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Abstract

We establish a surgery exact triangle for involutive Heegaard Floer homology
by using a doubling model of the involution. We use this exact triangle to give an
involutive version of Ozsvath-Szabd’s mapping cone formula for knot surgery. As
an application, we use this surgery formula to give examples of integer homology
spheres that are not homology cobordant to any linear combination of Seifert fibered
spaces.
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CHAPTER 1

Introduction

Heegaard Floer homology, defined by Ozsvath-Szabé [0S04bl, is a powerful
suite of invariants for studying 3-manifolds, knots inside of them, and 4-manifold
cobordisms between them. The first author and Manolescu [HM17] put additional
structure on this package of invariants, in the form of a homotopy involution, lead-
ing to involutive Heegaard Floer homology. Their refinement was motivated by
Manolescu’s resolution of the triangulation conjecture. Galewski-Stern [GS80] and
Matumoto [Mat78] reduced the triangulation conjecture in dimension at least 5
to the assertion that there exists an integral homology sphere with Rokhlin invari-
ant one that is of order two in ©3, the 3-dimensional integral homology cobordism
group. Manolescu [Manl16] used a Pin(2)-equivariant version of Seiberg-Witten
Floer homology to show that there exists no such homology sphere, proving that
there exist manifolds in every dimension > 5 that cannot be triangulated.

The involutive Heegaard Floer package has been particularly useful in studying
03; see, for example, [HHL21], [DHST23]. To a closed 3-manifold Y, the first
author and Manolescu [HM17] associate a homotopy involution

v CF~(Y) = CF~(Y).

The pair (CF™(Y),t) is called an t-complex and, up to homotopy equivalence, is
an invariant of Y. Hendricks, Manolescu, and Zemke [HMZ18| show that up to
a weaker notion of equivalence, called local equivalence, the pair (CF~(Y),¢) is an
invariant of the homology cobordism class of Y.

The goal of this paper is to extend various properties of Heegaard Floer homol-
ogy, such as the surgery exact triangle and mapping cone formula, to the involutive
setting. We show that up to local equivalence, the involutive mapping cone for-
mula simplifies dramatically, paving the way for effective computations. As an
application, we use this formula to prove:

THEOREM 1.1. Seifert fibered spaces do not generate the homology cobordism
group ©3.

1.1. Involutive surgery exact sequences

One particularly useful feature of Heegaard Floer homology is the surgery exact
triangle. Given a framed knot in a closed 3-manifold Y, Ozsvath-Szabé [OS04c]
prove that there are exact triangles

(1.1) -+ > HF (YY) - HF ™ (Yy(K)) - HF~ Y1(K)) — - --
where HF ™ (Y') denotes the minus flavor of Heegaard Floer homology with com-
pleted coefficients.

Our paper centers on establishing the surgery exact triangle for involutive Hee-
gaard Floer homology:

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



2 1. INTRODUCTION

THEOREM 1.2. Suppose thatY is a closed 3-manifold and K is a framed knot.
There is an exact triangle

---—=> HFI"(Y) = HFI (Yo(K)) » HFI™ (Y1(K)) = ---.
The same holds for the plus version.

The surgery exact triangle was previously been established by the first author
and Lipshitz [HL19, Theorem 7.1] for the hat version of involutive Heegaard Floer
homology, but remained elusive for the minus theory. Our exact sequence mir-
rors the exact sequence of Ozsvath and Szab6 [0OS04c, Theorem 9.1] in ordinary
Heegaard Floer homology, as well as Lin’s exact sequence for Pin(2)-equivariant
Monopole Floer homology [Linl7, Theorem 1].

Additionally, we prove the following analog of [OS08bl Theorem 3.1] for invo-
lutive Heegaard Floer homology:

THEOREM 1.3. Suppose that Y is an integer homology 3-sphere, and K is a
knot. For any n € Z and m > 1, there is an exact triangle

oo = HFI~ (Y, (K)) = HFI~ (Yp(K)) = HEI (V) = - -

In Theorem [[3 HFI™ (Y) denotes a twisted version of involutive Heegaard

Floer homology. Furthermore,

N M
(1.2) HFI~(Y) = P HFI (Y) o @D(HF (Y)[-1] ® HF (Y)),

i=1 i=1
where

(I,(m—1)/2) if mis odd,
(N,M) =< (0,m/2) if m is even and n is odd,

(2,(m—2)/2) if m and n are even.

1.2. The involutive mapping cone formula

The exact triangle in Theorem [[L3] is a key ingredient in establishing Ozsvath
and Szabd’s mapping cone formula [OS08b| for the Heegaard Floer homology of
surgery along a knot. The mapping cone formula gives a powerful relation between
the knot Floer complex and the Heegaard Floer complex of surgeries. We first recall
the formula, and then discuss the involutive counterparts we prove in our present
work.

Given a knot K in an integer homology 3-sphere Y, define A; C CFK*>(Y, K)
to be the subcomplex generated over F[U] by elements [x, 4, j] with ¢ < 0 and j < s,
which satisfy A(x) — j +4 = 0, where A denotes the Alexander grading. We write
A7 for its completion over F[U]. Define B, to be the subcomplex generated by
elements [x, i, j] satisfying the same Alexander grading restriction, and ¢ < 0, and
write B, for its completion. Define

A™ ::HAS_ and B~ ::HBS_.

SEL SEZL
Ozsvéth and Szabé [OS08b| construct a map D,,: A~ — B~ so that
(1.3) CF™ (Y, (K)) =X, :=Cone(D,: A~ —-B").

We prove the following analog of (3] for involutive Heegaard Floer homology:

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1.3. KNOTS IN §° 3

THEOREM 1.4. Suppose n > 1, and K is a knot in Y, an integer homology
3-sphere. Then CFI~ (Y, (K)) is homotopy equivalent over the ring F[U][Q]/Q?
to a complex of the form:

A~ D, —— B~

N
N
N
N

XL (Y, K) := Q(id+u) QH Q(id +¢s)

~
~
N
~
N
~
~
M

QA —D,—— QB

Here D,, is the map in Ozsvdth and Szabd’s mapping cone formula, 1y is a map
which is determined by the knot involution on CFK™(K), g is a map which is
determined by the 3-manifold involution on CF~(Y'), and H is a homogeneously
graded map making the diagram into a chain complex. FEquivalently, the iota-
complex (CF™ (Y, (K)), ) is homotopy equivalent (as an iota-complex) to X, , equip-
ped with the involution vy + H + ip.

A more detailed version of Theorem [[.4] is proven in Chapter Theorem [[4]
also has a refinement over Spin® structures, which we briefly summarize. There is a
natural identification of Spin®(Y,, (K)) with Z,,, where Spin® conjugation is identified
with the map i — —i. Of most interest to involutive Heegaard Floer homology are
the self-conjugate Spin® structures, which are the ones satisfying ¢ = —¢ mod n.
If n is odd, there is one self-conjugate Spin® structure on Y, (K), and if n is even,
there are two. The complex XI naturally splits over conjugacy classes of Spin®
structures on Y,,(K), giving the involutive Heegaard Floer homology of ¥,,(K) in
each conjugacy class. See Chapter 20 for more details.

1.3. Knots in S*

One of the most useful properties of Ozsvath and Szabd’s mapping cone formula
is that for a knot K in S2, the map D,, is computable up to chain homotopy from
the chain complex CFK > (K). For knots in other 3-manifolds, computation of D,,
usually requires knowledge of additional holomorphic curves, beyond those used
to compute the knot Floer complex. We prove a similar result for the involutive
mapping cone formula:

THEOREM 1.5. If K is a knot in S3, and r € Q, then CFI~(S3(K)) is com-
putable from the pair (CFK*(K), k).

We briefly describe what goes into Theorem If K is a knot in an inte-
ger homology 3-sphere, then the pair (CFK* (Y, K), k) may naturally be viewed
as an object in a category of algebraic ¢ -complezes; see Chapter [3] for more de-
tails. These consist of chain complexes C'x over a two-variable polynomial ring
F|% , V], equipped with an endomorphism ¢, which together satisfy a list of alge-
braic properties satisfied by any knot Floer complex. We say that an ¢x-complex
is of L-space type if it algebraically looks like the knot Floer complex of a knot in
a 3-manifold Y satisfying HF ™ (Y) = F[U]. Concretely, this amounts to requiring
that H.(Bs) 2 F[U]. In Section B:E] we construct an algebraically defined map

KU {tx-complexes of L-space type} {t-complexes}
a8

tx-homotopy equivalence t-homotopy equivalence’

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



4 1. INTRODUCTION

which gives the maps D,,, ta, tp, and H, appearing in Theorem [[.4] via a specified
procedure. We call XI*!® the algebraic involutive mapping cone. The map XI*'®
enjoys several functoriality properties, with respect to morphisms of ¢ x-complexes.

The key property that characterizes XHZ]g is that the maps D,, and H admit
a factorization though the inclusions of Ay into By and A7 into B, where By
denotes the subcomplex of CFK*(K) generated over F by elements [x,1, j] with
Jj <s.

In Chapter 2I] we prove that

(CF~(S3(K),1)) ~ XI*8(CFK*(K), ).

Although Theorem allows for algorithmic computation of CFI~(S3(K))
whenever the ¢x-complex (CFK*(K),tk) is known, it often produces very large
chain complexes. For applications to homology cobordism, it is sufficient to work
with the local equivalence class of CFI~ (S3(K)). We prove the following:

THEOREM 1.6. Suppose K is a knot in S and n > 0 is an integer.

(1) The t-complex CFI~(S3(K),[0]) is locally equivalent to (Ay (K),tk).
Here, [0] is the self-conjugate Spin® structure of Si(K) corresponding to
[0] € Z/n under the standard correspondence Spin®(S3(K)) & Z/n.

(2) The t-complex (CF~ (S5, (K),[n]),¢) is locally equivalent to the complex

with the involution which swaps the two copies of A, , and fives B, .

n’

The fact that for n > 0 the local equivalence class of CFI~(S3(K),[0]) is
determined by (A, (K), tx) is perhaps unsurprising in light of [NW15], Proposition
1.6], where Ni-Wu show that d(S2(K), [0]) (which can be thought of as the local
equivalence class of CF ™ (S2(K),[0]) in the non-involutive setting) is determined by
Ay (K). Theorem[I6lalso has an analog for rational surgeries. See Proposition
for a precise statement.

In [HM17], the first author and Manolescu use involutive Heegaard Floer ho-
mology to associate two new correction terms d(Y,s) and d(Y,s) to a rational
homology sphere Y with a conjugation invariant Spin® structure s, and two related
knot concordance invariants Vo(K) and Vo(K). (The definitions of these invari-
ants are reviewed in Sections 2.1l and 2.2]) As a consequence of Theorem [[L6 and
its analog for rational surgeries, we compute the involutive correction terms of p/q
surgery in terms of p/q and the involutive concordance invariants.

PROPOSITION 1.7. Suppose that p,q > 0 are relatively prime integers and K is
a knot in S3.

(1) If p and q are odd, then there is one self-conjugate Spin® structure [0] on

S;’/q(K), and furthermore

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1.4. AN APPLICATION TO THE HOMOLOGY COBORDISM GROUP 5

(2) Ifpis even and q is odd, then there are two self-conjugate Spin® structures,
which we denote [0] and [p/2q]. The correction terms for [0] are the same
as the previous case, while

d(S3,(K), [p/2q]) = d(S},,(K), [p/24q)),
(S5, (K), [p/24]) = d(L(p, q), [p/24))-

(3) Ifpis odd and q is even, then there is just one self-conjugate Spin® struc-
ture [p/2q|, and

d(S3,,(K),[p/2q]) = d(S},,(K), [p/24q)),
d(S,/4(K), [p/24]) = d(L(p, q). [p/24))-

Note that Proposition [T is a generalization of [HM17, Theorem 1.6], which
is the case ¢ = 1 and p > g(K). Proposition [[.7 has a particularly simple form for
+1 surgeries:

COROLLARY 1.8. If K is a knot in S3, then
d(S%1(K)) = —2Vo(K) and  d(SF,(K)) = —2Vo(K).

1.4. An application to the homology cobordism group
In the 1950s, the Rokhlin homomorphism
w: 03 = 7./27,

showed that ©3 is non-trivial. Since then significant progress has been made in un-
derstanding the structure of the 3-dimensional homology cobordism group, starting
with Fintushel-Stern’s proof [FS85], using techniques from Donaldson’s proof of the
diagonalization theorem, that the Poincaré homology sphere has infinite order in
©3. Subsequently, Fintushel-Stern [FS90] and Furuta [Fur90] established that ©3
contains a Z>-subgroup, using Yang-Mills gauge theory; the third author [Stol7]
has given an alternate proof of this fact using Pin(2)-equivariant Seiberg-Witten
theory.
Dai, Hom, Stoffregen and Truong [DHST23] described a homomorphism

h: 03 =7,

where J denotes the group of almost t-complexes; roughly, J consists of t-complexes
up to a slightly weaker version of local equivalence. They construct an infinite family
of linearly independent surjective homomorophisms

gbn:ﬁ—)Z

to show that ©3 contains a direct summand isomorphic to Z°.

Despite this progress in understanding the structure of ©3, there has been rela-
tively less progress on understanding exactly which kinds of manifolds can represent
a given class £ € ©3.

The first results about this question were in the positive direction. Livingston
[Liv81] showed that any class in ©3 is represented by an irreducible integer homol-
ogy sphere. Later, Myers [Mye83] proved that in fact any class admits a hyperbolic
representative.

In the negative direction, Frgyshov (in unpublished work), F. Lin [Lin17], and
the third author [St020] constructed classes £ € ©3 that are not represented by

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6 1. INTRODUCTION

any Seifert fibered spaces. However, none of these proofs suffices to establish that a
homology cobordism class is not represented by a connected sum of Seifert spaces.
The classes constructed by Frgyshov and in [St020] are both connected sums of
Seifert spaces: the proofs proceeded by describing, respectively, the behavior of
mod 2 instanton homology and Pin(2)-equivariant Seiberg-Witten Floer homology
of connected sums, as well as the Floer homologies of Seifert spaces. The class £
constructed by Lin is surgery on a certain alternating knot, but has Floer homology
consistent with it being representable as a connected sum of Seifert spaces. All of
these arguments depend on the fact that instanton Floer homology and Seiberg-
Witten Floer homology of Seifert fibered spaces are relatively easy to understand,
and then using that these theories can be understood under connected sum.

The group J admits 2(Ogr) as a summand [DHST23] Figure 14], where O gp
denotes the span of Seifert fibered homology 3-spheres in ©3. Furthermore, building
on [DM19], [DS19] and [Dail9], Dai-Hom-Stoffregen-Truong prove h(©gp) =
Z°°, and that ﬁ(@sp) is a proper subgroup of 3. Due to the challenging nature
of performing computations, they were unable to produce an integer homology 3-
sphere Y such that h(Y) & h(©sp). Using Theorems and [ we prove the
following:

THEOREM 1.9. Let Y = S?’H(—2T677#T6)13#T_273;2,5). Then H[Y] 1S non-
trivial in ©3/Ogp for any non-zero n € Z.

Note that Theorem [[1] follows immediately from Theorem [ The proof
of Theorem relies on the fact from [DHST23| Theorem 8.1] (cf. the proof of
[Dail9l Theorem 1.1]) that the almost-local equivalence class of linear combinations
of Seifert fibered spaces takes on a particularly simple form. Note that the manifold
Y in Theorem [[L9is somewhat ad hoc, and does not immediately generalize to show
that ©3/Ogp is infinitely generated. We plan to address this question in future
work.

REMARK 1.10. More generally, one can consider © 45, the subgroup of ©3
generated by almost-rationally plumbed 3-manifolds. (For the precise definition of
an almost-rational plumbing, see [Ném05].) Note that Seifert fibered spaces are
almost-rationally plumbed. By [DS19, Theorem 1.1], h(©gp) = h(OaR), so the
proof of Theorem actually shows that n[Y] is non-trivial in ©3/0 4g; that is,
almost-rationally plumbed 3-manifolds do not generate 6%.

Theorem also has the following corollary, which was suggested to us by Tye
Lidman.

COROLLARY 1.11. The Montesinos knots do not generate the smooth concor-
dance group C.

PrOOF. Recall that the double branched cover of a Montesinos knot is a Seifert
fibred space, and that furthermore the operation of taking branched double covers of
knots sends connected sums of knots to connected sums of 3-manifolds and concor-
dant knots to spin rational homology cobordant 3-manifolds. The local equivalence
class and almost local equivalence class of the pair (CF™(Y),t¢) for a 3-manifold
Y are invariant under not only integer homology cobordism but spin rational ho-
mology cobordism [HMZ18 [DHST23|. Therefore it suffices to show that the
manifold Y of Theorem [[.9is a double branched cover. Torus knots are strongly
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1.5. THE INVOLUTIVE HYPERCUBE OF A SURGERY TRIAD 7

invertible, and connected sums of strongly invertible knots are strongly invertible
[Sak86]. Moreover, cables of strongly invertible knots are strongly invertible, see
for example [Watll], so K = —2T4 7#7T6,13#T—2,3.2,5 is a strongly invertible knot.
Therefore Y = 5%, (K) is a double branched cover £(K’) of some knot K’ [MonT5.
Hence K’ is not concordant to any connected sum of Montesinos knots. (]

REMARK 1.12. An alternate proof of Corollary [LT1] can be obtained as fol-
lows. Lowrance [Low08| Theorem 1.1] (see also [SS22] Corollary 1.3]) proved that
Montesinos knots have thickness at most one, from which it follows that if K is a
Montesinos knot, then ¢, (K) = 0 for n > 2, where ¢,, is the concordance invari-
ant from [DHST21]. Since P,y pn: C — Z™ is a surjective homomorphism, it
follows that Montesinos knots do not generate the concordance group.

REMARK 1.13. A similar computation to the proof of Theorem [[L9] shows the
following. We recall from [HL19l Remark 9.7] that a homology sphere Y is HFI-
trivial if HFI (V) = ﬁ(Y) & F, where Q vanishes on HF and is non-vanishing
on the remaining generator. Heretofore, no 3-manifolds have been shown to be
HFI-non-trivial. In Section {3l we compute that +1 surgery on —2Ty s#7T 9 is
HFI-non-trivial.

1.5. The involutive hypercube of a surgery triad

Theorems [[.2] and [[.4] all follow from the existence of a certain hypercube of
chain complezes. See Chapter[Hlfor the definition of a hypercube of chain complexes.
The relevant version of the hypercube necessary for Theorems [[L3] and [[4] is the
following:

THEOREM 1.14. Suppose that K is a knot in an integer homology 3-sphere Y,
m,n € Z and m > 1. Then there is a hypercube of chain complezes of the following
form

CF™ (Ya(K))
NS ‘\\\\\\\
N hoee
- \ T
\ CF (Yoim(K)) f—— @i, CF(Y)
Ly \ o
N L2 o "\-T,\‘\\ L3
OF (K B
\ ~~~‘\\\\\‘. . \,‘_\\
f1 \ ‘h~~‘§§§ .\v_\\
S~ T BN

CF~ (Yppm(K)) S @, CF(Y).

Furthermore, the maps f1, fo and h are the ones appearing in Ozsvdth and Szabd’s
exact sequence [OSO8D].

In Theorem [[T4] the complexes CF~ (Y, (K)) and CF™ (Y, 4m(K)) are the
ordinary Heegaard Floer complexes, summed over all Spin® structures, and with
coefficients in the power series ring F[U]. The maps ¢; and ¢2 are chain homotopic
to the ordinary involutions on Heegaaard Floer homology. The map ¢3 interchanges
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8 1. INTRODUCTION
SIS

D(H)
FIGURE 1.1. Realizing the involution on S by doubling.

the summands of @, CF~ (Y'), but can otherwise be identified with the involution
on CF(Y).

1.6. The doubling model of the involution

The involution in [HM17] is given using an arbitrary sequence of Heegaard
moves from #H to 7. In this paper, we make use of a special sequence of moves
connecting H# and H, which we call the doubling model of the involution. The key
observation is that if ¥ is a Heegaard splitting of Y, containing a basepoint w,
then we can construct another Heegaard splitting D(X) of YV, with D(X) = S#%,
which is embedded as the boundary of a regular neighborhood of ¥\ N(w). We
think of D(X) as lying half-way between ¥ and ¥. Attaching curves for doubled
diagrams are described in Chapter[fl A schematic example is shown in Figure [Tl
One helpful property of the doubling operation is that if H is a diagram for Y, and
D(H) is a double, then the maps from naturality relating CF~(H) and CF~(D(H))
have a conceptually simple form, and similarly for the maps from CF~ (D(H)) to
CF~ (H); see Proposition

In the context of Heegaard Floer homology, doubled diagrams have been studied
in [Zem21], [JZ20] and [JZ24]. We note that a doubled Heegaard diagram can
also be thought of as a diagram obtained by gluing together two bordered Heegaard
diagrams [LOT18]| for genus g handlebodies.

Finally, we note that the doubling model has an interesting topological relation
to work of Hass, Thompson and Thurston; see [HTTO09, p. 2032]. If ¥ is a
Heegaard surface in Y, it follows from the Reidemeister—Singer theorem that 3 and
> become isotopic as oriented surfaces after some number of stabilizations. The
doubling model shows that g = ¢g(X) stabilizations is always sufficient. According
to [HTTO9, Theorem 1.1], for each g > 1, there is a closed, oriented 3-manifold
with a genus g Heegaard surface ¥ which does not become isotopic to X until at
least g stabilizations.

1.7. Organization

The paper is organized as follows. We begin by recalling some background on
involutive Heegaard Floer homology and Heegaard Floer homology with twisted
coefficients in Chapter In Chapter Bl we describe the algebraic framework of
t-complexes and tx-complexes, and define an algebraic operation which takes an
algebraic ¢ -complex €, and gives an algebraically defined model for the involutive
mapping cone XI*'8(%). In Chapter d we use the involutive mapping cone formula

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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to prove Theorem [[L9 In Chapter Bl we present some background on homological
algebra, in particular hyperboxes of chain complexes. Next, in Chapter [, we de-
scribe the operation of doubling a Heegaard diagram, use this operation to give a
conceptually simple formula for the involution, and sketch the construction of the
main hypercube used to prove Theorem [[LT4l In Chapter [1, we deal with some of
the analytic input, and in Chapter B, we describe a neck-stretching technique that
will be particularly helpful to us. In Chapter @ we describe several stabilization
operations for Heegaard diagrams, triples and quadruples, and in Chapter [0 we
describe their interaction with the counts of holomorphic curves. In Chapter [I1]
we consider Heegaard triples where one set of attaching curves is obtained via a
small isotopy of another and show that in favorable circumstances, the counts of
holomorphic triangles are appropriately simple. In Chapter [2] we review some
background on Ozsvath and Szabd’s surgery exact sequence [OS08b] and describe
the maps which appear along the top and bottom faces of our main hypercube.
Chapters deal with the construction of different pieces of the main hyper-
cube, and Chapter [I9] deals with a technical detail from Chapter In Chapter
20 we use the involutive hypercube to prove Theorem [[L4] and Theorem [[.3l In
Chapter 2I, we prove that for a knot K in L-space integer homology sphere Y,
the algebraic involutive mapping cone from Chapter Bl computes HFI~ (Y;3(K)).
Finally, in Chapter 22 we consider rational surgery as well as 0-surgery.
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CHAPTER 2

Involutive Heegaard Floer homology

In this chapter, we recall background on involutive Heegaard Floer homology,
due to the first author and Manolescu [HM17], as well as some variations which
are relevant to the exact sequences and knot surgery formula.

2.1. 3-manifolds

If H = (3, a,8,w) is a Heegaard diagram of a 3-manifold Y, then H :=
(3, B, a,w) is also a Heegaard diagram for Y, where ¥ denotes ¥, with its orienta-
tion reversed. We say H and H are conjugate. If  C Spin®(Y’) denotes a conjugacy
class of Spin® structures, and H is a Heegaard diagram, we write

CF™ (H,w) = P CF~ (H,s).
s€w
Note that w either consists of one Spin® structure s satisfying s = 5, or is a 2-
element set of the form {s,5}.
There is a tautological chain isomorphism

n: CF~ (F,5) = CF~ (M,s).

There is additionally a chain homotopy equivalence
Uy _3: CF~ (H,8) = CF~ (H,s),

obtained by picking a set of Heegaard moves connecting H and H, and using the
induced map from naturality.

Hendricks and Manolescu study the involution ¢: CF~ (H,w) — CF~ (H,w)
defined as the composition ¢ := 7o W,,_—=. They define the involutive Heegaard
Floer chain complex to be

CFI™(Y,w) := Cone (Q - (¢ +id): CF~(H,w) = Q- CF~ (H,w)),
where @ is a formal variable, which we view as satisfying Q% = 0.
Note that if @ = {s,5} where s # 5, then
HFI™ (Y,w) = HF (Y,s)[-1] ® HF ™ (Y,5).

See [HM17, Proposition 4.5]. For a conjugation invariant Spin® structure, Hen-
dricks and Manolescu extract two involutive correction terms d(Y,s) and d(Y,s)
defined via

d(Y,s) =max{r |3z € HFI_ (Y,s),VYn, Utz #0and Uz ¢ Im(Q)} — 1
and

d(Y,s) =max{r | 3x € HFI, (YV,5),Yn, Uz #0;3m >0 s.t. Uz € Im(Q)}.

Involutive Heegaard Floer homology also has a connected sum formula
[HMZ18], extending Ozsvith and Szabd’s connected sum formula for ordinary

11
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12 2. INVOLUTIVE HEEGAARD FLOER HOMOLOGY

Heegaard Floer homology [OS04c, Theorem 1.5]. If Y7 and Y3 are two 3-manifolds,
equipped with self-conjugate Spin® structures s; and so, then

(21) (CFi(}/l#}/Qaﬁl#EQ)vuﬁ#Y’z) = (CFi(}/l) ® CF?()/Q)’LYI ® LYQ)?

where ~ denotes homotopy equivalence of iota-complexes.

2.2. Knots

If K is a null-homologous knot in an integer homology 3-sphere Y, Hendricks
and Manolescu also describe a skew-filtered homotopy automorphism

1k CFK=(Y,K) — CFK®(Y,K)

[HM17, Section 6.1], which we describe presently.
We recall that a Heegaard diagram for (Y, K) consists of a tuple H = (2, «, 3,
w, z) such that the following hold:

(KD-1) (X, a,3) is a Heegaard diagram for Y. In particular Y \ ¥ is the disjoint
union of two handlebodies U, and Ug.

(KD-2) KNY ={w, z}, and furthermore K intersects ¥ positively at z and nega-
tively at w.

(KD-3) The tangles K N U, and K N Ug are boundary parallel.

If H= (%, e, B,w,z2) is a diagram for (Y, K), then H := (%, 8, a, z,w) is also
a diagram for (Y, K). There is a tautological isomorphism

Nk : CFK*(H) - CFK>(H)

given by nK([X’ Za]]) = [i{vja Z}

The two diagrams H and H both represent (Y, K). However, there is an ad-
ditional subtlety that the roles of the basepoints have been reversed, and the nat-
urality theorem of [JTZ21] holds only for based knots and links. Nonetheless, we
may pick an automorphism 1 of (Y, K), which is supported in a neighborhood of
K, and which switches w and z via a half twist along K. Then 1.(H) and H are
both diagrams for (Y, K), with the same basepoints. Hence there is a naturality
map

(2.2) \ij*(H)—@: CFK*(¢Y«(H)) = CFK*(H).
Hendricks and Manolescu define the knot involution tx as

LK ‘= NK O\Ifw*(,}_[)‘)ﬁow*-

Note that technically tx is not an involution, since ¢ is homotopic to Sarkar’s

map id+®V (cf. [Sarlh)); however, it is a convention to refer to tx as the knot
involution.

One key property established by Hendricks and Manolescu is the relation of the
involutive knot Floer complex to the involutive Heegaard Floer complex of surgeries.
If K is a knot in S3, then according to [HM17, Theorem 1.5], (CF~(S2(K), [0]),
Ls3 (k) is equivariantly homotopy equivalent to the iota-complex (Ag(K),tx) for
n > 0 (in fact, n > g3(K) is sufficient). Here [0] represents the conjugation
invariant Spin® structure identified with [0] in the usual identification of Spin®
structures on S2 (K) with Z/nZ.
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2.3. TWISTED 3-MANIFOLD COMPLEXES 13

From involutive knot Floer homology, Hendricks and Manolescu extract two
concordance invariants Vo(K) and V(K), which may be defined via the formula

d(S3 (), [0]) = " — 2V (K), (SR, 0) = " — 2V (K).

Finally, involutive knot Floer homology enjoys a connected sum formula, similar
to ZI). If K; and K, are two knots in S3, then the knot involution tx, 4k, on
CFK>* (K 1#K,) &2 CFK*™(K;) ® CFK(K3) is homotopic to

11 ® g+ Py ® Wi,

where ® and ¥ are the two formal derivative maps, which are endomorphisms of
knot Floer homology. See [Zem19al Theorem 1.1] for more details.

2.3. Twisted 3-manifold complexes

If K is a knot in a 3-manifold Y, then there is a twisted version of the com-
plex CF™(Y), which naturally appears in the proof of the mapping cone formula
[OS08Db]. In this section, we describe its definition, as well as define an involution.
To simplify the discussion, we focus on the case that Y is an integer homology
sphere. We will revisit the construction for rational homology 3-spheres in Chap-
ter 221 when we consider rational surgeries.

DEFINITION 2.1. Suppose (K, w,z) is a doubly pointed knot. An enhanced
orientation 0 = (0,p) on K consists of an orientation o on K, together with a
choice of special basepoint p € {w, z}.

We write H; or H, ) for a doubly pointed Heegaard diagram, equipped with
an enhanced orientation of the underlying knot.

Suppose H = (X, a, B, w, z) is a diagram for K in Y, and further, suppose K is
equipped with an enhanced orientation 6. We now describe the complex CF ™~ (H;).
We define CF ™ (H;) to be the free F[U]®F[Z/m]-module generated by intersection
points x € T, NTg. If a € Z/m, write T* for the corresponding element of the
group ring F[Z/m]. We equip CF ™~ (H;) with the differential

(2.3) Ox = Z Z H#(M(¢)/R) - U"r (O T=(@) (@) Ly
yeTaNTp pem2(x,y)
n(g)=1

where p € {w, z} is the special point of 6. Note that the ordering of the basepoints
in the exponent of T is induced by the orientation of K. More precisely, z is the
basepoint of K corresponding to a positive intersection of K and ¥, and w is the
basepoint of K corresponding to the negative intersection.

It is convenient also to have some additional notation. We will also write
3, o, 8,1, 2) or (X, e, B,w, 2) for a diagram of a knot with an enhanced orienta-
tion. The order of the basepoints indicates the orientation, through the convention
in and the hat indicates the special basepoint.

