
′

α∪β
: CF− (Σ#Σ,α ∪ β,Δ, z, ẑ

)
→ CF−(Σ,α,β, ŵ, z),

is chain homotopic to the diffeomorphism map moving z to w while fixing z, followed
by the map from naturality.

6.3. The involution via doubling

A doubled diagramD(H) may be viewed as the double of bothH andH. Hence,
the involution may be described as a composition of a doubling map, followed by an
un-doubling map, using the formulas from Proposition 6.1 and 6.2. More concretely,
if (Σ,α,β, w) is a Heegaard diagram, then

(6.2) ι 
 η ◦ Fα,α′

3 ◦ fΔ→α′∪α
α∪β

◦ fβ∪β
′→Δ

α∪β
◦ F β,β

′

1 .

(Recall that η is the tautological chain isomorphism from Section 2.1.)
Similarly, if (Σ,α,β, ŵ, z) is a diagram for an oriented null-homologous knot K

in Y , with w marked as the special basepoint, then the twisted involution defined
in (2.10) satisfies

ι 
 Fz→w ◦ η ◦ Fα,α′

3 ◦ fΔ→α′∪α
α∪β

◦ fβ∪β
′→Δ

α∪β
◦ F β,β

′

1 .

(Recall that η is the tautological chain isomorphism from Section 2.3.)

Remark 6.3. At this point we pause for one important note concerning the
definition of the knot involution. The choice of which basepoint at which we form
the connect sum in Figure 6.1 is not arbitrary; it is instead determined by our
choice of flip map Fz→w. In particular, the choice of basepoint at which we form
the connect sum determines the direction in which the basepoint-moving diffeomor-
phism in the definition of ιK twists along the knot K. If we take the connected
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K

Fz→w

α

α α
w z w z

ιB

Figure 6.2. A schematic of the map ιB defined using the wrong
choice of connected sum point. The top image indicates the ori-
entation of K, and the bottom row indicates the diagrams which
appear in the definition of ιB. Arrows indicate movement of the
basepoints throughout. The diagram on the left is (Σ,α,β, w, z).
The middle-left is the doubled diagram. The middle-right is the di-
agram (Σ,β,α, z, w). The final right-hand diagram indicates the
path for the flip map. Note that w is sent through a full loop
around K as we go from left to right.

sum near w, the basepoint-moving diffeomorphism from ιK twists oppositely to the
orientation of K, whereas the flip map twists coherently to K. The net effect is
that the map ιB := Fz→w ◦ ιK carries the basepoint w through a nullhomotopic
loop. If we instead take the connected sum near z then both ιK and Fz→w move
basepoints positively along K. Hence ιB sends the basepoints through a full loop
around K, as in Figure 6.2. Our proof of the surgery exact triangle does not carry
through with this choice. Concretely, one of the model counts in Lemma 19.23 will
fail.

6.4. Doubling and the involutive hypercube of a triad

We now outline our construction of the main hypercube, from Theorem 1.14.
We will construct a hyperbox of chain complexes, of size (1, 1, 7), which we show
in Figure 6.3. In the subsequent sections, we will construct the hypercubes labeled
C1-h, C1

2-h, Ccen, C2
2-h, C3-h, Cη and CF.

We have not drawn any of the length 2 or 3 arrows in any of the hypercubes. The
compression of the above hyperbox of chain complexes will be our main hypercube.
Our construction is organized as follows:

• C1-h and C3-h are the 1-handle and 3-handle hypercubes. They are special
cases of the hypercubes for stabilization, constructed in Chapter 14.

• C1
2-h and C2

2-h are the 2-handle hypercubes. They are constructed in Chap-
ters 15 and 17.

• Ccen is the central hypercube. It is constructed in Chapter 16.
• Cη is the tautological hypercube. It is described in Chapter 18.
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CF−(Σ,α1,β) CF−(Σ,α3,β, ŵ, z)

CF−(Σ,α2,β)

}
C1-h

CF−(Σ#Σ,α1 ∪ β,β ∪ β) CF−(Σ#Σ,α3 ∪ β,β ∪ β)

CF−(Σ#Σ,α2 ∪ β,β ∪ β)

}
C1
2-h

CF−(Σ#Σ,α1 ∪ β,Δ) CF−(Σ#Σ,α3 ∪ β,Δ)

CF−(Σ#Σ,α2 ∪ β,Δ)

}
Ccen

CF−(Σ0#Σ,α ∪ β,Δ1) CF−(Σ0#Σ,α ∪ β,Δ3)

CF−(Σ0#Σ,α ∪ β,Δ2)

}
C2
2-h

CF−(Σ0#Σ,α ∪ β,α ∪αH
1 ) CF−(Σ0#Σ,α ∪ β,α ∪αH

3 )

CF−(Σ0#Σ,α ∪ β,α ∪αH
2 )

}
C3-h

CF−(Σ,β,α1) CF−(Σ,β,α3, ẑ, w)

CF−(Σ,β,α2)

}
Cη

CF−(Σ,α1,β) CF−(Σ,α3,β, w, ẑ)

CF−(Σ,α2,β)

}
CF

CF−(Σ,α1,β) CF−(Σ,α3,β, ŵ, z)

CF−(Σ,α2,β)

Fβ,β
1 Fβ,β

1

Fβ,β
1

Fα,α
3 Fα,α

3

Fα,α
3

η η

η

id Fz→w

id

Figure 6.3. The hyperbox whose compression is the hypercube
in Theorem 1.14. Length 2 and 3 arrows are not shown.

• CF is the flip-map hypercube. It is constructed in Chapter 18.

The surface Σ0#Σ, and the attaching curves Δi, α and αH
i will be described

in Chapter 15. Note that the columns are not identical to the doubling model
described in Section 6.3 (for example, the model described therein did not feature
Σ0#Σ). We prove in Lemma 16.14 that the vertical maps in Ccen coincide with
change of diagram maps. Using this fact, the same logic as in Proposition 6.1 also
shows that the composition of each vertical arrow in the columns of Figure 6.3 gives
the involution.

6.5. Admissibility and doubled diagrams

In this section, we prove a technical result concerning admissibility of dou-
bled diagrams, which will be used as the model for more complicated admissibility
arguments later.

Definition 6.4. Suppose D = (Σ,γ1, . . . ,γn, w) is a Heegaard multi-diagram.
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s

β
s+

s−

β

wind

D D1

α α

Figure 6.4. Winding along si once to obtain D1.

(1) A (rational) periodic domain is an integral (resp. rational) 2-chain D
on Σ such that ∂D is a (rational) linear combination of the curves in
γ1 ∪ · · · ∪ γn, and furthermore, nw(D) = 0.

(2) D is weakly admissible if every non-zero periodic domain has both positive
and negative multiplicities.

Since we are working over the power series ring F�U�, it is sufficient to work with
diagrams which are weakly admissible. (See [OS04b, Lemma 4.13].) Admissibility
is usually achieved by the process of winding [OS04b, Section 5], which we now
sketch. If (Σ,α,β, w) is a Heegaard diagram, we pick pairwise disjoint, embedded
curves s1, . . . , sg which are dual to the β curves, in the sense that

|si ∩ βj | = δij .

We then consider two pushoffs s+i and s−i of si. We form a diagram DN by winding
βi N -times, positively, along s+i , and N -times, negatively, along s−i . See Figure 6.4.

Ozsváth and Szabó show that if one winds a Heegaard multi-diagram suffi-
ciently, then weak admissibility is obtained [OS04b, Lemma 5.4]. In particular, if
(Σ#Σ,α ∪ β,Δ, w) is a doubled diagram, we may wind α ∪ β to achieve admissi-
bility. This is not quite suitable for our purposes. Instead, we now show that for a
doubled diagram, we need only wind β to achieve admissibility.

We now prove a helpful admissibility result for doubled diagrams where Δ are
adapted to α. The following will be a model for proving admissibility of Heegaard
multi-diagrams appearing in the construction of the central hypercube.

Lemma 6.5. Suppose that H = (Σ,α,β, w) is a Heegaard diagram, and D(H) =
(Σ#Σ,α∪β,Δ, w) is a double of H. Then, after winding the β curves sufficiently
on Σ, the diagram D(H) becomes weakly admissible.

Proof. Let s1, . . . , sg ⊆ Σ denote dual curves to the β curves, along which

to wind. Let D(H)N denote the diagram obtained by winding β N -times, along
positive and negative push-offs of the curves s1, . . . , sg, as in Figure 6.4.

Let PQ
N denote the set of rational periodic domains on D(H)N . It is clearly

sufficient to rule out the existence of a nonzero rational periodic domain with non-
negative coefficients.

Note that there is a canonical isomorphism

φN : PQ → PQ
N ,

which preserves the multiplicities which are not in the winding region.
We suppose for contradiction that D(H)N is not weakly admissible, for arbi-

trarily large N . This means there is a sequence of periodic domains, {Di}i∈N such



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

6.5. ADMISSIBILITY AND DOUBLED DIAGRAMS 75

that Di is a nonzero periodic domain on D(H)Ni
with only nonnegative multiplic-

ities, where Ni → ∞. By rescaling, we assume that

‖Di‖L∞ = 1,

for all i. We consider the domains D′
i := φ−1

Ni
(Di). Noting that the set of multi-

plicities of D′
i is a subset of the multiplicities of Di, it follows that ‖D′

i‖L∞ ≤ 1,
for all i. Let D′

∞ be the limit of a convergent subsequence of the D′
i. We make the

following claims:

(d-1) D′
∞ is nonnegative.

(d-2) D′
∞ is a real periodic domain such that ∂D′

∞ is a linear combination of the
α and Δ curves (in particular, the boundary contains no multiples of β).

(d-3) ‖D′
∞‖ ≥ 1/2.

Claim (d-1) follows since Di is nonnegative, and the set of multiplicities of D′
i

is a subset of the set of multiplicities of Di.
To prove claim (d-2), it is sufficient to show that D′

∞ has equal multiplicity on
either side of a curve β in β. Assume D′

i → D′
∞. As the difference of D′

∞ across
β at a point p ∈ β is independent of p, it is sufficient to consider p adjacent to the
winding region, but not contained in it. Let xl

i and xr
i denote the multiplicities of

D′
i on either side of β at p (the order is unimportant). Let xl

∞ and xr
∞ denote the

limits (which are the values of D′
∞ near p). By construction, Di has multiplicities

of both xl
i +Ni(x

l
i − xr

i ) and xr
i +Ni(x

r
i − xl

i). Since for all i,

0 ≤ xl
i +Ni(x

l
i − xr

i ) ≤ 1 and 0 ≤ xl
i ≤ 1,

we obtain that xl
∞ − xr

∞ = 0, by taking the limit. In particular, D′
∞ has equal

multiplicities on both sides of β. Claim (d-2) follows.
We now consider claim (d-3). We claim that each D′

i has a multiplicity which
is at least 1/2. By construction, each Di has a multiplicity which is 1. If this
multiplicity occurs outside of the winding region, then we are done. Suppose that
it occurs inside of the winding region for a curve s ∈ {s1, . . . , sg} which is dual to
β ∈ β. Let δ denote the coefficient of β in ∂D′

i, which is equivalently the difference
in multiplicities on the two sides of β. We may assume δ ≥ 0 by changing the
orientation of β, if necessary. The multiplicities of Di are exactly m+ k · δ, where
m is a multiplicity of D′

i and k ∈ {−Ni, . . . , Ni}. For m+ k · δ to be the maximal
multiplicity of D′

i, we must have k = Ni. However,

0 ≤ m−Ni · δ.

Adding 1 = m+Ni · δ and dividing by 2 we obtain m ≥ 1/2, establishing (d-3).
However, there are no non-trivial, real 2-chains on Σ#Σ which have multi-

plicity 0 at w and satisfy (d-1), (d-2) and (d-3). Indeed, such a 2-chain would
give a non-trivial linear relation amongst the classes [α1], . . . [αg], [Δ1], . . . , [Δ2g] in

H1(Σ#Σ;R). However, the subspaces

Span([α1], . . . , [αg]), Span([Δ1], . . . , [Δ2g]) ⊆ H1(Σ#Σ;R)

have trivial intersection, and are themselves g and 2g-dimensional, respectively. �

To ensure certain stabilization results for holomorphic curves, it will be helpful
to introduce the following restricted version of a doubled diagram:
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Δ2i

Δ2i−1

αi

Figure 6.5. A schematic of a choice of Δ ⊆ Σ#Σ, which are
adapted to α ⊆ Σ. Here, Σ is the genus 1 region on the left, and
Σ is the genus 1 region on the right.

Definition 6.6. Suppose that H = (Σ,α,β, w) is a Heegaard diagram, and
(Σ#Σ,α ∪ β,Δ, w) is a double of H. We say that the curves Δ are adapted
to α if they are constructed by doubling a basis of arcs d1, . . . d2g for H1(Σ \
N(w), I;Z), where I is a subarc of ∂N(w), as follows. The arcs d2, d4, . . . , d2g are
chosen (arbitrarily) to satisfy

|d2i ∩ αj | = δij .

The arc d2i induces two arcs from αi to αi. Let λi denote one of these arcs (chosen
arbitrarily). We let Δ2i−1 be obtained by handlesliding αi across αi, using the arc
λi as a guide. We assume Δ2i−1 is chosen to be disjoint from αi.

Note that Lemma 6.5 implies that α-adapted diagrams may be made weakly
admissible by winding β sufficiently.
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CHAPTER 7

Moduli spaces and almost complex structures

In this chapter, we describe some analytic input we will need. We begin by
defining our spaces of almost complex structures and moduli spaces for holomor-
phic disks in Section 7.1. In Section 7.3 we describe some results on transversality
of holomorphic curves with pointwise constraints, including pointwise tangency
constraints, which we use frequently. In Sections 7.5–7.8 we describe the neces-
sary input on boundary degenerations, including Proposition 7.9, which has not
appeared previously in the literature.

7.1. Almost complex structures for holomorphic disks

Let ω = dA+ds∧dt be a fixed, split symplectic form on Σ× [0, 1]×R. Suppose
p1, . . . , pn is a fixed collection of points in Σ\(α∪β), andD1, . . . , Dn are a collection
of small regular neighborhoods of p1, . . . , pn in Σ.

Definition 7.1. We say an almost complex structure J on Σ × [0, 1] × R is
admissible if it satisfies the following:

(J-1) J is tamed by ω.
(J-2) J is split on (D1 ∪ · · · ∪Dn)× [0, 1]× R.
(J-3) J is translation invariant under the R-action.
(J-4) J∂/∂s = ∂/∂t.
(J-5) TpΣ⊕ {0} is a complex line in a neighborhood of (α∪β)× [0, 1]×R, and

on Σ× {0, 1} × R.

Note that our axioms (J-1)–(J-5) are equivalent to the ones that Lipshitz labels
(J-1)–(J-4) and (J-5’) (in particular, our numbering does not coincide with his). A
similar family of almost complex structures are called relaxed in [LOT18, p. 229].

7.2. Moduli spaces of disks

Suppose (Σ,α,β, w) is a Heegaard diagram. Suppose that S is a smooth
(not nodal) Riemann surface with boundary and a finite collection of boundary
punctures, designated as + or −. Suppose J is an almost complex structure on
Σ× [0, 1]×R which satisfies (J-1)–(J-5). We are interested in pairs (u, j), where j
is an almost complex structure on S, and u is a smooth map

u : (S, ∂S) → (Σ× [0, 1]× R, (α× {1} × R) ∪ (β × {0} × R)),

representing the homology class φ, and satisfying the following:

(M -1) u is (j, J)-holomorphic.
(M -2) u is proper.
(M -3) For each i, u−1(αi×{1}×R) and u−1(βi×{0}×R) each consist of exactly

one component of ∂S.
(M -4) If q is a + puncture of S, then limz→q(πR ◦ u)(z) = +∞.

77
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(M -5) If q is a − puncture of S, then limz→q(πR ◦ u)(z) = −∞.
(M -6) u has finite energy.
(M -7) πD ◦ u is non-constant on each component of S, where πD denotes the

projection onto [0, 1]× R.

Compare [Lip06, p. 960], [LOT18, p. 63]. We write MJ (S, φ) for the set of
such pairs, modulo the relation that (u, j) ∼ (u′, j′) if there is a (j, j′)-holomorphic
diffeomorphism φ : S → S such that u′ ◦ φ = u.

The next object of interest is the moduli space of holomorphic curves with
marked points. Suppose S is a Riemann surface, as above, and q = (q1, . . . , qn) is
an ordered collection of distinct points along S. We write Sq for a surface, equipped
with a choice of q. We write MJ (S

q, φ) for the set of pairs (u, j) satisfying (M -1)–
(M -7), except we quotient only by diffeomorphisms φ : S → S which fix q pointwise.

We say two marked surfaces Sq and Tp are equivalent if there is a diffeomor-
phism φ : S → T which takes the positive (resp. negative) punctures to positive
(resp. negative) punctures, and restricts to an order preserving bijection between
q and p.

7.3. Moduli spaces with matching conditions

A common construction is to restrict the values obtained by holomorphic curves
on their marked points. A refinement of this construction is to consider holomorphic
curves with additional tangency constraints at their marked points. In this section,
we provide background on the construction.

Suppose that (W,J) is an almost complex manifold and p ∈ W . A complex
r-jet at p is an equivalence class of germs of J-holomorphic maps

g : (C, 0) → (W, p),

where two germs, g1 and g2, are r-equivalent if
(

∂i

∂ixg1

)
(0) =

(
∂i

∂ixg2

)
(0) for all

0 ≤ i ≤ r, where (x, y) are the standard coordinates on C. We write Jetrp(W,J) for
the set of complex r-jets at p.

Using the local existence of holomorphic curves, one can identify Jetrp(W
2n, J)

with Crn [ZZ15, Proposition 2.1]. By convention, we interpret the 0-jet space as
a single point. When W = Cn, coordinates on the jet spaces may be given by
coefficients of complex Taylor series.

It is straightforward to identify Jet1p(W,J) with TpW , and hence Jet1p(W,J) is
naturally a complex vector space. For r > 1, Jetrp(W,J) is not naturally a vector
space, however it does have a distinguished point 0, given by the constant map at
p. We define

Jetr(W,J) :=
⋃
p∈W

Jetrp(W,J),

which forms a fiber bundle over W .
If (W1, J1) and (W2, J2) are two almost complex manifolds and u : W1 → W2

is (J1, J2)-holomorphic, there is an r-jet evaluation map

Jr
pu : Jetrp(W1, J1) → Jetru(p)(W2, J2),

given by (Jr
pu)(g) = u ◦ g.
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Definition 7.2. We say M = (M0, t) is a matching condition if M0 ⊆ ((0, 1)×
R)k is a smoothly embedded submanifold, and t = (n1, . . . , nk,m1, . . . ,mk) is a
tuple of nonnegative integers.

If t = (n1, . . . , nk,m1, . . . ,mk), we write

|t| := n1 + · · ·+ nk +m1 + · · ·+mk.

Suppose M is a matching condition, Sq is a marked Riemann surface for disks,
p ∈ Σ \ (α∪β) is a chosen point, and J is an admissible almost complex structure
on Σ× [0, 1]×R which is split in a cylindrical neighborhood of {p}× [0, 1]×R. We
define the moduli space of M -matched disks to be
(7.1)

MJ (S
q, φ,M) :=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩(u, j) ∈ MJ (S, φ)

∣∣∣∣∣∣∣∣∣∣
(πΣ ◦ u)(qi) = p

((πD ◦ u)(q1), . . . , (πD ◦ u)(qk)) ∈ M0,
Jni
qi (πΣ ◦ u) = 0,

Jmi
qi (πD ◦ u) = 0,
for i = 1, . . . , k

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ .

In (7.1), if ni = 0, we interpret Jni
qi (πΣ ◦ u) = 0 as holding vacuously.

If p1, . . . , p
 is a collection of special points on Σ\ (α∪β), and we are equipped
with a function f : q → {p1, . . . , p
}, then we may also define the moduli space of
M -matched disks for Sq,f by a simple adaptation of (7.1).

7.4. Expected dimensions

Given a matching condition M = (M0, t), we will write

|M | := codim(M0) + 2|t|.
We define the embedded, matched index of a pair (φ,M) to be

indemb(φ,M) := μ(φ)− |M |,
where μ(φ) denotes the ordinary Maslov index of the class φ.

Proposition 7.3. Suppose that Sq is a Riemann surface with k marked points
q = (q1, . . . , qk), and M = (M0, t) is a matching condition at a point p ∈ Σ.

(1) For generic J satisfying (J-1)–(J-5), the M -matched moduli space
MJ (S

q, φ,M) is a smooth manifold of dimension

ind(u)− |M |,
where ind(u) denotes the Fredholm index, viewing u as a holomorphic
curve with no marked points.

(2) Furthermore, the dimension of MJ (S
q, φ,M) also coincides with the

quantity
indemb(φ,M)− 2 Sing(u),

where Sing(u) denotes the singularity number of u.

In part (2) of Proposition 7.3, the quantity Sing(u) is the signed count of double
points, in an equivalent singularity. An interior (positive) double point contributes
1, and a boundary double point contributes 1

2 .
Proposition 7.3 follows from a standard line of reasoning, as we now sketch.

We begin with part (1). In the restricted case that t = (0, . . . , 0), the result follows
from a straightforward combination of the proofs of [Lip06, Proposition 3.7] and
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[MS12, Proposition 3.4.2]. For a generic J , MJ (S
q, φ) is a smooth manifold, and

the map evq is transverse to M0, giving the claimed dimension count immediately.
The case when |t| > 0 is slightly more involved, as we now describe. We note

that Jni
qi (πΣ ◦ u) lives in Map(Jetni

qi (S, j), Jet
ni

(πΣ◦u)(qi)(Σ, jΣ)), which depends on j.

This is slightly inconvenient for computing expected dimensions, and one solution
is to pick complex coordinates carefully on S, near q, as we now describe.

Write J (S) for the set of almost complex structures on S. The Teichmüller
space of Sq, which we denote by T (Sq), is the the quotient of J (S) by Diff0(S,q)
(automorphisms of S, which are isotopic to idS via an isotopy which fixes q). Let
us write π : J (S) → T (Sq) for the natural map.

Definition 7.4. If j0 ∈ J (S), a Teichmüller slice through j0 is a subset
T ⊆ J (S) parametrized by a map

φ : (U, 0) → (J (S), j0)

where U is an open subset of some Euclidean space, containing 0, such that the
composition π ◦ φ : U → T (Sq) is a diffeomorphism onto its image. Furthermore,
all j ∈ T coincide on a neighborhood of q.

See [Wen10a, Section 3.1] for information on constructing Teichmüller slices.

Let B denote the set of W p,1
δ maps from S to Σ× [0, 1]×R. Fix a Teichmüller

slice T through j0 ∈ J (S). There is a Banach space bundle E over T × B, whose
fiber over (j, u) consists of Lp

δ sections of the vector bundle Ω0,1(S, j, u) → S, whose
fiber at p is the vector space

Ω0,1
p (S, j, u) = HomC

(
(TpS, j), (Tu(p)Σ× [0, 1]× R, J)

)
.

We view the operator ∂J : T × B → E , given by

∂J(u) = du+ J ◦ du ◦ j,

as giving a section of the bundle E .
Since the almost complex structures j ∈ T on S from a Teichmüller slice T are

constant near q, we may pick complex coordinates in a neighborhood of each qi.
For a tuple (r1, . . . , rk) ∈ Zk

≥0, we obtain a jet space evaluation map

(7.2) evJet : ∂
−1

J (0)∩(T ×B) → Jetr1(Σ×[0, 1]×R, J)×· · ·×Jetrk(Σ×[0, 1]×R, J).

Write ∂
−1

J (0)|D for the set of open subset consisting of marked holomorphic
curves whose marked points have evaluation in D × [0, 1] × R. Furthermore, we
may restrict attention to the set of almost complex structures satisfying (J-1)–
(J-5) which additionally coincide with jD × jD on D × [0, 1] × R, for some fixed
almost complex structure jD on D. In this case, the jet evaluation map from (7.2)
restricts to a map

(7.3) evJetD : ∂
−1

J (0)|D → Jetr1(D × [0, 1]× R)× · · · × Jetrk(D × [0, 1]× R),

which has a codomain independent of J .
The matched moduli space in (7.1) is then locally given as the preimage under

evJetD of a submanifold

Z(M) ⊆ Jetr1(D × [0, 1]× R)× · · · × Jetrk(D × [0, 1]× R),
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where ri = max{ni,mi}. We leave it to the reader to write down an explicit formula
for Z(M) in terms of M , however we note that it has codimension

2k + codim(M0) + 2|t|.

Definition 7.5. We say that J is regular for M if at every (u, j) ∈ MJ (S
q,

φ,M) there is a Teichmüller slice T through j, such that the map ∂J is transverse
to the zero section of the bundle E → T × B, and the map evJetD is transverse to
Z(M).

The above regularity condition is independent of the Teichmüller slice T ; see
[Wen10b, Lemma 4.3.2]. Finally, an essentially standard argument shows that
there is a dense (Baire) subset of almost complex structures satisfying (J-1)–(J-5)
which are regular. The argument can be obtained by combining [Lip06, Propo-
sition 4.3] together with one of [Wen23, Lemma A.3], [CM07, Lemma 6.6] or
[ZZ15].

Taking the preimage of Z(M) under evJetD gives part (1) of Proposition 7.3.
Part (2) of Proposition 7.3 follows from part (1), together with the formula

(7.4) ind(u) = μ(φ)− 2 Sing(u).

Equation (7.4) follows from [Lip14, Proposition 4.2’]. See also [LOT18, Proposi-
tion 5.69].

7.5. Cylindrical boundary degenerations

In this section, we recall some notions about cylindrical boundary degenera-
tions. The material is mostly based on [OS08a, Section 5] and [OS04, Section 5.6],
though Proposition 7.9 is new.

Definition 7.6. A cylindrical beta boundary degeneration is a smooth map

u : (S, ∂S) → (Σ× [0,∞)× R,β × {0} × R),

satisfying the following:

(N -1) u is (j, J)-holomorphic.
(N -2) u is proper.
(N -3) For each t ∈ R and i ∈ {1, . . . , n}, u−1(βi ×{t}) consists of a single point.
(N -4) u has finite energy.
(N -5) πH ◦ u is non-constant on each component of S, where πH denotes the

projection onto [0,∞)× R.

We define cylindrical alpha boundary degenerations analogously.

If B is a relative 2-cycle on (Σ,β), we write NJ (B) for the moduli space of
cylindrical beta-boundary degenerations representing the homology class B. There
is an evaluation map

ev∞ : NJ (B) → Tβ,

obtained by evaluating a boundary degeneration at its punctures. If x ∈ Tβ, we
write NJ (B,x) for (ev∞)−1(x).

The space NJ (B,x) has an action of Aut(H), the group of conformal autor-
morphisms of the half plane, which acts pointwise on the [0,∞) × R factor of a

curve. We write ÑJ (B,x) for the quotient

ÑJ (B,x) := NJ (B,x)/Aut(H).
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7.6. Boundary degenerations and split almost complex structures

Ozsváth and Szabó prove the following:

Theorem 7.7 ([OS08a, Theorem 5.5]). Suppose that (Σ,α,β,w) is a Heegaard
diagram, and J is a generic, split almost complex structure on Σ × [0,∞) × R. If
B is a Maslov index 2 class of beta boundary degenerations and x ∈ Tβ, then

#ÑJ (B,x) ≡
{
1 if |w| > 1

0 if |w| = 1.

Ozsváth and Szabó’s proof when |w| = 1 is based on the corresponding result for
the symmetric product [OS04b, Theorem 3.15], via the tautological correspondence.
This turns out to not be the most natural setting for our purposes, since it does
not rule out curves appearing in codimension 1 degenerations which satisfy only
(N -1)–(N -4), but not (N -5). For example, we may always form a holomorphic
curve as the union of Σ × {pt} together with a constant curve at x ∈ Tβ. The ∂
operator does not achieve transversality for such curves, as can easily be seen since
they violate expected dimension counts; compare Proposition 7.3.

In Sections 7.7 and 7.8, we adapt Lipshitz’s proof of stabilization invariance
[Lip06, Section 12] and consider more general families of almost complex structure
where, generically, transversality is achieved for all curves appearing in codimension
1 degenerations. Note that when we do this, we get a different count for the case
|w| = 1; see Proposition 7.9.

7.7. Boundary degenerations and generic almost complex structures

In this section, we define the almost complex structures we consider for bound-
ary degenerations. Suppose that p1, . . . , pn is a (possibly empty) collection of dis-
tinct points in Σ\β, and D1, . . . , Dn is a collection of small disks in Σ\β, containing
p1, . . . , pn, respectively.

Definition 7.8. We say an almost complex structure J on Σ × [0,∞) × R is
admissible if it satisfies the following:

(J ′-1) J is tamed by ω.
(J ′-2) J is split on (D1 ∪ · · · ∪Dn)× [0,∞)× R.
(J ′-3) J is invariant under the action of Aut(H).
(J ′-4) J∂/∂s = ∂/∂t.
(J ′-5) TpΣ×{0} is a complex line in a neighborhood of β× [0,∞)×R, and along

Σ× {0} × R.

If J is an almost complex structure on Σ × [0, 1] × R, satisfying (J-1)–(J-5),
then there is a naturally associated almost complex structure J ′ on Σ× [0,∞)×R,
as we now describe. Fix y0 ∈ {0} × R. If r > 0, write

Rr,y0
: Σ× [0, 1]× R ↪→ Σ× [0,∞)× R

for the embedding Rr,y0
(x, z) = (x, r · (z − y0)). We define

(7.5) J ′ = lim
r→∞

dRr,y0
◦ J ◦ d(Rr,y0

)−1.

Note that J ′ is independent of y0.
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There is a more concrete description of J ′ (which in particular makes it clear
that the limit exists). With respect to the isomorphism

T(p,y)(Σ× [0, 1]× R) ∼= TpΣ⊕ Ty([0, 1]× R),

we may decompose

J(p,y) =

(
(jΣ)(p,y) 0
Y(p,y) jD

)
,

where the following hold:

• (jΣ)(p,y) is an almost complex structure on TpΣ,
• jD is the standard almost complex structure on [0, 1]× R,
• Y(p,y) : TpΣ → Ty([0, 1]× R) is complex anti-linear.

Equation (7.5) has the more concrete description

(7.6) J ′
(p,y) =

(
(jΣ)(p,y0) 0
(∂yY )(p,y0) jH

)
,

where ∂yY denotes the directional derivative, in the direction y.
Finally, we note that if a boundary degeneration u : S → Σ × [0,∞) × R ap-

pears in the limit of J-holomorphic curves on Σ × [0, 1] × R, then u will be J ′-
holomorphic. This holds because a boundary degeneration which appears in the
limit of a sequence of curves in Σ× [0, 1]×R is obtained by rescaling the [0, 1]×R
component. Hence, the description in (7.5) makes it clear that the limiting curve
will be J ′-holomorphic.

7.8. Boundary degenerations for generic almost complex structures

In this section, we count index 2 boundary degenerations, for almost complex
structures on Σ× [0,∞)× R which satisfy (J ′-1)–(J ′-5); compare Theorem 7.7.

A key observation is that for a generic almost complex structure on Σ×[0,∞)×
R, satisfying (J ′-1)–(J ′-5), the ∂ operator achieves transversality at holomorphic
maps satisfying (N -1)–(N -4), which have no multiply covered, closed components.
The proof may be easily adapted from Lipshitz’s proof of the analogous statement
for holomorphic disks [Lip06, Proposition 3.7].

We now state our main count:

Proposition 7.9. Suppose β ⊆ Σ is a collection of attaching curves on Σ, B
is a Maslov index 2 class of beta boundary degenerations, and x ∈ Tβ. Then for
generic J satisfying (J ′-1)–(J ′-5),

(7.7) #ÑJ (B,x) ≡ 1 (mod 2),

(regardless of whether |w| = 1 or |w| > 1).

Proof. First, we argue that the mod 2 count of ÑJ (B,x) is independent of the
choice of generic J . Indeed if J0 and J1 are two generic almost complex structures,
then one picks a generic family, (Jt)t∈[0,1], connecting J0 and J1. We consider the
parametrized moduli space

ÑJt,t∈[0,1](B,x) :=
⋃

t∈[0,1]

ÑJt
(B,x)× {t}.

We claim the ends of ÑJt,t∈[0,1](B,x) are exactly the curves at t = 0 and t = 1.
To see this, we consider the possible degenerations away from t = 0 or t = 1.
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The source may degenerate along a collection of closed circles and boundary-to-
boundary arcs. If the source degenerates along a boundary-to-boundary arc, then
(N -3) implies that the limit contains either an additional boundary degeneration, or
a ghost curve component (i.e. a component which has image equal to a single point).
The formation of an additional boundary degeneration is prohibited since every non-
trivial boundary degeneration has Maslov index at least 2, so the formation of an
additional boundary degeneration would force B to have Maslov index at least 4.

For the moment, consider the components remaining after we trim any ghost
components. If there are additional degenerations of the source, then the remaining
components of the source have nodal points in their interior. The existence of such
curves are prohibited by the analog of Proposition 7.3 for boundary degenerations.
In particular, the expected dimension over all t of the space of non-embedded curves
representing B is at most 1. After quotienting by Aut(H), we obtain an expected
dimension of −1, so a generic family Jt misses the almost complex structures which
support such curves.

Finally, it remains to rule out ghost curves. These are ruled out by an easy
adaptation of a standard Fredholm index argument, for which we refer the reader
to [LOT18, Lemma 5.57] for more details.

Next, it remains to establish the stated count of boundary degenerations. We
begin with the g = 1 case, when (Σ,β) = (T2, β). In this case, we take an embedded,
homologically essential closed curve c ⊆ T2 \ β. We stretch the neck along c. If
we cut T2 along c, and collapse the two boundary components, we are left with
a 2-sphere, with two special points, p1 and p2. For large neck-length parameter,

by gluing, we may identify ÑJ(T )(B,x) with the space of self-matched boundary

degenerations on (S2, β), of Maslov index 4. A self-matched boundary degeneration
is a boundary degeneration u : S → S2 × [0,∞) × R, with two marked points,
q1, q2 ∈ S, satisfying

(πΣ ◦ u)(q1) = p1 and (πΣ ◦ u)(q2) = p2 and (πH ◦ u)(q1) = (πH ◦ u)(q2).
See Figure 7.1.

We deform the space of self-matched boundary degenerations and consider, for
t ∈ (0,∞), the space of t-self-matched cylindrical boundary degenerations, which
are Maslov index 4 boundary degenerations with two marked points, q1 and q2 on
the source, which satisfy

(πΣ ◦ u)(q1) = p1 and (πΣ ◦ u)(q2) = p2 and (πH ◦ u)(q1) = t · (πH ◦ u)(q2).
Here, if z ∈ [0,∞) × R, then t · z ∈ [0,∞) × R denotes the ordinary product,
viewing [0,∞)× R as the right-half plane in C. The ordinary self-matched moduli
space coincides with the 1-matched moduli space. Write N t(B,x) for the moduli
space of t-self-matched boundary degenerations, which we view as a subspace of
N (B1 ∪B2,x), where B1 and B2 denote the two components of S2 \ β. Note that
the action of Aut(H) preserves N t(B,x) for each t.

Gluing identifies the moduli space Ñ t(B,x) with the cartesian product

Ñ (B1,x)× Ñ (B2,x),

when t is large, where B1 and B2 are the index 2 classes which cover p1 and p2,

respectively. Hence, it remains to count Ñ (Bi,x) individually. These may be
counted by arguing the same as [OS08a, Theorem 5.5]. Namely, we deform the
almost complex structure so that it becomes a product, and then we are counting
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β

c p1

p2

x
βx

Figure 7.1. Stretching the neck along c identifies N (B,x) with
the space of self-matched, Maslov index 4 boundary degenerations
on (S2, β).

holomorphic maps from H to H× [0,∞)×R, which are the identity on H, modulo
the action of Aut(H). The count of such curves is clearly 1.

The case when |w| = 1, but g(Σ) > 1 is proven repeatedly performing a neck-
stretching argument, similar to the above one, to reduce to the g = 1 case (compare
the proof of [OS08a, Theorem 5.5]). �

Remark 7.10. Proposition 7.9 gives an alternative to the last step in Lipshitz’s
proof of stabilization invariance. In his proof, Lipshitz proves several gluing results
[Lip06, Appendix A] which reduce the question of stabilization invariance to the
claim that

#M(φ, d) ≡ 1 (mod 2),

where φ is the Maslov index 2 class on a standard genus 1 diagram for S3, d ∈
(0, 1)× R. This count may instead be performed by letting d approach a point in
d0 ∈ {1}×R, along some path γ. By considering the moduli space of curves which
match any point along γ, one identifies M(φ, d) with the count of beta-boundary
degenerations, which is 1, according to our Proposition 7.9.

Another situation that is helpful to understand is that of matched boundary
degenerations on pairs of diagrams. Suppose that H1 = (Σ1,β1) and H2 = (Σ2,β2)
are two partial Heegaard diagrams, each with a special point pi ∈ Σi \βi. Suppose
x1 ∈ Tβ1

and x2 ∈ Tβ2
are two points. There are unique, non-negative, index 2

classes, B1 and B2, which cover p1 and p2 once, respectively. For t ∈ R, we consider
the moduli space NN t(B1, B2,x1,x2) which consists of pairs (u1, u2) of boundary
degenerations, each with a marked point, q1 and q2, such that

(πΣ1
◦ u1)(q1) = p1, (πΣ2

◦ u2)(q2) = p2, (πH ◦ u1)(q1) = (πH ◦ u2)(q2),

ev∞(u1) = x1 and ev∞(u2) = x2.
(7.8)

We write ÑN
t
(B1, B2,x1,x2) for the quotient by the action of Aut(H).

Lemma 7.11. Suppose (Σ1,β1) and (Σ2,β2) are two partial Heegaard diagrams,
each with a special point pi ∈ Σi \ βi, as above. If B1 and B2 are classes described
above, and J is a generic almost complex structure on (Σ1�Σ2)× [0,∞)×R which
satisfies (J ′-1)–(J ′-5), then

#ÑN J(B1, B2,x1,x2) ≡ 1.

The same also holds for alpha boundary degenerations.
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Proof. The argument follows from the same line of reasoning as Proposi-
tion 7.9. For t ∈ [1,∞), we consider the moduli space of t-matched boundary
degenerations NN t(B1, B2,x1,x2), which are defined as in (7.8), except we require

(πH ◦ u1)(q1) = t · (πH ◦ u2)(q2),

where t· denotes the standard action of R>0 on H. We may view NN t(B1, B2,
x1,x2) as being a subspace of the four dimensional moduli space N (B1, B2,x1,x2).
We note that the action of Aut(H) preserves the subspace NN t(B1, B2,x1,x2), for

all t, so we may consider the quotient ÑN
t
(B1, B2,x1,x2). Next, we consider the

parametrized moduli space

Ñ =
⋃

t∈[1,∞)

ÑN
t
(B1, B2,x1,x2)× {t}.

One end of Ñ may be identified with ÑN (B1, B2,x1,x2), while the other may

be identified with Ñ (B1,x1) × Ñ (B2,x2). Additional ends are ruled out as in
Proposition 7.9, completing the proof. �

7.9. Holomorphic polygons and related constructions

In this section, we describe the holomorphic polygon counting maps, and their
friends, in the cylindrical setting. We write Dn for a disk with n boundary punc-
tures, which we view as an n-gon with cylindrical ends.

Definition 7.12. Suppose that A = {a1, . . . , ak} is a collection of compact,
properly embedded embedded arcs in Dn. We say that A is a collection of de-
composing arcs if no ai has its endpoints on the same component of ∂Dn. Let 2A

denote the power set of A. Suppose X is a smooth, compact manifold with corners.
We say f : X → 2A is a stratified decomposing map if it satisfies the following:

(s-1) f is constant on the interior of each component of the codimension l strata
of X, for all l.

(s-2) f(x) ≡ ∅ on the codimension 0 strata.
(s-3) If h is a component of the codimension l strata of X, x ∈ h and y ∈ ∂h,

then f(x) ⊆ f(y).
(s-4) If f(x) = {ai1 , . . . , ail}, then ai1 , . . . , ail are pairwise disjoint.

If A = {a1, . . . , ak} is a collection of decomposing arcs in Dn, we pick regular
neighborhoodsN(a1), . . . , N(ak), equipped with identificationsN(ai) ∼= ai×[−1, 1].
Further, we assume that if ai and aj are disjoint, then N(ai) and N(aj) are as well.
Additionally, pick a smooth function ρ : [−1, 1] → [0, 1] such that

(1) ρ(x) = 0 for x in a neighborhood of −1 and 1.
(2) ρ(0) = 1, and ρ(x) < 1 for x 
= 0.

We encourage the reader to compare the following to [LOT16, Definition 3.5]:

Definition 7.13. Suppose A is a set of decomposing arcs for Dn, as above,
X is a smooth manifold with corners, and f : X → 2A is a stratified decomposing
map. We say (Jx)x∈X is a stratified family of almost complex structures on Σ×Dn

if the following hold:

(J ′′-1) For each x ∈ X, Jx is an almost complex structure on Σ× (Dn \ f(x)),
which is tamed by the split symplectic form on Σ× (Dn \ f(x)).
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(J ′′-2) If h is a component of the codimension l strata of X, and Dm is a
component of Dn \ f(x), then Jx is constant on the cylindrical ends of
Dm, for all x ∈ h. Furthermore, the induced cylindrical almost complex
structure on Σ× [0, 1]× R satisfies (J-1)–(J-5).

(J ′′-3) Jx preserves TDn for all x ∈ X. In particular, there is an induced family
(jDn,(x,p))(x,p)∈X×Σ of almost complex structures on Dn. We assume the
family jDn,(x,p) is constant in p.

(J ′′-4) TpΣ ⊕ {0} are complex lines on a neighborhood of (α ∪ β) × Dn, and
along Σ× ∂Dn.

(J ′′-5) Roughly, if x ∈ X and f(x) = {ai1 , . . . , aik}, then for y near x, Jy is
obtained by inserting long necks along ai1 , . . . , aik , consistently with the
stratified map f . Precisely, there is a neighborhood U ⊆ X of x and
a collection of smooth functions τ1, . . . , τk : U → [0, 1], satisfying the
following:
(a) For all y ∈ U , τj(y) = 1 if and only if aij ∈ f(y).
(b) On each N(aij ),

Jy
∂

∂s
= (1− τj(y) · ρ(t))

∂

∂t
,

where (s, t) denote the coordinates on N(aij )
∼= aij × [−1, 1].

(c) For each y ∈ U , Jy is invariant on Σ×N(aij ) under the flow of

Vy = (1− τj(y) · ρ(t))
∂

∂t
,

and (Jy)|Σ×ai×{−1,1} is constant for y ∈ U .
(d) If xn → x, then Jxn

approaches Jx on Σ×Dn\(N(ai1)∪· · ·∪N(aik))
in the C∞ topology.

The main example is when X is an associahedron. The example that X = K4

is shown in Figure 7.2. Note that the associahedron is not the only example we
need; see for example Figure 13.1.

Definition 7.14. We say that a stratified family of almost complex structures
(Jx)x∈X on Σ×Dn is split if Jx = jΣ × jDn,x, for a fixed almost complex structure
jΣ on Σ, and a family (jDn,x)x∈X on Dn.

If J = (Jx)x∈X is a stratified family of almost complex structures on Σ ×Dn,
and S is a source curve for n-gons, we define the moduli space MJ (S, φ) to be
the set of tuples (x, u, j), where x lies in the codimension 0 strata, j ∈ J (S) and
u : S → Σ×Dn is (j, Jx)-holomorphic and satisfies the analogs of (M -2)–(M -7).

If D = (Σ,γ1, . . . ,γn, w) is a Heegaard n-tuple, then (assuming D is weakly
admissible), there is a cylindrical holomorphic polygon counting map, obtained by
picking a stratified family (Jx)x∈X , where X is the Deligne-Mumford compactifi-
cation of the moduli space of n marked points on a disk (or equivalently, X is the
associahedron Kn−1) and defining

Fγ1,...,γn;J : CF−(γ1,γ2)⊗ · · · ⊗CF−(γn−1,γn) → CF−(γ1,γn),

to count curves of Maslov index 3−nmapping into Σ×Dn which are Jx-holomorphic
for some x ∈ int(X). The motivating example is when X is an associahedron,
however we also need some variations of this. See Figure 13.1.
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K4

Figure 7.2. A stratified family of almost complex structures in-
dexed by the assocediahedron K4 (a pentagon). We have schemat-
ically illustrated how the almost complex structure degenerates on
the codimension 1 and 2 strata. The wavy lines indicate where the
almost complex structure is allowed to vary along the codimension
0 and 1 strata.

7.10. Compactifications via holomorphic combs

We now describe a compactification of the moduli spaces in Chapter 7 which
provides a helpful framework for some of the arguments of this paper (and is used
implicitly in Section 7.8). It is based on the compactness results of symplectic field
theory [EGH00] [BEH+03], as well as several related notions in the setting of
bordered Floer homology (see especially [LOT18, Section 5.4] [OS04, Section 7.7]).

Definition 7.15. Suppose that (Σ,α,β, w) is a Heegaard diagram of genus g.

(1) Let u be a holomorphic curve in Σ× [0, 1]×R and P be a set of boundary
punctures on the source of u. We say that P is an extended fiber of u
over ∂D if P consists of g punctures p1, . . . , pg, such that limz→pi

u(z)
exists and is in Σ × {0, 1} × R for all i, and the projection to [0, 1] × R
is independent of i. Furthermore, we assume that no two distinct pi have
limit in the same α or β curve. We also allow the case that limz→pi

(πD ◦
u)(z) = ±∞.

For a holomorphic curve mapping into Σ×H, we say a set of g bound-
ary punctures is an extended fiber over ∂H if the analogous conditions hold,
though we also allow the case that limz→pi

(πH ◦ u(z)) = ∞.
(2) A holomorphic story is a collection of holomorphic curves

{bn, . . . , b1, u, a1, . . . , am},

as follows:
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u

b1

a1

a2

a2
b1

Figure 7.3. A holomorphic comb with one story.

(a) For each i ∈ {1, . . . ,m}, ai is a finite collection of alpha-boundary de-
generations on (Σ,α), equipped with two sets of boundary punctures,
A+(ai) and A−(ai).

(b) For each i ∈ {1, . . . , n}, bi is a finite collection of beta-boundary de-
generations on (Σ,β), equipped with two sets of boundary punctures
B+(bi) and B−(bi).

(c) u is a holomorphic curve in Σ × [0, 1] × R. The source of u has
two g-tuples of boundary punctures labeled +∞ and −∞, which are
asymptotic to intersection points x×{−∞} and y×{+∞} in (Tα ∩
Tβ) × D. The source of u also has two sets of boundary punctures,

A−(u) and B−(u). After completing over A−(u) and B−(u), the
curve u satisfies (M -1)–(M -6).

Additionally:
(a) The set A−(u) is partitioned into extended ∂D fibers, which all

project to {1} × R, and have distinct projection thereto. The set
B−(u) are similarly partitioned into extended ∂D fibers which map
to {0} × R, and have distinct projection.

(b) For each ai, the punctures A+(ai) are partitioned into extended ∂H
fibers (one for each boundary degeneration of ai), and the projection
πH ◦ ai is asymptotic to ∞ at each puncture. The same holds for the
punctures B+(bi) on bi.

(c) The punctures A−(ai) are partitioned into extended ∂H fibers. Fur-
thermore, any two extended ∂H fibers on the same boundary de-
generation have distinct projection to ∂H. The analogous statement
holds for each B−(bi).

(d) There is a chosen bijection between A−(u) and A+(a1), which is
compatible with the two partitions into extended fibers. Further-
more, each pair of extended fibers which are matched, have equal
evaluation in Tα. A similar identification and matching condition
holds between A−(ai+1) and A+(ai). There are analogous identi-
fications and matching conditions between B−(u) and B+(b1), and
also between B−(bi) and B+(bi+1).

(3) A holomorphic comb is a sequence of holomorphic stories U1, . . . ,Un, such
that the intersection point at +∞ of Ui coincides with the intersection
point at −∞ of Ui+1.

Remark 7.16.

(1) Definition 7.15 admits a natural extension for holomorphic polygons map-
ping into Σ×Dn. The only complication is that one also has to keep track
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of degenerations ofDn, via a stratified family of almost complex structures
on Σ×Dn.

(2) Definition 7.15 admits a natural extension to holomorphic combs with
marked points.

(3) The set of holomorphic combs (with or without marked points) possesses
a natural topology, similar to the one described in [BEH+03]. See also
[LOT18, Definition 5.21].
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CHAPTER 8

Degenerating connected sum tubes

A common tool in gauge theory is the neck-stretching argument. In our paper,
it becomes helpful to allow the neck-length parameter to go to ∞, and work with
moduli spaces which are defined as a fibered product over an evaluation map. In
this chapter, we describe some of these techniques.

8.1. Connected sums and matched moduli spaces

Suppose H1 = (Σ1,α1,β1, w1) and H2 = (Σ2,α2,β2, w2) are two Heegaard
diagrams, and suppose that J1 and J2 are almost complex structures on Σ1 ×
[0, 1]×R and Σ2× [0, 1]×R, which are split in a neighborhood of two chosen points
p1 ∈ Σ1 and p2 ∈ Σ2. In this section, we focus on the case that p1 and p2 are
immediately adjacent to w1 and w2.

Suppose φ1 ∈ π2(x1,y1) and φ2 ∈ π2(x2,y2) are homotopy classes of disks on
H1 and H2, satisfying

np1
(φ1) = np2

(φ2).

Let us write k for the common value. Suppose S
q1
1 and S

q2
2 are Riemann surfaces,

each decorated with an ordered k-tuple of marked points. We define the matched
moduli space of disks, representing φ1 and φ2, to be
(8.1)

MMJ1∧J2
(S

q1
1 , S

q2
2 , φ1, φ2)

:=

⎧⎪⎪⎨⎪⎪⎩(u1, u2) ∈ MJ1
(S

q1
1 , φ1)× MJ2

(S
q2
2 , φ2)

∣∣∣∣∣∣∣∣
(πΣ ◦ u1)(q1,i) = p1,
(πΣ ◦ u2)(q2,i) = p2,

(πD ◦ u1)(q1,i) = (πD ◦ u2)(q2,i),
for i = 1, . . . , k

⎫⎪⎪⎬⎪⎪⎭.

The construction in (8.1) is a special case of the construction from Section 7.3,
for a matching condition M# at the points p1 and p2. In this case, the associated
submanifold M0 is the diagonal

Δ([0,1]×R)k ⊆ ([0, 1]× R)2k.

The tuple of tangencies t is {0} × · · · × {0}. We note that M# has a dependence
on k, though it is convenient to suppress this from the notation.

By Proposition 7.3, for generic J1 and J2, the space MMJ1∧J2
(S

q1
1 , S

q2
2 , φ1, φ2)

is a smooth manifold of dimension

indemb(φ1, φ2,M#) = μ(φ1) + μ(φ2)− 2npi
(φi),

near a pair (u1, u2) of embedded curves.
When no confusion may arise, we write MMJ1∧J2

(φ1, φ2) for the disjoint union
of the matched moduli spaces over all equivalence classes of pairs of marked sources
S
q1
1 and S

q2
2 , where |q1| = |q2| = npi

(φi).

91
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8.2. Matched chain complexes for connected sums

Suppose that H1 and H2 are two singly pointed Heegaard diagrams. The
matched moduli spaces MMJ1∧J2

(φ1, φ2) from Section 8.1 may be used to con-
struct a chain complex CF−

J1∧J2
(H1,H2), as we now describe.

As a module, CF−
J1∧J2

(H1,H2) is generated over F[U ] by pairs x1 × x2, where
xi is a generator on Hi. We define

∂J1∧J2
(x1×x2) :=

∑
φ1∈π2(x1,y1)
φ2∈π2(x2,y2)

np1
(φ1)=np2

(φ2)

indemb(φ1,φ2,M#)=1

#(MMJ1∧J2
(φ1, φ2)/R) ·Unw(φ1,φ2) ·y1×y2,

where nw(φ1, φ2) denotes the multiplicity in the connected sum region.

Lemma 8.1. The endomorphism ∂J1∧J2
of CF−

J1∧J2
(H1,H2) squares to zero.

Proof. The argument follows from the usual strategy of proving that ∂2 = 0
in Floer homology. One considers the ends of the 1-dimensional moduli spaces
MMJ1∧J2

(φ1, φ2)/R, ranging over pairs (φ1, φ2) where indemb(φ1, φ2,M#) = 2.
Using Proposition 7.3, it is straightforward to adapt [Lip06, Lemma 8.2] to

show that the ends of the spaces of matched, index 2 flowlines consist exactly of
the following broken curves:

(1) 2-level, broken holomorphic disks, where each level satisfies (M -1)–(M -7)
and has matched index 1.

(2) Maslov index 4, matched alpha or beta boundary degenerations, together
with a constant flowline.

The count of the first type of broken curve gives ∂2
J1∧J2

(x1 × x2). Hence,

∂2
J1∧J2

(x1 × x2) = U ·
(
#Ñα(x1 × x2) + #Ñ β(x1 × x2)

)
· x1 × x2,

where Ñα(x1 × x2) and Ñ β(x1 × x2) denote the moduli spaces of Maslov index 4,
matched alpha and beta degenerations at x1 × x2, modulo the action of Aut(H).
By Lemma 7.11,

#Ñα(x1 × x2) ≡ #Ñ β(x1 × x2) ≡ 1.

Hence ∂2
J1∧J2

= 0, concluding the proof. �

If J is a (non-singular) almost complex structure on Σ1#Σ2 × [0, 1]×R, satis-
fying (J-1)–(J-5), we may define a transition map

ΨJ→J1∧J2
: CF−

J (H1#H2) → CF−
J1∧J2

(H1,H2),

by picking a non-cylindrical almost complex structure J̃ on Σ1#Σ2 × [0, 1] × R,
which for large T ∈ R, coincides with an almost complex structure J(T ) along
Σ1#Σ2 × [0, 1]× {T}, which has a neck of length T . We define ΨJ→J1∧J2

to count

index 0 J̃-holomorphic curves in Σ× [0, 1]× R. A map

ΨJ1∧J2→J : CF
−
J1∧J2

(H1,H2) → CF−
J (H1#H2),

is defined similarly.

Lemma 8.2. The maps ΨJ→J1∧J2
and ΨJ1∧J2→J are chain maps, and further-

more, are homotopy inverses.
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Proof. Suppose J̃ is an almost complex structure, as above. To see that

ΨJ→J1∧J2
is a chain map, we consider the ends of index 1 families of J̃-holomorphic

matched curves. Using Proposition 7.3, it is straightforward to see that the ends of

J̃-holomorphic matched moduli spaces consist of the following configurations:

(1) An index 1 J1 ∧ J2-holomorphic matched curve (u1, u2), and an index 0

J̃-holomorphic curve.

(2) An index 0 J̃-holomorphic curve, and an index 1 J-holomorphic curve.

This implies that ΨJ→J1∧J2
is a chain map.

Let Ĩ be an almost complex structure which can similarly be used to compute
ΨJ1∧J2→J . A homotopy between ΨJ1∧J2→J ◦ΨJ→J1∧J2

and idCF−
J (H1#H2)

is con-

structed by picking a 1-parameter family of almost complex structures (Jt)t∈(0,1)

on Σ × [0, 1] × R, such that as t → 0, Jt approaches J , and as t → 1, the family

Jt approaches the two-level almost complex structure with J̃ on one level, and Ĩ
on the other. Counting the ends of the moduli spaces of index 0, Jt-holomorphic
curves, ranging over t ∈ (0, 1), we obtain

ΨJ1∧J2→J ◦ΨJ→J1∧J2
+ id = ∂ ◦H +H ◦ ∂,

where H counts index −1 curves which are Jt-holomorphic for some t ∈ (0, 1). A
homotopy between idCF−

J1∧J2
(H1,H2)

and ΨJ→J1∧J2
◦ΨJ1∧J2→J is constructed in an

analogous fashion. �
Remark 8.3. When μ(φ1#φ2) = 1, one can identify MMJ1∧J2

(φ1, φ2) with
the ordinary moduli space MJ(T )(φ1#φ2) for large T , where J(T ) is obtained by
joining J1 and J2 with neck-length T . Hence we could avoid Lemma 8.1 by just
using the normal proof that CF−

J(T )(H1#H2) is a chain complex, where J(T ) is

an almost complex structure with sufficiently long neck. This becomes impractical
when working with higher polygon counts, since the polygon counting maps count
infinitely many classes, and it is not clear we can pick a single value of T which
works for all classes.

8.3. Maximally pinched families of almost complex structures

In Section 8.1, we described moduli spaces of disks for almost complex struc-
tures which were stretched along a simple closed curve in the Heegaard surface.
The construction therein adapts easily to connected sums of Heegaard n-tuples,
however the most straightforward generalization is slightly too restrictive for our
purposes. In this section, we describe a more subtle generalization of the connected
sum operation which we refer to as a stratified family of almost complex structures
on Σ×Dn which is maximally pinched along a simple closed curve S ⊆ Σ. Roughly
speaking, this means that if f : X → 2A is the stratifying map, then Jx has infinite
neck length along S on any component of Dn \ f(x) whose associated subdiagram
of D has no attaching curves which intersect S. For Heegaard diagrams (with two
attaching curves) this reduces to the infinite neck length construction found in Sec-
tion 8.1, but for Heegaard n-tuples with n ≥ 3, it is a more flexible generalization.