There is a trivialization

(2.4) 0,: CF™ (H,p) » CF™ (X, a0, B,p) ® F[Z/m]
given by
0,(T° - x) = TstAw=(x) .«
extended equivariantly over the action of U. Here, A, .(x) denotes the absolute
Alexander grading of x, as an element of @((E,a,@w,z). (Recall that the
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14 2. INVOLUTIVE HEEGAARD FLOER HOMOLOGY
relative Alexander grading is given by Ay, .(x,y) = n.(¢) — nw(¢) where ¢ is any
class in ma(x,y).)

LEMMA 2.2. The map 0, is a chain isomorphism.

Proor. The map 6, is obviously an isomorphism of modules, so it is sufficient
to show that it is a chain map. Suppose that ¢ € ma(x,y) is a class with Maslov
index 1. Then ¢ contributes a summand of

(2.5) #(M(¢)/R) - U D) TAw &) 412(9)=nu(@) .y
to (8, 0 9)(x), and a summand of
(2.6) #(M(¢)/R) - U O TAw=() .y

to (0 06,)(x). Equations (Z5]) and (Z.0) are clearly equal, so 6,0 + 90, =0. O

Writing H = (3, B, a, z,w), there is a tautological map

(2.7) n: CF~(H;) = CF™(H;),
given by the formula o o
n(U'T? -x) =U'T’x.
It is straightforward to see that 7 is a chain isomorphism. Note that in ([2.1)), the

diagram H; denotes H decorated with the enhanced orientation 6. In particular,
the enhanced orientation is the same in the domain and codomain of 7.

The last ingredient of the involution is the flip-maps, which change the special
point of an enhanced orientation. These take the form of maps

woz: CF~ (Ha,w) — CF~ (Hu,z) and

Simow: CF™ (Ha,z) — CF~ (Ha,w)-

which we describe presently.
There is diffeomorphism map

¢.: CF~ (2,0, 8,2) » CF™ (X, e, B,w),
obtained by moving z to w along a subarc of K, and then composing with the
change of diagram maps from naturality. In principle, there is a dependence on the

choice of subarc, however in all cases we will make a specific choice. The flip map
F.—w is defined via the formula

(2.8) Fomvw =T 0,1 0 (6 @ idaz/m)) © 6.

(Here n is the surgery coefficient that appears in the exact sequence). The other
flip map §w_, is defined via the formula

(2.9) Swoz i =T7"" 9;1 © ((‘ﬁil)* ® idﬂT[Z/m]) © 0.
Finally, we define the involution ¢ of CF™ (X, o, 8, w, z) via the formula
(2.10) L= %Z_HUOQO\IJw(H)_)ﬂO’I/}*.

We note that in Theorem [[I4] we are identifying @;-, CF~(Y) with
CF ™ (How), for a Heegaard diagram H of (Y, K), as well as a fixed orientation
0 on K. Furthermore, the map labeled ¢3 therein is the map ¢ in this notation.
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CHAPTER 3

Iota complexes and mapping cones

In this chapter, we describe the algebraic framework of (-complexes and ¢ -
complexes, and define an algebraic operation which takes an algebraic ¢x-complex
%, and gives an algebraically defined model for the involutive mapping cone
XI8(%). In this chapter, we focus on the case that n is a non-zero integer.
The construction has natural analogs for rational surgeries and 0-surgeries. See
Sections P28 and

3.1. -complexes

We begin by defining t-complexes and ¢x-complexes. Compare the following
to [HMZ18| Definition 8.1]:

DEFINITION 3.1. An ¢-complex is a chain complex (C,d), which is free and
finitely generated over F[U], equipped with an endomorphism ¢. Furthermore, the
following hold:

(1) Cis equipped with a Z-grading, such that U has grading —2. We call this
grading the Maslov or homological grading.

(2) There is a grading preserving isomorphism U1 H,(C) = F[U,U~1].

(3) ¢ is a grading preserving chain map and (2 ~ id.

REMARK 3.2. We will usually abuse notation and refer to the involutive map-
ping cone XI*'8(%) = (X,(%),tx), constructed in Section 35 as an t-complex.
However, the reader should recall that X,, is defined over F[U], is infinitely gener-
ated, and also satisfies U1 H,(X,,) = @" F[U,U1].

DEFINITION 3.3. If (C,¢) and (C’, /) are two t-complexes, an t-homomorphism
is a homogeneously graded, F[U]-equivariant chain map F: C — (C’ such that
Fuo+/F ~ 0. Two t-complexes (C,t) and (C’,¢) are t-homotopy equivalent if
there exist -homomorphisms F': (C,:) — (C’,/) and G: (C’,¢') — (C, ) such that
FG ~id and GF ~id.

We write lota for the category whose objects are (-complexes, and whose mor-
phisms are (-homomorphisms. Note that lota is naturally a preadditive category,
but is not naturally a dg-category. There is a related category lota, which we call
the category of (-complexes with enhanced morphisms, as follows:

DEFINITION 3.4. If (C,¢) and (C’,.) are t-complexes, we define the group of
enhanced t-morphisms to be

Mor((C', ), (C",1)) = Hompy(C, ") & Homg (C, C")[1],
where [1] denotes a grading shift. We define
OMor(Foh) = (0'F + FO,Fu+ F + 8'h + hd),

15
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16 3. IOTA COMPLEXES AND MAPPING CONES

which makes lota into a dg-category. An enhanced (-homomorphism is an enhanced
t-morphism (F, h) satisfying Omor(F,h) = 0. An enhanced t-homotopy equiva-
lence is an enhanced (-homomorphism (F,h), such that there exists an enhanced
t-homomorphism (G, k) such that (G, k) o (F,h) and (F,h)o (G, k) both differ from
(id, 0), the identity enhanced :-morphism, by a boundary in Mor.

REMARK 3.5.

(1) Note that an enhanced t-homomorphism (F,h) consists of a chain map
F: C — (' such that Ft + ¢'F ~ 0 via the chain homotopy h.

(2) We will see later that an enhanced (-homomorphism (F, h) is an enhanced
t-homotopy equivalence if and only if F' is an ordinary homotopy equiva-
lence of chain complexes over F[U]. See Lemma

Composition of enhanced (-morphisms is given by
(F,h)o (G, k) = (FG,hG + Fk).
The group of enhanced (-morphisms (F, h) is canonically isomorphic to

Q1+

LU 00y, Cone(c! 20, QC’))

(3.1) Homg(y, q)/@2 (Cone(C
via (F,h) = F + Qh.

3.2. Local equivalence

To study the homology cobordism group, we consider a special type of ¢-
morphism, called a local map:

DEFINITION 3.6. Suppose (C,¢) and (C’, (") are two t-complexes.

(1) A local map from (C,¢) to (C’,.') is a grading preserving -homomorphism
F:C— (', which induces an isomorphism from U~'H,(C) to U~ H,(C").

(2) We say that (C,¢) are (C',') are locally equivalent if there is a local map
from (C,¢) to (C',1/), as well as a local map from (C’, ) to (C, ).

The set of local equivalence classes forms an abelian group, denoted J, with
group structure given by

(3.2) (Co)x (C'))y=(CeC1a).
See [HMZ18| Section 8]. According to [HMZ18| Theorem 1.8], the map
Y = [(CF(Y), )]

determines a homomorphism from ©3 to J.
Given an t-complex (C,t), we may define correction terms d(C), d(C), and
d(C) as in Section 2] all of which are preserved by local equivalence.

3.3. Almost -complexes and almost local equivalence

There is an additional, weaker, equivalence relation between iota complexes, as
follows.

DEFINITION 3.7 ([DHST23| Definition 3.1]). Let C; and Cs be free, finitely
generated chain complexes over F[U], such that each C; has an absolute Q-grading
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and a relative Z-grading with respect to which U has grading —2. Two grading-
preserving F[U]-module homomorphisms

f,9: C1 = Cy

are homotopic mod U, denoted f ~ g mod U, if there exists an F[U]-module ho-
momorphism H: C; — Cs such that H increases grading by one and

f+g+Hod+80Heiml.

DEFINITION 3.8 ([DHST23| Definition 3.2]). An almost t-complex is a chain
complex (C,d), which is free and finitely generated over F[U], equipped with an
endomorphism 7. Furthermore, the following hold:

(1) C has an absolute Z-grading, such that U has grading —2.

(2) There is a grading preserving isomorphism U~ H,(C) = F[U,U~1].

(3) 7 is a grading-preserving, F[U]-module homomorphism z: C — C such
that

1004+ 0ot€imU and 72 ~id mod U.
It will often be convenient to consider the map
w=1+7.

Of course, every (-complex has an associated almost (-complex. Note that the
definition of an almost (-complex is obtained from the definition of an t-complex
by relaxing every statement about ¢ to merely be true mod U.

DEFINITION 3.9 ([DHST23| Definition 3.4]). An almost t-homomorphism from
C1 = (C1,71) to C2 = (Cq,72) is a grading-preserving, F[U]-equivariant chain map

f: Cl — CQ
such that
fol~Tof modU.
DEFINITION 3.10 ([DHST23] Definition 3.5]).

(1) If (C,7) and (C’,7') are almost t-complexes, an almost local map is a
degree preserving almost (-homomorphism F: C — C’, which induces an
isomorphism from U~'H,(C) to U=t H,(C").

(2) We say that (C,7) are (C',7) are almost locally equivalent if there is an
almost local map from (C,7) to (C’,7’), as well as an almost local map

from (C',7) to (C,7).

According to [DHST23, Theorem 3.25], the set of almost local equivalence
classes forms a totally ordered abelian group, denoted J. As with the local equiva-
lence group, the group structure is given by

(3.3) (C,)* (C,T)=(CaCtxT).
There are homomorphisms
0 5357

The structure of the group 7 is recalled in further detail in Chapter [
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3.4. 1g-complexes

There is a refinement of the notion of an t-complex for knots, called an ¢x-
complex. Before stating the definition, we state some algebraic background. Sup-
pose that (Ck, 0) is a free, finitely generated complex over the ring F[%,#]. There
are two naturally associated maps

D, U CK—>CK,

as follows. We write 0 as a matrix with respect to a free F[%, ¥ ]-basis of Ck.
We define @ to be the endomorphism obtained differentiating each entry of this
matrix with respect to . We define ¥ to be the endomorphism obtained by
differentiating each entry with respect to #". These maps naturally appear in the
context of knot Floer homology, see [Sar11l[Zem17[Zem19c|. The maps ® and ¥
are independent of the choice of basis, up to F[%, ¥]-equivariant chain homotopy
[Zem19al Corollary 2.9].
We say an F-linear map F: Cx — CY; is skew-F|% , ¥]-equivariant if

FoV =%oF and Fo% =7V oF.

We may view a free complex over F[%,¥] also as an infinitely generated
complex over F[U], where U acts diagonally via U = %7¥'. Concretely, if B =
{x1,...,X,}is an F[%, ¥]-basis, then an F[U]-basis is given by the elements % *-x,
and ¥ - xj, ranging over all i > 0, 5 > 0 and k € {1,...,n}.

Compare the following to [HHM17], Definition 6.2] and [Zem19al, Definition 2.2].

DEFINITION 3.11.

(1) An tx-complex (Ck,0,tk) is a finitely generated, free chain complex
(Ck,0) over F[%, V], equipped with a skew-equivariant endomorphism
L satisfying

12 ~id + 0T,

(2) We say an ¢x-complex (Ck, 0, L) is of ZH S3-type if there are two Z val-
ued gradings, gr,, and gr,, such that % and ¥ have (gr,,, gr,)-bigrading
(=2,0) and (0, —2), respectively. We assume 0 has (gr,,, gr,)-bigrading
(=1,-1), and that ¢x switches gr,, and gr,. Furthermore, we assume
that A := %(grw —gr,) is integer valued. We call A the Alexander grad-
ing, and we call gr,, and gr, the Maslov gradings. Writing A, C Ck for
the subspace in Alexander grading s, we assume that there is a grading
preserving isomorphism U ' H, (A;) 2 F[U,U~!] for all s € Z.

(3) We say an tx-complex (Cg, 0, 1) is of L-space type if it is of ZH S3-type
and additionally H,.(Bs) = F[U], where Bs is the subset of ¥ "'Ck in
Alexander grading s.

In Definition BTl an ¢x-complex of ZH S3-type is equipped with two Maslov
gradings, gr, and gr,. We note that in the literature, usually one considers just
the gr,,-grading, which is referred to as the homological grading.

REMARK 3.12. If (Ck,d,tx) is an tg-complex, then tx commutes with U =
7Y, and hence we can view Ck as an (infinitely generated) complex with an
F[U]-equivariant endomorphism ¢

If K is a knot in an integer homology 3-sphere Y, then we obtain an ¢ x-complex
in the sense of Definition [3.11] by considering the version of the knot Floer complex
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generated by monomials %7 - x, for i,j > 0, where % counts the basepoint w
and ¥ counts the basepoint z. This contains equivalent information to the more
standard version of the knot Floer complex generated by tuples satisfying [x, 1, j]
with A(x) — j 4+ ¢ = 0. The correspondence is given by

(3.4) UV x s [x,—i,—]].

Analogous to Definitions B.3land .4] we have the following notions of morphism
of 1x-complexes:

DEFINITION 3.13. Suppose that ¥ = (Ck,0,tx) and ¢’ = (C, 0, ) are
L g-complexes.

(1) An tx-homomorphism from € to €’ consists of an F[%, ¥ ]-equivariant
chain map F': Cx — C, which satisfies ¢} F+Fix ~ 0 (where ~ denotes
skew-equivariantly chain homotopy equivalence).

(2) The group of enhanced i -morphisms is

M((g, (g/) = HomF[%y] (CK, C}() D Homm[%vy/] (CK, C}()[l, 1],

where Hompg(y 4] (Ck, O ) denotes the group of F[% , /]-skew-equivariant
maps. The differential on Mor (%, €} ) is given by

OMor(F,g) = (FO+ O'F,Fux + U F + g + g0).

We say (F,g) is an enhanced ¢x-homomorphism if dve (F, g) = 0. Two
enhanced ¢x-morphisms are ¢ -homotopic if their sum is a boundary in
Mor(Gk, € )-

We write lotay for the category of ¢x-complexes, with morphism set equal to
the set of tx-homomorphisms. We write lotay for the category of ¢x-complexes
with enhanced ¢x-morphisms.

There is also a natural notion of local equivalence of ¢ x-complexes:

DEFINITION 3.14. Suppose that ¥ = (Ck,0,tx) and ¢’ = (C, 0, ) are
tx-complexes of ZH S3-type.

(1) A local map from % to €” is a (gry,, gr,)-preserving, F[%, #]-linear chain
map F': Cx — O, which satisfies Fix + % F =~ 0, and which induces an
isomorphism from H,(U~'Ay) to H. (U1 A.) for all s.

(2) We say € and €’ are locally equivalent if there are local maps in both
directions.

According to [Zem19al Theorem 1.5], the set of local equivalence classes of
tx-complexes forms a group, denoted Jx. The group operation is given by

(Ck,0,1k) % (Ck, 0, tx) = (Ck Qpay, ) C, 001 +100 1k @ Uk + 1k PR Uk D).
Furthermore, the map
K — [(CFK™(K),tK)]

determines a homomorphism from the concordance group to Jg, where CFK™ (K)
denotes the version of knot Floer homology generated by monomials Z*77 - x,
where 4,5 > 0.
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3.5. The algebraic involutive mapping cone

In this section, we define the algebraic involutive mapping cone
XI3E(€) = (Xn(), ix)

of an tx-complex € of L-space type. The F[U] complex X,, (%) coincides with
the minus version of the mapping cone complex constructed by Ozsvath and Szabd
[OS08b]. If (F,g): € — €’ is an enhanced ¢x-homomorphism, then we will also
construct an enhanced (-homomorphism,

XIn#(F, g): XI,5(%) — XIp%(¢"),

which is well defined up to homotopy of enhanced (-morphisms. We now summarize
the important properties of X]Izlg:

PROPOSITION 3.15. Let € and €’ be vx-complexes of L-space type.

(1) The pair XIM8(€) = (X(€), 1x) is an t-complex, which is well defined up
to t-homotopy equivalence.

(2) If (F,g) is an enhanced v -homomorphism from € to €", then XI¥8(F, g)
is an enhanced 1-homomorphism from XI*8(%) to XI*8(¢"). If (F1,q1)
and (Fa,g2) are two enhanced iy -morphisms which are iy -homotopic,
then XI*&(Fy, g1) and XI¥8(F,, g5) are t-homotopic.

(3) If (F,g) is an enhanced L -homomorphism, such that F' is an tx -homotopy
equivalence, then XI*8(F, g) is an enhanced 1-homotopy equivalence.

(4) If (F,g) is an enhanced t-homomorphism, such that F' is a local map, then
XIM8(F, g) is also a local map.

In this section, we describe the constructions of XI*&(%) = (X,,(¢),tx) and
XI8(F, g), and prove parts part [[2)}[(4)] of Proposition In the subsequent
Section 3.6} we prove part

Recall that A, denotes the subset of (%,7) 'Ck generated by monomials
WY - x satisyfing A(x) +j —i = 0,7 > 0 and j > —s. Recall also that B,
denotes the subset of (%, %) 'Ck generated by monomials %77 - x satisfying
A(x) 4+ j — i, and i > 0, but with no restriction on j. We define By to be the
subcomplex generated by % *#7 - x satisfying A(x) +j —i = 0, and j > —s, but
with no restriction on .

Note that in the literature, A, is often given the equivalent definition of being
generated by [x,1,j] with A(x) —j+i=10,4 <0 and j < s, and similarly for Bj.
The correspondence between the two definitions is given in (3.4)).

We define Ag and B; to be the completions over F[U] of A; and Bs. We set

A= HAS and B:= HBS'
SEZ SEZ

REMARK 3.16. Here and throughout, we slightly extend the notion of a graded
ring to allow for infinite sums of homogeneously graded elements, so that F[U] is a
graded ring over which Ay and B are graded modules, and likewise for analogous
cases.

Next, we let 2 be the F[%, ¥ ]-module obtained by completing Cx with respect
to the actions of Z and ¥. We let B be defined as the F[%, ¥]-completion of the
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module ¥ 1. Ck, and we let B be the completion of the module % ~! - Cg. There
is a canonical shift map

(3.5) S A= A

which is an F[U]-equivariant chain isomorphism, as we now describe. The map .7
sends Ag to Ag, via multiplication by V~°. This uniquely determines a map on
the completion. There are similar isomorphisms between 8 and B, and B and B.
Abusing notation slightly, we denote these isomorphisms also by .7.

Next, we pick a homogeneously graded chain homotopy equivalence

g: ES — Bsin,
which exists since € is of L-space type. We set X,,(%) to be the mapping cone
X, (%) := Cone(D,,: A — B),
where D,, := v + Fv. Here, v denotes the inclusion of A, into By, and v denotes
the inclusion of A, into B,;. The map §v coincides with the map h in Ozsvath and

Szabd’s notation [OS08b].
We now construct the involution tx, which will have the form shown in (B.0]).

A B
(36) w= o w
| |
A B

The map ¢4 is induced by ¢k and the shift isomorphism .¥, as we now describe.
By definition, tx sends A, to A_4. Hence, with respect to the canonical shift
isomorphisms Ay & Ay and A_, & A_, given by multiplication by ¥ ~° and ¥,
respectively, the map ¢, is defined on Ay to be
Ly = USLK.
The map ¢ is defined on B, to be
g = SUS LK.
Note, tx sends B; to EO, U?® sends EO to E_s, and § sends E_s to B_gsyn.
We now define the map H appearing in ([B:6). We will construct it to send Bj
to B_g. Consider the map
N := Dpip + 3Dy,

which sends A; to B_s & B_s4+y. The component of N which maps As to B_.4p,
consists of

(3.7) M sy, Ns =F0U% i + FU Lk,

where II_g,, denotes projection of B onto B_s,,. Since t is skew-equivariant,
we have

(3.8) Uligv =vU0°%k,

as maps from A, to B_,, so (3.7) vanishes. We now consider the component of N
which maps A, to B_,. This takes the form

(3.9) II_ N, =vU%x + FU° L FV.
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FIGURE 3.1. A diagram encoding XI*¢(F, g).

Using (B.), we see that (39) is equal to (Utx + FUtxF)v. The maps Uik
and FU°tkF are both homogeneously graded, F[U]-equivariant chain homotopy
equivalences from Es to B_s. Since Ck is of L-space type, Utk and ULk §
must be chain homotopic over F[U], as maps from B to B. We define the map H
appearing in (B.6)) to be any +1 graded chain homotopy between U®tx and FU® 1k F,
which sends ES to B_g.

The construction above gives a map tx which is clearly a chain map from
X,,(€) to itself. Hence, we may view XI*#(%) as inducing a chain complex over
F[U][Q]/Q?* (though we have not established that (% ~ id).

Before addressing the well-definedness of XI*#(%), it is helpful to first address
functoriality of the construction, from which well-definedness will follow easily. The
description of enhanced (-morphisms in (3.I]) implies that the notion of an enhanced
--morphism is independent from whether (% ~ id, and hence we can tackle parts
of Proposition before considering part

Suppose that ¢ and € are tx-complexes, and (F,g): € — €’ is an enhanced
tx-homomorphism. Let § and H be choices of maps used in the construction of
XI8(%), and let § and H’' be analogous choices for XI*'8(%").

Our goal will be to construct length 2 and 3 maps which turn the diagram in
Figure Bl into a chain complex. (Such a diagram is called a hypercube of chain
complezes; see Chapter ). Along the left face of Figure Bl we use the maps F
and g (technically, we are implicitly conjugating with the shift map in (&3]), though
we suppress this from the notation).

We first describe the map L, appearing in Figure B.Jl The sum of length 1
compositions along the top face (as well as the bottom face) is F'D,, + D), F', which
expands to

(3.10) Fo+ F§o+ v F+g§0F.

Here, v and v denote the inclusion maps for ¢, while v" and v’ denote the inclusion
maps for €’. Since F is induced by an F[% , ¥]-equivariant map, we have Fv = v'F
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and v'F = Fv. Hence, (B.I0) simplifies to
(F§+3'F)o.

As maps from B to ~IB§’ , the maps F'§ and §'F have the same grading, and map
Bs to Bl,,,. Since By and B[, are homotopy equivalent to F[U], and § and §'
are homotopy equivalences, it follows that the maps F'§ and §'F are homotopic to
each other. We let L be a +1 graded map such that

0,1 = F§ + §F.

We now construct the map M, appearing on the right side of the cube in
Figure Bl We let M be any F[U]-equivariant, homogeneously +1 graded map
which sends B, to B’ and satisfies

—s+n>
[0, M] = Fup + 1 F.

The existence of M follows from the fact that By and B/ are homotopy equivalent
to F[U], using the same logic that gave the existence of L.

We now construct the maps K and J appearing along the length 3 arrow
(dotted) in Figure Bl We wish to choose these maps so that the total diagram
is a chain complex (or equivalently, so that the maps make the diagram into a
hypercube of chain complexes; see Chapter ().

Let N denote the composition of the length 1 and 2 maps which feature in the
length 3 hypercube relation, i.e.:

3.11 N :=MD,, + iz Lo+ HVF+ FHU + D, g+ L.
B n9

First, an easy computation shows that [0, N] = 0 (in fact, this is automatic from
the length 1 and 2 relations of the diagram in Figure B]).

We expand N, and use the fact that F is induced by an F[%, ¥]-equivariant
map, and tx and g are induced by skew-equivariant maps, to obtain that

N = qu + rv,

where
q=M+F g+ Ly, and r=MF+ L+ HF+FH+g.

We note that gv maps A, to B’ |, while 70 maps A, to B’ _. It is easy to check
that both ¢ and r are +1 graded chain maps. Since € and %"’ are of L-space type,
every +1 graded map from B, to B’ ,,, or from ES to B’ , is a boundary, since
Homgy) (F[U], F[U]) is {0} in gradings greater than 0. Hence, ¢ and r are both
chain homotopic to zero. We pick K and J to be any +1 graded null-homotopies
of ¢ and r which send By to B’ |, and B, to B'_,, respectively.

We now address the well-definedness of XI*8(F,g) from the choices made in
the construction:

PROOF OF PART [(2)] oF PROPOSITION Suppose that (Fy, g1) and (Fy, g2)
are two enhanced homomorphisms from % to %”’, which are ¢x-homotopic as en-
hanced morphisms. We wish to show that the maps XI*'8(F}, g;) and XI*'8(Fy, go)
are enhanced ¢-chain homotopic. (Our argument when (Fi, g1) = (Fs, g2) will prove
that X]I,allg (F,g) is independent of the choices in the construction, up to enhanced
t-homotopy).

Let § and H be the maps used to construct XI*#(%), and let § and H’' be
the maps used to construct X]Ifllg(‘f’). Let Ly, M, J; and K; be the maps used
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FIGURE 3.2. The enhanced (-morphisms X]Ifllg(Fl,gl) +
XI™8(Fy, go) (left) and € (right).

in the construction of X]If‘LIg(Fl,gl)7 and let Lo, My, Jo and K5 be the analogs for
XI5 (Fy, ga).

We now wish to construct an enhanced t-morphism & from XI*8(%) to XI*'8(¢”)
such that

Ontor (€) = XIXE(Fy, g1) + XIZE(Fy, g2).

First, we pick (¢,n) € Mor(%1, %2) such that Onor (@, 1) = (F1 + Fa, g1 + g2), which
exists by hypothesis. -

The relation

(3.12) Ontor (€) = XL,B(F1, g1) + XL, % (F, g2)

can be compactly restated as follows. Consider the F[U]-module M appearing on
the right side of Figure (consisting of the direct sum of A, B, A’, B’ and so
forth). We build an endomorphism & of M, as follows. We begin with £ as show
on the right side of Figure B2 and add Hv, D, Q(1 4 ta), Q(1 + ¢p) to the back
face of the cube, and also add the corresponding maps to the front face. Then, we
add the internal differentials of A, B, and so forth. Equation ([B12) is equivalent to
the relation

(3.13) £ = XIZ8(Fy, g1) + XIV8(Fy, go).

We now construct A\, u, x and (. Our construction will be similar to our
construction of the maps XI®8(F}, g;).

We begin by noting that [BI3]) is already satisfied along the left face of the
cube, since the desired relations are

F1+F2:[aa¢] and 91+92+LA'¢+¢LA:[‘9’77]’

which is equivalent to Avior (¢, 1) = (Fi1,91) + (F2, g2).
Next, we wish A to satisfy

(3.14) Dl + 6Dy + (L + L2)i = [0, 2]

Rearranging, and using the fact that ¢ is induced by an F[% , ¥]-equivariant map,
we see ([B.I4) is equivalent to

(05 +F' ¢+ L1 + La)v = [0, \]0.
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The map ¢F + F'é + L1 + Lo is a +1 graded chain map from B to B, which sends
ES to Bsyn, and hence is null-homotopic. We let A be any +2 graded homotopy,
which sends ES to Bsin.

Next, we construct pu. The desired length 2 relation for the right face of the
cube is

o+ iw ¢+ My + My = [0, p].

It is straightforward to check that ¢ug + g + My + My is a +1 graded chain map
which sends B to B_44,, and hence is null-homotopic. We let i be any +2 graded
null-homotopy, which also sends Bs to B_s 4.

Finally, we construct x and ¢. The desired equality is
(3.15)
H'V'¢p+ Dln+ uDy, + ¢HU + 1y X0+ Aoy + (K1 + K2)v + (J1 + J2)0 = [0, kv + ().

It is easy to check that the left hand side of ([BIH]) decomposes as a sum qv + rv,
where ¢ sends By to B’ |, and r sends B, to B’ .. Furthermore both ¢ and r are
+2 graded chain maps, and hence are null-homotopic, since Homgy) (F[U], F[U]) is
trivial in grading +2. We let x and ¢ be +3 graded null-homotopies.

The above relations show exactly that Oyor(£) = XIM8(Fy, g1) + XTM8(Fy, go),
so the proof is complete. (Il

We now consider the behavior of Xﬂzlg with respect to tx-homotopy equiva-
lences, and local maps:

PROOF OF PARTS [(3)] AND oF PROPOSITION B.I5. We begin with part[(3)]
Suppose (F, g) is an enhanced ¢x-homomorphism from % to ¢’ such that F is a
homotopy equivalence of chain complexes over F[%,¥]. Clearly, the map F induces
a homotopy equivalence of chain complexes over F[U] from A to A’. Similarly, F’
also induces a homotopy equivalence between B and B’. We pick a map L: B — B/,
as in the construction of Xﬂilg(F, g). The same argument as in Lemma [5.5] im-
plies that the map induced by F' and L is a homotopy equivalence from X, (%) to
X,,(€"), for any choice of L. Lemma [5.5 now implies that the map from XI*'8(%)
to XI*'8(%”) is an (-homotopy equivalence, completing the proof of part

Next, we consider part For concreteness, we focus on the case that n > 0,
as the case that n < 0 is a minor modification. Suppose that (F,g) is an enhanced
tx-homomorphism, such that F' is a local map. We want to show that the map
from X,, (%) to X,,(¢”) induced by F and L becomes an isomorphism after inverting
U. One should note that there is some subtlety in that localization at U does not
naturally commute with infinite direct products, so we need to argue somewhat
carefully. First, we truncate the mapping cone and consider the quotient complex
X (%) (b) generated by A; for —b < i < b and B; for —b+n < i < b, for some large
b. Analogously to [OS08b, Lemma 4.3], the projection maps onto the quotient
complexes X, (%)(b) and X,,(%¢”)(b) are quasi-isomorphisms. Since these are finite
direct sums, we may invert U on each summand. Each summand is homotopy
equivalent to F[U, U~!]. Furthermore, both v; and §vs become quasi-isomorphisms
after inverting U. From this description, we see that projection of U~'X,,(€)(b)
onto U 'Ag @ --- ® U A, _; is a quasi-isomorphism. Furthermore, under the
projection map onto these summands, the map F' is intertwined with the identity
map from F[U, U~!] to itself. In particular, the map induced by F is an isomorphism
from U1 H,(X,,(%€)) to U H,(X,,(¢”)), completing the proof. O
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3.6. The algebraic cone is an iota-complex

In this section, we prove part of Proposition B.I5] i.e. that the pair
(X (%), tx) is an iota complex whenever € is an tx-complex of L-space type. We
begin by proving that the algebraic analogs of the large surgery complexes are
iota-complexes:

LEMMA 3.17. Suppose Cx = (Ck,0,tk) is an tx-complex. Then Ck is also
an t-complezx, if we view Ck instead as a chain complex over F[U]. In particular
2. ~id, F[U]-equivariantly, on each As.

ProoF. We will write C = (C,9,t), for Ck, viewed as a complex over F[U].
We will write down a +1 graded endomorphism of F[U]-modules H: C — C which
satisfies

2 +id = [0, H).

The map H we write down will not in general be a map of F[%, ¥]-modules.
First, it is sufficient to write down a homotopy between ®¥ and 0, since by
definition, ¢ ~ ®V + id. There is an F[U]-equivariant map

Q:C—C,

defined similarly to ® and W, except keeping track of the changes of the U variable.
More concretely, if x and y are basis elements of an F[U]-basis of C, and 0(x)
contains a summand of U” -y, then Q(x) contains a summand of kU*~1 .y. In
terms of our original F[%,¥]-basis of Ck, Q has the following description. If
(YT -x),y) =A™y It then

<Q(02/ZVJ . X), y> = (mln(z +m,j+ n) _ mln(z,])) qyitm—lyjtn—1

There is an F[U]-equivariant map Hq2: C — C, of homogeneous grading +1,
which satisfies

(3.16) 02 = [0, Hg:).

If (O(x),y)y=2"V",

é(ﬁ B 1) . %i+m727/j+n72
2 )

where ¢ = min(é + m,j + n) — min(é, j). Equation ([BI6]) follows from the same
argument as in [Zem15l Lemma 14.18].
We make the following claims:

O+ 7Q =0, Hy

(Ho2 (%77 - x),y) =

(3.17)

where
He(%'V7 -x) = max(0,i — )% '¥7 .x, and
Hy (%7 - x) =max(0,7 — )%V~ ! x.
It is easy to check that He and Hy give well defined endomorphisms of Ck (in

particular, there are no negative exponents when applied to elements % *¥7 -x with
i,7 > 0).
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We now prove the first equation of (B.I7). Suppose that (9(x),y) = Z™V™".
We compute directly from the definitions that

(B -x),y) =m- @ FTmLyitn
(VUZ"YV - x),y) = (min(i +m,j +n) — min(s, 5)) - Tyt
(0Hg (%7 -x),y) = max(0,i — j) - T Lyitn,
(HeO(%'V7 - x),y) = max(0,i +m — j —n) - @ T Lyitn,
Hence, to prove the first equation of ([BI7), it is sufficient to show that if i, j, m,n
are integers, then

(3.18)
max(0,i—j)+min(é, j) + max(0,i+m—j—n)+min(m+i,n+j)+m =0 (mod 2).

Note that max(i + m — j — n,0) = max(i + m,j +n) — j —n and max(0,7 — j) =
max(i,j) — j. Furthermore, max(a,b) + min(a,b) = a + b, for any a and b. Hence,
we manipulate the left hand side of (B8], as follows:
max(,7) + min(i, ) + max(i + m,j+n) +min(i + m,j+n) —j+m—n—j
=@{+j)+(+m+j+n)—j+m-—n—j
=0 (mod 2),
establishing (B8], and hence the first relation of ([BI7). The second relation
of BIT) follows by an easy modification.
Combining [BI0), (BI1) and the F[%, ¥]-equivariance of ®, we conclude
OV ~ dY N
(3.19) = YO
~ UVOQ
~ 0. ]

The maps ¢y and tx are conjugate under .. Hence, we obtain the following
corollary:

COROLLARY 3.18. The map tp: A — A satisfies 13 ~ id.

We now investigate the homotopy constructed in Lemma B.17] in more detail.
We write

Hy: A —2A
for the null-homotopy of ®¥ constructed in Lemma .17l Concretely,
(3.20) Hy = ®Hy + U HyQ + %V Hop.

It is helpful now to abuse notation slightly, and write v for the inclusion of 2
into B, and v for the inclusion of 2l into 2B.

In our proof of part of Proposition [3.15], we will encounter the expressions
vHy and vHgy. The general algebraic strategy is to factor the maps through an
initial factor of v or v. Hence, one might optimistically hope that

(321) UHQ[ = HcBU, and ’LNJHQ( = H%E,

for some F[U]-equivariant maps Hy: B — B and Hg: B — B. Such maps do not
exist in general, as we illustrate in Example [3.19

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



28 3. IOTA COMPLEXES AND MAPPING CONES

- 1
- ;
H, = - l:l Hy = l:l
I L]

FIGURE 3.3. Two null-homotopies of ®W for the figure-8. The
solid arrows are differentials of CFK*°, and the dotted arrows de-
note ®¥, Hy or Hy. The shaded region is Ag.

ExAMPLE 3.19. Consider the figure-8 knot. The complex Ag, and the map ®W¥
are shown in Figure B.3] as well as two natural choices of null-homotopies, H; and
Hj, of ®¥. The map Hs extends to a F[U]-equivariant map over By, and the map
H, extends to a map over £~30. There is no F[U]-equivariant null-homotopy of ®¥
on Ag which extends over both By and Eo.

Despite Example B.I9] it turns out that we may construct maps Hwp and Hg
which satisfy (B21]) up to a further chain homotopy, as we now describe.
We define Hy : B8 — ‘B via the formula

(3.22) Hy :=OHy + ¥V 'U®He + VU Hypo.

Note that ¥ is invertible on 8. The map Hg:2 in (B:22) is defined similarly to Hqz,
as follows. If (O(x),y) = Z™¥™, then

m(m —1)
2

Thinking 2-categorically, we think of the map Hy as being constructed from the
following sequence of homotopies:

(Ho2(%V7 - x),y) = L2yt

o0 2 o0 =yl oy L e g e L e

(Here, an arrow denotes a homotopy between the maps at the two ends). It is
straightforward to check that the expression in equation ([B:22) gives a well-defined
map from B to B.
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Next, we define Hg: A — B via the formula

(3.23) Hg := HoV + % "VHyV + % "V Hyo.
Here, Hyg> is the map which satisfies
. —1 . .
(Hy2(%'YV7 - x),y) = % Moy tn=2

if (0(x),y) = %™7". We think of Hg as being associated to the following sequence
of homotopies:

HgpU U Y HeU

oy —1
ov 22 oy — gty qau XY gty X e,

0.
The maps Hy and Hg satisfy

[0,Hp] =0V and [0, Hg]= ®V.
The following technical lemma relates He, Hy and Hg:

LEMMA 3.20. Suppose that (Ck, 0, k) is an tx-complex of L-space type.
(1) There is an F[U]-equivariant map hy : A — B satisfying
[8, hgl’%] = vHgy + Hyv.
Furthermore, ho s may be taken to have homogeneous grading +2, and
send Ag to Bs. B
(2) There is an F[U]-equivariant map hy 5: A — B satisfying
[6, hﬁl,%] =vHy + H%ﬂ
Furthermore, hy & may be taken to have homogeneous grading +2 and

send Ag to Bs.

PROOF. We begin by investigating part We consider the sum vHg + Hyv.
Using the formulas in 820) and (3.22), we compute that if (0(x),y) = #™ V™",
then

<(UHQ[ + H%U)(%iaf/j . X),y>
—(max(O,m +i—n—j)- (min(m+4,n+ j) — min(4, j))

(3.24) |, (min(m + 0+ §) — min(i, j)) (min(m +i,n + j) = mini,j) = 1)
2

-1 , .
+ max(0,i — j)m + %)%1+m—17/1+n—1.

To simplify ([3.24)), we introduce some notation. Write
(3.25) X:=%"7.x and Y :="Tmyitn.y,
Define
€(X) :=max(i — j,0) and €(Y):=max(m+i—n—j0),
which we view as elements of Z. Note that
min(m +4,n + j) — min(é,j) = min(0,n+j —m — i) + m+4i— min(0,j — i) — ¢
= —¢(Y) + ¢(X) + m,
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since min(0,a) = —max(0,—a) for all a € Z. Hence, the coefficient of
quitm=lyitn=lin [3.24) becomes

(—e(Y) +eX)+m)(—e(Y) +e(X)+m —1)

e(Y)(—€(Y) 4+ e(X) +m) +

2
+ me(X) + w
SECHICIERNEC S CEEE e

In particular, vHy + Hyv = [0, he »], where
eX)(e(X) - 1)
2

It is easy to check that hy o is F[U]-equivariant and maps A, to Bs.

We now consider part of the main claim. The argument is similar to part
as we now describe. Similar to the previous case, using [B20) and B23), we
compute that if (0(x),y) = Z™¥™, then

((UHw + Hgo)(%' V7 - x),y)

hos(X)=U""- - X.

z(m max(0,j — %) + max(0,m + ¢ —n — j)(min(m + ¢,n + j) — min(i, 7))

(3.26) 4 (min(m +4,n + j) — min(¢, §)) (min(m + i,n + j) — min(é, j) — 1)
2
+nmax(0,i+m —j—n+1)+nmax(0,j+n—1—m—1q)
n(n — 1)) L qitm—lyjtn—1
2
We let X and Y be as in (3:25)), and define
v(X) :=max(0,5 —4) and v(Y):=max(0,n+j—m —1).
Noting that min(m + ¢,n + j) — min(é,j) = —v(Y) + v(X) + n, and also that

max(0, a) + max(0, —a) = a mod 2, for any a, modulo 2 the coefficient of the right
hand side of ([:26]) becomes

(3.27)
mv(X)+ (m+i—n—3)(—v(Y) +v(X)+n)+v(Y)(—v(Y) + v(X) + n)
(—v(Y)+v(X) +n)(—v(Y) +v(X)+n—1)

* 2

+n(i+m—j—n)+n+—n(n2_ 1).
Rearranging ([B.27)), we obtain
YY)~ 1) w0 1)
2 2
(3.28) +(n+mrX) + (m+i—n—§)(—v(Y)+ (X)) +n
+nn—1)+2n(m+i—n—j).
Noting that, modulo 2, (i — j)¥(X) = v(X) and (m+i—n — j)v(Y) = v(Y), we
see that, modulo 2, (B28) is equal to

(3.29) V(Y)(V(ZY) +1) V(X)(V(QX) +y
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We define

v(X)(r(X) +1)

h(X):=U"'. 5

‘X and k(%W -x)i=j w7y x

Note that h is F[U]-equivariant, while k is not. Also note that h maps A, to Bs.
The above manipulation shows that

(3.30) UHy + Hgo = [0, h] + [0, k).

We note that [9,k] = % ~'0%. The map % ~'V is F[U]-equivariant, maps B, to
gs, and shifts both gr,, and gr, by +1 (recall that gr,, = gr, +2s on gs) Since
Ck is of L-space type, there is an F[U]-equivariant map hg: gs — gs such that
%~V = [0, hy], as endomorphisms of Bs. We extend ho to an endomorphism of
all of B, by declaring hg to be equivariant with respect to % and ¥. We set ho &
to be

hy g = h+ hot,

which manifestly satisfies [0, hy 5] = vVHg + Hgv, completing the proof. O
ProOPOSITION 3.21. If € = (Ck, 0, 1K) is an tx-complex of L-space type, then
XIM8(%) is an -complex.

PRrROOF. Let H and § denote the maps chosen in the construction of tx. We
compute that

A _ B
(3.31) g Hid= 2454 \%%@& 2+4id
o‘\
| .
A B.

Here we have implicitly used the relation U®ixv = U1k, which follows since ¢
is F[% , ¥]-equivariant. Our proof of the main claim will be to show that

A B
(3.32) FFid~ g s N 0
P
A B

where ¢: B — B and 7: B — B are F[U]-equivariant maps such that ¢ sends B to
B, and r sends ES to Bsyn, such that ¢ and r are 4+1 graded. Note that if this is
the case, then ¢ and r must be chain maps. Furthermore, ¢ ~ 0 and r ~ 0, since
% is of L-space type. We obtain a homotopy giving the relation (% + id ~ 0, by
defining a map from X,,(%¢) to X,,(%) which puts this null-homotopy of qv + v
along the diagonal.
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More generally, suppose that F': X,,(¢) — X,,(%) is a grading preserving map
which is filtered with respect to the mapping cone filtration, i.e., F' takes the fol-
lowing form:

We say that F' is simple if the diagonal map K decomposes as
K =qu+rv,

where ¢: B — B and r: B — B are homogeneously graded, F[U]-equivariant maps,
such that ¢ sends B, to B, and r sends ES to Bsin. Equation (B31) implies that
% +id is simple.

Given an F[U]-equivariant chain map F': X,,(¢) — X,,(%), which is filtered
with respect to the mapping cone filtration, it is natural to change the maps J, K
and L individually. We make the following observations:

(k-1) If F' is obtained by replacing L with [0g, K]+ L and replacing K with K+kD,,,
for a +1 graded map x: B — B, then F’ ~ F. If F' is simple and x sends B,
to By, then F” is also simple.

(k-2) If F’ is obtained by replacing J with J + [Oa, k], where k: A — A is a +1
graded map, and also replacing K with K + D, k, then

F' ~F.

Furthermore, I is simple if F' is simple and D, x decomposes as jv + kv,
for homogeneously graded maps j: B — B and k: B — B such that J maps
B, to Bs and g maps ES t0 Bsin, and ¢q and r are grading preserving (with
respect to the mapping cone grading).

(k-3) If F’ is obtained from F by adding [0, ] to the diagonal map K, where
k: A — B is any +1 graded map of F[U]-modules, then F’ ~ F'.

All of the above observations are straightforward to prove.

We return to the expression for (% +id in equation B.31)). Firstly, (3 ~ id on B
(automatically, since € is L-space type), so using observation t% +1d is chain
homotopic to a simple map which maps A to A via (2 +id, and maps B to B via 0.

Next, we take an F[%,¥]-equivariant map k satisfying [0, k] = (% + id +®W¥
on Cg. Conjugating with the shift isomorphism, we obtain a map from A to B,
which we also denote by x (abusing notation slightly). Since x is induced by an
F|% , ¥]-equivariant map, we have

D,k = (v+ F0)k = kv + FKU.

By we may replace the component of (2 + id mapping A to A (which takes
the form 2 + id) with ®¥, while retaining simplicity of the map.
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By Lemma BI7 there is an F[U]-equivariant map Hy: A — A which satisfies

dW = [0y, Hy]. By [(k-2)]

Note that
D, Hy =vHy + FvH,.

Conjugating the maps constructed in Lemma[3.20] with the shift map ., we obtain
maps Hg: B — B and Hg: B — B such that

’UHA ~ H]B’U and 5HA ~ Hﬁfﬁ
Hence, by

A B
| |
. 4,
i +id~ o @/o%& 0
| Yo |
8o
!
A B

which completes the proof, since we have reduced to the form described in (3:32)).
(]
3.7. The local equivalence class of surgeries

In this section, we prove that the local equivalence class of Xﬂilg(%) has a
simple form:

PROPOSITION 3.22. Suppose € is an tx-compler of L-space type and n > 0.
(1) Then XI&(%,[0]) is locally equivalent to Ay(€).
(2) Furthermore, XI3%(%, [n]) is locally equivalent to the complex

(3.33) h o

with the involution which swaps the two copies of A,, and fixes By,.
We split the proof of Proposition B.22] into two parts:

PROOF OF PART [(1)] oF PROPOSITION [3.221 We assume n = 1, to simplify the
notation. Projection gives a local map from X]Ii_l’cf(‘g) to Ao(%), so it suffices to
construct a local map

F: XI¥8(%) (k) — XIZ8(€) (k + 1).

On the summands A_j41,..., Ag—1, B_k+1, ..., B, we define F' to be the identity.
On the remaining summands, we define F' as in Figure B4l where «, 8, and ~ are
maps which we define shortly.
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Ay e Ap
\\ //
h v
N V
B_py1 -+ By
o id id v
B8
id id
A_pa Ay e Ay Ag+1
N, e N, e AN L/
h v h v h v
pY |4 g % N |4
B_;, B 41 -+ B Biy1

FIGURE 3.4. The map F: XI3%(%) (k) — XI¥%(%)(k + 1). Solid
arrows denote F', while dashed arrows denote internal differentials
of XI%%(%€)(k) and XIV$(%)(k + 1).

We recall that hs: As — Bsy1 is the composition of §svs, where §s: Es — Bsi1
is a choice of homogeneously graded homotopy equivalence, and v, is the inclusion
of A, into Bs. The choice of §, does not affect the homotopy type of the mapping
cone complex, so we make the following convenient choice of §s:

(3.34) o= Uk,

In (334), tx gives a homotopy equivalence between B, = C(j < s) and C(i < s),
and U* gives a chain isomorphism between C'(i < s) and B = C(i < 0). With these
definitions, the involutions take the form

g = L%( and 1y =U k.

(The formula for tp looks odd, but follows from the definition tp s := FU Lk ).
With this choice of §, the property of F' being a chain map is equivalent to the
relations

[0,a] =0,
ha+v =10, 8],
3.35
(3:3) 9,9] =0,
vy +h =0.

In (B38), the maps are to be applied only to A_j or Ay, as appropriate, and also
0 denotes the internal differential of the summands A, and B; (in particular, not
the mapping cone differential, which includes v and h). We set

a=U""k and v = Uik,

These are clearly chain maps, so the first and third relations of ([B.33]) are satisfied.
The fourth is also satisfied, since hy = U¥ix0;. The second relation of (B.37),
which involves « and (3, is equivalent to

(12 +id)v = [0, ]
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Ag — _— Ay
| H_]C’U o ﬂ/ |
. id
“ \/ / v v
[F7 LXHA—k = A By + A1 B_p A_j
AN s, ~
i‘d v i‘d H_j;_1v L‘A L‘m LL; H_yo
v \ v v <+ + <+ AR
Ay App By Bri1 Agt1 By Ar By
Ay Ap
[ [ \7
o id
v Y
[Fv LX]lAk = _— Ay + Ag Ak+1
@ , -
/ B i‘d Hyv LLA L‘Im
NA <+ VA <+ <+
A g1 By Ay By A Ay

FIGURE 3.5. Computing [F, x| on A_

k (top row) and Aj (bottom row).

A, A,
\~ //
h v
v v
B 41 By,
wf+H__10a Bup+Hiv
A1 Ay, Ay, A1
AN J N ‘/ AN ‘/
v h v h v h
N v/ N )4 N )4
Bt By, B_ k11 B_y,

FIGURE 3.6. The commutator [F,tx] (solid arrows). Note that
the order of the indices is reversed along the bottom row. Dashed
arrows denote internal differentials of X,,(%).

We pick any F[U]-equivariant, homogeneously +1 graded map J: B; — B, satisfy-
ing [0, J] = i3 + id, which exists because B; ~ F[U]. We define

(3.36) B = Ju.

With these definitions, F' becomes a chain map. Furthermore, F' is homo-
geneously graded with respect to the grading on the mapping cone, and clearly
becomes an isomorphism on homology after inverting U.

It remains to show that

(3.37) Fux + uxF ~ 0.

Note that Fix 4+ txF = 0 on all of the summands of XI(%)(k) except for A_y
and Ag. On Ay and A_j, we expand out [F, x| schematically in Figure B35l

After removing and canceling terms, we obtain the description of [F, tx| shown
in Figure
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A—’!L ATI A'IL
h v’

Y g
U ™k n id id
A, id A, Ay

~ v ‘ ’ v 7 s
“ v
B,

FIGURE 3.7. The maps F and G (solid arrows).

Hence, it is sufficient to show that the maps
L[Bﬂ + H_j_qva: A_), — Bk+1 and ﬂLA + Hyv: A, — B_y,

are null-homotopic. (Given such null-homotopies, we form a null-homotopy of
[F, x] by putting these null-homotopies in the same positions as in Figure B.4)).
Expanding out the definitions, we obtain

B+ H_p 100 = (14T + H_ ), U)o,

The map (1%J + H_j_1U*11x) is a +1 graded chain map from B_j to Bjyi1,
and is hence null-homotopic, since both B_j, and Bj; are homotopy equivalent to
F[U], with 1 supported in the same grading.

Similarly,

Bia + Hyv = JU’%K§+ Hyv,

which is null-homotopic by the same reasoning. This concludes the claim about the
Spin® structure [0]. O

We now consider the local class of even surgeries:

PROOF OF PART [(2)] oF PrROPOSITION B22L The proof of part [(T)] carries over
to show that XI5E(%, [n]) is locally equivalent to the truncation of XI3E(%, [n])
shown in (38), with the involution induced by XI32(%).

A, A,
(3.38) A v

As before, we can choose §_, = U "k, so that h = U "0, in (338).

We define chain maps F' and G between B33) and B38) in Figure B7 Here,
Jv is the same map as in ([B36). We compute [F, (] and [G, (] in Figure B8

In Figure B.8]

L=H_,Ulg+ 5.
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A, A,
X h v . ‘
s x’
Bn id +L§< id +LK
[F7 [’] = H_,v ‘ l Jv
An \id +i% An An / A,
T \l v’ ) v \J/ ‘h
s g N e
Bn BW

FIGURE 3.8. The commutators [F, | and [G, ¢].

We claim that [F,¢:] and [G,:] are both null-homotopic. We construct null-
homotopies of [F, L] and [G, ] in (BEQI)

(3.39)

In (B39) we write Hy and Hg for the homotopies constructed in Section B.6] (plus
an F[% ,V]-equivariant homotopy between id +:2, and ®¥, which we suppress from
the notation). The relation [F, (] = [0x, HF| is equivalent to the relations

id 4+ = [0, Ha,
id+c5 = [0, Hs),
Hyh+ H_,v = [0,a],
Hygv 4+ vHy = [0, ],
(applied only to A,, or A_,,, as appropriate). The first and second relations of ([B.40])
follow from the constructions of Hy and Hes. The existence of a [ satisfying the

fourth relation of ([40) follows from Lemma[320l The existence of a which satisfies
the third relation follows since Hygh+ H_;v is a +1 graded chain map which factors

(3.40)

through v.
Similarly, [G, ] = [Ox, Hg] is equivalent to the relations
id+:2 = [0, Hy,
id +:2 = [0, Hy],
(3.41) id e = 10, Hl

Hyv+ Jv=[0,4],
Lv+vHgy + Hgv = [0,7].

The first two relations are immediate. The existence of § which satisfies the third
relation follows since Hyv + Jv is a +1 graded chain map which factors through
v. The existence of v satisfying the fourth relation is as follows. By Lemma [3.20]
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A_j Ay, aE Ay, A1
L \ ‘/ AN R4 N L AN
h v h v h v h v
\ MRS N V. N N
B k2 B ;1 B_k By 1 By, By 11
y id id s
B
1d\ id id /1d
Ay : Ay
/7 N 7/ \\
h v h v
% % pY;

€

FIGURE 3.9. The local equivalence F': XI™$(%)(k + 1) — XI™$(%) (k).

vHy ~ Hygv. Furthermore, L is a +1 graded chain map from B, to B,, so is
null-homotopic. The proof is complete. (Il

For negative surgery coefficients, we have the following analog of Proposi-
tion [3.22)

PROPOSITION 3.23. The local equivalence class of XI™8(€,[0]) coincides with

the local class of (Ao(—%),vx)V, where V denotes the dual t-complex, and —€
denotes the dual Lx-complex.

PROOF. The proof is very similar to the proof of Proposition 3:22] so we only
sketch the important details. As before, we focus on the case that n = 1. Inclusion
gives a local map from XI™%(%,[0])(k) to XI™&(%,[0])(k + 1), so it suffices to
construct a local map F in the opposite direction, which we do in Figure [3.91

The necessary relations for F' to be a chain map are

[0,a] =0,
[0,7] =0,
ah + vy =0,
(3.2 o -
[0,¢] =0,
hé + Cv = [0, €,
h+vd = 0.

In (342), the third and fourth relations have domain A_j_;, while the last two
have domain Ayi;. Toward (B.42), we make the following definitions:

(3.43) a:=Uid, v =Uryk, 6=U"1lg, and (=U*tid.

It is easily checked that with the definitions in ([3.43]), maps 8 and ¢ may be found
so that ([B42) is satisfied. Thus, F' is a homogeneously graded chain map, and
clearly sends F[U]-non-torsion cycles to F[U]-non-torsion cycles.
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The proof of Proposition extends easily to show that [F, x| is null-homo-
topic. We conclude that XI*'8(%, [0]) is locally-equivalent to the complex

(3.44) RN

with involution induced by X]Iil% . An argument analogous to the proof of part
of Proposition 3221 shows that (344)) is locally equivalent to the complex

(3.45) 5N

with the involution which is ¢ on Ay, and is also ¢ on the B-summands, switching
By and EO. We now claim that the complex in ([3.48]) is homotopy equivalent to
the subcomplex Abig of CFK*°(K) generated by [x,4,j] with min(é,j) < 0 and
Ax)+i—j=0. To see this, note that the complex in ([3.45)) is Cone(v & v: Ag —
Bo @ By). Note Ag = BO N By and A e — BO + By. We obtain an exact sequence

7BV

(3.46) 0— Ay 22% By @ By = AD® - 0,

which manifestly induces a chain map ® from Cone(?d @ v) — AJ®. A chain map
U in the opposite direction is given by basic homological algebra. Namely, we may
construct F[U]-equivariant, splittings f Ablg — By @ By and g: Bo @ By — A of
the exact sequence in ([B.46]) because A 8 is a free module over F[U]. In general, f
and g will not be chain maps. There is an induced map ¥: A, big _, Ay B Bo ® By =
Cone(v @ v) given by ¥(z) = (¢dfx, fr). Basic homological algebra shows that ®
and ¥ are chain maps, and furthermore, homotopy inverses. The map ® commutes
with the involution, and hence it follows automatically that ¥ commutes with the
involution up to homotopy.

Furthermore, it is not hard to see that (Agig (€), 1K (€)) is canonically isomor-
phic to (Ag(—=%),tx(—%))", where V denotes the dual (-complex, completing the
proof. |

REMARK 3.24. For ¢x-complexes induced by knots in S3, Proposition (.23] fol-
lows from Proposition B.22] together with the observation that S3 (K) =
— 5%, (m(K)). A similar statement holds more generally for null-homologous knots
in L-spaces.

3.8. Correction terms of integer surgeries

Proposition [3.22] has the following implication for the involutive correction
terms of surgeries, which is the restriction of Proposition [[.7] to integer surgeries:

PROPOSITION 3.25. Suppose K is a knot in S® and n > 0. Then
d(S(K), [0]) = d(L(n, 1), 0]) — 2Vo(K)

(3.47) and d(S3(K),[0]) = d(L(n,1),[0]) — 2V (K),
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and
(3.48) d(85,(K),[n]) = d(S5,(K),[n]), and d(S3,(K),[n]) = d(L(2n,1), [n]).

We begin with a lemma which will allow us to pass to a smaller model of X,
where Bs; = F[U]:

LEMMA 3.26. Let (C,t) be an t-complex. Then for any chain complex C' ho-
motopy equivalent to C, there exists a homotopy involution /: C' — C' such that
the t-complex (C', 1) is homotopy equivalent to (C,¢).

PROOF. Suppose that f: C — C’" and g: C' — C such that go f ~ id via a
homotopy H. Then it is straightforward to verify that .’/ = forog gives a homotopy
involution on C” and that for~ (o f via foroH and got ~1ogvia Horog. O

REMARK 3.27. Note that if A ~ A’ via f,: A, — A, and f.: A, — A, where
flfs ~id via Hy, and B ~ B’ via g,: B; — B, and ¢.: B, — B, where g.gs ~ id
via Js, then X := Cone(D: A — B) ~ Cone(gDf’: A — B) =: X’ via the homotopy
equivalence

F: XX

(a,b) = (f(a),gDH(a) + g(b))

with homotopy inverse

G: X =X

(@) = (f'(d'), JDf'(d') + g'(V)).
(It’s straightforward to verify that G o F ~ idx. Furthermore, one can see that
F o G is homotopic to a chain isomorphism, i.e., an upper triangular matrix with
ones along the diagonal, which we will denote ¢. Hence F o G o ¢~ ! ~ idyx,. Then
G~GoFoGo¢p ! ~Gog¢t) In particular, if we replace each A, and B, with

homotopy equivalent complexes A, and B’ respectively, then the induced mapping
cone X' still has the form as in Theorem 20.1]

We now prove Proposition B.25] our computation of the correction terms of
surgeries:

PROOF OF PROPOSITION The first claim about the correction terms in
the Spin® structure corresponding to [0] is an immediate consequence of Proposi-
tion 3221 together with the definition of the absolute grading on the mapping cone
complex (see [OS08b| Section 4]), the large surgery formula for involutive Heegaard
Floer homology, and the definition of the involutive concordance invariants.

We now investigate the second claim, concerning even surgeries. Let C' be the
complex

with involution ¢ which swaps the two copies of A,, and is the identity on B,,. This
represents the local equivalence class of XI55 (%, [n]) ~ CF~(S3,(Y), [n]).

For any element z € A,, let 2* denote the copy of z in the lefthand copy of
A, and 2" the copy in the righthand copy of A,. By Lemma B.26] we may replace
B,, with an appropriately-graded copy of F[U]. More precisely, using Remark
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3.8. CORRECTION TERMS OF INTEGER SURGERIES 41

we choose some chain maps g: B,, — F[U] and ¢’: F[U] — B,, and a homotopy J
between ¢'g and the identity map on B,. Then taking the maps fs and f! in the
statement of the remark to be identity maps and the homotopy H to be identically
zero, we see that replacing B,, by F[U] replaces ¢ by F ot oG, where F and G are
chain homotopy equivalences in the remark. We see that

(ForoG)(z*) = 2" + Ju(a")

(FoiroG)(z") =a' + Ju(zh)

(ForoG)(b) =0

where the last term is forced by the fact that b € F[U]. Let M = Juv, so that ¢ is
replaced by ¢ + M. Notice, in particular, that the element z‘ + z" is always fixed
by the replacement involution.

Let a,, be a tower generator of A,. That is, a, is a cycle of maximal grading
such that U™[a,] # 0 for m > 0 in H,(A,). Let b, be a generator of B,,. Then
v(an) = UV"b,. The element [a!, + a’] is then a tower generator in H,(C). By
[OSO08Db), Section 4] and [NW15| Proposition 1.6]

gr(bn) = d(L(2n,1), [n]) — 1
gr(ay,) = gr(ay,) = d(S5,(K), [n]) = d(L(2n, 1), [n]) — 2V, (K).