We begin with some notation. First, let j0 denote the almost complex structure
on S1 × [−1, 1] given by j0(∂/∂θ) = ∂/∂t. If δ ∈ [0, 1), we write jδ for an almost
complex structure which is conformally equivalent to (S1×[−1/(1−δ), 1/(1−δ)], j0).
Furthermore, we assume that jδ is chosen to coincide with j0 in a neighborhood of
S1 × {−1, 1}. We do not need a concrete formula for jδ, however we assume that
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sending δ → 1 corresponds to the almost complex structure collapsing along the
circle S1 × {0}.

Next, suppose that S ⊆ Σ is a simple closed curve, and (Jx)x∈X is a stratified
family of almost complex structures on Σ × Dn, which is split on N(S) × U , for
some open set U ⊆ Dn ×X, where N(S) denotes a regular neighborhood of S. In
particular, over N(S)×U , there is an induced almost complex structure jΣ onN(S),
and we assume that (N(S), jΣ) is conformally identified with (S1 × [−1, 1], j0). If
δ : Dn × X → [0, 1) is a smooth function with support in U , we define a family
(Jx(δ))x∈X by modifying Jx so that it coincides with jδ(x,y) × jDn,x on N(S)× U ,
and coincides with Jx, outside of N(S)× U .

Definition 8.4. Suppose that D = (Σ,γ1, . . . ,γn) is a Heegaard n-tuple, and
S is a closed curve on Σ (possibly intersecting some of the γi). Suppose that A is a
set of decomposing arcs of Dn, X is a compact, smooth manifold with corners, and
f : X → 2A is a stratified decomposing map, as in Definition 7.12. We say a family
of (singular) almost complex structures (Jx)x∈X on Σ × Dn is a stratified family
which is maximally pinched along S if it is constructed via the following procedure:

(Step-1) Pick a stratified family of almost complex structures (J0
x)x∈X on Σ×Dn,

such that there is an open set U ⊆ Dn ×X, satisfying the following:
(a) Jx coincides with j0 × jDn,x on N(S)× U .
(b) Suppose x ∈ X and f(x) = {ai1 , . . . , ail}. If Dl is a component

of Dn \ f(x) corresponding to a subdiagram of D, all of whose
attaching curves are disjoint from S, and whose boundary contains
the arcs arcs aj1 , . . . , ajs , then

(Dl ∪N(aj1) ∪ · · · ∪N(ajs))× {x} ⊆ U.

(c) If γi and γi+1 are cyclically consecutive attaching curves on D
which are disjoint from S, then U contains Eγi,γi+1

× X, where
Eγi,γi+1

denotes the cylindrical end of Dn corresponding to γi and
γi+1.

(Step-2) Pick a smooth δ : Dn × X → [0, 1] (the neck-length parameter) which
is supported in U . We assume that δ(y, x) = 1 if and only if f(x) =
{ai1 , . . . , aim} and y is in the closure of a component of Dn \f(x) which
corresponds to a subdiagram of D, all of whose attaching curves are
disjoint from S. We further assume the following:
(a) δ → 1 in the cylindrical ends Eγi,γi+1

of Dn, whenever γi and γi+1

are disjoint from S.
(b) δ is constant along the [0, 1] component of Eγi,γi+1

∼= [0, 1]× [0,∞).
(c) For each x, the function δ(−, x) : Dn → [0, 1] is constant on ai ×

{t} ⊆ N(ai).
(Step-3) Set (Jx)x∈X to be (J0

x(δ))x∈X .

If S1, . . . , Sk is a collection of pairwise disjoint, simple closed curves on Σ, we
may similarly define a family (Jx)x∈X to be maximally pinched along (S1, . . . , Sk)
if it constructed by performing the above procedure along each Si.
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CHAPTER 9

Stabilizing Heegaard multi-diagrams

In this chapter, we describe several stabilization operations for Heegaard dia-
grams, triples and quadruples. In Chapter 10, we describe their interaction with
the counts of holomorphic curves.

9.1. Stabilizing Heegaard diagrams

The most basic way to stabilize a Heegaard diagram is to take the connected
sum with a standard genus 1 diagram for S3. More generally, we may take the
connected sum of a Heegaard diagram with a standard diagram for the lens space
L(m, 1), shown in Figure 10.1. A third operation is related to 1-handles, and in-
volves taking the connected sum at two points with a standard, genus 0, doubly
pointed diagram of (S3, p1, p2). See Figure 9.1. We call these elementary stabiliza-
tions, elementary lens space stabilizations, and elementary 1-handle stabilizations,
respectively.

It is convenient to perform multiple stabilizations at once. We make the fol-
lowing definition:

Definition 9.1. We say a Heegaard diagram H0 = (Σ0, ξ, ζ, p0) is a multi-
stabilizing diagram if it is constructed by starting with the diagram (S2, p0) (with
no attaching curves) and inductively attaching elementary stabilizations and 1-
handle stabilizations.

One could also consider multi-stabilizing diagrams which have standard lens
space summands, though we will not have a need for such diagrams.

ξ ζ

p0 p1

Figure 9.1. The standard diagram (S2, ξ, ζ, p1, p2) for (S
3, p1, p2)

used for a 1-handle stabilization. The Heegaard surface is obtained
by identifying the top and bottom sides, and collapsing the left and
right sides each to a point.

95
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p0 p1

ξ

ζ

σ

ξ

ζ

σ

Figure 9.2. Left: An elementary 1-handle triple. Right: An el-
ementary stabilization triple. We collapse the solid lines to base-
points, and identify the dashed sides.

9.2. Stabilizing Heegaard triples

We now consider stabilizations of Heegaard triples.

Definition 9.2.

(1) We say a genus 0 triple (S2, ξ, ζ, σ, p0, p1) is an elementary 1-handle triple,
if ξ, ζ and σ are transverse, pairwise isotopic, and each pair of distinct
curves in {ξ, ζ, σ} intersects in exactly 2 points.

(2) We say that a genus 1 triple (T2, ξ, ζ, σ, p0) is an elementary stabilization
triple if (up to cyclic permutation) ζ and σ are pairwise Hamiltonian
isotopic, and |ζ ∩ σ| = 2, while |ξ ∩ ζ| = |ξ ∩ σ| = 1. See Figure 9.2.

Definition 9.3. We say a Heegaard triple T0 = (Σ0, ξ, ζ,σ, p0) is a multi-
stabilizing triple if it is constructed by starting with the diagram (S2, p0), and in-
ductively attaching elementary stabilization triples and elementary 1-handle triples.

9.3. Stabilizing Heegaard quadruples

Finally, we consider stabilizations of quadruples.

Definition 9.4.

(1) We say a genus 0 quadruple (S2, ξ, ζ, σ, τ, p0, p1) is an elementary 1-handle
quadruple if ξ, ζ, σ and τ are transverse, pairwise isotopic, and each pair
of distinct curves in {ξ, ζ, σ, τ} intersects in exactly 2 points.

(2) We say a genus 1 quadruple (T2, ξ, ζ, σ, τ, p0) is an elementary stabilization
quadruple if (up to cyclic permutation) one of the following holds:
(a) ξ, ζ and σ are pairwise Hamiltonian isotopic, and

|ξ ∩ ζ| = |ξ ∩ σ| = |ζ ∩ σ| = 2, while |ξ ∩ τ | = |ζ ∩ τ | = |σ ∩ τ | = 1.

(b) ξ and ζ are Hamiltonian isotopic, and σ and τ are Hamiltonian iso-
topic. Furthermore,

|ξ ∩ ζ| = |σ ∩ τ | = 2 and |ξ ∩ σ| = |ζ ∩ σ| = |ξ ∩ τ | = |ζ ∩ τ | = 1.

See Figure 9.3 for examples of elementary 1-handle and stabilization quadru-
ples.
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p0 p1

ξ

ζ

σ

τ

ξ

ζ

σ

τ

ξ

ζ

στ

Figure 9.3. Left: An elementary 1-handle quadruple. Center and
right: Elementary stabilization quadruples.

Definition 9.5. We say that Q0 = (Σ0, ξ, ζ,σ, τ , p0) is a multi-stabilizing
Heegaard quadruple if it is constructed by starting with the diagram (S2, p0) and
inductively attaching elementary 1-handle quadruples and simple 1-handle stabi-
lization quadruples.

9.4. Index tuples

In this section, we define the index tuple of a multi-stabilizing triple or quadru-
ple. The index tuple will allow us to efficiently state the holomorphic stabilization
formulas in Section 10.

For a multi-stabilizing triple T0, the index tuple is a triple

m(T0) = (m1(T0),m2(T0),m3(T0)).

For a multi-stabilizing quadruple Q0, the index tuple is a 4-tuple

m(Q0) = (m1(Q0),m2(Q0),m3(Q0),m4(Q0)).

If T0 = (Σ0, ξ, ζ,σ, p0) is a multi-stabilizing triple, we set m1(T0) to be μ(ψ) for
any triangle class ψ ∈ π2(Θ

−
ξ,ζ ,Θ

+
ζ,σ,Θ

+
σ,ξ) with np0

(ψ) = 0. (Note that we are using

an unusual ordering of the subscripts, and Θ±
σ,ξ = Θ∓

ξ,σ). Similarly, we definem2(T0)
to be the Maslov index of any triangle class ψ ∈ π2(Θ

+
ξ,ζ ,Θ

−
ζ,σ,Θ

+
σ,ξ) with np0

(ψ) =

0, and m3(T0) is the Maslov index of any triangle class ψ ∈ π2(Θ
+
ξ,ζ ,Θ

+
ζ,σ,Θ

−
σ,ξ).

We define the index 4-tuple of a multi-stabilizing quadruple Q0 = (Σ0, ξ, ζ,σ,
τ , p0) as follows. We define m1(Q0) to be the Maslov index of any rectangle class
ψ ∈ π2(Θ

−
ξ,ζ ,Θ

+
ζ,σ,Θ

+
σ,τ ,Θ

+
τ,ξ) with np0

(ψ) = 0. Similarly m2(Q0) is the Maslov

index of any rectangle class ψ ∈ π2(Θ
+
ξ,ζ ,Θ

−
ζ,σ,Θ

+
σ,τ ,Θ

+
τ,ξ) with np0

(ψ) = 0. The

integers m3(Q0) and m4(Q0) are defined similarly.
In the subsequent Lemma 9.6, we prove that the definition of index tuples given

above is well defined. Before stating the lemma, we note that we use the grading
convention that the top degree generator of CF−((S1 × S2)#k, p0) is supported in
grading k/2.

Lemma 9.6.

(1) If T0 = (Σ0, ξ, ζ,σ, p0) is a multi-stabilizing Heegaard triple, and ψ ∈
π2(x,y, z) is a homology class of triangles, then

μ(ψ) = 2np0
(ψ) + gr(x) + gr(y)− gr(z)− n/2,
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ξ σζ

ξ σζ

m(T0) = (0, 0, 0)

m(T0) = (0,−1, 0)

Figure 9.4. Top: An elementary stabilization triple. Bottom: An
elementary 1-handle triple. The index tuples are labeled.

where gr(z) is the absolute grading of z, as an element of CF−(Σ0, ξ,σ),
and n = |ξ| = |ζ| = |σ|.

(2) If Q0 = (Σ0, ξ, ζ,σ, τ , p0) is a multi-stabilizing Heegaard quadruple, and
ψ ∈ π2(x,y, z,w) is a homology class of quadrilaterals, then

μ(ψ) = 2np0
(ψ) + gr(x) + gr(y) + gr(z)− gr(w)− n,

where gr(w) denotes the Maslov grading of w as an element of CF−(Σ0,
ξ, τ ), and n = |ξ| = |ζ| = |σ| = |τ |.

Proof. Both claims are proven using the same strategy. First, one checks di-
rectly that they hold for elementary 1-handle and stabilization triples and quadru-
ples. Next, one argues by induction that the formulas hold when we add an extra
elementary 1-handle or stabilization triple or quadruple. We leave the details to
the reader. �

Lemma 9.7. Suppose T0 = (Σ0, ξ, ζ,σ, p0) is a multi-stabilizing triple which is
built using elementary triples T1, . . . , Tn.

(1) mi(T0) is non-positive, for i ∈ {1, 2, 3}.
(2) m(T0) =

∑n
i=1 m(Ti).

(3) mi(T0) = 0 if and only if mi(Tj) = 0 for all j ∈ {1, . . . , n}.
The analogous statements hold for multi-stabilizing quadruples.

Proof. The same argument works for both triples and quadruples, so we focus
on triples. Firstly, additivity of m(T0) is immediate from the construction, as the
grading is additive under tensor products. For elementary tuples, the relation
mi(T0) ≤ 0 is easily checked. It follows that mi(T0) ≤ 0 and mi(T0) = 0 if and only
if each mi(Tj) = 0 for all j. �

Remark 9.8. Cyclic permutation of the attaching curves in a multi-stabilizing
triple T0, has the effect on m(T0) of cyclic permuation. The same holds for multi-
stabilizing quadruples.

The index tuples of elementary stabilization and 1-handle triples and quadru-
ples are shown in Figures 9.4 and 9.5.

We now state an associativity relation for the index tuples:
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ξ σζ τ

ξ σζ τ

ξ σζ τ

m(Q0) = (0, 0, 0, 0)

m(Q0) = (0,−1,−1, 0)

m(Q0) = (−1, 0,−1, 0)

Figure 9.5. Elementary 1-handle and stabilization quadruples,
and their index tuples.

Lemma 9.9. Let Q0 = (Σ0, ξ, ζ,σ, τ , p0) be a multi-stabilizing quadruple, and
let Tξ,ζ,σ denote the triple (Σ0, ξ, ζ,σ, p0) (and so forth for the other sub-triples).
The following hold:

(1) m1(Q0) = m1(Tξ,ζ,σ) +m1(Tξ,σ,τ ) = m3(Tζ,σ,τ ) +m1(Tξ,ζ,τ ).
(2) m2(Q0) = m2(Tξ,ζ,σ) +m1(Tξ,σ,τ ) = m1(Tζ,σ,τ ) +m2(Tξ,ζ,τ ).
(3) m3(Q0) = m3(Tξ,ζ,σ) +m2(Tξ,σ,τ ) = m2(Tζ,σ,τ ) +m2(Tξ,ζ,τ ).
(4) m4(Q0) = m3(Tξ,ζ,σ) +m3(Tξ,σ,τ ) = m3(Tζ,σ,τ ) +m3(Tξ,ζ,τ ).
Proof. We focus on the first equation of the first claim. We pick triangle

classes

ψξ,ζ,σ ∈ π2(Θ
−
ξ,ζ ,Θ

+
ζ,σ,Θ

+
σ,ξ) and ψξ,σ,τ ∈ π2(Θ

−
ξ,σ,Θ

+
σ,τ ,Θ

+
τ,ξ),

which both have zero multiplicity on p0. The classes ψξ,ζ,σ and ψξ,σ,τ may be spliced
together since Θ+

σ,ξ = Θ−
ξ,σ. Using additivity of the index under juxtoposition, as

well as the definition of mi, we obtain the stated equation. The same argument
applies for all of the other equations. �
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CHAPTER 10

Stabilizations and holomorphic curves

In this chapter, we describe how the counts of holomorphic curves interact with
the stabilization operations from Chapter 9.

10.1. Stabilizations and holomorphic disks

We now consider multi-stabilizations of Heegaard diagrams. Suppose thatH0 =
(Σ0, ξ, ζ, p0) is a multi-stabilizing Heegaard diagram. By construction, there is a
top graded intersection point Θ+

ξ,ζ ∈ Tξ∩Tζ , as well as a bottom graded intersection

point Θ−
ξ,ζ . We define

F ξ,ζ
1 : CF−

J (H) → CF−
J∧J0

(H,H0) and F ξ,ζ
3 : CF−

J∧J0
(H,H0) → CF−

J (H)

via the formulas

F ξ,ζ
1 (x) = x×Θ+

ξ,ζ and F ξ,ζ
3 (x×Θ) =

{
x if Θ = Θ−

ξ,ζ

0 otherwise
,

extended equivariantly over U . Similar to Ozsváth and Szabó’s original 1- and
3-handle maps [OS06, Section 4.3], we have the following:

Lemma 10.1. The maps F ξ,ζ
1 and F ξ,ζ

3 are chain maps.

Proof. We focus on the claim for F ξ,ζ
1 , as F ξ,ζ

3 is algebraically dual. Suppose
φ0 ∈ π2(Θ1,Θ2) is a class on H0. By the grading formula, we have

μ(φ0) = gr(Θ1,Θ2) + 2np0
(φ0).

Hence, if φ ∈ π2(x,y) is a class on H, then

(10.1) indemb(φ, φ0,M#) = μ(φ) + gr(Θ1,Θ2).

(We remind the reader that indemb(φ, φ0,M#) = μ(φ#φ0)). The differential on

CF−
J∧J0

(H,H0) counts representatives of pairs of classes (φ, φ0) with indemb(φ, φ0,

M#) = 1. We note that gr(Θ+
ξ,ζ ,Θ2) ≥ 0. Furthermore, transversality for holomor-

phic curves representing φ implies that μ(φ) ≥ 0, with equality if and only if φ is
a constant class. Hence, any index 1 pair (φ, φ0) ∈ π2(x,y) × π2(Θ

+
ξ,ζ ,Θ2) which

admits holomorphic representatives must have one of the following configurations:
either μ(φ) = 1 and Θ+

ξ,ζ = Θ2, or μ(φ) = 0 and gr(Θ+
ξ,ζ ,Θ2) = 1. The contribution

to ∂(x×Θ+
ξ,ζ) of curves satisfying the latter condition coincides with x⊗ ∂̂0(Θ

+
ξ,ζ),

where ∂̂0 denotes the ordinary differential on the complex ĈF (H0). Since Θ+
ξ,ζ is a

cycle in ĈF (H0), this contribution is zero. It remains to consider the case where

101
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μ(φ) = 1 and Θ1 = Θ2 = Θ+
ξ,ζ . In this case, the main claim amounts to showing

that if d ∈ ((0, 1)× R)k is a generic k-tuple of points, then

(10.2)
∑

φ0∈π2(Θ
+
ξ,ζ ,Θ

+
ξ,ζ)

np0
(φ0)=k

#M(φ0,d) ≡ 1 (mod 2),

which is verified in [Zem21, Proposition 6.1], by degenerating the set d, adapting
an argument of Ozsváth and Szabó [OS08a, Lemma 6.4]. �

10.2. Stabilizations and holomorphic triangles

We now describe the interaction of the holomorphic triangle maps with multi-
stabilizations.

Proposition 10.2. Suppose that T = (Σ,α,β,γ, w) is a Heegaard triple and
T0 = (Σ0, ξ, ζ,σ, p0) is a multi-stabilizing triple. We form the wedge product triple
T ∧ T0 (thought of as a connected sum with infinite neck length), at p0 and some
point in Σ \ (α ∪ β ∪ γ). We delete the basepoint p0, and leave w as a basepoint.
With respect to the almost complex structures J and J ∧ J0, we have the following:

(1) If m1(T0) = 0, then

fT ∧T0;s#s0(x×Θ−
ξ,ζ ,y ×Θ+

ζ,σ)

=fT ;s(x,y)⊗Θ−
ξ,σ +

∑
z∈Tα∩Tγ

Θ∈Tξ∩Tσ\{Θ−
ξ,σ}

Cx,y,z,Θ · z×Θ,

for some Cx,y,z,Θ ∈ F[U ].
(2) If m2(T0) = 0, then

fT ∧T0;s#s0(x×Θ+
ξ,ζ ,y ×Θ−

ζ,σ)

=fT ;s(x,y)⊗Θ−
ξ,σ +

∑
z∈Tα∩Tγ

Θ∈Tξ∩Tσ\{Θ−
ξ,σ}

Cx,y,z,Θ · z×Θ,

for some Cx,y,z,Θ ∈ F[U ].
(3) If m3(T0) = 0, then

fT ∧T0;s#s0(x×Θ+
ξ,ζ ,y ×Θ+

ζ,σ)

=fT ;s(x,y)⊗Θ+
ξ,σ.

Here, s0 ∈ Spinc(Xξ,ζ,τ ) is the one which restricts to the torsion Spinc structure on
each end.

Proof. We focus on the third claim, since the other two are obtained by
cyclically permuting the attaching curves.

Suppose that ψ#ψ0 ∈ π2(x×Θ+
ξ,ζ ,y×Θ+

ζ,σ, z×Θ), for some Θ ∈ Tξ ∩Tσ. By

definition of m3(T0),
μ(ψ0) = m3(T0) + 2np0

(ψ0) + gr(Θ+
ξ,σ,Θ).

Since m3(T0) = 0 by assumption, we conclude that

(10.3) μ(ψ0) = 2np0
(ψ0) + gr(Θ+

ξ,σ,Θ).
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Using (10.3), we have

(10.4) indemb(ψ, ψ0,M#) = μ(ψ) + gr(Θ+
ξ,σ,Θ).

If MMJ∧J0
(ψ, ψ0) is non-empty, then MJ (ψ) is non-empty by definition, so

μ(ψ) ≥ 0 by transversality. Equation (10.4) now gives

μ(ψ) = gr(Θ+
ξ,σ,Θ) = 0.

Hence, it remains to show that

(10.5)
∑

ψ0∈π2(Θ
+
ξ,ζ ,Θ

+
ζ,σ ,Θ

+
ξ,σ)

np0
(ψ0)=k

#M(ψ,d) ≡ 1,

for a generic d ∈ Δk, which is disjoint from the fat diagonal. Equation (10.5) is
proven by considering a path (dt)t∈[0,∞), satisfying the following:

(1) d0 = d.
(2) The k components of dt approach ∞ in the α-β cylindrical end of Δ.

Furthermore, with respect to an identification of the cylindrical end with
[0, 1]× [0,∞), the points of dt approach some fixed

d′ ∈ ((0, 1)× R)k,

modulo overall translation by R. Furthermore, d′ lies in the complement
of the fat diagonal.

If z ∈ Tξ ∩ Tσ, we consider the 1-dimensional moduli space

M :=
⋃

t∈[0,∞)

∐
ψ∈π2(Θ

+
ξ,ζ ,Θ

+
ζ,σ ,Θ

+
ξ,σ)

np0
(ψ)=k

M(ψ,dt).

The count of the ends of M at t = 0 coincides with the left-hand side of (10.5).
The ends of M at finite t occur in canceling pairs, since the differentials vanish on

ĈF (Σ0, ξ, ζ), ĈF (Σ0, ζ,σ) and ĈF (Σ0, ξ, ζ). The remaining ends of M occur as
t → ∞, and are identified with the Cartesian product

(10.6)

( ∐
ψ∈π2(Θ

+
ξ,ζ ,Θ

+
ζ,σ ,Θ

+
ξ,σ)

np0
(ψ)=0

μ(ψ)=0

M(ψ)

)
×
( ∐

φ∈π2(Θ
+
ξ,ζ ,Θ

+
ξ,ζ)

np0
(ψ0)=k

M(φ,d′)

)
.

The left-hand side of (10.6), is the Θ+
ξ,σ coefficient of f̂ξ,ζ,σ(Θ

+
ξ,ζ ,Θ

+
ζ,σ). The

right-hand factor of (10.6) has total count 1 (modulo 2) by (10.2).
The main claim thus amounts to showing that the left-hand factor of (10.6)

has total count congruent to 1. This is equivalent to showing

(10.7) f̂ξ,ζ,σ(Θ
+
ξ,ζ ,Θ

+
ζ,σ) = Θ+

ξ,σ,

where f̂ξ,ζ,σ denotes the map which counts triangles on T0 which do not cross the
basepoints. Equation (10.7) is verified in the subsequent Lemma 10.4. �

Remark 10.3. Note that if we were to verify the first two statements of Propo-
sition 10.2 directly, the main difference would be that gr(Θ−

ξ,σ,Θ) may be negative,

allowing for the existence of curves with μ(ψ) ≥ 1.
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Lemma 10.4. Suppose that T0 = (Σ0, ξ, ζ, τ ,p0) is a multi-stabilizing Heegaard
triple.

(1) If m1(T0) = 0, then

f̂T0
(Θ−

ξ,ζ ,Θ
+
ζ,σ) = Θ−

ξ,σ +
∑

Θ∈Tξ∩Tσ\{Θ−
ξ,σ}

CΘ ·Θ,

for some CΘ ∈ F.
(2) If m2(T0) = 0, then

f̂T0
(Θ+

ξ,ζ ,Θ
−
ζ,σ) = Θ−

ξ,σ +
∑

Θ∈Tξ∩Tσ\{Θ−
ξ,σ}

CΘ ·Θ,

for some CΘ ∈ F.
(3) If m3(T0) = 0, then

f̂T0
(Θ+

ξ,ζ ,Θ
+
ζ,σ) = Θ+

ξ,σ.

Proof. We focus on the third claim, when m3(T0) = 0, since it is the simplest
notationally, and all claims are equivalent upon dualizing, as in (10.9).

According to Definition 9.3, a multi-stabilizing triple is built by inductively
attaching elementary stabilizing triples. Hence, we prove the claim by induction on
the number n of elementary stabilizing triples used in the construction. If n = 1,
the computation is easy to perform directly. We suppose now that the claim holds
for all multi-stabilizing triples built with n or fewer elementary triples. This implies
that Proposition 10.2 holds whenever the stabilizing triple is built with n or fewer
elementary triples. In particular, Proposition 10.2 holds when T0 is an elementary
stabilizing triple.

We suppose now that T is a general multi-stabilizing triple. It is sufficient to
show the present claim for some almost complex structure, since if J and J ′ are two
almost complex structures on Σ×Δ, then we may pick a stratified family of almost
complex structures (Js)s∈[0,1] on Σ0×Δ such that J0 = J , and as s → 1, the family
Js limits to J ′ on Σ×Δ, as well as three non-cylindrical almost complex structures
on the ends of Σ × Δ. Counting the ends of index 0 families of Js-holomorphic
triangles, we obtain

f̂T0,J (Θ
+
ξ,ζ ,Θ

+
ζ,σ) + ΨJ′→J (fT0,J′(ΨJ→J′(Θ+

ξ,ζ),ΨJ→J′(Θ+
ζ,σ)))

+ ∂̂ξ,σH(Θ+
ξ,ζ ,Θ

+
ζ,σ) +H(∂̂ξ,ζ(Θ

+
ξ,ζ),Θ

+
ζ,σ) +H(Θ+

ξ,ζ , ∂̂ζ,σ(Θ
+
ζ,σ)) = 0,

(10.8)

where ΨJ→J′ denotes the change of almost complex structure map, and H is the
map which counts index −1 triangles which are Js-holomorphic for some s ∈ (0, 1).
(Note that we are abusing notation slightly by writing ΨJ→J′ and writing J for an
almost complex structure on Σ0×Δ, as well as an almost complex structure on the
cylindrical ends).

Since the change of almost complex structure maps are graded, they must fix

Θ+
ξ,ζ , Θ

+
ζ,σ and Θ+

ξ,σ. Since also the differentials on ĈF (Σ0, ξ, ζ), ĈF (Σ0, ζ,σ) and

ĈF (Σ0, ξ,σ) all vanish, we conclude from (10.8) that if the main claim holds using
J , then it also holds using J ′.

Suppose now that T0 is a multi-stabilizing triple with m3(T0) = 0, obtained by
adjoining n+1 elementary stabilizations. Let us say that T0 is obtained by adjoining
the elementary triple E to a triple T ′, obtained from n elementary stabilizations.
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We pick the almost complex structure to be infinitely degenerated between E and
T ′. By the inductive hypothesis, the present claim holds for T ′. We now view T0
as an elementary stabilization of T ′, using the triple E , and apply Proposition 10.2
to obtain the claim for T0. The proof is complete. �

Remark 10.5. If we symmetrize the triangle map, by viewing it instead as a
map
(10.9)
fα,β,γ;s :CF−(Σ,α,β, s|Yα,β

)⊗CF−(Σ,β,γ, s|Yβ,γ
)⊗CF−(Σ,γ,α, s|Yγ,α

)→F�U�,

then the three statements of Proposition 10.2 become equivalent.

10.3. Stabilizations and holomorphic quadrilaterals

We now describe the analogs of the stabilization results from Section 10.2 for
holomorphic quadrilaterals.

Proposition 10.6. Suppose that Q = (Σ,α,β,γ, δ, w) is a Heegaard quadru-
ple, and Q0 = (Σ0, ξ, ζ,σ, τ , p0) is a multi-stabilizing Heegaard quadruple. We
form the wedge sum Σ ∧ Σ0 at p0 and a point in Σ \ (α ∪ β ∪ γ ∪ δ). Suppose and
J = (Js)s∈[0,1] and I = (Is)s∈[0,1] are stratified families of almost complex struc-
tures on Σ × � and Σ0 × �, respectively, for counting rectangles. With respect to
the families J and J ∧ I, we have the following:

(1) If m1(Q0) = 0, then

hQ∧Q0;s#s0(x×Θ−
ξ,ζ ,y ×Θ+

ζ,σ, z×Θ+
σ,τ )

=hQ;s(x,y, z)⊗Θ−
ξ,τ +

∑
w∈Tα∩Tδ

Θ∈Tξ∩Tτ\Θ−
ξ,τ

Cx,y,z,w,Θ ·w ×Θ,

for some Cx,y,z,w,Θ ∈ F[U ].
(2) If m2(Q0) = 0, then

hQ∧Q0;s#s0(x×Θ+
ξ,ζ ,y ×Θ−

ζ,σ, z×Θ+
σ,τ )

=hQ;s(x,y, z)⊗Θ−
ξ,τ +

∑
w∈Tα∩Tδ

Θ∈Tξ∩Tτ\Θ−
ξ,τ

Cx,y,z,w,Θ ·w ×Θ,

for some Cx,y,z,w,Θ ∈ F[U ].
(3) If m3(Q0) = 0, then

hQ∧Q0;s#s0(x×Θ+
ξ,ζ ,y ×Θ+

ζ,σ, z×Θ−
σ,τ )

=hQ;s(x,y, z)⊗Θ−
ξ,τ +

∑
w∈Tα∩Tδ

Θ∈Tξ∩Tτ\Θ−
ξ,τ

Cx,y,z,w,Θ ·w ×Θ,

for some Cx,y,z,w,Θ ∈ F[U ].
(4) If m4(Q0) = 0, then

hQ∧Q0;s#s0(x×Θ+
ξ,ζ ,y ×Θ+

ζ,σ, z×Θ+
σ,τ ) = hQ,J,s(x,y, z)⊗Θ+

ξ,τ .
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Proof. We focus on the proof of the fourth claim, since it is notationally the
simplest. The proof follows similarly to the proof of Proposition 10.2, until (10.5)
therein. The necessary substitute is

(10.10)
∑

ψ0∈π2(Θ
+
ξ,ζ ,Θ

+
ζ,σ ,Θ

+
σ,τ ,Θ

+
ξ,τ )

np0
(ψ0)=k

#M(ψ0, d̃) ≡ 1 (mod 2),

for generic d̃ ∈ int(�)k × (0, 1).

Write M(d̃) for the union over such ψ0 of the matched moduli spaces M(ψ0, d̃)

so #M(d̃) is equal to the left side of (10.10). We will use a cobordism argument
to show (10.10).

We consider a path (d̃t)t∈[0,∞] in (int(�))k × (0, 1) satisfying the following:

(1) d̃0 = d̃.

(2) The (0, 1)-component (i.e. the almost complex structure parameter) of d̃t

approaches 1 as t → ∞.

(3) The k �-components of d̃t approach ∞ in the α-β cylindrical end of �.
Furthermore, with respect to an identification of the cylindrical end with

[0, 1]× [0,∞), the points of d̃t approach some fixed, generic

d ∈ ((0, 1)× R)k,

modulo overall translation by R.

There are three types of ends of the 1-dimensional moduli space⋃
t∈[0,∞)

M(d̃t).

The first type are the curves in M(d̃) (i.e. the ones we want to count). The next
type of end is curves which break off at finite t ∈ (0,∞). The final type is curves
which appear as t → ∞.

The degenerations appearing at finite t can only correspond to strips breaking
off (degenerations into a pair of triangles are prohibited since the aspect ratio is

determined by d̃t and is finite for t ∈ [0,∞)). Ends corresponding to strip breaking
occur in canceling pairs, since Θ+

ξ,ζ , Θ
+
ζ,σ, Θ

+
σ,τ and Θ+

ξ,τ are all cycles in the hat
version of the complexes which contain them.

As t → ∞, a family of curves approaches a pair of triangles not crossing the
basepoints, as well as a holomorphic disk which matches d. As such, these ends
correspond to the space

( ∐
z∈Tξ∩Tσ

( ∐
ψξ,ζ,σ∈π2(Θ

+
ξ,ζ ,Θ

+
ζ,σ ,z)

μ(ψξ,ζ,σ)=0
np0

(ψξ,ζ,σ)=0

M(ψξ,ζ,σ)

)
×
( ∐

ψξ,σ,τ∈π2(z,Θ
+
σ,τ ,Θ

+
ξ,τ )

μ(ψξ,σ,τ )=0
np0

(ψξ,σ,τ )=0

M(ψξ,σ,τ )

))

×
( ∐

φ∈π2(Θ
+
ξ,ζ ,Θ

+
ξ,ζ)

np0
(φ)=k

M(φ,d)

)
.

(10.11)
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We wish to show the above space has an odd number of points. An identical
argument to [Zem21, Equation 24] establishes that the last factor of (10.11) has
an odd number of elements.

The first pair of factors corresponds exactly to the Θ+
ξ,τ component of

f̂ξ,σ,τ (f̂ξ,ζ,σ(Θ
+
ξ,ζ ,Θ

+
ζ,σ),Θ

+
σ,τ ),

where f̂ξ,σ,τ denotes the map which counts index 0 holomorphic triangles with zero
multiplicity on p0. Consequently, it is sufficient to show that

(10.12) f̂ξ,σ,τ (f̂ξ,ζ,σ(Θ
+
ξ,ζ ,Θ

+
ζ,σ),Θ

+
σ,τ ) = Θ+

ξ,τ .

To prove (10.12) it is sufficient to prove

(10.13) f̂ξ,σ,τ (Θ
+
ξ,σ,Θ

+
σ,τ ) = Θ+

ξ,τ , and f̂ξ,ζ,σ(Θ
+
ξ,ζ ,Θ

+
ζ,σ) = Θ+

ζ,σ,

which is proven in Lemma 10.4. �

10.4. Lens space stabilizations of Heegaard diagrams

Let H be a Heegaard diagram, and let H0 = (T2, c1, c2, p0) be a standard genus
1 diagram for L(m, 1). Let J be an almost complex structure for H, and let J0 be
an almost complex structure on T2 × [0, 1]× R.

If i ∈ Z/m, we define a map

σi : CF−
J (H, s) → CF−

J∧J0
(H,H0, s#si),

via the formula
σi(x) := x× xi,

extended equivariantly over U .

Lemma 10.7. For each i, σi is a chain map.

Proof. Note that each intersection point on H0 represents a different Spinc

structure. Hence any class of disks on (T2, c1, c2, p0) must have the same incoming
and outgoing intersection point. Furthermore, as H2(L(m, 1);Z) = 0, the set of
doubly periodic domains vanishes, so π2(xi, xi) ∼= Z. Furthermore, every class in
π2(xi, xi) is of the form k · [T2] + exi

, where exi
denotes the constant class. Write

φk,xi
for this class. We note

μ(φk,xi
) = 2k.

Write p for the connected sum point on H. If φ ∈ π2(x,y) is a class on H, and
np(φ) = k,

μ(φ#φk,xi
) = μ(φ),

using Lipshitz’s formula for the Maslov index [Lip06, Corollary 4.3].
Hence, the main claim follows if we can show

#MM(φ, φk,xi
)/R ≡ #M(φ)/R

for any index 1 class φ with np(φ) = k.
Hence, it is sufficient to show that if d = (d1, . . . , dk) is a k-tuple of distinct

points in [0, 1]× R, then

(10.14) #M(φk,xi
,d) ≡ 1 (mod 2),

where M(φk,xi
,d) denotes the disjoint union of the moduli spaces {u ∈ M(Sq,

φk,xi
) : evqi(u) = di}, over equivalence classes of source curves S with k marked

points q.
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c1

c2

c′1

c2

c1

p0 p0

c2

p0
c2

c′′1

c1

c′1

Figure 10.1. Top left: a diagram for L(m, 1). Top right: a triple
obtained by adding an isotopic copy of the alpha curve. Bottom:
a triple obtained by adding two isotopic alpha curves.

Equation (10.14) may be established using the same argument as in the k = 1
case (i.e. ordinary stabilizations), as described by Lipshitz [Lip06, Appendix A].
Alternatively, one may establish (10.14) by degenerating d towards k distinct points
along {0} × R, and using the count of index 2 boundary degenerations for generic
almost complex structures given in Proposition 7.9. �

10.5. Lens space stabilizations and holomorphic triangles

Next, we consider triangles and lens space stabilizations. We consider taking the
connected sum of a Heegaard triple with a triple of the form shown in Figure 10.1.

Lemma 10.8. Suppose that c′1, c1 and c2 are the three curves on the torus shown
in Figure 10.1, and suppose that T = (Σ,α,β,γ, w) is an arbitrary Heegaard triple.
Write Tc′1,c1,c2 for the triple (T2, c′1, c1, c2, p0), and write Tc1,c2,c′1 and Tc2,c′1,c1 for
the triples obtained by cyclically permuting the attaching curves. Suppose J and J0
are almost complex structures on Σ × Δ and Σ0 × Δ, and let J ∧ J0 denote their
wedge. Then, counting triangles with respect to J and J∧J0, we have the following:

fT ∧Tc′
1
,c1,c2

;s#si(x×Θ+
c′1,c1

,y × xi) = fT ,s(x,y)⊗ x′
i;

fT ∧Tc1,c2,c′1
;s#si(x× xi,y × x′

i) = fT ;s(x,y)⊗Θ−
c1,c′1
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+
∑

z∈Tα∩Tγ

Cx,y,z · z×Θ+
c1,c′1

, and

fT ∧Tc2,c′1,c1
;s#si(x× x′

i,y ×Θ+
c′1,c1

) = fT ;s(x,y)⊗ xi,

for some Cx,y,z ∈ F[U ], and where x′
i is the unique intersection point in the corre-

sponding Spinc structure.

Proof. All of the equations are equivalent, by reordering the attaching curves,
and dualizing, so we focus on the first one. The m = 1 case is used in the proof
that the cobordism maps are invariants [OS06, Theorem 2.14]. Our proof is a
modification of the proof of an analogous result in the cylindrical setting [Zem15,
Theorem 9.7].

Suppose ψ0 ∈ π2(Θ, xi, x
′
i) is a class of triangles on Tc′1,c1,c2 . We have

μ(ψ0) = 2np0
(ψ0) + gr(Θ+

c′1,c1
,Θ).

If ψ ∈ π2(x,y, z) is a class, it follows that

(10.15) indemb(ψ, ψ0,M#) = μ(ψ) + gr(Θ+
c′1,c1

,Θ).

If the matched moduli space MM(ψ, ψ0) is non-empty, then M(ψ) is non-
empty, so we may assume μ(ψ) ≥ 0, by transversality. Equation (10.15) implies
that if (ψ, ψ0) has a matched representative, then Θ = Θ+

c′1,c1
and μ(ψ) = 0. The

proof now follows by showing that if d ∈ (int (Δ))k is generic, then

(10.16)
∑

ψ0∈π2(Θ
+

c′1,c1
,xi,x

′
i)

np0
(ψ0)=k

#M(ψ0,d) ≡ 1 (mod 2).

Equation (10.16) is obtained by degenerating d into one of the cylindrical ends of
T2 × Δ, as in the proof of (10.5). Equation (10.16) then follows from (10.2), as
well as the computation for the hat-triangle map (i.e. the count of holomorphic
triangles not covering the basepoint), which is straightforward to perform by hand.
The proof is complete. �

10.6. Lens space stabilizations and holomorphic rectangles

We will also need a version of the previous lens space stabilization results for
rectangles.

Lemma 10.9. Suppose that Q is a Heegaard quadruple. Write Qc′′1 ,c
′
1,c1,c2

for
the genus 1 quadruple shown in Figure 10.1. Suppose that J = (Js)s∈[0,1] and
I = (Is)s∈[0,1] are stratified families of almost complex structures, for counting
rectangles on Q and Q0, respectively. With respect to the families of almost complex
structures J and J ∧ I, we have

hQ∧Qc′1,c1,c2,c′′1
;s#s0(x×Θ+

c′1,c1
,y ×Θcan

c1,c2 , z×Θ+
c2,c′′1

)

=hQ;s(x,y, z)⊗Θ−
c′1,c

′′
1
+
∑

w∈Tα∩Tδ

Cx,y,z,w ·w ×Θ+
c′1,c

′′
1
,

for Cx,y,z,w ∈ F[U ]. Similar statements hold for quadruples which are stabilized by
the genus 1 diagrams obtained by cyclically permuting c′′1 , c

′
1, c1 and c2.

The proof is not substantially different than the proof of Lemma 10.8, so we
leave it as an exercise to the reader.
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CHAPTER 11

Holomorphic triangles and nearest point maps

In this chapter, we consider Heegaard triples where one set of attaching curves
is obtained via a small isotopy of another. We show that in favorable circumstances,
the counts of holomorphic triangles are appropriately simple. The main result is
known to experts. An extremely similar statement and argument was given in a
closely related context by Lipshitz, Ozsváth and Thurston [LOT16, Section 3.4],
on which our argument is modeled.

Proposition 11.1. Suppose that (Σ,α′,α,β) is a Heegaard triple and α′ are
Hamiltonian isotopies of α, such that

|α′ ∩ α| = 2δij .

If α′ are sufficiently close to α, then the holomorphic triangle map fα′,α,β(Θ
+
α′,α,−)

counts only small triangles, and is equal to the nearest point map.

11.1. Vertex multiplicities

We now review some basic facts about the domains of triangle classes. Suppose
that (Σ,γ1,γ2,γ3) is a Heegaard triple. If ψ ∈ π2(x,y, z) is a homology class of
triangles, then we write D(ψ) for the domain of ψ, which is an integral 2-chain on
Σ, with boundary on γ1 ∪ γ2 ∪ γ3.

The domain D(ψ) satisfies vertex relations at the intersection points on the
Heegaard diagram, which we now describe. Suppose x ∈ Σ is in the intersection
of a curve in γj and a curve in γk. We can label the multiplicities of the four
quadrants near x by a, b, c and d, as shown in Figure 11.1.

The vertex relations are

a+ d = c+ b+ δx(x) + δx(y)− δx(z),

x
a b

c d

γj

γk

Figure 11.1. Multiplicities near an intersection point x. We as-
sume j < k.

111
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where

δx(x) =

{
1 if x ∈ x

0 otherwise,

and similarly for δx(y) and δx(z).
Any domain which satisfies the vertex relations is a homology class of triangles.

11.2. Approximating triangle classes

Suppose (α′,α,β) is a Heegaard triple where α′ consists of Hamiltonian iso-
topies of α, satisfying

|α′
i ∩ αj | = 2δij .

We assume all intersections of the attaching curves are transverse. Furthermore,
we assume that each curve in β intersects the small regions between αk and α′

k in
a collection of arcs which each connect αk and α′

k.
If x ∈ Tα∩Tβ, then there is a nearest point xnp ∈ Tα′ ∩Tβ. Given a homology

class of triangles ψ ∈ π2(Θ,x,ynp), there is a unique domain Dapp(ψ) on (Σ,α,β)
which agrees with D(ψ) outside of the regions between α and α′.

The following is a straightforward computation:

Lemma 11.2. If x ∈ Tα ∩ Tβ and Θ ∈ Tα′ ∩ Tα, and ψ ∈ π2(Θ,x,ynp), then
the domain Dapp(ψ) satisfies the vertex relations for a class in π2(x,y).

Hence, Dapp(ψ) determines a class of disks ψapp ∈ π2(x,y). The following
index formula is key to proving Proposition 11.1:

Lemma 11.3. Suppose that (Σ,α′,α,β, w) is a Heegaard triple, and α′ are
small Hamiltonian isotopies of α, as above. Let ψ ∈ π2(Θ,x,ynp) be a homology
class of triangles, and ψapp ∈ π2(x,y) be its approximation. Then

μ(ψapp) = μ(ψ) + gr(Θ+
α′,α,Θ).

Proof. Firstly, it is sufficient to show the claim when Θ = Θ+
α′,α, since the

general claim follows by splicing bigons into ψ to reduce to this case. Hence, we
assume Θ = Θ+

α′,α.

Noting that ψapp ∈ π2(x,y), we may splice to obtain a triangle class

(11.1) ψ0 := ψ − ψapp ∈ π2(Θ
+
α′,α,y,ynp).

The class ψ0 is supported in the regions between α and α′. The difference be-
tween ψ0 and a canonical small triangle class is a doubly periodic domain which is
contained in the region between α and α′. See Figure 11.2. Such doubly periodic
domains have index 0, so

μ(ψ0) = 0.

Using additivity of the index and (11.1), we obtain μ(ψ) = μ(ψ0), completing the
proof. �

In Figure 11.3, we give an example of a Maslov index 0 class of triangles whose
approximation is a Maslov index 1 class of disks.
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α′jαj

Θ+
α′,α

xnp x

β

Figure 11.2. A small triangle class.

βα

α′

Θ−α′,α

βα

ψ ψapp

Figure 11.3. A Maslov index 0 triangle class (left), whose ap-
proximation has Maslov index 1 (right). Note that the triangle
has a vertex at Θ−

α′,α, and not Θ+
α′,α.

11.3. Proof of Proposition 11.1

Proof. The proof follows from essentially the same argument as [LOT16,
Lemma 3.38], as we now sketch. Let α′

i be a sequence of Hamiltonian translates
of α, each of which is sufficiently close to α for the nearest point map to be well
defined, and such that α′

i → α′ as i → ∞.
By picking αi suitably, we may assume that the sets of homology classes of

triangles on (Σ,α′
i,α,β) are canonically identified for different i. Let Θ+

i denote
the top intersection point of Tα′

i
∩ Tα. Suppose that y′

i ∈ Tα′
i
∩ Tβ are similarly

identified, and x ∈ Tα ∩ Tβ. Suppose that ψ ∈ π2(Θ
+
i ,x,y

′
i) is a Maslov index 0

class of triangles, which has a holomorphic representative for all i.
Let us label the edges of the triangle Δ as eα′ , eα and eβ . Analogously to the

argument in [LOT16, Lemma 3.38], we may extract a Gromov limit of ui, consist-
ing of a collection of curves mapping into Σ×Δ, with boundary on α× eα′ , α× eα
and β × eβ , as well as a collection of curves mapping into Σ × [0, 1] × R, corre-
sponding to the three cylindrical ends. We organize all of the components whose
sources are not closed, and which project non-constantly to Δ into a collection u.
If u is a J-holomorphic curve mapping into Σ × Δ (or Σ × [0, 1] × R) for some
J satisfying (J-1)–(J-5), and πΔ ◦ u is locally non-constant, then it follows from
[Lip06, Lemma 3.1] that πΔ ◦ u is an open map (in the notation therein, Σ×Δ is
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E and Σ is B). Hence any closed components or components with constant projec-
tion to Σ contribute domain k[Σ] for some k ∈ Z. Positivity of intersections implies
that k ≥ 0. Similarly, the curves mapping into the cylindrical ends also have to
consist of curves satisfying (M -1)–(M -7), as well as curves whose domain consists
of nonnegative multiples of [Σ]. Using transversality for holomorphic disks, we may
conclude that curves mapping into Σ× [0, 1]× R have nonnegative Maslov index.

We may view the curve u, mapping into Σ ×Δ, as instead mapping into Σ ×
[0, 1]× R \ Σ× {(1, 0)}, with additional punctures which are asymptopic to points
along α × {(1, 0)}. Using removal of singularities [MS12, Theorem 4.1.2], u may
be completed over Σ × {(1, 0)}, to obtain a holomorphic curve mapping into Σ ×
[0, 1] × R, satisfying (M -1)–(M -7). We write u also for this holomorphic curve.
We write φ0 for the class of u. The domain of φ0 differs from ψapp by k[Σ], for
some k ≥ 0, as well as a collection of disk classes corresponding to the curves
in the α-β and α′-β cylindrical ends of Σ × Δ, which have nonnegative Maslov
index. By Lemma 11.3, μ(ψapp) = 0. We conclude that μ(φ0) ≤ 0, with equality if
and only if the remaining classes have trivial domain. Since φ0 has a holomorphic
representative, φ(φ0) ≥ 0. Transversality considerations imply that φ0 has trivial
domain, and that the remaining curves also have trivial domain.

It follows that the original triangle class ψ had domain supported in the thin
regions between α′ and α, and consequently must be a small triangle class. On
the other hand, it is straightforward to enumerate small triangles by hand, and see
that the count of small triangles gives exactly the nearest point map. It follows
that fα′,α,β(Θ

+
α′,α,−) is the nearest point map. �

Remark 11.4. The nearest point count of Proposition 11.1 will be used in
the construction of the central hypercube in Sections 16 and 19. We note that
a result of Lipshitz [Lip06, Proposition 11.4] implies that the nearest point map
is chain homotopic to the transition map obtained by counting triangles. It is
possible to describe our argument without the nearest point map counts, by adding
these homotopies as length 2 maps in the central hypercube. However, a tradeoff
to including these homotopies in the central hypercube is a further increase in
complexity of the hypercube in Section 19. Hence, we opt to use the nearest point
map to simplify the presentation.

11.4. Small isotopies and Heegaard quadruples

Proposition 11.1 has a natural analog for higher counts of holomorphic curves,
and the proof is essentially the same.

Proposition 11.5. Suppose that (Σ,α′,α,β,γ, w) is a Heegaard quadruple
such that α′ are small Hamiltonian translates of α, satisfying

|α′ ∩ α| = 2δij .

If α′ are sufficiently small translates of α, then for a suitable family of almost
complex structures on Σ× �, we have hα′,α,β,γ;s(Θ

+
α′,α,x,y) = 0, for all x and y.

In fact, the moduli spaces counted by hα′,α,β,γ;s(Θ
+
α′,α,x,y) are empty.

The proof of Proposition 11.5 is largely the same as the proof of Proposi-
tion 11.1, as we sketch presently. We consider a sequence α′

i which approaches α.
The moduli space of rectangles may be identified with the moduli space of triangles
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with an extra marked point on one of the boundary components. Hence, from a se-
quence of Maslov index −1 rectangles which have boundary on α′

i, α, β and γ, we
may extract a Gromov limit, which consists of a broken triangle on (Σ,α,β,γ, w),
with Maslov index −1. Generically, no such triangles exist, by transversality, so
the moduli spaces counted by hα′

i,α,β,γ;s
(Θ+

α′
i,α

,x,y) must be empty for large i.
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CHAPTER 12

Input from Ozsváth and Szabó’s surgery exact
sequence

In this chapter, we review some background on Ozsváth and Szabó’s surgery
exact sequence [OS08b]. In particular, we describe the maps which appear along
the top and bottom faces of our main hypercube.

12.1. Surgery quadruples

Definition 12.1. Suppose K is a null-homologous knot in a 3-manifold Y . We
say a doubly pointed Heegaard quadruple (Σ,α3,α2,α1,β, w, z) is an (n, n+m,∞)-
surgery quadruple diagram for (Y,K) if the following are satisfied:

(D-1) We can write

α1 = α ∪ {c1}, α2 = α′ ∪ {c2}, and α3 = α′′ ∪ {c3},

where α, α′ and α′′ are pairwise Hamiltonian translates of each other.
Furthermore,

|αi ∩ α′
j | = |α′

i ∩ α′′
j | = |αi ∩ α′′

j | = 2δij .

(D-2) There is a once punctured torus F ⊆ Σ, which contains c1, c2 and c3 and
is disjoint from α, α′ and α′′. We call F the surgery region.

(D-3) The diagram (Σ,α1,β, w, z) represents a doubly based unknot in Yn(K).
Furthermore, w and z are immediately adjacent.

(D-4) The diagram (Σ,α2,β, w, z) represents a doubly based unknot in
Yn+m(K). Furthermore, w and z are immediately adjacent.

(D-5) The diagram (Σ,α3,β, w, z) represents K in Y , decorated with two base-
points.

(D-6) The curves c1, c2 and c3 may be oriented so that

#(c1 ∩ c2) = m, and #(c2 ∩ c3) = #(c3 ∩ c1) = 1.

See Figure 12.1 for a schematic of the surgery region of Σ.

12.2. Heegaard Floer homology of lens spaces

In this section, we recall some facts about the Floer homology of lens spaces,
which Ozsváth and Szabó use to build their exact sequence in [OS08b].

Definition 12.2. View L(m, 1) as the boundary of a disk bundle D(m, 1) over
S2 with Euler number m. The canonical Spinc structure, s0 ∈ Spinc(L(m, 1)), is
the restriction to L(m, 1) of the two Spinc structures t ∈ Spinc(D(m, 1)) satisfying

〈c1(t), S2〉 = ±m.

117
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(Yn(K), U) (Yn+m(K), U) (Y,K)
(Σ,α1,β, w, z) (Σ,α2,β, w, z) (Σ,α3,β, w, z)

c1 c2

c3

Figure 12.1. The genus 1 surgery region of an (n, n + m,∞)-
surgery quadruple (Σ,α3,α2,α1,β, w, z). The curves β are not
shown.

c1

c3

c2

Θcan
c2,c1

w
z

Figure 12.2. The triple (T2, c3, c2, c1, w, z). The generator of the
canonical Spinc structure is labeled.

The Floer homology of a lens space has a simple form:

HF−(L(m, 1), s) ∼= F[U ],

for each s ∈ Spinc(L(m, 1)). We write Θcan for the generator of HF−(L(m, 1), s0).

12.3. Cobordism maps for disk bundles over S2

Let m be a positive integer. We recall that the induced map on Heegaard Floer
homology for −m surgery on an unknot has a simple form. See [OS08b, Section 3].
The blow-up formula corresponds to m = 1 [OS06, Theorem 3.7].

Lemma 12.3. Let (T2, c3, c2, c1, w, z) denote the genus 1 Heegaard triple shown
in Figure 12.2. The twisted triangle map satisfies

fc3,c2,c1;s±k
(Θc3,c2 ,Θ

can
c2,c1) = Umk(k+1)/2 · T 0 ·Θc3,c1 ,

where s
±
k satisfies 〈c1(s±k ), S〉 = ±(2k+1)m, for k ≥ 0. In particular, the sum over

all s+k and s
−
k is 0.
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c̃1c̃1c̃1c̃1

c̃2

c̃2

c̃2

c̃2

c̃2

c̃2

c̃3

c̃3

c̃3

Figure 12.3. The universal cover of Figure 12.2, as well as the
lifts of two triangle classes. The curves c̃1, c̃2 and c̃3 are the lifts
of c1, c2 and c3.

Proof. A holomorphic triangle counted by fc3,c2,c1,s±k
may be lifted to the

universal cover of T2, where the count is easy to perform. See Figure 12.3. �

It will sometimes be helpful to index Spinc structures by the odd integers s ∈
2Z+1. If us denotes the triangle representing the Spinc structure with 〈c1(s), S〉 =
sm, then one may compute directly that

nw(us) =
m(s2 − 1)

8
and nz(us) =

m((s+ 2)2 − 1)

8
.

12.4. The length 1 maps on the top and bottom of the main hypercube

We now describe the length 1 maps along the top and bottom of the involutive
hypercube of a triad in Theorem 1.14. Suppose that (Σ,α3,α2,α1,β, w, z) is an
(n, n + m,∞) surgery quadruple for K ⊆ Y . We will write fβ

α1→α2
for the map

labeled f1 in Theorem 1.14, which we define to be

fβ
α1→α2

(x) =
∑

y∈Tα2
∩Tβ

ψ∈π2(Θ
can
α2,α1

,x,y)

μ(ψ)=0

#M(ψ) · Unw(ψ) · y,

extended equivariantly over the action of U .
Similarly, we write fβ

α2→α3
for the map labeled f2, which we define as

fβ
α2→α3

(x) =
∑

y∈Tα3
∩Tβ

ψ∈π2(Θ
+
α3,α2

,x,y)

μ(ψ)=0

#M(ψ) · Unw(ψ)Tnz(ψ)−nw(ψ) · y.

If we wish to emphasize the almost complex structure, we will write

Jfβ
α1→α2

and Jfβ
α2→α3

.
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12.5. The length 2 maps along the top and bottom of the main
hypercube

The following is a well known fact about Heegaard Floer homology; see, e.g.,
[OS08b]:

Lemma 12.4. Suppose that (Σ,α3,α2,α1,β, w, z) is an (n, n+m,∞)-surgery
quadruple. Let S denote the boundary of the surgery region. If J = (Jt)t∈[0,1]

is a stratified family of almost complex structures on Σ × � which is maximally
pinched along S, then the diagram in (12.1) is a 2-dimensional hypercube of chain
complexes:

(12.1)

CF−
J (α1,β)

CF−
J (α2,β) CF−

J (α3,β).

Jfβ
α1→α2

J
h β
α
1→

α
2→

α
3

Jfβ
α2→α3

Here Jhβ
α1→α2→α3

denotes the twisted rectangle counting map

Jhβ
α1→α2→α3

(x) := hJ
α3,α2,α1,β(Θ

+
α3,α2

,Θcan
α2,α1

,x).

Proof. Using the associativity relations for quadrilaterals, it is sufficient to
show

(12.2) fJ
α3,α2,α1

(Θ+
α3,α2

,Θcan
α2,α1

) = 0.