We now turn our attention to the computation of the involutive correction
terms. Let 04 denote the differential in the complex A,, and dc denote the differ-
ential in the complex C. Consider the involutive complex

CI = (C[-1] ®F[Q]/(Q*), 0" = dc + Q1 +1)).
Note that, as elements of C'I, we have
gr(bn) = d(L(2n,1), [n]) gr(ay) = gr(ay) = d(S3,(K), [n]) +1
because of the upward grading shift. Observe that U™ (af, + a,) is t-invariant and
is nonzero in H,(CI) for all m > 0. Therefore [a%, + a” ] generates a copy of F[U] in
H.(CT) in gradings of the same parity d(S3,(K), [n]) + 1 modulo two, which must

therefore be contained in the first tower in H,(CI). Hence d(C) must be no less
than

gr(ay, +ayp) — 1= d(S3,(K), [n]) + 1 — 1 = d(S3,(K), [n)).
Since d(S3,(K),[n]) = d(C) is also an upper bound on d(C), we conclude that
[a’ 4 a”] generates the first tower in H,(CT) and

d(C) = d(S3,,(K), [n])-

We now locate the second tower in H,(CI). We claim that the class [by]
generates the tower. First we check that U™[b,] # 0 for m > 0. For if not, then
U™b,, lies in the image of 9* for some m. Since 8*(B,[—1]®F[Q]/(Q?)) lies entirely
in Im(Q), we see that there must exist some x1, o, 23,24 € A, such that

U™b, = 0" (z] + (x5 + 25) + Qab + Qa4 + 7).
Then
U™by = v(2) + Oazi + Qo] +27) + QM (1) + (945 + Oaz})
+ Qu(xs) + QDawsy + Q(Daxh + Dax))
= v(x}) + 0axt + (Dawh + daxh) + Q(u(xs) + daxs
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+ (2§ 4 25) 4 (Daxh + daxh) + Math)
We see that we must have v(zf) = U™b,, and da2} = x}. But then
02 () = dc(27) + dc (v(=}))
= da(ay) +v(z7) +0
= 0a(z]) + U™,
# 0.

This is a contradiction, so U™[b,] # 0 for all m > 0. It remains to be shown
that [b,] # Uln] for some € CI. Since b, is an element of maximal grading in
B,[-1]®F[Q]/(Q?), the element i must lie in (A, ® A,,)[-1]@F[Q]/(Q?). Suppose
that

by +Un = 0 (zf + (25 + 25) + Qx5 + Q24 + z1))
=v(z]) +0a(z)) + Q(af + 27) + QM (2%) + (Daxh + Daxh)
+ Qu(af) + QOaxl + Q(Daxh + Oaxl).
We observe that v(z{) = b, and v(x%) = 0. We then have
Un = 0a(x]) + (0axh + 0axh) + QIaxh + Q((zf + 0azh) + (] + 0az})) + QM (2})
Since Un is in the image of U, in particular x§ 4+ daz)y = Uz" for some z € A,,.
However, then
Uv(z") = v(Ux")
v(x] + daxy)
(«7) + Opv(z))
n 10
=by,.
This is a contradiction since b, is not in the image of U. We conclude that [b,]
generates the second tower in H,(CT), and that

d(C) = gr(b,) = (d(L(2n,1),[n]) — 1) + 1 = d(L(2n, 1), [n]). O

1
S
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o~
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CHAPTER 4

An application to the homology cobordism group

The goal of this chapter is to use the involutive mapping cone formula to
prove Theorem [[L9] that is, to find examples of homology spheres which are not
homology cobordant to linear combinations of Seifert fibered spaces. Our proof
begins by computing the ¢ -complexes of certain linear combinations of torus knots
and their cables, in order to compute the almost-local equivalence class of ¥ =
Sil(—2T677#T6713# —T53.25). We then use these calculations to show that n[Y]
is non-trivial in ©3 /O gp for any non-zero integer n. The proof relies on the fact
from [DHST23], Theorem 8.1] (cf. the proof of [Dail9l Theorem 1.1]) that the
almost-local equivalence class of linear combinations of Seifert fibered spaces takes
on a particularly simple form.

Let T} 4.r,s denote the (7, s)-cable of the (p, g)-torus knot, where r denotes the
longitudinal winding. The goal of this chapter is to compute the local equivalence
class of the t-complex associated to Sil(K), where K = —2T4 7#T6 13# — 123,25,
in order to prove that S%,(K) is not homology cobordant to a linear combination
of Seifert fibered spaces.

In Section [£I] we compute some tensor products of abstract ¢ x-complexes. In
Section 2] we identify some of these abstract ¢x-complexes with the ¢ x-complexes
of specific knots in S3. In Section B3] we use Proposition 3.22to compute the local
equivalence class of (CF~(5%(K)),¢). In Section @4} we use these calculations to
prove Theorem .9

4.1. Some tensor products

We begin by computing the local equivalence classes of several tensor products
of t-complexes. Throughout, we describe ¢ -complexes as finitely generated chain
complexes over F[U, U~1]; that is, following Remark [3.12] we consider Ay as a chain
complex over F[U] with an F[U]-equivariant endomorphism ¢x and localize at U.

LEMMA 4.1. Let Cy be the complex in Figure Bl generated by a,b,c,d, e with
Maslov gradings

M(a)=M((b)=0, M(c)=M(d)=-1, M(e)=-2,
differential
da=0, db=c+d, Oc=e, dd=e, O0e=0,
and g (which we denote by t1)
@) =a+Ute, u(b)=b+a, ulc)=d, w(d)=c, ti(e)=c.
Let Cy be the complex in Figure 1], together with the endomorphism Lo
to(m;) = x4y, 0<i< 4.

43
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® T4

o——————— @ I2
C @é&——mF— o

FIGURE 4.1. Left, the complex C;. Right, the complex Cs.

® Ya

Y3
o————————— 0 Y2
g @{——0

Y1
e{————— 0 0<—@ Yo
B h

FI1GURE 4.2. The complex C3, which is locally equivalent to C; ® Cs.

The tensor product C; ® Cy 1s locally equivalent to the complex Cs in Figure 2],
where 3 is given by

3(Yi) = Ya—i, 0 7'é 2
3(y2) =y +U "
wa(f)=f+y

i3(9) =h+u

e3(h) =g+y3

13(1) =

PrROOF. Let (C1,¢1) and (Ca,t2) be as above. Recall from [Zem19a, Theo-
rem 1.1] that

LCL®C, CiCy — C1®Cy
is given by
11 ® g+ (D1 @ Us) o (11 ®L2).
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bz4
CTy @ ® O axy
J/ J/ e
° o o ® qro+U texy
cxzters bxrs+dxy o—— o
bxrs+cxo bxa
dl’4
€T4 @ [ ]
J J xr3+erstcxy azl-l-U*lea:l
° o0 o0 ® axo+U 'exy
€T3 drs @@ cxob®1 T2 gr g prgtax,
€1 bri+ecxotary
eL—@ exg e+—e@ dxg
€Tt dxi-+exy

FIGURE 4.3. The complex Cy ® Cs.

where ®; and Uy are the formal derivatives of 9. (In practice, after fixing a basis,
(P1 ® Uy)(xz ®y) counts arrows leaving x that point an odd number of units to the
left and arrows leaving y that point an odd number of units down, together with
an overall factor of U~!.) For simplicity, we will denote tc, g0, by t12. We find
that ¢ is given by

t12(azs) = axy + U Lexy,
tia(ary) = axg + U texo,
119(bxg) = by + axy + U texs,
t12(bx1) = bxs + axs,

t12(bxs) = bay + axe + U teny,
t12(bxs) = bxy + axq,

t12(bxy) = by + axg,

t12(cxg) = dxy + U texs,
t12(czr) = dus,

io(cas) = dao + U ey,
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46 4. AN APPLICATION TO THE HOMOLOGY COBORDISM GROUP

t12(exq) = exp.

Consider the change of basis shown in Figure [£3. It is straightforward to verify
that we may ¢12-equivariantly decompose C; ® C5 as

Ci®Cy= X1 ® Xy @ X3,

where X consists of the “staircase” together with the three-by-three box (namely,
the span of azg+Utexq, ax1+U tex:, aze+U " texy, axs, axa, bra, brs+cxs, bri+
dxo, drs+exstcry), Xo consists of the upper left and lower right rectangle (the span
of bxy, cxq, brs + dxy, cxs + exy, bxo + axg, bxy + cxo + axq, dxg, dz1 + exg), and X3
consists of the remaining two rectangles (the span of dxy4, exy, dxs, exs, cxo, cx1, exo,
ery).

Since X7 supports HF™, it follows that C7 ® C5 is locally equivalent to X7,
which is isomorphic to (Cj3,t3) as described in the statement of the lemma. ]

LEMMA 4.2. Let Cy be the complex in Figure @4 together with
t4(2i) = z20—i, 0 <4 <20,

The tensor product of (C1,t1) and (Cy,tq) is locally equivalent to Cs in Figure 5],
where t5 is given by

ts(w;) = weg—q, ©# 10
t5(wro) = wig + U tm
t5(j) = J +wio
ts(k) =1+ wo
t5(1) =k + wiy
t5(m) =m.
PRrOOF. The proof is analogous to the proof of Lemma [£.1] |

LEMMA 4.3. Let Cg be the complex in Figure with
t6(v;) = v10—s, 0<14<10.

Then Ce®Cy is locally equivalent to (Cs, t5), where v5 s as described in Lemma 2]
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23
{9 22

Z1
ei-e 2o

FIGURE 4.4. The complex Cy = CFK* (T 13).

PROOF. After a change of basis, we have that Cs ® Cg splits as in Figure €11
Moreover, this splitting may be chosen to be equivariant with respect to tcyec, =
16 @t + (Pg @ Ug) o (15 @ 1g). The “staircase” together with the three-by-three
box along the diagonal form a direct summand that is isomorphic to C5, under the
identification

Wo = Voo,

w1 = VoV1 + V10,

We = VgUg + Vavg + U_lvlvl7

W3 = VoU3 + V1V2 + V201 + U3,

Wq = VoVq + V2V2 + V40,

W5 = VYgUs + V104 + U2U3 + V3V2 + v4U1 + V520,

we = VoV + Va4 4+ V4V 4+ V609 + UL (vyvs + vsv1),

W7 = VoU7 + V1Vg + V2Us + V3V4 + V4V3 + V5V2 + Vg¥1 + V7V,
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w15

e{f————————e wWig

w13
o4 e wi2

. o wig
.

kK od—

wg
8 ee{—— o Ws
m 1

wr

e{——e Wg

i Wy

w3
0e{—0 w2

w1

e <—e wWo

FI1GURE 4.5. The complex Cs.

wg = VgUg + V2Vg + V4V4 + VgV2 + VgV,
Wy = VgVg + V1Vg + V2U7 + V3Vg + V4Us5 + VUsV4 + VUgU3 + V7V2 + UgU1 + Vg0,
W10 = VoV10 + V2U8 + V4Vs + V6V4 + Vg2 + V10Vo + U_l(vlvg + v50s),
W11 = V1V10 + V2Vg + V3V + V4VU7 + U5Vg + VgUs + V7V4 + VgVU3 + VgV + V19V1,
Wiz = V2V10 + V4V8 + VeV + VUsVyq + V10V2,
W13 = V3V10 + V4V9 + U5U8 + VU7 + V7Us + UsUs + VgUq + V103,
W14 = V4010 + VeVs + VgV + V104,
W15 = VsV10 + VU9 + V7V + VgVU7 + V9Ug + V10V5,
W16 = VeV10 + VgVs + V10V,
Wiy = V7v10 + VgV9 + VoUs + V107,
wig = VgV10 + V10Vs,

W19 = V9V10 + V109,
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W20 = V10v10,
J = Vg4 + vgV2 + V100,
k = vgus + vrvg + v8U3 + VoU2 + V101,
I = v5v4 + VgU3 + V7U2 + VgV + Vo,

m = VsUs,

as shown in Figure I8 Indeed, it is straightforward to verify that tc,gc, maps
the span of {wy,...,wao, j, k,I,m} into itself. It is then sufficient to show that the
basis in Figure 7] can be chosen so that none of wy,...,wqy,j, k, [, m appear in
togwc, Of any of the other basis elements. Since v @, is grading-preserving and
skew-filtered, it is sufficient to verify this for the vertices along the top and right
edges of the rectangles shown in Figure [L.9] as well as for vovg and wvgvs, the top
right corners of the two squares in Figure By a direct computation, one sees
that the span of

{Uﬂ/o, V11, V20, V2V1 + U3Vg, V7V10 + VgVy, UgV10, V9V, U9U10}7

that is, the span of the vertices of the upper left and bottom right rectangles in
Figure 49 forms an tcy,ec, equivariant subcomplex. Similarly, one sees that the
span of

{1131)2 + v4v1 + U500, V3V3, V402 + VgV + U_1v5vl, V4V3 + V5V206V1 + U7V, U303,

V3V10 + V49 + Vs + VgU7, V410 + V6Us, UsV10VeVy + U7U8, V7T, }
that is, the span of the vertices of the middle two rectangles in Figure 9] also
forms an to,gcs-equivariant subcomplex. Lastly, one sees that tc o, (v2vs) =
vgvg + U tuguy and toze0, (vsv2) = vavs. (Alternatively, there is a change of basis
such that all of the rectangles in Figure except the central 3 x 3 square are

“paired” with their symmetric mate by tc,00q-)

Thus, the span of {wy,...,ws,j, k,I,m}, which is isomorphic to C5 in Fig-
ure 5] forms an tcygc,-equivariant summand of Cs ® Cg. Since this summand
supports HF, it follows that Cg ® Cg is locally equivalent to Cjy, as desired. [

4.2. The LK-COHlpleX of —2T6’7#T6’13# — T273;2’5

Recall that K C S is an L-space knot if S3(K) is an L-space for some r > 0.
We say that K is a negative L-space knot if S3 (K) is an L-space for some r > 0.
The following lemma, combining results of [OS05] and [HM17], describes the
tg-complex associated to a negative L-space knot K in terms of the Alexander
polynomial Ag(t).

LEMMA 4.4. Let K be a negative L-space knot with Alexander polynomial

n

Ax(t) = D (=1t

i=0
where (a;)P_ is a decreasing sequence of integers and n is even. Then CFK*(K)
is generated over F[U, U] by z;,0 < i < n, with Maslov gradings
M(xz;) =0, i even
M(z;) =-1, i odd
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Vg e4————————— @ Vg

v3
e{—— o U2

e{—e Vg

FIGURE 4.6. The complex Cs = CFK* (=T 7).

where the Z @ Z-filtration level of xg is F(xo) = (0,—g(K)) and relative filtration
of x;, xi41 18
Fla;) — F(xirr) = (a; — aip1,0), i even
F(x;) — F(xit1) = (0,a;41 — a;), 4 odd.
The differential is given by
Oxg = 11
0r; =xi—1 +Tiy1, 2<i<n-—2 even
0Ty = Tp—1
Oxr; =0, 1 odd.
The endomorphism vi is given by
(@) =xpn—y, 0<i<nm.

PROOF. The description of CFK*(K) follows from [OS05, Theorem 1.2] (cf.
[OSS17, Theorem 2.10]). The description of tx follows from [HMI17, Section 7].
]

LEMMA 4.5. We have the following identifications:
(1) The complex (Ca,t2) in Figure Bl where 1o(x;) = x4—; is the tx-complex
associated to =15 3.2 5.
(2) The complex (Cy,ta) in Figure Bl where 14(z;) = z20—; is the tx-complex
associated to —T§ 13.
(3) The complex (Cs, t6) in Figure where t5(v;) = v10—; 1S the Lk -complex
associated to —T5 7.
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FIGURE 4.7. The complex Cg ® Cg, after a change of basis.

ProOF. The Alexander polynomial of —7% 3.9 5 is
Ay, ()=t —tT+t"—t+1,
the Alexander polynomial A_z, () is
{60 _ 459 4 454 453 | 448 446 | 442 440 4 436 433 4 430
2T g2 20 18 g 12 4T 46y
and the Alexander polynomial of —T§ 7 is
Alqy () =130 (20 4424 422 L g18 415 412 48 g5y 4

Recall that negative torus knots admit negative L-space surgeries, as does —T5 3.2 5

[Hed09, Theorem 1.10] (cf. [Hom11]). The result now follows from Lemma 4l
(]

We now combine Lemma [£.5 with the computations of Section 1] to compute
the LK—Complex of K = —2T6’7#T6’13# — T273;2’5.
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o ei-e
QU ei—e 0
el o
S

<~

a=vigv10
b=v9v10+v19v9
C=vgV10+V10V8 Y od————eeé&————o m
d=v7v10+v8v9+v9vg+vi0v7 o
e=vgv10+v8Vs+U10V6
f=vsv10+v6ve+urvs+V8UTHV9VE+ VIOV
g=v4010+V6VU8+V8V6+V10V4
h=v3v10+v4v9+v5vV8+v6V7 +v7V6+V8 V5 +V9 V4 +V10V3 meeT e
1=v2010+ V408 +V6V6+VsVa+V10V2
J=v1v10+v209+v3v8+v4V7 +V5V6+V6 U5+ V7 V4 +V8VU3+V9U2+V 10V
k=vpv10+v2v8+v204+v6v4+v8V2+010v0+U T (V1ve+vs0s)
{=00v9+V1V8+V2 VT +V3V6 +V4V5 F V5V +V6 V3 +U7 U2+ V8V + V9 Vo

P ei——e q
M=v0vg+V2V6+V4V4+v602+V8V0
n=vgv7+v1U6+V2U5+v3v4+v4v3+v5V2+V6V1+V7V0
0=00V6 V204 +V4V2 +v6v0+U " (v1v5+v5v1)
P=v0v5+v1v4+v203+v3V2+V4V1 +V500
q=v0v4+v202+v400
r=v0v3+v102+v201+V3v0

T ed—e s

s:v0v2+vgvo+U’1U11
t=vgv1+viv0
U=v9vo
v=v6v4+v8V2+VU10V0
W=vgV5+V70a4+V8V3+V9U2+V10UL
T=V5v4+V6U3+U7V2+V8V1+V9 Vo { vie

Yy=v5vs5

FIGURE 4.8. The summand of Cs ® Cg that is isomorphic to Cs.

PROPOSITION 4.6. The v -complex of K = =214 7# 16 13# — 123,25 s locally
equivalent to the complex (Cs,t3) in Figure 2], where 13 is given by

ProoF. By Lemma [£5] and the Kiinneth formula for ¢x-complexes, we have
that the tx-complex of K is Cs @ Cs ® Cf @ Cs.
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V9U10 & é————— @ [VgV1g
e -
VgUg @ @ U7V +VsVY

V5V10+vevo+UrUS o(—o V4v10+V6US
V7U7 | @ d————— @ W3V10+ V409 +V5Vs+VEUT

o UaUg
o |UgV2

vavz+vevo+U T usvy
V435 V2 +Ve VI VTV @ — o

V3U3 e ® U3V2+V4V1+V5V
3 5V0

vaU1+v3vo @4 e V2v0

v1V1 e 4 e cU1Up

FIGURE 4.9. The complex Cg ® C§, after a change of basis, with
some basis elements labelled.

We have the following sequence of equivalences, where ~ denotes local equiva-
lence:

CeRCRCIRC~CR0CRC;®CT®C®C,
~(CsRCt®C®Cy
~ (1 ®Cy
~ (Cj,

where the first and third equivalences follow from the fact that C; and C} are
inverses in the local equivalence group of tx-complexes, the second equivalence
follows from Lemmas and (and duality, in the latter case), and the fourth
equivalence follows from Lemma E11 O
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e d c;
] ( ( J
° e
[} [ J [}
[ J [}
[ J ([ J
[ J [ J
[} 0 )
h
[ ] (X} @ a
[} ( X J [}

FIGURE 4.10. The complex A, associated to C's with (appropriate
U-powers of) 41,2, ys, Y4, ys renamed a, b, ¢, d, e respectively.

4.3. Surgery along —2T677#T6)13# — T273;275

In this section, we employ Proposition [3.22] to compute the local equivalence
class of (CF™(S3,(K),), where K = —2Tg 1 #T6,13# — T 3:2,5.

PROPOSITION 4.7. Let K = —2Tg :#Ts13# — To.3.25. Then (CF‘(Sil(K),L)
is locally equivalent to (C,vc) where C' is generated by o, x1, T2, 23, Ts where

where w =1+ 1.

O0rg =0
0r1 = Uxy
Oxo =0
Oxy = Uy
0xys =0

wxg =10
wWr1 = X9
wxy =0
WTr3 = T2
wxy =0,

In particular, in the notation of Section B4, the almost local equivalence class

of S?H(K) is (+,—1

7+a_3)'

PRrooF. By Proposition [£.6] we have that (CFK*(K),tk) is locally equiva-
lent to (C3,t3). Let (A, tx) denote Cs{max(i,j) < 0} with the homotopy invo-
lution induced by ¢3. Proposition implies that (Ag,tk) is locally equivalent
to (CF~(S%,(K),¢). Thus it suffices to show that (A, ¢ ) is locally equivalent to
the (-complex (C, t¢) in the statement of Proposition A1

We have that (Ag,tx) is generated over F[U] by a,b,c,d, e, f, g, h,i with

Oa = Ub,
ob =0,
dc=b+d,
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dd =0, L (d) = b, w(d) =
de = Ud, ti(e) = a, w(e) =
of =h+g, ik (f) =T +e, W(f)=0
dg = Ui, tk(g) =b+h, w(g) =b+g+h,
Oh = Ui, tx(h) =d+g, w(h) =d+g+h,
0i =0, ti (1) = 1, w(i) =0,

as shown in Figure EI0, where yo, Uy, U lye, U 1ys, ys have been renamed
a,b,c,d, e respectively, f, g, h have been shifted by U~!, and i has been shifted by
U~%. (We include w = id +¢x above in order to aid with verifying the calculations
below.)

Consider 9: A; — C defined to be

Y(a) = 1,
Y(b) = a2,
P(c) =0,

¥(d) = a2,
Y(e) = xo + 1,
¥(f) =0,

¥(g) = 3,
Y(h) = xs,

Y(1) = x4.

It is straightforward to verify that v is a chain map and that wvy = ¥w. Moreover,
since [a + Uc + €] is a U-nontorsion cycle in H,(Ay) and [zo] is a U-nontorsion
cycle in H,(C), it follows that 1 induces an isomorphism on U ' H,.

Now consider ¢: C' — A; defined to be

(bxo)—a—i—Uc—i—e

<

(

(z1) =
P(x2) =
o(x3) = g,
d(xq) =

It is straightforward to verify that ¢ is a chain map. We have that w¢ ~ ¢w via
H:C — Ay defined by

H(zo) =

H(z1) =0,
H(zz) = c,
H(z3) = f,
H(z4) =0.

Moreover, since [z] is F[U]-non-torsion in H,(C) and [a+Uc+-e] is F[U]-non-torsion
in H.(Ay), it follows that ¢ induces an isomorphism on U1 H.,.
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FIGURE 4.11. The complex C7.

Hence v and ¢ provide the desired local equivalence between (Ag,tx) and
(C,ie). (In fact, v¢ = ide, and ¢y ~ idAg via the homotopy J defined by
J(d)=c,J(h) = f,and J(y) =0if y #d,h.) O

REMARK 4.8. Recall from [HL19l Remark 9.7] that a homology sphere Y is
called HFI-trivial if ]?F'I(Y) & ﬁ(Y) @ F where @ - ﬁ(Y) = 0 and @ is non-
vanishing on the remaining generator. Let J = —2T) 5#7T4 9. Similar computations

to those in Sections EI] and can show that Y = S$%,(J) is not HFI-trivial.
Indeed, we have that (CFK*°(J), ty) decomposes ¢ j-equivariantly as C7 & Cs where
C7 the complex in Figure L.11] where the Maslov gradings of the generators are

M(n) = M(p) =0, M(q) = M(r)=—1, M(s) = -2,

and ¢7 is given by

t7(n) =mn,
u(p) =p+n,
ur(q) =,
vr(r)

and Cg consists of an even number of rectangles which are paired by tg much like
the (non-square) rectangles in Figure [£3] are. (Compare this to the computation
of —2T4 7#7Ts.13, which is locally equivalent to Cy in Figure [1l) An application
of the involutive mapping cone then shows that HFI (53.(J)) = EF(Y) @ F3 and

where @ - ﬁ(Y) = 0 and @ is non-vanishing on the remaining generators.

4.4. Almost local equivalence classes and S%,(—2Ts 7#T515# — T2.3,2,5)

The goal of this section is to prove Theorem [[LAI We begin by recalling some
some terminology and notation.

Recall from [DHST23| Section 4.1] that to a sequence (ay,bs,as,by,...,
a2m—1, bam ), where a; € {£} and b; € Z\{0}, we may associate an almost t-complex,
called the standard complex of type (a1,be,as,by,...,a2m—1,bam), as follows. (We
will abuse notation and let (a;, b;) denote both a sequence and the associated stan-
dard complex.) The standard complex is generated over F[U] by tg, t1,. .., tam. For
each symbol a;, we introduce an w-relation between ¢;_; and t; as follows:

e If a; =+, then wt; =t;_1.
e If a; = —, then wt;_1 = t;.
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For each symbol b;, we introduce an O-relation between t;_1 and t; as follows:
o If b; > 0, then dt; = Ulbilt, .
o If b; <0, then dt;_, = UlPil¢,.

We begin with a few lemmas about tensor products of standard complexes.

LEMMA 4.9. Let k> 2 and let
Sn = (+7 _1a +7 _ka +a _17 +a _kv tt +7 _1a +7 _k;)

where the right-hand side consists of +,—1,+,—k repeated n times. There is an
almost local map from S, to S1® S,_1.

PrOOF. Let the complex S,, be generated by zg, 21, . . . , T4, the complex S by
Y0, Y1, - - -, Y4 and the complex S,,_1 by 29, 21, . .., Z4n—_4. Define f: S, = S1®S5,_1
to be

flxi) = . .
Y ®2zi—q if5<i<A4n.
It is straightforward to verify that f is an almost local map. O

LEMMA 4.10. Let k > 2 and let
_S’ﬂ = (_717_7k7_717_7k7"'7_717_7k)

where the right-hand side consists of —, 1, —, k repeated n times. There is an almost
local map from —S, to —S1 ® —S,_1.

PROOF. Let the complex —S,, be generated by =g, z1, .. ., T4n, the complex —5
by vo,v1,.-.,ys and the complex —S,,_1 by zg,21,...,24n_4. Define f: — S, —
—51 ® —S,_1 to be

f(@ai1) = Yo @ 2ai41 + Y1 ® 245 + U 1o @ 2451 + UF 1y ® 2440,
+ s @ zai 3+ U ys @ 201 + 41 © 2aig,

F(Taiv2) = Yo ® 24542 + Y2 ® 24 + Ya ® 2452 + Y3 ® 245 + Y1 ® Zait2,

F(T4i43) = Yo ® 24543 + Y1 @ Zair2 + Y2 @ 24541 + Y3 @ 24; + Ya ® 2451,

f(@ai44) = Yo ® 2044 + UF 1 yo @ 24500 + 44 ® 245,

F(@an—3) = 11 @ 24n—a + U yo ® 2455+ Uy

® Zan—6 + Y1 @ 2an—7 + U 1y ® 2455,
J(@an—2) = Y2 ® Zan—a + Y1 ® Zan—¢ + Y3 @ Zan—4,
f(Tan—1) = Y3 ® 2an—a + Y1 ® 2an—_s,
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J(@an) = Y4 ® Zan—a

where ¢ = 1,...,n — 2. It is straightforward to verify that f is an almost local
map. O

LEMMA 4.11. Let k > 2. Then, in the notation of Lemmas and AI10, we
have that SY™ is locally equivalent to S,,.

ProoF. By Lemma [£9] we have that S,, < S1 ® S,,_1 and by Lemma [£I0 we
have that —§,, < —S1®—S5,,_1, or equivalently, S;, > S1®S5,,—1. Since < is a partial
order on the set of almost local equivalence classes (see [DHST23] Definition 3.19]),
it follows that S, = S1 ® S,,_1, where equality denotes almost local equivalence.
Hence by induction, S{" = S,,. O

REMARK 4.12. In Lemmas 4.9 and .10l the complexes S,, and —S,, are in fact
iota complexes (not just almost iota complexes), and the maps are in fact local
maps (not just almost local maps). Hence S" and S,, are in fact locally equivalent
(not just almost locally equivalent).

We are now ready to prove Theorem

PrROOF OF THEOREM [LOl Let Y = S3, (=275 7#7Ts 135# — T2,3,2,5). By Propo-
sition L7 we have that the almost local equivalence class of (CF™ (Y),t) is
(+,-1,4,—3). Then by Lemma [TII] the almost local equivalence class of
(CF~(nY),)is (+,-1,+,-3,+,—1,+,-3,...,+,—1,+,—3), that is, the sequence
(+,—1,4, —3) repeated n times.

Suppose (a;,b;) represents the almost local equivalence class of a linear com-
bination of Seifert fibered spaces. By [DHST23| Theorem 8.1] (cf. the proof of
Theorem 1.1]), if a; = + for all 4, then b; > b;11 for all i. Hence nY,
for n # 0, is not homology cobordant to any linear combination of Seifert fibered
spaces. [l
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CHAPTER 5

Hypercubes and hyperboxes

In this chapter, we present some background on homological algebra.

5.1. Hyperboxes of chain complexes

We recall the notion of a hyperbox of chain complexes, due to Manolescu and
Ozsvéth [MO10]. We let E,, denote the unit cube in R™:

E, :={0,1}".
More generally, if d = (di, . ..,dn) € Z%,, we define the cube of size d to be

E(d) = [[{0.. .., d:}.
i=1

Ife = (e1,...,e,) € E(d), we write
llell = €1+ +en.

DEFINITION 5.1. An n-dimensional hyperbozx of chain complezes of size d =
(di,...,dn) € Z%, consists of a collection of Z-graded F-vector spaces
(CE)EE]E(d)v
together with a collection of maps
. +
D2y O = OO0
indexed over pairs (gg,¢) € E(d) x E,, such that g9 + ¢ € E(d). Furthermore, if
e € E, and gy € E(d), then

(5.1) > DSl oDE =0,

whenever ¢y and g¢ 4 ¢ are both in E(d).

If H=(C%, Dg,) is a hyperbox of chain complexes of size d, we write C for the

total space
C:= @ C*.
e€k(d)
Similarly, the maps DZ may be summed to give an endomorphism

D:C—C.

Equation (51) implies D? = 0. Similarly, if (C, D) is a hyperbox, and € € E,,, we
write D¢ for the direct sum of DZ  over all ey where the map is defined.

A hyperbox of chain complexes of size d = (1,...,1) € Z%, is called an n-
dimensional hypercube of chain complexes. -

For this paper, we only consider hyperboxes of dimension n < 3.

59
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5.2. Stacking and compressing hyperboxes

In this section, we describe two algebraic operations, called stacking and com-
pressing.

We begin with the operation of stacking. A hyperbox of size (1,1, 2) is the same
as two hyperboxes of size (1,1,1), which have chain complexes and maps which
coincide along one face. More generally, suppose we have a hyperbox H; of size
(x,y,dy) and a hyperbox Hs of size (z,y,ds2). Suppose further that the restriction
of Hy to E(z,y) x {d1} coincides with the restriction of Hy to E(z,y) x {0}. We
form a new hyperbox St(Hy, Hs) , which is a hyperbox of size (z,y,d; + d2). A
similar description holds for stacking two hypercubes of the same dimension, which
coincide along a hyperface.