Equation (12.2) is proven as follows. Write α3 = {c3} ∪ α′′, α2 = {c2} ∪ α′ and
α1 = {c1}∪α, where α, α′ and α′′ are small Hamiltonian translates of each other.
Using Proposition 10.2 we obtain

fJ
α3,α2,α1

(Θ+
α3,α2

,Θcan
α2,α1

) = fJ
c3,c2,c1(Θ

+
c3,c2 ,Θ

can
c2,c1)⊗Θ+

α′′,α,

which implies (12.2) when combined with Lemma 12.3. �

Remark 12.5. Lemma 12.4 holds without the family J being maximally pinch-
ed, though the proof is easier if we assume that J is maximally pinched. Despite
being unnecessary for Lemma 12.4, the maximally pinched condition makes the
construction of other portions of the main hypercube substantially easier. As a
specific example, see the change of almost complex structure hypercube in Sec-
tion 13, where the maximally pinched condition prevents curves from appearing
along the left side of Figure 13.1.

12.6. Heegaard quadruples related to disk bundles

Analogous to Lemma 12.3, we will need a model count of holomorphic rectangles
appearing on quadruples related to those in Figure 12.3.

Lemma 12.6. Suppose that Q = (T2, c3, c2, c1, c
′
1, w, z) is the quadruple obtained

from the triple (T2, c3, c2, c1, w, z) shown in Figure 12.2 by adding a curve c′1 which
is a small Hamiltonian translate of c1, and intersects c1 in two points. Then

hQ;s(Θc3,c2 ,Θ
can
c2,c1 ,Θ

+
c1,c′1

) = 0,
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for all s ∈ Spinc(Xc3,c2,c1,c′1
). In fact, there are no classes of index −1 in

π2(Θc3,c2 ,Θ
can
c2,c′1

,Θ+
c1,c′1

,Θc3,c′1
).

Analogous claims hold for the quadruples (T2, c3, c
′
2, c2, c1) and (T2, c′3, c3, c2, c1).

Proof. First, we note that if we fill the (c3, c2), (c1, c
′
1) and (c3, c

′
1) ends

of Xc3,c2,c1,c′1
with 3- and 4-handles, we obtain a disk bundle over S2 with Euler

number −m. Hence, there is a natural isomorphism between the Spinc structures on
Xc3,c2,c1,c′1

which have torsion restrictions to the boundary, and Spinc(D(−m, 1)).

Hence, writing s
±
k for the Spinc structures in Lemma 12.4, we have that

h
Q;s±k

(Θc3,c2 ,Θ
can
c2,c1 ,Θ

+
c1,c′1

)

is of homogeneous grading
−mk(k + 1) + 1,

which is always odd. However CF−(T2, c3, c1) ∼= F[U ] is supported in even gradings,
so we conclude that hQ;s(Θc3,c2 ,Θ

can
c2,c1 ,Θ

+
c1,c′1

) = 0 for all s (and in fact, there are

no rectangle classes of index −1 spanning the given intersection points). �



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

CHAPTER 13

Hypercubes for changing the almost complex
structure

We now construct a 3-dimensional hypercube for changing the almost com-
plex structure. We can think of this 3-dimensional hypercube as relating the 2-
dimensional ones considered in Lemma 12.4, for different 1-dimensional families of
almost complex structures.

α3β

α2α1

J0

s

t

JJJ0JJ000

J0

J1

J1

J1

J1

J1

J0

J0

J1

J1

J0

J1

J0

J0

J1

J0

J0

Figure 13.1. A 2-parameter stratified family (Js,t)(s,t)∈[0,1]×[0,1]

of almost complex structures on Σ × � used to relate two 1-
parameter families of almost complex structures. The behavior of
Js,t along the codimension 1 and 2 strata is illustrated. Wavy gray
lines along the interior of an n-gon indicate where the almost com-
plex structure may vary along a given strata. Wavy boundary lines
indicate non-cylindrical almost complex structures on Σ×[0, 1]×R.

123
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Lemma 13.1. Suppose (Σ,α3,α2,α1,β, w, z) is an (n, n+m,∞)-surgery qua-
druple for a knot K ⊆ Y , and J0 = (Js,0)s∈[0,1] and J1 = (Js,1)s∈[0,1] are two
stratified families of almost complex structures on Σ×�, for counting holomorphic
rectangles, which are maximally pinched along the boundary of the surgery region.
There are maps which make the following diagram a hypercube of chain complexes:

(13.1)

CF−
J0
(Σ,α1,β)

CF−
J0
(Σ,α2,β) CF−

J0
(Σ,α3,β)

CF−
J1
(Σ,α1,β)

CF−
J1
(Σ,α2,β) CF−

J1
(Σ,α3,β)

J
0→

J
1h β

α
1→

α
2→

α
3

ΨJ0→J1

J0f β
α
1→α

2

J0hβ
α1→α2→α3

J0fβ
α2→α3

J
0→

J
1f β
α
2→

α
3

ΨJ0→J1

J1hβ
α1→α2→α3

J1f β
α
1→α

2

J1fβ
α2→α3

ΨJ0→J1

J
0 →

J
1f β
α
1 →

α
2

Proof. We pick a family J̃ = (Js,t)(s,t)∈[0,1]×[0,1] which has the schematic
behavior illustrated in Figure 13.1, and which is maximally pinched along S.

In equation (13.1), ΨJ0→J1
counts index 0 holomorphic strips for a non-cylindri-

cal almost complex structure (the choice of non-cylindrical almost complex struc-
ture is determined by the value of Js,t on the codimension 1 strata of [0, 1] ×
[0, 1]). Similarly, the maps J0→J1fβ

α1→α2
and J0→J1fβ

α2→α3
count index −1 trian-

gles which are Js,t-holomorphic for (s, t) in a particular subset of ∂([0, 1] × [0, 1]),
and J0→J1hβ

α1→α2→α3
counts index −2, Js,t-holomorphic rectangles, for (s, t) ∈

(0, 1)× (0, 1).
The length 0, 1 and 2 hypercube relations are easy to verify, so we focus on

the length 3 relation. If ψ ∈ π2(Θ
+
α3,α2

,Θcan
α2,α1

,x) is a Maslov index −1 class of
rectangles on the quadruple (Σ,α3,α2,α1,β), then we consider the 1-dimensional
moduli space of rectangles

(13.2) M
˜J (ψ) :=

⋃
(s,t)∈(0,1)×(0,1)

MJs,t
(ψ)× {(s, t)}.

The boundary of the compactification of M
˜J (ψ) consists of the following broken

curves:

(1) An index 1 holomorphic strip in one of the cylindrical ends, and an index
−2, Js,t-holomorphic quadrilateral for some (s, t) ∈ (0, 1)× (0, 1).

(2) A broken curve consisting of Js,t-holomorphic curves for (s, t) in the codi-
mension 1 strata of [0, 1] × [0, 1]. Such a curve consists of an index −1
curve in the portion with interior wavy lines in Figure 13.1, and index 0
curves in all of the remaining regions.

The count of the ends of the moduli spaces M
˜J (ψ) at (s, t) ∈ (0, 1)× (0, 1) give

(13.3)
[
∂, J0→J1hβ

α1→α2→α3

]
(x).

Ends of M
˜J (ψ) which occur along {1} × (0, 1) contribute the expression

(13.4)
(
J0→J1fβ

α2→α3
◦ J0fβ

α1→α2
+ J1fβ

α2→α3
◦ J0→J1fβ

α1→α2

)
(x).

Ends which occur along (0, 1)× {0, 1} contribute

(13.5)
(
ΨJ0→J1

◦ J0hβ
α1→α2→α3

+ J1hβ
α1→α2→α3

◦ΨJ0→J1

)
(x).
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The sum of equations (13.3), (13.4) and (13.5) is exactly the length 3 hypercube
relation, so it remains to show that the count of ends appearing along {0} × (0, 1)
make no total contribution.

The ends appearing along {0} × (0, 1/2) contribute

fJ0→J1

α3,α1,β

(
fJ0
α3,α2,α1

(
Θ+

α3,α2
,Θcan

α2,α1

)
,x
)
.

Proposition 10.2 implies

(13.6) fJ0
α3,α2,α1

(
Θ+

α3,α2
,Θcan

α2,α1

)
= fc3,c3,c1

(
Θ+

c3,c2 ,Θ
can
c2,c1

)
⊗Θα′

3,α
′
1
,

where α′
i = αi \ {ci}. By Lemma 12.3, the right side of equation (13.6) vanishes.

Hence the count of curves along {0} × (0, 1/2) makes no total contribution.
We now consider the ends which occur along {0} × (1/2, 1), which contribute

the expression

fJ1

α3,α1,β

(
fJ0→J1
α3,α2,α1

(
Θ+

α3,α2
,Θcan

α2,α1

)
,ΨJ0→J1

(x)
)
.

We claim that

(13.7) fJ0→J1
α3,α2,α1

(
Θ+

α3,α2
,Θcan

α2,α1

)
= 0.

By definition, fJ0→J1
α3,α2,α1

(Θ+
α3,α2

,Θcan
α2,α1

) counts index −1, matched triangles over a

1-parameter family of almost complex structures. Since the family J̃ is maximally
pinched, the (α3,α2,α1)-component of the family (J0,t)t∈[0,1] has infinite neck
length along S, i.e., it is the wedge of a family (It)t∈[0,1] on Σ × Δ, and a family

(I ′t)t∈[0,1] on T2×Δ, and by construction, the moduli spaces appearing along {0}×
(0, 1) are fibered products over the evaluation map at the connected sum point, as
well as the parameter t ∈ [0, 1]. We claim that the matched moduli spaces counted
by fJ0→J1

α3,α2,α1
(Θ+

α3,α2
,Θcan

α2,α1
) are always empty. To see this, suppose that (ψ, ψ0) ∈

π2(Θ
+
α′′,α′ ,Θ

+
α′,α, z) × π2(Θc3,c2 ,Θ

can
c2,c1

,Θc3,c1) is a pair of classes, which have the
same multiplicity at the connected sum point. The matched index is given by

(13.8) indemb(ψ, ψ0,M#) = μ(ψ0) + gr(Θ+
α′′,α, z)

Transversality for the family Is implies that if (ψ, ψ0) has a matched repre-
sentative, then μ(ψ0) ≥ −1. Hence equation (13.8) implies that if (ψ, ψ0) has a
representative and indemb(ψ, ψ0,M#) = −1, then

μ(ψ0) = −1 and z = Θ+
α′′,α.

However the diagram (T2, c3, c2, c1) has only triangles of even index, so μ(ψ0) 
= −1.
Hence

fJ0→J1
α3,α2,α1

(
Θ+

α3,α2
,Θcan

α2,α1

)
= 0,

implying equation (13.7), and completing the proof. �
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CHAPTER 14

Hypercubes for stabilization

We now describe 3-dimensional hypercubes for stabilization and destabilization.
Suppose that

Q = (Σ,α3,α2,α1,β, w, z) and Q0 = (Σ0, ξ, ζ,σ, τ , p0)

are Heegaard quadruples, such that Q is an (n, n + m,∞)-surgery quadruple, as
in Definition 12.1, and Q0 is a multi-stabilizing Heegaard quadruple, as defined
in Chapter 9. In this chapter, we describe a 3-dimensional hypercube of chain
complexes relating the 2-dimensional hypercubes for Q and Q#Q0.

The hypercube for stabilization is constructed as the compression of two hy-
percubes:

(1) A singular stabilization hypercube, which involves stabilizing using singu-
larized almost complex structures.

(2) A desingularization hypercube, which is a combination of the change of
almost complex structure hypercube from Chapter 13, and the transition
maps for desingularizing the almost complex structure from Lemma 8.2.

14.1. Singular stabilization hypercubes

We first construct a stabilization hypercube relating Q and Q#Q0 which in-
volves singular almost complex structures.

Let J = (Js)s∈[0,1] be a stratified family of almost complex structures on Σ×�,
for counting rectangles, which is maximally pinched along ∂F , where F ⊆ Σ denotes
the surgery region. Let I = (Is)s∈[0,1] be a stratified family of maximally pinched
almost complex structures on Σ0 × �, for counting rectangles. We write J ∧ I =
(Js∧Is)s∈[0,1] for the wedge product family. We will always assume that the almost
complex structures are split in a neighborhood of the connected sum points.

Similar to section 8.2, we may define the matched moduli spaces of triangles
and rectangles. The matched moduli spaces of triangles may be defined by an easy
adaptation of the construction for disks, in (8.1). The matched moduli space of
rectangles is defined similarly, however we also require the rectangles to be matched
with respect to the aspect ratio parameter. More concretely, if Sq and S

q0
0 are two

source curves for rectangles, and ψ and ψ0 are two classes of rectangles on Q and

127
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Q0, then we define the matched moduli space of rectangles to be

MMJ∧I(S
q, S

q0
0 , ψ, ψ0)

:=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩(u, s, u0, s0) ∈ MJ (S
q, φ)× MI(S

q0
0 , ψ0)

∣∣∣∣∣∣∣∣∣∣
(πΣ ◦ u)(qi) = p,

(πΣ0
◦ u0)(q0,i) = p0,

(π� ◦ u)(qi) = (π� ◦ u)(qi,0),
for i = 1, . . . , k,

s = s0

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

(14.1)

We write MMJ∧I(ψ, ψ0) for the disjoint union of the moduli spaces in (14.1),
over pairs of equivalence classes of marked sources.

Recall that in Section 9.4, to a multi-stabilizing quadruple Q0, we associated a
4-tuple of integers m(Q0) = (m1(Q0),m2(Q0),m3(Q0),m4(Q0)), which we called
the index tuple.

Lemma 14.1. Suppose Q = (Σ,α3,α2,α1,β, w, z) is an (n, n+m,∞)-surgery
quadruple, with genus 1 surgery region bounded by a curve S, and Q0 = (Σ0, ξ, ζ,σ,
τ ,p0) is a multi-stabilization quadruple, satisfying

m4(Q0) = 0.

Suppose J = (Js)s∈[0,1] and I = (Is)s∈[0,1] are stratified families of almost complex
structures on Σ× � and Σ0 × �, both for counting rectangles, and J is maximally
pinched along S. The following diagram is a hypercube:

CF−
J (α1,β)

CF−
J (α2,β) CF−

J (α3,β)

CF−
J∧I(α1 ∪ σ,β ∪ τ )

CF−
J∧I(α2 ∪ ζ,β ∪ τ ) CF−

J∧I(α3 ∪ ξ,β ∪ τ )

Fσ,τ
1

J
f β
α1→α

2

Jhβ
α1→α2→α3

Jfβ
α2→α3

F ξ,τ
1

J∧Ihβ∪τ
α1∪σ→α2∪ζ→α3∪ξ

J∧I
f β∪τ
α1∪σ→α2∪ζ

F ζ,τ
1

J∧Ifβ∪τ
α2∪ζ→α3∪ξ

.

Proof. We verify the hypercube relations. The length 0 hypercube relations
are immediate. We now consider the length 1 hypercube relations. For the horizon-
tal length 1 maps, the hypercube relations follow by counting the ends of moduli
spaces of triangles of index 1. For the vertical length 1 maps, the hypercube rela-
tions follow from Lemma 10.1.

We now consider the length 2 relations. Lemma 12.4 imples that Jhβ
α1→α2→α3

is a null-homotopy of Jfβ
α2→α3

◦ Jfβ
α1→α2

. The same argument, applied to matched

triangles and rectangles, implies that J∧Ihβ∪τ
α1∪σ→α2∪ζ→α3∪ξ is a null-homotopy of

J∧Ifβ∪τ
α2∪ζ→α3∪ξ ◦ J∧Ifβ∪τ

α1∪σ→α2∪ζ . Additionally, we need to show that

F ζ,τ
1 ◦ Jfβ

α1→α2
= J∧Ifβ∪τ

α1∪σ→α2∪ζ ◦ F σ,τ
1 , and

F σ,τ
1 ◦ Jfβ

α2→α3
= J∧Ifβ∪τ

α2∪ζ→α3∪ξ ◦ F ζ,τ
1 .

(14.2)

By hypothesis, m4(Q0) = 0. By Lemma 9.9, we have

(14.3) m4(Q) = m3(Tζ,σ,τ ) +m3(Tξ,ζ,τ ).
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Using Lemma 9.7 and (14.3), we obtain

0 = m3(Tζ,σ,τ ) = m3(Tξ,ζ,τ ).

Proposition 10.2 now gives (14.2).
Lastly, we consider the length 3 hypercube relation. The length 3 hypercube

relation is equivalent to

F ξ,τ
1 ◦ Jhβ

α1→α2→α3
= J∧Ihβ∪τ

α1∪σ→α2∪ζ→α3∪ξ ◦ F ξ,τ
1 ,

which follows from Proposition 10.6. �

Dually, we obtain the following:

Lemma 14.2. Suppose that Q = (Σ,α3,α2,α1,β, w, z) is an (n, n + m,∞)-
surgery quadruple, with a genus 1 surgery region bounded by the curve S. Suppose
that Q0 = (Σ0, ξ, ζ,σ, τ ,p0) is a multi-stabilizing quadruple with

m3(Q0) = 0.

Suppose J = (Js)s∈[0,1] is a family of almost complex structures on Σ × � which
is maximally pinched along S, and I = (Is)s∈[0,1] is a family of almost complex
structures on Σ0 × �, both for counting holomorphic rectangles. The following
diagram is a hypercube of chain complexes

CF−
J∧I(α1 ∪ σ,β ∪ τ )

CF−
J∧I(α2 ∪ ζ,β ∪ τ ) CF−

J∧I(α3 ∪ ξ,β ∪ τ )

CF−
J (α1,β)

CF−
J (α2,β) CF−

J (α3,β)

J∧Ihβ∪τ
α1∪σ→α2∪ζ→α3∪ξJ∧I

f β∪τ
α1∪σ→α2∪ζ

Fσ,τ
3

J∧Ifβ∪τ
α2∪ζ→α3∪ξ

F ξ,τ
3

Jhβ
α1→α2→α3

J
f β
α1→α

2

Jfβ
α2→α3

F ζ,τ
3

.

14.2. Desingularization hypercubes

In Section 14.1 we described a hypercube for stabilization which involved
matched moduli spaces (i.e. fibered products along evaluation maps). We now
relate construct a hypercube which relates the singular almost complex structures
to ordinary ones:

Lemma 14.3. Suppose that Q = (Σ,α3,α2,α1,β,w) is an (n, n + m,∞)
surgery quadruple, with a genus 1 surgery region bounded by a curve S, and Q0 =
(Σ0, ξ, ζ,σ, τ , p) is a multi-stabilizing Heegaard quadruple. Suppose that J =
(Js)s∈[0,1] and I = (Is)s∈[0,1] are stratified families of almost complex structures
on Σ × � and Σ0 × �, and J is maximally pinched along S. Suppose further that
K = (Ks)s∈[0,1] is a family of almost complex structure on Σ#Σ0 × � which is
maximally pinched along S. Then there is a stratified family of almost complex
structures L = (Ls,t)(s,t)∈[0,1]×[0,1] on Σ#Σ0 × �, whose associated moduli spaces
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give the following hypercube of chain complexes:

CF−
J∧I(α1 ∪ σ,β ∪ τ )

CF−
J∧I(α2 ∪ ζ,β ∪ τ ) CF−

I∧J (α3 ∪ ξ,β ∪ τ )

CF−
K(α1 ∪ σ,β ∪ τ )

CF−
K(α2 ∪ ζ,β ∪ τ ) CF−

K(α3 ∪ ξ,β ∪ τ )

ΨJ∧I→K

J∧I
f β∪ξ
α
1∪σ→α

2∪ζ

J∧Ihβ∪τ
α1∪σ→α2∪ζ→α3∪ξ

J∧I→
K
h β∪τα

1∪σ→
α
2∪ζ→

α
3 ∪ξ

J∧Ifβ∪τ
α2∪ζ→α3∪ξ

J∧
I→

K
f β∪

τα
2 ∪

ζ→
α
3 ∪

ξ

ΨJ∧I→K

K
hβ∪τ
α1∪σ→α2∪ζ→α3∪ξ

K
f β∪τ
α
1∪σ→α

2∪ζ

ΨJ∧I→K

Kfβ∪τ
α2∪ζ→α3∪ξ

J∧
I→

K
f β∪

τ

α
1 ∪

σ→
α
2 ∪

ζ

Proof. The proof follows from the same reasoning as the proof of Lemma 13.1,
which covers more general changes of the almost complex structure. �

By stacking and compressing the hypercubes in Lemmas 14.1 and 14.3, we
obtain the general hypercube for stabilization. Dualizing, as in Lemma 14.2, yields
a hypercube for destabilization.
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CHAPTER 15

The first 2-handle hypercube

We now construct the first 2-handle hypercube, C1
2-h. For all of the complexes

appearing in this hypercube, we use the underlying Heegaard surface Σ#Σ. We
make the following definitions:

• We write D(F ) for the genus 2 subset of Σ#Σ consisting of the surgery
region on Σ, and its image on Σ.

• We write Δ ⊆ Σ#Σ for a collection of curves which are obtained by
doubling a basis of arcs d1, . . . , d2g for H1(Σ \N(w), I;Z). Furthermore,
we assume that Δ is adapted to α3, in the sense of Definition 6.6.

• We write Δ1 and Δ2 for the two curves of Δ which are in D(F ). And we

write Δ̂ for Δ \ {Δ1,Δ2}.
We consider the pentuple

P =
(
Σ#Σ,α3 ∪ β

′′′
,α2 ∪ β

′′
,α1 ∪ β

′
,β ∪ β,Δ, w

)
,

where β, β
′
, β

′′
, β

′′′
are small Hamiltonian translates.

Lemma 15.1. If β are sufficiently wound on Σ (with the winding also performed
on β and its small translates), and Δ1 and Δ2 are sufficiently wound on D(F ),
then P is weakly admissible.

Proof. Let ΠQ
P denote the set of rational periodic domains on P. Let ΠQ

P,L

denote the set of periodic domains with boundary equal to a rational linear combi-
nation of the curves in

α ∪ {c1, c2, c3} ∪ β ∪ β ∪Δ.

(That is, we remove all but one curve in any collection of pairwise isotopic curves).
There is a canonical map

L : ΠQ
P → ΠQ

P,L.

The map L is clearly surjective. See Figure 15.1 for a schematic of L.

n m n m
K

Figure 15.1. A schematic of the homomorphism L. The isotopic

curves denote β, β
′
, β

′′
and β

′′′
. The numbers n and m denote

the multiplicities of a domain D. On the right is the domain L(D).
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CF−(α1 ∪ β,β ∪ β)

CF−(α2 ∪ β,β ∪ β) CF−(α3 ∪ β,β ∪ β)

CF−(α1 ∪ β,Δ)

CF−(α2 ∪ β,Δ) CF−(α3 ∪ β,Δ)

f β∪β
α
1∪β→

α
2∪β

fβ∪β→Δ

α1∪β

hβ∪β
α1∪β→α2∪β→α3∪β

p β∪β→
Δ

α
1 ∪β→

α
2 ∪β→

α
3 ∪β

fβ∪β

α2∪β→α3∪β

h β∪
β→

Δ

α
2 ∪

β→
α
3 ∪

β

fβ∪β→Δ

α3∪β

f Δ
α
1∪β→

α
2∪β

hΔ
α1∪β→α2∪β→α3∪β

fΔ
α2∪β→α3∪β

h β∪
β→

Δ

α
1 ∪

β→
α
2 ∪

β

fβ∪β→Δ

α2∪β

Figure 15.2. The hypercube C1
2-h. The Heegaard surface is Σ#Σ,

for all Floer complexes. We have dropped the primes on the various
copies of β, to simplify the notation.

We will show that every non-zero element of ΠQ
P,L has both positive and neg-

ative multiplicities. This will imply that any nonnegative periodic domains in ΠQ
P

must be in the kernel of L. By picking the small Hamiltonian translations which
appear in the construction of P appropriately, one can ensure that any elements in
the kernel of L have both positive and negative multiplicities, which will imply the
desired result.

By applying the same argument as in Lemma 6.5, for sufficiently wound β, β,
Δ1 and Δ2 it is sufficient to show that there are no non-zero periodic domains in
ΠQ

P,L with only nonnegative coefficients, whose boundary is a linear combination

of only the curves in α ∪ {c1, c2, c3} ∪ Δ̂. Write ΠQ

α∪{c1,c2,c3}∪Δ̂
for the set of such

periodic domains.
Note that {c1, c2, c3} are contained on a genus 1 summand of Σ#Σ, and

α ∪ Δ̂ are contained on a disjoint, genus 2g − 2 summand. Hence the subspace
Span([c1], [c2], [c3]) ∈ H1(Σ#Σ;Q) has trivial intersection with each of Span([α] :

α ∈ α) and Span([Δ] : Δ ∈ Δ̂). Furthermore, the subspaces Span([α] : α ∈ α) and

Span([Δ] : Δ ∈ Δ̂) have trivial intersection in H1(Σ#Σ;Q) by the definition of a

doubled diagram. Since Span([α] : α ∈ α) and Span([Δ] : Δ ∈ Δ̂) each have dimen-

sion |α| and |Δ̂|, it follows that an element of ΠQ

α∪{c1,c2,c3}∪Δ̂
must have boundary

equal to a linear combination of the curves c1, c2 and c3, so ΠQ

α∪{c1,c2,c3}∪Δ̂
is nat-

urally isomorphic to ΠQ

{c1,c2,c3}. The main claim now follows from the fact that the

diagram (T2, c3, c2, c1, w) is weakly admissible, as can be seen by explicit examina-
tion of the diagram in Figure 12.2. �

Using the pentuple P, we build the hypercube C1
2-h, as shown in Figure 15.2.

Proposition 15.2. The diagram C1
2-h is a hypercube of chain complexes.
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Proof. The hypercube C1
2-h may equivalently be described as the pairing of

the following two hypercubes of attaching curves:
(15.1)

Lα :=

α1 ∪ β
′

α2 ∪ β
′′

α3 ∪ β
′′′

Θcan

α2∪β′′,α1∪β′

Θ+

α3∪β′′′,α2∪β′′

Lβ := β ∪ β Δ.
Θ+

β∪β,Δ

Using Lemma 5.10, it remains only to show the hypercube relations for Lα and
Lβ. The only non-trivial relation is the length 2 relation for Lα, which follows from
Lemma 12.4, completing the proof. �
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CHAPTER 16

The central hypercube

In this chapter, we construct the central hypercube. We construct three hy-

percubes, C(1)
cen, C(2)

cen and C(3)
cen, which we stack and compress to obtain a hypercube

Ĉcen. In Section 16.6, we describe how to modify Ĉcen to obtain the hypercube Ccen.

16.1. Almost complex structures

Let S1 and S2 be the two closed curves on Σ#Σ shown in Figure 16.1. The
curve S1 bounds the surgery region of Σ, and S2 bounds this region as well as its
image on Σ. Throughout this section, we assume that all almost complex structures
are maximally pinched along S1 and S2 (Definition 8.4).

16.2. Standard curves in the surgery region

We will encounter the curves c1, c2 and c3 on Σ, as well as their images on Σ.
We label the curves on Σ by c1, c2 and c3, as shown in Figure 16.2. Note that to
achieve admissibility, we do not pick ci to be an exact mirror of ci, but instead to
have the configuration shown in Figure 16.2.

Let PD(F ) denote the set of rational 2-chains D on D(F ) which have boundary
equal to a linear combination of the ci and ci curves, and which have nw(D) =
0. The following lemma is helpful to achieve admissibility on the multi-diagrams
appearing in the central hypercube:

Lemma 16.1. All non-zero domains PD(F ) have both positive and negative co-
efficients.

Proof. The proof is by direct inspection. The set of triply periodic domains in
PD(F ) is isomorphic to Z⊕Z. The first Z summand is supported on the left side of
D(F ), while the second Z summand is supported on the right. Furthermore, both

S1

S2

Figure 16.1. The closed curves S1 and S2, along which we assume
all almost complex structures are maximally pinched (Defini-
tion 8.4).
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c1

c3 c3

c2 c2 c1

Figure 16.2. The curves c1, c2, c3, c1, c2 and c3 in the genus 2
region D(F ). (Notice the slight asymmetry between the left and
right hand sides). The basepoint w is the solid dot on the left, and
z is the open dot on the right.

generators have both positive and negative coefficients, so any linear combination
does as well. �

16.3. The hypercube C(1)
cen

We begin by constructing an auxiliary hypercube, C(1)
aux, shown in Figure 16.3,

which is built from a pentuple (Σ#Σ,γ′′,γ′,γ, δ, δ′). In the notation of Figure 6.3,
the attaching curves of P(1) are as follows:

• γ = α1 ∪ β, γ′ = α2 ∪ β, and γ′′ = α3 ∪ β.
• δ coincide with the curves Δ, described in Chapter 15.
• δ′ coincides with small translates of Δ̂ outside of the special genus 2 region
D(F ), and is equal to small translates of c3 ∪ c3 in the special genus two
region.

Recall that we write Δ1 and Δ2 for the two curves of Δ appearing in D(F ).
We assume that the curves, c1, c2, c3 and c3 are in standard position in D(F ), i.e.
they appear with the configuration of Figure 12.1. The curves Δ1 and Δ2 will be
wound in D(F ), so in general will not be in a simple configuration. Note that we
will usually omit the winding of Δ1 and Δ2 from the figures.

The maps labeled in Figure 16.3 count all triangles, quadrilaterals and pen-
tagons which have special inputs equal to cycles which induce the top graded or
canonical elements of the Floer homology of L(m, 1)#(S1 ×S2)#k or (S1 ×S2)#k.
For (γ,γ′) and (γ′,γ′′), the top graded and canonical cycles are each represented
by a unique intersection point. For (δ, δ′), this will usually not be the case, since
we wind Δ1,Δ2 ⊆ D(F ) to achieve admissibility.

Lemma 16.2. If β are sufficiently wound on Σ, and Δ1 and Δ2 are sufficiently
wound in D(F ), then the tuple (Σ#Σ,γ′′,γ′,γ, δ, δ′, w) is weakly admissible.

Proof. Following the proof of Lemma 15.1, if we wind β, Δ1 and Δ2 suf-
ficiently, we reduce the main claim to showing that every non-zero rational pe-
riodic domain with boundary equal to a linear combination of the curves in α ∪
{c1, c2, c3, c3}∪Δ̂ has both positive and negative multiplicities. Since Δ̂ are adapted
to α, it is easy to see that this is equivalent to showing that any non-zero domain
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γγ′γ′′ δ δ′

CF−(γ,δ)

CF−(γ,δ′)

CF−(γ′,δ)

CF−(γ′,δ′)

CF−(γ′′,δ)

CF−(γ′′,δ′)

fδ→δ′
γ

fδ→δ′
γ′′

fδ→δ′
γ′

fδ
γ′→γ′′

f δ
γ→

γ ′

h δ
γ→

γ ′→
γ ′′

fδ′
γ′→γ′′

fδ′
γ→γ′

h δ→
δ ′γ ′→
γ ′′

h
1 :=h δ ′

γ→
γ ′→

γ ′′

h
δ→

δ ′

γ→
γ ′ W

W

W

W

W

W

W

W

pδ→δ′
γ→γ′→γ′′

Figure 16.3. The auxiliary hypercube C(1)
aux. A W along a curve

indicates that it is wound.

with equal to a linear combination of c1, c2, c3, and c3 has positive and negative
coefficients. This follows immediately from Lemma 16.1. �

We may equivalently think of C(1)
aux as the pairing of alpha and beta hypercubes

of attaching curves shown below:

(16.1) L(1)
α :=

γ

γ′ γ′′

Θcan
γ′,γ

Θ+

γ′′,γ′

L(1)
β := δ δ′

Θ+

δ,δ′

Lemma 16.3. The diagram C(1)
aux is a hypercube of chain complexes.

Proof. Given the description of C(1)
aux as the pairing of the two diagrams in

equation (16.1), by Lemma 5.10 it remains only to show that the diagrams L(1)
α
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CF−(γ,δ)

CF−(γ,δ)

CF−(γ′,δ) CF−(γ′′,δ)

CF−(γ′,δ) CF−(γ′,δ′)

CF−(γ,δ)

id

f δ
γ→

γ ′

fδ
γ′→γ′′

hδ
γ→γ′→γ′′

σF3f
δ→δ′
γ′′

fδ→δ′
γ′

id

id

fδ→δ′
γ

CF−(γ,δ′)

hδ→δ′
γ→γ′

σ
F

3 h
1 f

δ→
δ ′

γ

σF3p
δ→δ′
γ→γ′→γ′′

σ
F
3 h δ→

δ ′

γ ′→
γ ′′ fδ→δ′

γ

fδ
γ→γ′ fδ′

γ→γ′

W

W

W

W

W

W

W

W

W

W

W

W

Figure 16.4. The hypercube C(1)
cen. The character W indicates winding.

and L(1)
β are hypercubes of attaching curves. The only non-trivial relation is

fγ′′,γ′,γ(Θ
+
γ′′,γ′ ,Θ

can
γ′,γ) = 0,

which follows from Lemma 12.3. �

Let Σ0 denote Σ with the surgery region removed, and let γ0 denote the curves
obtained from γ′ by removing the surgery region. Let δ0 denote the curves on Σ0

obtained from δ′ by removing the surgery region. There is a stabilization map on
the twisted complexes

σ : CF−(Σ0#Σ,γ0, δ0) → CF−(Σ#Σ,γ′, δ′),

defined in the same manner as on the untwisted complexes. The hypercube C(1)
cen is

shown in Figure 16.4.

Lemma 16.4. The diagram C(1)
cen in Figure 16.4 is a hypercube of chain com-

plexes.

Proof. Before proving the hypercube relations, we make the following claim:

(16.2) σF3f
δ′

γ′→γ′′ = idCF−(γ′,δ′)
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Equation (16.2) is proven by using Proposition 10.2 to identify the composition

σF3f
δ′

γ′→γ′′ with the count of triangles after destabilizing the triple for fδ′

γ′→γ′′ .
Proposition 11.1 identifies this count with a nearest point map.

We now verify the hypercube relations. The length 0 and 1 relations are
straightforward. The length 2 relation along the left and back faces are trivial.
The length 2 relation along the top face follows from Lemma 12.4. The length 2

relation along the bottom face is a consequence of the hypercube relations for C(1)
aux.

We now consider the length 2 relation for the front face. The desired relation
reads

(16.3)
[
∂, σF3h

δ→δ′

γ′→γ′′

]
= σF3f

δ→δ′

γ′′ fδ
γ′→γ′′ + fδ→δ′

γ′ .

To establish (16.3), we note that associativity of holomorphic rectangles gives

(16.4)
[
∂, hδ→δ′

γ′→γ′′

]
= fδ′

γ′→γ′′fδ→δ′

γ′ + fδ→δ′

γ′′ fδ
γ′→γ′′ .

We compose (16.4) with σF3, and then apply (16.2), and immediately obtain (16.3).
Next, we verify the length 2 hypercube relation along the right face. The

desired relation is

(16.5)
[
∂, σF3h1f

δ→δ′

γ

]
= fδ′

γ→γ′fδ→δ′

γ .

To prove (16.5), we begin with by the associativity relations, applied to the map

h1 := hδ′

γ→γ′→γ′′ , which read

(16.6) [∂, h1] = fδ′

γ′→γ′′fδ′

γ→γ′ .

We now postcompose (16.6) with σF3, and precompose with fδ→δ′

γ to obtain

(16.7)
[
∂, σF3h1f

δ→δ′

γ

]
= σF3f

δ′

γ′→γ′′fδ′

γ→γ′fδ→δ′

γ .

Applying (16.2) to (16.7) gives the desired (16.5).

Finally, we note by post-composing the length 3 hypercube relation of C(1)
aux

with σF3, we obtain

σF3f
δ′

γ′→γ′′hδ→δ′

γ→γ′

+σF3f
δ→δ′

γ′′ hδ
γ→γ′→γ′′

+σF3h
δ→δ′

γ′→γ′′fδ
γ→γ′

+σF3h
δ′

γ→γ′→γ′′fδ→δ′

γ

=
[
∂, σF3p

δ→δ′

γ→γ′→γ′′

]
,

(16.8)

which is exactly the desired length 3 relation for C(1)
cen (we remind the reader that

hδ′

γ→γ′→γ′′ := h1). �

16.4. The hypercube C(2)
cen

We consider the attaching curves γ′, γ, δ, δ′, δ̃
′
and δ′′, shown in Figure 16.5.

We build an auxiliary hypercube C(2)
aux, shown schematically in Figure 16.5. Using

the maps therein, we build the hypercube C(2)
cen, shown in Figure 16.7.
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fδ→δ′
γ

fδ′
γ→γ′fδ

γ→γ′

fδ→δ′
γ′

f
˜δ′→δ′′
γ

f ˜δ ′
γ→

γ ′
f δ ′′
γ→

γ ′

f
˜δ′→δ′′
γ′

fδ→˜δ′
γ fδ′→δ′′

γ

fδ→˜δ′
γ′

fδ′→δ′′
γ′

CF−(γ,δ) CF−(γ,δ′)

CF−(γ′,δ′)

CF−(γ′,δ′′)

CF−(γ,δ′′)CF−(γ,˜δ
′
)

CF−(γ′,˜δ
′
)

CF−(γ′,δ)

h
δ→

˜δ ′

γ→
γ ′

h ˜δ′→δ′′
γ→γ ′

h
2 :=

h
δ ′→

δ ′′

γ→
γ ′

hδ→δ′
γ→γ ′

δ δ′ δ′′δ̃
′

γγ′

H δ→
δ ′′

γ

H
δ→

δ ′′
γ ′

P δ→δ′′
γ→γ′

W

W

W

W

W

W

Figure 16.5. The auxiliary hypercube C(2)
aux. The character W

indicates winding.

Lemma 16.5. If β ⊆ Σ and Δ1,Δ2 ⊆ D(F ) are sufficiently wound, then the
tuple

(Σ#Σ,γ′,γ, δ, δ′, δ̃
′
, δ′′, w)

is weakly admissible.

Proof. The proof is not substantially different than the proof of Lemma 16.2.
�

We will define C(2)
aux as the pairing of two hypercubes of attaching curves, taking

the following forms:

(16.9) L(2)
α := γ γ′Θcan

γ′,γ
and L(2)

β :=

δ δ′

δ̃
′

δ′′

Θ+

δ,δ′

Θ+

δ,˜δ′
λδ,δ′′

Θ+

δ′,δ′′

Θ+
˜δ′,δ′′
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δ
δ′

δ′′

Figure 16.6. Manipulating the triple (Σ#Σ, δ, δ′, δ′′, w, z). The
arrow indicates that we move the bottom right handle (light gray),
across the bottom left handle (dark gray), via a sequence of han-
dleslides.

We now explain how to pick the chains appearing in (16.9). First, we pick cycles

Θcan
γ′,γ , Θ+

δ,δ′ , Θ+
δ′,δ′′ , Θ+

δ,˜δ′
, Θ+

˜δ′,δ′′
, and Θ+

δ,δ′′ ,

each representing the top degree or canonical elements of their homology groups.
Note that since we wound the curves Δ1 and Δ2, the chains Θ+

δ,δ′ , Θ
+

δ,˜δ′
and Θ+

δ,δ′′

may not be represented by a canonical intersection point. For these chains, we pick
a cycle which represents the top degree or canonical class arbitrarily.

Lemma 16.6.

(16.10)
[
fδ,δ′,δ′′

(
Θ+

δ,δ′ ,Θ
+
δ′,δ′′

)]
=
[
fδ,˜δ′,δ′′

(
Θ+

δ,˜δ′
,Θ+

˜δ′,δ′′

)]
=
[
Θ+

δ,δ′′

]
.

In (16.10), the brackets denote the induced elements of the homology group
HF−(δ, δ′′).

Proof. The triple (Σ#Σ, δ, δ′, δ′′, w) may be interpreted as corresponding to
the link cobordism obtained by attaching a 2-handle to ((S1×S2)#2g−1, U), (where
U denotes an unknot), which cancels one of the S1×S2 summands, and is unlinked
from the unknot. This can be seen by handlesliding curves and manipulating the
diagram as illustrated in Figure 16.6. A similar manipulation works for the triple

(Σ#Σ, δ, δ̃
′
, δ′′). �

Lemma 16.6 implies that there is a chain λδ,δ′′ ∈ CF−(δ, δ′′), with grading 1
higher than Θ+

δ,δ′′ , such that

(16.11) ∂(λδ,δ′′) = fδ,δ′,δ′′
(
Θ+

δ,δ′ ,Θ
+
δ′,δ′′

)
+ fδ,˜δ′,δ′′

(
Θ+

δ,˜δ′
,Θ+

˜δ′,δ′′

)
.

The chain λδ,δ′′ satisfying equation (16.11) is the one which features in the hyper-

cube L(2)
β in (16.9). We define the maps in C(2)

aux to be the ones obtained by pairing

L(2)
α and L(2)

β , via (5.7).

Lemma 16.7. The diagram C(2)
aux in Figure 16.5 is a hypercube of chain com-

plexes.
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fδ→δ′
γ

fδ′
γ→γ′fδ

γ→γ′

fδ→δ′
γ′

fδ→δ′
γ

Π can
f δ→

˜δ ′γ

Π can
f δ ′→

δ ′′
γ

f
˜δ′→δ′′
γ

id id

σ0F3f
δ→˜δ′
γ′ σ0F3f

δ′→δ′′
γ′

CF−(γ,δ) CF−(γ,δ′)

CF−(γ′,δ′)CF−(γ′,δ)

σ
0 F

3 h
δ→

˜δ ′

γ→
γ ′

Πcan
H δ→δ′′

γ

σ
0 F

3 h
2 :=

σ
0 F

3 h
δ ′→

δ ′′

γ→
γ ′

hδ→δ′
γ→γ ′

σ
0F

3H
δ→

δ ′′
γ ′

CF−(γ,δ) CF−(γ,δ′)

CF−(γ,δ′′)CF−(γ,˜δ
′
)

σ0F3P
δ→δ′′
γ→γ′

W

W

W

W

W

W

Figure 16.7. The central hypercube C(2)
cen.

Lemma 16.7 follows immediately from the hypercube relations for L(2)
α and

L(2)
β , as well as Lemma 5.10.

We now give a more concrete description of the maps appearing in C(2)
aux. All of

the length 1 maps are elementary triangle maps. For example,

fδ→δ′

γ = fγ,δ,δ′(−,Θ+
δ,δ′).

The length 2 maps hδ→˜δ′

γ→γ′ , hδ→δ′

γ→γ′ , hδ→δ′

γ→γ′ and h
˜δ′→δ′′

γ→γ′ are each given by a single
quadrilateral counting map.

The maps Hδ→δ′′

γ and Hδ→δ′′

γ′ are more complicated. They are given by the
formulas

Hδ→δ′′

γ = hδ→δ′→δ′′

γ + hδ→˜δ′→δ′′

γ + fδ→δ′′

γ ,

where fδ→δ′′

γ := fγ,δ,δ′′(−, λδ,δ′′). The map Hδ→δ′′

γ′ is defined similarly.
Finally, the length 3 map is given by

P δ→δ′′

γ→γ′ = pδ→δ′→δ′′

γ→γ′ + pδ→
˜δ′→δ′′

γ→γ′ + hδ→δ′′

γ→γ′ ,

where hδ→δ′′

γ→γ′ = hγ′,γ,δ,δ′′(Θ
can
γ′,γ ,−, λδ,δ′′).
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In Figure 16.7, we define C(2)
cen using the maps from C(2)

aux. The map F3 is the
3-handle map, and σ0 is the lens space stabilization map. Also, Πcan denotes pro-
jection onto the canonical Spinc structure of the L(m, 1) summand. More explicitly,

(16.12) Πcan(x× xi) =

{
x× xi if i = 0

0 otherwise,

extended equivariantly over T and U .

Lemma 16.8. The diagram C(2)
cen in Figure 16.5 is a hypercube of chain com-

plexes.

Proof. There are two main inputs to the proof. The first is, naturally, the

hypercube relations for C(2)
aux. The second input consists of several results concerning

the simplicity of the maps appearing along the bottom face of the hypercube C(2)
aux.

More precisely, we claim

σ0F3f
˜δ′

γ→γ′ = Πcan : CF−(γ, δ̃
′
) → CF−(γ, δ̃

′
),

σ0F3f
δ′′

γ→γ′ = Πcan : CF−(γ, δ′′) → CF−(γ, δ′′),
(16.13)

(16.14) f
˜δ′→δ′′

γ σ0F3 = σ0F3f
˜δ′→δ′′

γ′ : CF−(γ′, δ̃
′
) → CF−(γ, δ′′),

and

(16.15) F3h
˜δ′→δ′′

γ→γ′ = 0.

Equation (16.13) is proven by using Lemma 10.8 to relate the triangle counts for

f
˜δ′

γ→γ′ and fδ′′

γ→γ′ with triangle counts on the destabilized complex. Proposition 11.1
identifies the destabilized triangle counts with nearest point maps, giving the stated
formula. Equation (16.14) is similarly proven by applying Lemma 10.8 and Propo-
sition 10.2 to the genus 1 region bounded by the curve S1 to identify both com-
positions with a triangle count on the same genus 2g(Σ) − 1 Heegaard triple. Fi-

nally, (16.15) is proven by using Lemma 10.9 to identify the map F3h
˜δ′→δ′′

γ→γ′ with the
count of quadrilaterals on the quadruple obtained by removing the genus 1 region
bounded by S1. Note that outside of the genus 1 region bounded by S, the curves
γ and γ′ are pairwise Hamiltonian isotopic (they coincide with small translates of
α∪ β). Hence Proposition 11.5 implies that the count is zero, for γ and γ′ chosen
to be suitably small translates of each other outside of the surgery region.

We now prove the hypercube relations. The length 0 and 1 hypercube rela-
tions are immediate. The length 2 relations along the top and back faces follow

immediately from the hypercube relations for C(2)
aux. The length 2 relation along the

front face follows by taking the length 2 relation along the front face of C(2)
aux and

post-composing with σ0F3.
The length 2 relation along the bottom face follows immediately from the re-

lation

(16.16) f
˜δ′→δ′′

γ Πcan = Πcanf
˜δ′→δ′′

γ ,

which follows because the map f
˜δ′→δ′′

γ is the cobordism map for a 2-handle whose

attaching cycle is disjoint from the L(m, 1) summand of (γ, δ̃
′
), and hence we may

use the lens space stabilization result for triangles in Lemma 10.8.
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We now consider the length 2 relation along the left face. The desired relation is

(16.17)
[
∂, σ0F3h

δ→˜δ′

γ→γ′

]
= σ0F3f

δ→˜δ′

γ′ fδ
γ→γ′ +Πcanfδ→˜δ′

γ .

To prove equation (16.17), we begin with the relation

(16.18)
[
∂, hδ→˜δ′

γ→γ′

]
= fδ→˜δ′

γ′ fδ
γ→γ′ + f

˜δ′

γ→γ′fδ→˜δ′

γ .

Post-composing with σ0F3, (16.18) becomes[
∂, σ0F3h

δ→˜δ′

γ→γ′

]
= σ0F3f

δ→˜δ′

γ′ fδ
γ→γ′ + σ0F3f

˜δ′

γ→γ′fδ→˜δ′

γ .

Applying (16.13) immediately gives (16.17). The length 2 relation along the right

face of C(2)
cen is proved entirely analogously.

We now consider the length 3 relation. The desired relation is[
∂, σ0F3P

δ→δ′′

γ→γ′

]
= f

˜δ′→δ′′

γ σ0F3h
δ→˜δ′

γ→γ′

+ σ0F3f
δ′→δ′′

γ′ hδ→δ′

γ→γ′

+ΠcanHδ→δ′′

γ

+ σ0F3H
δ→δ′′

γ′ fδ
γ→γ′

+ σ0F3h
δ′→δ′′

γ→γ′ fδ→δ′

γ

(16.19)

To obtain (16.19), we post-compose the length 3 relation of C(2)
aux with σ0F3 to obtain[

∂, σ0F3P
δ→δ′′

γ→γ′

]
= σ0F3f

˜δ′→δ′′

γ′ hδ→˜δ′

γ→γ′ + σ0F3f
δ′→δ′′

γ′ hδ→δ′

γ→γ′

+ σ0F3h
δ′→δ′′

γ→γ′ fδ→δ′

γ + σ0F3h
˜δ′→δ′′

γ→γ′ fδ→˜δ′

γ

+ σ0F3f
δ′′

γ→γ′Hδ→δ′′

γ

+ σ0F3H
δ→δ′′

γ′ fδ
γ→γ′ .

(16.20)

The equivalence of (16.20) and (16.19) follows quickly from (16.13), (16.15)
and (16.14). �

16.5. The hypercube C(3)
cen

In this section, we construct the hypercube C(3)
cen. We first construct an auxiliary

hypercube C(3)
aux, shown schematically in Figure 16.8.

Lemma 16.9. If β are sufficiently wound on Σ, and Δ1 and Δ2 are sufficiently
wound on Σ, then the diagram

(Σ#Σ,γ, δ, δ′, δ′′, δ̃
′
, δ1, δ2, δ3, w)

is weakly admissible.

The proof of Lemma 16.9 is essentially the same as the proof of Lemma 16.2,
so we omit it.

The hypercube C(3)
aux is the pairing of the 0-dimensional hypercube L(3)

α of alpha
attaching curves consisting of γ, as well the following 3-dimensional hypercube of
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fδ→δ′
γ

f δ ′→
δ ′′γ

f δ→
˜δ ′γ

f
˜δ′→δ′′
γ

f δ
1 →

δ
2

γ

fδ2→δ3
γ

fδ→δ1
γ

f
˜δ′→δ2
γ fδ′′→δ3

γ

hδ1→δ2→δ3
γ

h
3 :=

h
δ ′→

δ ′′→
δ
3

γ

H δ→δ′′
γ

H
˜δ ′→

δ
3

γ

CF−(γ,δ) CF−(γ,δ′)

CF−(γ,δ′′)

CF−(γ,δ1)

CF−(γ,δ3)

CF−(γ,˜δ
′
)

CF−(γ,δ2)

H
δ→

δ
2

γ

W

W

P δ→δ3
γ

Figure 16.8. The auxiliary hypercube C(3)
aux.

beta attaching curves:

(16.21) L(3)
β :=

δ δ′

δ̃
′

δ′′

δ1

δ2 δ3

Θ+
δ,δ1

ωδ,δ3

Θ+

δ,˜δ′

Θ+

δ,δ′

λδ,δ2
Θ+

δ′,δ′′

λ
˜δ′,δ3

Θ+
˜δ′,δ′′

Θcan
δ′′,δ3

Θcan
δ1,δ2

Θ+
δ2,δ3

Θcan
˜δ′,δ2

λδ,δ2

We now describe the chains appearing in L(3)
β . First, we pick a collection of cycles

Θ+

δ,˜δ′
, Θ+

δ,δ′ , Θ+
δ′,δ′′ , Θ+

˜δ′,δ′′
, Θ+

δ,δ1
, Θcan

δ′,δ2 , Θcan
δ′′,δ3 , Θcan

δ1,δ2 , and Θ+
δ2,δ3

,

which each represent the top degree generator or canonical generator of their ho-
mology groups. We use these cycles for the length 1 cycles in (16.21).
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Lemma 16.10. Suppose δ, δ̃
′
, δ′, δ′′, δ1, δ2 and δ3 are the attaching curves

appearing in L(3)
β . Then

[
fδ,δ′,δ′′

(
Θ+

δ,δ′ ,Θ
+
δ′,δ′′

)]
=
[
Θ+

δ,δ′′

]
,

fδ′,δ′′,δ3

(
Θ+

δ′,δ′′ ,Θ
can
δ′′,δ3

)
= 0,

[
fδ,˜δ′,δ′′

(
Θ+

δ,˜δ′
,Θ+

˜δ′,δ′′

)]
=
[
Θ+

δ,δ′′

]
,[

f
˜δ′,δ′′,δ3

(
Θ+

˜δ′,δ′′
,Θcan

δ′′,δ3

)]
=
[
Θcan

˜δ′,δ3

]
,

[
fδ,˜δ′,δ2

(
Θ+

δ,˜δ′
,Θcan

˜δ′,δ2

)]
=
[
Θcan

δ,δ2

]
,[

f
˜δ′,δ2,δ3

(
Θcan

˜δ′,δ2
,Θ+

δ2,δ3

)]
=
[
Θcan

˜δ′,δ3

]
,

[
fδ,δ1,δ2

(
Θ+

δ,δ1
,Θcan

δ1,δ2

)]
=
[
Θcan

δ,δ2

]
,

fδ1,δ2,δ3

(
Θcan

δ1,δ2 ,Θ
+
δ2,δ3

)
= 0,

where the brackets denote the induced elements of homology.

Proof. First, recall that all almost complex structures in this section are
maximally pinched along S1 and S2. Furthermore, outside of the genus two region
pictured in Figure 16.8, all of the attaching curves appearing in the statement coin-
cide with small translates of the Δ̂ curves. Hence, we can view all triples appearing
in the claim as being stabilizations of the genus two region shown. Furthermore, the
stabilizations have index tuple (0, 0, 0). Hence, using Proposition 10.2, it suffices
to prove the claim for the corresponding genus 2 triples.

The computations are handled by one of three cases.
The first case occurs when the associated Heegaard triple represents surgery on

S1 × {pt} ⊆ S1 × S2, yielding S3. The triples (δ, δ′, δ′′), (δ, δ̃
′
, δ2), and (δ, δ̃

′
, δ′′)

have this configuration. By invariance of the cobordism maps under index 1 and 2
handle cancelations, the top degree generator is preserved, on homology. The triple
(δ, δ′, δ′′) is shown in Figure 16.9.

The second case occurs when the triple represents surgery on S1 × {pt} ⊆
(S1 ×S2)#L(m, 1). By the same argument as in the first case, the element Θcan is

preserved. The triples (δ̃
′
, δ′′, δ3), (δ, δ1, δ2) and (δ̃

′
, δ2, δ3) satisfy this configura-

tion.
The third case is when the triple represents −m-framed surgery on an unknot

in S3, giving L(m, 1). The triples (δ1, δ2, δ3) and (δ′, δ′′, δ3) satisfy this condition.
Furthermore, these triples are in standard position (i.e. the triples are not wound),
so holomorphic triangles cancel modulo 2 by Lemma 12.4. �
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δ δ′ δ′′

(a)

δ̃
′

δ′′ δ3

(b)

δ′ δ′′ δ3

(c)

δ δ′ δ′′ δ3

(d)

W

W

W

W

Figure 16.9. Examples of the triples and quadruples from
Lemma 16.10. (a) The triple (δ, δ′, δ′′), which represents surgery

on S1 × {pt} ⊆ S1 × S2. (b) The triple (δ̃
′
, δ′′, δ3) represents

surgery on S1×{pt} ⊆ S1×S2#L(m, 1). (c) The triple (δ′, δ′′, δ3)
represents surgery on a knot in L(m, 1) which gives S3. (d) The
quadruple (δ, δ′, δ′′, δ3).

Lemma 16.10 implies that there are chains λδ,δ′′ , λ˜δ′,δ3
, and λδ,δ2 satisfying

∂(λδ,δ′′) = fδ,δ′,δ′′
(
Θ+

δ,δ′ ,Θ
+
δ′,δ′′

)
+ fδ,˜δ′,δ′′

(
Θδ,˜δ′ ,Θ

+
˜δ′,δ′′

)
,

∂(λ
˜δ′,δ3

) = f
˜δ′,δ′′,δ3

(
Θ+

˜δ′,δ′′
,Θcan

δ′′,δ3

)
+ f

˜δ′,δ2,δ3

(
Θcan

˜δ′,δ2
,Θ+

δ2,δ3

)
,

∂(λδ,δ2) = fδ,˜δ′,δ2

(
Θ+

δ,˜δ′
,Θcan

˜δ′,δ2

)
+ fδ,δ1,δ2

(
Θ+

δ,δ1
,Θcan

δ1,δ2

)
.

(16.22)

Furthermore, since all of the triangles maps in (16.22) are homogeneously graded
with respect to the Maslov grading, we can assume these chains live in Maslov
grading one greater than Θcan

δ,δ2
, Θ+

δ,δ′′ and Θcan
˜δ′,δ3

. We use the chains from (16.22)

for the length 2 chains in L(3)
β , appearing in (16.21).

Next, we describe how to construct the length 3-chain ωδ,δ3 appearing in L(3)
β .

To make our analysis of gradings easier, we will define ωδ,δ3 as an infinite sum

(16.23) ωδ,δ3 =
∞∑
k=0

ωδ,δ3;s
+
k
,
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where each ωδ,δ3;s
+
k

is homogeneously graded. Here, s
+
k denotes the element of

Spinc(D(−m, 1)) defined in Lemma 12.3. We think of ωδ,δ3;s
−
k
as also being defined,

but being 0. We write uk for {s+k , s
−
k }.

Consider the four-ended 4-manifolds constructed from the genus 2 surgery re-

gions of the Heegaard quadruples (δ, δ′, δ′′, δ3), (δ, δ̃
′
, δ′′, δ3), (δ, δ̃

′
, δ2, δ3) and

(δ, δ1, δ2, δ3). Note that outside of the special genus 2 subregion, the attaching

curves are all small translations of Δ̂. It is a straightforward exercise to see that
each of the aforementioned 4-manifolds is obtained by attaching two 2-handles along
a 2-component unlink in S3, with framings 0 and −m, and then removing the neigh-
borhood of two 4-dimensional genus 1 handlebodies. Phrased another way, each of
the 4-manifolds above have 2 boundary components equal to S1×S2, such that when
we fill in those components with 3 and 4-handles, we obtain the 2-handle cobordism
described above. In particular, Spinc structures on the 4-manifolds above, which
restrict to the torsion and canonical Spinc structures on the boundary, are naturally
identified with Spinc structures on the disk bundle D(−m, 1) which restrict to the
canonical one on the boundary.