We now describe compression, which is described by Manolescu and Ozsvéth
[MO10, Section 5]. The operation takes an n-dimensional hyperbox H = (C, D)
of size d, and yields an n-dimensional hypercube H = (6, 13) The compression
operation is fundamental to our construction of the main hypercube from Theo-
rem [[LT4l To simplify the exposition, we focus on the compression of hyperboxes
size (d), (1,d) or (1,1, d), which will be sufficient for our purposes.

We begin with 1-dimensional hyperboxes of size (d). A hyperbox H = (C, D)
of size (d) is a collection of d + 1 chain complexes C?,...,C? together with chain
maps

D}: Ot = O,

We depict such a hyperbox as

The compression H= (CA' , IA)) has underlying chain complex equal to C° @ C?. The
length 0 map DY is the restriction of the original length 0 map D°. The length 1
map D' is the d-fold composition of the original length 1 map, D*. We depict H as

co B0

Next, we move on to 2 dimensional hyperboxes of size (1,d). A 2-dimensional
hyperbox of size (1,d) consists of 2(d + 1) chain complexes (C¢).c(0,1}x{0.....d}, @S
well as chain maps D' and D'°, and a chain homotopy D! between D' o D!
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and D% o D19, Schematically, we depict (C, D) as the diagram

100 D' 10
Do\l\\\\\D\n pot
o1 D' o oit!
DO\l\\\\\\\ pit Dot
\\\\\A
DO: \\\\1?11 o1
C0d D' - cd.

The compression H= (6’, ﬁ) is the 2-dimensional hypercube depicted below:

00 D 10
AN A1l
po1 \\\D po1
10 \\A
Cod D ol
Here
10 10
D =D,
o1 01\od
D :(D ) )
(5.2) N1l 01\0j 11 01yoi
D = g (D)7 o D™ o (D).
i+j=d—1
1,520

The length 2 compressed map D' is shown schematically in Figure .11

We now discuss 3-dimensional hyperboxes and their compressions. Suppose
that H = (C, D) is a 3-dimensional hyperbox of size (1,1, d). The underlying chain
complexes of the compressed C are

Oferieses) . ((e1,e2,e8d)

The length 1 maps, ﬁlOO’ DO10 and ﬁom’ as well as the length 2 maps, 3110, Dot
and D! are essentially the same as in the 2-dimensional case. See (5.2)). The
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Dt — Z Dot

DOl

FiGUurE 5.1. The length 2 map D of the compression of a 2-
dimensional hyperbox of size (1, d).

length 3 map, D1, is given by the formula

ﬁlll — Z (DOOI)oj o D11 o (DOOI)oi

i+j=d—1
,j2>0

4 Z (D001)oi ODlOl ° (DOOl)Oj ° DOll ° (DOOI)ok

i+jt+k=d—2
1,5,k>0

4 Z (D001)oi ODOll ° (DOOl)Oj ° D101 ° (DOO].)O]C.

i+jt+k=d—2
1,5,k>0

Equation ([&.3)) is schematically illustrated in Figure

5.3. Mapping cones and hyperboxes

In this section, we describe the relationship between the hyperbox construc-
tion of Manolescu and Ozsvath and the more common mapping cone construction.
The results of this section will be helpful for deriving the involutive mapping cone
formula from the hypercube in Theorem [[.14]

EXAMPLE 5.2. Suppose (Cp, Do) and (Cy, D) are chain complexes, and F :
Cy — (1 is a chain map. We may form the mapping cone complex

Cone(Fy) = Co[-1] @ C1,

which has differential Dy + Dy + F'. The mapping cone complex is naturally filtered
over the set {0,1}. The mapping cone complex is a 1-dimensional hypercube of
chain complexes, of size (1). If F}: Co — C is a chain map, then there is an exact
triangle

oo = H,(Cy) = H,(Cy) — H.(Cone(Fg)) — H,_1(Cp) — -+ .
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oot poot oot
4 4 4
o . b 101
Dl pott D .
. o
S “u v |
- \
" = [ |
Dlu. Z poor  + poot + Dot
o + 4 ~
| AN \
Dot plot oot
+ A\ +
| |
poot poot oo
4 4 4

FIGURE 5.2. The length 3 map D!! of the compression of a 3-
dimensional hyperbox of size (1,1, d).

ExaMPLE 5.3. Consider a 2-dimensional hypercube H = (C, D) satisfying
C'% = 0. Such a hypercube has the following presentation:

COO

N
AN 11
D
01 ~
N
D N
N
N
N

COI 5 Cll.

The data of H is equivalent to three chain complexes, two chain maps D°' and
D9, and a null-homotopy D' of the composition D% o D', Equivalently, the
hypercube is the same as a chain map from C% to Cone(D: C — C1).

More generally, suppose H = (C, D) is an arbitrary 2-dimensional hypercube
of chain complexes:

(100 DO 10
~ 11
Dot ~.D DOt -
N

ol D' o1l

The data of the hypercube H is equivalent to a chain map from Cone(DJ}: C% —
C%) to Cone(DY: C10 — C') which is filtered with respect to the mapping cone

filtrations.
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EXAMPLE 5.4. Suppose that H = (C, D) is a 3-dimensional hypercube, which
has the property that C°1° and C°!! are both zero. See (5.4).
000

\ ———

A ==~

L oo Ty 110

\ N

(5.4) N AN

—-——_\ TUON

0101 \‘\;Nclll

We can identify the subcomplex generated by €100, C119 C101 and C'!! as the
cone of a filtered chain map

(100 110
G: Cone l — Cone l
101 c1n

The 3-dimensional hypercube in (54 may be interpreted as encoding the data
of a chain map

(000
®: Cone l — Cone(G),

COOl

which is filtered with respect the last component of the indexing (the vertical di-
rection in our diagrams).

5.4. Hypercubes and involutive complexes

In this section, we describe some helpful algebra for relating the hypercube con-
struction to the algebraic setting of involutive Heegaard Floer homology. Suppose
R is a ring such that 2 = 0, and that we have a hypercube of chain complexes over
R of following form:

I SN

X Y
(5.5) 9‘ \\’f ‘k ‘
.,

x—71 Sy

In particular, the complexes and morphisms along the top and bottom coincide.
We can view Cone(g) and Cone(k) as complexes over R[Q]/Q?, where @ takes the
first copy of X to the second, and similarly for Y.

The diagram in (B.5]) determines a map f + @ - h from Cone(g) to Cone(k)
which is @-equivariant. We collect the following basic algebraic facts:

LEMMA 5.5. Suppose that X, Y, f, g, k and h form a hypercube, as in (B.H]).
Suppose that f: X —Y is a homotopy equivalence.
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(1) The induced map f+ @Q - h from Cone(g) to Cone(k) is also a homotopy
equivalence over R[Q]/Q?.
(2) If g ~id, then k* ~id. Similarly, if g°> ~ 0, then k? ~ 0.

PROOF. Let j: Y — X be a homotopy inverse to f. We consider the first
claim. First, we claim that jk ~ gj. To see this, we begin with the relation
kf ~ fg, and pre- and post-compose with j to obtain jkfj ~ jfgj. Using the fact
that j and f are homotopy inverses, we obtain that jk ~ gj. If s is a map so that
jk+ g7 = [0,s], then j + @ - s is a chain map from Cone(k) to Cone(g). Since
jf ~id, the composition (j+Q-s)o(f+@Q-h) is chain homotopic to a map of the
form ¥ = (id +¢- @), for some t: X — X. The map ¥ is a chain isomorphism, with
inverse equal to itself. Hence Wo (j 4 @ - s) is a left homotopy inverse of f + Q - h.
A similar argument shows that (f + @ - h) has a right homotopy inverse. An easy
argument shows that if (f + @ - h) has both a left and a right homotopy inverse,
then they must be homotopic.

To prove the second claim, suppose first that g2 ~ id. We perform the following
computation:

id~ fj
~ (f9)(0J)
~ (kf)(jk)
~ k%

A similar argument shows that if g2 ~ 0, then k2 ~ 0. O

5.5. Hyperboxes of attaching curves

Manolescu and Ozsvath also describe a natural analog of a hyperbox for dia-
grams in the Fukaya category. The main structural difference is that in the Fukaya
category, we must include higher compositions into the hypercube relations. We
make the following defintion, focusing on the case relevant to Heegaard Floer ho-
mology:

DEFINITION 5.6. An n-dimensional hypercube of beta attaching curves on (3, w)
is a collection of attaching curves 3%, ranging over € € E,,, together with a distin-
guished element

@55’55’ S CFi(,BE,IBE )7
whenever € < ¢’. Furthermore, whenever € < &, the following compatibility condi-
tion is satisfied:

(56) 0: Z fﬁs,ﬂfl,...,ﬂfk,ﬁf’(@/35,/351a---aeﬂfk,ﬁf’)’
e<e1 < - <egp<e’
where fg. g1 gew ger 1S the map which counts 2+k-gons. An n-dimension hyperbox
of beta attaching curves is defined by the obvious adaptation.
An n-dimensional hypercube of alpha attaching curves is a collection of attach-
ing curves (a”),ek, , together with a distinguished chain 0./ . € CF~ (o, a")
whenever v < /. Furthermore, the classes O, o satisfy the natural adaptation

of (B.6).

REMARK 5.7. Manolescu and Ozsvath’s definition of a hypercube of beta at-
taching curves [MO10, Section 8.1] assumes that for all ¢,¢’ € E,, the curves
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B¢ and ,86/ are related by a sequence of handleslides and isotopies, whereas ours
does not. The additional generality will be useful especially in Section [l when we
construct the central hypercube.

EXAMPLE 5.8. We consider a 2-dimensional hypercube of beta attaching curves,
which has the following form:

ﬂOO 950011301 SN BOI
C)
© 500 510 “0g Og01 g11 -
5y
l N
10 \\ﬂ 11
ﬂ —— O310 g11 — ﬂ

The compatibility relations are equivalent to the length 1 chains, ©goo_go1, ©goo gio,
©p10 g1 and Ogo1 gi1, being cycles, and to the relation

865007ﬁ11 + fﬁOOyﬁOlﬁBll (@5007501, @ﬁ017511) + f5007ﬁ107511 (6500#—3107 6510#—311) == O.

REMARK 5.9. Given a collection of attaching curves (8°).ck,, and a set of
length 1 chains ©4. 5./, ranging over ¢,¢’ € E,, such that |e — €| = 1, it is natural
to ask when one may pick higher length chains which satisfy the hypercube relations.
If, for all ,¢’ € E,,, the attaching curves 8¢ and ﬁgl are related by a sequence of
handleslides and isotopies, and length 1 cycles are chosen to represent the top degree
generators of HFf(E,,BS,,BE/,w)7 then a procedure of Manolescu and Ozsvéth
[MO10, Lemma 8.6] proves the existence of such a collection of higher length
chains which satisfy the hypercube relations.

5.6. Pairing hypercubes of attaching curves

Suppose L, = (&”),cg,, is a hypercube of alpha attaching curves, and Lg =
(B%)cer, is a hypercube of beta attaching curves. Furthermore, suppose that the
Heegaard multi-diagram with all 2™ + 2™ attaching curves has only transverse dou-
ble point intersections, and is weakly admissible. In this situation, there is a nat-
urally associated n + m-dimensional hypercube of chain complexes CF~ (L, L3),
as follows.

The chain complex associated to the vertex (v,¢) € E,,,1p, is CF ™ (¥, 3%). To
describe the maps, it is helpful to introduce some notation. If vy < --- < v; and
€1 < --- < ¢gj, we define the map

fEL 2l CF (o, 37Y) — CF ™ (o, B%)
via the formula

El e €4

Foa SIS0 (%)

av’l—-.—ai
= faui)_.'7a1/1 JBEL,... 3% (Ga”i,auifl goeny @a’/27(y’/1 s X, @/5517652 geees eﬁ’fj—l ”@Ej) 5

extended equivariantly over the action of U. The hypercube map in CF™ (L., L)
from (v,¢e) to (V',€’) is given by the formula

(5.7) RO S By -6

av—av’ T a¥—avl —---—avi—av’
v<p < <v<v’
e<e1<--<gj<e’
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In the notation of Section B the map Ffj:fi, would be written DE:’;)M/J). If

v =1/, then we will usually write FfjHﬂE , and similarly if ¢ = €’

LEMMA 5.10. If L, and Lg are m and n-dimensional hypercubes of attaching
curves on (X,w), such that the Heegaard multi-diagram consisting of all 2™ 4 2™
attaching curves is weakly admissible, then the diagram CF~ (L, Lg) is an (n+m)-
dimensional hypercube of chain complexes.

Lemma 510l follows immediately from the associativity relations for holomor-
phic polygons, together with the compatibility conditions in (5.6)).

5.7. Hypercubes with twisted coefficients

The above notions naturally adapt to give a notion of a hypercube of attaching
curves on a doubly pointed surface (X, w,z) with twisted coefficients. Assume
first that there is a chosen path v from w to z. A twisted hypercube of alpha
attaching curves L,, is defined similarly to the untwisted case, except all of the Floer
complexes have coefficients in F[U] ® F[Z/m]. A holomorphic curve representing
a class ¢ is counted with a multiplicity of U (®)T"=(#)=nw(4) We may pair two
twisted hypercubes £, and Lg to form a hypercube of chain complexes over F[U] ®
F[Z/m], denoted

g_ (La Eﬁ)'
We are usually interested in a subcomplex of CF™ (L, Lp), which we denote by
CF™ (L., Lp). Suppose that L, and Lz are n and m-dimensional, respectively.
If (e,v) € E, x E,;,, we define Qf(ﬁa,ﬁlg)(s’”) to be CF™ (af,8") @ T° =
CF™ (a5, p3")if
o Ny=p"Ny=0 whenever & <e and v <v,

and we define CF~ (Ea,ﬁﬂ)(s’”) = CF (a®,3°) otherwise. It is straightforward
to see that CF ™ (L4, Lp) is a subcomplex of CF ™ (L, L).

5.8. Low dimensional notation

Since we will only be dealing with hypercubes of dimension 3 or less, it is
convenient to make some special notation.
(1) We use the characters ©, A and w for length 1, 2 and 3 chains, respectively,
in a hypercube of attaching curves.
(2) We use the characters F';, H, and P, respectively, for the length 1, 2 and
3 maps in a hypercube of chain complexes.
(3) We use the characters f, h and p to indicate triangle, quadrilateral, and
pentagon counting maps, respectively.
As particular examples, if o’ and o differ in a single hypercube coordinate, we
write fg_m, for the map for 0,8(©0/,a,—). Similarly, if o’ and a differ in two
coordinates, we write ffﬁa, for the map fo/ o,8(Aa’,ar —)-
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CHAPTER 6

Doubled Heegaard diagrams and the involution

In this chapter, we begin by describing the operation of doubling a Heegaard
diagram of a 3-manifold in Section There is an analog for diagrams of knots,
which is described in Section In Section [6.3] we will see how doubled Heegaard
diagrams give a conceptually simple formula for the involution. In Section [6.4] we
sketch our construction of the main hypercube, in terms of doubled diagrams. We
prove a technical result regarding admissibility of doubled diagrams in Section

In this chapter, we focus on the case that Y is an integer homology 3-sphere,
which simplifies the discussion of the twisted complexes CF ™~ (Y). This level of
generality will be sufficient for our purposes until Chapter 22 when we talk about
rational surgeries.

6.1. Doubled Heegaard diagrams

Suppose that (X, o, B, w) is a Heegaard diagram for (Y,w). Let D C ¥ be
an open disk centered at w. Note that both N(X \ D) and its complement are
handlebodies. We construct a new Heegaard surface D(X) for Y

D(X):=0((X\ D) x [0,1]) = S#X.

We now describe a method for constructing attaching curves on D(X). We
may take one set of attaching curves to be aU 3, where « C ¥ and 8 C X. (The
barring of 3 indicates only that it lives on X). A second set of attaching curves
may be constructed as follows. Let I C 0D be a subinterval. Let di,...,ds, be a
set of pairwise disjoint, properly embedded arcs in X\ D, such that dd; C I, and
which induce a basis of H (X \ D, I;Z). If we view D(X) as Y#%, we may double
the arcs dy, ..., dsg to obtain a collection of pairwise disjoint simple closed curves
A = (Aq,...,Ay) on D(X), which form a set of compressing curves for D(X). On
Y#Y, we view the basepoint w as living in a subset of the connected sum region
which is complementary to I x [0, 1].

The above construction naturally gives two Heegaard diagrams,

D(H):= (S#Z,aUB,A,w) and D(H):= (S#Z,A,aUpB,w),
which are conjugates of each other.

The transition maps Wy _, p(x) and ¥ p 3 have a simple description, as we
now describe. Let 3’ be small Hamiltonian translate of 3, such that 18N B} = 26i;.
There is a 1-handle map

FPP P (3,a,8) » CF~ (S45,a UB,BUB),
defined by the formula

(6.1) FPP(x) = x x S

69
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70 6. DOUBLED HEEGAARD DIAGRAMS AND THE INVOLUTION

extended F[U]-equivariantly, where @% 7 is the top degree generator of CF~ (X,

3, B/) Next, we note that (S#Y, 3 UB/, A, w) is the double of (2,3, 8, w) which
is a diagram (S' x S2)#9. Hence, assuming the diagram (X#X%,3 U B/,A,w) is
weakly admissible, there is a cycle
+ - 3 = ~ - 1 2
Ol 5 5 € CF (S#Z,8UB, A w) ~ CF ((S* x §%)#9),
representing the top degree generator of homology. See Section for more on
admissibility and doubled diagrams. We define
BUB'=A( . g _ +
o X = fauseupa (X’ G/BUE',A>'
PROPOSITION 6.1. If H = (¥, B,w) is a Heegaard diagram and D(H) =
(S#2, aU B, A, w) is a double of H, then
3 A — =7
Yy spw) ~ fjg "o P
Dually, o -
Uy = FY7 o ffu%ﬁuﬁ :
In Proposition [6.1] the map FE’F is the dual of the map FF’F in @J), i.e., it
is F[U]-equivariant and satisfies

Ff’ﬁ (xx ©) = {x if © 6375’
0 otherwise.

Proposition is proven by interpreting the first composition as the cobor-
dism map for a canceling sequence of 1-handles and 2-handles. The second map is
similarly interpreted as the cobordism map for a canceling sequence of 2-handles
and 3-handles. See [Zem21l, Proposition 7.2] for further details.

6.2. Doubled diagrams for knots

In this section, we describe an analog of the doubling construction from Sec-
tion[6.1] for doubly pointed diagrams of knots. We also describe an analog of Propo-
sition for the twisted complexes CF ™ (X, at, B, w, z). There is a new source of
ambiguity in the construction, since we may add the new 1-handles near either w,
or near z.

Suppose H = (X, o, B, w, z) is a Heegaard diagram for a doubly pointed knot
(K,w,z) in Y. We form a diagram (S#X%, U3, A, 2,%) by doubling the diagram
‘H, at the basepoint w. In this diagram, we delete w, and add a new basepoint
Z € 3, which is the image of z on X.

The diagram (S#%,a U 3, A, 2,Z) may naturally be viewed as a diagram for
(Y, K), as follows. Let D be an open disk containing the basepoint w, and we
embed Y#Y into Y as O(N(X\ D)). The knot K no longer intersects the Heegaard
surface at w, and instead intersects it at z € ¥ and zZ € . See Figure .11

There is a 1-handle map

FP7 CF (8,0 B,10,2) > CF~ (34,0 UB.BURF . 2.%).

We think of FIB P as corresponding to attaching 1-handles near w, then moving w
to the position of Z.
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~< -

FIGURE 6.1. A Heegaard diagram for a knot (top), and its double (bottom).

We have the following analog to Proposition [6.1] for twisted complexes:
PROPOSITION 6.2. The composition
BUB' oA BB . op- i (243 aUB 3
fauE oFP . CF™ (X,a,8,,2) - CF (E#Z,auﬂ, A,z,z)
is chain homotopic to the map for the diffeomorphism which moves w to Z along a
subarc of K, while keeping z fixed, followed by the map from naturality. Dually,

FJ7 o (5207 CF (S#5,aUB, A, 2,%) = CF™ (5,0, 8,1, 2),

s chain homotopic to the diffeomorphism map moving Z to w while fixing z, followed
by the map from naturality.

6.3. The involution via doubling

A doubled diagram D(H) may be viewed as the double of both H and H. Hence,
the involution may be described as a composition of a doubling map, followed by an
un-doubling map, using the formulas from Proposition[G.1land More concretely,
if (3, ar, B, w) is a Heegaard diagram, then
(6.2 vemo B o fRg o fRE 0 o I
(Recall that 7 is the tautological chain isomorphism from Section 2.11)

Similarly, if (3, a, 3,0, 2) is a diagram for an oriented null-homologous knot K
in Y, with w marked as the special basepoint, then the twisted involution defined

in (2I0) satisfies
&Aoo/ Un UB'—A BB
AE‘SZH’LUOQOF??OC o au—éaUaofﬂugﬁ OFIBB.

(Recall that 7 is the tautological chain isomorphism from Section 2.3])

REMARK 6.3. At this point we pause for one important note concerning the
definition of the knot involution. The choice of which basepoint at which we form
the connect sum in Figure [61] is not arbitrary; it is instead determined by our
choice of flip map §.—. In particular, the choice of basepoint at which we form
the connect sum determines the direction in which the basepoint-moving diffeomor-
phism in the definition of tx twists along the knot K. If we take the connected
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72 6. DOUBLED HEEGAARD DIAGRAMS AND THE INVOLUTION

FIGURE 6.2. A schematic of the map tp defined using the wrong
choice of connected sum point. The top image indicates the ori-
entation of K, and the bottom row indicates the diagrams which
appear in the definition of (5. Arrows indicate movement of the
basepoints throughout. The diagram on the left is (¥, o, 8, w, 2).
The middle-left is the doubled diagram. The middle-right is the di-
agram (X, 3, @, z,w). The final right-hand diagram indicates the
path for the flip map. Note that w is sent through a full loop
around K as we go from left to right.

sum near w, the basepoint-moving diffeomorphism from ¢x twists oppositely to the
orientation of K, whereas the flip map twists coherently to K. The net effect is
that the map (g := §._w © tx carries the basepoint w through a nullhomotopic
loop. If we instead take the connected sum near z then both tx and §._..,, move
basepoints positively along K. Hence tp sends the basepoints through a full loop
around K, as in Figure Our proof of the surgery exact triangle does not carry
through with this choice. Concretely, one of the model counts in Lemma [19.23] will
fail.

6.4. Doubling and the involutive hypercube of a triad

We now outline our construction of the main hypercube, from Theorem [[.14]
We will construct a hyperbox of chain complexes, of size (1,1,7), which we show
in Figure In the subsequent sections, we will construct the hypercubes labeled
Cins C3p)s Ceens C24), Csn, Cpy and Cg.

We have not drawn any of the length 2 or 3 arrows in any of the hypercubes. The
compression of the above hyperbox of chain complexes will be our main hypercube.
Our construction is organized as follows:

e Cip and C3.y, are the I-handle and 3-handle hypercubes. They are special
cases of the hypercubes for stabilization, constructed in Chapter [I4l

e C3, and C2, are the 2-handle hypercubes. They are constructed in Chap-
ters [0 and [T

o Ceopn is the central hypercube. It is constructed in Chapter

e C, is the tautological hypercube. 1t is described in Chapter
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CF™ (%, a1,0) CF™ (¥, a3,8,0,2)
_—
FF’B CFi(Z,ag,ﬁ) FFE Cl-h
CF™ (S#%,01 U B, BUB) FP CF (S#%,a3UB,8UB)
— >
CF—(E#E> as U B7 /6 U B) }C%-h
CFf(Z#i, o, UpB, A) CF (EZ#X,az3UB,A)
— —
CF~ (E#i, as U B, A) }Ccen
CF_(EQ#E,QUB,Al) @_(Eo#i,auﬁ, Ag)
— R
CF—(EO#ia aU ﬂ7 A2) }Cg—h
CF™ (Zo#%,aUB,aUall) CF ™ (So#3, aU B, auall)
— —
Fye CF™ (So#3, aUB,aUall) Fpe }Cg_h
CF~(,8,a;) B CF™ (3, 8,@;,2,w)
—_ S+ P
n CF~ (3,3, a) n C,
CF~ (2, a1,0) n CF™ (%, a3,8,w,2)
_—
id CF (3, a2,3) Feow Cs
CFi(E,al,ﬁ) id Qi(zaai’nﬁawv‘z)
\ /
CF_(Z,CEQ,,@)

FIGURE 6.3. The hyperbox whose compression is the hypercube
in Theorem [[L.T4l Length 2 and 3 arrows are not shown.

o C; is the flip-map hypercube. 1t is constructed in Chapter

The surface Yo#Y, and the attaching curves A;, o and aﬁ will be described
in Chapter Note that the columns are not identical to the doubling model
described in Section [6.3] (for example, the model described therein did not feature
Yo#X). We prove in Lemma [[6.14] that the vertical maps in Cee, coincide with
change of diagram maps. Using this fact, the same logic as in Proposition also
shows that the composition of each vertical arrow in the columns of Figure gives
the involution.

6.5. Admissibility and doubled diagrams

In this section, we prove a technical result concerning admissibility of dou-
bled diagrams, which will be used as the model for more complicated admissibility
arguments later.

DEFINITION 6.4. Suppose D = (X,v4,...,v,,w) is a Heegaard multi-diagram.
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i S iwind; J{
: S S -

FIGURE 6.4. Winding along s; once to obtain D;.

(1) A (rational) periodic domain is an integral (resp. rational) 2-chain D
on ¥ such that 9D is a (rational) linear combination of the curves in
v, U+ U=, and furthermore, n, (D) = 0.

(2) D is weakly admissible if every non-zero periodic domain has both positive
and negative multiplicities.

Since we are working over the power series ring F[U], it is sufficient to work with
diagrams which are weakly admissible. (See [OS04bl Lemma 4.13].) Admissibility
is usually achieved by the process of winding [0S04bl Section 5], which we now
sketch. If (3, o, B, w) is a Heegaard diagram, we pick pairwise disjoint, embedded
curves Si,...,S, which are dual to the 3 curves, in the sense that

[si N Bj] = dij.
We then consider two pushoffs s:r and s; of s;. We form a diagram Dy by winding
B; N-times, positively, along s;.", and N-times, negatively, along s; . See Figure[6.4

Ozsvath and Szab6 show that if one winds a Heegaard multi-diagram suffi-
ciently, then weak admissibility is obtained [OS04bl Lemma 5.4]. In particular, if
(S#X, aU B, A,w) is a doubled diagram, we may wind ac U 3 to achieve admissi-
bility. This is not quite suitable for our purposes. Instead, we now show that for a
doubled diagram, we need only wind 3 to achieve admissibility.

We now prove a helpful admissibility result for doubled diagrams where A are
adapted to a. The following will be a model for proving admissibility of Heegaard
multi-diagrams appearing in the construction of the central hypercube.

LEMMA 6.5. Suppose that H = (X, at, B, w) is a Heegaard diagram, and D(H) =
(Z#_i, aUB, A, w) is a double of H. Then, after winding the B curves sufficiently
on X, the diagram D(H) becomes weakly admissible.

PrOOF. Let s1,...,54 C > denote dual curves to the 3 curves, along which
to wind. Let D(H)y denote the diagram obtained by winding 3 N-times, along
positive and negative push-offs of the curves s1,...,s,, as in Figure [64

Let ’P% denote the set of rational periodic domains on D(H)y. It is clearly
sufficient to rule out the existence of a nonzero rational periodic domain with non-
negative coefficients.

Note that there is a canonical isomorphism

ON: PQ — P%,
which preserves the multiplicities which are not in the winding region.

We suppose for contradiction that D(H)y is not weakly admissible, for arbi-
trarily large N. This means there is a sequence of periodic domains, {D;};en such
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that D; is a nonzero periodic domain on D(#H)y, with only nonnegative multiplic-
ities, where N; — co. By rescaling, we assume that

[ DillL = 1,

for all i. We consider the domains D} := ¢;,1(D1) Noting that the set of multi-
plicities of D} is a subset of the multiplicities of D;, it follows that ||D}||r~ < 1,
for all i. Let D._ be the limit of a convergent subsequence of the D;. We make the
following claims:

(d-1) D!, is nonnegative.

(d-2) D._ is areal periodic domain such that D/ is a linear combination of the

a and A curves (in particular, the boundary contains no multiples of 3).
(d-3) |IDL Il = 1/2.

Claim follows since D; is nonnegative, and the set of multiplicities of D
is a subset of the set of multiplicities of D;.

To prove claim it is sufficient to show that D’ has equal multiplicity on
either side of a curve 8 in B. Assume D) — D!_. As the difference of D’ across
[ at a point p € B is independent of p, it is sufficient to consider p adjacent to the
winding region, but not contained in it. Let 2} and x7 denote the multiplicities of
D} on either side of 8 at p (the order is unimportant). Let !  and 27, denote the
limits (which are the values of D near p). By construction, D; has multiplicities
of both z! + N;(z} — 27) and a7 + N;(27 — zl). Since for all 4,

0<ab4+Ni(zl—27) <1 and 0<zl <1,

we obtain that z!  — 27, = 0, by taking the limit. In particular, D’_ has equal
multiplicities on both sides of 8. Claim follows.

We now consider claim We claim that each D] has a multiplicity which
is at least 1/2. By construction, each D; has a multiplicity which is 1. If this
multiplicity occurs outside of the winding region, then we are done. Suppose that
it occurs inside of the winding region for a curve s € {s1,..., sy} which is dual to
B € B. Let § denote the coefficient of 5 in 9D}, which is equivalently the difference
in multiplicities on the two sides of 5. We may assume 6 > 0 by changing the
orientation of (3, if necessary. The multiplicities of D; are exactly m + k - 0, where
m is a multiplicity of D} and k € {—N;,...,N;}. For m + k- § to be the maximal
multiplicity of D}, we must have k = N;. However,

Adding 1 = m + N, - § and dividing by 2 we obtain m > 1/2, establishing

However, there are no non-trivial, real 2-chains on ©#Y which have multi-
plicity 0 at w and satisfy [(d-1)} |(d-2)| and |(d-3)l Indeed, such a 2-chain would
give a non-trivial linear relation amongst the classes [a1], ... [ag], [A1], ..., [Agg] in
H,(X#X;R). However, the subspaces

Span([a1l, ..., [ay]), Span([A1l,...,[Az]) C Hi(S#%;R)

have trivial intersection, and are themselves g and 2g-dimensional, respectively. [J

To ensure certain stabilization results for holomorphic curves, it will be helpful
to introduce the following restricted version of a doubled diagram:
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_______________________________

FIGURE 6.5. A schematic of a choice of A C Y#X, which are
adapted to a C 3. Here, X is the genus 1 region on the left, and
3 is the genus 1 region on the right.