Lemma 16.11. For each k ≥ 0, the chain

Cδ,δ3;uk
:=hδ,δ′,δ′′,δ3;uk

(
Θ+

δ,δ′ ,Θ
+
δ′,δ′′ ,Θ

can
δ′′,δ3

)
+ hδ,˜δ′,δ′′,δ3;uk

(
Θ+

δ,˜δ′
,Θ+

˜δ′,δ′′
,Θcan

δ′′,δ3

)
+ hδ,˜δ′,δ2,δ3;uk

(
Θ+

δ,˜δ′
,Θcan

˜δ′,δ2
,Θ+

δ2,δ3

)
+ hδ,δ1,δ2,δ3;uk

(
Θ+

δ,δ1
,Θcan

δ1,δ2
,Θ+

δ2,δ3

)
+ fδ,δ′′,δ3;uk

(λδ,δ′′ ,Θ
can
δ′′,δ3) + fδ,˜δ′,δ3;uk

(
Θ+

δ,˜δ′
, λ

˜δ′,δ3

)
+ fδ,δ2,δ3;uk

(
λδ,δ2 ,Θ

+
δ2,δ3

)
is a boundary in CF−(δ, δ3).

Proof. First, note that using our stabilization formulas for triangles and
quadrilaterals in Proposition 10.2 and 10.6, it is sufficient to show the claim for
the genus 2 regions shown in Figure 16.8. Next, we claim Cδ,δ3;uk

is a cycle. This is
proven by an easy associativity argument, together with the definition of the chains
λδ,δ′′ , λ˜δ′,δ3

and λδ,δ2 in (16.22). The absolute grading formula of [OS03] implies

that Cδ,δ3;uk
has grading

−mk(k + 1) + 1.

(Compare Lemma 12.3). However HF−(δ, δ3) ∼= F�U�⊗F[Z/m] is non-trivial only
in even gradings. Hence Cδ,δ3;uk

must be a boundary. �

Let ωδ,δ3;s
+
k

∈ CF−(δ, δ3) be any chain satisfying

(16.24) ∂(ωδ,δ3;s
+
k
) = Cδ,δ3;uk

,

which has homogeneous grading 1 greater than Cδ,δ3;uk
. As indicated in (16.23),

we define ωδ,δ3 to be the sum over k ≥ 0 of ωδ,δ3;s
+
k
. We use ωδ,δ3 as the length 3

chain in the construction of L(3)
β .

Lemma 16.12. The diagram L(3)
β is a hypercube of beta attaching curves. Fur-

thermore, C(3)
aux is a hypercube of chain complexes.
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Proof. The length 1 relations for L(3)
β are immediate. Lemma 16.10 and (16.22)

together give the length 2 relations. Lemma 16.11 and (16.24) give the length 3

relations of L(3)
β , concluding the proof. �

Remark 16.13. Our construction of the chains appearing in L(3)
β is similar to

the procedure of filling an empty β-hyperbox, in the terminology of Manolescu and
Ozsváth [MO10, Section 8].

Next, we modify C(3)
aux slightly, and construct a hypercube C(3)

aux,Πcan . The hy-

percube C(3)
aux,Πcan has the same complexes as C(3)

aux, except the maps along the top

face are composed with Πcan, as in the bottom face of C(2)
cen. We claim that C(3)

aux,Πcan

is also a hypercube of chain complexes. To establish this, we note that C(3)
aux,Πcan

coincides with the hypercube obtained by stacking C(3)
aux with the hypercube shown

in (16.25), and then compressing. Hence, it is sufficient to show the hypercube
relations for the diagram in (16.25). The length 1 relations are clear. The length
2 relations along the back, front and bottom faces are also clear. The length 2
relation along the top face follows from (16.16). For the length 2 relations on the
left and right faces, we note that the intersection points in the non-canonical Spinc

structures are in the kernel of f
˜δ′→δ2
γ and fδ′′→δ3

γ . Indeed these two maps count
holomorphic triangles on Heegaard triples which have a genus 1 lens space sta-
bilizations, and by construction they have the intersection point in the canonical
Spinc structure as a special input, so there are no homology classes which could be
counted unless the other input is also in the canonical Spinc structure. The length
3 relation follows from the same argument, applied to the rectangle counting map
for the front and back face.

(16.25)

CF−(γ, δ̃
′
) CF−(γ, δ′′)

CF−(γ, δ̃
′
) CF−(γ, δ′′)

CF−(γ, δ2) CF−(γ, δ3)

CF−(γ, δ2) CF−(γ, δ3)

f
˜δ′→δ2
γ

Πcan

f
˜δ′→δ′′
γ

H
˜δ ′→

δ
3

γ

fδ′′→δ3
γ

Πcan

f
˜δ′→δ′′
γ

fδ′′→δ3
γ

fδ2→δ3
γ

id id

fδ2→δ3
γ

f
˜δ′→δ2
γ

H
˜δ ′→

δ
3

γ

Next, we construct the additional hypercube C(3)
cen,3-h shown in Figure 16.10.

Note that C(3)
cen,3-h is a hypercube for destabilization, as constructed in Section 14.

Finally, we define C(3)
cen by stacking and then compressing C(3)

aux,Πcan and C(3)
cen,3-h.
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CF−(α∪β,Δ1)

CF−(α∪β,Δ2) CF−(α∪β,Δ3)

CF−(γ,δ1)

CF−(γ,δ3)CF−(γ,δ2)

F3

F3

h δ
1→

δ
2→

δ
3

γ

F3

f
Δ2→Δ3
α∪β

f Δ
1 →

Δ
2

α∪
β

fδ2→δ3
γ

h Δ
1→

Δ
2→

Δ
3

α∪β

f δ
1 →

δ
2

γ

Figure 16.10. The 3-handle hypercube C(3)
cen,3-h.

16.6. Constructing Ccen
We now stack and compress C(1)

cen, C(2)
cen and C(3)

cen. Let us write Ĉcen for the

hypercube obtained by stacking C(1)
cen, C(2)

cen and C(3)
cen, and then compressing. The

hypercube Ĉcen has the form shown in Figure 16.11.
In the cube Ĉcen, we would like to delete the extra complex labeled CF−(α1 ∪

β,Δ) along the top face. If we remove this complex, the length 0, 1 and 2 relations

are preserved, though the length 3 relation may not be. However if Ê is itself null-
homotopic, i.e. Ê = ∂H +H∂, for some H, then H may be added to the length 3
arrow of Ĉcen, and the hypercube relations will be satisfied. By examination of the
compression operation, the map Ê is given by

Ê = F3f
δ′′→δ3
γ σ0F3f

δ′→δ′′

γ′ σF3h1f
δ→δ′

γ

+ F3f
δ′′→δ3
γ σ0F3h2f

δ→δ′

γ

+ F3h3f
δ→δ′

γ .

(16.26)

Equation (16.26) can be simplified as follows. Note first that (16.2) is equivalent to

(16.27) F3f
δ′→δ′′

γ′ σ = id,

since σ is a chain isomorphism. Similarly (16.13) implies

(16.28) F3f
δ′′→δ3
γ σ0 = id .
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CF−(α1 ∪ β,Δ) CF−(α1 ∪ β,Δ)

CF−(α2 ∪ β,Δ) CF−(α3 ∪ β,Δ)

CF−(α ∪ β,Δ1)

CF−(α ∪ β,Δ2) CF−(α ∪ β,Δ3)

id

Ê

Figure 16.11. The hypercube Ĉcen.

Hence (16.26) simplifies to

(16.29) Ê = (F3h1 + F3h2 + F3h3) f
δ→δ′

γ .

It turns out that the most natural object of study is the map

E := F3h1 + F3h2 + F3h3.

In Chapter 19, we will construct a map HE satisfying

E = ∂HE +HE∂,

which, of course, also gives a null-homotopy H = HEf
δ→δ′

γ of Ê. We define Ccen
to be the hypercube obtained by deleting the extra copy of CF−(α1 ∪ β,Δ) from

Ĉcen, and adding H to the length 3 map of Ĉcen.

16.7. Compatibility with the involution

In this section, we verify the following:

Lemma 16.14. The vertical maps in the central hypercube coincide with the
change of diagram maps from naturality.

Proof. Let us write Φ1, Φ2 and Φ3 for the vertical maps (in the same order
as the central hypercube). By construction,

Φ1 = F3f
δ→δ′

γ

Φ2 = F3f
˜δ′→δ2
γ σ0F3f

δ→˜δ′

γ′

Φ3 = F3f
δ′′→δ3
γ σ0F3f

δ′→δ′′

γ′ σF3f
δ→δ′

γ′′

(16.30)

We first consider Φ1. Note that fδ→δ′

γ represents the cobordism map for a
0-framed unknot, so the formula for Φ1 consists of the cobordism map for surgery
on a 0-framed unknot, followed by a canceling 3-handle. Hence, Φ1 represents the
map from naturality.
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Next, we consider Φ2. Firstly, we claim that F3f
˜δ′→δ2
γ σ0 = id, which is proven

by using Lemma 10.8 and Proposition 11.1, similar to equation (16.13). Hence the
formula reduces to

Φ2 = F3f
δ→˜δ′

γ′ .

As with Φ1, this expression for Φ2 represents the cobordism map for surgery on a
0-framed unknot, followed by the 3-handle map. Hence Φ2 coincides with the map
from naturality.

Finally, we consider Φ3. Using (16.27) and (16.28), the expression for Φ3

in (16.30) reduces to

Φ3 = F3f
δ→δ′

γ′′ ,

which similarly represents the cobordism map for a canceling pair of index 2 and 3
handles. The proof is complete. �
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CHAPTER 17

The second 2-handle hypercube

We now construct the second 2-handle hypercube, C2
2-h. We first describe the

Heegaard diagrams that appear therein, and then subsequently define the maps,
and prove the hypercube relations.

17.1. Heegaard diagrams for C2
2-h

All of the complexes used to construct C2
2-h use the Heegaard surface

Σ0#Σ,

where Σ0 denotes the surface obtained by removing the genus 1 surgery region from
Σ. We define the following sets of attaching curves:

• α ⊆ Σ0 denotes the original alpha curves which are outside of the genus
1 surgery region of Σ.

• Δ̂ ⊆ Σ0#Σ0 denotes the curves obtained by taking the curves Δ con-
structed in Chapter 15, and deleting the two curves which intersect the
surgery region of Σ.

• We define

Δi := Δ̂ ∪ ci,

where ci denotes the image of ci on Σ.
• αH denotes the curves obtained by handlesliding each curve in α over the
corresponding curve in α. Furthermore, we choose each curve in αH to

be a small translate of a curve in Δ̂.
• We define

αH
i := αH ∪ ci.

See Figure 17.1 for a schematic of the curves Δi, α and αH
i outside of the genus 1

surgery region of Σ0#Σ.

Lemma 17.1. If the β curves are sufficiently wound, then the tuple

(Σ0#Σ,α ∪ β,Δ1,Δ2,Δ3,α
′ ∪αH

1 ,α′′ ∪αH
2 ,α′′′ ∪αH

3 , w)

is weakly admissible, where α′, α′′ and α′′′ are appropriately chosen, Hamiltonian
translates of α.

The proof of Lemma 17.1 is an easy adaptation of the proof of Lemma 15.1.

153
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α ∪αH
3

Δ1

Δ2

Δ3

Figure 17.1. A generic genus 2 region of the quadruple
(Σ0#Σ,Δ1,Δ2,Δ3,α ∪αH

3 ).

17.2. Constructing C2
2-h

We first construct a diagram L2
2-h,β of beta attaching curves:

L2
2-h,β :=

Δ1

Δ2 Δ3

α ∪αH
1

α ∪αH
2 α ∪αH

3

Θ+

Δ1,α∪αH
1

Θ can
Δ
1 ,Δ

2

Θ+
Δ2,Δ3

Θ+

Δ2,α∪αH
2

Θ+

Δ3,α∪αH
3

Θ can
α∪αH

1 ,α∪αH
2

Θ+

α∪αH
2 ,α∪αH

3

.

Here, we are omitting writing primes on the various curves labeled α.
A generic, genus 2 region of the quadruple (Σ0#Σ,Δ1,Δ2,Δ3,α ∪ αH

3 ) is
shown in Figure 17.1.

Lemma 17.2. The diagram L2
2-h,β is a hypercube of attaching curves.

Proof. The length 1 relations are equivalent to each length 1 class being a
cycle, which is straightforward from the construction.

There are four length 2 relations to verify, which follow from the relations

fΔ1,Δ2,Δ3

(
Θcan

Δ1,Δ2
,Θ+

Δ2,Δ3

)
= 0,

fα∪αH
1 ,α∪αH

2 ,α∪αH
3

(
Θcan

α∪αH
1 ,α∪αH

2
,Θ+

α∪αH
2 ,α∪αH

3

)
= 0,

fΔ1,α∪αH
1 ,α∪αH

2

(
Θ+

Δ1,α∪αH
1
,Θcan

α∪αH
1 ,α∪αH

2

)
= Θcan

Δ1,α∪αH
2
,

fΔ1,α∪αH
1 ,α∪αH

2

(
Θ+

Δ1,α∪αH
1
,Θcan

α∪αH
1 ,α∪αH

2

)
= Θcan

Δ1,α∪αH
2
,

fΔ2,Δ3,α∪αH
3

(
Θ+

Δ2,Δ3
,Θ+

Δ3,α∪αH
3

)
= Θ+

Δ2,α∪αH
3
,

fΔ2,α∪αH
2 ,α∪αH

3

(
Θ+

Δ2,α∪αH
2
,Θ+

α∪αH
2 ,α∪αH

3

)
= Θ+

Δ2,α∪αH
3
.

(17.1)
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The first two lines of (17.1) follow from Lemma 12.4. We now focus on the third
equation. The triple (Σ0#Σ,Δ1,α∪α1,α∪αH

2 ) is a genus 2g(Σ)−2 stabilization
of the genus 1 triple (T2, c′1, c1, c2) (where c′1 denotes an isotopic copy of c1). The
index tuple of this stabilization is (0,−g(Σ0), 0), by Lemma 9.7 and Figure 9.4. By
Proposition 10.2, it suffices to show the claim for the destabilized, genus 1 triple.
For the genus 1 triple, the count is immediate. The fourth through sixth model
computations are proven similarly.

The length 3 relation fo the diagram L2
2-h,β is reads

0 = hΔ1,Δ2,Δ3,α∪αH
3

(
Θcan

Δ1,Δ2
,Θ+

Δ2,Δ3
,Θ+

Δ3,α∪αH
3

)
+ hΔ1,Δ2,α∪αH

2 ,α∪αH
3

(
Θcan

Δ1,Δ2
,Θ+

Δ2,α∪αH
2
,Θ+

α∪αH
2 ,α∪αH

3

)
+ hΔ1,α∪αH

1 ,α∪αH
2 ,α∪αH

3

(
Θ+

Δ1,α∪αH
1
,Θcan

α∪αH
1 ,α∪αH

2
,Θ+

α∪αH
2 ,α∪αH

3

)
.

(17.2)

To prove (17.2), we will show that each quadrilateral count vanishes. We focus on
the count which occurs on (Σ0#Σ,Δ1,Δ2,Δ3,α∪αH

3 ). This quadruple is a genus
2g(Σ) − 2 stabilization of the genus 1 quadruple (T2, c1, c2, c3, c

′
3). Furthermore,

the index tuple of this stabilization is (−g(Σ0),−g(Σ0), 0, 0), by Lemma 9.7 and
Figure 9.5. By Proposition 10.6 it is sufficient to show that the associated count
of quadrilaterals on (T2, c1, c2, c3, c

′
3) vanishes, which is proven in Lemma 12.6.

The other two quadrilateral counts are proven by an easy modification of this
arguement. �

We define C2
2-h as the pairing of the L2

2-h,β , and the 0-dimensional hypercube of

alpha attaching curves consisting of α ∪ β. The hypercube is schematically shown
below:

CF−(α ∪ β,Δ1)

CF−(α ∪ β,Δ2) CF−(α ∪ β,Δ3)

CF−(α ∪ β,α ∪αH
1 )

CF−(α ∪ β,α ∪αH
2 ) CF−(α ∪ β,α ∪αH

3 )

f Δ
1→α∪αH

2
α∪β

f
Δ1→α∪αH

1
α∪β

hΔ1→Δ2→Δ3α∪β

P Δ
1→

α∪αH
3

α∪β

H Δ
2 →

α∪
αH
3

α∪
β

f
α∪αH

2 →α∪αH
3

α∪β

f
Δ3→α∪α3
α∪β

f α∪αH
1 →α∪αH

2

α∪β h
α∪αH

1 →α∪αH
2 →α∪αH

3

α∪β

f
α∪αH

2 →α∪αH
3

α∪β

f
Δ2→α∪αH

2
α∪β

H Δ
1 →

α∪
α H
2

α∪
β

Figure 17.2. The hypercube C2
2-h. We omit writing the primes

on the various copies of α.
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CHAPTER 18

The tautological and flip-map hypercubes

18.1. The tautological hypercube

The bottom face of the hypercube C3-h reads

(18.1)

CF− (Σ,β,α1

)

CF−(Σ,β,α2) CF−(Σ,β,α3, ẑ, w).

f
α1→α2
β

h
α1→α2→α3
β

f
α2→α3
β

The diagram in (18.1) is very similar to the top of the main hypercube, as described
in Chapter 12. There are two subtle differences:

(1) The point z is now the special basepoint of the third complex, whereas at
the top of the main hypercube, w is the special basepoint

(2) To achieve admissibility for triangles and rectangles, the curves c1, c2 and
c3 must have slightly different position than c1, c2 and c3. (Compare the
two sides of Figure 16.2).

We will assume that c1 and c2 are the mirrors of c1 and c2, but that c3 differs
slightly from the mirror of c3. We write c3 for the image of c3 on Σ. We may view
c3 as being obtained by sliding c3 across the intersection of c1 and c2. Compare
Figure 16.2. We will write

α3 := α ∪ c3.

As defined in Section 2.2, there are tautological isomorphism

η1 : CF−(Σ,β,α1) → CF−(Σ,α1,β)

η2 : CF−(Σ,β,α2) → CF−(Σ,α2,β)

η
3
: CF−(Σ,β,α3, ẑ, w) → CF−(Σ,α3,β, w, ẑ).

Furthermore, the following diagram is tautologically a hypercube of chain com-
plexes:

157
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CF−(Σ,β,α1)

CF−(Σ,β,α2) CF−(Σ,β,α3, ẑ, w)

CF−(Σ,α1,β)

CF−(Σ,α2,β) CF−(Σ,α3,β, w, ẑ)

f α
1→α

2β

η1

hα1→α2→α3β

f
α2→α3
β

η
3

hβ

α1→α2→α3f β
α
1→α

2

η2

fβ

α2→α3

Figure 18.1. The tautological hypercube Cη.

18.2. The flip-map

In this section, we investigate the flip-map

Fz→w : CF−(Σ,α3,β, w, ẑ) → CF−(Σ,α3,β, ŵ, z),

in detail. Note that the distinction between α3 and α3 makes no difference to
the complexes described above (if c3 is sufficiently close to c3), however it will
make a difference for the triangle and quadrilateral maps appearing in the flip-map
hypercube. (Compare Figure 16.2).

We recall from (2.10) that the flip-map Fz→w is the composition

Fz→w := θ−1
w ◦ (Ψ(Σ,α3,β,z)→(Σ,α3,β,w) ⊗ Tn) ◦ θz,

where Ψ(Σ,α3,β,z)→(Σ,α3,β,w) is the naturality map induced by moving z to w along

a fixed subarc of K.
For the purpose of constructing the flip map hypercube, it is helpful to have a

concrete model for the naturality map Ψ(Σ,α3,β,z)→(Σ,α3,β,w). Let us write (Σ,α′
3,

β, z) for the diagram obtained by moving c3 over the basepoint z (this may be
achieved by a sequence of handleslides, away from z). There is a canonical diffeo-
morphism

φ∗ : (Σ,α
′
3,β, z) → (Σ,α3,β, w),

which may be identified with the diffeomorphism map which moves z to w, along
a subarc of K.

The map Ψ(Σ,α3,β,z)→(Σ,α3,β,w) is equal to the composition

Ψ(Σ,α3,β,z)→(Σ,α3,β,w) = φ∗ ◦Ψβ

α3→α′
3

,

where Ψβ

α3→α′
3

: CF−(Σ,α3,β, z) → CF−(Σ,α′
3,β, z) is the ordinary map from

naturality.

The map Ψβ

α3→α′
3

cannot in general be computed using a single triangle count,

because of admissibility issues. Instead, we pick an intermediate choice of alpha-
curves, αW

3 , by winding α′
3 in the genus 1 surgery region along a curve which is
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fβ

α3→αW
3

	 αW
3

α′3

α3

fβ

αW
3 →α′

3

Ψβ

α3→α′
3

CF−(α3,β,z)

CF−(α′
3,β,z)

W

Figure 18.2. Decomposing Ψβ
α3→α′

3
as the composition fβ

αW
3 →α′

3
◦

fβ
α3→αW

3
. We continue our convention of denoting wound curves

with a W.

dual to c3. We decompose Ψβ

α3→α′
3

as

Ψβ

α3→α′
3

= fβ

αW
3 →α′

3
◦ fβ

α3→αW
3

,

where fβ

αW
3 →α′

3
and fβ

α3→αW
3

are holomorphic triangle maps. See Figure 18.2. Com-

pare [MO10, Section 8.7].

18.3. More hypercubes with twisted coefficients

In this section, we describe a construction of hypercubes with twisted coeffi-
cients, which is similar to the one from Section 5.7, but appears in the flip-map
hypercube.

Let Σ be a compact, oriented surface, equipped with two points, p, q ∈ Σ, as
well as a special basepoint w (which may be different from p and q). Suppose that
αn, . . . ,α1 is a collection of attaching curves on Σ, and suppose that γn, . . . , γ1 is
a collection of integral 1-chains in Uαn

, . . . , Uα1
, respectively, such that ∂γi = p−q.

The 1-chains γn, . . . , γ1 determine a relative 2-cycle

Sγn,...,γ1
∈ C2(Xαn,...,α1

, ∂Xαn,...,α1
).

The 2-chain Sγn,...,γ1
is the sum of γi × [0, 1] ⊆ Uαi

× [0, 1], as well as {p, q}×Dn ⊆
Σ×Dn. If ψ is a homology class of n-gons on (Σ,αn, . . . ,α1, w) and Ŝ ∈ H2(X;Z),
we define

m(w, Ŝ, ψ) =

〈
c1(sw(ψ)), [Ŝ]

〉
− [Ŝ] · [Ŝ]

2
.

Note that m(w, Ŝ, ψ) is an integer, since c1(sw(ψ)) is a characteristic vector.
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We say Lα is a hypercube of alpha attaching curves with a cube of singular
twisting chains on (Σ, p, q, w), if Lα consists of the following:

(1) For each ε ∈ En, a set of curves αε on Σ.
(2) For each pair ε′, ε ∈ En such that ε′ > ε, a choice of chain Θαε′ ,αε ∈

CF−(Σ,αε′ ,αε, w)⊗ F[Z/m].
(3) For each ε ∈ En, a choice of integral 1-chain γε ⊆ Uαε such that ∂γε =

p− q.
(4) For each pair ε, ε′ ∈ En such that ε′ > ε, a choice of integral 2-chain

Cε′,ε ⊆ −Uαε′ ∪ Uαε such that ∂Cε′,ε = γε′ ∪ −γε.

Furthermore, there is a compatibility condition, as we now describe. Write
f
αεn ,...,αε1

for the map which counts holomorphic n-gons of index 3−n, weighted by

Unw(ψ)Tm(w,̂Sγn,...,γ1
,ψ). Here, Ŝγn,...,γ1

is the closed, integral 2-chain

Ŝγn,...,γ1
= Sγn,...,γ1

− Cεn,εn−1
− · · · − Cε2,ε1 + Cεn,ε1 .

We assume that the twisted polygon counting maps satisfy (5.6) (the compatibility
condition for a hypercube of attaching curves). A hypercube of beta attaching
curves with a cube of singular twisting chains is defined by the natural modification.

Suppose Lα and Lβ are two hypercubes of attaching curves on (Σ, p, q, ŵ)
which are equipped with cubes of singular twisting chains. If we additionally pick a
collection of 2-chains Cε,ν , ranging over ε ∈ En and ν ∈ En′ , we may pair them to

form a hypercube CF−(Lα,Lβ). The complex at any (ε, ν) is the Floer complex

CF−(αε,βν)⊗F[Z/m]. The hypercube maps are defined as in (5.7), but using the
twisted polygon counting maps.

Suppose additionally that whenever ε′ ∈ En has the property that the homology

class of Ŝεj ,...,ε1 is trivial for all sequences ε1 < · · · < εj such that εj ≤ ε′, the chain

Θαε′ ,αε is in CF−(αε′ ,αε) ⊗ T 0, for all ε < ε′. We assume a similar condition

holds for the beta-chains. In this situation there is a subcomplex CF−(Lα,Lβ) ⊆
CF−(Lα,Lβ), as follows. If (ε, ν) ∈ En × En′ has the property that

Ŝαεi ,...,αε1 ,βν1 ,...,βνj = 0 ∈ H2(Xαεi ,...,αε1 ,βν1 ,...,βνj ),

whenever ε1 < · · · < εi ≤ ε and ν1 < · · · < νj ≤ ν, then we set

CF−(Lα,Lβ)
(ε,ν) = CF−(αε,βν).

Otherwise, we set CF−(Lα,Lβ)
(ε,ν) = CF−(αε,βν) ⊗ F[Z/m]. It is straightfor-

ward to see that CF−(Lα,Lβ)
(ε,ν) is a subcomplex of CF−(Lα,Lβ).

For hypercubes of dimension 3 and lower, we use the following analog of the
notation from Section 5.8. We use lower case letters f, h and p to indicate triangle,
quadrilateral, and pentagon counting maps, which are weighted using by the quan-

tity Unw(ψ)Tm(w,̂S,ψ). We use the upper case letters H and P to indicate length
2 and 3 maps in a hypercube, when they involve more than just a single count of
quadrilaterals or pentagons.

18.4. The flip-map hypercube

In this section, we construct the flip-map hypercube, shown in Figure 18.3.
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CF−(Σ,α1,β, w)

CF−(Σ,α2,β, w) CF−(Σ,α3,β, w, ẑ)

CF−(Σ,α1,β, z)

CF−(Σ,α2,β, z) CF−(Σ,α3,β, ŵ, z)

f β
α
1→α

2

id

hβ;ẑ
α1→α2→α3

fβ;ẑ

α2→α3

Fz→w

hβ;ŵ
α1→α2→α3f β

α
1→α

2

id

fβ;ŵ

α2→α3

Figure 18.3. The flip-map hypercube CF. A superscript contain-
ing ŵ or ẑ indicates which basepoint contributes the power of U .

We define the hypercube CF as the compression of a hyperbox of size (1, 1, 5),
outlined in Figure 18.4. We explain presently the maps and complexes therein, and
then will prove that the diagram satisfies the hyperbox relations.

Let Wn+m denote the 2-handle cobordism from Y to Yn+m(K), and let W ′
n+m

denote the cobordism from Yn+m(K) to Y , obtained by reversing the orientation.
Let Sn+m ⊆ W ′

n+m denote the induced link cobordism from (Yn+m(K), U) to
(Y,K). We orient Sn+m so that the chosen orientation of K ⊆ Y coincides with

the boundary orientation of ∂Sn+m. Write Ŝn+m ⊆ W ′
n+m for the closed surface

obtained by capping Sn+m with Seifert surfaces on both ends.
We now describe the maps appearing in the hyperbox in Figure 18.4. The

maps fβ;ŵ

α2→α3
and fβ;ẑ

α2→α3
are the ones which count triangles weighted by

Unw(φ)Tnz(ψ)−nw(ψ), and Unz(ψ)Tnz(ψ)−nw(ψ), respectively. These are the maps
we have already encountered in the exact triangle.

We view the hyperbox in Figure 18.4 as being obtained by stacking 5 hypercubes

C(1)
F

, . . . , C(5)
F

, ordered from top to bottom. We now explain in more detail the maps

which appear in C(2)
F

and C(3)
F

. The maps appearing in C(2)
F

are easiest to define if
we define them as a pairing of slightly generalized hypercubes of alpha and beta
attaching curves, which are equipped with singular twisting chains. We write down
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CF−(Σ,α1,β)

CF−(Σ,α2,β) CF−(Σ,α3,β, w, ẑ)

CF−(Σ,α1,β)

CF−(Σ,α2,β) CF−(Σ,α3,β, z)⊗ F[Zm]

CF−(Σ,α1,β)

CF−(Σ,α2,β) CF−(Σ,αW
3 ,β, z)⊗ F[Z/m]

CF−(Σ,α1,β)

CF−(Σ,α2,β) CF−(Σ,α′3,β, z)⊗ F[Zm]

CF−(Σ,α1,β)

CF−(Σ,α2,β) CF−(Σ,α3,β, w)⊗ F[Zm]

CF−(Σ,α1,β)

CF−(Σ,α2,β) CF−(Σ,α3,β, ŵ, z)

f β
α
1→α

2

id

hβ;ẑ
α1→α2→α3

fβ;ẑ

α2→α3

Tn·θz

f β
α
1→α

2

P β

α
1→

αW
3

id

hβ

α1→α2→α3

fβ
α2→α3

H β

α
2→

αW
3

id

fβ

α3→αW
3

⊗id

f β
α
1→α

2

P β

α
1→

α ′
3

id

Hβ

α1→αW
3

f
α2→αW

3

H β
α
2→

α ′
3

id

fβ

αW
3 →α′

3

⊗id

f β
α
1→α

2

id

hβ

α1→α2→α′
3

fβ
α2→α′

3

id

φ∗⊗id

f β
α
1→α

2

id

hβ

α1→α2→α3

fβ
α2→α3

id

θ−1
w

hβ;ŵ
α1→α2→α3

f β
α
1→α

2

id

fβ;ŵ

α2→α3

Figure 18.4. The hyperbox of chain complexes whose compres-

sion is CF. We write C(1)
F

, . . . , C(5)
F

for these hypercubes, ordered
top-to-bottom.
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the following non-admissible diagram of alpha attaching curves:

(18.2) L(2)
α :=

α1

α2 α3

α1

α2 αW
3 .

ω
αW
3

,α
1

Θ+
α1,α1

Θ canα
2 ,α

1

λ
α
W
3

,α
2

Θ+

α3,α2

Θ+

αW
3 ,α3

λ
αW
3 ,α1

Θ canα
2 ,α

1

Θ+

αW
3 ,α2

Θ+
α2,α2

Equation (18.2) is not a genuine diagram of attaching curves, since α1 and α2

are both repeated. In particular, the classes Θ+
α1,α1

and Θ+
α2,α2

are not genuine
elements of a chain complex. Nonetheless, we may still define polygon counting
maps which have them as inputs, by adopting the strict unality convention that a
triangle map with input Θ+

αi,αi
is the identity map, and a quadrilateral or pentagon

map with Θ+
αi,αi

as input vanishes. (Alternatively, one could just replace the second
copies of α1 and α2 with small Hamiltonian translates).

We now wish to promote L2
α to a hypercube of attaching curves with a cube of

singular twisting chains, as follows. We consider the diagram (Σ,α3,α2,α1, w, z).
Each set of attaching curves determines a 1-chain γ3, γ2 or γ1, as follows. Pick
an embedded arc on Σ which avoids α3, α2 or α1 and connects w to z. Then γi
is obtained by pushing the interior of this arc into the handlebody Uα3

, Uα2
or

Uα1
. For α1 and α2, we pick the canonical short path on Σ. We pick the 2-chains

Cα2,α1
to be a disk in the neighborhood of the canonical short path. The choice of

Cα3,α2
and Cα3,α1

is not important, though we assume they are supported in the
summands of Yα3,α2

and Yα2,α1
corresponding to the special genus 1 region of the

Heegaard triple. Additionally, we construct 2-chains Cα1,α1
, Cα2,α2

and Cα3,α3
, as

follows. Since the arc γi is obtained by pushing an arc off of Σ, we may push this
arc off in both directions to obtain a disk in Yαi,αi

.
To equip L2

α with a cube of singular twisting chains, we use the arcs γi whenever
a set of attaching curves is related to αi by a sequence of handleslides and isotopies.
For example, we decorate α3 and αW

3 both by γ3. Similarly, if δ and ξ are a pair
of attaching curves in the cube, we use the 2-chains Cαi,αj

if δ (resp. ξ) is related
to αi (resp. αj) by a sequence of handleslides and isotopies.

We now pick the length 1 chains in Equation (18.2) arbitrarily, so that they are
homogeneously grades cycles and represent the top degree or canonical elements of
homology.

Lemma 18.1. The cycles in Equation (18.2) satisfy

f
α3,α2,α1

(
Θ+

α3,α2
,Θcan

α2,α1

)
= 0,[

fαW
3 ,α3,α2

(
Θ+

αW
3 ,α3

,Θ+

α3,α2

)]
=
[
Θ+

αW
3 ,α2

]
,[

f
αW

3 ,α2,α1

(
Θ+

αW
3 ,α2

,Θcan
α2,α1

)]
= 0.
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Proof. The second equality follows since αW
3 are isotopic to α3, so the corre-

sponding transition map preserves the top degree generator. We turn our attention
to the first equation. Equation 12.3 implies that triangle classes appear in pairs
which have the same U power, and represent conjugate Spinc structures. It re-

mains to see that the T -powers coincide, for each pair. The surface Ŝα3,α2,α1
is

Ŝm, a sphere of self-interestion −m. Using the notation of Lemma 12.3, the dif-

ference of the T -powers representing s
+
k and s

−
k is ±〈c1(s+k ), Ŝm〉 = ±(2k + 1)m,

which is divisible by m. The third equation follows from the first, together with
the well-definedness of the cobordism maps. �

We pick λαW
3 ,α2

and λαW
3 ,α1

so that

∂(λαW
3 ,α2

) = fαW
3 ,α3,α2

(
Θ+

αW
3 ,α3

,Θ+

α3,α2

)
+Θ+

αW
3 ,α2

,

∂(λαW
3 ,α1

) = f
αW

3 ,α2,α1

(
Θ+

αW
3 ,α2

,Θcan
α2,α1

)
.

(18.3)

Furthermore, we assume that λαW
3 ,α2

is of homogenous grading one higher than

Θ+
αW

3 ,α2
. This is not possible for λαW

3 ,α1
, since f

αW
3 ,α2,α1

sums over infinitely many

Spinc structures. Instead, we assume that λαW
3 ,α1

is decomposed as a sum

λαW
3 ,α1

:=

∞∑
k=0

λαW
3 ,α1;s

+
k
,

where s+k is the Spinc structure on XαW
3 ,α2,α1

defined in Section 12.3. We will think

of λαW
3 ,α1;s

−
k

as also being defined, but being 0. (The asymmetry is somewhat

arbitrary, but makes our discussion of gradings in Section 20 simpler). Write

uk := {s+k , s
−
k } ⊆ Spinc(XαW

3 ,α2,α1
).

We assume λαW
3 ,α1;s

+
k
is chosen so that

(18.4) ∂
(
λαW

3 ,α1;s
+
k

)
= f

αW
3 ,α2,α1;uk

(
Θ+

αW
3 ,α2

,Θcan
α2,α1

)
,

and also so that λαW
3 ,α1;s

+
k
is of homogeneous grading one greater than the expected

grading of the right hand side of (18.4).
Next, we construct the length 3 cycle ωαW

3 ,α1
. Note that there is a restriction

map

r : Spinc
(
XαW

3 ,α3,α2,α1

)
→ Spinc

(
XαW

3 ,α2,a1

)
,

which is an isomorphism on the set of Spinc structures which have torsion restriction
to the boundary. Abusing notation slightly, write uk also for r(uk).

Lemma 18.2. For each k ≥ 0, the chain

CαW
3 ,α1;uk

:= h
αW

3 ,α3,α2,α1;uk

(
Θ+

αW
3 ,α3

,Θ+

α3,α2
,Θcan

α2,α1

)
+ f

αW
3 ,α2,α1;uk

(
λαW

3 ,α2
,Θcan

α2,α1

)
+ λαW

3 ,α1;s
+
k

is a boundary in CF−(α1,α
W
3 )⊗ F[Z/m].

Proof. The proof is similar to the proof of Lemma 16.11. An easy compu-
tation using associativity shows that CαW

3 ,α1;uk
is a cycle. Note also that since we

use almost complex structures which are maximally pinched along the connected
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sum neck, it is sufficient to consider the case then g(Σ) = 1, by Propositions 10.2
and 10.6. In the genus 1 case, each chain CαW

3 ,α1;uk
is of homogeneous grading

−mk(k + 1) + 1 in a chain complex whose homology is F�U� ⊗ F[Zm], which is
supported in even gradings. Hence CαW

3 ,α1;uk
is a boundary. �

For each k, we let ωαW
3 ,α1;s

+
k

be a chain of homogeneous grading one higher

than CαW
3 ,α1;uk

, such that

∂
(
ωαW

3 ,α1;s
+
k

)
= CαW

3 ,α1;uk
.

Finally, we define

(18.5) ωαW
3 ,α1

:=
∞∑
k=0

ωαW
3 ,α1;s

+
k
.

Finally, we define the maps in C(2)
F

by pairing L(2)
α with the 0-dimensional hy-

percube of beta attaching curves consisting of β (using the strict unality convention
to adapt the construction from Section 5.6). The pairing also requires a choice of
2-chains Cα1,β , Cα2,β and Cα3,β . We pick Cα1,β and Cα2,β to be the disks traced
out by push-offs of the canonical short paths on the diagram. We pick Cα3,β to be
a Seifert surface for K.

Concretely,

H
β

α1→αW
3

:= h
β

α1→α2→αW
3

+ f
β

α1→αW
3

H
β

α2→αW
3

:= h
β

α2→α3→αW
3

+ f
β

α2→αW
3

,

P
β

α1→αW
3

:= p
β

α1→α2→α3→αW
3

+ h
β

α1→α2→αW
3

+ f
β

α1→αW
3

.

(18.6)

In the first line of (18.6), h
β

α1→α2→αW
3

counts rectangles weighted by

Unw(ψ)Tm(w,̂Sn+m,ψ), with special inputs Θcan
α2,α1

and Θ+
αW

3 ,α3
. The map labeled

f
β

α1→αW
3

in the first line counts triangles with special input λαW
3 ,α1

, weighted by

Unw(ψ)Tm(w,̂Sn+m,ψ) where Ŝn+m denotes the connected sum of Ŝn ⊆ W ′
n(K) and

Ŝm ⊆ D(−m, 1). We note that there is a minor ambiguity in our notation, because

the map labeled f
β

α1→αW
3

on the bottom line counts triangles with special input

ωαW
3 ,α1

, and the same T and U weighting as the top line.

The maps for C(3)
F

are constructed analogously.

Proposition 18.3. The diagram shown in Figure 18.4 forms a 3-dimensional
hyperbox of chain complexes of size (1, 1, 5).

Proof. It is sufficient to show that each of C(i)
F

is a 3-dimensional hypercube,
for i ∈ {1, 2, 3, 4, 5}.

Firstly, the diagram C(4)
F

is obviously a hypercube. Next, the diagrams C(2)
F

and C(3)
F

are hypercubes because they are obtained by pairing two hypercubes of
attaching curves with cubes of singular twisting chains, as in Section 18.3.

Next, we consider C(1)
F

and C(5)
F

. We claim

(18.7) Tn · θz ◦ fβ;ẑ

α2→α3
= f

β

α2→α3
and θ−1

w ◦ fβ
α2→α3

= fβ;ŵ

α2→α3
.
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Equation (18.7) follows similarly to [OS08b, pg. 18], as we now describe. For the
equation involving θz, it suffices to show that if ψ ∈ π2(Θ

+

α3,α2
,x,y) is a class of

triangles, then

(18.8) (nz − nw)(ψ) +Aw,z(y) = m(z, Ŝn+m, ψ)− n.

Equation (18.8) can be verified by interpreting the triple (Σ,α3,α2,β, w, z) as de-
termining the link cobordism (W ′

n+m, Sn+m) from (Yn+m(K), U) to (Y,K). Noting
that Aw,z(x) = 0 for all x ∈ Tα2

∩Tβ, since (Σ,α2,β, w, z) represents an unknot in
Yn+m(K), the left hand side of (18.8) is the Alexander grading change of the link

cobordism map, which coincides with m(w, Ŝn+m, ψ) by [Zem19b, Theorem 1.4].
On the other hand,
(18.9)

m(w, Ŝn+m, ψ)−m(z, Ŝn+m, ψ) =

〈
c1(sw(ψ))− c1(sz(ψ)), [Ŝn+m]

〉
2

= −(n+m).

The first equality of (18.9) is from the definition, while the second follows from

the relation sw(ψ) − sz(ψ) = PD [Ŝn+m]; see [OS08b, pg. 11] or more generally
[Zem19b, Lemma 3.9].

The equality involving θw in (18.7) is proven by the same reasoning. Similarly,

Tn · θz ◦ hβ;ẑ

α1→α2→α3
= h

β

α1→α2→α3
and

θ−1
w ◦ hβ

α1→α2→α3
= hβ;ŵ

α1→α2→α3
.

(18.10)

Equations (18.7) and (18.10) imply the length 2 and 3 hypercube relations for C(1)
F

and C(5)
F

. The length 0 and 1 relations are easy to verify, so we conclude that C(1)
F

and C(5)
F

are hypercubes. The proof is complete. �
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CHAPTER 19

Constructing the null-homotopy HE

In Section 16.6, we showed that to finish the construction of the central hyper-
cube, it is sufficient to construct a map

HE : CF−(Σ#Σ,γ, δ′) → CF−(Σ0#Σ,α ∪ β,Δ3)

satisfying
[∂,HE ] = F3h1 + F3h2 + F3h3.

We recall that the domain and codomain of HE are both complexes for CF−(Y ).
In this section, we describe the construction of the map HE .

19.1. The endomorphism E

In this section, we describe a more general way to organize the maps h1, h2 and
h3 from the central hypercube. We consider genus 1, doubly pointed quadruples

Q0
1 = (T2, c3, c2, c1, c

′
3, w0, z0), Q0

2 = (T2, c2, c1, c
′
3, c

′
2, w0, z0)

and Q0
3 = (T2, c1, c

′
3, c

′
2, c

′
1, w0, z0).

The quadruple Q0
1 is shown in Figure 19.1, and Q0

2 and Q0
3 are obtained similarly.

The doubly pointed quadruple Q0
1 determines a properly embedded surface

Sc3,c2,c1,c′3
⊆ Xc3,c2,c1,c′3

, as described in Section 18.3. The 4-manifold Xc3,c2,c1,c′3

has four boundary components. Two of these boundary components are S3, one is
S1×S2, and the other is L(m, 1). The surface Sc3,c2,c1,c′3

intersects each component
of ∂Xc3,c2,c1,c′3

in an unknot. Upon attaching 3- and 4-handles to ∂Xc3,c2,c1,c′3
,

w0z0

c′3

c3

c2

c1

Figure 19.1. The Heegaard quadruple Q0
1.

167
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and filling in ∂Sc3,c2,c1,c′3
with disks, we obtain a sphere of self-intersection −m

in the disk bundle D(−m, 1). The quadruples Q0
2 and Q0

3 determine surfaces and
4-manifolds with the same description.

Suppose that (Σ,α,β, w, z) is a doubly pointed diagram for (Y,K). We form
the connected sum Σ#T2 near the points w0 ∈ T2 and z ∈ Σ. We define the
following sets of attaching curves on Σ#T2:

α1 = α ∪ {c1}, α2 = α′ ∪ {c2}, α3 = α′′ ∪ {c3},

β3 = β ∪ {c′3}, β2 := β′ ∪ {c′2}, and β1 := β′′ ∪ {c′1}.
Here α′ and α′′ are small Hamiltonian translates of α. Similarly β′ and β′′ are
small Hamiltonian translates of β, and c′i denotes a translate of ci.

We define the quadruples

Q1 := (Σ#T2,α3,α2,α1,β3, w, z0)

Q2 := (Σ#T2,α2,α1,β3,β2, w, z0)

Q3 := (Σ#T2,α1,β3,β2,β1, w, z0).

We view Q1 as being obtained by taking the connected sum of Q0
1 with the quadru-

ple (Σ,α′′,α′,α,β, w, z) at points p0 and p, very near w0 and z, respectively. Then
we delete the basepoints w0 and z.

In this general setting, we define maps h1, h2 and h3 as rectangle counts

(19.1) h1 := hβ3
α1→α2→α3

, h2 := hβ3→β2
α1→α2

, and h3 := hβ3→β2→β1
α1

,

where we weight a rectangle class by Unw(ψ)T (nz0
−nw)(ψ). Here, we also use almost

complex structures which are maximally pinched along a circle bounding the genus
1 region shown in Figure 19.2. The maps labeled h1, h2 and h3 in Section 16.6
coincide with the maps defined in (19.1), for a particular choice of Heegaard diagram
(Σ,α,β, w, z).

The maps h1, h2 and h3 fit into the diagram of chain complexes shown in
Figure 19.2. In fact, this diagram satisfies all of the hypercube relations except for
the length 3 relation. (To see the length 2 relations along the bottom and right
faces, we use Proposition 10.2 to destabilize the triples, and Proposition 11.1 to
identify the resulting triangle maps with nearest point maps).

We now define

E := F3 ◦ h1 + F3 ◦ h2 + F3 ◦ h3,

where F3 denotes a 3-handle map. In light of the discussion in Section 16.6, to
finish the construction of Ccen, it is sufficient to show the following:

Proposition 19.1. The map E is chain homotopic to zero. Equivalently, there
is a length 3 map HE which makes the diagram in Figure 19.2 into a hypercube of
chain complexes.

In the remainder of this section, we construct a null-homotopy of E, via a
holomorphic deformation.

19.2. Vector fields for deformations

In this section, we define several vector fields on [0, 1]×R, Δ and �, which we
will use in our proof of Proposition 19.1. We will use these vector fields to deform
the quadrilateral maps appearing in the definition of the map E.
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fβ3
α1→α2

fβ3→β2
α1

fβ3
α2→α3

fβ3→β2
α2

fβ2
α1→α2

fβ2→β1
α1

h
1 := h β

3α
1→α

2→α
3

h
2 :=

h β
3→

β
2

α
1→

α
2

h3 := hβ3→β2→β1
α1

F3

F3
F3

HE

(α1,β3) (α2,β3)

(α3,β3)(α1,β2)

(α1,β1)

(α2,β2)

(α,β)

Figure 19.2. A null-homotopy HE of E gives a length 3 arrow
which makes this diagram a hypercube of chain complexes.

We begin by defining two vector fields on [0, 1]×R, for which we write vY and
vH . Let f : R → R be a smooth function, such that f(0) = 0, f(1) = 0 and f(s) > 0
for s ∈ (0, 1). We define vH to be

(19.2) (vH)(s,t) := f(s) · ∂/∂s.
Next, we construct a vector field vY on [0, 1]× R which satisies the following:

(vY -1) vY is invariant under the R action.
(vY -2) vY is 0 on {0, 1} × R, and is non-zero on (0, 1)× R.
(vY -3) vY extends smoothly to a vector field on R× R.
(vY -4) There is an R-invariant neighborhood of the line s = 1/2 such that

(19.3) vY = ∂/∂t+ (s− 1/2) · ∂/∂s.
(vY -5) The closure of each flowline of vY , except for s = 1/2, has one transverse

intersection point with {0, 1} × R.

Equation (19.3) is useful in controlling the level structure of degenerations
of matched combs. The two vector fields vH and vY are schematically shown in
Figure 19.3.

We now discuss two important vector fields for deforming the holomorphic
triangle maps. We call these vΔ,1 and vΔ,2. These are shown in Figure 19.4. We
assume that vΔ,1 satisfies the following:
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Figure 19.3. The R-invariant vector fields vY (left) and vH
(right) on [0, 1]× R.

Figure 19.4. The vector fields vΔ,1 (left) and vΔ,2 (right).

(vΔ,1-1) vΔ,1 vanishes on ∂Δ and extends to a smooth vector field on C.
(vΔ,1-2) vΔ,1 is non-vanishing on int(Δ).
(vΔ,1-3) vΔ,1 is R-invariant on each of the cylindrical ends of Δ.
(vΔ,1-4) vΔ,1 coincides with vH on two cylindrical ends, and −vY on the remain-

ing end.
(vΔ,1-5) The closure of all but one flowline of vΔ,1 has two transverse intersection

points with ∂Δ. The remaining flowline has just one intersection.

We construct the vector field vΔ,2 shown in Figure 19.4, except we require vΔ,2

to coincide with vY in all three ends of Δ. Furthermore, all but two flowlines have
closures with exactly one transverse intersection with ∂Δ, while two flowlines have
closures which are bounded away from ∂Δ.

We now describe three families of vector fields on �. To meaningfully deform
the quadrilateral maps, we need to describe pairs consisting of families of vector
fields and almost complex structures on �. We think of these families as being
associated to the Heegaard quadruples Q1, Q2 and Q3.

For i ∈ {1, 2, 3}, we pick smooth families of vector fields vi := (vi,s)s∈(0,1) and
almost complex structures ji = (ji,s)s∈(0,1), on �, which have the configuration
shown in Figure 19.5. We assume v1 and j1 satisfy the following:

(v1-1) In each cylindrical end of �, v1,s and j1,s are constant in s and v1,s
coincides with vH or vY .

(v1-2) Near s = 0, the vector field v1,s is obtained by inserting copies of ([0, 1]×
(−R,R), vY ), for increasing R, into the (α1,α3)-subregion. Similarly,
j1,s is obtained by inserting copies of [0, 1]× (−R,R), equipped with the
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standard almost complex structure. The limiting vector field consists of
one copy of vΔ,1 and one copy of vΔ,2.

(v1-3) Near s = 1, v1,s is obtained by inserting copies of ([0, 1] × (−R,R), vH),
for increasing R, into the (α2,β3)-subregion. The analogous statement
holds for j1. The limiting vector field consists of two copies of ±vΔ,1.

(v1-4) v1,s|∂� = 0 for each s.

We assume that the families (v2, j2) and (v3, j3) satisfy the analogous condi-
tions.

Remark 19.2. Families v1 and j1 satisfying (v1-1)–(v1-4) may be constructed
as follows. We may identify the moduli space of complex rectangles with the space
of configurations of two marked points along {1}×R ⊆ [0, 1]×R (with the constant
family of almost complex structures j1). The family v1 may be constructed by
rescaling the vector field ∂/∂s on [0, 1]× R, similar to (19.2).

Remark 19.3. Many of the vector fields have one or two non-generic flowlines.
For example, vY has a single flowline (s = 1/2) whose closure is bounded away
from {0, 1} × R. Similarly vΔ,1 has one flowline whose closure intersects ∂Δ only
once. We refer to these flowlines, and their natural analogs on vΔ,2 and vi, as the
special lines.

19.3. Local degree theory

In this section, we frequently obtain algebraic relations by counting the ends
of 1-dimensional matched moduli spaces. A natural strategy for such an argument
is to show that each point in the boundary of the 1-dimensional moduli space in
question has a neighborhood modeled on [0,∞). Proving such a claim usually
requires defining a smooth structure on the compactification of the moduli space of
unmatched curves, and proving that the relevant evaluation maps extend smoothly.
Instead we opt to use degree theory argument of [LOT18], which is sufficient for
the purpose of determining algebraic relations. In this section, we collect several
background results which we will subsequently use.

We refer the reader to [LOT18, Definition 5.36] for the definition of a stratified
space which we use. We now recall [LOT18, Definition 5.37]:

Definition 19.4. Let X be a stratified space so that the top stratum is a
smooth m-manifold, and suppose that f : X → [0,∞)m is a stratified map so that
f−1((0,∞)m) is the top stratum of X. Let p ∈ [0,∞)m and assume f is proper
near p. We say that f is odd degree near p if there is an open neighborhood U of
p such that for any regular value p′ ∈ U ∩ (0,∞)m, the set f−1(p′) consists of an
odd number of points.

In practice, we will say a broken holomorphic curve appearing in the boundary
of a 1-dimensional moduli space makes odd algebraic contribution, if the closure of
the 1-dimensional moduli space admits a stratified map to [0,∞), which is locally
proper and odd degree near 0, such that the preimage of 0 is the broken curve.

The following lemma is a helpful criterion for constructing stratified spaces as
fibered products which have an evaluation map to [0,∞) which is odd degree near 0:

Lemma 19.5. Suppose that Xj and Y k are topological manifolds without bound-
ary, and suppose X × [0,∞) and Y × [0,∞) are given the structure of stratified
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α2

α3

β3

α1

α2

β3α1
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β3

β2
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α1

α2

β2

β3

β3

α1

α2

α2

β2

β3

β2

β1

α1

β3

β2

α1
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β1
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β1

β3

α3

α2

α1
v1,s

α1

α2

β3

β2
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α1

β1

β2

β3

v3,s

s=0

s=0

s=0

s=1

s=1

s=1

α1

α2

α3
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Figure 19.5. The 1-parameter families (v1, j1), (v2, j2) and (v3, j3).
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spaces (i.e. given a choice of smooth structure on {0} × X, (0,∞) × X, {0} × Y
and (0,∞)× Y ). Suppose that

f : [0,∞)×X → [0,∞)× Rj+k and g : [0,∞)× Y → [0,∞)× Rj+k

are proper, stratified maps (i.e. continuous maps which are smooth on the interior
of each strata). Furthermore, suppose that f−1(0×Rj+k) = 0×X and similarly for
g. Finally, suppose that f |0×X and g|0×Y have transverse intersection at a single
point 0 = 0 × 0 ∈ 0 × Rj+k ⊆ [0,∞) × Rj+k, and that f and g are transverse on
the top strata. Then projection onto [0,∞) of the fibered product of f and g is odd
degree near 0.

Proof. Let π1 : [0,∞)×Rj+k → [0,∞) denote projection onto [0,∞), and let
π2 denote projection onto Rj+k. We first claim that the map

E := (π1 ◦ f, π1 ◦ g, π2 ◦ f − π2 ◦ g) : [0,∞)2 ×X × Y → [0,∞)2 × Rj+k

is odd degree near 0. To see this, note that E|0×0×X×Y is proper near 0 and also
odd degree near 0, since f |0×X and g|0×Y are transverse, and hence E|[0,∞)×0×X×Y

is also odd degree near 0 by [LOT18, Lemma 5.38 (2)]. The proof of [LOT18,
Lemma 5.38 (2)] implies that E is odd degree near 0 on [0,∞)2×X×Y . Transver-
sality on the top stratum to Δ×Rj+k, where Δ ⊆ [0,∞)2 is the diagonal, guarantees
that the fiber over Δ× 0 ⊆ [0,∞)2 ×Rj+k, with its projection to [0,∞), is proper
and odd-degree near zero. But that is equivalent to the projection onto [0,∞) of
the fibered product of f and g being odd-degree near zero. �

19.4. The connected sum formula by deforming the matching

As a warmup to the holomorphic degeneration we use to analyze E, we de-
scribe a deformation of the matched moduli spaces in Section 8.1 which gives the
connected sum formula for CF−. The deformation is inspired by the time-dilation
degeneration described in [LOT18], as well as Ozsváth and Szabó’s bordered ver-
sion of knot Floer homology [OS18] [OS19] [OS04], and the forthcoming minus
version of bordered Floer homology [LOT]. Our argument deforms the matching
in the [0, 1]-direction.

We are interested in the following two connected sum operations:

(#-1) Suppose H1 = (Σ1,α1,β1, w1) and H2 = (Σ2,α2,β2, w2) are two singly
pointed Heegaard diagrams. Let p1 and p2 be two points on Σ1 and Σ2,
in the complement of the alpha and beta curves, and suppose that p2 is
immediately adjacent to w2. Let H1#H2 denote their connected sum,
taken at p1 and p2. In forming H1#H2, we delete w2, and leave w1.

(#-2) There is a version of the previous operation for knots, as follows. Suppose
H1 = (Σ1,α1,β1, w1, z1) and H2 = (Σ2,α2,β2, w2, z2) are two doubly
based knot diagrams. We take the connected sum H1#H2 at z1 and w2.
We delete z1 and w2, but leave w1 and z2.

We now describe a deformation of the matched complexes from Section 7.3. If
τ ∈ R, let ρτ : [0, 1] → [0, 1] be the flow of vH . Note that ρτ fixes {0, 1} for all τ ,
but has no fixed points on (0, 1) for τ 
= 0.

The map ρτ determines a diffeomorphism

Rτ : [0, 1]× R → [0, 1]× R,
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given by

(19.4) Rτ (s, t) = (ρτ (s), t).

The diffeomorphism Rτ also gives a map

Rτ : ([0, 1]× R)k → ([0, 1]× R)k,

given by

(19.5) Rτ (x1, . . . , xk) = (Rτ (x1), . . . , R
τ (xk)),

which fixes the fat-diagonal setwise.
Similar to the matched moduli spaces from (8.1), if S

q1
1 and S

q2
2 are two k-

pointed source curves, we define the τ -matched moduli spaces as
(19.6)

MMτ
J1∧J2

(S
q1
1 , S

q2
2 , φ1, φ2)

:=

⎧⎪⎪⎨⎪⎪⎩(u1, u2)∈MJ1
(S

q1
1 , φ1)×MJ2

(S
q2
2 , φ2)

∣∣∣∣∣∣∣∣
(πΣ1

◦ u1)(q1,i)=p1,
(πΣ2

◦ u2)(q2,i)=p2,
Rτ ((πD◦u1)(q1,i))=(πD◦u2)(q2,i),

for i = 1, . . . , k

⎫⎪⎪⎬⎪⎪⎭.