DEFINITION 6.6. Suppose that H = (3, o, 3,w) is a Heegaard diagram, and
(S#X,a U B,A,w) is a double of H. We say that the curves A are adapted
to o if they are constructed by doubling a basis of arcs di,...ds, for Hi(Z \
N(w),I;Z), where I is a subarc of N (w), as follows. The arcs do,dy, ... ,ds, are
chosen (arbitrarily) to satisfy

|d2i n Oéj‘ = 5ij-
The arc dg; induces two arcs from «; to @;. Let A; denote one of these arcs (chosen

arbitrarily). We let Ag;_1 be obtained by handlesliding «; across @;, using the arc
A; as a guide. We assume Ag; 1 is chosen to be disjoint from «.

Note that Lemma implies that a-adapted diagrams may be made weakly
admissible by winding 3 sufficiently.
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CHAPTER 7

Moduli spaces and almost complex structures

In this chapter, we describe some analytic input we will need. We begin by
defining our spaces of almost complex structures and moduli spaces for holomor-
phic disks in Section [[Il In Section [[.3] we describe some results on transversality
of holomorphic curves with pointwise constraints, including pointwise tangency
constraints, which we use frequently. In Sections we describe the neces-
sary input on boundary degenerations, including Proposition [(.9] which has not
appeared previously in the literature.

7.1. Almost complex structures for holomorphic disks

Let w = dA+dsAdt be a fixed, split symplectic form on X x [0, 1] x R. Suppose
D1, - -, Pn is a fixed collection of points in ¥\ (aUf3), and Dy, ..., D, are a collection
of small regular neighborhoods of py,...,p, in X.

DEFINITION 7.1. We say an almost complex structure J on 3 x [0,1] x R is
admissible if it satisfies the following:
(J-1) J is tamed by w.
(J-2) Jisspliton (D;U---UD,) x[0,1] xR
(J-3) J is translation invariant under the R-action.
(J-4) JO/9s = 0/0ot.
(J-5) T,X & {0} is a complex line in a neighborhood of (U B) x [0, 1] x R, and
on ¥ x {0,1} x R.
Note that our axioms are equivalent to the ones that Lipshitz labels
(J-1)—(J-4) and (J-5’) (in particular, our numbering does not coincide with his). A
similar family of almost complex structures are called relazed in [LOT18] p. 229].

7.2. Moduli spaces of disks

Suppose (X, a, B, w) is a Heegaard diagram. Suppose that S is a smooth
(not nodal) Riemann surface with boundary and a finite collection of boundary
punctures, designated as + or —. Suppose J is an almost complex structure on
¥ x [0,1] x R which satisfies|(J-1)H(J-5)l We are interested in pairs (u, j), where j
is an almost complex structure on S, and u is a smooth map

u: (8,05) = (Z x[0,1] xR, (e x {1} x R)U (B x {0} x R)),
representing the homology class ¢, and satisfying the following:
(M-1) wis (j,J)-holomorphic.
(M-2) w is proper.
(M-3) For each i, u=!(a; x {1} x R) and u~1(8; x {0} x R) each consist of exactly
one component of 95.
(M-4) If ¢ is a 4+ puncture of S, then lim,_,,(7g o u)(z) = +o0.

s
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(M-5) If ¢ is a — puncture of S, then lim,_,,(mr o u)(z) = —o0.

(M-6) wu has finite energy.

(M-7) 7 o u is non-constant on each component of S, where 7 denotes the
projection onto [0,1] x R.

Compare [Lip06, p. 960], [LOT18, p. 63]. We write M (S, ) for the set of
such pairs, modulo the relation that (u,j) ~ (v, j’) if there is a (4, j')-holomorphic
diffeomorphism ¢: S — S such that ' o ¢ = w.

The next object of interest is the moduli space of holomorphic curves with
marked points. Suppose S is a Riemann surface, as above, and q = (q1,...,¢n) is
an ordered collection of distinct points along S. We write S9 for a surface, equipped
with a choice of q. We write M ;(S9, ¢) for the set of pairs (u, j) satisfying
except we quotient only by diffeomorphisms ¢: S — S which fix q pointwise.

We say two marked surfaces S and TP are equivalent if there is a diffeomor-
phism ¢: S — T which takes the positive (resp. negative) punctures to positive
(resp. negative) punctures, and restricts to an order preserving bijection between
q and p.

7.3. Moduli spaces with matching conditions

A common construction is to restrict the values obtained by holomorphic curves
on their marked points. A refinement of this construction is to consider holomorphic
curves with additional tangency constraints at their marked points. In this section,
we provide background on the construction.

Suppose that (W, .J) is an almost complex manifold and p € W. A complex
r-jet at p is an equivalence class of germs of J-holomorphic maps

g: (C,0) — (W, p),

where two germs, g1 and g, are r-equivalent if (%gl) (0) = (%92) (0) for all
0 <i <7, where (,y) are the standard coordinates on C. We write Jet, (W, J) for
the set of complex r-jets at p.

Using the local existence of holomorphic curves, one can identify J et;(WQ", J)
with C™ [ZZ15], Proposition 2.1]. By convention, we interpret the 0-jet space as
a single point. When W = C", coordinates on the jet spaces may be given by
coeflicients of complex Taylor series.

It is straightforward to identify Jet;(VV, J) with T,WW, and hence Jetzl,(W, J) is
naturally a complex vector space. For 7 > 1, Jet, (W, J) is not naturally a vector
space, however it does have a distinguished point 0, given by the constant map at
p. We define

Jet" (W, J) := U Jet, (W, J),
pEW

which forms a fiber bundle over W.
If (W4, J1) and (Wa, J2) are two almost complex manifolds and u: Wy — Wh
is (Jy, J2)-holomorphic, there is an r-jet evaluation map

J;u: Jet;(Wl, Jl) — JetZ(p)(Wg, Jg),

given by (Jju)(g) =uog.
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DEFINITION 7.2. We say M = (Mo, t) is a matching condition if My C ((0,1) x
R)* is a smoothly embedded submanifold, and t = (ny,...,ng, my,...,ms) is a
tuple of nonnegative integers.

Ift=(ny,...,nE,my,...,mg), we write
[t :==n1+ -+ nk+mg + -+ my.

Suppose M is a matching condition, S9 is a marked Riemann surface for disks,
p € X\ (aUpP) is a chosen point, and J is an admissible almost complex structure
on ¥ x [0,1] x R which is split in a cylindrical neighborhood of {p} x [0,1] x R. We
define the moduli space of M-matched disks to be

(7.1)
(s ou)(qi) =p
((mp o u)(qr), -, (mp o u)(qr)) € Mo,
MJ(Sq,¢7M) = (U,])eMJ(S,¢) Jtﬁi(ﬂzou)zoa
Jyi(mpou) =0,
fori=1,...,k

In (1)), if n; = 0, we interpret Ji'i (7s o u) = 0 as holding vacuously.

If p1,. .., pe is a collection of special points on X\ (U3), and we are equipped
with a function f: q — {p1,...,pe}, then we may also define the moduli space of
M-matched disks for S%7 by a simple adaptation of (7).

7.4. Expected dimensions
Given a matching condition M = (M, t), we will write
| M| := codim(Mp) + 2|t|.
We define the embedded, matched index of a pair (¢, M) to be
indens (9, M) = u(9) — M,
where p(¢) denotes the ordinary Maslov index of the class ¢.

PROPOSITION 7.3. Suppose that S is a Riemann surface with k marked points
a=(q1,---,qx), and M = (My,t) is a matching condition at a point p € X.

(1) For generic J satisfying [(J-1)H(J-5)| the M-matched moduli space
M (59 ¢, M) is a smooth manifold of dimension

ind(u) — | M|,

where ind(u) denotes the Fredholm indez, viewing u as a holomorphic
curve with no marked points.
(2) Furthermore, the dimension of M j(S9, ¢, M) also coincides with the
quantity
indemp (¢, M) — 2 Sing(u),

where Sing(u) denotes the singularity number of .

In part of Proposition [[3] the quantity Sing(u) is the signed count of double
points, in an equivalent singularity. An interior (positive) double point contributes
1, and a boundary double point contributes %

Proposition follows from a standard line of reasoning, as we now sketch.
We begin with part In the restricted case that t = (0,...,0), the result follows
from a straightforward combination of the proofs of [Lip06} Proposition 3.7] and
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[MS12| Proposition 3.4.2]. For a generic J, M ;(S9,¢) is a smooth manifold, and
the map evq is transverse to My, giving the claimed dimension count immediately.

The case when |t| > 0 is slightly more involved, as we now describe. We note
that Ji'i (7s o) lives in Map(Jet,! (S, j), Jet?;zou)(qi)(il,jg)), which depends on j.
This is slightly inconvenient for computing expected dimensions, and one solution
is to pick complex coordinates carefully on S, near q, as we now describe.

Write J(S) for the set of almost complex structures on S. The Teichmiiller
space of S, which we denote by 7(S59), is the the quotient of J(5) by Diff(S, q)
(automorphisms of S, which are isotopic to idg via an isotopy which fixes q). Let
us write m: J(S) — T(S9) for the natural map.

DEFINITION 7.4. If jo € J(S), a Teichmiiller slice through jo is a subset
T C J(S) parametrized by a map

¢: (U,O) - (j(S)JO)

where U is an open subset of some Fuclidean space, containing 0, such that the
composition 7o ¢: U — T(59) is a diffeomorphism onto its image. Furthermore,
all j € T coincide on a neighborhood of q.

See [Wenl0al Section 3.1] for information on constructing Teichmiiller slices.

Let B denote the set of W2 maps from S to ¥ x [0,1] x R. Fix a Teichmiiller
slice T through jo € J(5). There is a Banach space bundle £ over 7 x B, whose
fiber over (j,u) consists of L% sections of the vector bundle Q%(S, j,u) — S, whose
fiber at p is the vector space

QY1(S, j,u) = Home (TS, 5), (Tupm® x [0,1] x R, J)) .
We view the operator 0;: T x B — &, given by
0y(u) =du+ Joduoj,

as giving a section of the bundle &£.

Since the almost complex structures j € 7 on S from a Teichmiiller slice 7 are
constant near q, we may pick complex coordinates in a neighborhood of each g;.
For a tuple (r1,...,7%) € Z’;O, we obtain a jet space evaluation map

(7.2) v’ 3, (0)N(T xB) = Jet™ (S x[0, 1] xR, J)x- - - x Jet"* (£ x [0, 1] xR, J).

Write 5;1(0)\ p for the set of open subset consisting of marked holomorphic
curves whose marked points have evaluation in D x [0,1] x R. Furthermore, we
may restrict attention to the set of almost complex structures satisfying
(/-5)| which additionally coincide with jp X jp on D x [0,1] x R, for some fixed
almost complex structure jp on D. In this case, the jet evaluation map from (7.2))
restricts to a map

(7.3)  evis*: 3, (0)]p — Jet™ (D x [0,1] x R) x -+ x Jet™ (D x [0,1] x R),

which has a codomain independent of J.
The matched moduli space in ([ZI)) is then locally given as the preimage under
evist of a submanifold

Z(M) C Jet™(D x [0,1] x R) x --- x Jet"™ (D x [0, 1] x R),
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where r; = max{n;, m;}. We leave it to the reader to write down an explicit formula
for Z(M) in terms of M, however we note that it has codimension

2k + codim(My) + 2|t|.

DEFINITION 7.5. We say that J is regular for M if at every (u,j) € M (59,
¢, M) there is a Teichmiiller slice 7 through j, such that the map 0 is transverse

to the zero section of the bundle £ — T x B, and the map ev‘gat is transverse to

Z(M).

The above regularity condition is independent of the Teichmiiller slice T; see
[Wenl0b, Lemma 4.3.2]. Finally, an essentially standard argument shows that

there is a dense (Baire) subset of almost complex structures satisfying (J-5)]
which are regular. The argument can be obtained by combining [Lip06], Propo-

sition 4.3] together with one of [Wen23| Lemma A.3], [CMO07, Lemma 6.6] or
[ZZ15].

Taking the preimage of Z(M) under evis! gives part of Proposition [.3]
Part of Proposition follows from part together with the formula

(7.4) ind(u) = p(é) — 2 Sing(u).

Equation (74) follows from |Lip14] Proposition 4.2’]. See also [LOT18| Proposi-
tion 5.69].

7.5. Cylindrical boundary degenerations

In this section, we recall some notions about cylindrical boundary degenera-
tions. The material is mostly based on [OS08al, Section 5] and [OS04], Section 5.6],
though Proposition [7.9]is new.

DEFINITION 7.6. A cylindrical beta boundary degeneration is a smooth map
u: (5,05) = (£ x [0,00) xR, 8 x {0} x R),
satisfying the following:

) u is proper.

) Foreacht € Rand i€ {1,...,n}, u=1(B; x {t}) consists of a single point.

) w has finite energy.

) 7 o u is non-constant on each component of S, where my denotes the
projection onto [0, 00) x R.

We define cylindrical alpha boundary degenerations analogously.

If B is a relative 2-cycle on (X, 3), we write Aj(B) for the moduli space of
cylindrical beta-boundary degenerations representing the homology class B. There
is an evaluation map

ev>: NJ(B) — Tﬁ,
obtained by evaluating a boundary degeneration at its punctures. If x € Tg, we
write N (B, x) for (ev™®)~1(x).

The space Nj(B,x) has an action of Aut(H), the group of conformal autor-
morphisms of the half plane, which acts pointwise on the [0,00) x R factor of a
curve. We write AV 7(B,x) for the quotient

N (B,x) := Nj(B,x)/ Aut(H).
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7.6. Boundary degenerations and split almost complex structures
Ozsvath and Szabé prove the following:

THEOREM 7.7 ([OS08al Theorem 5.5]). Suppose that (X, o, 3, w) is a Heegaard
diagram, and J is a generic, split almost complex structure on X x [0,00) x R. If
B is a Maslov index 2 class of beta boundary degenerations and x € Tg, then

1 if |w|l>1

#NJ(B’X):{O if |w|=1.

Ozsvéth and Szabd’s proof when |w| = 1 is based on the corresponding result for
the symmetric product [OS04bl Theorem 3.15], via the tautological correspondence.
This turns out to not be the most natural setting for our purposes, since it does
not rule out curves appearing in codimension 1 degenerations which satisfy only
(N-1)H(N-4)l but not For example, we may always form a holomorphic
curve as the union of ¥ x {pt} together with a constant curve at x € Tg. The 0
operator does not achieve transversality for such curves, as can easily be seen since
they violate expected dimension counts; compare Proposition [T.3]

In Sections [[.7] and [Z.8] we adapt Lipshitz’s proof of stabilization invariance
[Lip06}, Section 12] and consider more general families of almost complex structure
where, generically, transversality is achieved for all curves appearing in codimension
1 degenerations. Note that when we do this, we get a different count for the case
|w| = 1; see Proposition [[.9

7.7. Boundary degenerations and generic almost complex structures

In this section, we define the almost complex structures we consider for bound-
ary degenerations. Suppose that pi,...,p, is a (possibly empty) collection of dis-
tinct points in ¥\ 3, and Dy, ..., D,, is a collection of small disks in ¥\ 3, containing
D1, - .-, Pn, respectively.

DEFINITION 7.8. We say an almost complex structure J on ¥ x [0,00) x R is
admissible if it satisfies the following:
(J’ 1) J is tamed by w.
(J'-2) Jissplit on (DyU---UD,) X [0,00) x R.
(J'-3) J is invariant under the action of Aut(H).
(J'-4) JO/0s = 0/0t.
(J'-5) T,X x {0} is a complex line in a neighborhood of 8 x [0, c0) X R, and along
Y x {0} xR.

If J is an almost complex structure on ¥ x [0, 1] x R, satisfying [(J-1)

then there is a naturally associated almost complex structure J’ on X X [0, 00) X R,
as we now describe. Fix yg € {0} x R. If r > 0, write

Ry yo: 2% [0,1] xR—= X x[0,00) xR
for the embedding R, ,,(z, z) = (&,7 - (2 — yo)). We define
(7.5) J = lim dR, ,, 0 Jod(R.,,) "

r—00

Note that J’ is independent of yq.
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There is a more concrete description of J’ (which in particular makes it clear
that the limit exists). With respect to the isomorphism

Tip) (S % [0,1] x R) 2 T,2 & T, ([0, 1] x R),

_ (jZ)(p,y) 0
J“’*y"( You o)

DY)

we may decompose

where the following hold:

® (j=)(p,y) is an almost complex structure on 7},3,
e jp is the standard almost complex structure on [0, 1] x R,
o Y. 1,5 — T,([0,1] x R) is complex anti-linear.

Equation (T3] has the more concrete description

/ _( U)o 0)
(76) o <(ayy)(p,yo) Jm)’
where 0,Y denotes the directional derivative, in the direction y.

Finally, we note that if a boundary degeneration u: S — ¥ x [0,00) x R ap-
pears in the limit of J-holomorphic curves on ¥ x [0,1] x R, then u will be J'-
holomorphic. This holds because a boundary degeneration which appears in the
limit of a sequence of curves in 3 x [0, 1] x R is obtained by rescaling the [0,1] x R
component. Hence, the description in (T3] makes it clear that the limiting curve
will be J’-holomorphic.

7.8. Boundary degenerations for generic almost complex structures

In this section, we count index 2 boundary degenerations, for almost complex

structures on ¥ x [0, 00) x R which satisfy compare Theorem [7.7

A key observation is that for a generic almost complex structure on ¥ x [0, 00) X
R, satisfying the O operator achieves transversality at holomorphic
maps satisfying [(/N-1)] which have no multiply covered, closed components.
The proof may be easily adapted from Lipshitz’s proof of the analogous statement
for holomorphic disks [Lip06| Proposition 3.7].

We now state our main count:

PROPOSITION 7.9. Suppose B C X is a collection of attaching curves on ¥, B
is a Maslov index 2 class of beta boundary degenerations, and x € Tg. Then for

generic J satisfying
(7.7) #N;(B,x)=1 (mod 2),
(regardless of whether |[w| =1 or |w| > 1).
PROOF. First, we argue that the mod 2 count of A; (B, x) is independent of the
choice of generic J. Indeed if Jy and J; are two generic almost complex structures,

then one picks a generic family, (J;):e[0,1], connecting Jo and J;. We consider the
parametrized moduli space

Noweon(B,x) = | Nu,(B,x) x {t}.

te[o,1]

We claim the ends of JA\}Jhte[O,l](B,X) are exactly the curves at t = 0 and ¢t = 1.
To see this, we consider the possible degenerations away from ¢t = 0 or t = 1.
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The source may degenerate along a collection of closed circles and boundary-to-
boundary arcs. If the source degenerates along a boundary-to-boundary arc, then
implies that the limit contains either an additional boundary degeneration, or
a ghost curve component (i.e. a component which has image equal to a single point).
The formation of an additional boundary degeneration is prohibited since every non-
trivial boundary degeneration has Maslov index at least 2, so the formation of an
additional boundary degeneration would force B to have Maslov index at least 4.

For the moment, consider the components remaining after we trim any ghost
components. If there are additional degenerations of the source, then the remaining
components of the source have nodal points in their interior. The existence of such
curves are prohibited by the analog of Proposition [7.3] for boundary degenerations.
In particular, the expected dimension over all ¢ of the space of non-embedded curves
representing B is at most 1. After quotienting by Aut(H), we obtain an expected
dimension of —1, so a generic family J; misses the almost complex structures which
support such curves.

Finally, it remains to rule out ghost curves. These are ruled out by an easy
adaptation of a standard Fredholm index argument, for which we refer the reader
to [LOT18, Lemma 5.57] for more details.

Next, it remains to establish the stated count of boundary degenerations. We
begin with the g = 1 case, when (%, 3) = (T?, 3). In this case, we take an embedded,
homologically essential closed curve ¢ C T2\ 3. We stretch the neck along c. If
we cut T2 along ¢, and collapse the two boundary components, we are left with
a 2-sphere, with two special points, p; and ps. For large neck-length parameter,
by gluing, we may identify NV‘J(T) (B,x) with the space of self-matched boundary
degenerations on (S2, 3), of Maslov index 4. A self-matched boundary degeneration
is a boundary degeneration u: S — S% x [0,00) x R, with two marked points,
q1,q2 € S, satisfying

(msou)(q1) =p1 and (mxou)(g2) =p2 and (mmou)(q) = (mm o u)(ge).
See Figure [T11

We deform the space of self-matched boundary degenerations and consider, for

t € (0,00), the space of t-self-matched cylindrical boundary degenerations, which

are Maslov index 4 boundary degenerations with two marked points, ¢; and g2 on
the source, which satisfy

(rsou)(q1) =p1 and (mzou)(gz) =p2 and (mmou)(qi)=1- (mmou)(qge).
Here, if z € [0,00) x R, then ¢ -z € [0,00) x R denotes the ordinary product,
viewing [0,00) X R as the right-half plane in C. The ordinary self-matched moduli
space coincides with the 1-matched moduli space. Write N*(B,x) for the moduli
space of t-self-matched boundary degenerations, which we view as a subspace of
N(B; U By, x), where By and By denote the two components of S? \ 3. Note that
the action of Aut(H) preserves N*(B,x) for each t.

Gluing identifies the moduli space N ‘(B,x) with the cartesian product

./\N/(Bl,x) X .[\7(B2,X),

when ¢ is large, where By and Bs are the index 2 classes which cover p; and pa,
respectively. Hence, it remains to count N (B;,x) individually. These may be
counted by arguing the same as [OS08al, Theorem 5.5]. Namely, we deform the
almost complex structure so that it becomes a product, and then we are counting
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FIGURE 7.1. Stretching the neck along ¢ identifies N'(B,x) with
the space of self-matched, Maslov index 4 boundary degenerations

on (52, 3).

holomorphic maps from H to H x [0,00) x R, which are the identity on H, modulo
the action of Aut(H). The count of such curves is clearly 1.

The case when |w| = 1, but g(X) > 1 is proven repeatedly performing a neck-
stretching argument, similar to the above one, to reduce to the g = 1 case (compare
the proof of [OS08al Theorem 5.5]). O

REMARK 7.10. Proposition[Z.9]gives an alternative to the last step in Lipshitz’s
proof of stabilization invariance. In his proof, Lipshitz proves several gluing results
[Lip06], Appendix A] which reduce the question of stabilization invariance to the
claim that

#M(p,d) =1 (mod 2),

where ¢ is the Maslov index 2 class on a standard genus 1 diagram for S3, d €
(0,1) x R. This count may instead be performed by letting d approach a point in
dp € {1} x R, along some path . By considering the moduli space of curves which
match any point along 7, one identifies M(¢,d) with the count of beta-boundary
degenerations, which is 1, according to our Proposition

Another situation that is helpful to understand is that of matched boundary
degenerations on pairs of diagrams. Suppose that H, = (31, 3;) and Ha = (22, 85)
are two partial Heegaard diagrams, each with a special point p; € %, \ B;. Suppose
x; € T, and xy € Tp, are two points. There are unique, non-negative, index 2
classes, By and By, which cover p; and ps once, respectively. For ¢t € R, we consider
the moduli space NN (By, Ba, x1,x2) which consists of pairs (u1,u2) of boundary
degenerations, each with a marked point, ¢; and ¢s, such that

(s, cwr)(q1) = p1, (7s, 0u2)(q2) =p2, (mmowui)(q1) = (mm o u2)(ge),

7.8
(7.8) ev®(u1) =x; and ev™(uz) = xa.

—
We write NN (By, B2, x1,x2) for the quotient by the action of Aut(H).

LEMMA 7.11. Suppose (X1, B;) and (X2, 3,) are two partial Heegaard diagrams,
each with a special point p; € ¥; \ B, as above. If By and By are classes described
above, and J is a generic almost complex structure on (X1 U39) X [0,00) x R which

satisfies [(J'-1)H(J'-5)|, then
#NN j(B1, By, x1,%2) = 1.

The same also holds for alpha boundary degenerations.
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PROOF. The argument follows from the same line of reasoning as Proposi-
tion [CO For ¢ € [1,00), we consider the moduli space of t-matched boundary
degenerations NN*(Bj, Ba, X1, X2), which are defined as in (7.8)), except we require

(mr ou1)(gqr) =t (mm o u2)(ge),

where t- denotes the standard action of R>? on H. We may view NN*(By, Bs,
X1,X2) as being a subspace of the four dimensional moduli space N'(By, Be, x1,X2).
We note that the action of Aut(HH) preserves the subspace NNt(By, Ba,x1,X2), for

— ¢
all ¢, so we may consider the quotient NN (Bj, Bs, x1,%2). Next, we consider the
parametrized moduli space

./\7: U J\/NJ\/t(Bl,Bg,xl,xQ) X {t}

te[l,00)

One end of N may be identified with J\/NJ\/(Bl,Bg,Xl,xQ), while the other may

be identified with N(By,x;1) x N(Bg,x2). Additional ends are ruled out as in
Proposition [(.9, completing the proof. |

7.9. Holomorphic polygons and related constructions

In this section, we describe the holomorphic polygon counting maps, and their
friends, in the cylindrical setting. We write D,, for a disk with n boundary punc-
tures, which we view as an n-gon with cylindrical ends.

DEFINITION 7.12. Suppose that A = {ay,...,ax} is a collection of compact,
properly embedded embedded arcs in D,,. We say that A is a collection of de-
composing arcs if no a; has its endpoints on the same component of 0D,,. Let 24
denote the power set of A. Suppose X is a smooth, compact manifold with corners.
We say f: X — 24 is a stratified decomposing map if it satisfies the following:

(s-1) f is constant on the interior of each component of the codimension [ strata
of X, for all [.

(s-2) f(z) =0 on the codimension 0 strata.

(s-3) If h is a component of the codimension [ strata of X, z € h and y € Oh,

then f(z) C f(y).

(s-4) If f(x) = {as,,...,a;}, then a;,...,a; are pairwise disjoint.

If A={a1,...,ax} is a collection of decomposing arcs in D,,, we pick regular
neighborhoods N(ay), ..., N(ax), equipped with identifications N(a;) = a; x[—1, 1].
Further, we assume that if a; and a; are disjoint, then N(a;) and N(a;) are as well.
Additionally, pick a smooth function p: [—1,1] — [0, 1] such that

(1) p(xz) =0 for z in a neighborhood of —1 and 1.
(2) p(0) =1, and p(x) < 1 for = # 0.
We encourage the reader to compare the following to [LOT16, Definition 3.5]:

DEFINITION 7.13. Suppose A is a set of decomposing arcs for D,,, as above,
X is a smooth manifold with corners, and f: X — 24 is a stratified decomposing
map. We say (J;)zecx is a stratified family of almost complex structures on ¥ x D,
if the following hold:

(J"-1) For each z € X, J, is an almost complex structure on X x (D, \ f(z)),
which is tamed by the split symplectic form on ¥ x (D, \ f(x)).
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(J"-2) If h is a component of the codimension ! strata of X, and D,, is a
component of D,, \ f(z), then J, is constant on the cylindrical ends of
D,,, for all x € h. Furthermore, the induced cylindrical almost complex
structure on ¥ x [0, 1] x R satisfies [(J-1)|

(J"-3) J, preserves T'D,, for all z € X. In particular, there is an induced family
(4D (2.p)) (z,p)ex x5 of almost complex structures on D,,. We assume the
family jp, (z,p) is constant in p.

(J"-4) T,X & {0} are complex lines on a neighborhood of (a U B3) x D,,, and
along ¥ x 0D,,.

(J”-5) Roughly, if z € X and f(z) = {as,...,a;,}, then for y near z, J, is
obtained by inserting long necks along a;, , ..., a;,, consistently with the
stratified map f. Precisely, there is a neighborhood U C X of z and
a collection of smooth functions 7q,...,7,: U — [0, 1], satisfying the
following:

(a) For all y € U, 7;(y) = 1 if and only if a;; € f(y).
(b) On each N(ay,),

Jie = (=m0 o) 5

where (s,t) denote the coordinates on N(a;;) = a;; x [—1,1].
(c) For each y € U, J, is invariant on ¥ x N(a;;) under the flow of
0
Vy = (1 =7(y) - p() 5
and (J,)|sxa,x{-1,1} is constant for y € U.

(d) If ¢, — x, then J, approaches J, on ¥x D, \(N(a;, )U---UN(a;,))
in the C'*° topology.

The main example is when X is an associahedron. The example that X = K4
is shown in Figure Note that the associahedron is not the only example we
need; see for example Figure [3.11

DEFINITION 7.14. We say that a stratified family of almost complex structures
(Jz)zex on X x D, is split if J, = js X jp,, =, for a fixed almost complex structure
Jx on X, and a family (jp, »)zex on Dy,.

If J = (Ji)zex is a stratified family of almost complex structures on ¥ x D,
and S is a source curve for n-gons, we define the moduli space M ;(S,®) to be
the set of tuples (z,u,j), where z lies in the codimension 0 strata, j € J(S) and
u: S = 3 X Dy, is (j, Jz)-holomorphic and satisfies the analogs of (M-7)]

IfD=(3~v,...,7,,w) is a Heegaard n-tuple, then (assuming D is weakly
admissible), there is a cylindrical holomorphic polygon counting map, obtained by
picking a stratified family (J;)zex, where X is the Deligne-Mumford compactifi-
cation of the moduli space of n marked points on a disk (or equivalently, X is the
associahedron K, _1) and defining

Forropnia CF™ (v1,72) @@ CF ™ (v,_1,7,) = CF~ (71,7,),

to count curves of Maslov index 3—n mapping into ¥ x D,, which are J,-holomorphic
for some = € int(X). The motivating example is when X is an associahedron,
however we also need some variations of this. See Figure [3.11
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FIGURE 7.2. A stratified family of almost complex structures in-
dexed by the assocediahedron K, (a pentagon). We have schemat-
ically illustrated how the almost complex structure degenerates on
the codimension 1 and 2 strata. The wavy lines indicate where the

almost complex structure is allowed to vary along the codimension
0 and 1 strata.

7.10. Compactifications via holomorphic combs

We now describe a compactification of the moduli spaces in Chapter [7 which
provides a helpful framework for some of the arguments of this paper (and is used
implicitly in Section [Z8]). It is based on the compactness results of symplectic field
theory [EGHO00] |BEHT 03|, as well as several related notions in the setting of
bordered Floer homology (see especially [LOT18| Section 5.4] [0S04] Section 7.7]).

DEFINITION 7.15. Suppose that (X, e, 3, w) is a Heegaard diagram of genus g.

(1) Let u be a holomorphic curve in 3 x [0,1] x R and P be a set of boundary
punctures on the source of u. We say that P is an extended fiber of u
over OD if P consists of g punctures pi,...,p,, such that lim,_,,, u(z)
exists and is in ¥ x {0,1} x R for all 4, and the projection to [0,1] x R
is independent of 7. Furthermore, we assume that no two distinct p; have
limit in the same a or B curve. We also allow the case that lim,_,,, (mp o
u)(z) = £oo.