We define a τ -matched differential on the complex CF−(H1,H2) from Sec-
tion 8.2 via the formula

∂τ (x1 × x2) :=
∑

φ1∈π2(x1,y1)
φ2∈π2(x2,y2)

np1
(φ1)=np2

(φ2)

indemb(φ1,φ2,M#)=1

#(MMτ
J1∧J2

(φ1, φ2)/R) · Unw1
(φ1) · (y1 × y2).

We weight the counts by nw1
(φ1) since we delete w2 in the operation (#-1). Note

that if we instead used the construction in (#-2), we would use w1 and z2 to form
the weights.

Lemma 19.6.

(1) The endomorphism ∂τ is a differential.
(2) If τ1, τ2 ∈ R, then (CF−(H1,H2), ∂

τ1) 
 (CF−(H1,H2), ∂
τ2).

Proof. The proof that ∂τ squares to zero is not substantially different than
the proof of Lemma 8.1.

The proof of the second claim is similar to the proof of [LOT18, Proposi-
tion 9.22], and follows by defining an appropriate continuation map, as we now
describe. Let θ : R → R be a monotonic, smooth function such that there are
a, b ∈ R such that θ(t) = τ1 if t ≤ a, and θ(t) = τ2 if t ≥ b. The map θ determines
a diffeomorphism

Rθ : [0, 1]× R → [0, 1]× R, defined by Rθ(s, t) = (ρθ(t)(s), t),

where ρτ denotes the time τ flow of the vector field v in (19.2). The map Rθ induces
an automorphism of ([0, 1]× R)k, which fixes the fat-diagonal, setwise.

We define a transition map

Ψτ1→τ2 : (CF−(H1,H2), ∂
τ1) → (CF−(H1,H2), ∂

τ2)
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by counting index 0 holomorphic curves which are θ-matched, i.e., counting ele-
ments of the moduli spaces

MMθ
J1∧J2

(S
q1
1 , S

q2
2 , φ1, φ2)

:=

⎧⎪⎪⎨⎪⎪⎩(u1, u2)∈MJ1
(S

q1
1 , φ1)×MJ2

(S
q2
2 , φ2)

∣∣∣∣∣∣∣∣
(πΣ1

◦ u1)(q1,i) = p1,
(πΣ2

◦ u2)(q2,i) = p2,
Rθ((πD◦u1)(q2,i)) = (πD◦u2)(q1,i),

for i = 1, . . . , k

⎫⎪⎪⎬⎪⎪⎭ ,

(19.7)

when indemb(φ1, φ2,M#) = 0.
To see that Ψτ1→τ2 is a chain map, one counts the ends of the φ-matched

moduli spaces for pairs (φ1, φ2) with indemb(φ1, φ2,M#) = 1. It is easily checked,
using expected dimensions, as in Proposition 7.3, that for generically chosen almost
complex structures, the ends of index 1 moduli spaces correspond exactly to broken
curves with two stories, where one story has index 1 and is τ1 or τ2 matched, and
the other story has index 0 and is φ-matched.

To see that Ψτ1→τ2 is a chain homotopy equivalence, one argues that Ψτ2→τ1 is
a homotopy inverse, by showing that Ψτ2→τ1 ◦Ψτ1→τ2 and Ψτ1→τ2 ◦Ψτ2→τ1 are chain
homotopic to the identity. The chain homotopy is constructed by counting index
−1 curves which are matched over a 2-parameter family of matching conditions. �

We now show that the τ -matched complex is chain homotopic to the ordinary
tensor product complex CF−(H1)⊗F[U ] CF

−(H2), by letting τ → ∞. Write

∂⊗ = ∂1 ⊗ id+ id⊗∂2

for the differential on CF−(H1)⊗ CF−(H2).
If Sq is a marked source, and q ∈ q, then we define stable and unstable evalu-

ation maps

evstq : MJ (S
q, φ) → {1} × R and evunq : MJ (S

q, φ) → {0} × R,

via the formulas

evstq (u) := lim
τ→+∞

(Rτ ◦ πD ◦ u)(q) and evunq (u) := lim
τ→−∞

(Rτ ◦ πD ◦ u)(q)

where Rτ denotes the flow of vH .

Definition 19.7. An ∞-matched holomorphic disk representing (φ1, φ2) ∈
π2(x1,y1)× π2(x2,y2) consists of a pair (U1,U2) of 1-story holomorphic combs on
H1 and H2, respectively, satisfying the following:

(1) U1 = (u1, a), where u1 ∈ MJ1
(S

q1
1 , φ′

1) satisfies (M -1)–(M -7), and a is the
disjoint union of n boundary degenerations a1, . . . , an, which each have
Maslov index 2. Furthermore φ1 = φ′

1 + n · [Σ1], and n = np2
(φ2).

(2) U2 = (b, u2) where u2 ∈ MJ2
(S

q2
2 , φ′

2) satisfies (M -1)–(M -7), and b is the
disjoint union of m beta-boundary degenerations b1, . . . , bm which each
have Maslov index 2. Furthermore, φ2 = φ′

2 +m · [Σ2], and m = np1
(φ1).
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u1 u2

U1 U2

τ -matched

τ � 0

∞-matched

H2H1

Figure 19.6. A schematic of a τ -matched curve (top), and a
nearby ∞-matched curve (bottom). The dots represent the im-
age under of the marked points under the evaluation map to
[0, 1]× R.

(3) The collection q1 consists of m marked points (q1,1, . . . , q1,m) and q2 con-
sists of n marked points (q2,1, . . . , q2,n). Furthermore, for all i and j,

(πΣi
◦ ui)(qi,j) = pi,

(πΣ2
◦ u2)

(
(πD ◦ u2)

−1
(
evunq1,j (u1)

))
= ev∞(bj), and

(πΣ1
◦ u1)

(
(πD ◦ u1)

−1
(
evstq2,j (u2)

))
= ev∞(aj).

A schematic of a τ -matched disk and a nearby ∞-matched disk is shown in
Figure 19.6. If (U1,U2) is an ∞-matched disk, we define the trimming of (U1,U2)
to be the pair (u1, u2).

Given two classes φ1 and φ2, on H1 and H2, respectively, satisfying np1
(φ1) =

np2
(φ2), we write MM∞

J1∧J2
(φ1, φ2) for the moduli space of ∞-matched disks rep-

resenting (φ1, φ2).
We write M⊗ for the matching condition

M⊗ :=
(
([0, 1]× R)k1 × ([0, 1]× R)k2 , (0, . . . , 0)

)
.

Note that being M⊗-matched is a vacuous condition: any two curves are M⊗-
matched. Also, M⊗ depends on the integers k1 and k2, though we suppress this
from the notation.

We define a formal expansion map

E : π2(x1,y1)× π2(x2,y2) → π2(x1,y1)× π2(x2,y2),

via the formula

(19.8) E (φ1, φ2) = (φ1 + np2
(φ2) · [Σ1], φ2 + np1

(φ1) · [Σ2]) .

If (φ1, φ2) ∈ π2(x1,y1)× π2(x2,y2), then

indemb(φ1, φ2,M⊗) = indemb(E (φ1, φ2),M#).
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The tensor product differential ∂⊗ = ∂1 ⊗ id+ id⊗∂2 coincides with the map
obtained by counting #(MJ1

(φ′
1)×MJ2

(φ′
2))/R for all pairs (φ′

1, φ
′
2) ∈ π2(x1,y1)×

π2(x2,y2) with
indemb(φ

′
1, φ

′
2,M⊗) = 1.

On the other hand, the count of boundary degenerations from Proposition 7.9
implies that if φ1 ∈ π2(x1,y1) and φ2 ∈ π2(x2,y2) are classes which have the same
multiplicity at the connected sum points, and indemb(φ1, φ2,M#) = 1, then
(19.9)

#
(
MM∞

J1∧J2
(φ1, φ2)/R

)
≡

∑
(φ′

1,φ
′
2)∈π2(x1,y1)×π2(x2,y2)

E (φ′
1,φ

′
2)=(φ1,φ2)

#(MJ1
(φ′

1)× MJ2
(φ′

2)) /R.

In particular, (19.9) implies that ∂⊗ coincides with the differential obtained by
counting ∞-matched holomorphic disks representing pairs (φ′

1, φ
′
2) with indemb(φ

′
1,

φ′
2,M#) = 1.

We define a transition map

Ψτ→∞ : (CF−(H1,H2), ∂
τ ) → (CF−(H1)⊗ CF−(H2), ∂

⊗),

as follows. Pick a smooth function θ : R → R such that θ′(t) ≥ 0 for all t ∈ R,
θ(t) = τ for all t � 0, and θ(t) → ∞ as t → ∞. We define a moduli space
MMθ(φ1, φ2) as in (19.7). The map Ψτ→∞ counts elements of the θ-matched
moduli spaces ranging over pairs (φ1, φ2) satisfying indemb(φ1, φ2,M#) = 0 and
np1

(φ1) = np2
(φ2). We may similarly define a map Ψ∞→τ in the opposite direction.

Lemma 19.8.

(1) The map Ψτ→∞ is a chain map.
(2) The map Ψτ→∞ is a chain homotopy equivalence.

Proof. The first is proven by counting the ends of index 1 families of θ-
matched flowlines. Using transversality, the ends are constrained into the following
2-story holomorphic combs:

(1) A τ -matched holomorphic disk with indemb(φ1, φ2,M#) = 1, and a θ-
matched holomorphic disk with indemb(φ1, φ2,M#) = 0.

(2) An ∞-matched disk, whose trimming represents a pair (φ′
1, φ

′
2) with

indemb(φ
′
1, φ

′
2,M⊗) = 1, and a θ-matched holomorphic disk with

indemb(φ1, φ2,M#) = 0.

We claim that in the latter case, the matched moduli space admits a map
to [0,∞), defined on a small neighborhood of the broken curve, which is locally
proper and odd degree near 0. We sketch the argument, which is very similar
to [OS04, Section 7.8]. Suppose (u1, u2) is such a limiting comb, and suppose
further that u1 consists of an index 1 disk with k marked points, and u2 consists
of k index 2 boundary degenerations, as well as a constant flowline. Let c1 <
c2 < · · · < ck denote the R-values of the marked points of u1. Let V0 denote
(c1 − ε, c1 + ε)× · · · × (ck − ε, ck + ε), and let V denote the image of V under the
diagonal R-action. For some small ε > 0, gluing gives a map

γ : [0, ε)k × V → M(φ2),

which is a homeomorphism onto its image. Let U denote the image of γ. The (ci −
ε, ci+ε) components correspond to the height at which a boundary degeneration is
glued, and the [0, ε) components are the gluing parameters. There is an evaluation
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map ev2 : U → [0, 1)k × Rk. Similarly there is an evaluation map ev1 : M(φ1) →
(0, 1)k × Rk. The θ-matched moduli space is the fibered product of M(φ1) and
M(φ2) under ev1 and Rθ ◦ ev2.

If qi is an arbitrarily chosen marked point of u1, then the map evR : M(φ1) → R
given by u �→ πR(u(qi)) restricts to a diffeomorphism on a neighborhood of u1. Fur-
thermore, we may view the map as extending to a continuous map evR : M(φ1) →
[−∞,∞]. We claim that on the θ-matched moduli spaces, the map evR is locally
proper and odd degree near ∞. To see this, we note that a small modification of
[LOT18, Lemma 5.38 (2)] implies that the map ev2 is proper and odd degree near
0× c1 × · · · × ck. In particular, if t ∈ R is fixed, and ut := ev−1

R (t) ∈ M(φ1), and
R−θ ev1(ut) is a regular value of ev2, then there are an odd number of curves in
the θ-matched moduli space which have evR = t. It follows that evR is locally odd
degree near ∞. In particular, combs satisfying (2) make odd algebraic contribution,
so

Ψτ→∞ ◦ ∂τ + ∂⊗ ◦Ψτ→∞ = 0,

where we are identifying ∂⊗ with the map which counts ∞-matched holomorphic
disks, using (19.9).

The second claim follows from the same reasoning as the corresponding claim
of Lemma 19.6. �

19.5. Deformed stabilizations

In our construction of HE , we will encounter some additional variations of the
matching deformation considered in Section 19.4. Suppose H1 and H2 are two
Heegaard diagrams with chosen connected sum points, and v is an R-invariant
vector field on [0, 1] × R which vanishes on {0, 1} × R. We may define a (v, τ )-
deformed differential ∂v,τ

H1∧H2
, by counting holomorphic disks which are matched by

the time τ flow of v.
We will need the following fact:

Lemma 19.9. Suppose that H = (Σ,α,β, w) is a Heegaard diagram with a
special point p ∈ Σ \ (α ∪ β), and v is a vector field on [0, 1]× R, as above.

(1) Suppose H0 = (T2, α, β) is a standard diagram for S3 or L(m, 1) and
x ∈ α ∩ β. If τ ∈ R is generic, then

∂v,τ
H∧H0

(x× x) = ∂H(x)⊗ x.

Furthermore, if φ and φ0 are a pair of classes of disks such that indemb(φ,
φ0,M#) = 0, and

MMv,τ∈[τ1,τ2](φ, φ0) 
= ∅,
then φ and φ0 represent constant classes.

(2) Suppose H0 = (T2, α, β) is a standard diagram for S1 × S2. Write
{θ+, θ−} = α ∩ β. Then, for generic τ ∈ R,

∂v,τ
H∧H0

(x× θ+) = ∂H(x)⊗ θ+, and

∂v,τ
H∧H0

(x× θ−) = ∂H(x)⊗ θ− +
∑

y∈Tα∩Tβ

Cx,y · y × θ+,

for some Cx,y ∈ F[U ]. Furthermore, suppose φ and φ0 are classes of disks,
such that indemb(φ, φ0,M#) = 0. Write φ0 ∈ π2(θ1, θ2), for θ1, θ2 ∈ α∩β.
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If gr(θ1, θ2) ≥ 0, and

MMv,τ∈[τ1,τ2](φ, φ0) 
= ∅,

then φ and φ0 both represent constant classes.

Proof. The computation of the differential follows from the same argument as
the ordinary proof of stabilization invariance [OS04b, Section 10]. See Lemma 10.7
for details in our present context.

We now consider the claim about index 0 classes. We focus on the claim when
H0 is a diagram for S1 × S2, since the other cases follow a similar argument. If
φ0 ∈ π2(θ1, θ2) is a class on H0, then

μ(φ0) = 2np0
(φ0) + gr(θ1, θ2).

Hence, if φ is a class on H, then

indemb(φ, φ0,M#) = μ(φ) + μ(φ0)− 2np0
(φ0) = μ(φ) + gr(θ1, θ2).

If MMv,τ∈[τ1,τ2](φ, φ0) 
= ∅, then μ(φ) ≥ 0 by transversality. Hence, if gr(θ1, θ2) ≥
0 we must have μ(φ) = 0. By transversality, φ must be the constant class. It is
straightforward to see that this also implies that φ0 is a constant class. �

19.6. Deformed stabilizations and holomorphic triangles

We need several results about deformed stabilizations and holomorphic trian-
gles, similar to those stated in Section 19.5 for disks.

We now consider deforming the triangle maps using a smooth vector field v on
Δ which vanishes on ∂Δ and is R-invariant on the cylindrical ends of Δ. (We only
have need to consider the vector fields vΔ,1 and vΔ,2 from Figure 19.4). Suppose that
T = (Σ,α,β,γ, w) is a Heegaard triple with a distinguished point p ∈ Σ\(α∪β∪γ),
and suppose that T0 = (T2, α, β, α′, p0) is a genus 1 lens space stabilizing triple, as
in Section 10.5. If ψ and ψ0 are two classes of triangles on T and T0, then we may
define their τ -matched moduli space MMτ (Sq, S

q0
0 , ψ, ψ0) by adapting (19.6).

We define a matched triangle map fτ
T ∧T0

by counting τ -matched triangles repre-
senting pairs (ψ1, ψ2) with indemb(ψ1, ψ2,M#) = 0. Given τ1, τ2 ∈ R with τ1 < τ2,
we may also count representatives of pairs (ψ, ψ0) with indemb(ψ, ψ0) = −1, which
are τ -matched for some τ ∈ [τ1, τ2]. We write fτ1→τ2

T ∧T0
for this map.

We have the following analog of Lemma 10.8:

Lemma 19.10. Suppose that T = (Σ,α,β,γ, w) is a Heegaard triple with a
distinguished point p ∈ Σ \ (α ∪ β ∪ γ), and T0 = (T2, α, β, α′, p0) is a triple such
that (T2, α, β) is a standard diagram for L(m, 1), and α′ is a small Hamiltonian
translate of α satisfying |α ∩ α′| = 2. See Figure 10.1.

(1) If τ ∈ R is generic cα,β ∈ α ∩ β and cβ,α′ ∈ β ∩ α′, then

fτ
T ∧T0

(x× cα,β ,y × cβ,α′) = fT (x,y)⊗Θ−
α,α′ +

∑
z∈Tα∩Tγ

Cτ
x,y,z · z⊗Θ+

α,α′ ,

for some Cτ
x,y,z ∈ F[U ].

(2) If τ1, τ2 ∈ R are generic, and cα,β ∈ α ∩ β and cβ,α′ ∈ β ∩ α′, then

fτ1→τ2
T ∧T0

(x× cα,β ,y × cβ,α′)
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=

⎧⎨⎩
∑

z∈Tα∩Tγ

C [τ1,τ2]
x,y,z · z⊗Θ+

α,α′ if sp0
(cα,β) = sp0

(cβ,α′),

0 otherwise,

for some C
[τ1,τ2]
x,y,z ∈ F[U ].

Proof. The first claim is proven no differently than Lemma 10.8, using (10.16).
The second claim is proven as follows. Suppose ψ is a class on (Σ,α,β,γ) and

ψ0 ∈ π2(cα,β , cβ,α′ ,Θ) is a class on (T2, α, β, α′), where Θ ∈ α∩α′. Adapting (10.15)
to our present situation, we obtain

(19.10) indemb(ψ, ψ0,M#) = μ(ψ) + gr(Θ+
α,α′ ,Θ)− 1.

Note that any holomorphic curve counted by fτ1→τ2
T ∧T0

contains an ordinary holo-
morphic triangle on T . In particular, if (ψ, ψ0) is a pair of classes which admit a
τ -matched representative for some τ , then μ(ψ) ≥ 0, by transversality for curves on
T . Combined with (19.10), we see that if Θ = Θ−

α,α′ , and (ψ, ψ0) has a τ -matched

index −1 representative, then μ(ψ) = −1, which violates transversality. Hence we
may only have representatives if Θ = Θ+

α,α′ , proving the stated formula. �

19.7. Deforming E

In this section, we describe our null-homotopy of E, by deforming the holo-
morphic quadrilateral maps using the families of vector fields v1, v2 and v3 on �
described in Section 19.2.

The time τ flow of vi,s gives a 2-parameter family of diffeomorphisms,

Rτ
i,s : � → �,

for each i ∈ {1, 2, 3}.
Suppose vi and ji satisfy the analogs of (v1-1)–(v1-4). If J ∧ I = (Js ∧ Is)s∈[0,1]

is a stratified family of almost complex structures on (Σ ∧ T2)× �, which covers a
family ji on �, we define the (vi, τ )-matched moduli space of rectangles as follows:

MMvi,τ
I∧J (S

q0
0 , Sq, ψ0, ψ)

:=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩(u, s, u0, s0)∈MJ (S
q, ψ)×MI(S

q0
0 , ψ0)

∣∣∣∣∣∣∣∣∣∣
(πΣ ◦ u)(qj) = p,

(πT2 ◦ u0)(q0,j) = p0,
Rτ

i,s((π�◦u0)(q0,j))=(π�◦u)(qj),
for j = 1, . . . , k,

s = s0

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭.

(19.11)

We define maps hτ
1 , h

τ
2 and hτ

3 with the same domain and range as h1, h2 and
h3, by counting (vi, τ )-matched quadrilaterals on Q1, Q2 and Q3. We define

Eτ := F3 ◦ hτ
1 + F3 ◦ hτ

2 + F3 ◦ hτ
3 .

Lemma 19.11. For generic τ ≥ 0, the map Eτ is a chain map.

Proof. The proof follows by counting the ends of index 0, (vi, τ )-matched
rectangles, representing classes (ψ, ψ0) in

(19.12)
π2(Θ

+
α3,α2

,Θcan
α2,α1

,x× x,y × θ−), π2(Θ
can
α2,α1

,x× x,Θ+
β3,β2

,y × θ−),

and π2(x× x,Θ+
β3,β2

,Θcan
β2,β1

,y × θ−).
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Here, {x} = c1 ∩ c′3, and θ− denotes the bottom generator of either c1 ∩ c′1, c2 ∩ c′2
or c3 ∩ c′3.

We claim that for generic, fixed τ ∈ [0,∞), the moduli spaces of index 0, (v1, τ )-
matched quadrilaterals on Q1 have ends corresponding exactly to the following
2-story combs:

(h1-1) s ∈ (0, 1):
• An index 1, (v, τ )-matched holomorphic disk in one of the four cylin-
drical ends, where v ∈ {vH , vY }, and

• a (v1,s, τ )-matched holomorphic rectangle on Q1 of index −1.
(h1-2) s = 0:

• A (v1,0, τ )-matched triangle on (Σ ∧ T2,α3,α1,β3) of index 0, and
• a (v1,0, τ )-matched triangle on (Σ ∧ T2,α3,α2,α1) of index 0.

(h1-3) s = 1:
• A (v1,1, τ )-matched triangle on (Σ ∧ T2,α3,α2,β3) of index 0, and
• a (v1,1, τ )-matched triangle on (Σ ∧ T2,α2,α1,β3) of index 0.

Similarly, the ends of the moduli spaces of (v2, τ )-matched quadrilaterals on
Q2 have one of the following forms:

(h2-1) s ∈ (0, 1):
• An index 1, (v, τ )-matched holomorphic disk in one of the 4 cylin-
drical ends, where v ∈ {vH , vY }, and

• a (v2,s, τ )-matched holomorphic rectangle on Q2 of index −1.
(h2-2) s = 0:

• A (v2,0, τ )-matched triangle on (Σ ∧ T2,α2,β3,β2) of index 0, and
• a (v2,0, τ )-matched triangle (Σ ∧ T2,α2,α1,β3) of index 0.

(h2-3) s = 1:
• A (v2,1, τ )-matched triangle on (Σ ∧ T2,α2,α1,β2) of index 0, and
• a τ -matched triangle on (Σ ∧ T2,α1,β3,β2) of index 0.

Finally, the ends of the moduli spaces of (v3, τ )-matched quadrilaterals on Q3

take one of the following forms:

(h3-1) s ∈ (0, 1):
• An index 1, (v, τ )-matched holomorphic disk in one of the 4 cylin-
drical ends, where v ∈ {vH , vY }, and

• a (v3,s, τ )-matched holomorphic rectangle on Q3 of index −1.
(h3-2) s = 0:

• A (v3,0, τ )-matched triangle on (Σ ∧ T2,α1,β3,β2) of index 0, and
• a (v3,0, τ )-matched triangle on (Σ ∧ T2,α1,β2,β1) of index 0.

(h3-3) s = 1:
• A (v3,1, τ )-matched triangle on (Σ ∧ T2,α1,β3,β1) of index 0, and
• A (v3,1, τ )-matched triangle on (Σ ∧ T2,β3,β2,β1) of index 0.

Furthermore, an argument similar to the one in Lemma 19.8 implies that each
broken curve labeled (hi-j) makes odd algebraic contribution to the count of ends
of its moduli space.

The ends of the moduli spaces in (19.12), of type (h1-1), (h2-1) and (h3-1),
where additionally the index 1 disk occurs in the (α1,β3) end or the (αi,βi) end,
give the y component of

(∂Eτ + Eτ∂)(x).
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The remaining ends of type (h1-1), (h2-1) and (h3-1) have a disk component which is
±(vY , τ )-matched and occurs in one of the ends labeled (α2,α1), (α3,α2), (β3,β2)
or (β2,β1). The total count of these ends is zero, since Θcan

α2,α1
, Θ+

α3,α2
, Θcan

β1,β2
and

Θ+
β2,β3

are cycles in the ±(vY , τ )-matched complexes by Lemma 19.9.

Next, the moduli spaces (h1-2) and (h3-3) make total contribution zero, by
Lemma 12.3 and a τ -matched version of Proposition 10.2.

We now claim that the ends labeled (h1-3) cancel the ends labeled (h2-2). This
follows since both ends feature a count of triangles on (α2,α1,β3), and a count on
either (α3,α2,β3) or (α2,α1,β2). The counts of triangles on (Σ ∧ T2,α3,α2,β3)
and (Σ∧T2,α2,α1,β2) coincide, since we may destabilize using Lemma 10.8, and
then identify both destabilized counts with nearest point maps by Proposition 11.1.
Hence, the counts of the ends (h1-3) cancel those of (h2-2), as claimed. The ends
(h2-3) cancel the ends of (h3-2) in a similar manner.

Summing over all of the above ends, we obtain ∂Eτ +Eτ∂ = 0, completing the
proof. �

We now describe a candidate limiting map, E∞, which has the same domain
and range as Eτ . We define

E∞ := F3 ◦ h∞
1 + F3 ◦ h∞

2 + F3 ◦ h∞
3 ,

where h∞
i counts aspect ratio matched, holomorphic quadrilaterals on Qi of index

−1, i.e. E∞ counts elements of the moduli spaces

MM∞,a.r.
J∧I (ψ, ψ0) := {(u, s, u0, s0) ∈ MJ (ψ)× MI(ψ0) : s = s0},

ranging over pairs with

indemb(ψ, ψ0,M⊗) := μ(ψ) + μ(ψ0) = −1.

Note that in the definition of MM∞,a.r.
J∧I (ψ, ψ0), we do not require np(ψ) =

np0
(ψ0), and also there is no matching condition at the connected sum points.
In the map h∞

i , an aspect ratio matched pair (u, u0) representing (ψ, ψ0) is
counted with a factor of

(19.13) Unp0
(ψ0)+nw(ψ)Tnp(ψ)+nz0

(ψ0)−np0
(ψ0)−nw(ψ).

The weight in (19.13) is the ordinary weight of the formal expansion E (ψ, ψ0),
as in (19.8).

We will show the following:

Proposition 19.12. If τ is generic, then Eτ 
 E∞.

The proof of Proposition 19.12 is technical, and is delayed until Section 19.8.
The proof is in the same spirit as the proof of Lemma 19.8. Before embarking
upon the proof of Proposition 19.12, we prove the following, which, together with
Proposition 19.12, implies Proposition 19.1.

Lemma 19.13. The map E∞ satisfies E∞ 
 0.

Proof. The proof follows by deforming the aspect ratio matching. For T ∈ R,
we consider the deformed moduli spaces

MM∞,a.r.,T
J∧I (ψ, ψ0) := {(u, s, u0, s0) ∈ MJ (ψ)× MI(ψ0) : ρT (s) = s0} ,

where ρT : [0, 1] → [0, 1] denotes the time T flow of the vector field from (19.2).
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We consider the ends of the parametrized moduli spaces

(19.14) MM∞,a.r.,T∈[0,∞)(ψ, ψ0) :=
⋃

T∈[0,∞)

MM∞,a.r.,T
J∧I (ψ, ψ0)× {T},

ranging over the classes in (19.12), with indemb(ψ, ψ0,M⊗) = −1.
Firstly, there are ends at T = 0, which contribute

E∞(x).

We claim that any end at T ∈ (0,∞) must have s ∈ (0, 1). Indeed, an end with
T ∈ (0,∞) and s ∈ {0, 1} would necessarily contain four holomorphic triangles, as
well as potentially a collection of holomorphic disks and boundary degenerations.
By transversality, every holomorphic triangle, disk or boundary degeneration must
have nonnegative Maslov index. However, the total Maslov index must be −1,
since such a curve appears in the boundary of the moduli space of Maslov index
−1 rectangles, leading to a contradiction.

Hence, the ends at finite T are restricted to consist of holomorphic strips break-
ing off into the 4 cylindrical ends. Furthermore, strips breaking off into the ends la-
beled (α3,α2), (α2,α1), (β3,β2) or (β2,β1) cancel modulo 2, since Θ+

α3,α2
, Θcan

α2,α1
,

Θ+
β3,β2

and Θcan
β2,β1

are cycles. Hence, the ends at finite T contribute

(H ◦ ∂ + ∂ ◦H)(x),

where H counts index −2 curves (u, s, u0, s0), which satisfy ρT (s) = s0 for some
T ∈ (0,∞).

Finally, it remains to count the ends appearing as T → ∞. By transversality,
these ends consist of two holomorphic triangles, and one holomorphic rectangle.
Furthermore, since there is no matching condition, the triangles must have index
0, and the rectangle index −1.

More concretely, the broken curves appearing on Q1 as T → ∞ have one of the
following configurations:

(h∞,∞
1 -1) s ∈ (0, 1), T → ∞:

• An index 0 triangle on (T2, c3, c1, c
′
3),

• an index 0 triangle on (T2, c3, c2, c1), and
• an index −1 rectangle on (Σ,α′′,α′,α,β).

(h∞,∞
1 -2) s = 0, T → ∞:

• An index −1 rectangle on (T2, c3, c2, c1, c
′
3),

• an index 0 triangle on (Σ,α′′,α,β), and
• an index 0 triangle on (Σ,α′′,α′,α).

Similarly, the broken curves arising on Q2 have one of the following configurations:

(h∞,∞
2 -1) s ∈ (0, 1), T → ∞:

• An index 0 triangle on (T2, c1, c
′
3, c

′
2),

• an index 0 triangle on (T2, c2, c1, c
′
2), and

• an index −1 rectangle on (Σ,α′,α,β,β′).
(h∞,∞

2 -2) s = 0, T → ∞:
• An index −1 rectangle on (T2, c2, c1, c

′
3, c

′
2),

• an index 0 triangle on (Σ,α′,α,β), and
• an index 0 triangle on (Σ,α,β,β′).

Finally, the curves appearing on Q3 consist of the following:

(h∞,∞
3 -1) s ∈ (0, 1), T → ∞:
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• An index 0 triangle on (T2, c1, c
′
3, c

′
1),

• an index 0 triangle on (T2, c′3, c
′
2, c

′
1), and

• an index −1 rectangle on (Σ,α,β,β′,β′′).
(h∞,∞

3 -2) s = 0, T → ∞:
• An index −1 rectangle on (T2, c1, c

′
3, c

′
2, c

′
1),

• an index 0 triangle on (Σ,α,β,β′), and
• an index 0 triangle on (Σ,α,β′,β′′).

Furthermore, we claim that each of the above broken curves labeled (h∞,∞
i -j) makes

odd algebraic contribution to the count of ends of the moduli spaces in (19.14). By
this, we mean that in a neighborhood of a broken curve, the matched moduli spaces
admit a continuous, proper map to [0,∞), with the preimage of 0 being the broken
curve, which is odd degree near 0; see Definition 19.4.

The total count of curves satisfying each of the configurations (weighted by
powers of U and T ), ranging over classes in (19.12), vanishes modulo 2, by Lem-
mas 12.6 and 12.3.

Counting up all ends, we obtain E∞ = [∂,H], completing the proof. �

19.8. Proof of Proposition 19.12

As a warmup to proving Proposition 19.12, we prove the following:

Lemma 19.14. If τ1, τ2 ∈ R are generic, then Eτ1 
 Eτ2 .

Proof. We count the ends of the parametrized moduli spaces

MMvi,τ∈[τ1,τ2](ψ, ψ0) :=
⋃

τ∈[τ1,τ2]

MMvi,τ (ψ, ψ0)× {τ},

ranging over pairs of classes (ψ, ψ0) as in (19.12), which have index −1. These
parametrized moduli spaces have ends similar to those described in Lemma 19.11.
For example, in addition to the ends at τ1 and τ2, the moduli spaces on Q1 =
(Σ ∧ T2,α3,α2,α1,β3) have the following ends:

(h
[τ1,τ2]
1 -1) s ∈ (0, 1), τ ∈ (τ1, τ2):

• An index 1, τ -matched holomorphic disk in one of the four
cylindrical ends, and

• an index −2, (v1,s, τ )-matched holomorphic quadrilateral.

(h
[τ1,τ2]
1 -2) s ∈ (0, 1), τ ∈ (τ1, τ2):

• An index 0, τ -matched disk in the four cylindrical ends, and
• an index −1, (v1,s, τ )-matched holomorphic quadrilateral.

(h
[τ1,τ2]
1 -3) s = 0, τ ∈ (τ1, τ2):

• A (v1,0, τ )-matched triangle on (Σ ∧ T2,α3,α1,β3) of some
index k ∈ {−1, 0}, and

• a (v1,0, τ )-matched triangle on (Σ ∧ T2,α3,α2,α1) of index
−1− k.

(h
[τ1,τ2]
1 -4) s = 1, τ ∈ (τ1, τ2):

• A (v1,1, τ )-matched triangle on (Σ ∧ T2,α3,α2,β3) of index
k ∈ {−1, 0}, and

• a (v1,1, τ )-matched triangle on (Σ∧T2,α2,α1,β3) of some in-
dex −1− k.
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Furthermore, a gluing argument similar to Lemma 19.8 implies that each of the

ends labeled (h
[τ1,τ2]
1 -j) makes odd algebraic contribution to the ends of its moduli

space.
The only ends which did not have a counterpart in Lemma 19.11 are the ends

labeled (h
[τ1,τ2]
1 -2) above. Note that simple index considerations do not prohibit a

similar end consisting of an index −1 rectangle, and a finite collection of index 0
disks. Nonetheless, for generically chosen almost complex structures, the set of τ
which support a τ -matched, index 0 disk is discrete, and hence in each end where
an index 0 disk appears, we may assume that just one appears. Lemma 19.9 implies

that the count of the ends of type (h
[τ1,τ2]
1 -2), for curves representing the classes

shown in (19.12), vanishes.

Part (2) of Lemma 19.10 implies that k = 0 in the ends of type (h
[τ1,τ2]
1 -3)

and (h
[τ1,τ2]
1 -4). Furthermore, we claim that there are no ends with the configura-

tion (h
[τ1,τ2]
1 -3). By the previous reasoning, such an end would contain a (v1,0, τ )-

matched triangle on (Σ∧T2,α3,α2,α1) with index −1− k. If ψ#ψ0 is the under-
lying homology class, this implies that

ind(ψ#ψ0,M#) = μ(ψ) + μ(ψ0)− 2np(ψ) = −1.

Write ψ∈π2(Θ
+
α′′,α′ ,Θ

+
α′,α, z). By Lemma 9.6 we have μ(ψ)=2np(ψ)+gr(Θ

+
α′′,α, z),

and hence

μ(ψ0) + gr(Θ+
α′′,α, z) = −1.

In particular, μ(ψ0) ≤ −1. However a (v1,0, τ )-matched representative of ψ#ψ0

contains an ordinary representative of ψ0, which would violate transversality for
curves on (T2, c3, c2, c1) with respect to a fixed almost complex structure.

The ends of the moduli spaces MMvi,τ∈[τ1,τ2](ψ, ψ0) on Q2 = (Σ∧T2,α2,α1,
β3,β2) and Q3 = (Σ∧T2,α1,β3,β2,β1) have a similar description. A cancellation
pattern occurs similar to how, in Lemma 19.11, the ends (h1-3) canceled the ends
(h2-2), and the ends labeled (h2-3) canceled the ends labeled (h3-2). In particular,

the ends labeled (h
[τ1,τ2]
1 -4) cancel ends on Q2, and another family of ends on Q2

and Q3 cancel. Counting all the ends, we obtain

Eτ1 + Eτ2 = ∂ ◦Hτ1→τ2 +Hτ1→τ2 ◦ ∂,
where Hτ1→τ2 counts index −2 rectangles which are (vi, τ )-matched for some τ ∈
(τ1, τ2). �

We now move on to prove Proposition 19.12. The proof consists of carefully
analyzing the ends of index−1 moduli spaces of rectangles which are (vi, τ )-matched
for some τ ∈ [τ0,∞). The ends appearing as τ → ∞ are more complicated than
those which appeared for τ ∈ [τ1, τ2]. Unlike in Lemma 19.8, which concerned
holomorphic disks, the ends which appear as τ → ∞ do not correspond exactly to
the map E∞.

Before moving on to consider the ends appearing as τ → ∞, we first record the
ends of (vi, τ )-matched moduli spaces which are easy to understand. The ends at
τ = τ0 contribute the term

Eτ0(x).

As in Lemma 19.11, there are ends at finite τ ∈ [τ0,∞), similar to (h
[τ1,τ2]
1 -1),. . . ,

(h
[τ1,τ2]
1 -4), and their analogs on the quadruples Q2 and Q3. The total count of
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these ends gives the term

(∂ ◦Hτ0→∞ +Hτ0→∞ ◦ ∂)(x),
where Hτ0→∞ counts (vi, τ )-matched, index −2 rectangles, for τ ∈ [τ0,∞).

The ends of the (vi, τ )-matched moduli spaces which appear as τ → ∞ may be
partitioned into two sets:

(e-1) Ends where τ → ∞ and s ∈ (0, 1).
(e-2) Ends where τ → ∞ and s = 0 or s = 1.

To analyze the ends labeled (e-1) and (e-2), we introduce a new type of evalu-
ation map. We first introduce a version of this evaluation map for disks, and then
move on to an analog for triangles and quadrilaterals which is relevant to (e-1)
and (e-2).

Consider the vector field vY on [0, 1] × R, shown in Figure 19.3. Suppose Sq

is marked Riemann surface, φ is a homology class of disks, and |q| = k. Write
Rk/R for Rk, modulo the diagonal action of R. There is an unstable asymptotic
evaluation map

evunq : MJ (S
q, φ) → Rk/R,

defined as follows. Write q = (q1, . . . , qk). Let Rτ denote the flow of vY . If
u ∈ MJ (S

q, φ), we consider the tuple

(19.15) lim
τ→−∞

(
(πR ◦Rτ ◦ πD ◦ u)(q1), . . . , (πR ◦Rτ ◦ πD ◦ u)(qk)

)
∈ �k/R.

Since vY is R-invariant, and � is a flowline of vY , we obtain a canonical identification
of � with R. We define evunq (u) to be the image of the tuple in (19.15) under the

canonical identification of �k/R with Rk/R. Note also the existence of the limit
in (19.15) follows from (19.3).

Similarly, if � denotes the line { 1
2} × R, and MJ (S

q, φ, �) denotes the set of
holomorphic disks u such that (πD◦u)(q) ⊆ �, there is a stable asymptotic evaluation
map

evstq : MJ (S
q, φ, �) → Rk/R,

defined similarly. (In fact, in our present setting of holomorphic disks, evstq is
induced by the ordinary evaluation (πR ◦u)(qi), though this will not be the case for
triangles or rectangles).

We now consider analogous evaluation maps for holomorphic triangles and rect-
angles. Suppose that Sq is a marked Riemann surface, and u : S → Σ × Δ is a
holomorphic triangle for the Heegaard triple (Σ,γ1,γ2,γ3, w). Let v denote one of
the limiting vector fields on Δ shown in Figure 19.5. (The cyclic identification of
(γ1,γ2,γ3) with (α,β,γ) is unimportant for our present purposes). If v coincides
with ±vY on the (γi,γi+1)-cylindrical end of Δ, then we write write �γi,γi+1

for the

line { 1
2} × [0,∞) ⊆ [0, 1]× [0,∞) in the (γi,γi+1) cylindrical end of Δ. Note that

�γi,γi+1
is a flowline of the vector field v. We refer to �γi,γi+1

as the special line.
We write Ws

v(�γi,γi+1
) and (resp. Wu

v (�γi,γi+1
)) for stable (resp. unstable) sets of

�γi,γi+1
, by which we mean the set of points of Δ whose positive (resp. negative)

flow under v asymptotically approaches the line �γi,γi+1
. We may similarly define

stable and unstable sets associated to other subsets of Δ.
If u is a holomorphic triangle with marked source Sq, and q0 ⊆ q is a subset

of the marked points such that

(19.16) (πΔ ◦ u)(q0) ⊆ Ws
v(�γi,γi+1

),



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

19.8. PROOF OF PROPOSITION 19.12 187

then there is a well defined element

evstq0
(u) ∈ R|q0|/R,

defined similarly to (19.15). The map evstq0
determines a continuous map on the

subspace of MJ (S
q, φ) consisting of curves u satisfying (19.16). The above termi-

nology adapts easily for holomorphic quadrilaterals.
With this notation in place, we can now describe the ends of the moduli spaces

MMvi,τ∈[τ0,∞)(ψ, ψ0). We have the following analog of Definition 19.7:

Definition 19.15.

(h∞
1 -e-1) We say a pair U and U0 of broken Js ∧ Is-holomorphic quadrilaterals

on Q1 is a simple, (v1,∞)-matched quadrilateral, if it satisfies the
following:
(a) U consists of exactly one Js-holomorphic rectangle u∈MJs

(Sq,
ψ′) on (Σ,α′′,α′,α,β), as well as a collection of index 2 bound-
ary degenerations b1, . . . , bn. Furthermore ψ = ψ′ + [b1] + · · ·+
[bn].

(b) U0 consists of exactly one Is-holomorphic rectangle u0 ∈
MIs(S

q0
0 , ψ′

0) on (T2, c3, c2, c1, c
′
3), as well as a collection of in-

dex 2 boundary degenerations d1, . . . , dm. Furthermore, ψ0 =
ψ′
0 + [d1] + · · · [dm].

(c) np(ψ
′) = m = |q| and np0

(ψ′
0) = n = |q0|. Furthermore,

(π� ◦ u)(q) ⊆ Ws
v1(eα′′ ∪ eα′ ∪ eα) and (π� ◦ u0)(q0) ⊆ Wu

v1(ec3).

(d) The following matching conditions are satisfied:

(πΣ ◦ u)(qj) = p,

(πT2 ◦ u0)(q0,j) = p0,

(πT2 ◦ u0)
(
(π� ◦ u0)

−1
(
evunqj (u)

))
= ev∞(dj), and

(πΣ ◦ u)
(
(π� ◦ u)−1

(
evstq0,j (u0)

))
= ev∞(bj).

(h∞
2 -e-1) A pair (U ,U0) is a simple, (v2,∞)-matched quadrilateral on Q2 if it

satisfies the analog of (h∞
1 -e-1) for Q2.

(h∞
3 -e-1) A pair (U ,U0) is a simple, (v3,∞)-matched quadrilateral on Q3 if it

satisfies the analog of (h∞
1 -e-1) for Q3.

Examples of simple, (vi,∞)-matched quadrilaterals are shown in Figure 19.7.
Note that (h∞

1 -e-1), (h∞
2 -e-1) and (h∞

3 -e-1) are natural analogs of Definition 19.7
for rectangles.

Lemma 19.16. The ends of the moduli spaces MMvi,τ∈[τ0,∞)(ψ, ψ0) which
appear as τ → ∞ and s → s0 ∈ (0, 1) (labeled (e-1) above) generically corre-
spond to simple, (vi,∞)-matched holomorphic rectangles. Furthermore, each such
broken curve makes odd algebraic contribution to the ends of the moduli spaces
MMvi,τ∈[τ0,∞)(ψ, ψ0).

Proof. We focus on the curves appearing on Q1. We can view the moduli
space MMvi,τ∈[τ0,∞)(ψ, ψ0) as consisting of holomorphic curves mapping into (Σ�
T2)×�, and hence limiting curves may be described in terms of holomorphic combs,
via an extension of Definition 7.15 to handle holomorphic polygons. Since we are
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(h∞1 -e-1) (h∞2 -e-1) (h∞3 -e-1)

α1

α2

α3

α1

α2

α1

β3

β3

β3

β2

β2

β1

Figure 19.7. Simple, (vi,∞)-matched quadrilaterals from Defini-
tion 19.15. The open dots denote the images of the marked points
mapping to p ∈ Σ, and the solid dots denote the marked points
mapping to p0 ∈ T2.

restricting to the case that s0 ∈ (0, 1), the limiting collection of curves consists of
a pair of holomorphic rectangles (one on each of T2 × � and Σ × �), as well as a
collection of holomorphic curves in the four ends, and also boundary degenerations.
Let us write U1, . . . ,Un for the disk levels appearing in the (α2,α3) end. Let us
write V1, . . . ,Vm for the disk levels appearing in the (α1,α2) end. (These are not
shown in Figure 19.8.) For ease of notation, we group any boundary degenerations
into the disk or rectangle level that they originate from.

As a first step, we will show that generically n ≤ 1 and m ≤ 1, and that there
are no disk levels in the (α1,β3) or (α3,β3) ends. To simply the notation, we first
show that if m = 0, then n ∈ {0, 1}. The same argument applies to show that more
generally, n,m ∈ {0, 1}. Similarly, it is easy to use index considerations to show
that generically no curves can appear in the (α1,β3) or (α3,β3) ends (since here
any disks are vH -matched).

Write U0 for the curves in the quadrilateral level (as well as any boundary
degenerations branching off of this level), and let U1, . . . ,Un be the disks in the
(α2,α3) levels, as above. We can further partition these curves into collections
UΣ
0 , . . . ,UΣ

n and UT
0 , . . . ,UT

n , depending on whether they map to Σ or T2. See
Figure 19.8.

We now trim off any boundary degenerations from the collections UT
i and UΣ

i

(and we call the remaining collections UT
i and UΣ

i , abusing notation slightly). This
leaves two types of marked points on the remaining curves. We say a marked point
is coupled if it is matched to a marked point which remains after trimming boundary
degenerations. We say a marked point is decoupled if it was matched to a marked
point in a boundary degeneration.

For i ∈ {0, . . . , n}, let di ≥ 0 denote the number coupled marked points on
the curves in UT

i . The marked points of UT
i must be mapped to the special line

of [0, 1] × R or the special line of � which extends into the (α2,α3) end. There
is an injection f : {i : di > 0} → {1, . . . , n}, which sends an i to the index j such

that the di marked points of UT2

i are matched with marked points of UΣ
j . Note
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Figure 19.8. A non-generic degeneration appearing in (e-1).

that if di > 0, then the curves of UT
i are matched with the curves of UΣ

f(i) via the

asymptotic evaluation map evst/un applied to the coupled marked points. We write

(19.17) d :=

n∑
i=0

di.

Write φΣ
0 , . . . , φ

Σ
n and φT

0 , . . . , φ
T
n for the homology classes of UΣ

0 , . . . ,UΣ
n and

UT
0 , . . . ,UT

n . Here, φT
0 is a class of rectangles, while φT

i is a class of disks, for i > 0,
and similarly for the classes on Σ. By assumption, we are considering curves which
appeared in the limit of a 1-parameter family of (vi, τ )-matched curves representing
a pair (ψ, ψ0) satisfying

(19.18) μ(ψ) + μ(ψ0) = 2np(ψ)− 1, and np(ψ) = np0
(ψ0).

Since we have trimmed off boundary degenerations, we obtain

(19.19)
n∑

i=0

(
μ(φΣ

i ) + μ(φT
i )
)
= 2d− 1.

Write nT and nΣ for the number of non-trivial disk levels amongst the UT
i and UΣ

i ,
respectively, ranging over i > 0. We define

ΦT := (φT
0 , . . . , φ

T
n, d0, . . . , dn),

an ordered tuple of classes, counts of coupled marked points. We define an ordered
tuple ΦΣ similarly.
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We can consider the collection UT
0 , . . . ,UT

n ,UΣ
0 , . . . ,UΣ

n as living in their own
moduli space MM(ΦΣ,ΦT, f), consisting of such collections of curves which are
matched under the asymptotic evaluation map. The expected dimension of this
moduli space at embedded curves is given by

(19.20) dimMM(ΦΣ,ΦT, f) = 1 +
n∑

i=0

(
μ(φΣ

i ) + μ(φT
i )− di −max(0, di − 1)

)
.

In (19.20),
∑n

i=0(μ(φ
Σ
i ) + μ(φT

i )) is the expected dimension of the unconstrained
moduli space, for a fixed almost complex structure. The +1 in (19.20) comes from
the parameter s, the summand −di is the result of the constraint that the coupled
marked points on the T2-side must lie on the special line, and the summand of
−max(0, di − 1) given by matching condition involving the asymptotic evaluation
map.

The moduli space MM(ΦΣ,ΦT, f) has a free action of RnΣ+nT

, where each
component acts by translation on one of the nΣ + nT non-trivial disk components
of MM(ΦΣ,ΦT, f). In particular, for MM(ΦΣ,ΦT, f) to be non-empty, it must
have dimension at least nΣ + nT. Hence (19.20) gives

1 +

n∑
i=0

(
μ(φΣ

i ) + μ(φT
i )− di −max(0, di − 1)

)
≥ nΣ + nT.

Applying (19.17) and (19.19) and rearranging, we obtain that if MM(ΦΣ,ΦT, f)
is non-empty, then

(19.21) d− nΣ − nT −
n∑

i=0

max(0, di − 1) ≥ 0.

Since for each i with di > 0, the level UΣ
f(i) is non-trivial, we obtain that

nΣ +

n∑
i=0

max(0, di − 1) = d+ nΣ
0 ,

where nΣ
0 denotes the number of non-trivial levels of UΣ

1 , . . .UΣ
n which have no

coupled marked points. Hence, from (19.21) we obtain −nT − nΣ
0 ≥ 0, which

implies that nT = nΣ
0 = 0. It follows that n = nΣ ∈ {0, 1}, since all coupled marked

points must be matched with the rectangle UT
0 , and at most one level can match

this level. This completes the proof of the subclaim under the assumption that
m = 0. Furthermore, the argument easily extends to handle the case that m and n
are both allowed to be non-zero, and implies that n,m ∈ {0, 1}.

It follows from the above argument that, after trimming boundary degenera-
tions, the limiting curve consists of up to four levels. There are two holomorphic
quadrilaterals, vΣ and vT, as well as potentially two holomorphic disks, uα′′,α′ and
uα′,α on T2 × [0, 1]×R, which occur in the (α′′,α′) and (α′,α) ends, respectively.
The curves uα′′,α′ and uα′,α are matched to vT via the asymptotic evaluation map.
See Figure 19.9.

Up until now, we have not used any particular facts about the quadruple Q1.
The key observation that prohibits degenerations like those in Figure 19.9 is that
if φ ∈ π2(Θ

+,Θ) is a class of disks on (Σ,α′′,α′) or (Σ,α′,α), then then

(19.22) μ(φ) = 2np(φ) + gr(Θ+,Θ) ≥ 2np(φ).



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

19.8. PROOF OF PROPOSITION 19.12 191

α

α′

α′′

β

Σ×�

c3

c1

c2c′3
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uα′′,α′

evst/un

Figure 19.9. A more generic configuration, which is still prohib-
ited for Q1.

Write dα′′,α′ and dα′,α for the number of marked points mapped to the two
special lines of �, by the holomorphic rectangle on Σ×� of a curve appearing in a
limiting configuration. Since this curve was obtained in a limit of a path of curves
representing a pair (ψ, ψ0) satisfying (19.18), we obtain, similarly to (19.19), that

(19.23) μ(vΣ) + μ(vT) + μ(uα′′,α′) + μ(uα′,α) = 2dα′′,α′ + 2dα′,α − 1.

Combining (19.22) and (19.23), we obtain

(19.24) μ(vΣ) + μ(vT) ≤ −1.

However, (19.24) implies that generically there are no representatives of the pair
(vΣ, vT), ranging over s ∈ (0, 1), if vT has one or more coupled marked points which
are sent to the special line, since this adds a constraint of codimension at least 1.
This completes the proof for Q1. The proofs for the quadruples Q2 and Q3 follow
from similar arguments. �

The count of index 2 boundary degenerations in Proposition 7.9 lets us identify
the count of curves of type (h∞

1 -e-1), (h∞
2 -e-1) and (h∞

3 -e-1) with the map E∞.
We now consider the ends labeled (e-2) above, which appear as τ → ∞ and

s → 1 or s → 0. We consider the following two types of broken curves (see
Figure 19.10):

(h∞
1 -e-2) A pair of broken holomorphic rectangles V and V0 on Q1, satisfying

the following:
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(a) V consists of a holomorphic triangle vα′′,α,β on (Σ,α′′,α,β) and
a holomorphic triangle vα′′,α′,α on (Σ,α′′,α′,α), as well as a
collection of index 2 boundary degenerations d1, . . . , dn.

(b) V0 consists of a holomorphic triangle vc3,c1,c′3 on (T2, c3, c1, c
′
3)

and a holomorphic triangle vc3,c2,c1 on (T2, c3, c2, c1), as well as
a collection of index 2 boundary degenerations e1, . . . em.

(c) The source of the holomorphic triangle vα′′,α,β has two disjoint
collections of marked points qc

α′′,α,β , q
d
α′′,α,β , which we call the

coupled and decoupled marked points, respectively. The other
three holomorphic triangles have analogous collections of marked
points.

(d) We have |qd
α′′,α,β |+|qd

α′′,α′,α| = m and |qd
c3,c1,c′3

|+|qd
c3,c2,c1 | = n.

(e) vα′′,α,β and vc3,c2,c1 have no coupled marked points.
(f) vα′′,α′,α has no decoupled marked points.
(g) |qc

α′′,α′,α| = |qc
c3,c1,c′3

|.
(h) The coupled marked points of vc3,c1,c′3 map to the special line of

Δ.
(i) The coupled marked points of vα′′,α′,α and vc3,c1,c′3 are matched

under the asymptotic evaluation map evst/un, which takes values
in Rk/R, where k = |qc

α′′,α′,α|.
(j) The decoupled marked points of vα′′,α,β are matched to the

boundary degenerations e1, . . . , em, similar to part (d) of
(h∞

1 -e-1), in Definition 19.15. Similarly the decoupled marked
points of vc3,c2,c1 and vc3,c1,c′3 are matched to the boundary de-
generations d1, . . . , dn.

(h∞
3 -e-2) A pair of broken holomorphic rectangles V and V0 on Q3, satisfying

the analogs of (h∞
1 -e-2).

The argument from Lemma 19.16 adapts to show the following:

Lemma 19.17. The ends of MMτ∈[τ0,∞),vi
J∧I (ψ, ψ0) labeled (e-2) above (i.e. ap-

pearing as τ → ∞ and s → 0 or s → 1) correspond generically to broken curves
which satisfy either (h∞

1 -e-2) or (h∞
3 -e-2). Furthermore, any such broken curve

makes odd algebraic contribution to the count of ends of its moduli space.

Write X∞
1 and X∞

3 for the maps which count the elements of 0-dimensional
moduli spaces of broken curves satisfying (h∞

1 -e-2) or (h∞
3 -e-2), respectively. Com-

bining Lemma 19.17 with the proof of Lemma 19.14, by counting the ends of [τ0,∞)-
matched moduli spaces, we obtain the relation

(19.25) Eτ0 + E∞ +X∞
1 +X∞

3 = ∂Hτ0→∞ +Hτ0→∞∂.

We may trim off the boundary degenerations in the definitions of the maps X∞
1

and X∞
3 , as in (19.9). Hence X∞

1 may be identified as the counts of quadruples of
holomorphic triangles

(19.26) (vα′′,α,β , vc3,c1,c′3 , vα′′,α′,α, vc3,c2,c1),

which are equipped with marked points and satisfy the matching conditions of
(h∞

1 -e-2), which furthermore represent a quadruple of triangle classes (ψα′′,α,β ,
ψc3,c1,c′3

, ψα′′,α′,α, ψc3,c2,c1) satisfying

(19.27) μ(ψα′′,α,β) + μ(ψc3,c1,c′3
) + μ(ψα′′,α′,α) +μ(ψc3,c2,c1) = 2np0

(ψα′′,α′,α)− 1.
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Figure 19.10. A schematic of configurations (h∞
1 -e-2)

and (h∞
3 -e-2). Open dots indicate marked points which map

to Σ. Solid dots indicate marked points mapped to T2. Boundary
degenerations have been trimmed.

The map X∞
3 has an analogous description. The maps X∞

1 and X∞
3 assign U and

T weights to quadruples of triangles similarly to (19.13).
Proposition 19.12 now follows from (19.25), together with the following lemma:

Lemma 19.18.

(1) X∞
1 = 0.

(2) X∞
3 
 0.

Lemma 19.18 is slightly involved, so we prove the two subclaims separately.
We begin with the proof for X∞

1 :
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Proof of Part (1) of Lemma 19.18 . We focus on the trimmed description
of X∞

1 , which counts 4-tuples of marked holomorphic triangles, as in (19.26).
The map X∞

1 counts 4-tuples of holomorphic triangles, representing 4-tuples
of classes

(ψα′′,α,β , ψc3,c1,c′3
, ψα′′,α′,α, ψc3,c2,c1).

We write Sqα′′,α,β for the marked source of the holomorphic triangle vα′′,α,β). The
marked points qα′′,α,β are partitioned into coupled and decoupled marked points,

qc
α′′,α,β and qd

α′′,α,β , respectively, as in (h∞
1 -e-2). The same holds for the other

three holomorphic triangles, and we use the analogous notation for their marked
sources.

Define

N := |qc
c3,c1,c′3

|,
which we note coincides with |qc

α′′,α′,α|. Note that vα′′,α,β and vc3,c2,c1 have no

coupled marked points. We recall from (19.27) that

(19.28) μ(ψα′′,α,β) + μ(ψc3,c1,c′3
) + μ(ψα′′,α′,α) + μ(ψc3,c2,c1) = 2N − 1.