For a holomorphic curve mapping into ¥ x H, we say a set of g bound-
ary punctures is an extended fiber over OH if the analogous conditions hold,
though we also allow the case that lim,_,,, (7 o u(z)) = cc.

(2) A holomorphic story is a collection of holomorphic curves

{bn,...,b1,u,a1,...,am},

as follows:
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FIGURE 7.3. A holomorphic comb with one story.

(a) Foreachi € {1,...,m}, a; is a finite collection of alpha-boundary de-
generations on (X, ), equipped with two sets of boundary punctures,
A*t(a;) and A (a;).

(b) For each i € {1,...,n}, b; is a finite collection of beta-boundary de-
generations on (X, 3), equipped with two sets of boundary punctures
BT (b;) and B~ (b;).

(c¢) w is a holomorphic curve in ¥ x [0,1] x R. The source of u has
two g-tuples of boundary punctures labeled +o0o and —oco, which are
asymptotic to intersection points x x {—oco} and y x {400} in (T, N
Tg) x D. The source of u also has two sets of boundary punctures,
A" (u) and B™ (u). After completing over A™ (u) and B~ (u), the
curve u satisfies |(M-1)H(M-6)]

Additionally:

(a) The set A~ (u) is partitioned into extended JD fibers, which all
project to {1} x R, and have distinct projection thereto. The set
B (u) are similarly partitioned into extended 0D fibers which map
to {0} x R, and have distinct projection.

(b) For each a;, the punctures A (a;) are partitioned into extended OH
fibers (one for each boundary degeneration of a;), and the projection
Ty © a; 18 asymptotic to oo at each puncture. The same holds for the
punctures BT (b;) on b;.

(¢) The punctures A~ (a;) are partitioned into extended OH fibers. Fur-
thermore, any two extended OH fibers on the same boundary de-
generation have distinct projection to JH. The analogous statement
holds for each B™ (b;).

(d) There is a chosen bijection between A~ (u) and A™(ay), which is
compatible with the two partitions into extended fibers. Further-
more, each pair of extended fibers which are matched, have equal
evaluation in T,. A similar identification and matching condition
holds between A~ (a;+1) and AT (a;). There are analogous identi-
fications and matching conditions between B~ (u) and BT (b;), and
also between B~ (b;) and B (b;,1).

(3) A holomorphic comb is a sequence of holomorphic stories Uy, . . . , Uy, such
that the intersection point at 400 of U; coincides with the intersection
point at —oo of U;11.

REMARK 7.16.

(1) Definition [[.15 admits a natural extension for holomorphic polygons map-
ping into ¥ x D,,. The only complication is that one also has to keep track
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of degenerations of D,,, via a stratified family of almost complex structures
on X x D,.

(2) Definition admits a natural extension to holomorphic combs with
marked points.

(3) The set of holomorphic combs (with or without marked points) possesses
a natural topology, similar to the one described in m See also

[LOT18| Definition 5.21].
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CHAPTER 8

Degenerating connected sum tubes

A common tool in gauge theory is the neck-stretching argument. In our paper,
it becomes helpful to allow the neck-length parameter to go to oo, and work with
moduli spaces which are defined as a fibered product over an evaluation map. In
this chapter, we describe some of these techniques.

8.1. Connected sums and matched moduli spaces

Suppose H1 = (X1, 1,8, w1) and Hy = (Zo, ag, By, wa) are two Heegaard
diagrams, and suppose that J; and J; are almost complex structures on ¥; X
[0,1] xR and ¥ x [0, 1] x R, which are split in a neighborhood of two chosen points
p1 € X1 and po € ¥s. In this section, we focus on the case that p; and ps are
immediately adjacent to w; and ws.

Suppose ¢1 € ma(x1,¥;) and @2 € ma(X2,y,) are homotopy classes of disks on
‘H; and Ha, satisfying

Npy (¢1) = Np, (¢2)

Let us write & for the common value. Suppose S{' and S5 are Riemann surfaces,
each decorated with an ordered k-tuple of marked points. We define the matched
moduli space of disks, representing ¢; and ¢o, to be
(8.1)

MM g pgy (ST, 552, 1, o)

(s ou1)(qi,i) = p1,

= € Mat5P )< Ma(58 ) T
fori=1,...,k

The construction in (&) is a special case of the construction from Section [73]
for a matching condition My at the points p; and py. In this case, the associated
submanifold M, is the diagonal

Aqoxryr € ([0,1] x R)?.

The tuple of tangencies t is {0} x --- x {0}. We note that My has a dependence
on k, though it is convenient to suppress this from the notation.

By Proposition[7.3] for generic J; and Ja, the space MM j, 5.1, (ST, 552, ¢1, ¢h2)
is a smooth manifold of dimension

indemb(¢1a ¢2a M#) = :u‘(gbl) + ﬂ(¢2) - 2”1%‘ (¢’i);

near a pair (ug,ug) of embedded curves.

When no confusion may arise, we write MM j, a1, (¢1, ¢2) for the disjoint union
of the matched moduli spaces over all equivalence classes of pairs of marked sources
St and 837, where |qy| = |ay| = np, (:).

91
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92 8. DEGENERATING CONNECTED SUM TUBES

8.2. Matched chain complexes for connected sums

Suppose that H; and Ho are two singly pointed Heegaard diagrams. The
matched moduli spaces MM j, a1, (01, ¢2) from Section Bl may be used to con-
struct a chain complex CF; . ; (Hi,Hz), as we now describe.

As a module, CF; , ; (Hi,Hz) is generated over F[U] by pairs x; X x, where
x; is a generator on H;. We define

Dynas (X1 X X2) = > H(MM 7z, (D1, 62) [R) - U™ 0102) g ey,

p1€m2(X1,y1)
$2€m2(X2,Y5)
Npy (P1)=Np, ($2)
indemb (¢1,¢2, Mz )=1

where n,,($1, ¢2) denotes the multiplicity in the connected sum region.
LEMMA 8.1. The endomorphism 0, a5, of CF ,;,(H1,H2) squares to zero.

PROOF. The argument follows from the usual strategy of proving that 82 = 0
in Floer homology. One considers the ends of the 1-dimensional moduli spaces

MM g a0, (91, 92) /R, ranging over pairs (¢1, ¢2) where indemn (@1, @2, My) = 2.

Using Proposition [T3] it is straightforward to adapt [Lip06, Lemma 8.2] to
show that the ends of the spaces of matched, index 2 flowlines consist exactly of
the following broken curves:

(1) 2-level, broken holomorphic disks, where each level satisfies [(M-1)H(M-7)|

and has matched index 1.
(2) Maslov index 4, matched alpha or beta boundary degenerations, together
with a constant flowline.

The count of the first type of broken curve gives 831 aJ, (X1 X X32). Hence,
831AJ2(X1 X Xg) =U- (#./\N/a(xl X X2) + #A?ﬁ(xl X Xg)) c X1 X Xo,

where N (x; x x5) and N?(x; x x;) denote the moduli spaces of Maslov index 4,
matched alpha and beta degenerations at x; X X2, modulo the action of Aut(H).

By Lemma [.17] B B
#./\/a(xl X Xg) = #NB(Xl X XQ) =1.

Hence 93, , ;, = 0, concluding the proof. O

If J is a (non-singular) almost complex structure on X1 #%5 X [0,1] x R, satis-
fying [(J-1)H(J-5)l we may define a transition map

Visnag: CF7(Hi#Ha) — CF 7 5, (Hi, Ha),

by picking a non-cylindrical almost complex structure J on Si#Ye x [0,1] x R,
which for large T' € R, coincides with an almost complex structure J(7') along
¥1#%5 x [0,1] x {T}, which has a neck of length T. We define ¥ ;_, s, o5, to count
index 0 J-holomorphic curves in 3 x [0,1] x R. A map

Ving—sa: CFG g, (Hi, Ha) — CF 5 (Hi#Hz2),
is defined similarly.

LEMMA 8.2. The maps V5,5, and ¥V j aj,—g are chain maps, and further-
more, are homotopy inverses.
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PROOF. Suppose J is an almost complex structure, as above. To see that
W7, 7, AJ, 18 a chain map, we consider the ends of index 1 families of J- -holomorphic
matched curves. Using Proposition [.3] it is straightforward to see that the ends of
j—holomorphic matched moduli spaces consist of the following configurations:

(1) An index 1 Jy A Jz-holomorphic matched curve (uq,uz), and an index 0

j—holomorphic curve.
(2) An index 0 J- -holomorphic curve, and an index 1 J-holomorphic curve.

This implies that ¥ ;_, j, A, is a chain map.

Let I be an almost complex structure which can similarly be used to compute
W 7 Ag,—7- A homotopy between Wy az,—.7 0 ¥ 7 A7, and idCF;(Hl#HQ) is con-
structed by picking a 1-parameter family of almost complex structures (J;):e(o,1)
on ¥ x [0,1] x R, such that as ¢ — 0, J; approaches J, and as t — 1, the family
J¢ approaches the two-level almost complex structure with J on one level, and I
on the other. Counting the ends of the moduli spaces of index 0, J;-holomorphic
curves, ranging over ¢ € (0,1), we obtain

Vings10Wysgng, +id=00H+ Hod,

where H counts index —1 curves which are Ji-holomorphic for some t € (0,1). A
homotopy between idCF;lA (H1,Ho) and Uy, 5, a0, 0V s AJ,—s7 IS constructed in an

analogous fashion. |

REMARK 8.3. When u(¢1#¢2) = 1, one can identify MM j, a1, (¢1, p2) with
the ordinary moduli space M j(p)(p1#¢2) for large T, where J(T') is obtained by
joining J; and Jo with neck-length T. Hence we could avoid Lemma [B1] by just
using the normal proof that CF;(T) (H1#™H2) is a chain complex, where J(T') is
an almost complex structure with sufficiently long neck. This becomes impractical
when working with higher polygon counts, since the polygon counting maps count
infinitely many classes, and it is not clear we can pick a single value of T" which
works for all classes.

3. Maximally pinched families of almost complex structures

In Section Rl we described moduli spaces of disks for almost complex struc-
tures which were stretched along a simple closed curve in the Heegaard surface.
The construction therein adapts easily to connected sums of Heegaard n-tuples,
however the most straightforward generalization is slightly too restrictive for our
purposes. In this section, we describe a more subtle generalization of the connected
sum operation which we refer to as a stratified family of almost complex structures
on X x D,, which is mazimally pinched along a simple closed curve S C ¥. Roughly
speaking, this means that if f: X — 24 is the stratifying map, then .J, has infinite
neck length along S on any component of D,, \ f(z) whose associated subdiagram
of D has no attaching curves which intersect S. For Heegaard diagrams (with two
attaching curves) this reduces to the infinite neck length construction found in Sec-
tion Bl but for Heegaard n-tuples with n > 3, it is a more flexible generalization.

We begin with some notation. First, let jo denote the almost complex structure
on St x [—1,1] given by jo(9/00) = 8/0t. If § € [0,1), we write js for an almost
complex structure which is conformally equivalent to (S*x[—1/(1—4),1/(1-3)], jo)-
Furthermore, we assume that js is chosen to coincide with jy in a neighborhood of
St x {—1,1}. We do not need a concrete formula for js, however we assume that
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94 8. DEGENERATING CONNECTED SUM TUBES

sending & — 1 corresponds to the almost complex structure collapsing along the
circle St x {0}.

Next, suppose that S C ¥ is a simple closed curve, and (J;).ex is a stratified
family of almost complex structures on ¥ x D,,, which is split on N(S) x U, for
some open set U C D,, x X, where N(S) denotes a regular neighborhood of S. In
particular, over N(S)x U, there is an induced almost complex structure js; on N(5),
and we assume that (N(S), jx) is conformally identified with (S* x [-1,1],j0). If
0: D x X — [0,1) is a smooth function with support in U, we define a family
(J2(0))zex by modifying .J, so that it coincides with js(; ) X jp, .« on N(S) x U,
and coincides with J,, outside of N(S) x U.

DEFINITION 8.4. Suppose that D = (Z,v4,...,7,) is a Heegaard n-tuple, and
S is a closed curve on ¥ (possibly intersecting some of the ;). Suppose that A is a
set of decomposing arcs of D,,, X is a compact, smooth manifold with corners, and
f: X — 24 is a stratified decomposing map, as in Definition We say a family
of (singular) almost complex structures (J,)zex on X X D, is a stratified family
which is mazimally pinched along S if it is constructed via the following procedure:

(Step-1) Pick a stratified family of almost complex structures (J2),ex on £x D,,,
such that there is an open set U C D,, x X, satisfying the following:

(a) J, coincides with jo X jp, » on N(S) x U.

(b) Suppose z € X and f(z) = {ai,,...,a;}. If Dy is a component
of D,, \ f(z) corresponding to a subdiagram of D, all of whose
attaching curves are disjoint from .S, and whose boundary contains
the arcs arcs a;,,...,a;,, then

(DyUN(a;,)U---UN(ay,)) x {z} CU.

(c) If «; and =, are cyclically consecutive attaching curves on D
which are disjoint from S, then U contains E., -,,, x X, where
E., ~,,, denotes the cylindrical end of D,, corresponding to ~y; and
Yit1-

(Step-2) Pick a Jsrmooth 0: D, x X — [0,1] (the neck-length parameter) which
is supported in U. We assume that §(y,x) = 1 if and only if f(z) =
{ai,,...,a;, } and y is in the closure of a component of D, \ f(x) which
corresponds to a subdiagram of D, all of whose attaching curves are
disjoint from S. We further assume the following:

(a) 6 — 1in the cylindrical ends E,, of Dy, whenever v, and 7,
are disjoint from S.

(b) ¢ is constant along the [0, 1] component of £, ..., = [0,1] x [0, 00).

(¢) For each z, the function 6(—,z) : D, — [0, 1] is constant on a; x
{t} € N(ai).

(Step-3) Set (Ja)aex 0 be (J(8))nex.

yVit1

If Sq,..., Sk is a collection of pairwise disjoint, simple closed curves on ¥, we
may similarly define a family (J;)zex to be maximally pinched along (S, ..., Sk)
if it constructed by performing the above procedure along each S;.
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CHAPTER 9

Stabilizing Heegaard multi-diagrams

In this chapter, we describe several stabilization operations for Heegaard dia-
grams, triples and quadruples. In Chapter [[0] we describe their interaction with
the counts of holomorphic curves.

9.1. Stabilizing Heegaard diagrams

The most basic way to stabilize a Heegaard diagram is to take the connected
sum with a standard genus 1 diagram for S3. More generally, we may take the
connected sum of a Heegaard diagram with a standard diagram for the lens space
L(m,1), shown in Figure [0l A third operation is related to 1-handles, and in-
volves taking the connected sum at two points with a standard, genus 0, doubly
pointed diagram of (53, p1,p2). See Figure We call these elementary stabiliza-
tions, elementary lens space stabilizations, and elementary 1-handle stabilizations,
respectively.

It is convenient to perform multiple stabilizations at once. We make the fol-
lowing definition:

DEFINITION 9.1. We say a Heegaard diagram Ho = (2o,&, ¢, po) is a multi-
stabilizing diagram if it is constructed by starting with the diagram (52, pg) (with
no attaching curves) and inductively attaching elementary stabilizations and 1-
handle stabilizations.

One could also consider multi-stabilizing diagrams which have standard lens
space summands, though we will not have a need for such diagrams.

Po b1

FIGURE 9.1. The standard diagram (S2,&, ¢, p1, p2) for (S3, p1,p2)
used for a 1-handle stabilization. The Heegaard surface is obtained
by identifying the top and bottom sides, and collapsing the left and
right sides each to a point.

95
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FIGURE 9.2. Left: An elementary 1-handle triple. Right: An el-
ementary stabilization triple. We collapse the solid lines to base-
points, and identify the dashed sides.

9.2. Stabilizing Heegaard triples
We now consider stabilizations of Heegaard triples.

DEFINITION 9.2.

(1) We say a genus 0 triple (S2,¢, ¢, 0, po, p1) is an elementary 1-handle triple,
if £&, ¢ and o are transverse, pairwise isotopic, and each pair of distinct
curves in {&, (, 0} intersects in exactly 2 points.

(2) We say that a genus 1 triple (T2, €, (,0,po) is an elementary stabilization
triple if (up to cyclic permutation) ¢ and o are pairwise Hamiltonian
isotopic, and |( No| = 2, while [N (| = [ No| =1. See Figure 0.2

DEFINITION 9.3. We say a Heegaard triple 7o = (2¢,&,¢,0,p0) is a multi-
stabilizing triple if it is constructed by starting with the diagram (S2,pg), and in-
ductively attaching elementary stabilization triples and elementary 1-handle triples.

9.3. Stabilizing Heegaard quadruples
Finally, we consider stabilizations of quadruples.

DEFINITION 9.4.

(1) We say a genus 0 quadruple (S2,&,¢, 0,7, po, p1) is an elementary 1-handle
quadruple if £, {, 0 and 7 are transverse, pairwise isotopic, and each pair
of distinct curves in {¢, ¢, o, 7} intersects in exactly 2 points.

(2) We say a genus 1 quadruple (T?, €, ¢, 0,7, po) is an elementary stabilization
quadruple if (up to cyclic permutation) one of the following holds:

(a) &, ¢ and o are pairwise Hamiltonian isotopic, and

EN¢=lEnol=|¢No| =2, while [ENT|=|¢NT|=|cnNT|=1.

(b) £ and ¢ are Hamiltonian isotopic, and ¢ and 7 are Hamiltonian iso-
topic. Furthermore,

ENdl=lon7T|=2 and |{No|=|(No|l=ENnT|=|CNT|=1.

See Figure for examples of elementary 1-handle and stabilization quadru-
ples.
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FIGURE 9.3. Left: An elementary 1-handle quadruple. Center and
right: Elementary stabilization quadruples.

DEFINITION 9.5. We say that Qy = (X0,&,{,0,7T,p0) is a multi-stabilizing
Heegaard quadruple if it is constructed by starting with the diagram (S2,pg) and
inductively attaching elementary 1-handle quadruples and simple 1-handle stabi-
lization quadruples.

9.4. Index tuples

In this section, we define the index tuple of a multi-stabilizing triple or quadru-
ple. The index tuple will allow us to efficiently state the holomorphic stabilization
formulas in Section [0l

For a multi-stabilizing triple 7g, the index tuple is a triple

m(7o) = (m1(7o), m2(To), m3(7o))-
For a multi-stabilizing quadruple Qy, the index tuple is a 4-tuple
m(Qo) = (m1(Qo),m2(Qo), m3(Qo), ma(Qo))-

If To = (X0, &, ¢, 0, po) is a multi-stabilizing triple, we set m1(7g) to be u(v) for
any triangle class ¢ € m2(6, , @Za, @;5) with ny, (¢) = 0. (Note that we are using
an unusual ordering of the subscripts, and Gig = @zo). Similarly, we define ma(7p)
to be the Maslov index of any triangle class ¢ € Wg(@éfc, O 0 @;5) with n,, (¢) =
0, and m3(7p) is the Maslov index of any triangle class ¢ € WQ(@ZC, GZU, @;5).

We define the index 4-tuple of a multi-stabilizing quadruple Qg = (20, &, ¢, o,
T,p0) as follows. We define mq(Qp) to be the Maslov index of any rectangle class
Y € m(0;,,0F _,0 0f.) with n,, (¢) = 0. Similarly m2(Qp) is the Maslov

§,¢ 7 ¢00 To ) PTg
index of any rectangle class ¢ € 7T2(®gr<7@gg7@+ @jg) with n,,(¢) = 0. The

o,T)

integers m3(Qp) and m4(Qp) are defined similarly.
In the subsequent Lemma[9.6] we prove that the definition of index tuples given
above is well defined. Before stating the lemma, we note that we use the grading
convention that the top degree generator of CF~((S! x §2)#* pg) is supported in

grading k/2.

LEMMA 9.6.

(1) If To = (X0,&,¢,0,p0) is a multi-stabilizing Heegaard triple, and ¢ €
ma(X,y,2) is a homology class of triangles, then

() = 2nyp, (¥) + gr(x) + gr(y) — gr(z) — n/2,
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! - - b m(T5) = (0,0,0)
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FIGURE 9.4. Top: An elementary stabilization triple. Bottom: An
elementary 1-handle triple. The index tuples are labeled.

where gr(z) is the absolute grading of z, as an element of CF™ (X, €, 0),
and n = [§] = [¢] = |o].

(2) If Qo = (%0,&,¢,0,7T,p0) is a multi-stabilizing Heegaard quadruple, and
Y € mo(X,y,2,W) is a homology class of quadrilaterals, then

() = 2np, () + gr(x) + gr(y) + gr(z) — gr(w) —n,

where gr(w) denotes the Maslov grading of w as an element of CF~ (X,
§,7), andn = |§| = |¢| = |o| = |7].

PrROOF. Both claims are proven using the same strategy. First, one checks di-
rectly that they hold for elementary 1-handle and stabilization triples and quadru-
ples. Next, one argues by induction that the formulas hold when we add an extra
elementary 1-handle or stabilization triple or quadruple. We leave the details to
the reader. ]

LEMMA 9.7. Suppose To = (X0,&,¢,0,p0) s a multi-stabilizing triple which is
built using elementary triples T1,..., Tp-
(1) mi(To) is non-positive, for i € {1,2,3}.
(2) m(To) = >2;_; m(7;).
(3) mi(To) = 0 if and only if m;(T;) =0 for all j € {1,...,n}.

The analogous statements hold for multi-stabilizing quadruples.

PROOF. The same argument works for both triples and quadruples, so we focus
on triples. Firstly, additivity of m(7p) is immediate from the construction, as the
grading is additive under tensor products. For elementary tuples, the relation
m; (7o) < 0 is easily checked. It follows that m;(7o) < 0 and m; (7o) = 0 if and only
if each m;(7;) = 0 for all j. O

REMARK 9.8. Cyclic permutation of the attaching curves in a multi-stabilizing
triple 7o, has the effect on m(7p) of cyclic permuation. The same holds for multi-
stabilizing quadruples.

The index tuples of elementary stabilization and 1-handle triples and quadru-
ples are shown in Figures and
We now state an associativity relation for the index tuples:
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Ficgure 9.5. Elementary 1-handle and stabilization quadruples,
and their index tuples.

LEMMA 9.9. Let Qo = (20,&,¢(,0,T,p0) be a multi-stabilizing quadruple, and
let Teco denote the triple (2o,&,¢,0,p0) (and so forth for the other sub-triples).
The following hold:

(1) m1(Qo) = m1(Tec.o) + m1(Teor) = m3(Teor) +ma(Tec,r)-
(2) m2(Qo) = ma(Tec.o) + M1(Teor) = M1 (Teor) +ma(Tec,r)-
(3) m3(Q ) = m3(T£7(70) + m2(727a,7) = ma2 (TC,U,T) + m2(7E7C,T)-
(4) ma(Qo) = m3(Tec.o) + Mm3(Teor) = M3(Teo,r) +m3(Tec,r)-

Proor. We focus on the first equation of the first claim. We pick triangle
classes

1/)51(70 € 772(65 g,@ga,@;g) and ’1/1570,.,- € WQ(@ga,G)M,@ )

which both have zero multiplicity on pg. The classes ¢ ¢ » and ¢ - - may be spliced
together since ©F of = @ . Using additivity of the index under juxtoposition, as
well as the deﬁmtlon of mz, we obtain the stated equation. The same argument
applies for all of the other equations. O
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CHAPTER 10

Stabilizations and holomorphic curves

In this chapter, we describe how the counts of holomorphic curves interact with
the stabilization operations from Chapter

10.1. Stabilizations and holomorphic disks

We now consider multi-stabilizations of Heegaard diagrams. Suppose that Hy =
(X0,&,¢,po) is a multi-stabilizing Heegaard diagram. By construction, there is a
top graded intersection point @ZC € T¢:NT¢, as well as a bottom graded intersection

point @;C' We define

Fi°: CF;(H) — CF;,; (H.Ho) and F5°: CFj., (H,Ho) = CF;(H)
via the formulas

X if@):@;C

F&C(x) = x x ©F d F$S(xx©)=
1o (x) =x g¢ an 5 (x ) 0 otherwise

extended equivariantly over U. Similar to Ozsvath and Szabd’s original 1- and
3-handle maps [OS06l Section 4.3], we have the following;:

LEMMA 10.1. The maps Ff’C and F§’< are chain maps.

PROOF. We focus on the claim for F’ f’c, as F:f’c is algebraically dual. Suppose
oo € m2(01,03) is a class on Hy. By the grading formula, we have

(o) = gr(O1, O2) + 2ny, (¢o).

Hence, if ¢ € m(x,y) is a class on H, then

(10.1) indemb (¢, ¢o, My) = 1(¢) + gr(01, 02).

(We remind the reader that indemn (@, ¢o, My) = p(d#¢o)). The differential on
CF7, ;. (H,Ho) counts representatives of pairs of classes (¢, ¢o) with indemn (¢, do,
My) = 1. We note that gr(@iq, ©2) > 0. Furthermore, transversality for holomor-
phic curves representing ¢ implies that u(¢) > 0, with equality if and only if ¢ is
a constant class. Hence, any index 1 pair (¢, ¢g) € ma(X,y) X 772(@24, ©2) which

admits holomorphic representatives must have one of the following configurations:

either u(¢) = 1 and @;g = 02, or u(¢) =0 and gr(@gg, ©3) = 1. The contribution
to O(x x ch) of curves satisfying the latter condition coincides with x ® 30((9;4),
where J, denotes the ordinary differential on the complex 6’?(7—[0). Since @g clisa

cycle in 6’?(7—[0), this contribution is zero. It remains to consider the case where

101
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102 10. STABILIZATIONS AND HOLOMORPHIC CURVES

w(¢) =1 and O = 05 = @gc. In this case, the main claim amounts to showing
that if d € ((0,1) x R)¥ is a generic k-tuple of points, then

(10.2) > #M(do,d) =1 (mod 2),
poEm2(0F 0% )
po (¢o)=k

which is verified in [Zem21l Proposition 6.1], by degenerating the set d, adapting
an argument of Ozsvéth and Szabé [OS08al Lemma 6.4]. O

10.2. Stabilizations and holomorphic triangles

We now describe the interaction of the holomorphic triangle maps with multi-
stabilizations.

PROPOSITION 10.2. Suppose that T = (3, a, 3,7, w) is a Heegaard triple and
To = (20,&,¢,0,p0) is a multi-stabilizing triple. We form the wedge product triple
T ATy (thought of as a connected sum with infinite neck length), at py and some
point in X\ (aUBU~). We delete the basepoint py, and leave w as a basepoint.
With respect to the almost complex structures J and J A Jy, we have the following:

(1) i (T5) = 0, then
fT/\To;s#so (X X @;gvy X (—)z’:g)

:fT;E(X7 y) ® @;0 + Z C'x,y,z,@ "z X @7

z€T,NT,
O€T:NT-\{O, ,}

for some Cx y » 0 € F[U].
(2) If ma(To) =0, then
JTATo s#50 (x x @zg, y X @E,g)
:fT;ﬁ(Xa Y) 2 @;g + Z Cx,y,z,@ "Z X @a

z€T,NT~
O€T:NT, \{O ,}

for some Cx y » 0 € F[U].
(3) 1 ms(Ts) = 0, then
JTAToss50 (% X @chy X 6—’_,0)
:fT;E(Xa y) ® @Jr,g'

Here, 5o € Spin“(X¢ ¢ ) is the one which restricts to the torsion Spin® structure on
each end.

Proor. We focus on the third claim, since the other two are obtained by
cyclically permuting the attaching curves.

Suppose that Y#y € ma(x x @Zc,y X @Zg, z x O), for some © € T NT,. By
definition of ms(7p),

p(tho) = m3(To) + 2np, (v0) + gr(OF,, ©).

Since ms3(7p) = 0 by assumption, we conclude that

(10.3) 1(to) = 2np, (o) + gr(0¢,, ©).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



10.2. STABILIZATIONS AND HOLOMORPHIC TRIANGLES 103

Using (I0.3), we have
(10.4) indemb (¢, Y0, My ) = p(¥) +gr(9,, 0).
If MM sz, (¥, 10) is non-empty, then M ;(¢)) is non-empty by definition, so
(1) > 0 by transversality. Equation (I04) now gives
() = gr(0f ,,0) = 0.

Hence, it remains to show that

(10.5) > #M(,d) =1,
Yoem2 (07 0% .07 ,)
Npg (wO):k
for a generic d € AF, which is disjoint from the fat diagonal. Equation (I0.5) is
proven by considering a path (d¢);e[o,0), satisfying the following:
(1) dg =d.
(2) The k components of d; approach oo in the a-8 cylindrical end of A.
Furthermore, with respect to an identification of the cylindrical end with
[0,1] x [0, 00), the points of d; approach some fixed

d € ((0,1) x R)*,
modulo overall translation by R. Furthermore, d’ lies in the complement
of the fat diagonal.

If z € T¢ N T,, we consider the 1-dimensional moduli space

M = U H M(¢7dt)~

t€[0,00) pems (0 ., 0F . 0F )

Mpg (w):k

The count of the ends of M at ¢ = 0 coincides with the left-hand side of (I0.H).
The ends of M at finite ¢ occur in canceling pairs, since the differentials vanish on

EF(EO,E,C), EF(E(),C,O') and E'F(EO,S,C). The remaining ends of M occur as
t — 0o, and are identified with the Cartesian product

(10.6) ( 11 M(zp)) X ( 11 (qﬁ,d')).

we@(@g(,@jd,@ ) ¢EW2(924,®+ )
Mpg (¥)= Mpo (0)=
u(w):‘)

The left-hand side of ([I0.6), is the ®+U
right-hand factor of (I0.6]) has total count 1 (modulo 2) by (I0.2).

The main claim thus amounts to showing that the left-hand factor of (I0.6])
has total count congruent to 1. This is equivalent to showing

(10.7) Jeco(©8,08,) = 0f,,

coefficient of fe . 0(65 ¢ @+ ,). The

where fgygﬁg denotes the map which counts triangles on 7y which do not cross the
basepoints. Equation ([I0.7) is verified in the subsequent Lemma [T0.4 O

REMARK 10.3. Note that if we were to verify the first two statements of Propo-
sition [[0.2 directly, the main difference would be that gr(©, ,, ©) may be negative,
allowing for the existence of curves with pu(y) > 1.
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LEMMA 10.4. Suppose that To = (20,&,¢,T,Pg) is a multi-stabilizing Heegaard
triple.

(1) If m1(To) =0, then

fTo(@.;Cv@z_,a) :@;0—1_ Z Co O,
O€T:NT,\{O ,}

for some Cg € F.
(2) If mao(To) = 0, then

fr@f,0,)=06,,+ Y = Co-6,

O€T:NT-\{O, ,}

for some Cg € F.
(3) 1f ms(To) = 0, then

(0% 08,) = 6f,.