The matching condition only involves ψα′′,α′,α and ψc3,c1,c′3
, and it imposes a

codimension 2N − 1 condition, by Proposition 7.3. More explicitly, the restriction
that qc

c3,c1,c′3
map to the special line of Δ imposes a codimension N condition, while

the matching of vc3,c1,c′3 and vα′′,α′,α under the evaluation maps evst/un, which take

values in RN/R, gives an extra codimension N − 1 condition.
Hence, for a 4-tuple of marked sources and homology classes to have holomor-

phic representatives for generic almost complex structures, it is necessary that
(19.29)

μ(ψα′′,α,β) ≥ 0 μ(ψc3,c2,c1) ≥ 0, and μ(ψα′′,α′,α) + μ(ψc3,c1,c′3
) ≥ 2N − 1.

Equations (19.28) and (19.29) imply that if a 4-tuple of homology classes and
marked sources have matched representatives, then

(19.30) μ(ψα′′,α,β) = μ(ψc3,c2,c1) = 0 and μ(ψα′′,α′,α) + μ(ψc3,c1,c′3
) = 2N − 1.

In particular, the curves counted by X∞
1 on (T2, c3, c2, c1) are exactly the Maslov

index 0 triangles, with no constraints. Consequently, the equality X∞
1 = 0 fol-

lows immediately from Lemma 12.3, the ordinary count of index 0 triangles on
(T2, c3, c2, c1). �

The computation forX∞
3 is slightly more involved. As in the proof of part (1) of

Lemma 19.18, we focus on the trimmed description ofX∞
3 , which counts quadruples

of marked holomorphic triangles

(vc′3,c′2,c′1 , vc1,c′3,c′1 , vβ,β′,β′′ , vα,β,β′′),

such that the evaluation under evst/un on the coupled marked points of vc′3,c′2,c′1 and
vα,β,β′ coincide.

For the map X∞
3 , the triangles vc′3,c′2,c′1 have only coupled marked points, and

hence the classes counted by X∞
3 satisfy

(19.31) μ(ψc1,c′3,c
′
1
) + μ(ψβ,β′,β′′) + μ(ψα,β,β′′) + μ(ψc′3,c

′
2,c

′
1
) = 2np0

(ψc′3,c
′
2,c

′
1
)− 1.

The matching condition satisfied by vα,β,β′′ and vc′3,c′2,c′1 consists of the follow-
ing. Both triangles have exactly np0

(ψc′3,c
′
2,c

′
1
) coupled marked points. The coupled



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

19.8. PROOF OF PROPOSITION 19.12 195

marked points of vα,β,β′′ occur along the special line of Δ. Furthermore,

evstqc
c′3,c′2,c′1

(vc′3,c′2,c′1) = evunqc
α,β,β′′

(vα,β,β′′).

See Figure 19.10 for a schematic.
To define our null-homotopy of X∞

3 , we investigate expected dimensions fur-
ther. Let Sq and S

q0
0 denote two marked sources for ψα,β,β′′ and ψc′3,c

′
2,c

′
1
, respec-

tively. Generically, the fibered product

M(Sq, ψα,β,β′′)×evst/un M(S
q0
0 , ψc′3,c

′
2,c

′
1
)

will be a manifold, whose dimension near any embedded curve is given by

dim
(
M(Sq, ψα,β,β′′)×evst/un M(S

q0
0 , ψc′3,c

′
2,c

′
1
)
)

=μ(ψα,β,β′′) + μ(ψc′3,c
′
2,c

′
1
)− 2np0

(ψc′3,c
′
2,c

′
1
) + 1.

(19.32)

We now deform the evaluation map. Given r ∈ [1,∞), we define

M(Sq, ψα,β,β′′)×r·evst/un M(S
q0
0 , ψc′3,c

′
2,c

′
1
)

to be the set of pairs of marked holomorphic triangles (vc′3,c′2,c′1 , vα,β,β′′) which
satisfy

(19.33) r · evstqc
c′3,c′2,c′1

(vc′3,c′2,c′1) = evunqc
α,β,β′′

(vα,β,β′′).

In (19.33), r acts diagonally on Rk/R by multiplication.
Furthermore, the parametrized moduli space

MMr·evst/un,r∈[1,∞)(Sq, S
q0
0 , ψα,β,β′′ , ψc′3,c

′
2,c

′
1
)

:=
⋃

r∈[1,∞)

M(Sq, ψα,β,β′′)×r·evst/un M(S
q0
0 , ψc′3,c

′
2,c

′
1
)× {r}(19.34)

will generically be a manifold, whose dimension near any embedded curve is

dim
(
MMr·evst/un,r∈[1,∞)(Sq, S

q0
0 , ψα,β,β′′ , ψc′3,c

′
2,c

′
1
)
)

=μ(ψα,β,β′′) + μ(ψc′3,c
′
2,c

′
1
)− 2np(ψc′3,c

′
2,c

′
1
) + 2.

(19.35)

We define our homotopy H
∞,[1,∞)
3 to count quadruples of marked triangles

(vc′3,c′2,c′1 , vc1,c′3,c′1 , vβ,β′,β′′ , vα,β,β′′),

satisfying

μ(vc1,c′3,c′1) = μ(vβ,β′,β′′) = 0 and μ(vα,β,β′′) + μ(vc′3,c′2,c′1) = 2np0
(vc′3,c′2,c′1)− 2,

and such that vα,β,β′′ and vc′3,c′2,c′1 are r · evst/un matched for some r ∈ [1,∞). A
quadruple of triangles is assigned U and T weights similarly to (19.13).

Part (2) of Lemma 19.18 is a consequence of the following lemma:

Lemma 19.19. The maps X∞
3 and H

∞,[1,∞)
3 satisfy

X∞
3 =

[
∂,H

∞,[1,∞)
3

]
.

The proof of Lemma 19.19 follows from a careful analysis of the ends of the
moduli spaces in (19.34), which we do in the subsequent Lemmas 19.20 and 19.23.
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r → ∞r = 1

Figure 19.11. The union of the moduli spaces MMr·evst/un

(Ψ)
over different configurations Ψ. The r-regular subset is shown using
thin-solid lines. The r-flat subset is shown with bold-solid lines.

First, we introduce some notation. Suppose Ψ is a tuple consisting of four homol-
ogy classes of triangles (ψc′3,c

′
2,c

′
1
, ψc1,c′3,c

′
1
, ψβ,β′,β′′ , ψα,β,β′′), as well as four marked

sources; r ≥ 1 is fixed. Write

MMr·ev±∞
(Ψ),

for the moduli space of quadruples of marked triangles (vc′3,c′2,c′1 , vc1,c′3,c′1 , vβ,β′,β′′ ,

vα,β,β′′) such that vc′3,c′2,c′1 and vα,β,β′′ are matched under r · evst/un. Similarly, we
write

(19.36) MMr·evst/un,r∈[1,∞)(Ψ)

for the parametrized moduli space, consisting of such quadruples, which are r-
matched for some r ∈ [1,∞).

Note that the number of coupled marked points in the four homology classes
of Ψ is fixed. Namely, the sources of vc′3,c′2,c′1 and vα,β,β′′ both have np0

(c′3, c
′
2, c

′
1)

coupled marked points. All other marked points are decoupled. We note that Ψ
also contains the information of a bijection between the coupled marked points of
vc′3,c′2,c′1 and vα,β,β′′ .

We wish to count the ends of the moduli spaces MMr·evst/un,r∈[1,∞)(Ψ), rang-
ing over configurations Ψ which satisfy

(19.37) μ(ψc′3,c
′
2,c

′
1
)+μ(ψc1,c′3,c

′
1
)+μ(ψβ,β′,β′′)+μ(ψα,β,β′′)−2np0

(ψc′3,c
′
2,c

′
1
)+1 = 0.

These are exactly the configurations Ψ where (19.36) has expected dimension 1.
Using (19.35), we see that there are two ways a tuple Ψ can have a 1-dimensional
moduli space:

(r-1) r-regular :

μ(ψc1,c′3,c
′
1
) = μ(ψβ,β′,β′′) = 0 and μ(ψα,β,β′′)+μ(ψc′3,c

′
2,c

′
1
) = 2np0

(ψc′3,c
′
2,c

′
1
)−1.

(r-2) r-flat :

μ(ψc1,c′3,c
′
1
)+μ(ψβ,β′,β′′) = 1 and μ(ψα,β,β′′)+μ(ψc′3,c

′
2,c

′
1
) = 2np0

(ψc′3,c
′
2,c

′
1
)− 2.

For r-flat configurations Ψ, projection onto r of MMr·evst/un,r∈[1,∞)(Ψ) is locally
constant. A schematic is shown in Figure 19.11.

We now enumerate the ends of the moduli spaces MMr·evst/un,r∈[1,∞)(Ψ) which
occur at r ∈ [1,∞):
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Figure 19.12. A collision of evaluation (c-3) (center) appearing
in the boundaries of two families of r-matched moduli spaces (left
and right).

Lemma 19.20. Suppose that Ψ is a configuration of homology classes, decorated
sources, and marked point matchings which satisfies (19.37), and has incoming
intersection points at a fixed x ∈ Tα1

∩ Tβ3
, as well as the canonical inputs, as

in (19.12). Let k denote np0
(ψc′3,c

′
2,c

′
1
). Generically, the ends of

MMr·evst/un,r∈[1,∞)(Ψ)

occurring at finite r ∈ [1,∞) correspond to the following configurations:

(c-1) The curves at r = 1.
(c-2) (Disk breaking) A 5-tuple of the form (u, vβ,β′,β′′ , vα,β,β′′ , vc′3,c′2,c′1 , vc1,c′3,c′1)

where u is a holomorphic disk of Maslov index 1, in any of the twelve
cylindrical ends of the 4-manifolds corresponding to the triple diagrams
(Σ,β,β′,β′′), (Σ,α,β,β′′), (T2, c′3, c

′
2, c

′
1) and (T2, c1, c

′
3, c

′
1). The disk u

has no coupled marked points, while vc′3,c′2,c′1 and vα,β,β′′ each have exactly
k coupled marked points. Furthermore, vc′3,c′2,c′1 has no decoupled marked
points. Finally,

μ(vβ,β′,β′′) = μ(vc1,c′3,c′1) = 0 and μ(vc′3,c′2,c′1) + μ(vα,β,β′′) = 2k − 2.

(c-3) (Collisions of evaluation) A quadruple (vβ,β′,β′′ , v′α,β,β′′ , b, vc′3,c′2,c′1 ,

vc1,c′3,c′1), where vβ,β′,β′′ , vc′3,c′2,c′1 , vc1,c′3,c′1 are holomorphic triangles satisy-
ing the triangular analogs of (M -1)–(M -7). The curve v′α,β,β′′ , satisfies

(M -1)–(M -7), except that it has one additional interior puncture, which
matches p ∈ Σ to first order. Furthermore (πΔ ◦ vα′,β,β′′)(q) is contained
in the special line of Δ, and also corresponds with the image of the con-
stant bubble b. The asymptotic evaluations of the coupled marked points
of (v′α,β,β′′ , b) and vc′3,c′2,c′1 coincide, and furthermore have exactly one re-

peated entry. Furthermore, the tuple (πΔ ◦ vc′3,c′2,c′1)(qc′3,c
′
2,c

′
1
) consists of k

distinct points. Finally,

μ(vβ,β′,β′′) = μ(vc1,c′3,c′1) = 0 and μ(vc′3,c′2,c′1) + μ(vα,β,β′′) = 2k − 1.

Proof. The degenerations labeled (c-1), (c-2) and (c-3) occur in the correct
codimension, so it suffices to prove that there are no additional ends. To prove this,
we first describe which degenerations occur generically in the ends of 1-dimensional
r-matched moduli spaces, and then use several facts about Q3 to prohibit degen-
erations beyond those in the statement.
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We consider a degeneration at some r ∈ (1,∞), consisting of a pair of combs,
which together consist of two curves on Σ×Δ, two curves on T2 ×Δ, as well as a
collection of boundary degenerations and curves in the cylindrical ends. To analyze
the limiting curves, it is helpful to combine the level structures in the (c′3, c

′
2) and

(c′2, c
′
1) ends into a single level structure. We view limiting curves in this end as

mapping into T2 × ([0, 1]× R � [0, 1]× R).
We may assume that a comb is the limit of a r-regular family, since r-flat

families involve only degenerations of the curves vα,β,β′′ and vc′3,c′2,c′1 . For an r-flat
family, one of vα,β,β′′ and vc′3,c′2,c′1 has Maslov index 1, while the other has index 0.
Hence, all degenerations correspond to an index 1 disk breaking off, which contains
no coupled marked points; this is a special case of (c-2). Hence, it is sufficient to
consider limiting combs involving only degenerations of vc′3,c′2,c′1 and vα,β,β′′ .

Next, we note that any holomorphic disk appearing in the (α,β) or (α,β′′)
end has no coupled marked points, by definition of the vector field v3, and hence
must have Maslov index 1 (as the remaining components would otherwise violate
transversality). It is easy to see that the resulting configuration satisfies (c-2).

We now consider degenerations which involve non-trivial holomorphic disks
breaking off in the (β,β′′), (c′3, c

′
2), (c

′
2, c

′
1) or (c

′
3, c

′
1) ends, or non-trivial boundary

degenerations. Suppose that U and V are the combs appearing in such a degener-
ation, and let U be on the T2-side, and V be on the Σ-side. As described above,
we may assume that this degeneration was the limit of an r-regular family. For
notational convenience, we trim vc1,c′3,c′1 and vβ,β′,β′′ (which are index 0 triangles)
from U and V . Write U1, . . . ,Un for the levels of U , and V1, . . . ,Vm for the levels
of V . See Figure 19.13.

Let di denote the number of coupled marked points of Ui, and let

d =

n∑
i=1

di.

Define

I := {i : 1 ≤ i ≤ m, di > 0}.
The matching of marked points descends to an injection

f : I → {1, . . . , n}.
When neither Ui nor Vf(i) is a boundary degeneration, the curves Ui and Vf(i)

are matched under r · evst/un. (When one or both of Ui or Vf(i) is a boundary
degeneration, there is still a matching condition which is satisfied, though it is
more subtle and not important for our purposes).

Write φT
1 , . . . , φ

T
n for the homology classes of U1, . . . ,Un, and φΣ

1 , . . . , φ
Σ
m for the

homology classes of V1, . . . ,Vm. For each i ∈ I, we define

κi := μ(φT
i ) + μ(φΣ

f(i))− 2di.

Since U and V are the limit of a family of curves representing a pair (ψα,β,β′′ ,
ψc′3,c

′
2,c

′
1
) with

μ(ψα,β,β′′) + μ(ψc′3,c
′
2,c

′
1
)− 2d = −1,

we obtain the formula

(19.38)
∑
i∈I

κi +
∑

i∈{1,...,n}\I
μ(φT

i ) +
∑

j∈{1,...,m}\f(I)
μ(φΣ

j ) = −1.
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Figure 19.13. An evst/un-matched pair (vα,β,β′′ , vc′3,c′2,c′1) (top)
and a nearby comb (bottom). The pictured degeneration occurs in
high codimension.

By transversality, if i ∈ {1, . . . , n} \ I and φT
i is a non-trivial homology class of

gTi -gons, then

(19.39) μ(φT
i ) ≥ 3− gTi .

An analogous lower bound holds for each j ∈ {1, . . . ,m} \ f(I).
We now claim that for each i ∈ I, if Ui is a holomorphic gTi -gon and Vf(i) is a

gΣi -gon, then

(19.40) κi ≥

⎧⎪⎪⎪⎨⎪⎪⎪⎩
5− gTi − gΣi − δ(i) if gTi > 1 and gΣi > 1,

3− gΣi + di if gTi = 1 and gΣi > 1,

3− gTi if gTi > 1 and gΣi = 1,

2di if gΣi = gTi = 1.

for some function δ : I → {0, 1}, satisfying∑
i∈I

δ(i) ≤ 1.

We note that the bound in (19.40) is not dependent on the quadruple Q3 in any
way.

We now prove (19.40). Suppose first that gTi , g
Σ
i > 1. If r is fixed, then

the moduli space of r · evst/un-matched pairs of holomorphic curves representing
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the classes φT
i and φΣ

f(i) has expected dimension κi + 1. The expected dimension

ranging over r ∈ (1,∞) is greater by 1. If an r · evst/un-matched moduli space is
non-empty for some r, then it must have dimension at least (3 − gΣi ) + (3 − gTi ),
since the map evst/un is invariant under the translation action on the moduli spaces
of disks.

Note that if κi +2 = (3− gΣi )+ (3− gTi ), such configurations do not appear for
generic r. It follows that there is at most one i ∈ I such that (Ui,Vf(i)) contains
no boundary degenerations and the r-matched moduli space generated by the ho-
mology classes of Ui and Vf(i), parametrized by r ∈ (1,∞), has expected dimension

6− gTi − gΣi . This pair corresponds to the i ∈ I with δ(i) > 0. The remaining i ∈ I
such that (Ui,Vf(i)) has no boundary degenerations must live in r-matched moduli
spaces (with r ranging over (1,∞)) which are 1-dimensional. Since κi + 1 is the
expected dimension, this immediately gives the first line of (19.40).

Suppose now that gTi = 1 while gΣi > 1, so that Ui is a boundary degeneration.
By definition, κi = μ(φΣ

f(i)). On the other hand, the curve Vf(i) contains a disk

or triangle where the di coupled marked points are mapped to the special line.
The subspace of M(φΣ

i ) which satisfies this constraint has expected dimension
μ(φΣ

f(i)) − di. Hence, for a representative to exist, we must have κi = μ(φΣ
i ) ≥

(3− gΣi ) + di, as claimed. This gives the second line of (19.40).
Suppose now that gΣi = 1. In this case, κi = μ(φT

i ). Since φ
T
i has a holomorphic

representative, we know that μ(φT
f(i)) ≥ 3− gTi . This gives the third line of (19.40).

If gΣi = gTi = 1, then the fourth line of (19.40) is in fact an equality.
In the setting of a general Heegaard quadruple, (19.40) implies that the generic

degenerations of 1-dimensional r · evst/un-matched moduli spaces which are para-
metrized over r ∈ (1,∞), and also involve a non-trivial disk or boundary degener-
ation, must consist of one of the following (see Figure 19.14):

(g-1) A pair of holomorphic triangles which together have κi = −2, as well as a
Maslov index 1 disk in the (c′3, c

′
1)-end, whose coupled marked points are

matched to the coupled marked points on a (Σ,α) boundary degeneration.
The disk and boundary degeneration together have κi = 1.

(g-2) A pair of holomorphic triangles which together have κi = −1, as well as
a pair of disks with a non-zero number of marked points, which together
have κi = 0. One disk occurs in the (c′3, c

′
2)-(c

′
2, c

′
1)-end (recall we have

collapsed the level structure over these two ends), while the other occurs
in the (β,β′′)-end.

(g-3) A pair of holomorphic triangles which together have κi = −2, as well as
an index 1 disk in any end, which contains no coupled marked points.

We remark that in (g-1), we have not ruled out the boundary degeneration from
containing further ghost curve levels (e.g. resulting from the collision of two marked
points).

We claim that the degenerations (g-1) and (g-2) are non-generic for Q3. The
necessary extra fact is that any class of disks ψ on one of the three ends of
(T2, c′3, c

′
2, c

′
1) satisfies

(19.41) μ(ψ) = 2np0
(ψ).

We consider first (g-1). Suppose a limiting comb had a matched level (Ui,Vf(i))
such that Ui is a holomorphic disk, and Vf(i) is a boundary degeneration. From
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Figure 19.14. Codimension 1 degenerations in Lemma 19.20 that
are prohibited for Q3.

(19.41) and the definition of κi, we obtain

κi = 2di,

which can never be 1.
Next, we consider (g-2). Suppose a limiting comb had a matched level (Ui,Vf(i))

consisting of a holomorphic disk in the (c′3, c
′
2)-(c

′
2, c

′
1)-end, matched to a disk in

the (β,β′′)-end. Furthermore, suppose that κi = 0. Combining the definition of κi

with (19.41), we obtain κi = μ(φΣ
f(i)), which must be at least 1 for φΣ

f(i) to have a

holomorphic representative. We obtain a contradiction, so ends of the form (g-2)
are prohibited. Hence, (g-3) is the only generic degeneration for Q3 which involves
non-trivial disk or boundary degeneration levels. We note (g-3) corresponds to (c-2).

We now consider limiting combs which do not involve a holomorphic disk or
boundary degeneration breaking off. Such a limiting comb must contain a ghost
curve (i.e. a curve which has constant value), or the formation of a double point.
Limiting combs containing a ghost curve and double points on the T-side occur
in codimension at least 2, and hence do not feature in codimension 1 degener-
ations featuring in the statement. This is proven as follows. A standard argu-
ment [LOT18, Lemma 5.57] implies that double points and ghost curves which
do not contain a marked point occur in codimension at least 2. Ghost curves
containing one coupled marked point are prohibited by identical reasoning. Ghost
curves containing more than one coupled marked point are prohibited by combining
[LOT18, Lemma 5.57] with the expected dimensions of moduli spaces with tan-
gency constraints using Proposition 7.3. Double points on the Σ-side are prohibited
by similar reasoning.

Ghost degenerations on the Σ-side are slightly more subtle, since the coupled
marked points are already matched to the special line. Ghost curves containing
0 or 1 marked points are prohibited by identical reasoning to the T-side. More
generally, suppose Ui and Vf(i) are a matched level, as above, and Vf(i) contains a
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ghost curve with � > 1 marked points. Suppose further that Vf(i) is not a boundary
degeneration. We can trim off the ghost curve, and fill in the remaining puncture
with a marked point, to obtain a curve with a marked point which matches p ∈ Σ
to order �−1, and also matches the special line. An easy computation using (19.40)
shows that we may increase the lower bound of κi appearing in (19.40) by � − 1.
There is exactly one configuration which satisfies this modified (19.40), which is
the case that Ui and Vf(i) are both triangles, � = 2, and there are no more levels.
We restricted above to the case where the topological source of the ghost was a
sphere. Ghost curves with more topologically complicated sources can be seen to
live in codimension at least 2, by adapting [LOT18, Lemma 5.57]. �

The ends labeled (c-1) correspond to the expression

X∞
3 (x).

Amongst the ends labeled (c-2), disks breaking into the ends (α,β) and (α,β′′)
correspond exactly to (

∂H
∞,[1,∞)
3 +H

∞,[1,∞)
3 ∂

)
(x).

We claim that the remaining ends occuring at finite r ∈ (1,∞) make vanishing
total contribution:

Lemma 19.21. The total weighted count of the broken curves labeled (c-2), not
occuring in the (α,β) or (α,β′′)-cylindrical ends, as well as the broken curves
labeled (c-3), vanishes.

Proof. The total count of broken curves with the configuration (c-2) where
the disk occurs in one of the cylindrical ends labeled (β,β′), (β′,β′′), (c′3, c

′
2),

(c′2, c
′
1) or (c1, c

′
3) or (c1, c

′
1) vanishes since the special inputs (i.e. Θc1,c′3

, Θ+
β,β′ ,

etc.) are cycles.
The remaining configurations from (c-2) corresponds to a Maslov index 1 holo-

morphic disk, with no coupled marked points, breaking off in one of the (β,β′′)
cylindrical ends. These degenerations occur in canceling pairs: if U = (vα,β,β′′ ,
vβ,β′,β′′ , vc′3,c′2,c′1 , vc1,c′3,c′1 , u) is such a limiting comb, then we may glue u to either
vβ,β′,β′′ or vα,β,β′′ to obtain a 1-dimensional moduli space with U in its boundary.
(Note that such ends correspond to transitions between the r-flat and r-regular
moduli spaces).

We now consider (c-3). Suppose the punctures q1 and q2 bubble off in a once
punctured sphere, denoted T q1,q2

0 . We write v′α,β,β′′ for the holomorphic triangle

on (Σ,α,β,β′′) obtained by trimming off the bubble, and we write q for the set
of coupled marked points on this level (including q1 and q2). We write vc′3,c′2,c′1 for

the holomorphic triangle on (T2, c′3, c
′
2, c

′
1), and q0 for the coupled marked points

if vc′3,c′2,c′1 . There are two marked points, q′1, q
′
2 ∈ q0, which are matched with q1

and q2, respectively. In the formation of the limiting comb, we may rescale the
Σ-component near p, and also rescale the Δ component, to obtain a limiting curve
v0 : T

q1,q2
0 → C×C. We view S2 × S2 as the compactification of C×C. Note that

we can complete v0 to a map from S2 into S2 × S2.
Let us write π1 : C × C → C for projection onto the first factor, and π2 for

projection onto the second.
The following two properties of v0 are immediate:
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(v0-1) v0 maps q1 and q2 to {0} × R (here we view R ⊆ C as the image of the
special line in Δ after rescaling).

(v0-2) v0 maps the puncture of T0 to (∞,∞) ∈ S2 × S2.

We claim that generically v0 will also have the following properties:

(v0-3) The map π2 ◦ v0 has degree 1.
(v0-4) If we identify (T0, q0, q1) with (C,−1, 1), then the map π1 ◦ v0 takes the

form

(π1 ◦ v0)(z) = α(z + 1)(z − 1)

for some α ∈ C×.

Property (v0-4) follows from (v0-3), as well as (v0-1), (v0-2) and basic complex
analysis. Property (v0-3) is proven as follows. We can view the source of v′α,β,β′′

as having a marked point q, which is mapped to a point (p, d) ∈ Σ × Δ, which is
the same point where the ghost bubble maps. If the degree of π2 ◦ v0 was greater
than 1, then v′α,β,β′′ would have the property that (πΣ ◦ v′α,β,β′′)(q) = p to order

1, (πΔ ◦ v′α,β,β′′)(q) is in the special line, and πΔ ◦ v′α,β,β′′ has vanishing derivative.
Using the dimension counts of Proposition 7.3, we see that the expected dimension
of the moduli space of such curves is too small (it drops by 3 instead of by 1), so
does not appear in codimension 1 degenerations.

Let us write U ′ for the four triangular components of the limit (with the ghost
trimmed off). We view (U ′, v0) as being in the compactification of the moduli

space MMr·evst/un,r∈[1,∞)(Φ), for some collection of homology classes with marked
sources and matching data, which we denote by Φ. There is exactly one other
configuration Φ′ which contains a canceling broken curve of the form (U ′, v′0). The
curve v′0 is the same as v0, except with the matching of (q1, q2) and (q′1, q

′
2) switched.

�

It remains to show that each of the broken curves described above make odd
algebraic contribution to the count of the ends of the matched moduli spaces.

Lemma 19.22. Near a broken curve labeled (c-2) or (c-3), there is a neighbor-
hood in the compactification of the matched moduli spaces which admits a proper
continuous map to [0,∞) which is locally odd degree and proper, such that the
preimage of 0 is the broken curve.

Proof. We focus on the ends labeled (c-3), since the ends labeled (c-2) can
be handled by a similar argument. Let us write (U ′, v0) for a broken curve satisfy-
ing (c-3).

Since the source of v0 is a once punctured sphere, the map v0 achieves transver-
sality for any split almost complex structure; see [MS12, Lemma 3.3.1]. (Compare
[LOT18, Proposition 5.16]).

We first establish some notation. First, trim off the curves vβ,β′,β′′ and vc1,c′3,c′1 ,
since they are index 0 and have no constraint. Write v′α,β,β′′ for the limiting triangle

on (Σ,α,β,β′′) with the bubble trimmed off. By filling in the order two Reeb orbit
with a marked point, we can view v′α,β,β′′ as being an element of the moduli space
of holomorphic triangles representing ψα,β,β′′ , which have n−1 marked points, n−2
of which are order 1 at p, and 1 of which is order two, but which have no constraint
with regards to the special line. We write W0 for a small neighborhoof of v′α,β,β′′

in this moduli space.
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We write N2 for the moduli space of holomorphic maps v0 : T0 → S2 ×S2 with
2 marked points, and one puncture, which satisfy the following conditions. We
assume that π1 ◦ v0 is asymptotic to ∞ with order 2 at the puncture of T0, and
(π1 ◦ v0)(qi) = 0 for i ∈ {1, 2}. Finally, we assume that π2 ◦ v0 is degree 1.

We write G for the group of transformations of C given by {z �→ az + b : a >

0, b ∈ C}. We write Ñ2 for the quotient of N2 by G (where G acts on the second

factor of a map). Note that complex analysis identifies Ñ2 with S1.
Standard gluing results imply that the above neighborhood W0 of v′α,β,β′′ may

be chosen so that there is a map

γ : W0 × Ñ2 × [0, ε) → W,

which is a homeomorphism onto its image. Here, W denotes a neighborhood of
(v′α,β,β′′ , v0) in the compactification of holomorphic triangles which have n marked
points which each match the point p ∈ Σ to order 1. We write W for the interior
of W . The factor [0, ε) is the gluing parameter.

Write U for a neighborhood of vc′3,c′2,c′1 inside the moduli space of triangles

representing ψc′3,c
′
2,c

′
1
which have n marked points which match p0 ∈ T2 to order 1.

Let r0 denote the value of r where the bubble forms. Note that we can view the
evaluation map evst on U as taking values in Δn/R, where R acts diagonally by the
flow of v3,1. We can pick a diffeomorphism of Δ with C, such that the time t flow
of v3,1 coincides with the map z �→ z + t. Hence, we will view the evaluation map
as taking values in Cn/R, and we assume the special line is the real axis. Similarly,
r · evst can be thought of as having values in the same space, but taking values in
Rn/R ⊆ Cn/R.

Define

evq1,q2 := Re(evq2)− Re(evq1),

and write evq1,q2 for the continuous extension to the compactification. Note that
near (U ′, v0), evq1,q2 is either nonnegative or nonpositive (depending on the ordering
of the marked points along the special line), and the only zero is (U ′, v0). For
concreteness, assume evq1,q2 ≥ 0. We will show that the map evq1,q2 is locally
degree 1 near (U ′, v0), which will prove the main claim.

Consider the diagram

(19.42)
R× U R×W R×W0 × Ñ2 × [0, ε)

R× Cn/R

ev1 ev2

id×γ

∼

where

ev1(r, u) = (r, r · evst(u)) and ev2(r, v) = (r, ev(v)).

Near (U ′, v0), the moduli space MMr·evst/un,r∈[1,∞)(Φ) is the fibered product of

ev1 and ev2. We define I≥0
U (resp. I>0

U or I0
U ) to be subset of R×U where evq1,q2 ≥ 0

(resp. evq1,q2 > 0 or evq1,q2 = 0). For generically chosen almost complex structures,
the following two statements follow from an adaptation of Proposition 7.3:

• The maps ev1 and ev2 are transverse, when restricted to I>0
U and R×W ,

respectively.
• The maps ev1 and ev2 are transverse, when restricted to I0

U and R×W0

are transverse, and have U ′ as an intersection of their images.
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Finally, we note that MMr·evst/un r∈[1,∞)(Φ) is identified with the intersection of

the images of I≥0
U and R×W . Lemma 19.5 can be used to show that the map evq1,q2

is locally proper and odd degree near 0 on MMr·evst/un r∈[1,∞)(Φ), completing the
proof. �

It remains to count the ends which appear as r → ∞.

Lemma 19.23. The ends appearing as r → ∞ consist exactly of 4-tuples of
curves

(vc′3,c′2,c′1 , vc1,c′3,c′1 , vβ,β′,β′′ , vα,β,β′′),

as follows.

(1) The curves vc′3,c′2,c′1 , vc1,c′3,c′1 , vβ,β′,β′′ all have Maslov index 0, and have
no marked point constraints.

(2) If k = np0
(vc′3,c′2,c′1) > 0, then vα,β,β′′ has Maslov index 2k − 1. Further-

more, vα,β,β′′ has exactly one coupled marked point (and any number of
decoupled marked points). This marked point projects to the special line,
and matches p to order k − 1. If k = 0, then vα,β,β′′ has Maslov index 0
and no constraint.

Furthermore,

(g-1) The total count of such broken curves, weighted by their appropriate powers
of U and T , is 0.

(g-2) Each of the above broken curves has a neighborhood in the compactification
of r · evst/un-matched curves which admits a map to [0, 1) which is degree
1 near 0.

Proof. Similar to Lemma 19.20, we first give a general description, and then
specialize to the quadruple Q3. The argument therein adapts without substantial
complication to show that the limiting curves as r → ∞ consist of the following
configurations:

• An index 0 triangle on (Σ,β,β′,β′′), with only decoupled marked points.
• An index 0 triangle on (T2, c1, c

′
3, c

′
1), with only decoupled marked points.

• An index 0 triangle on (T2, c′3, c
′
2, c

′
1), with only coupled marked points.

• A collection of Maslov index 1 disks in the (c′1, c
′
3) and (c′3, c

′
2)-(c

′
2, c

′
1)-

cylindrical ends of (T2, c′3, c
′
2, c

′
1). (An index 1 disk in the (c′3, c

′
2)-(c

′
2, c

′
1)

consists of an index 1 disk in either of the (c′3, c
′
2) or (c

′
2, c

′
1) ends, and a

constant disk in the other). All marked points here are coupled. Suppose
there are n ≥ 1 levels here, and write k1, . . . , kn for the number of marked
points in each level.

• A broken holomorphic triangle on (Σ,α,β,β′′) of Maslov index 2(k1 +
· · ·+ kn)− 1, with n interior punctures, which each project to the special
line. Furthermore, the ith puncture matches the point p ∈ Σ to order ki.
Additionally, there is one ghost component for each i ∈ {1, . . . , n} such
that ki > 1. This ghost component consists of a sphere with one puncture,
and ki marked points.

See Figure 19.15 for a schematic. We note that in the limit, we can rescale any
ghost bubble to obtain a map of a once punctured sphere into C× C, as we did in
Lemma 19.20. For the component corresponding to i ∈ {1, . . . , n}, the ki marked
points of this rescaled curve are mapped to {0} × R ⊆ C × C. If we identify the
source with C, we may identify the marked points with numbers α1, . . . , αki

∈ R.
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Furthermore [(α1, . . . , αki
)] ∈ Rki/R coincides up to an overall scalar factor with the

asymptotic evaluation map, applied to the corresponding holomorphic triangle on
(T, c′3, c

′
2, c

′
1) or holomorphic disk mapping into one of its cylindrical ends. Gluing

gives an identification of a neighborhood of such a configuration with (0, 1].
In the present case, that Maslov index formula from (19.41) implies immediately

that n = 1, since there are no holomorphic disks in the ends of (T2, c′3, c
′
2, c

′
1) which

have Maslov index 1.
Claim (g-1), the count of such broken curves, follows from Lemma 12.3, since

the holomorphic triangles on (T2, c′3, c
′
2, c

′
1) are unconstrained. Some care is re-

quired to verify that the weights of the curves cancel, since Lemma 12.3 holds with
the algebra weights Unp0 (ψ0)T

nz0
(ψ0)−nw0

(ψ0), and for the curves in the limit, the
punctures at p0 do not contribute any U -weight or T -weight. Instead, a class ψ0

is given T -weight Tnz0
(ψ0) and no U -weight. We observe that the index 0 triangles

on (T2, c′3, c
′
2, c

′
1) may be indexed by s ∈ 2Z+ 1. The triangle us has

nw0
(us) =

m(s2 − 1)

8
and nz0(us) =

m((s+ 2)2 − 1)

8
.

In particular,

nz0(us) ≡ nz0(u−s) (mod m).

In particular, the two triangles us and u−s have the same multiplicity at w0 and
contribute the same U and T -weight. Hence, the curve quadruples appearing as
r → ∞ will cancel when counted with U and T weights.

We remark that it is in this model computatation that we use the choice of
the involution described in Remark 6.3. Indeed if we had taken the connected
sum at z0 ∈ T2 instead of w0, then the curves us and u−s−4 would have the same
multiplicity at the puncture z0, but these curves contribute different U -weights
since the exponent of U is not taken with values modulo m.

We now consider claim (g-2). The proof is very similar to the proof of Lem-
ma 19.22. We let Nn denote the moduli space of once punctured spheres with n
marked points, which map to C×C, have an order n puncture mapping to (∞,∞),
whose projection to the second factor is degree 1. We further assume that each
marked point projects to 0 in the first factor. The group G of transformations of

C given by {z �→ az + b : a > 0, b ∈ C} acts on Nn, and we write Ñn for the
quotient. We let q1 and q2 be two of the coupled marked points of the curve on
(Σ,α,β,β′′), and let q′1 and q′2 be the corresponding marked points of the curve
of (T2, c′3, c

′
2, c

′
1). Write (v′α,β,β′′ , v0) for the limiting triangle and marked bubble

on (Σ,α,β,β′′). Let W0 denote a neighborhood of v′α,β,β′′ in the moduli space
of holomorphic curves representing ψα,β,β′′ which have an order n marked points
which match p ∈ Σ to order 1, but which do not necessarily map to the special line.
Standard gluing results give a homeomorphism

γ : W0 × Ñn × [0, ε) → W,

where W is a neighborhood of (v′α,β,β′′ , v0) in the compactification triangles on

(Σ,α,β,β′′), with n marked points which each match p to order 1.
We let U denote a neighborhood of the limiting representative of ψc′3,c

′
2,c

′
1
. In

the present case, U consists of a single point, since ψc′3,c
′
2,c

′
1
has Maslov index 0.

In particular, we may assume that Re(evq′1 − evq′2) is non-zero. Let V denote a
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β

β′′

c′3

c′2

c′1

α
β

β′

β′′

c′3

c′1

c1

Figure 19.15. A curve appearing as r → ∞. For Q3, the only
generic configuration occurs when there are no disk levels.

neighborhood in Ñn of the bubble curve v0. We assume that on V , any curve
satisfies Re(evq1 − evq2) ≥ 0. Let WV denote the image under γ of W0 ×V × [0, ε).

It is helpful to consider the parameter r ∈ (0,∞] as instead taking values in
[0,∞), which we do by the change of variables s = 1/r. We consider the diagram

(19.43)
[0,∞)× U R×WV R×W0 × V × [0, ε)

R× Cn/G× R× [0,∞)

ev1 ev2

id×γ

∼

In (19.43),
ev1(s, u) = (s, evst(u), 0, s · Re(evq1(u)− evq2(u))),

and
ev2(s, v) = (s, ev(v), im(evq′1(v)),Re(evq′1(v)− evq′2(v))).

The images of the codimension 1 facets {0} × U and R × ∂WV have a trans-
verse intersection point corresponding to (vc3′,c′2,c′1

, vα,β,β′′ , v0), so Lemma 19.5 im-

plies that the map Re(evq′1 − evq′2) is locally proper and odd degree near 0 on the
fibered product of the diagram in (19.43), which one may easily show coincides with

MMr·evst/un,r∈[1,∞)(Φ) near the limiting curve. �
Lemma 19.19 now follows from Lemmas 19.20 and 19.23. As a consequence,

Proposition 19.12 follows, and hence from Lemma 19.13 we obtain Proposition 19.1.
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CHAPTER 20

The involutive mapping cone formula and surgery
exact sequence

In this chapter, we prove Theorem 1.4 of the introduction. Let

A =
∏
s∈Z

As and B :=
∏
s∈Z

Bs.

Ozsváth and Szabó describe a map Dn : A → B so that CF−(Yn) is quasi-isomor-
phic to Xn := Cone(Dn : A → B).

It is also helpful to consider a smaller model of the mapping cone. If b ∈ N, we
define the horizontal truncation of Xn, denoted Xn〈b〉, to be the submodule

(20.1)
⊕

−b≤s≤b

As ⊕
⊕

−b+n≤s≤b

Bs.

We endow Xn〈b〉 with a differential Dn by viewing Xn〈b〉 as a quotient of Xn if
n > 0, and viewing Xn〈b〉 as a subcomplex if n < 0. We write An〈b〉 and Bn〈b〉 for
the two summands of Xn〈b〉.

If n > 0, then for large b, the quotient map

Π: Xn → Xn〈b〉

is a homotopy equivalence. For n < 0, the inclusion from Xn〈b〉 to Xn is a homotopy
equivalence for negative n. See [OS08b, Lemma 4.3].

In this chapter, we prove the following:

Theorem 20.1. Suppose n ∈ Z \ {0}, Y is an integer homology 3-sphere,
and K ⊆ Y is a knot. The involutive Heegaard Floer homology CFI−(Yn) is
homotopy equivalent over the ring F�U�[Q]/Q2 to a complex F[Q]/(Q2)⊗F (A⊕B)
with differential specified by some F�U�-linear maps as below:

XIn =

A B

Q · A Q · B.

Q·(id+ιA) Q·H

Dn

Q·(id+ιB)

Dn

In fact, the ι-complex (CF−(Yn), ι) is ι-homotopy equivalent to the complex Xn :=
Cone (Dn : A → B), with involution ιX := ιA +H + ιB. Furthermore, the following
hold:

(1) Dn = v + h, where v sends As to Bs, and h sends As to Bs+n.

209
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(2) ιA sends As to A−s. Furthermore, ιA coincides with x �→ Us · ιK(x),
where ιK is the knot involution.

(3) H = k + j, where k maps As to B−s+n and j maps As to B−s.

The analogous claims hold for the truncated complexes XIn〈b〉, provided b is
sufficiently large.

Remark 20.2. It is an easy consequence of Theorem 20.1 that the uncompleted
complex CFI−(Yn(K)) is ι-homotopy equivalent to the truncated complex XIn〈b〉,
taken with coefficients in F[U,Q]/Q2. This holds since every free, finitely generated,
relatively Z-graded chain complex C over F�U� is chain isomorphic to C ′⊗F[U ]F�U�,
for some free, finitely generated, relatively Z-graded chain complex C ′ over F[U ].
Furthermore, the chain complex C ′ is unique up to chain isomorphism. Indeed, if C
and D are free, finitely generated, relatively Z graded chain complexes over F�U�,
then C and D are homotopy equivalent over F�U� if and only if the corresponding
complexes C ′ and D′ are homotopy equivalent over F[U ].

The complex XIn splits over conjugacy classes of Spinc structures, as we now
describe. Suppose � = {s, s} is a conjugacy class of Spinc structures on Yn. Using
the standard identification Spinc(Yn) ∼= Zn, we write �i := {si, si}, which consists
of either one or two elements. We define

A{i,−i} :=
∏
s∈Z

s≡±i mod n

As,

and we define B{i,−i} similarly. The complex XIn splits as

XIn =
⊕

{i,−i}∈Zn/conj

XIn;{i,−i},

where XIn;{i,−i} has underlying group F[Q]/Q2 ⊗ (A{i,−i} ⊕B{i,−i}). Furthermore,

XIn;{i,−i} 
 CFI−(Yn, �i).

20.1. Truncations

Following [OS08b] and [MO10], we define several truncation operations.

Definition 20.3. Suppose (C, ∂) is a finitely generated, free complex over
F[U ] or F�U� and δ ∈ N. The vertical trunction of (C, ∂) is the complex Cδ :=
C ⊗F[U ] F[U ]/Uδ , with differential induced by ∂.

The following algebraic lemma is a variation of a standard result (see [OS08b,
Section 4.1], [MO10, Section 10.2]):

Lemma 20.4. Suppose R is F[U ] or F�U�. Suppose that (C1, ∂1) and (C2, ∂2)
are two chain complexes over R or R[Q]/Q2, which are homotopy equivalent to
finitely generated, free chain complexes over R or R[Q]/Q2, which are relatively Z-
graded. Then (C1, ∂1) and (C2, ∂2) are homotopy equivalent if and only if (Cδ

1 , ∂
δ1
1 )

and (Cδ
2 , ∂

δ2
2 ) are homotopy equivalent for all δ.

We have also encountered the horizontal truncation operation in (20.1), denoted
Xn〈b〉. We will use the following result:

Lemma 20.5. If C is an ιK-complex, equipped with a choice of flip-map, then
Xn(C )〈b〉 and Xn(C ) are homotopy equivalent over the ring F�U�, for sufficiently
large b.
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Ozsváth and Szabó prove that Xn(C )〈b〉 and Xn(C ) are quasi-isomorphic, by
exhibiting a quasi-isomorphism from Xn(C ) to Xn(C )〈b〉 if n > 0 (projection),
and a quasi-isomorphism from Xn(C )〈b〉 to Xn(C ) if n < 0 (inclusion) [OS08b,
Lemma 4.3]. For bounded, free complexes, being quasi-isomorphic is equivalent to
being homotopy equivalent (cf. [Wei94, Lemma 10.4.6]). However, Xn(C ) is not
free (it is an infinite direct product), and the set of gradings of the generators is
not bounded. Nonetheless, it is not too hard to construct homotopy inverses by
hand, using the fact that vs and (resp. hs) admits a homotopy inverse if s � 0
(resp. s � 0). In slightly more detail, if n > 0, one first constructs a map
from Xn(C )〈b〉 to Xn(C )〈b + 1〉, which is a homotopy inverse to projection, and
which is furthermore a genuine one-sided inverse to projection (such a map may
be chosen to have a similar shape to Figure 3.4). By composing, we obtain a map
Xn(C )〈b〉 → Xn(C )〈b+ k〉, for any k. This construction naturally gives a limiting
map, from Xn(C )〈b〉 to Xn(C ), which is a homotopy inverse to projection. We
leave the details to the reader.

20.2. Filling hypercubes

A key lemma for passing from the involutive hypercube to the involutive map-
ping cone formula is the following algebraic lemma:

Lemma 20.6. Suppose that we have a diagram of chain complexes

(20.2)

C000 C010

C100 C110

C001 C011

C101 C111

D100
000

consisting of the maps shown and the internal differentials of the complexes, with
maps denoted as in Definition 5.1. Suppose that all faces, except for the front face,
satisfy the 2-dimensional hypercube relation. Further, assume that

D100
000 : C

000 → C100

is a chain homotopy equivalence. Then there exist maps

D011
100 : C100 → C111

D111
000 : C000 → C111

which make (C,D) into a three dimensional hypercube. In particular, if Gback,
Gbottom, and Gtop are the filtered maps

Gback : Cone
(
C000 → C010

)
→ Cone

(
C001 → C011

)
Gbottom : Cone

(
C001 → C011

)
→ Cone

(
C101 → C111

)
Gtop : Cone

(
C000 → C010

)
→ Cone

(
C100 → C110

)



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

212 20. INVOLUTIVE MAPPING CONE FORMULA; SURGERY EXACT SEQUENCE

and Gfront is the induced filtered map

Gfront : Cone
(
C100 → C110

)
→ Cone

(
C101 → C111

)
,

then the compositions Gfront ◦Gtop and Gbottom ◦Gback are chain homotopy equiv-
alent.

Proof. Let E : C100 → C000 be a homotopy inverse to D100
000 . Choose homo-

topies

H : C000 → C000, and

J : C100 → C100

such that ∂H +H∂ = Id + E ◦D100
000 and ∂J + J∂ = Id +D100

000 ◦ E. Observe that
the sum f = D100

000 ◦H + J ◦D100
000 is a chain map, since

∂f + f∂ = ∂(D100
000 ◦H + J ◦D100

000) + (D100
000 ◦H + J ◦D100

000)∂

= D100
000 ◦ (∂H +H∂) + (∂J + J∂) ◦D100

000

= D100
000(Id + E ◦D100

000) + (Id +D100
000 ◦ E) ◦D100

000

= 0

Let K denote the sum of all of the length two compositions of maps from C000 to
C111 appearing in the diagram (20.2), so that

K = D100
011 ◦D011

000 +D101
010 ◦D010

000 +D110
001 ◦D001

000 +D010
101 ◦D101

000 +D001
110 ◦D110

000 .

Observe that

∂K +K∂ =
(
D010

101 ◦D001
100 +D001

110 ◦D010
100

)
◦D100

000

Using this notation, we claim that the following maps complete the hypercube

D011
100 = K ◦ E +

(
D010

101 ◦D001
100 +D001

110 ◦D010
100

)
◦ J.

D111
000 = K ◦H +D011

100 ◦ f
There are two relations to check: the 2-dimensional hypercube relation on the front
face and the 3-dimensional hypercube relation for the entire cube. We see that

∂D011
100 +D011

100∂ = (∂K +K∂) ◦ E +
(
D010

101 ◦D001
100 +D001

110 ◦D010
100

)
◦ (∂J + J∂)

=
(
D010

101 ◦D001
100 +D001

110 ◦D010
100

)
◦D100

000 ◦ E
+
(
D010

101 ◦D001
100 +D001

110 ◦D010
100

)
◦ (Id +D100

000 ◦ E)

= D010
101 ◦D001

100 +D001
110 ◦D010

100

which confirms the length 2 hypercube relation on the front face. We also have
that

∂D111
000 +D111

000∂ = (∂K +K∂) ◦H +K ◦ (∂H +H∂) +
(
∂D011

100 +D011
100∂
)
◦ f

=
((
D010

101 ◦D001
100 +D001

110 ◦D010
100

)
◦D100

000

)
◦H

+K ◦
(
Id + E ◦D100

000

)
+
(
D010

101 ◦D001
100 +D001

110 ◦D010
100

)
◦ f

= K +K ◦ E ◦D100
000 +

(
D010

101 ◦D001
100 +D001

110 ◦D010
100

)
◦ (D100

000 ◦H + f)

= K +K ◦ E ◦D100
000 +

(
D010

101 ◦D001
100 +D001

110 ◦D010
100

)
◦ (J ◦D100

000)

= K +D011
100 ◦D100

000
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This is exactly the length 3 hypercube relation. �
Remark 20.7. If the map D100

000 is a chain isomorphism, then the maps D011
100

and D111
000 have a particularly simple form. In this case, D011

100 = K ◦ (D100
000)

−1 and
D111

000 ≡ 0.

Remark 20.8. Lemma 20.6 can also be viewed as a consequence of the fact
that F[U ]-chain complexes form an infinity category in the sense of Lurie [Lur09].
The defining property of an infinity category C is that diagrams on “inner horns”
Λn
i for 0 < i < n in C extend to diagrams on the standard simplex Δn. There is a

precise sense in which cube (or other diagrammatic) extension problems are related
to extension problems along simplices: this is the idea of anodyne extensions. From
this perspective, the diagram in Lemma 20.6 is not analogous to an inner horn, but
to a horn Λ3

0 ⊆ Δ3. However, an early result in the theory [Joy02] shows that
if the “first arrow” in a horn Λn

0 is an equivalence, then the horn extends. The
proof of Lemma 20.6 can be viewed as writing down the map explicitly that Joyal
constructs (inductively), slightly modified to treat cubes in place of simplices.

20.3. Gradings

In this section, we describe how the maps in the involutive surgery hypercube
decompose with respect to Spinc structures, and their associated gradings. Consider
the vertical truncation of the main hypercube:

CF δ(α1,β)

CF δ(α2,β) CF δ(α3,β)

CF δ(α1,β)

CF δ(α2,β) CF δ(α3,β)

(hβ
α1→α2→α3 )δ

(f β
α
1→

α
2 ) δ

ιδ1

(P β
α
1 →

α
3 ) δ

(fβ
α2→α3

)δ

(H β
α
2 →

α
3 ) δ

ιδ3

(f β
α
1→

α
2 ) δ

(hβ
α1→α2→α3 )δ

(fβ
α2→α3

)δ

ιδ2

(H
βα

1 →
α
2 ) δ

Figure 20.1. Vertically truncating the main hypercube.

We give the complexes in Figure 20.1 the absolute grading induced by CF−(Y ),

CF−(Yn) and CF−(Yn+m). For CF δ(α3,β), we give T grading 0. (Ozsváth and
Szabó refer to these as the old gradings in [OS08b]).

We write

Wn : Y → Yn(K),

Wn,m+n : Yn(K)#L(m, 1) → Yn+m(K), and

Wn+m : Y → Yn+m(K)
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m
0

K

Figure 20.2. The cobordism Wm : Yn(K)#L(m, 1) → Yn+m(K)
is obtained by attaching a 2-handle along the 0-framed unknot.

for the standard 2-handle cobordisms. We write W ′
n : Yn(K) → Y (and so forth) for

the cobordism obtained by turning around and reversing the orientation of Wn. We
note that Wn,m+n is obtained by attaching a 0-framed 2-handle to Yn(K)#L(m, 1),
which clasps K and an m-framed unknot corresponding to the L(m, 1)-summand.
See Figure 20.2.

A straightforward computation (see, e.g. [MO10, Lemma 11.1]) shows that
H2(Wn,m+n;Z) is free, of rank 1, and is generated by a surface Σ with

(20.3) Σ2 = −mn(m+ n)

gcd(m,n)2
.

Note that Wn coincides with Xα3,α1,β , after filling in Yα3,α1
with 3-handles and

a 4-handle. Similarly, Wn,n+m is obtained from Xα2,α1,β by filling in the S1 × S2

summands of Yα2,α1
, and removing a neighborhood of an arc connecting Yα1,β and

Yα2,α1
. Finally, the 4-manifold Xα3,α2,α1,β may be identified with W ′

n#D(−m, 1),
after filling in S1 × S2 summands.

The maps in the main hypercube are not homogeneously graded, but instead
decompose as sums of homogeneously graded maps, indexed by Spinc structures.
The following lemma describes how the maps in the main hypercube decompose
into homogeneously graded maps:

Lemma 20.9.

(1) The maps fβ
α1→α2

and Hβ
α1→α2

decompose as

fβ
α1→α2

=
∑

s∈Spinc(Wn,m+n)
s|L(m,1)=s0

fβ
α1→α2;s and Hβ

α1→α2
=

∑
s∈Spinc(Wn,m+n)

s|L(m,1)=s0

Hβ
α1→α2;s.

Furthermore, fβ
α1→α2;s and Hβ

α1→α2;s are of homogeneous degrees

c21(s) +m

4
and

c21(s) +m

4
+ 1,

respectively.
(2) The maps fβ

α2→α3
and Hβ

α2→α3
decompose as

fβ
α2→α3

=
∑

s∈Spinc(W ′
n+m)

fβ
α2→α3;s and Hβ

α2→α3
=

∑
s∈Spinc(W ′

n+m)

Hβ
α2→α3;s.
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Furthermore, fβ
α2→α3;s and Hβ

α2→α3;s have homogeneous degree

c21(s) + 1

4
and

c21(s) + 1

4
+ 1,

respectively.
(3) The maps hβ

α1→α2→α3
and P β

α1→α3
decompose as

hβ
α1→α2→α3

=
∑

s∈Spinc(W ′
n#D(−m,1))

s|L(m,1)=s0

hβ
α1→α2→α3;s and

P β
α1→α2

=
∑

s∈Spinc(W ′
n#D(−m,1))

s|L(m,1)=s0

P β
α1→α3;s.

Furthermore, hβ
α1→α2→α3;s and P β

α1→α3;s are of homogeneous degree

c21(s|Wn,n+m
) + c21(s|W ′

n+m
) +m+ 1

4
+ 1

and
c21(s|Wn,n+m

) + c21(s|W ′
n+m

) +m+ 1

4
+ 2,

respectively.

Proof. For the maps along the top and bottom of the hypercube, the claim
is immediate. The proof is slightly more subtle for the maps Hβ

α1→α2
, Hβ

α2→α3
and

P β
α1→α3

, as they are not defined via a single count of holomorphic polygons. These
maps are defined via the compression operation for hyperboxes, and hence involve
many different maps.

We focus our attention first on the map Hβ
α2→α3

. This map is the diagonal
map in the compression of a hyperbox of size (1, d) for some large d ≥ 0. The
compression operation for such hyperboxes is illustrated in Figure 5.1. Each of
the vertical maps represents either a change of diagram map, the cobordism map
for a collection of 1-handles which are canceled in a later step by a collection of
2-handles, or the cobordism map for surgery on 0-framed unlink which is canceled
by a collection of 3-handles in a later step. Each summand of Hβ

α1→α2
contains

exactly one length 2 map from a constituent hypercube. Each of these length 2
maps counts holomorphic triangles or rectangles on a triple or quadruple which
topologically represents the 2-handle cobordism W ′

n+m : Ym+n → Y , or a small
modification of this cobordism. For example, the corresponding length 2 map in

C(3)
cen counts holomorphic triangles and rectangles on diagrams which represent a

cobordism from L(m, 1)#Ym+n to S1 × S2#Y , obtained by surgery on the dual of
K in Ym+n, as well as a knot in L(m, 1). By direct inspection, the maps decompose
over Spinc structures on W ′

m+n into a sum of maps which have the stated grading.

The claim for Hβ
α1→α2

is not substantially different.

The argument for the length 3 map P β
α1→α3

, is similar, but is slightly more
involved. The compression operation for hyperboxes of size (1, 1, d) is illustrated
in Figure 5.2. The summands of P β

α1→α3
each consist either of a composition of

numerous length 1 maps and exactly two length 2 maps, or numerous length 1 maps
and exactly one length 3 map. For the summands of P β

α1→α3
which contain two

length 2 maps, the argument is not substantially different than the above argument
for the length 2 maps Hβ

α1→α2
and Hβ

α2→α3
. For the summands containing a length
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3 map, the situation is similar, but in principle there are more checks to be done,
as we now describe. Most of the length 3 maps which contribute to P β

α1→α3
count

pentagons on a Heegaard pentuple which represents surgery on the dual knot in Yn,
as well as a −m-framed unknot which is unlinked from K (the associated 2-handle
cobordism is W ′

n#D(−m, 1)). There are also additional triangle and quadrilateral
counts which arise from the higher compositions in a pairing of hypercubes of

Lagrangians. For example, in the construction of C(3)
cen in Section 16.5, the length

3 map has summands which count rectangles with one input labeled λ and one
input labeled Θ, and also a summand corresponding to counting triangles with
the special input ωδ,δ3 . There is a small subtlety in that the triangle map with
special input ωδ,δ3 counts triangles on a triple representing the cobordism W ′

n.
However we constructed the chain ωδ,δ3 to decompose over Spinc structures on
D(−m, 1) (see (16.23)), and hence the corresponding triangle map decomposes over
Spinc(W ′

n#D(−m, 1)), as claimed. Finally, as described in Section 16.6, the length

3 map of Ccen has an additional contribution of HEf
δ→δ′

γ . The map fδ→δ′

γ is the 2-
handle map from Yn to Y , while HE counts more complicated holomorphic curves
on quadruples which themselves represent ([0, 1] × Y )#D(−m, 1) (followed by a
cobordism for 0-surgery on an unknot). Hence, it is straightforward to verify that
HE decomposes over Spinc(D(−m, 1)) into summands of the expected grading. �

Ozsváth and Szabó additionally proved several strong restrictions on some of
the vertically truncated maps appearing in Figure 20.1, when m is sufficiently
large. To state their results, and how they adapt to our present situation, we
first recall some background and notation. There is a standard identification
Spinc(Ym+n(K)) ∼= Z/(m + n), as follows. Let F be a Seifert surface in Y for

K, and let F̂ ⊆ W ′
m+n(K) be the surface which is capped off by the core of the 2-

handle. If i ∈ Z/(m+n), we define si ∈ Spinc(Ym+n(K)) to be the Spinc structure
which admits an extension ti over W

′
m+n(K) satisfying

〈c1(ti), [F̂ ]〉 ≡ n+m+ 2i mod 2(n+m).

We write xs and ys for the two Spinc structures on W ′
n+m(K) which satisfy

(20.4) 〈c1(xs), [F̂ ]〉 = 2s−m− n and 〈c1(ys), [F̂ ]〉 = 2s+m+ n,

respectively. If −(m+n)/2 ≤ s < (m+n)/2, then xs and ys are the Spin
c structures

with maximal and second to maximal c21. (See [OS08b, Lemma 4.4]).

Proposition 20.10. Suppose δ is fixed.

(1) If m is sufficiently large, then for each t ∈ Spinc(Yn+m), there is at most
one Spinc structure s on Wn,m+n which restricts to t on Yn+m, for which

the map (fβ
α1→α2;s)

δ is non-trivial. This is also the only Spinc structure

for which (Hβ
α1→α2;s)

δ may be non-trivial.
(2) There is an integer b > 0 with the following property. If m is sufficiently

large, and −(m + n)/2 ≤ s < (m + n)/2, then the maps (fα2→α3;s)
δ are

non-vanishing on CF−(α2,β, [s]) only if s = xs or s = ys. Furthermore,

if s > b, then (fβ
α2→α3;s)

δ is non-vanishing only if s = xs. If s < −b, then

(fβ
α2→α3;s)

δ is non-vanishing only if s = ys. The same statements hold

for the maps (Hβ
α2→α3;s)

δ.
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CF δ(α2,β) CF δ(α3,β)

Aδ〈b〉 Bδ〈b〉

CF δ(α2,β) CF δ(α3,β)

Aδ〈b〉 Bδ〈b〉

ιδ2

Γδ

(fβ
α2→α3

)δ

(H β
α
2 →

α
3 ) δ ιδ3

θδ
w

Dδ
n

ιδ
B

Lδ

(fβ
α2→α3

)δ

Γδ Lδ θδ
w

Dδ
n

ιδ
A

Jδ

Hδ
m

Figure 20.3. A hypercube which relates the 3-manifold com-
plexes with the knot Floer complexes. There is a length 3 map,
which is not shown.

(3) If m is sufficiently large, then (hβ
α1→α2→α3;s)

δ is non-vanishing only if
s|Wn,n+m

and s|W ′
n+m

are contained on the list of Spinc structures described

in parts (1) and (2). The same holds for the maps (P β
α1→α3;s)

δ.

Proposition 20.10 is proven by Ozsváth and Szabó for the maps (fβ
α1→α2;s)

δ,

(fβ
α2→α3;s)

δ, and (hβ
α1→α2→α3;s)

δ when n > 0. See specifically [OS08b, Lemma 4.4,
Proposition 4.6, and Lemma 4.8]. Note that Ozsváth and Szabó focus on the case
thatm = nk, for k ∈ N, which simplifies equation (20.3), though their proof extends
to the more general case. They argued by showing that for sufficiently large m,

the maps (fβ
α1→α2;s)

δ, (fβ
α2→α3;s)

δ and (hβ
α1→α2→α3;s)

δ land outside of the range of
gradings supported by the vertically truncated complexes appearing in Figure 20.1,
except for the Spinc structures described in the statement of Proposition 20.10.
Using the grading change formulas described in Lemma 20.9, it is easy to check that

Ozsváth and Szabó’s argument implies the same statement for the maps Hβ
α1→α2;s,

Hβ
α2→α3;s and P β

α1→α3;s.
For negative n, Ozsváth and Szabó’s proof does not immediately apply (the

main challenge being part (3); note that for negative surgeries they instead built a
map from Cone(Dn) to CF−(Yn) whose grading properties are easier to analyze).
We delay our proof for negative n until later, where we cover it in greater generality
in Chapter 22. See specifically Lemmas 22.1, 22.2, 22.3 and 22.4.

20.4. Proof of Theorem 20.1

In this section, we prove the mapping cone formula, as stated in Theorem 20.1.

Proof of Theorem 20.1. Proposition 20.10 implies that if δ > 0 is fixed,

and m is sufficiently large, then the maps (fβ
α2→α3;s)

δ and (Hβ
α2→α3;s)

δ will be non-
zero only if s is one of xs or ys for some −(m+n)/2 < s ≤ (m+n)/2. We consider
the hypercube in Figure 20.3, which relates the 3-manifold complexes to the knot
Floer complexes.

We now explain the terms appearing in Figure 20.3. The truncation A〈b〉 is
the direct sum of the complexes As, ranging over −b ≤ s ≤ b. Similarly B〈b〉 is the
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direct sum of complexes Bs ranging over −b + n ≤ s ≤ b. We are assuming here
that

(20.5) 0 < b < (m+ n)/2.

The map Γ is the direct sum of the maps

Γs : CF
−(α2,β, [s]) → As,

described by Ozsváth and Szabó [OS04a, Theorem 4.4] [OS08b, Theorem 2.3],
ranging over −b ≤ s ≤ b. The map Γs counts holomorphic triangles on (Σ,α3,α2,
β, w, z) which satisfy sw(ψ) = xs.

Note that if m+ n is even and positive, then Yn+m(K) has two self-conjugate
Spinc structures, corresponding to s = 0 and s = (m + n)/2. The condition
in (20.5) ensures that the one corresponding to s = (m + n)/2 is sent to zero by

Γδ. Similarly, in the map θδw, we are implicitly projecting CF δ(α3,β, [s]) to zero
unless −b+ n ≤ s ≤ b.

We recall from [HM17, Section 6.6] that there is a map J0 making the following
diagram a hypercube:

(20.6)

CF−(α2,β, [0]) A0

CF−(α2,β, [0]) A0,

Γ0

ι2
J0 ιA,0

Γ0

where ιA,0 is the map induced by the knot involution ιK . Applying the same
argument, but to other Spinc structures, gives a map Js which makes the following
diagram a hypercube of chain complexes:

(20.7)

CF−(α2,β, [s]) As

CF−(α2,β, [−s]) A−s,

Γs

ι2
Js ιA,s

Γ−s

where ιA,s : As → A−s denotes the map

x �→ Us · ιK(x).

We define J to be the direct sum of the maps Js, and define the map Jδ appearing
along the left side of Figure 20.3 to be the truncation, summed only over s satisfying
−b ≤ s ≤ b.

In Figure 20.3, we define Dn, L and H as follows. Let Is be a homotopy inverse
of Γs. We defined Dn on As via the formula

(20.8) Dn,s := θw ◦ (fβ
α2→α3;xs + fβ

α2→α3;ys
) ◦ Is.

To construct L, we pick a homogeneous null-homotopy h of id+I ◦ Γ, and set

L = θw ◦ fβ
α2→α3

◦ h.
Along the right face, we define ιB to be θw ◦ι3◦θ−1

w , so that the right face commutes
as well.
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CF δ(α2,β, [s]) CF δ(α3,β, {[s], [s+ n]})

Aδ
s Bδ

s ⊕Bδ
s+n

CF δ(α2,β, [−s]) CF δ(α3,β, {[−s], [−s+ n]})

Aδ
−s Bδ

−s ⊕Bδ
−s+n

Γδ
s

Γδ
−s

Hδ
m,s

Figure 20.4. A subdiagram of Figure 20.3.

We define the map
Hm : An〈m〉 → Bn〈m〉

appearing along the front face of Figure 20.3 to be similar to the one constructed
in Lemma 20.6. The only caveat here is that the map labeled Γδ is not in general
a homotopy equivalence, because of the projection maps. However, Lemma 20.6
may be applied to a restricted version of the hypercube, shown in Figure 20.4.
Lemma 20.6 also gives a length 3 map, which turns the diagram into a hypercube,
though we have omitted this from the figure.

We claim that the resulting diagram in Figure 20.3 is a hypercube of chain
complexes. This mostly follows immediately from the hypercube relations in Fig-
ure 20.4. For positive surgeries, the hypercube relations are actually satisfied on
the full minus version (i.e. with no vertical truncations), as long as we restrict each
map on the back face to the Spinc structures of the form xs and ys. For negative
n, the hypercube relations will only hold on the vertically truncated complexes.
The possibility that requires checking is if s > b but s + n ≤ b. In this case, the
hypercube relations follow from the fact that fδ

2,ys
vanishes if s is sufficiently large,

relative to δ, by Proposition 20.10.
Note that claims (1) and (3) hold for Dn and Hm, since by construction we are

only using the contributions from the Spinc structures xs and ys.
We stack and compress the hypercubes shown in Figures 20.1, and 20.3. The

maps along the top and bottom faces of the resulting hypercube coincide. Hence,
we may add the identity to each vertical map, and the hypercube relations are
preserved. We obtain a hypercube of the form shown in Figure 20.5.

The diagram in Figure 20.5 determines a F[U,Q]/Q2 equivariant map from

CFI δ(Yn) to the chain complex associated to the 2-dimensional hypercube on
the front side of Figure 20.5. The maps along the top and bottom faces coin-
cide with Ozsváth and Szabó’s homotopy equivalence between CF δ(α1,β) and
Cone(Dδ

n : A
δ
n〈b〉 → Aδ

n〈b〉).
We now claim that we can obtain from the diagram in Figure 20.5 both finite

and infinite models of the involutive mapping cone, with maps which satisfy the
conditions outlined in Theorem 20.1.

The required m, necessary for a hypercube as in Figure 20.5 to exist, depends
on δ. We let δi be a sequence approaching +∞, and we mi be a sequence of
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CF δ(α1,β)

Aδ
n〈b〉 Bδ

n〈b〉

CF δ(α1,β)

Aδ
n〈b〉 Bδ

n〈b〉

id+ιδ1

Dδ
n

Hδ
m id+ιδ

B

Dδ
n

id+ιδ
A

Figure 20.5. A hypercube relating CFI δ(Yn) and a truncated
mapping cone.

integers, such that mi is sufficiently large for the hypercube in Figure 20.5 to exist.
For convenience, take b =  m+n−1

2 !, which ensures (20.5) is satisfied.
Since we are working over F = Z/2, the set of elements of As and Bs in each

grading is finite. Consequently, by picking a subsequence, we may assume that
Hmi

(x) is eventually constant, for each x ∈ As. Consequently, we obtain a limiting

map, which we call H̃, which we extend F�U�-equivariantly. The map H̃ clearly
makes the untruncated analog of the front of the hypercube in Figure 20.5 into a
2-dimensional hypercube of chain complexes. Analogously, we may assume that
the maps labeled Dn are eventually constant on each x ∈ As, for each s. Hence,

we obtain a limiting map, for which we write D̃n.

Let us write X̃In for the infinite involutive mapping cone, constructed with the

maps D̃n and H̃. There are also several horizontal truncations to consider, namely
the one appearing in Figure 20.5, constructed for mi, for which we write XIn(mi)
(it is easy to check that the hypercube relations are satisfied without vertically

truncating). We may also horizontally truncate X̃In. We write X̃In〈m〉 for this
complex.

We make the following subclaims:

(t-1) Ifm is large, then X̃In and X̃In〈m〉 are homotopy equivalent over F�U�[Q]/Q2.

(t-2) If mi is large, then X̃In〈mi〉 and XIn(mi) are homotopy equivalent over
F�U�[Q]/Q2.

The proof of claim (t-1) is as follows. Let us assume n > 0, for the sake of

demonstration. In this case, projection from X̃In to X̃In〈m〉 is an F�U�[Q]/Q2-
equivariant chain map. Furthermore, the map obtained by setting Q = 0 is a
homotopy equivalence, by Lemma 20.5. Hence, Lemma 5.5 implies that the in-
volutive version is an F�U�[Q]/Q2-equivariant homotopy equivalence. The proof
for negative coefficients is essentially the same, except one instead considers the

inclusion of X̃In〈m〉 into X̃In, which is a homotopy equivalence for large m.
The proof of claim (t-2) is similar. Fix an integer b. For sufficiently large mi,

the complex XIn(mi)〈b〉 is equal to X̃In〈b〉 (since X̃In is obtained as a limit). As
before, let us focus on the case that n is positive. Hence if b is sufficiently large, and
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mi is chosen sufficiently large, relative to b, then the projection for X̃In onto X̃In〈b〉
is an F�U�[Q]/Q2-equivariant homotopy equivalence, and projection of XIn(mi)

onto X̃In〈b〉 is also an F�U�[Q]/Q2-equivariant homotopy equivalence. Claim (t-2)
now follows.

The diagram in Figure 20.5 induces an F[U,Q]/Q2-equivariant chain map be-

tween CFI δi(Yn(K)) and XIδin (mi), for each i, which we see is an F[U,Q]/Q2-
homotopy equivalence, by combining the fact that the Q = 0 specializing is an F[U ]-
equivariant homotopy equivalence with Lemma 5.5. By claims (t-1) and (t-2), we

obtain also that CFI δ(Yn(K)) and X̃I
δ

n are homotopy equivalent over F[U,Q]/Q2,
for all δ. Lemma 20.4 now implies the claim for the complexes without the vertical
truncations. �

20.5. Proof of Theorems 1.2 and 1.3

We now prove the exact sequences described in the introduction:

Proof of Theorem 1.3. The front face of the involutive surgery hypercube
of Theorem 1.14 determines an F�U�[Q]/Q2-equivariant chain map

F2 : CFI−(Yn+m(K)) → CFI−(Y ).

Furthermore, the remaining maps in the hypercube determine an F�U�[Q]/Q2-
equivariant chain map

F1 : CFI−(Yn(K)) → Cone(F2).

Furthermore, F1 is a homotopy equivalence of F�U�[Q]/Q2-modules by Lemma 5.5,
since Ozsváth and Szabó proved that the map obtained by setting Q = 0 is a
homotopy equivalence of F�U�-modules [OS08b, Theorem 3.1]. The long exact
sequence of a mapping cone now gives the exact sequence

· · · → HFI−(Yn(K)) → HFI−(Yn+m(K)) → HFI−(Y ) → · · · .
It remains only to prove the description of HFI−(Y ) stated in (1.2). The map

θw gives a chain isomorphism CFI−(Y ) ∼= CF−(Y )⊗ F[Z/m]. The map ι3 sends
CF−(Y ) ⊗ T s to CF−(Y ) ⊗ T−s+n, but otherwise coincides with the involution
on CF−(Y ) by Proposition 6.1 and Lemma 16.14. It is also important to check
the path of the basepoint w in the corresponding loop of Heegaard diagrams. We
observe that our model of ιK moves w to z negatively along K, while the flip
map moves z to w in the positive direction along K, so the overall path of w is
null-homotopic.

Hence,

HFI−(Y ) ∼=
N⊕
i=1

HFI−(Y )⊕
M⊕
i=1

(HF−(Y )[−1]⊕HF−(Y )),

where N is the number of subsets {s,−s+n} ⊆ Z/m which consist of one element,
and M is the number of subsets {s,−s + n} which consist of two elements. Note
that {s,−s + n} consists of one element if and only if 2s ≡ n mod m. If m is
odd, then the map ×2: Z/m → Z/m is a bijection. If m is even, then ×2 has
image exactly equal to the even numbers, and the fiber of each even number has
cardinality 2. Hence, if m is odd, then N = 1 and M = (m − 1)/2. If m is even,
and n is odd, then N = 0 and M = m/2. If m and n are even, then N = 2 and
M = (m− 2)/2. �
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Proof of Theorem 1.2. The proof is very similar to the proof of Theo-
rem 1.3. We build a hypercube similar to the hypercube in Theorem 1.14, but
which has m = 1. The construction is essentially the same as Figure 6.3, except
we only keep track of the basepoint labeled with a hat, and we use no twisted
coefficients. With this hypercube in hand, the proof follows no differently than the
proof of Theorem 1.3. �
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CHAPTER 21

The strong cone formula for L-spaces

In this chapter, we prove the strong version of the mapping cone formula, for
knots in L-spaces:

Theorem 21.1. Suppose n 
= 0 and K is a knot in an L-space integer homol-
ogy 3-sphere. Then CFI−(Yn(K)) is homotopy equivalent over F�U�[Q]/Q2 to a
complex of the form

XIn(Y,K) :=

A B

Q · A Q · B,

Q·(id+ιA) Q·Hṽ

Dn

Q·(id+ιB)

Dn

for some F�U�-equivariant maps Dn, ιA, ιB and H. Furthermore, the following
hold:

(1) H sends B̃s to B−s.
(2) Dn = v+ Fṽ, where v denotes the inclusion of As into Bs, and ṽ denotes

inclusion of As into B̃s.
(3) ιB = FιK .
(4) ιA coincides with the conjugation of ιK by the shift isomorphism in (3.5).

In particular, (CF−(Yn(K)), ι) is ι-homotopy equivalent to XIalgn (CFK∞(Y,K),
ιK).

Interestingly, our argument does not seem to work unless Y is an L-space. See
Remark 21.2.

21.1. Overview of the proof of Theorem 21.1

We begin by outlining the proof of Theorem 21.1. We describe more de-
tails in the subsequent sections. We begin by considering a vertical truncation
of the involutive surgery hypercube involving Yn(K), Yn+m(K) and Y , as shown in
Figure 20.1. It follows from Lemma 20.9 that for sufficiently large m, the only
Spinc structures which contribute to the front face are xs or ys, ranging over
−(m+ n)/2 ≤ s ≤ (m+ n)/2. Here xs and ys are characterized by (20.4).

The key technical step of our proof of Theorem 21.1 is to construct two 3-
dimensional hypercubes, Kxs and Kys

, for each s ∈ Z. After restricting Spinc

structures and vertically truncating, the back faces of the hypercubes Kxs and Kys

match the front face of the main involutive surgery hypercube in Figure 20.1. The
hypercubes Kxs and Kys

are shown schematically in Figure 21.1. The maps labeled

223
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CF−(Yn+m, [s]) CF−(Y, [s])

As(Y,K) Bs(Y,K)

CF−(Yn+m, [−s]) CF−(Y, [−s+ n])

A−s(Y,K) B−s+n(Y,K)

ι2

Γs

f2;xs

H2;xs

ι3

θw

vs

ιB

f2;y−s

Γ−s L−s θw

Fz→w ṽ−s

ιA

Js

CF−(Yn+m, [s]) CF−(Y, [s+ n])

As(Y,K) Bs+n(Y,K)

CF−(Yn+m, [−s]) CF−(Y, [−s])

A−s(Y,K) B−s(Y,K)

ι2

Γs

f2;ys

H2;ys

ι3

θw

ιB

Fz→w ṽs

Ls

f2;x−s

Γ−s θw

v−s

ιA

Js

s])

Hsṽs

Figure 21.1. The hypercubes Kxs (top) and Kys
(bottom). The

length 3 arrows are not drawn. The maps labeled Ls coincide in
the two diagrams, and similarly for the maps Js and Γs. Both
cubes have a length 3 map which is not shown.

Ls coincide in the two diagrams, and similarly for Js and Γs. Therein, the indexing
of the maps is consistent with notation in Theorem 1.14 of the introduction, so f2;xs
denotes fβ

α2→α3;xs , and similarly for the other maps.
We now prove Theorem 21.1, assuming the existence of the hypercubes Kxs

and Kys
:

Proof of Theorem 21.1. We construct hypercubes KX〈b〉 by taking the di-
rect sum of the hypercubes Kxs ranging over −b ≤ s ≤ b. We define KY〈b〉 similarly
by taking the direct sum of the Kys

for −b ≤ s ≤ b. We now combine KX〈b〉 and
KY〈b〉 to construct a new cube, K{X,Y}〈b〉, the vertical truncation of which is shown
in Figure 21.2. Here, b is an integer satisfying

0 � b < (m+ n)/2.
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CF δ(Yn+m) CF δ(Y )

Aδ〈b〉 Bδ〈b〉

CF δ(Yn+m) CF δ(Y )

Aδ〈b〉 Bδ〈b〉

ιδ2

Γδ

fδ
2

Hδ
2 ιδ3

θδ
w

Dδ
n

ιδ
B

Lδ

Dδ
n

fδ
2

Γδ Lδ θδ
w

Dδ
n

ιδ
A

Jδ

Hδ ṽδ

Figure 21.2. The hypercube Kδ
{X,Y}〈b〉. There is a length 3 map

which is not shown.

The maps along the left face of K{X,Y}〈b〉 coincide with the ones in KX〈b〉 (which
themselves coincide with those of KY〈b〉). The maps along the top, front, bottom
and back faces of Kδ

{X,Y}〈b〉, except for the purely vertical maps (i.e. the involu-

tions), are defined to be the sum of the maps from KX〈b〉 and KY〈b〉. The map
along the right face of Kδ

{X,Y}〈b〉 is zero. The construction of K{X,Y}〈b〉 is essen-

tially the same as the operation of gluing hypercubes, described by Manolescu and
Ozsváth [MO10, Proposition 12.10].

By a slight abuse of notation, we define Γ, L and J in Figure 21.2 to project
to 0 any summands corresponding to [s] ∈ Spinc(Yn+m) for s satisfying |s| > b.
Similarly, in the map labeled θw we are also implicitly post-composing with the
map which projects Bs to 0 unless −b+ n ≤ s ≤ b.

For s satisfying −b ≤ s ≤ b, the map Γs coincides with the large surgery map,
and hence is a homotopy equivalence. Hence, the same argument as at the end
of the proof of Theorem 20.1 (with Kδ

{X,Y}〈b〉 replacing the cube in Figure 20.4)

shows that (CF−(Yn(K)), ι) is ι-homotopy equivalent to XIalgn (CFK∞(K), ιK),
completing the proof. �

We now outline the construction of the hypercubes Kxs and Kys
, which will be

described in more detail in the subsequent sections. The main involutive surgery
hypercube of Theorem 1.14 is constructed as the compression of the hyperbox of
size (1, 1, 7) shown in Figure 6.3. The hyperbox therein is constructed by stacking
the seven hypercubes

(21.1) C1-h, C1
2-h, Ccen, C2

2-h, C3-h, Cη and CF.
The hypercube Kxs is built as the compression of a hyperbox of size (1, 1, 7),

composed of seven 3-dimensional hypercubes

(21.2) K1-h;xs , K1
2-h;xs , Kcen;xs , K2

2-h;xs , K3-h;xs , Kη;xs and KF;xs .

The back face of each of the hypercubes in (21.2) matches a Spinc restriction of
the front face of the corresponding hypercube in (21.1). The hypercube Kys

is
constructed similarly as the compression of a hyperbox of size (1, 1, 7), consisting
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of seven hypercubes

(21.3) K1-h;ys
, K1

2-h;ys
, Kcen;ys

, K2
2-h;ys

, K3-h;ys
, Kη;ys

and KF;ys
.

We now introduce some additional notation which will be helpful in this section.
Recall that the description of twisted Floer complexes from Section 2.3 involved a
choice of orientation o for K. In this section, we fix an orientation o on K, which
never changes in the course of the argument. We will need to frequently change
the special basepoint. To simplify the notation, if H = (Σ,α,β, w, z) is a doubly
pointed diagram for (Y,K), we write Hw for H, equipped with the enhanced orien-
tation (o, w). Similarly, we write Hz for H equipped with the enhanced orientation
(o, z).

21.2. The hypercube Kxs

We now describe the construction of Kxs in detail. This amounts to constructing
the seven hypercubes shown in (21.2).

First, suppose that C◦ is one of the first five hypercubes in (21.1). We will
describe the construction of the corresponding hypercube in (21.2), which we will
denote by K◦;xs . Let H1

0, H2
0, and H3

0 denote the diagrams appearing along the top
face of C◦, and let H1

1, H2
1 and H3

1 denote the diagrams appearing along the bottom
face. We will abuse notation slightly and write w and z for the basepoints on H3

0

and H3
1, even though they trace a half-twist along K in the doubling model of the

involution; see Sections 6.2 and 6.3.
The cube K◦;xs is illustrated schematically in Figure 21.3. The cube K◦;xs has no

length 3 map. The maps Ψ2
0→1 and Ψ3

0→1 appearing along the back face are the same
ones which appear along the front face of C◦. The maps labeled Ψ3

0→1 appearing
along the front face are defined using the same sequence of Heegaard diagrams
as for the map Ψ3

0→1 along the back face, as well as the same holomorphic curve
counts, but instead using the weights U nw(ψ)V nz(ψ). Since the map constructed
in this manner preserves the Alexander grading (by explicit examination of the
construction of each hypercube), we conclude that there is an induced map, also
denoted Ψ3

0→1, which sends As(H3
0) to As(H3

1), and similarly for the Bs complexes.
The map Γs is the composition of the the shift isomorphism between As and

As, together with the map from CF−(H2
0, [s]) to As(H2

0), which counts holomorphic
triangles representing classes which satisfy sw(ψ) = xs, weighted by a factor of
U nw(ψ)V nz(ψ). This map counts the same triangles as f2→3

0;xs . Similarly, we define
J0→1;s by composing the shift map from As to As with the analogs on As of each
constituent map of H2→3

0→1;xs . For example, if H2→3
0→1;xs had a factor or summand

which counted holomorphic rectangles representing classes satisfying sw(ψ) = xs,
then the map J0→1;s would also have a constituent map which counted rectangles

weighted by U nw(ψ)V nz(ψ).
To prove that Γs and J0→1;s have codomain in As, as claimed, one needs

to check that the maps Γs and J0→1;s change Alexander grading by s (viewing

CF−(H2
0, [s]) and CF−(H2

1, [s]) as being concentrated in Alexander grading 0).
This follows from [Zem19b, Theorem 1.4] (compare [OS11, Proposition 2.2]).

Next, we verify the hypercube relations for K◦;xs . The length 2 relations along
the left, back, right and front faces are straightforward. The length 2 relation along
the top and bottom faces, as well as the length 3 relation, follow from the fact
that Γs and J0→1;s are both given as a map which changes Alexander grading by
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CF−(H2
0, [s]) CF−(H3

0,w, [s])

As(H3
0) Bs(H3

0)

CF−(H2
1, [s]) CF−(H3

1,w, [s])

As(H3
1) Bs(H3

1)

Ψ2
0→1

Γs

f2→3
0;xs

H2→3
0→1;xs

Ψ3
0→1

θw

v

Ψ3
0→1

f2→3
1;xs

Γs θw

v

Ψ3
0→1

J0→1;s

Figure 21.3. A schematic of the hypercube K◦,xs , which is one of
the first five hypercubes of (21.2). There is no length 3 map.

CF−(H2
, [s]) CF−(H3

z, [s])

As(H
3
) Bs(H

3
)

CF−(H2, [−s]) CF−(H3
z, [−s])

A−s(H3) B̃−s(H3)

η2

Γxs;z

f2→3
xs;z

η
3

θz

v

UsηK

f2→3
y−s;z

Γxs;z θz

ṽ

UsηK

Figure 21.4. The hypercube Kη;xs . There are no length 2 or 3 maps.

s, followed by the shift isomorphism, as well as the fact that they both count the
same holomorphic curves as f2→3

0;xs or f2→3
1;xs , and H2→3

0→1;xs , respectively.
We now describe the hypercube Kη;xs , which is shown in Figure 21.4. Therein,

we have added some decoration to the map Γs to disambiguate terms. We write
Γs;w for the map which counts holomorphic triangles satisfying sw(ψ) = s, which

are weighted by a factor of U nw(ψ)V nz(ψ), composed with the shift isomorphism
betweenAs and As. The map Γs in Figure 21.3 coincides with Γxs;w. The hypercube
relations therein are easily checked.

We now describe a helpful conjugation relation for the maps labeled by Γ. We
claim that for all s ∈ Z,

(21.4) Γxs;w = Γys;z and xs = y−s,
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CF−(H2, [−s]) CF−(H3
z, [−s]) CF−(H3

z, [−s])

CF−(H2, [−s]) CF−(H3
z, [−s]) CF−(H3

z, [−s])

CF−(H2, [−s]) CF−(H3
w, [−s+ n]) CF−(H3

w, [−s+ n])

CF−(H2, [−s]) CF−(H3
z, [−s]) CF−(H3

w, [−s+ n])

id

id

f2→3
y−s;z

H2→3
z→w

Fz→w

id

HF
z→w→z

id

Fz→w

id

f2→3
y−s;z id

Fz→w

f2→3
y−s;w

id H2→3
w→z

Fw→z

id

HF
w→z→w id

f2→3
y−s;z

id id

Fz→w

H , [−s]) CF (Hz, [−s]) CF (H

CF−(H3
w, [−s+ n]) CF−(H3

w, [−s+ n])

H2 [−s]) CF−(H3 [−s]) CF−(H3

H22→3
z→→w

Fz→→w

HF
z→ww→z

Fz→→w

ffyy−−−ss;;z iddid

Fz→→

HH2→3
w→z

FFw→→z

idid

HHFF
w→z→→ww idid

ff2→3

dd idd

FF

CF−(H2, [−s]) CF−(H3
z, [−s]) CF−(H3

z, [−s])

A−s(H3) B̃−s(H3) B̃−s(H3)

CF−(H2, [s]) CF−(H3
z, [−s]) CF−(H3

w, [−s+ n])

A−s(H3) B̃−s(H3) B−s+n(H3)

id

Γx−s;w

f2→3
y−s;z

id

θz

id

Fz→w

θz

ṽ

id

id

Fz→w

f2→3
y−s;z

Γx−s;w θz

Fz→w

θw

ṽ

id

Fz→w

H , [−s]) CF (Hz, [−s]) CF (H

A−s(H3) B̃−s(H3)

H2 [s]) CF−(H3 [−s]) CF−(H3

dd

ΓΓx−ss;;w

ffy−s;z

idd

θθzz

idid

Fz→→

ṽv

idd

idid

ff2→3
FF

idd

Figure 21.5. The hyperbox whose compression is KF;xs . The top
two cubes each have a length 3 map, which is not shown, while the
bottom two have no length 3 map. We stack the top and bottom
hyperboxes along the gray faces. We think of this hyperbox as
being made of four hypercubes, K1

F;xs
, . . .K4

F;xs
, which are the top-

left, top-right, bottom-left, and bottom-right hypercubes, respec-
tively.

The second part of (21.4) is immediate from the definition of xs and ys in (20.4).
The first part follows from the relation

(21.5) sw(ψ)− sz(ψ) = PD [Ŝ],

where Ŝ is the class in H2(W
′
n+m(K)) obtained by capping the core of the 2-handle.

Equation (21.5) follows from [Zem19b, Lemma 3.9]. Hence Γxs;w and Γys;z count
the same triangles, with the same powers of U and V . (Note that the choice of
basepoint in the map Γys;z affects only which classes are counted, via the choice of
Spinc structure, but not the U or V weight). Equation (21.4) follows.

We now construct KF;xs by stacking and compressing four hypercubes, K1
F;xs

,

. . . ,K4
F;xs

, as shown in Figure 21.5. We begin by describing the hypercube K1
F;xs

,
which is the top left hypercube in Figure 21.5. Let φ : Σ → Σ denote the diffeomor-
phism which moves z to w along the canonical short path in the Heegaard diagram.
We construct K1

F;xs
as the compression of a hyperbox of size (1, 3, 3). This hyperbox

is shown schematically in Figure 21.6. Therein, we assume that αW
3 is a sufficiently

wound copy of α3, which we additionally assume is wound so as not to intersect
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(α2,β) (α3,β, z)

(α2,β) (α3,β, z)

(α2,β) (α2,β) (φ(α3),β, w) (α3,β, z)

(α2,β) (α2,β) (α3,β, z) (α3,β, z)

(α2,β) (α2,β) (αW
3 ,β, w) (α3,β, z)

(α2,β) (α2,β) (φ(α3),β, w) (α3,β, z)

(α2,β) (α2,β) (α3,β, w) (α3,β, z)

(α2,β) (α2,β) (αW
3 ,β, w) (α3,β, z)

(α2,β) (φ(α3),β, w)

(α2,β) (α3,β, z)

id

id

fβ
α2→α3

id

φ∗

id

id id

id

id

id id

id φ−1
∗ id

id

id

id id

id

φ∗ id

id

id id

id id

id

id

id id

φ−1
∗

id

id

id

id id

φ

id

id id

id φ−1

fβ
α2→α3

Figure 21.6. The hyperbox whose compression is K1
F;xs

. The
solid arrows count holomorphic triangles, while the dashed arrows
count holomorphic quadrilaterals and holomorphic triangles. Many
arrows from the left-side to the right-side are not drawn.

the boundary of the surgery region. We view this hyperbox as consisting of nine
hypercubes. Each of these hypercubes may be constructed by pairing a hyperbox of
alpha attaching circles with the 0-dimensional hypercube consisting of β. We also
compose some of the maps appearing in these hypercubes with one of the tautolog-
ical maps φ∗ or φ−1

∗ . When a single attaching curve appears at different locations
in the hyperbox, one would need to replace certain copies with small Hamiltonian
translates. Furthermore, we are implicitly using Proposition 11.1 to identity the
maps labeled by id with the corresponding small triangle maps.

We now construct the hypercube K2
F;xs

, which is the top right hypercube shown

in Figure 21.5. The length 2 map along the left side of K2
F;xs

is constructed in K1
F;xs

.
The map along the bottom is constructed similarly. A length 3 map may be defined
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by noting that every complex appearing at a vertex of K2
F;xs

is homotopy equivalent

to F�U�, since Y is an L-space. The expression

M := Fz→wH
F
z→w→z +HF

w→z→wFz→w

is an F[U ]-equivariant chain map, which is +1 graded and hence is chain homotopic
to zero. We let the length 3 map in K2

F;xs
be any null-homotopy of M which

is homogeneously graded. (Alternatively, one could define K2
F;xs

by building a

hyperbox of size (3, 3, 3), similar to the one used to build K1
F;xs

, but with two more

layers).
Finally, we consider K3

F;xs
and K4

F;xs
, the bottom two hypercubes in Figure 21.5.

We note that the hypercube relations for these cubes are automatic, since all faces
commute on the nose, so no length 2 or 3 arrows are necessary.

21.3. The hypercubes K1-h;ys
, K1

2-h;ys
, K2

2-h;ys
and K3-h;ys

In this section, we describe the construction of the hypercubes K1-h;ys
, K1

2-h;ys
,

K2
2-h;ys

, and K3-h;ys
. Let K◦;ys

denote one of these hypercubes. We will construct

K◦;ys
by stacking and compressing four hypercubes Ki

◦;ys
for i ∈ {1, 2, 3, 4}. The

hypercubes K◦;ys
and Ki

◦;ys
are schematically illustrated in Figure 21.7.

In the doubling model of the involution, each of the factors of the involution
moves the basepoints slightly, resulting in a cumulative half-twist along K (see
Section 6.3). As a consequence, the basepoints on the top faces of some of the hy-
percubes in (21.1) differ from the basepoints on the bottom face. In this section, we
abuse notation slightly, and denote every basepoint by w or z, with the convention
that K intersects the Heegaard surface positively (resp. negatively) at z (resp. w).

Let H1
0, H2

0 and H3
0 denote the Heegaard diagrams appearing on the top face

of C◦;ys
, and let H1

1, H2
1 and H3

1 denote those appearing along the bottom face.
For i ∈ {0, 1}, let Ti denote the Heegaard triple used to compute the maps from
CF−(H2

i ) to CF−(H3
i ). We have the following cases, depending on the hypercube

K◦,ys
:

(K-1) T1 is obtained from T0 by a stabilization or destabilization with index
tuple (0, 0, 0) (i.e. T1 is obtained by attaching or removing a collection
of 1-handle stabilizations from T0). This configuration appears in K1-h;ys

and K3-h;ys
.

(K-2) T0 = (Σ,α3,α2,β0, w, z) and T1 = (Σ,α3,α2,β1, w, z). Furthermore,
for j ∈ {2, 3}, the triple (Σ,αj ,β0,β1, w, z) represents surgery on an �-
component link in

(Y \N(K))#(S1 × S2)#


which cancels the S1 × S2-summands. This configuration corresponds to
K1

2-h;ys
.

(K-3) T0 = (Σ,α,β2
0,β

3
0, w, z) and T1 = (Σ,α,β2

1,β
3
1, w, z). Furthermore the

triples (Σ,α,β2
0,β

2
1, w) and (Σ,α,β3

0,β
3
1, w, z) both represent surgery on

a 0-framed unlink in Y \N(K). This configuration corresponds to K2
2-h;ys

.

Note that the notation of the alpha and beta curves in configurations (K-1), (K-2)
and (K-3) does not coincide with the notation of Figure 6.3. We have condensed
it for convenience.
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Figure 21.7. A schematic of the construction of a hypercube
K◦;ys

∈ {K1-h;ys
,K1

2-h;ys
,K2

2-h;ys
,K3-h;ys

}. We construct K◦;ys

(top) as the compression of the hyperbox obtained by stacking and
compressing the middle and bottom hyperboxes along their gray
faces. We write K1

◦;ys
, K2

◦;ys
, K3

◦;ys
and K4

◦;ys
for the middle-left,

middle-right, bottom-left and bottom-right hypercubes, respec-
tively.
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CF−(α2,β0, [s]) CF−(α3,β0, ŵ, z, [s+ n])

CF−(α2,β0, [s]) CF−(α3,β0, w, ẑ, [s])

CF−(α2,β1, [s]) CF−(α3,β1, ŵ, z, [s+ n])

CF−(α2,β1, [s]) CF−(α3,β1, w, ẑ, [s])

f
β0→β1
α2

id

f
β0
α2→α3;ys;w

H β
0 →

β
1

α 2→
α 3

;y
s ,w

f
β0→β1
α3

Fw→z

H
β
0 →

β
1

α
3
;w

→
z

f
β0
α2→α3;ys;z

f
β0→β1
α3

Hβ0
α2→α3;ys ;w→z

f
β1
α2→α3;ys;w

id Hβ1
α2→α3;ys ;w→z

Fw→z

f
β1
α2→α3;ys;z

f
β0→β1
α2

H β
0 →

β
1

α 2→
α 3

;y
s ;z

Figure 21.8. The hypercube K1,1
2-h;ys

(i.e. case (K-2)). There is a
length 3 arrow which is not shown.

We describe the construction of K1
2-h;ys

(i.e. case (K-2)) since the other two con-

figurations are handled using similar reasoning. The hypercube K1,1
2-h;ys

is depicted
schematically in Figure 21.8. We think of this cube as relating 2-dimensional faces of
the flip-map hypercubes for the two triples (Σ,α3,α2,β0, w, z) and (Σ,α3,α2,β1,
w, z), which appear as the top and bottom faces of Figure 21.8.

We begin by describing the maps appearing on the back and front faces of
K1,1

2-h;ys
. We pick cycles Θ+

α3,α2 and Θ+
β0,β1

, representing the top degree generators.

The length 1 maps appearing along the back face are the holomorphic triangle

maps with inputs Θ+
α3,α2 and Θ+

β0,β1
. In the case of fβ0

α2→α3;ys;w
, we further restrict

to triangles where sw(ψ) = ys. The length 2 map Hβ0→β1

α2→α3;ys;w
similarly counts

rectangles with the two special inputs Θ+
α3,α2 and Θ+

β0,β1
, again with the restriction

that sw(ψ) = ys. Along the back face, we use the weights Unw(ψ)Tnz(ψ)−nw(ψ).
The maps along the front face are defined similarly, but instead use z as the special
basepoint, and are weighted by Unz(ψ)Tnz(ψ)−nw(ψ).

The remaining maps in the hypercube K1,1
2-h;ys

are constructed by stacking and
compressing 5 hypercubes, mirroring the construction of the flip-map hypercube
in Chapter 18. In analogy to the construction therein, the five hypercubes are as
follows:

(K-2-1) One hypercube involving the map θw and T−n.
(K-2-2) One hypercube involving the tautological map for a diffeomorphism φ

which moves w to z.
(K-2-3) Two hypercubes for changing φ(α3) to α3.
(K-2-4) One hypercube involving the map θz.

The hypercube labeled (K-2-1), involving θw, is shown in Figure 21.9, and the
hypercube (K-2-4) involving θz is similar, though with no weight by a power of T
on the θz arrows.
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CF−(α2,β0, [s]) CF−(α3,β0, ŵ, z, [s+ n])

CF−(α2,β0, [s]) CF−(α3,β0, w)⊗ T s

CF−(α2,β1, [s]) CF−(α3,β1, ŵ, z, [s+ n])

CF−(α2,β1, [s]) CF−(α3,β1, w)⊗ T s

f
β0→β1
α2

id

f
β0
α2→α3;ys;w

H β
0 →

β
1

α 2→
α 3

;y
s ;w

f
β0→β1
α3

T−n·θw

f
β0
α2→α3;ys

⊗T s

f
β0→β1
α3

f
β1
α2→α3;ys;w

id T−n·θw

f
β1
α2→α3;ys

⊗T s

f
β0→β1
α2

H β
0 →

β
1

α 2→
α 3

;y
s ⊗T s

Figure 21.9. The hypercube labeled (K-2-1) in the construction

of K1,1
2-h;ys

.

The hypercube involving the tautological map φ∗, labeled (K-2-2), is straight-
forward to construct, and has the map φ∗ in the direction which comes out of the
page, and no length 2 maps except on the front and back faces.

We now describe the two hypercubes which move φ(α3) to α3, and are la-
beled (K-2-3) above. We construct these two hypercubes by pairing a hyperbox
of alpha attaching curves Lα with a hyperbox of beta attaching curves, as shown
in (21.6). Therein, α2′ denotes a small isotopy of α2. The curves α3

W are ob-
tained by winding α3 to achieve admissibility, in a way which does not intersect
the boundary of the 1-handle region.

(21.6) Lα :=

α2 φ(α3)

α2′ α3
W

α2 α3

Θ+

φ(α3),α2

Θ+

α2′,α2
λ
α3
W

,α2 Θ+

α3
W

,φ(α3)

Θ+

α2,α2′

Θ+

α3
W

,α2′

λα3,α2′ Θ+

α3,α3
W

Θ+

α3,α2

Lβ := β0 β1
Θ+

β0,β1

Next, we discuss the hypercube K1,2
2-h;ys

, which is schematically shown in Fig-

ure 21.10. The hypercube K1,2
2-h;ys

is defined as the compression of a hypercube of

size (5, 5, 1). The top face of this hypercube is shown in Figure 21.11. The bot-
tom face is similar, but has β1 instead of β0. We leave the remaining details of
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CF−(α3,β0, ŵ, z, [s+ n]) CF−(α3,β0, ŵ, z, [s+ n])

CF−(α3,β0, w, ẑ, [s]) CF−(α3,β0, ŵ, z, [s+ n])

CF−(α3,β1, ŵ, z, [s+ n]) CF−(α3,β1, ŵ, z, [s+ n])

CF−(α3,β1, w, ẑ, [s]) CF−(α3,β1, ŵ, z, [s+ n])

f
β0→β1
α3

Fw→z

id

f
β0→β1
α3

id

Fz→w

f
β0→β1
α3

HF
w→z→w

Fw→z

id

id

Fz→w

f
β0→β1
α3

[s+ n]

Figure 21.10. The hypercube K1,2
2-h;ys

from case (K-2). There is
a length 3 map, which is not shown.

(α3,β0, w) (α3,β0, w) (α3,β0, w) (α3,β0, w) (α3,β0, w) (α3,β0, w)

(α3,β0, w) (α3,β0, w) (α3,β0, w) (α3,β0, w) (α3,β0, w) (α3,β0, w)

(φ(α3),β0, z) (α3,β0, w) (α3,β0, w) (α3,β0, w) (α3,β0, w) (α3,β0, w)

(α3
W,β0, z) (φ(α3),β0, z) (α3,β0, w) (α3,β0, w) (α3,β0, w) (α3,β0, w)

(α3,β0, z) (α3
W,β0, z) (φ(α3),β0, z) (α3,β0, w) (α3,β0, w) (α3,β0)

(α3,β0, z) (α3,β0, z) (α3
W,β0, z) (φ(α3),β0, z) (α3,β0, w) (α3,β0)

T−nθw

) (Tnθ−1
w

φ T−nθw

φ−1 ) (Tnθ−1
w

φ T−nθw

φ−1 ) (Tnθ−1
w

φ T−nθw

θ−1
z

φ−1 ) (Tnθ−1
w

φ T−nθw

θz φ−1 Tnθw

Figure 21.11. The top face of the hyperbox used to construct
K1;2

2-h;ys
. The bottom face has β1 in place of β0. A gray, unmarked

arrow indicates the identity map.

the construction of K1,2
2-h;ys

to the reader, since the construction is similar to the

description of K1
F;xs

in Figure 21.6. Similarly, we leave the construction of K1,3
2-h;ys

and K1,4
2-h;ys

to the reader, since they are similar to K3
F;xs

and K4
F;xs

, respectively.

21.4. The hypercube K(1)
cen;ys

We now construct the hypercube K(1)
cen;ys

. The back face of K(1)
cen;ys

will match

a Spinc restriction the front face of the hypercube C(1)
cen from Chapter 16. The
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hypercube K(1)
cen;ys is constructed as a compression of four hypercubes K(1),j

cen;ys , for

j ∈ {1, 2, 3, 4}, which fit into a similar configuration as the hypercubes KΨ,j
i;ys

in
Figure 21.7. As in the previous section, we write w and z for the basepoints on the
diagrams in the central hypercube, even though they have moved in the doubling
operation from their original positions on H3 (see Section 6.2).

We focus on the construction of K(1),1
cen;ys , since K(1),2

cen;ys is simpler, and further-

more the hypercubes K(1),3
cen;ys and K(1),4

cen;ys involve only the maps which appeared on

K(1),1
cen;ys

and K(1),2
cen;ys

, as well as canonical isomorphisms and inclusions. The hyper-

cubes K(1),1
cen,ys

and K(1),2
cen;ys

take the schematic form shown in Figure 21.12.

We first describe the construction of K(1),1
cen;ys . The length 1 and 2 maps along

the back face are constructed the same as in C(1)
cen; see Figure 16.4. The length 1 and

2 maps along the front face are similar, except they use z as the special basepoint,
instead of w.

The remaining maps in K(1),1
cen;ys are obtained by constructing K(1),1

cen;ys by stacking

and compressing two hypercubes Y(1)
l and Y(1)

r , which we stack and compress along

the left face of Y(1)
r and the right face of Y(1)

l . The hypercube Y(1)
r is shown in

Figure 21.13. The hypercube Y(1)
l is shown in Figure 21.14.

We now describe the top hypercube of Figure 21.13, which features in the

construction of Y(1)
r . This hypercube is constructed similarly to the flip-map hy-

percube. There is a new subtlety in that the canonical short path between w and

z now intersects both an alpha curve and a beta curve. Hence, we define Y(1)
r as

the compression of a hyperbox of size (1, 7, 1). The first constituent hypercube
corresponds to θw, the second corresponds to the canonical diffeomorphism moving
w to z. Next, there are four hypercubes: two for changing the alpha curves,and
two for changing the beta curves. Finally, there is a hypercube involving θw.

Next, we describe the bottom hypercube of Figure 21.13. All of the maps except
X and Z have already been constructed. Our construction of X and Z requires Y
to be an L-space, as follows. Firstly, we pick X to be any homogeneously graded
map which is a homotopy between σF3Fw→z and Fw→zσF3. Such a map X exists
by the following reasoning. Let V = F⊕F[1] (i.e. two copies of F, with the grading
of one copy shifted down by 1). For all s, there are homotopy equivalences

(21.7) CF−(γ′, δ′, ŵ, z, [s]) 
 F[U ] and CF−(γ′′, δ′, ŵ, z, [s]) 
 F[U ]⊗ V,

and similarly when z is the special basepoint. We note that HomF[U ](F[U ] ⊗
V,F[U ]) has rank 1 over F in non-positive gradings (and is (0) in positive grad-
ings). Hence, if two F[U ]-equivariant chain maps from CF−(γ′′, δ′, ŵ, z, [s]) to
CF−(γ′′, δ′, ŵ, z, [s′]) have the same homogeneous grading, and induce non-zero
elements of HomF[U ](F[U ]⊗V,F[U ]), then they are chain homotopic. This gives the
map X.

We now construct Z. Let M denote the sum of compositions of length 1 and 2
maps appearing in the length 3 relation of the cube:

M := Xfδ′

γ′→γ′′ + σF3H
F
w→z.

The map M maps CF−(γ′, δ′, ŵ, z, [s+n]) to CF−(γ′, δ′, w, ẑ, [s]). Equation (21.7)
implies that these chain complexes, which are clearly homotopy equivalent as abso-
lutely graded chain complexes via the map Fw→z, are also both homotopy equivalent



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

236 21. THE STRONG CONE FORMULA FOR L-SPACES

CF−(γ′, δ, [s]) CF−(γ′′, δ, ŵ, z, [s+ n])

CF−(γ′, δ, [s]) CF−(γ′′, δ, w, ẑ, [s])

CF−(γ′, δ, [s]) CF−(γ′, δ′, ŵ, z, [s+ n])

CF−(γ′, δ, [s]) CF−(γ′, δ′, w, ẑ, [s])

id

id

fδ
γ′→γ′′;ys;w

σF3f
δ→δ′
γ′′

Fw→z

fδ
γ′→γ′′;ys;z

σF3f
δ→δ′
γ′′

fδ→δ′
γ′;ys;w

id Fw→z

fδ→δ′
γ′;ys;z

id

w, z

CF−(γ′′, δ

ŵ, z, [s+ n])

′ δ

ffδ→δ′
γ′′

FFw→→zz

δδδ
γγγ′′→→γγ′′′′;;yyyss;;zz

σF3FF ff

FF →→zz

CF−(γ′′, δ, ŵ, z, [s+ n]) CF−(γ′′, δ, ŵ, z, [s+ n])

CF−(γ′′, δ, w, ẑ, [s]) CF−(γ′′, δ, w, ẑ, [s+ n])

CF−(γ′, δ′, ŵ, z, [s+ n]) CF−(γ′, δ′, ŵ, z, [s+ n])

CF−(γ′, δ′, w, ẑ, [s]) CF−(γ′, δ′, ŵ, z, [s+ n])

σF3f
δ→δ′
γ′′

Fw→z

id

σF3f
δ→δ′
γ′′

id

Fz→w

σF3f
δ→δ′
γ′′

id

Fw→z id

Fz→w

σF3f
δ→δ′
γ′′

w, z

CF−(γ′′, δ

ŵ, z, [s+ n])

′ δ

ffδ→δ′
γ′′

FFw→→zz

dd

FF →→zz

σF3FF fff

δ δ′γγ′

W

W

γ′′

Figure 21.12. The hypercubes K(1),1
cen;ys

(top) and K(1),2
cen;ys

(mid-
dle). Both cubes have a length 3 arrow which is not drawn. The
cubes are stacked along the gray faces. On the bottom are the
attaching curves in the surgery region.

to F[U ]. Since M is a chain map and has grading +1, it must be chain homotopic
to 0. We let Z by any homogeneously graded map satisfying

[∂, Z] = M.

Finally, we consider the hypercube Y(1)
l , which is shown in Figure 21.14. In

this hypercube, we use the same length 2 map along the right face as along the

bottom face. This map was constructed in Y(2)
r .
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CF−(γ′, δ, [s]) CF−(γ′′, δ, ŵ, z, [s+ n])

CF−(γ′, δ, [s]) CF−(γ′′, δ, w, ẑ, [s])

CF−(γ′, δ′, ŵ, z, [s+ n]) CF−(γ′′, δ′, ŵ, z, [s+ n])

CF−(γ′, δ′, w, ẑ, [s]) CF−(γ′′, δ′, w, ẑ, [s])

fδ→δ′
γ′;ys;w

id

fδ
γ′→γ′′;ys;w

fδ→δ′
γ′′

Fw→z

fδ
γ′→γ′′;ys;z

fδ→δ′
γ′′

fδ′
γ′→γ′′

Fw→z Fw→z

fδ′
γ′→γ′′

fδ→δ′
γ′;ys;z

w, z, [s+ n]) CF (γ , δ , w,

′ δ′ w ẑ [s]) CF−(γ′′ δ

f
γ′→γ′

F →z Fw→z

fδ′

CF−(γ′, δ′, ŵ, z, [s+ n]) CF−(γ′′, δ′, ŵ, z, [s+ n])

CF−(γ′, δ′, w, ẑ, [s]) CF−(γ′′, δ′, w, ẑ, [s])

CF−(γ′, δ′, ŵ, z, [s+ n]) CF−(γ′, δ′, ŵ, z, [s+ n])

CF−(γ′, δ′, w, ẑ, [s]) CF−(γ′, δ′, w, ẑ, [s])

id

Fw→z

fδ′
γ′→γ′′

Z

σF3

Fw→z

X

fδ′
γ′→γ′′

σF3

HF
w→z

id

Fw→z Fw→z

id

id

w, z, [s+ n]) CF (γ , δ , w,

′ δ′ w ẑ [s]) CF−(γ′′ δ

F →z

f
γ′→γ′′

Fw→z

fδ′

HF
w→z

Figure 21.13. The hypercube Y(1)
r is the compression of these

two hypercubes, stacked vertically.

Remark 21.2. The construction of the maps X and Z in Y(1)
r , shown in Fig-

ure 21.13, is unusual in that we used the fact that Y was an L-space to algebraically
determine the existence of two maps. It does not seem possible to construct these
maps by compressing a hypercube analogously to our construction of the flip-map
hypercube. The challenge is that the map Fw→z on the top right of the bottom
cube in Figure 21.13 involves moving w to z along a path which goes through a
3-handle region. See Figure 21.15. The natural algebraic relation involving the
3-handle map does not follow from the framework of stabilizations in Chapter 9.

21.5. The hypercube K(2)
cen;ys

We construct K(2)
cen;ys

by stacking and compressing 4 hypercubes, K(2),j
cen;ys

, for
j ∈ {1, 2, 3, 4}, similarly to Figure 21.7. As in the previous section, we focus on
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CF−(γ′, δ, [s]) CF−(γ′, δ, [s])

CF−(γ′, δ, [s]) CF−(γ′, δ, [s])

CF−(γ′, δ, [s]) CF−(γ′, δ′, ŵ, z, [s+ n])

CF−(γ′, δ, [s]) CF−(γ′, δ′, w, ẑ, [s])

id

id

id

fδ→δ′
γ′;ys;w

id

id

fδ→δ′
γ′;ys;z

fδ→δ′
γ′;ys;w

id Fw→z

fδ→δ′
γ′;ys;z

id

Figure 21.14. The hypercube Y(1)
l . The length 2 maps along the

bottom and right side coincide, and there is no length 3 map.

(γ′′, δ′, ŵ, z) (γ′′, δ′, w, ẑ)

Fw→z

Figure 21.15. Moving w to z through the 3-handle region, in the

hypercube Y(1)
r . See Remark 21.2.

the hypercubes K(2),1
cen;ys and K(2),2

cen;ys . We illustrate these two cubes schematically in
Figure 21.16.

The hypercube K(2),1
cen;ys

is constructed as the compression of the hyperbox shown

in Figure 21.17. We write Y(2)
0 for the top hypercube, therein, and Y(2)

1 for the bot-

tom. The hypercube Y(2)
0 is defined as a compression of a hypercube of size (1, 5, 1),

similar to the flip-map hypercube. In the hyperbox for Y(2)
0 , there is one hypercube

built using θw, one using the tautological diffeomorphism map, one hypercube for
winding δ′′, one cube for unwinding δ′′, and a final hypercube involving θz.

The hypercube Y(2)
1 is defined by stacking and compressing several hypercubes

for destabilization, as we now describe. Since the hypercube Y(2)
0 is the compression

of hyperbox of size (1, 5, 1), the bottom face of Y(2)
0 is the compression of a hyperbox

of size (1, 5). Each of the 3-dimensional hypercubes comprising Y(2)
0 has along

its bottom face only complexes which have a special genus 1 region representing
S1 × S2, S3, or L(m, 1). Furthermore, since the canonical path connecting w
and z does not cross any of the curves in the special genus 1 region, we may
assume that the special genus 1 region is standard for each complex appearing in

the construction of the bottom face of Y(2)
0 . For each cube used to build Y(2)

0 , we
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K(2),1
cen;ys =

CF−(γ′, δ, [s]) CF−(γ′, δ′, ŵ, z, [s+ n])

CF−(γ′, δ, [s]) CF−(γ′, δ′, w, ẑ, [s])

CF−(γ, δ̃
′
, [s]) CF−(γ, δ′′, ŵ, z, [s+ n])

CF−(γ, δ̃
′
, [s]) CF−(γ, δ′′, w, ẑ, [s])

σ0F3f
δ→˜δ′
γ′

id

fδ→δ′
γ′;ys;w

σ0F3f
δ′→δ′′
γ′

Fw→z

fδ→δ′
γ′;ys;z

σ0F3f
δ′→δ′′
γ′

HF
w→z

f
˜δ′→δ′′
γ;ys;w

id HF
w→z Fw→z

f
˜δ′→δ′′
γ′;ys;w

σ0F3f
δ→˜δ′
γ′

w, z

CF−(γ′, δ

ŵ, z, [s+ n])

δ′

δ′→δ′′
γ′

Fw→z

fδ→δ′
γ′;ys;z

σ0F3FF f
γ

F →z

K(2),2
cen;ys =

CF−(γ′, δ′, ŵ, z, [s+ n]) CF−(γ′, δ′, ŵ, z, [s+ n])

CF−(γ′, δ′, w, ẑ, [s]) CF−(γ′, δ′, ŵ, z, [s+ n])

CF−(γ, δ′′, ŵ, z, [s+ n]) CF−(γ, δ′′, ŵ, z, [s+ n])

CF−(γ, δ′′, w, ẑ, [s]) CF−(γ, δ′′, ŵ, z, [s+ n])

σ0F3f
δ′→δ′′
γ′

Fw→z

id

σ0F3f
δ′→δ′′
γ′

id

Fz→w

σ0F3f
δ′→δ′′
γ′

HF
w→z→w

id

Fw→z HF
w→z→w id

Fz→w

σ0F3f
δ′→δ′′
γ′

w, z

CF−(γ′, δ

ŵ, z, [s+ n])

δ′

δ′→δ′′
γ′

Fw→z

id

F →z

σ0F3FF f
γ

δ δ′ δ′′δ̃
′

γγ′

W

W

Figure 21.16. The hypercubes K(2),1
cen;ys

and K(2),2
cen;ys

. Both have a
length 3 arrow (not shown).

build a corresponding hypercube of destabilization in Y(2)
1 . The maps along the

top face of each of these cubes for Y(2)
1 coincide with the maps appearing along the

bottom of the corresponding hypercube used for Y(2)
0 . The maps along the bottom

are given by the same set of moves used for Y(2)
0 , but applied to the diagram

obtained by removing the 3-handle region and adding a lens-space stabilization.
The length 1 vertical maps are all σ0F3. Propositions 10.2 and 10.6 imply that the

resulting diagram satisfies the hyperbox relations. Finally Y(2)
1 is defined as the

compression of this hyperbox of size (1, 5, 1).

The construction of K(2),2
cen;ys

, shown on the bottom of Figure 21.16, follows from

a similar construction. The hypercubes K(2),3
cen;ys

and K(2),4
cen;ys

are not substantially
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Y(2)
0 =

CF−(γ′, δ, [s]) CF−(γ′, δ′, ŵ, z, [s+ n])

CF−(γ′, δ, [s]) CF−(γ′, δ′, w, ẑ, [s])

CF−(γ′, δ̃
′
, [s]) CF−(γ′, δ′′, ŵ, z, [s+ n])

CF−(γ′, δ̃
′
, [s]) CF−(γ′, δ′′, w, ẑ, [s])

fδ→˜δ′
γ′

id

fδ→δ′
γ′;ys;w

fδ′→δ′′
γ′

Fw→z

fδ→δ′
γ′;ys;z

fδ′→δ′′
γ′

HF
w→z

f
˜δ′→δ′′
γ′;ys;w

id HF
w→z Fw→z

f
˜δ′→δ′′
γ′;ys;z

fδ→˜δ′
γ′

δ , [s]) CF (γ , δ , w,

(γ′ δ̃
′
[s]) CF−(γ′ δ

f
γ′;ys;w

id HF
w→z Fw→z

f
˜δ′→δ′′

Y(2)
1 =

CF−(γ′, δ̃
′
, [s]) CF−(γ′, δ′′, ŵ, z, [s+ n])

CF−(γ′, δ̃
′
, [s]) CF−(γ′, δ′′, w, ẑ, [s])

CF−(γ, δ̃
′
, [s]) CF−(γ, δ′′, ŵ, z, [s+ n])

CF−(γ, δ̃
′
, [s]) CF−(γ, δ′′, w, ẑ, [s])

σ0F3

id

f
˜δ′→δ′′
γ′;ys;w

σ0F3

Fw→z

f
˜δ′→δ′′
γ′;ys;z

σ0F3

HF
w→z

f
˜δ′→δ′′
γ;ys;w

id HF
w→z Fw→z

f
˜δ′→δ′′
γ;ys;z

σ0F3

CF (γ , δ , w,

CF−(γ′ δ

δ , [s])

(γ′ δ̃
′
[s])

id

f
γ′;ys;w

Fw→z

f
˜δ′→δ′′

HF
w→z

Figure 21.17. A hyperbox whose compression is K(2),1
cen;ys

. The

hypercube Y(2)
0 has a length 3 arrow (not shown), whereas Y(2)

1

does not.

different than the corresponding hypercubes of K1,3
2-h;ys

and K1,4
2-h;ys

, shown in Fig-
ure 21.7.

21.6. The hypercube K(3)
cen;ys

Similar to K(1)
cen;ys and K(2)

cen;ys , the hypercube K(3)
cen;ys is defined by stacking

and compressing four hypercubes K(3),j
cen;ys

, for j ∈ {1, 2, 3, 4}. The construction is

similar to K(2)
cen;ys

, so we focus on K(3),1
cen;ys

, and leave the other three hypercubes to

the reader. Recall that C(3)
cen is defined by stacking C(3)

aux,Πcan and a hypercube for

destabilization C(3)
cen,3-h. The hypercube K(3),1

cen;ys
is the compression of the hyperbox

shown in Figure 21.18.
The hypercubes in Figure 21.18 are each constructed as the compression of

a hypercube of size (1, 4, 1), similar to the ones appearing in the construction of
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CF−(γ, δ̃
′
, [s]) CF−(γ, δ′′, ŵ, z, [s+ n])

CF−(γ, δ̃
′
, [s]) CF−(γ, δ′′, w, ẑ, [s])

CF−(γ, δ2, [s]) CF−(γ, δ3, ŵ, z, [s+ n])

CF−(γ, δ2, [s]) CF−(γ, δ3, w, ẑ, [s])

f
˜δ′→δ2
γ

id

f
˜δ′→δ′′
γ;ys;w

fδ′′→δ3
γ

Fw→z

f
˜δ′→δ′′
γ;ys;z

fδ′′→δ3
γ

HF
w→z

f
δ2→δ3
γ;ys;w

id HF
w→z Fw→z

f
δ2→δ3
γ;ys;z

f
˜δ′→δ2
γ

δ2, [s]) CF (γ, δ3, w, z

−(γ δ2 [s]) CF−(γ δ3

f 2 3
γ;ys;w

id HF
w→z Fw→z

f
δ2→δ3

CF−(γ, δ2, [s]) CF−(γ, δ3, ŵ, z, [s+ n])

CF−(γ, δ2, [s]) CF−(γ, δ3, w, ẑ, [s+ n])

CF−(α ∪ β,Δ2, [s]) CF−(α ∪ β,Δ3, ŵ, z, [s+ n])

CF−(α ∪ β,Δ2, [s]) CF−(α ∪ β,Δ3, w, ẑ, [s])

F3

id

f
δ2→δ3
γ;ys;w

F3

Fw→z

f
δ2→δ3
γ;ys;z

F3

HF
w→z

f
Δ2→Δ3
α∪β;ys;w

id HF
w→z Fw→z

f
Δ2→Δ3
α∪β;ys;z

F3

CF (γ, δ3, w, z

CF−(γ δ3

δ2, [s])

−(γ δ2 [s]) w

id

f 2 3
γ;ys;w

Fw→z

f
δ2→δ3

HF
w→z

δ′′δ̃
′

γ δ3δ2

Figure 21.18. The two hypercubes used to build K(3),1
cen;ys

. The
cubes are stacked along the gray faces.

the cube K(2),1
cen;ys

. The construction of the hypercube K(3),2
cen;ys

follows from the same

line of reasoning used to construct the hypercube K(2),2
cen;ys . Hypercubes K(3),3

cen;ys and

K(3),4
cen;ys

are constructed similarly.

21.7. The hypercubes Kη;ys
and KF;ys

We now construct the hypercube Kη;ys
. We define it to be the compression of

the hyperbox of size (2, 2, 1) shown in Figure 21.19.
Next, we consider the hypercube KF;ys

. It is obtained by compressing the
hyperbox described schematically in Figure 21.20.

We now explain the maps appearing in Figure 21.20. The length 2 maps in
the top left cube are constructed in the flip-map hypercube. The map along the
top and the map along the back are equal. The hypercube relations are clearly



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

242 21. THE STRONG CONE FORMULA FOR L-SPACES

CF−(H2
, [s]) CF−(H3

z, [s+ n]) CF−(H3

z, [s+ n])

CF−(H2
, [s]) CF−(H3

w, [s]) CF−(H3

z, [s+ n])

CF−(H2, [−s]) CF−(H3
z, [−s− n]) CF−(H3

z, [−s− n])

CF−(H2, [−s]) CF−(H3
w, [−s]) CF−(H3

z, [−s− n])

η2

id

f2→3
ys;z

η
3

Fz→w

id

η
3

id

f2→3
ys;w Fw→z

HF
z→w

η
3

HF
z→w→z

f2→3
x−s;z

id HF
z→w

Fz→w

id

HF
z→w→z id

f2→3
x−s;w

η2

Fw→z

η
3

H , [s]) CF (Hw, [s]) CF (Hz

CF−(H3
z, [−s− n]) CF−(H3

z, [−s− n])

H2 [−s]) CF−(H3 [−s]) CF−(H3

η
3

η
3

fys;w Fw→z

η

HF
z→w

Fz→w

id

HF
z→w→z id

f2→3

2

F

η
3

CF−(H2
, [s]) CF−(H3

w, [s]) CF−(H3

z, [s+ n])

As(H
3
) B̃s(H

3
) Bs+n(H

3
)

CF−(H2, [−s]) CF−(H3
w, [−s]) CF−(H3

z, [−s− n])

A−s(H3) B−s(H3) B̃−s−n(H3)

η2

Γs;w

f2→3
ys;w

η
3

θw

Fw→z

η
3

θz

ṽ Fw→z

Us+nηK

f2→3
x−s;w

Γ−s;w θw

Fw→z

θz

v

UsηK

Fw→z

UsηK

H , [s]) CF (Hw, [s]) CF (Hz

As(H
3
) B̃s(H

3
)

H2 [−s]) CF−(H3 [−s]) CF−(H3

2

Γs;w

fys;w

η
3

θw

Fw→z

η

ṽ Fw→

f2→3
F

UsηK UsηK

Figure 21.19. The hypercube Kη;ys
is obtained by compressing

the above hypercube. The gray faces indicate how the hyperboxes
are stacked.

satisfied. The length 2 and 3 maps in the top right cube are constructed in the
same manner as those appearing in K2

F;xs
. See Figure 21.5. The bottom left and

right cubes of Figure 21.20 are tautological.
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CF−(H2, [−s]) CF−(H3
z, [−s− n]) CF−(H3

z, [−s− n])

CF−(H2, [−s]) CF−(H3
w, [−s]) CF−(H3

z, [−s− n])

CF−(H2, [−s]) CF−(H3
w, [−s]) CF−(H3

w, [−s])

CF−(H2, [−s]) CF−(H3
w, [−s]) CF−(H3

w, [−s])

id

id

f2→3
x−s;z

H F
z→

w

Fz→w

Fz→w

id

Fz→w

id

f2→3
x−s;w Fw→z

HF
z→w

Fz→w

HF
z→w→z

f2→3
x−s;w

id id

id

id

f2→3
x−s;w

id

id

id

H F
w→

z→
w

H , [−s]) CF (Hw, [−s]) CF (Hz,

CF−(H3
w, [−s]) CF−(H3

w, [−s])

H2 [−s]) CF−(H3 [−s]) CF−(H

H F
z→

w

Fz→w Fz→w

fx−s;w Fw→z

Fz→

id id

f2→3

d

id

id

H F
w→

z→
w

CF−(H2, [−s]) CF−(H3
w, [−s]) CF−(H3

z, [−s− n])

A−s(H3) B−s(H3) B̃−s−n(H3)

CF−(H2, [−s]) CF−(H3
w, [−s]) CF−(H3

w, [−s])

A−s(H3) B−s(H3) B−s(H3)

id

Γ−s;w

f2→3
x−s;w

id

θw

H F
w→

z→
w

Fw→z

Fz→w

θz

v Fw→z

Fz→w

f2→3
x−s;w

Γ−s;w θw

id

θw

v

id

id

id

H , [−s]) CF (Hw, [−s]) CF (Hz,

A−s(H3) B−s(H3)

H2 [−s]) CF−(H3 [−s]) CF−(H

d

Γ−s;w

fx−s;w

id

θw

H F
w→

z→
w

Fw→z

Fz→

v Fw→

f2→3
id

id id

Figure 21.20. The hypercube KF;ys
is obtained by compressing

this hyperbox. The gray faces are stacked. The hypercube K2
F;ys

has a length 3 map, which is not shown, while the other three
hypercubes do not.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

CHAPTER 22

Rational surgeries and 0-surgeries

In this chapter, we prove a version of the involutive surgeries formula for Morse
surgeries on rationally null-homologous knots, and as an application, for rational
surgeries on knots in S3. We begin with some basic topology, then state the invo-
lutive mapping cone formula in these cases and describe how the proofs differ from
the arguments for null-homologous knots. In Section 22.9, we describe a version of
the mapping cone formula for 0-surgeries.

22.1. Rationally null-homologous knots

In this section, we describe a few basic topological notions related to rationally
null-homologous knots.

Suppose Y is a rational homology 3-sphere and K ⊆ Y is a knot, which has
order d > 0 in H1(Y ;Z). A rational Seifert surface for K is an integral 2-chain F
satisfying

∂F = d · [K].

We now describe H1(Y \K;Z). There is a Meyer-Vietoris exact sequence

(22.1) 0 → Z
σ−→ H1(Y \K) → H1(Y ) → 0,

where σ(n) = n · μ and μ is a meridian. Using a rational Seifert surface F , we
obtain a map

� : H1(Y \K) → Q

given by �(x) = #(x ∩ F )/d. Note that � ◦ σ gives the standard inclusion of Z into
Q. We obtain an embedding of groups

(22.2) (�, i) : H1(Y \K) → Q⊕H1(Y ),

where i is the inclusion of H1(Y \ K) into H1(Y ). We can explicitly describe the

image of (�, i). If h ∈ H1(Y ), let ĥ ∈ H1(Y \K) be any lift. We define

(22.3) Â(h) := [#(ĥ ∩ F )/d] ∈ Q/Z.

The quantity Â(h) is well defined in Q/Z, since ĥ is well-defined up to addition of
an integral multiple of μ, and �(x + μ) = �(x) + 1. The image of (�, i) consists of

all pairs (t, h) where t ∈ Â(h) viewed as a subset of Q.
Next, we discuss surgeries on rationally null-homologous knots. We say a fram-

ing is Morse if it is induced by a simple closed curve on ∂N(K) which intersects the
meridian exactly once. For null-homologous knots in an integer homology sphere,
there is a canonical identification of the set of Morse framings with Z. For ra-
tionally null-homologous knots, the set of Morse framings is canonically identified
with Â([K]), viewed as a subset of Q. The correspondence is given by

(22.4) λ �→ #(λ ∩ F )/d.

245
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Suppose λ is a Morse framing. Write Wλ(K) : Y → Yλ(K) for the correspond-
ing 2-handle cobordism, and write W ′

λ(K) : Yλ(K) → Y for the 2-handle cobordism
with the opposite orientation. Applying Mayer-Vietoris to the attaching region in
Y , we obtain an exact sequence

(22.5) 0 → Z → H2(W ′
λ(K)) → H2(Y ) → 0,

where Z acts by the Poincaré dual of the co-core of the 2-handle. Similar to (22.2),
we obtain an embedding

(22.6) H2(W ′
λ(K)) → Q⊕H2(Y ),

by combining the restriction from H2(W ′
λ(Y )) → H2(Y ) with the map H2(W ′

λ(K))
→ Q given by

η �→ 〈η, Σ̂d〉/d.
Here, Σ̂d is the surface obtained by taking d copies of the core Σ of the 2-handle
and capping using a rational Seifert surface.

Since W ′
λ(K) is also obtained by attaching a 2-handle to Yλ(K), we analogously

obtain an exact sequence

(22.7) 0 → Z → H2(W ′
λ(K)) → H2(Yλ(K)) → 0,

where Z now acts by the Poincaré dual of the core of the 2-handle which is attached
to K. Combining (22.6) we obtain the description

H2(Yλ(K)) ∼= H2(W ′
λ(K))/(−λ,PD[K]),

where we view H2(W ′
λ(K)) as being a subgroup Q⊕H2(Y ).

22.2. Spinc structures

Similar to (22.5), there is an exact sequence of affine spaces

(22.8) 0 → Z → Spinc(W ′
λ(K)) → Spinc(Y ) → 0.

The fiber of the map from Spinc(W ′
λ(K)) to Spinc(Y ) is generated by the Poincaré

dual to the co-core of the 2-handle. There is a natural map A : Spinc(W ′
λ(K)) → Q,

given by

(22.9) A(s) =
〈c1(s), [Σ̂d]〉 − [Σ] · [Σ̂d]

2d
,

where Σ denotes the core of the 2-handle, and Σ̂d denotes d[Σ], capped off using a
rational Seifert surface. We obtain an embedding

(22.10) Spinc(W ′
λ(K)) → Q× Spinc(Y ),

where s �→ (A(s), s|Y ).
We write

H(Y,K) ⊆ Q× Spinc(Y )

for the image of the above embedding. We can describe H(Y,K) more explicitly.
There is a map

(22.11) Â : Spinc(Y ) → Q/Z,

obtained by lifting s to an element u ∈ Spinc(W ′
λ(K)), and setting Â(s) = A(u).

Since adding the Poincaré dual of the co-core of the 2-handle changes L by ±1, the
coset Â(s) is well-defined. The image of the map in (22.10) consists of all pairs (t, s)
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where t ∈ Â(s). We write ut,s for the Spinc structure on W ′
λ(K) corresponding to

the pair (t, s) ∈ Q× Spinc(Y ).
The set H(Y,K) is independent of the framing λ. In fact, from the construction

of the absolute gradings on CFK−(Y,K) (cf. Section 22.5), it is immediate that
the Alexander grading on CFK−(Y,K, s) takes values in in t0 + Z, where t0 is any
element of Q in the fiber over s in the exact sequence of (22.8). (A purely topological
proof of this fact may be given by tracing through the proof of the well-definedness
of the absolute gradings in [OS03]).

Similar to (22.8), there is an exact sequence

0 → Z → Spinc(W ′
λ(K)) → Spinc(Yλ(K)) → 0,

where now Z acts by the Poincaré dual to the core of the 2-handle attached along
K ⊆ Y . In terms of the embedding in (22.10), the Poincaré dual of the core

acts on Spinc(Y ) by PD [K], and on Q by 〈PD [Σ], Σ̂d〉/d = #(K ∩ −F ) = −λ.
Hence, Spinc(Yλ(K)) is isomorphic to the quotient of H(Y,K) by the action of
(−λ,PD [K]).

The first Chern class has a simple description in this framework. Namely, if
(t, s) ∈ H(Y,K) and ut,s ∈ Spinc(W ′

λ(K)) is the corresponding Spinc structure,
then we can rearrange (22.9) to obtain

(22.12)
〈c1(ut,s), [Σ̂d]〉

d
= 2t− λ.

Hence

(22.13) c21(ut,s) =
(2t− λ)2

λ
.

In terms of the embedding in (22.10), the conjugation action on H(Y,K) has
the following description:

(22.14) (t, s) �→ (−t+ λ, s).

There are two families of Spinc structures on W ′
λ(K) : Yλ(K) → Y which we

are interested in when λ is large. Each element t ∈ Spinc(Yλ(K)) ∼= H(Y,K)/(−λ,
PD [K]) has a unique representative (t0, s0), where −λ/2 < t0 ≤ λ/2. Furthermore,
any other Spinc structure on W ′

λ(K) which restricts to t has the form (t0+kλ, s0−
kPD [K]), for an integer k. We define

xt = (t0, s0), and yt = (t0 + λ, s0 − PD [K]).

The following is a restatement of [OS11, Proposition 4.2] using our present
notation:

Lemma 22.1. Suppose that K is a rationally null-homologous knot in Y , and
C is a fixed number. The following hold:

(1) If λ is a sufficiently large Morse framing on K, then the Spinc structures
xt and yt realize the maximal and second maximal squares over all Spinc

structures on W ′
λ(K) which restrict each t ∈ Spinc(Yλ(K)). Furthermore,

c1(z)
2 ≤ max{c21(xt), c21(yt)} − C,

whenever z|Yλ(K) = t and z 
∈ {xt, yt}.
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(2) There is a number b such that if t0 < −b or b < t0 and λ is sufficiently
large, then

C ≤ max{c21(xt), c21(yt)} −min{c21(xt), c21(yt)},
whenever (t0, s) ∈ H(Y,K) is the unique representative of t with −λ/2 <
t0 ≤ λ/2.

Proof. Suppose t ∈ Yλ(K), and let (t0, s) be the unique extension to W ′
λ(K)

with −λ/2 < t0 ≤ λ/2. Any other Spinc structure on W ′
λ which restricts to t may

be written as (t0+sλ, s+s ·PD [K]), for some s ∈ Z. Equation (22.13) implies that

c21(t0 + sλ, s0 + sPD [K]) = − (2t0 + (2s− 1)λ)2

λ
.

Ranging over all real x, the function −(2t0+xλ)2 is a quadratic which is maximized
at x = −2t0/λ, which by assumption lies in the half open interval (−1, 1]. Ranging
only over odd integers x, the quadratic function −(2t0 + xλ)2 will take on its two
largest values at x = −1 and x = 1, which correspond to s = 0 and s = 1. These
two values themselves correspond to xt and yt, respectively.

For the stated inequality, suppose first that t0 ≤ 0. Then the Spinc structures
with maximal and third to maximal squares are (t0, s) and (t0 − λ, s + PD [K]).
Using (22.13), the drop in c21 between these two Spinc structures is

(22.15) − (2t0 − λ)2

λ
+

(2t0 − 3λ)2

λ
= 8(λ− t0) ≥ 4λ.

Similarly, if t0 ≥ 0, then the maximal and third to maximal Spinc structures are
(t0 + λ, s− PD [K]) and (t0 + 2λ, s− 2PD [K]), the difference of whose squares is

(22.16) − (2t0 + λ)2

λ
+

(2t0 + 3λ)2

λ
= 8(λ+ t0) ≥ 4λ.

Combining (22.15) and (22.16) easily gives the stated inequality, for sufficiently
large λ.

If t0 > 0, then the maximal square is achieved by yt, and the second maximal
is obtained by xt.

Hence,

c21(yt)− c21(xt) =
(2t0 + λ)2

λ
− (2t0 − λ)2

λ
=8t0.

(22.17)

If t0 < 0, then the maximal Spinc structure is xt, and the second maximal is
yt. Arguing as in (22.17) shows that c21(xt) − c21(yt) = −8t0. Combining these, we
obtain

max{c21(xt), c21(yt)} −min{c21(xt), c21(yt)} = 8|t0|.
Setting b = C/8 gives the main claim. �

22.3. The cobordism Wλ,λ+m

Suppose K is a knot in a rational homology 3-sphere Y , and let K ′ and K ′′

denote two unknots, so that K ′ is unlinked from K, but K ′′ links both, as in
Figure 20.2. Let L = K ∪K ′∪K ′′ and let Λ = (λ,m, 0) denote a Morse framing on
L, where m is a positive integer. We can view the cobordism Wλ,λ+m as going from
Yλ(K)#L(m, 1) to Yλ+m(K), and being obtained by surgery on K ′′, after already
having performed surgery on K and K ′.
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Let D′ and D′′ be Seifert disks of K ′ and K ′′, and let F be a rational Seifert
surface of K. Let d > 0 be the order of K in H1(Y ;Z).

We obtain classes F̂ , D̂′, and D̂′′ in the surgery cobordism WΛ(L) by capping
F , D′, and D′′ with the core of 2-handles. These form a basis of H2(WΛ(L);Z).
The intersection form is clearly

Q =

⎛⎝d2λ 0 d
0 m 1
d 1 0

⎞⎠
The homology of H2(Wλ,λ+m;Z) is the orthogonal complement (over Z) of the span
of the first two basis elements. The orthogonal complement is spanned by the vector

Σ̂ =

⎛⎝ m/g
dλ/g

−dλm/g

⎞⎠ ,

where g = gcd(m, dλ). Clearly,

Σ̂2 = −dλm(dm+ dλ)

g2
.

We now wish to consider gradings on the cobordism map, which will be helpful
to prove that the vertical truncation of the main hypercube is homogeneously graded
for both positive and negative framings λ.

Lemma 22.2. There is a C, such that for all large m and all s∈Spinc(Yλ+m(K)),

the homogeneous elements of CF δ(Yλ+m(K), t) have gradings which lies in the in-
terval [−C, λ+m

4 + C].

Proof. Using the large surgeries theorem [OS11, Proposition 4.2], it follows

that there is a C > 0 such that the homogeneous elements of CF δ(Yλ+m(K), t)
have grading which fall within C of

−max{(c1(u)2 + 1)/4 : u ∈ Spinc(W ′
λ+m(K), u|Yλ+m

= t}.
The Chern classes with maximal and second to maximal square are xt and yt, which
have squares

c1(xt)
2 = − (2t0 − λ−m)2

λ+m
and c1(yt)

2 = − (2t0 + λ−m)2

λ+m
,

where −(λ+m)/2 < t0 ≤ (λ+m)/2. Assuming m is sufficiently large, the maximum
of these two quantities always lies in the interval [−(λ+m), 0], implying the main
statement. �

The following is very similar to [OS11, Lemma 6.7] (the only difference is that
it is stated for negative surgeries as well as positive):

Lemma 22.3. Suppose λ 
= 0 and C is some fixed number. For all m sufficiently
large, each Spinc structure on ∂Wλ,λ+m has at most one extension u to Wλ,λ+m(K)
such that (c21(u) +m)/4 lies in the interval [−C, (λ+m)/4 + C].

Proof. The proof is naturally broken into cases, depending on the sign of λ.
We consider negative λ first. If λ is negative, the cobordism Wλ,λ+m is positive
definite, so it is sufficient to show that for each Spinc structure on ∂Wλ,λ+m(K),
there is at most one extension u with

(22.18) c21(u) ≤ λ+ C.
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We can write c1(u) = α · PD [Σ̂] for some α ∈ Q, and (22.18) implies

|α| ≤
√

C + λ

Σ̂2
.

For sufficiently large m, we may assume that |α| ≤ 1/2 for all u satisfying (22.18). If
u′ is another Spinc structure onWλ,λ+m which has the same restriction to ∂Wλ,λ+m,

then we may write u′ = u+ jPD [Σ̂], for some j ∈ Z. We compute that

c21(u
′)− c21(u) = 4j〈c1(u), [Σ̂]〉+ 4j2Σ̂2

= 4j2Σ̂2(α/j + 1).

By letting m be sufficiently large, the inequality (22.18) will be violated for u′.
The case when λ is positive is similar (cf. [OS11, Lemma 6.7]). �

22.4. Negative surgeries

The involutive hypercube we have constructed gives a morphism from
CFI δ(Yλ(K)) to XIδλ. For positive λ, the analysis performed by Ozsváth and Szabó
[OS11, Section 6], together with the obvious analog of Lemma 20.9, show that the

map is homogeneously graded, with respect to a relative Z valued grading on XIδλ.
For negative coefficients, our argument thus far shows only that the hypercube
determines an ι-homotopy equivalence, but we have not shown it to be homoge-
neously graded. Note that Ozsváth and Szabó construct a different 2-dimensional
hypercube to prove the statement about gradings in the case of negative surgery
coefficients. Instead of building another involutive hypercube to mirror Ozsváth
and Szabó’s approach, we opt to to show that the vertical truncation of the main
hypercube is also homogeneously graded for negative surgery coefficients, when m
is sufficiently large.

The following is the key new lemma for handling gradings in the main hypercube
for negative surgeries:

Lemma 22.4. Suppose C is fixed. For sufficiently large m, the following holds:
if t ∈ Spinc(Yλ(K)) and s ∈ Spinc(Y ), then for each t ∈ Q, the set of real numbers

Gw(t, s, t) :=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩grw(u)

∣∣∣∣∣∣∣∣∣∣
u ∈ Spinc(W ′

λ(K)#D(−m, 1))
u|Yλ(K) = t

u|Y = s

u|L(m,1) = scan

A(u)− t ∈ mZ

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
contains no two elements which have distance less than C.

Proof. Each Spinc structure on W ′
λ(K)#D(−m, 1) decomposes as a con-

nected sum w#z where w ∈ Spinc(W ′
λ(K)) and z ∈ Spinc(D(−m, 1)). With this

notation,

A(w#z) =
〈c1(w), Σ̂d〉 − [Σ] · [Σ̂d]

2d
+

〈c1(z), S〉 − S2

2
,

where Σ̂d ⊆ W ′
λ(K) is d copies of the core Σ of the 2-handle capped off with a

rational Seifert surface, and S is the 2-sphere in D(−m, 1) of self-intersection −m.
Suppose that u0 = w0#z0 satisfies A(w0#z0) ≡ s0 (mod m). Any other Spinc

structure with the same boundary restrictions may be written as

ui,j = (w0 + iPD [Σ̂d])#(z0 + jPD [S]),
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for integers i and j. Note that adding PD [S] changes A by m, and adding Σ̂d

changes A by [Σ̂d]
2/d = −dλ. Hence A(u0) − A(ui,j) ∈ mZ if and only if idλ ≡ 0

(mod m). We compute that

grw(ui,j)− grw(u0) =
c21(ui,j)− c21(u0)

4

= i〈c1(w0), [Σ̂d]〉+ i2[Σ̂d]
2 + j〈c1(z0), [S]〉+ j2S2

= i〈c1(w0), [F ]〉 − i2dλ+ jkm− j2m,

(22.19)

for some k ∈ Z. Note that since idλ ≡ 0 (mod m), the integer i is divisi-
ble by m/ gcd(m, dλ). Hence Gw(t, s, t) is a subset of a lattice of the form α +
(m/ gcd(m, dλ)) · Z), where α ∈ Q. The main claim follows, by picking m so that
m/dλ > C, since |m/ gcd(m, dλ)| ≥ |m/dλ|. �

22.5. Knot Floer homology and rationally null-homologous knots

In this section, we consider the Floer homology of rationally null-homologous
knots. We focus on knots in rational homology 3-spheres, to simplify the presen-
tation. However, our discussion holds more generally if we focus on torsion Spinc

structures.
Suppose K is a rationally null-homologous knot in a rational homology 3-sphere

Y , and s ∈ Spinc(Y ). We pick a Heegaard diagram (Σ,α,β, w, z) for (Y,K), and
define the full knot Floer complex CFK−(Y,K, s) to be the free F[U ,V ]-module
generated by x ∈ Tα ∩ Tβ satisfying sw(x) = s.

The module CFK−(Y,K, s) admits two gradings, grw and grz, for which U and
V having bigradings (−2, 0) and (0,−2). These gradings are obtained from the
absolute Maslov gradings on CF−(Y, s) and CF−(Y, s−PD [K]), via the canonical
isomorphisms

CFK−(Y,K, s)⊗ F[U ,V ]/(V − 1) ∼= CF−(Y, s) and

CFK−(Y,K, s)⊗ F[U ,V ]/(U − 1) ∼= CF−(Y, s− PD [K]).

The difference in Spinc structures on the right hand side arises from the relation

(22.20) sw(x)− sz(x) = PD [K].

We take as the definition of the absolute Alexander grading the following:

(22.21) A :=
1

2
(grw − grz).

The equivalence with other formulations is verified in [HL24, Lemma 2.10]. An
alternate approach for null-homologous knots may be found in [Zem19b, Theorem
2.13 (e); Proposition 8.1]).

The Alexander grading takes values in Q, but is relatively Z valued. If s ∈ Q,
we define A(t,s)(Y,K) to be the subset of CFK−(Y,K, s) in Alexander grading t, and

we set B(t,s)(Y,K) to be the subset of V −1 · CFK−(Y,K, s) in Alexander grading t.
The construction of an involution on knot Floer homology described in [HM17]

extends to rationally null-homologous knots. However, there is a new subtlety due
to (22.20), in that the involution has the form

ιK : CFK−(Y,K, s) → CFK−(Y,K, s− PD [K]).

To streamline the presentation, we find it helpful to consider the grading
changes associated to link cobordisms, similar to the presentation of [Zem19b].
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The Alexander grading formulas therein are stated for null-homologous links. We
now describe how to quickly derive the Alexander grading changes for cobordisms
between rationally null-homologous knots from [Zem19b]. More generally, one
could easily adapt the line of reasoning in [Zem19b] to handle cobordisms be-
tween rationally null-homologous links, but we will not do so here.

Suppose (W,Σ): (Y1,K1) → (Y2,K2) is an oriented, genus 0 knot cobordism
between two rationally null-homologous knots. Further, suppose s ∈ Spinc(W ) has
torsion restriction to Y1 and Y2. We consider the link cobordism map FW,Σ,s for
(W,Σ). (The cobordism maps of [Zem19c] also require a decoration on Σ; here
we assume it consists of two parallel arcs running from K1 to K2). According to
[Zem19b, Theorem 1.4], the grw and grz grading changes are given by

grw(FW,Σ,s(x))− grw(x) =
c21(s)− 2χ(W )− 3σ(W )

4
,

grz(FW,Σ,s(x))− grz(x) =
c21(s− PD [Σ])− 2χ(W )− 3σ(W )

4

(22.22)

Here, we are viewing [Σ] as a class in H2(W,∂W ). From (22.21), we obtain

(22.23) A(FW,Σ,s(x))−A(x) =
c21(s)− c21(s− PD [Σ])

2
.

If N is an integer such that N · [K1] = 0 and N · [K2] = 0, as elements of H1(Y1)
and H1(Y2), then it is easy to rearrange (22.23) to obtain

(22.24) A(FW,Σ,s(x))−A(x) =
〈c1(s), [Σ̂N ]〉 − [Σ] · [Σ̂N ]

2N
,

where Σ̂N denotes a class in H2(W ), which is a preimage of N · [Σ] under the map
H2(W ) → H2(W,∂W ).

Note that given the construction of the absolute gradings in [OS03], as well as

our definition in (22.21), we see that that Â(s) is exactly the subset of Q that the
Alexander grading on CFK−(Y,K, s) takes values in.

22.6. Ozsváth and Szabó’s mapping cone formula for rationally
null-homologous knots

We now restate Ozsváth and Szabó’s mapping cone formula using the notation
from Sections 22.1 and 22.2. We set

A(Y,K) =
∏

(t,s)∈H(Y,K)

A(t,s)(Y,K) and B(Y,K) =
∏

(t,s)∈H(Y,K)

B(t,s)(Y,K),

where A(t,s)(Y,K) denotes A(t,s)(Y,K)⊗F[U ] F�U�, and similarly for B(t,s)(Y,K).
The differential Dλ is the sum of two maps, v and h. The map v restricts to

the inclusion of A(t,s)(Y,K) into B(t,s)(Y,K). Similarly,

h(t,s) = Fz→w ◦ ṽ(t,s),

where ṽ(t,s) is the inclusion of At(Y,K, s) into B̃t(Y,K, s), and

Fz→w : B̃t(Y,K, s) → Bt+λ(Y,K, s− PD [K]),
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is the the canonical homotopy equivalence, as follows. Write w and z for the two
basepoints of K. We consider the canonical isomorphisms

θz : B̃(t,s)(Y,K,w, z) → CF−(Y, z, s− PD [K])⊗ T t and

θw : B(t+λ,s−PD [K])(Y,K,w, z) → CF−(Y,w, s− PD [K])⊗ T t+λ.

The change in Spinc structure appearing in the definition of θz is due to the relation

sw(x)− sz(x) = PD [K].

We let φ be a diffeomorphism which moves z to w along a subarc of K. We define

Fz→w := θ−1
w ◦ (φ∗ ⊗ Tλ) ◦ θz.

Remark 22.5. We have defined h(t,s) to take A(t,s)(Y,K) to B(t+λ,s−PD [K])(Y,
K). The sign of PD [K] in our formula differs from Ozsváth and Szabó’s [OS11].
This is due to inconsistencies in the literature regarding the string orientation of
a knot associated to a doubly pointed Heegaard diagram. A discussion may be
found in [HL24, Section 2.2]. Note that our convention on string orientation is
opposite to the one advocated for therein. Our reason is that when considering knot
cobordisms, it is natural to define the Alexander grading using a Seifert surface
whose oriented boundary is −K, so that one can cap off the knot cobordism to
obtain a class H2(W ;Z). In [HL24], the authors define the Alexander grading
using a Seifert surface whose boundary is K.

Ozsváth and Szabó’s mapping cone formula can be restated in our notation as
saying that

CF−(Yλ(K)) 
 Cone(Dλ : A → B).

We now sketch the proof of Ozsváth and Szabó’s mapping cone formula, stated in
terms of our notation. Understanding the proof will allow us to efficiently under-
stand the proof of the involutive version.

We consider the Floer complexesCF−(Yλ(K)),CF−(Yλ+m(K)) andCF−(Y ),
as before. Here the twisted complex CF−(Y ) has coefficients in Z[Z/m], exactly as
in the proof for null-homologous knots. The proof that CF−(Yλ(K)) is homotopy
equivalent to the mapping cone of

f2 : CF−(Yλ+m(K)) → CF−(Y )

is no different than the proof for null-homologous knots. Taking vertical truncations
presents no additional complications.

One now claims that there is a natural grading on Cone(fδ
2 ) with respect to

which the homotopy equivalence is homogeneously graded. Ozsváth and Szabó
proved that for positive λ, the map from CF δ(Yλ(K)) to Cone(fδ

2 ) is homoge-
neously graded, and for negative surgery coefficients, the map from Cone(fδ

2 ) to

CF δ(Yλ(K)) is homogenously graded. When we consider the involutive version, it

is helpful also to know that the map from CF δ(Yλ(K)) to Cone(fδ
2 ) is also homo-

geneously graded for negative λ, whenever m is sufficiently large, compared to δ.
To this end, Lemma 22.1, 22.2 and 22.3 imply that the length 1 maps are homoge-
neously graded, and Lemma 22.4 implies that the length 2 map is homogeneously
graded, when m is sufficiently large compared with δ. We note that the argu-
ment for the length 1 maps is not substantially different than Ozsváth and Szabó’s
argument, though the argument for the length 2 map is new to our present work.
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Next, one builds a 2-dimensional hypercube which relates Cone(fδ
2 ) with a

horizontal truncation of the mapping cone complex. To this end, we first note that
θw should be viewed as an injection

θw : CF−(Y ) → CF−(Y )⊗F F[Q/mZ].

The image of θw consists of the F�U�-span of elements of the form x ⊗ T t where

t ∈ Â(sw(x)), where Â is defined in (22.11).
The hypercube one builds has the following form:

(22.25)

CF δ(Yλ+m(K)) CF δ(Y )

Aδ〈b〉 Bδ〈b〉

Γδ Lδ

fδ
2

κδ

vδ+hδ

We now explain the expressions in (22.25). First, the complex A〈b〉 is the direct
sum over all A(t,s)(Y,K) where −b ≤ t ≤ b, and B〈b〉 denotes the direct sum over
all B(t,s) where −b+ λ ≤ t ≤ b. Similar to (20.5), we assume

0 < b < (λ+m)/2.

Next, we describe κ. There is a canonical map from the image of θw to Bδ〈b〉, which
sends CF−(Y )⊗Tα toB[α]m(Y,K), where [·]m : Q/mZ → Q is the map which sends
an element t to its unique representative t0 in Q which satisfies −m/2 ≤ t0 < m/2.
We write

κ : CF−(Y ) → B
−(Y,K)〈b〉,

for the composition of θw with this map, followed by projection onto B−〈b〉. Con-
cretely
(22.26)

κ(T jU i · x) =
{

U iV i+[j+Aw,z(x)]m−Aw,z(x) · x, if − b+ λ ≤ [j +Aw,z(x)]m ≤ b

0 otherwise.

In (22.25), the map Γδ counts holomorphic triangles representing the Spinc

structures of the form xt,s, where −b ≤ t ≤ b. Note that, essentially by definition,
the triangle-counting map, restricted to the Spinc structure xt,s induces Alexander
grading change t (viewed as a knot cobordism map from the unknot in Yλ+m(K)
to K in Y ), and hence has image in Aδ

(t,s).

By Lemma 22.1, the only Spinc structures which contribute to fδ
2 for sufficiently

large m are of the form xt,s or yt,s, for −(λ+m)/2 ≤ t ≤ (λ+m)/2. Furthermore,

θw ◦f2;xt,s has image in CF−(Y, s)⊗T t, since A(xt,s) = t, and θw ◦f2;yt,s
has image

in CF−(Y, s− PD [K])⊗ T t+λ, since A(yt,s) = t + λ +m. The map Lδ appearing
in (22.25) is constructed similarly to the analogous map in Figure 20.3.

Since b < (λ+m)/2, the truncations Aδ〈b〉 and Bδ〈b〉 are not themselves homo-

topy equivalent to CF δ(Yλ+m(K)) and CF δ(Y ), since Γδ projects Spinc structures
outside of the range −b ≤ t ≤ b to 0, and a similar statement holds for κδ. Nonethe-
less, it follows from part 2 of Lemma 22.1 that the map determined by Γδ, Lδ and
κδ
w is a homotopy equivalence. Compare the proof of Theorem 20.1. Letting m and

δ become sufficiently large, we obtain, in the same manner as mapping cone for
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null-homologous knots, a homotopy equivalence between Cone(f2) and the infinite
mapping cone Cone(Dλ : A → B). Compare the proof of Theorem 20.1.

Finally, we make one comment on gradings. Ozsváth and Szabó proved that the
map from CF δ(Yλ(K)) to Cone(fδ

2 ) is homogeneously graded when λ is positive.
When λ is negative, they instead showed that the homotopy equivalence, which
goes from Cone(fδ

2 ) to CF δ(Yλ(K)), is homogeneously graded. We note it follows

from Lemma 22.4 that the map from CF δ(Yλ(K)) to Cone(fδ
2 ) is homogeneously

graded, even when λ is negative, provided m is sufficiently large.

22.7. The involutive mapping cone formula for rationally
null-homologous knots

Given our sketch of Ozsváth and Szabó’s mapping cone formula for rationally
null-homologous knots in Section 22.6, it is clear that our proof of Theorem 20.1
extends without any complication to prove the following:

Theorem 22.6. Suppose λ is a Morse framing on a rationally null-homologous
knot K in an rational homology 3-sphere Y (we view λ as an element of Q), such
that Yλ(K) is also a rational homology 3-sphere. The involutive Heegaard Floer
homology CFI−(Yλ(K)) is homotopy equivalent over the ring F�U�[Q]/Q2 to a
complex F[Q]/(Q2)⊗F (A⊕B) with differential specified by some F�U�-linear maps
as below:

XIλ =

A B

Q · A Q ·B.

Q·(id+ιA) Q·H

Dλ

Q·(id+ιB)

Dλ

In fact, the ι-complex (CF−(Yλ(K)), ι) is ι-homotopy equivalent to the complex

Xλ := Cone (Dλ : A → B) ,

with involution ιX := ιA +H + ιB. Furthermore, the following hold:

(1) Dλ = v + h, where v sends A(t,s) to B(t,s), and h sends A(t,s) to
B(t+λ,s−PD[K]).

(2) ιA sends A(t,s) to A(−t,s+PD[K]). Furthermore, ιA coincides with the knot
involution.

(3) ιB sends B(t,s) to B(−t+λ,s), and coincides with the map induced by ιA,
composed with Fz→w.

(4) H = k + j, where k maps A(t,s) to B(−t+λ,s) and j maps A(t,s) to
B(−t,s+PD[K]).

Given an knot K in a rational homology 3-sphere Y , which is also an L-space,
the construction of Proposition 3.15 carries over without substantial change to give
an algebraic involutive mapping cone

XIalgλ (CFK−(Y,K), ιK),

whenever λ is a non-zero Morse framing on K, which is well-defined up to ι-

homotopy equivalence. The ι-complex XIalgλ is characterized by the property that
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Oq/r −q/r

α

β

Figure 22.1. Left: The knot Oq/r inside of −L(q, r). Right: A
Heegaard diagram for O5/2. The knot O5/2 is shown (dotted), with
the orientation from the Heegaard diagram.

h and H factor through the inclusion map of A(t,s)(Y,K) into B̃(t,s)(Y,K). The
proof of Theorem 21.1 adapts with only notational changes to give the following:

Theorem 22.7. Suppose K is a rationally null-homologous knot in a ratio-
nal homology 3-sphere Y , with non-zero Morse framing. If Y is an L-space, then

XIalgλ (CFK∞(Y,K), ιK) is ι-homotopy equivalent to CFI−(Yλ(K)).

22.8. Rational surgeries

We now apply Theorem 22.6 to compute rational surgeries. By using the in-
volutive connected sum formula for knots, the proof follows from the same line of
reasoning as [OS11, Theorem 1.1]. We now describe the proof, using our present
notation.

Suppose that λ = p/q is a non-zero rational framing on K ⊆ S3, such that
gcd(p, q) = 1. Let n denote  p/q!. Define r/q = p/q − n. We will take the
connected sum of K with the knot Oq/r ⊆ −L(q, r). See Figure 22.1. Ozsváth and

Szabó call Oq/r a U-knot, since ĤFK has rank 1 in each Spinc structure.
We write x0, . . . , xq−1 for the intersection points, ordered left to right (for

some choice of starting points). It is easy to check that ε(xi, xi+r) = PD [Oq/r],
where Oq/r is oriented as in Figure 22.1, and ε is defined in [OS04b, Section 2.4].
According to [OS04b, Lemma 2.19], sw(xi+r) − sw(xi) = ε(xi, xi+r) = PD [Oq/r].
On the other hand sw(xi)− sz(xi) = PD [Oq/r], so grz(xi) = grw(xi−r).

We have

(22.27) A(xi) =
1

2
(grw(xi)− grz(xi)) =

1

2
(grw(xi)− grw(xi−r)).

According to [LL08, Proposition 5.3] (cf. [OS03, Proposition 4.8]), there is an
identification of Spinc(−L(q, r)) ∼= Z/q, such that if r ≤ i ≤ r + q − 1, then

(22.28) grw(xi)− grw(xi−r) =
1

q
(q − 1− 2i),

(with subscripts taken modulo q). Combining (22.27) and (22.28), it follows that

A(xi) =
1

2q
(q − 1− 2i),

for 0 ≤ i < q.
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On the Heegaard diagram for Oq/r ⊆ −L(q, r), the β curve satisfies [β] =
q · Oq/r + r · [α]. This relation gives a rational Seifert surface, by taking a 2-chain
F which satisfies ∂F = q ·Oq/r + r · α− β, and capping with compressing disks for
α and β. Furthermore, Oq/r, pushed into the alpha handlebody, has intersection
number r with this 2-chain, and hence Oq/r has rational self-linking number r/q.

The framing p/q on K corresponds to a Morse framing on K#Oq/r, as follows.
Let n =  p/q! and r/q = p/q− n, as above. We view K as having integral framing
n =  p/q! and the knot Oq/r as having the Morse framing induced by the 0-framing
in (22.29), if we ignore the −q/r-framed unknot. These two choices induce a Morse
framing on K#Oq/r ⊆ −L(q, r), which corresponds to the rational number p/q,
under the map in (22.4).

In particular, the intersection points have Alexander gradings

(22.29)
−q + 1

2q
,
−q + 3

2q
, . . . ,

q − 3

2q
,
q − 1

2q
.

Now, if xi is the intersection point in Spinc structure si, thenA(t,si)(K#Oq/r) 

At−A(xi)(K), by the connected sum formula. Note that the projection map from
Spinc(W ′

λ(K)) → Q is an injection (i.e. all Spinc structures on −L(q, r) have differ-

ent values under Â), so we lose no information in writing just At(K#Oq/r) instead
of A(t,si)(K#Oq/r). By the Künneth theorem, we have

(22.30) At(K#Oq/r) ∼= A[t](S
3,K),

where [t] denotes the closest integer to t. The value of [t] on half-integers is not
important, since we never need to apply it there. Note also that the knot involution
ιK#Oq/r

coincides with ιK under the isomorphism in (22.30), by the connected sum

formula for involutive knot Floer homology [Zem19a] as well as the fact that Oq/r

is a U-knot (so the maps Φ and Ψ thereon vanish).
We define

Ap/q(K) := A(−L(q, r),K#Oq/r) ∼=
∏
s∈Z

A[ q+2s+1
2q ](K) and

Bp/q(K) := B(−L(q, r),K#Oq/r) ∼=
∏
s∈Z

B[ q+2s+1
2q ](K).

(22.31)

We think of each A[ q+2s+1
2q ](K) as actually being A[ q+2s+1

2q ](K) × {q + 2s + 1} (so

as to remember index s), but we suppress this from the notation.
Of course, there are canonical isomorphisms As(K) ∼= As(K) and Bs(K) ∼=

Bs(K), so we may translate (22.31) into the more familiar versions of complexes,
as in [OS04a].

Applying Theorem 22.6, we obtain the following:

Theorem 22.8. Suppose that K is a knot in S3, and p and q are relatively
prime integers, neither of which is 0. Then CFI−(S3

p/q(K)) is homotopy equivalent

over the ring F�U�[Q]/Q2 to a complex F[Q]/(Q2)⊗F (Ap/q⊕Bp/q)[−1], where Ap/q

and Bp/q are as in (22.31), with differential specified by some F�U�-linear maps as
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below:

XIp/q =

Ap/q Bp/q

Q · Ap/q Q · Bp/q,

Q·(id+ιA) Q·H

Dp/q

Q·(id+ιB)

Dp/q

.

Equivalently, the ι-complex (CF−(S3
p/q(K)), ι) is ι-homotopy equivalent to the com-

plex Xp/q := Cone
(
Dp/q : Ap/q → Bp/q

)
, with involution ιX := ιA + H + ιB. Fur-

thermore, the following hold:

(1) Dp/q = v + h, where v sends A[t](K) to B[t](K), and h sends A[t](K) to
B[t+p/q].

(2) ιA sends A[t] to A[−t]. Furthermore, ιA is the map induced by the knot
involution under the isomorphism An(K) ∼= An(K).

(3) ιB sends B[t] to B[−t+p/q], and coincides with the map induced by ιA,
composed with Fz→w.

(4) H = k + j, where k maps A[t] to B[−t+p/q] and j maps A[t] to B[−t].

There is an algebraic ι-complex XIalgp/q(CFK
∞(K), ιK), characterized by the property

that the maps H and h factor through ṽ, which is well-defined up to ι-homotopy
equivalence. Furthermore

(CFI−(S3
p/q(K)), ι) 
 XIalgp/q(CFK

∞(K), ιK).

We make several basic comments about the rational surgeries mapping cone.
Our rational surgeries involutive mapping cone is indexed slightly differently than
Ozsváth and Szabó’s mapping cone [OS11]. In their notation

Ap/q :=
∏
s∈Z

A�s/q� × {s} and Bp/q :=
∏
s∈Z

B�s/q� × {s}.

That is, Ap/q and Bp/q each consist of q copies of each As and Bs. In the differential
Dp/q := v+h, the map v sends A�s/q�×{s} to B�s/q�×{s}, and h sends A�s/q�×{s}
to B�s+p/q� × {s+ p}.

Next, we discuss the decomposition of the two cones over Spinc structures. We
have Spinc(S3

p/q(K)) ∼= Z/p. In Ozsváth and Szabó’s indexing, the cone decomposes

over Z/p congruence classes of the s index.
The conjugation action on Spinc structures is a bit more natural with respect

to the description in Theorem 22.8. Define

H :=

{
q + 2s+ 1

2q
: s ∈ Z

}
.

There is an isomorphism Spinc(S3
p/q(K)) ∼= H/(p/q), and analogous to (22.14) the

conjugation action sends x ∈ H/(p/q) to−x. Each element (q+2s+1)/2q ∈ H/(p/q)
has a representative in the interval [−p/2q, p/2q]. The representative is unique,
unless p and q differ in parity, in which case the Spinc structure corresponding
to −p/2q has two representatives in the inteveral (the other being p/2q). The
self-conjugate Spinc structures are as follows:
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• If p and q are both odd, then there is one self-conjugate Spinc structure,
which corresponds to 0 ∈ H.

• If q is odd and p is even, then there are two self-conjugate Spinc structures,
which are the ones which correspond to 0, p/2q ∈ H

• If q is even and p is odd, then there is one self-conjugate Spinc structure,
which corresponds to p/2q.

The techniques of Section 3.7 extend without complication to compute the local
class of rational surgeries on knots, as follows:

Proposition 22.9. Suppose that K is a knot in S3, and p, q are relatively
prime, positive integers.

(1) If p and q are both odd, then there is only one self-conjugate Spinc structure
on S3

p/q, corresponding to 0 ∈ H. Moreover, CFI−(S3
p/q(K), [0]) is locally

equivalent to (A0(K), ιK).
(2) If q is odd and p is even, then there are two self-conjugate Spinc struc-

tures, corresponding to 0 and p/2q ∈ H. Then, CFI−(S3
p/q(K), [0]) is

locally equivalent to (A0(K), ιK), while CFI−(S3
p/q(K), [p/2q]) is locally

equivalent to

(22.32)

A[p/2q] A[p/2q]

B[p/2q]

v v

equipped with the involution which interchanges the two copies of A[p/2q],
and fixes B[p/2q].

(3) If q is even and p is odd, then there is one self-conjugate Spinc struc-
ture, which corresponds to p/2q ∈ H. Moreover, CFI−(S3

p/q(K), [p/2q])

is locally equivalent to the complex shown in (22.32).

The proof of Proposition 22.9 follows the same strategy as the proof of Proposi-

tion 3.22. Namely, that proof implies that the local class of XIalgp/q(C ) coincides with

the minimal truncation of XIalgp/q(C ), which is exactly the claim of Proposition 22.9.

As a corollary of Proposition 22.9, together with the proof of Proposition 3.25, we
obtain the following (stated as Proposition 1.7 in the introduction):

Proposition 22.10. Suppose that p, q > 0 are relatively prime integers and K
is a knot in S3.

(1) If p and q are odd, then there is one self-conjugate Spinc structure [0] on
S3
p/q(K), and furthermore

d(S3
p/q(K), [0]) = d(L(p, q), [0])− 2V 0(K),

d(S3
p/q(K), [0]) = d(L(p, q), [0])− 2V 0(K).

(2) If p is even and q is odd, there are two self-conjugate Spinc structures,
which we denote [0] and [p/2q]. The correction terms for [0] are the same
as the previous case, while

d(S3
p/q(K), [p/2q]) = d(S3

p/q(K), [p/2q]),

d(S3
p/q(K), [p/2q]) = d(L(p, q), [p/2q]).
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(3) If q is even and p is odd, then there is just one self-conjugate Spinc struc-
ture [p/2q], and

d(S3
p/q(K), [p/2q]) = d(S3

p/q(K), [p/2q]),

d(S3
p/q(K), [p/2q]) = d(L(p, q), [p/2q]).

22.9. 0-surgeries

As a final variation on the surgery formula, we discuss 0-surgeries. Suppose
K is a null-homologous knot in an integer homology 3-sphere Y . It follows from
[OS08b, Section 4.8] that CF−(Y0(K), [0]) 
 Cone(v0 + h0 : A0 → B0). There
is also a simple analog of Theorem 20.1 which holds for 0-surgeries. The proof of
Theorem 20.1 carries over to show that CFI−(Y0(K), [0]) is homotopy equivalent
over the ring F[U,Q]/Q2 to a chain complex of the form

(22.33)

A0 B0

Q ·A0 Q ·B0

Q·(id+ιA) Q·H0

D0

Q·(id+ιB)

D0

where
D0 = v0 + h0,

ιA = ιK ,

ιB = F0ιK .

Mirroring this, if C is an ιK-complex of L-space type, we can construct an al-

gebraic version of the involutive mapping cone complex XIalg0 (C ), with underlying
chain complex as in (22.33), which is characterized by the additional requirement

that h0 = F0ṽ0 and H0 = Hṽ, for an F[U ]-equivariant map H : B̃0 → B0. Theo-
rem 21.1 extends into this setting to show that if K is a knot in S3, then

CFI−(S3
0(K), [0]) 
 XIalg0 (CFK∞(K), ιK).
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[MO10] C. Manolescu and P. S. Ozsváth, Heegaard Floer homology and surgeries on links,
2010. arXiv:1011.1317.

[Mon75] J. M. Montesinos, Surgery on links and double branched covers of S3, Knots, groups,
and 3-manifolds (Papers dedicated to the memory of R. H. Fox), Ann. of Math. Stud.,
No. 84, Princeton Univ. Press, Princeton, NJ, 1975, pp. 227–259. MR380802

[MS12] D. McDuff and D. Salamon, J-holomorphic curves and symplectic topology, 2nd ed.,
American Mathematical Society Colloquium Publications, vol. 52, American Mathe-

matical Society, Providence, RI, 2012. MR2954391
[Mye83] R. Myers, Homology cobordisms, link concordances, and hyperbolic 3-manifolds, Trans.

Amer. Math. Soc. 278 (1983), no. 1, 271–288, DOI 10.2307/1999315. MR697074
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