PROOF. We focus on the third claim, when m3(7) = 0, since it is the simplest
notationally, and all claims are equivalent upon dualizing, as in (I0.3]).

According to Definition [0.3] a multi-stabilizing triple is built by inductively
attaching elementary stabilizing triples. Hence, we prove the claim by induction on
the number n of elementary stabilizing triples used in the construction. If n = 1,
the computation is easy to perform directly. We suppose now that the claim holds
for all multi-stabilizing triples built with n or fewer elementary triples. This implies
that Proposition holds whenever the stabilizing triple is built with n or fewer
elementary triples. In particular, Proposition holds when 7y is an elementary
stabilizing triple.

We suppose now that 7 is a general multi-stabilizing triple. It is sufficient to
show the present claim for some almost complex structure, since if J and J’ are two
almost complex structures on ¥ x A, then we may pick a stratified family of almost
complex structures (Js)se[o,1] on Lo X A such that Jo = J, and as s — 1, the family
Js limits to J" on ¥ x A, as well as three non-cylindrical almost complex structures
on the ends of ¥ x A. Counting the ends of index 0 families of Js-holomorphic
triangles, we obtain

I (O 08 )+ Wy (0.0 (W sm s (OF ), W (0F,)))
+0e H(OF 08 ,) + H(e (0f).0F )+ HOF 0. .(0f,)) =0,

where U ;_, 5 denotes the change of almost complex structure map, and H is the
map which counts index —1 triangles which are Js-holomorphic for some s € (0,1).
(Note that we are abusing notation slightly by writing ¥ ;_, ;» and writing J for an
almost complex structure on X x A, as well as an almost complex structure on the
cylindrical ends).

Since the change of almost complex structure maps are graded, they must fix
@ZC’ @ZJ and @ZJ. Since also the differentials on 6?(20,5, ¢), 6?(20, ¢,0) and

1

CF (X0, &, o) all vanish, we conclude from (I0.8)) that if the main claim holds using
J, then it also holds using J'.

Suppose now that Ty is a multi-stabilizing triple with ms3(7) = 0, obtained by
adjoining n+1 elementary stabilizations. Let us say that 7 is obtained by adjoining
the elementary triple £ to a triple 77, obtained from n elementary stabilizations.

(10.8)
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We pick the almost complex structure to be infinitely degenerated between £ and
T’. By the inductive hypothesis, the present claim holds for 7. We now view Ty
as an elementary stabilization of 77, using the triple £, and apply Proposition
to obtain the claim for 7y. The proof is complete. |

REMARK 10.5. If we symmetrize the triangle map, by viewing it instead as a
map
(10.9)
fapys: CF™ (8, o, 8,5y, ,) @ CF™ (%, 3,7,5sly, , )@ CF ™ (3,7, 5|y, )~ F[U],

then the three statements of Proposition [[0.2] become equivalent.

10.3. Stabilizations and holomorphic quadrilaterals

We now describe the analogs of the stabilization results from Section [10.2] for
holomorphic quadrilaterals.

PROPOSITION 10.6. Suppose that Q = (X, a, 8,7, 0, w) is a Heegaard quadru-
ple, and Qp = (X0,&,¢,0,7T,p0) is a multi-stabilizing Heegaard quadruple. We
form the wedge sum X A ¥q at po and a point in ¥\ (U B U~ UJ). Suppose and
J = (Js)seo) and I = (Is)sejo,1) are stratified families of almost complex struc-
tures on X% x O and ¥g x O, respectively, for counting rectangles. With respect to
the families J and J A I, we have the following:

(1) If m1(Qo) =0, then
hQ/\Qo;ﬁ#ﬁo (X X @;(’y X (—)ZG”Z X 6;'_,7')
:hQ;E(X, Yy, Z) & @;T + Z Cx,y,z,w,@ cW X @,
weT,NTs

O€TeNT,\O, ,

for some Cx y » w0 € F[U].
(2) If m2(Qo) =0, then
hQ/\Qo;ﬁ#ﬁo (X X @Zg’y X eg,a’z X 6;7)
:hQ;s(X7 Yy, Z) ® 6;7- + Z CVx,y,z,w,e *W X 97
weT,NTs

©ETNT\O; ,

for some Cx y » w0 € F[U].
(3) If m3(Qo) =0, then
hQ/\QO;s#go(X X @ZC’y X GZU’Z X @;77_)
:hQ;s(X7 y, Z) & 6;7- + Z Cx,y,z,w,@ *W X 97
weT,NTs

©ETNT-\O; ,

for some Cx y » w0 € FIU].
(4) If my(Qo) =0, then

hQ/\QO;g#SO(X X @zc,y X @ZU,Z X @;T) = hQ7J75(X,y,Z) ® @—i_ﬂ_
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ProoF. We focus on the proof of the fourth claim, since it is notationally the
simplest. The proof follows similarly to the proof of Proposition 0.2, until (I0.5])
therein. The necessary substitute is

(10.10) > #M (o, d) =1 (mod 2),
Yoem (0F ., 0F,.0F 6f )

Npg ("L’O):k

for generic d € int(KJ)* x (0, 1).

Write M (d) for the union over such 1 of the matched moduli spaces M (1, d)
so #M (&) is equal to the left side of (I0I0). We will use a cobordism argument
to show (IOI0).

We consider a path (at)te[om] in (int(0))* x (0, 1) satisfying the following:

(1) dg =d.

(2) The (0,1)-component (i.e. the almost complex structure parameter) of d
approaches 1 as t — oo.

(3) The k O-components of d, approach oo in the a-8 cylindrical end of OI.
Furthermore, with respect to an identification of the cylindrical end with
[0,1] x [0, 00), the points of d, approach some fixed, generic

d e ((0,1) x R)*,

modulo overall translation by R.

There are three types of ends of the 1-dimensional moduli space

U M.

te[0,00)

The first type are the curves in M(a) (i.e. the ones we want to count). The next
type of end is curves which break off at finite ¢ € (0,00). The final type is curves
which appear as t — oo.

The degenerations appearing at finite ¢ can only correspond to strips breaking
off (degenerations into a pair of triangles are prohibited since the aspect ratio is
determined by d, and is finite for ¢ € [0,00)). Ends corresponding to strip breaking
occur in canceling pairs, since @zC’ GZU, @jﬁ and 9;7 are all cycles in the hat
version of the complexes which contain them.

As t — oo, a family of curves approaches a pair of triangles not crossing the
basepoints, as well as a holomorphic disk which matches d. As such, these ends
correspond to the space

(10.11)
( H ( H M(¢£,C,U)> X < H M("/Jﬁ,a,ﬂ')))
2€TeNTo Ny ¢ em(0F .07, .2) Ve.0,-Em2(2,0F .08 )
(e ¢.0)=0 (e, 0,7)=0
npo(wé,(,a):() npo("l"{,a,r):o

x( 11 M(¢,d)).

¢em(e;<,e;<)
Mpg (¢):k
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We wish to show the above space has an odd number of points. An identical
argument to [Zem21], Equation 24] establishes that the last factor of (IO.IT]) has
an odd number of elements.

The first pair of factors corresponds exactly to the @ZT component of

f&U,T(fA&C,U(@Z(v @Zg)v Gir)v

where f&mT denotes the map which counts index 0 holomorphic triangles with zero
multiplicity on pg. Consequently, it is sufficient to show that

(10.12) feor(feca(08:.00,),0F,)=6{ .

To prove [I0I2) it is sufficient to prove

(10.13) feor(©F,,00 ) =07, and feco.(0f.,0f,)=06¢,,

which is proven in Lemma [[0.4 |

10.4. Lens space stabilizations of Heegaard diagrams

Let H be a Heegaard diagram, and let Ho = (T2, ¢1, c2, po) be a standard genus
1 diagram for L(m, 1). Let J be an almost complex structure for H, and let Jy be
an almost complex structure on T? x [0,1] x R.

If i € Z/m, we define a map

o;: CF;(H,5) — CF . (H, Ho,s#s:),
via the formula
0i(x) :=x X x4,

extended equivariantly over U.
LEMMA 10.7. For each i, o; is a chain map.

ProoF. Note that each intersection point on g represents a different Spin®
structure. Hence any class of disks on (T?, ¢y, ¢2, pg) must have the same incoming
and outgoing intersection point. Furthermore, as Ho(L(m,1);Z) = 0, the set of
doubly periodic domains vanishes, so ma(z;, ;) = Z. Furthermore, every class in
ma(x;, ;) is of the form k- [To] + e,,, where e,, denotes the constant class. Write
@k, for this class. We note

N(¢k7wi) = 2k.
Write p for the connected sum point on H. If ¢ € ma(x,y) is a class on H, and
ny(¢) =k,
1(dH#dk,a,) = 1(e),
using Lipshitz’s formula for the Maslov index [Lip06| Corollary 4.3].
Hence, the main claim follows if we can show

#MM($, Prx;) /R = #M(¢)/R
for any index 1 class ¢ with n,(¢) = k.
Hence, it is sufficient to show that if d = (dy,...,dg) is a k-tuple of distinct
points in [0,1] x R, then
(10.14) #M(bkz;,d) =1 (mod 2),
where M(¢y 4,,d) denotes the disjoint union of the moduli spaces {u € M(S9,

Gkz,)  evg (u) = d;}, over equivalence classes of source curves S with k& marked
points q.
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FIGURE 10.1. Top left: a diagram for L(m,1). Top right: a triple
obtained by adding an isotopic copy of the alpha curve. Bottom:
a triple obtained by adding two isotopic alpha curves.

Equation (I0.T4) may be established using the same argument as in the k =1
case (i.e. ordinary stabilizations), as described by Lipshitz Appendix A].
Alternatively, one may establish (I0.14) by degenerating d towards k distinct points
along {0} x R, and using the count of index 2 boundary degenerations for generic
almost complex structures given in Proposition O

10.5. Lens space stabilizations and holomorphic triangles

Next, we consider triangles and lens space stabilizations. We consider taking the
connected sum of a Heegaard triple with a triple of the form shown in Figure M0l

LEMMA 10.8. Suppose that ¢}, c1 and ¢y are the three curves on the torus shown
in Figure [0, and suppose that T = (3, o, 3,7, w) is an arbitrary Heegaard triple.
Write Tei ey,c, for the triple (T2, ¢}, c1,co,p0), and write Ter,en,e, and Tey o e, for
the triples obtained by cyclically permuting the attaching curves. Suppose J and Jy
are almost complex structures on X X A and Yo X A, and let J N\ Jy denote their
wedge. Then, counting triangles with respect to J and J A\ Jy, we have the following:

FTNTy oy eyiottn (XX OF o0y X 30) = frs(x,y) @ 33

fT/\T 1 SHS; (X X Zi,y X 1';) = fT;E(Xay) X ec_l,c/l

c1,¢2,¢]
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+ Z Cxy.z- zx Ot , and

C1, C
z€ToNT
fTATz cfe1 1575 (X X x“y X 60 01) = fT;s(X;Y) Q T4,

for some Cx y , € F[U], and where z is the unique intersection point in the corre-
sponding Spin® structure.

ProoF. All of the equations are equivalent, by reordering the attaching curves,
and dualizing, so we focus on the first one. The m = 1 case is used in the proof
that the cobordism maps are invariants [OS06, Theorem 2.14]. Our proof is a
modification of the proof of an analogous result in the cylindrical setting [Zem15]
Theorem 9.7].

Suppose g € m2(0,z;,2;) is a class of triangles on T, ¢, .,- We have

p(tho) = 2np, (o) + g1(0f .. ©).
If ¢ € ma(x,y,2) is a class, it follows that
(10.15) indemb (¥, Yo, M) = u(y) +g1(0], ., ©).

If the matched moduli space MM (), 1) is non-empty, then M (1)) is non-
empty, so we may assume u(¢)) > 0, by transversality. Equation (I0IH) implies
that if (,10) has a matched representative, then © = 07, and pu(¢)) = 0. The

cl,c1
proof now follows by showing that if d € (int (A))* is generic, then
(10.16) > #M(y,d) =1 (mod 2).

’LPoETrz(@j/l,Cl ,xi,x;)
Npg (Y0)=k
Equation (I0.I6) is obtained by degenerating d into one of the cylindrical ends of
T? x A, as in the proof of (I0H). Equation ([0.I6) then follows from (I0.2)), as
well as the computation for the hat-triangle map (i.e. the count of holomorphic
triangles not covering the basepoint), which is straightforward to perform by hand.
The proof is complete. |

10.6. Lens space stabilizations and holomorphic rectangles

We will also need a version of the previous lens space stabilization results for
rectangles.

LEMMA 10.9. Suppose that Q is a Heegaard quadruple. Write Q. v ¢, c, for
the genus 1 quadruple shown in Figure [OIl Suppose that J = (Js)sep,1] and
I = (I)sepo1) are stratified families of almost complex structures, for counting
rectangles on Q and Qq, respectively. With respect to the families of almost complex
structures J and J A I, we have

can +
hQAQC,1 e1,cq.¢} 15#S0 (x x 9@ e Y X 961 cn1Z X 902,0’1/)
= - E +
_hQ;S (X7 Y, Z) ® 66/1’6/1/ + Ox,y,z,w *W X C"‘)C,l,c/l,’
weT,NTs

for Cxy zw € F[U]. Similar statements hold for quadruples which are stabilized by
the genus 1 diagrams obtained by cyclically permuting ¢, ¢}, ¢1 and cs.

The proof is not substantially different than the proof of Lemma [[0.8] so we
leave it as an exercise to the reader.
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CHAPTER 11

Holomorphic triangles and nearest point maps

In this chapter, we consider Heegaard triples where one set of attaching curves
is obtained via a small isotopy of another. We show that in favorable circumstances,
the counts of holomorphic triangles are appropriately simple. The main result is
known to experts. An extremely similar statement and argument was given in a
closely related context by Lipshitz, Ozsvdth and Thurston [LOT16l Section 3.4],
on which our argument is modeled.

PROPOSITION 11.1. Suppose that (3, &/, at, B) is a Heegaard triple and o’ are
Hamiltonian isotopies of «, such that

|O/ M a\ = 26ij.

If &' are sufficiently close to a, then the holomorphic triangle map fa/’aﬁﬁ(@;r,’a, -)
counts only small triangles, and is equal to the nearest point map.

11.1. Vertex multiplicities

We now review some basic facts about the domains of triangle classes. Suppose
that (2,47,79,7v3) is a Heegaard triple. If ¢ € ma(x,y,z) is a homology class of
triangles, then we write D(1)) for the domain of ¢, which is an integral 2-chain on
3, with boundary on v, Uy, U 75.

The domain D(v)) satisfies vertex relations at the intersection points on the
Heegaard diagram, which we now describe. Suppose & € X is in the intersection
of a curve in ; and a curve in ;. We can label the multiplicities of the four
quadrants near x by a, b, ¢ and d, as shown in Figure [T.11

The vertex relations are

at+d=c+b+ (Sgc(X) + 630(}’) - 5:C(Z)’

Yk

FiGure 11.1. Multiplicities near an intersection point . We as-
sume j < k.
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112 11. HOLOMORPHIC TRIANGLES AND NEAREST POINT MAPS

where

0 otherwise,

5w(x)_{1 fzxex

and similarly for ¢, (y) and 6, (z).
Any domain which satisfies the vertex relations is a homology class of triangles.

11.2. Approximating triangle classes

Suppose (&', o, 3) is a Heegaard triple where &’ consists of Hamiltonian iso-

topies of o, satisfying

|Oé; N Oéj| = 25@'.
We assume all intersections of the attaching curves are transverse. Furthermore,
we assume that each curve in 3 intersects the small regions between ay, and «j, in
a collection of arcs which each connect o, and 04;6.

If x € T, NTg, then there is a nearest point x,, € T, NTg. Given a homology
class of triangles ¢ € m3(©,x,y,,,), there is a unique domain D, (¢) on (3, a, B)
which agrees with D(¢) outside of the regions between o and o’'.

The following is a straightforward computation:

LEMMA 11.2. Ifx € ToNTg and © € Tor NTy, and P € m2(0,%,y,,), then
the domain D,y (1) satisfies the vertex relations for a class in ma(x,y).

Hence, D,pp(t)) determines a class of disks ¢.pp € ma2(x,y). The following
index formula is key to proving Proposition [T.1t

LEMMA 11.3. Suppose that (X, a, B,w) is a Heegaard triple, and o are
small Hamiltonian isotopies of o, as above. Let ¢ € ma(O,x, Ynp) be a homology
class of triangles, and Yapp € m2(X,y) be its approximation. Then

W Wapp) = u(¥) + gr(@;,va, 0).

PRrROOF. Firstly, it is sufficient to show the claim when © = @I/’a, since the
general claim follows by splicing bigons into ¢ to reduce to this case. Hence, we
assume © = @Z’,a'

Noting that 1app, € T2(%,y), we may splice to obtain a triangle class

(111) 11)0 = 1/1 - wapp S W?(@;rgaaYaynp)'

The class 1)y is supported in the regions between o and a’. The difference be-
tween 1y and a canonical small triangle class is a doubly periodic domain which is
contained in the region between o and o’. See Figure Such doubly periodic
domains have index 0, so

1(1ho) = 0.

Using additivity of the index and ([I.1]), we obtain u(¢)) = p(1o), completing the
proof. O

In Figure [[T.3] we give an example of a Maslov index 0 class of triangles whose
approximation is a Maslov index 1 class of disks.
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A0

FIGURE 11.2. A small triangle class.

FIGURE 11.3. A Maslov index 0 triangle class (left), whose ap-
proximation has Maslov index 1 (right). Note that the triangle
has a vertex at ©_, . and not @;L,’a.

oo

11.3. Proof of Proposition I1.1]

PRrROOF. The proof follows from essentially the same argument as [LOT16)
Lemma 3.38], as we now sketch. Let o be a sequence of Hamiltonian translates
of a, each of which is sufficiently close to « for the nearest point map to be well
defined, and such that o — o’ as i — oo.

By picking «; suitably, we may assume that the sets of homology classes of
triangles on (¥, &, o, 3) are canonically identified for different i. Let © denote
the top intersection point of Ty, N To. Suppose that y; € T,, NTp are similarly
identified, and x € T, N Tg. Suppose that 1 € (0, x,y%) is a Maslov index 0
class of triangles, which has a holomorphic representative for all 7.

Let us label the edges of the triangle A as eqs, e, and eg. Analogously to the
argument in [LOT16, Lemma 3.38], we may extract a Gromov limit of u;, consist-
ing of a collection of curves mapping into ¥ x A, with boundary on a X e/, @ X e,
and B x eg, as well as a collection of curves mapping into ¥ x [0, 1] x R, corre-
sponding to the three cylindrical ends. We organize all of the components whose
sources are not closed, and which project non-constantly to A into a collection wu.
If u is a J-holomorphic curve mapping into ¥ x A (or ¥ x [0,1] x R) for some

J satistying [(J-1)H(J-5)} and wa o u is locally non-constant, then it follows from
[Lip06] Lemma 3.1] that ma o u is an open map (in the notation therein, 3 x A is
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114 11. HOLOMORPHIC TRIANGLES AND NEAREST POINT MAPS

E and ¥ is B). Hence any closed components or components with constant projec-
tion to ¥ contribute domain k[X] for some k € Z. Positivity of intersections implies
that £ > 0. Similarly, the curves mapping into the cylindrical ends also have to
consist of curves satisfying |(M-1)| as well as curves whose domain consists
of nonnegative multiples of [X]. Using transversality for holomorphic disks, we may
conclude that curves mapping into ¥ x [0, 1] x R have nonnegative Maslov index.

We may view the curve u, mapping into ¥ x A, as instead mapping into ¥ X
[0,1] x R\ ¥ x {(1,0)}, with additional punctures which are asymptopic to points
along a x {(1,0)}. Using removal of singularities [MS12] Theorem 4.1.2], u may
be completed over ¥ x {(1,0)}, to obtain a holomorphic curve mapping into ¥ x
[0,1] x R, satisfying |(M-1)| We write u also for this holomorphic curve.
We write ¢ for the class of u. The domain of ¢ differs from .y, by k[X], for
some k > 0, as well as a collection of disk classes corresponding to the curves
in the -8 and o’-8 cylindrical ends of ¥ x A, which have nonnegative Maslov
index. By Lemma [IT3] 1(1app) = 0. We conclude that p(¢o) < 0, with equality if
and only if the remaining classes have trivial domain. Since ¢ has a holomorphic
representative, ¢(¢o) > 0. Transversality considerations imply that ¢ has trivial
domain, and that the remaining curves also have trivial domain.

It follows that the original triangle class v had domain supported in the thin
regions between o’ and «, and consequently must be a small triangle class. On
the other hand, it is straightforward to enumerate small triangles by hand, and see
that the count of small triangles gives exactly the nearest point map. It follows
that far.a,5(0F, ,—) is the nearest point map. a

o a0

REMARK 11.4. The nearest point count of Proposition IT.1] will be used in
the construction of the central hypercube in Sections and We note that
a result of Lipshitz [Lip06| Proposition 11.4] implies that the nearest point map
is chain homotopic to the transition map obtained by counting triangles. It is
possible to describe our argument without the nearest point map counts, by adding
these homotopies as length 2 maps in the central hypercube. However, a tradeoff
to including these homotopies in the central hypercube is a further increase in
complexity of the hypercube in Section Hence, we opt to use the nearest point
map to simplify the presentation.

11.4. Small isotopies and Heegaard quadruples

Proposition [1.1l has a natural analog for higher counts of holomorphic curves,
and the proof is essentially the same.

PROPOSITION 11.5. Suppose that (X, ', a, B,v,w) is a Heegaard quadruple
such that o' are small Hamiltonian translates of o, satisfying
|O/ M a\ = 26ij.

If o' are sufficiently small translates of c, then for a suitable family of almost
complex structures on 3 X [, we have ha/,avgmﬁ(@i,ﬁa,x, y)=0, for allx andy.

In fact, the moduli spaces counted by ha/,a’gms(@z,!a,x, y) are empty.

The proof of Proposition [IT.5] is largely the same as the proof of Proposi-
tion [T} as we sketch presently. We consider a sequence a, which approaches a.
The moduli space of rectangles may be identified with the moduli space of triangles
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with an extra marked point on one of the boundary components. Hence, from a se-
quence of Maslov index —1 rectangles which have boundary on o, a, 8 and =, we
may extract a Gromov limit, which consists of a broken triangle on (X, e, 3, v, w),
with Maslov index —1. Generically, no such triangles exist, by transversality, so
the moduli spaces counted by h%a’ﬁmg(@;r;’a, x,y) must be empty for large i.
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CHAPTER 12

Input from Ozsvath and Szabd’s surgery exact
sequence

In this chapter, we review some background on Ozsvath and Szabd’s surgery
exact sequence [OSO08Db]. In particular, we describe the maps which appear along
the top and bottom faces of our main hypercube.

12.1. Surgery quadruples

DEFINITION 12.1. Suppose K is a null-homologous knot in a 3-manifold Y. We
say a doubly pointed Heegaard quadruple (2, a3, oo, a1, 8, w, 2) is an (n, n+m, 00)-
surgery quadruple diagram for (Y, K) if the following are satisfied:

(D-1) We can write
a;=aU{a}, ay=a'U{c}, and az=a"U{c},

where a, o’ and o’ are pairwise Hamiltonian translates of each other.
Furthermore,

lo N o] = |og N o] = |y N o] = 26;.

(D-2) There is a once punctured torus F' C %, which contains ¢, ¢ and ¢35 and
is disjoint from a, &’ and ”. We call F the surgery region.

(D-3) The diagram (3, a1, 8, w, z) represents a doubly based unknot in Y, (K).
Furthermore, w and z are immediately adjacent.

(D-4) The diagram (X, aq,3,w,2) represents a doubly based unknot in
Yo 4m(K). Furthermore, w and z are immediately adjacent.

(D-5) The diagram (X, a3, 8, w, z) represents K in Y, decorated with two base-
points.

(D-6) The curves c1, ¢z and c¢3 may be oriented so that

#(c1Nex)=m, and #(c2Nes) =#(czNer) =1

See Figure [[2] for a schematic of the surgery region of 3.

12.2. Heegaard Floer homology of lens spaces

In this section, we recall some facts about the Floer homology of lens spaces,
which Ozsvath and Szabé use to build their exact sequence in [OS08b].

DEFINITION 12.2. View L(m, 1) as the boundary of a disk bundle D(m, 1) over
S? with Euler number m. The canonical Spin® structure, so € Spin®(L(m, 1)), is
the restriction to L(m, 1) of the two Spin® structures t € Spin®(D(m, 1)) satisfying

(c1(t), 8%) = £+m.

117
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* B
i i — :03 !
(Vu(K),U) _(K)
(Eaah/@awaz) (E,ag,,@,w,z)

FIGURE 12.1. The genus 1 surgery region of an (n,n + m,o0)-
surgery quadruple (X, as, ag, a1, 3,w,z). The curves 3 are not
shown.

can
902,61 /

LN N O W

FIGURE 12.2. The triple (T?, c3, 2, ¢1,w, 2). The generator of the
canonical Spin® structure is labeled.

The Floer homology of a lens space has a simple form:
HF~(L(m, 1), ) = F[U],
for each s € Spin®(L(m, 1)). We write ©°" for the generator of HF ~(L(m, 1), sq).

12.3. Cobordism maps for disk bundles over 52

Let m be a positive integer. We recall that the induced map on Heegaard Floer
homology for —m surgery on an unknot has a simple form. See [OS08bl Section 3].
The blow-up formula corresponds to m = 1 [OS06, Theorem 3.7].

LEMMA 12.3. Let (T2, ¢3,co,c1,w, ) denote the genus 1 Heegaard triple shown
in Figure [2.21 The twisted triangle map satisfies

can \ _ yrmk(k+1)/2 70
fcg,c%cl;sf (603&2’ ecz,cl) =U T 663,017

where s5i° satisfies (c1(s), S) = £(2k+1)m, for k > 0. In particular, the sum over
all s; and s, is 0.
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C1 c1 C1 c1 _
° ° o ° C 3
EQ/ o ° ° o/
—— /
,52 / / :
i el - . > 3
& e
L] L] L] 3

FIGURE 12.3. The universal cover of Figure [2.2] as well as the
lifts of two triangle classes. The curves ¢;, ¢z and ¢z are the lifts
of ¢1, co and c3.

PROOF. A holomorphic triangle counted by f, + may be lifted to the

universal cover of T2, where the count is easy to perform. See Figure [2.3 O

3,C2,C1,8

It will sometimes be helpful to index Spin® structures by the odd integers s €
2Z+ 1. If us denotes the triangle representing the Spin® structure with (c1(s),S) =
sm, then one may compute directly that

m(s? —1)

Ny (us) = — s and n,(us) =

m((s+2)2 1)
_——

12.4. The length 1 maps on the top and bottom of the main hypercube

We now describe the length 1 maps along the top and bottom of the involutive
hypercube of a triad in Theorem [[LT4l Suppose that (2, az, as, a1, B, w, 2) is an
(n,n 4+ m, o0) surgery quadruple for K C Y. We will write fgl_m? for the map
labeled f; in Theorem [[.T4 which we define to be

Flna @)= Y #M) UMy,
yE'JI‘az NTg
pem(O%r, xy)
w(¥)=0
extended equivariantly over the action of U.

Similarly, we write f5 _, . for the map labeled fa, which we define as

)= D #M(p) U T )y

ye']l‘ag ﬁTﬁ
YEM(OF, oy X¥)
n(p)=0

If we wish to emphasize the almost complex structure, we will write

J J
fglﬂaz and fgzg)ag'
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12.5. The length 2 maps along the top and bottom of the main
hypercube

The following is a well known fact about Heegaard Floer homology; see, e.g.,
[OSO08b]:

LEMMA 12.4. Suppose that (X%, as, as, a1, B, w, 2) is an (n,n + m, 00)-surgery
quadruple. Let S denote the boundary of the surgery region. If J = (Ji)iepo,1]
is a stratified family of almost complex structures on X x O which is mazximally
pinched along S, then the diagram in (IZ1)) is a 2-dimensional hypercube of chain
complezes:

CF; (ala /6)
‘ e
(121) Jffl‘)‘)‘Q Qj\QfQ\A
| o
!
CF;(aQaﬁ) 7Jf524a3*> @;(QS,ﬁ)
Here 'h8 .. .o, denotes the twisted rectangle counting map
J pJ
hfi1—)0¢2—>0¢3 (X) = hag,az,al,ﬁ(@zi_g,ay (—)Za;,lal ’ X)'

PrOOF. Using the associativity relations for quadrilaterals, it is sufficient to
show

(122) f&jg,ozg,al (eig,agvgcan ) =0.

Q2,01
Equation (I22)) is proven as follows. Write g = {c3} U a”, aa = {c2} U’ and
a1 = {¢1}Uea, where a, @' and & are small Hamiltonian translates of each other.
Using Proposition [10.2] we obtain

J + can _pJ + can +
Q3,032,071 (6013412 ’ 60&27111) — Jes,ea,cn (603702’ 902&1) ® ®a”7o¢7
which implies (I2:2)) when combined with Lemma 123 O

REMARK 12.5. Lemma[lZ4 holds without the family J being maximally pinch-
ed, though the proof is easier if we assume that J is maximally pinched. Despite
being unnecessary for Lemma [[2.4] the maximally pinched condition makes the
construction of other portions of the main hypercube substantially easier. As a
specific example, see the change of almost complex structure hypercube in Sec-
tion [[3] where the maximally pinched condition prevents curves from appearing
along the left side of Figure 3.1

12.6. Heegaard quadruples related to disk bundles

Analogous to Lemma[I2.3] we will need a model count of holomorphic rectangles
appearing on quadruples related to those in Figure 2.3

LEMMA 12.6. Suppose that Q = (T2, c3, ¢, c1, ¢}, w, 2) is the quadruple obtained
from the triple (T2, c3, 2, c1,w, 2) shown in Figure [2.2] by adding a curve ¢ which
is a small Hamiltonian translate of c1, and intersects ¢ in two points. Then

hQ;5(903>027@CM} of ) =0,

€2,C17 Tep,ch
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for all s € Spin®(X¢, ¢y e, ,c; ). In fact, there are no classes of indexr —1 in

can +
7T2(603,527 5 ) /oy 903,0’1 )

’
C2,Cq C1,Cq

Analogous claims hold for the quadruples (T?, c3,ch, ca,c1) and (T?, ¢k, c3,ca,c1).

PRrROOF. First, we note that if we fill the (c3,c2), (c1,¢)) and (c3,¢)) ends
of X¢; cp,01,c; With 3- and 4-handles, we obtain a disk bundle over 52 with Euler
number —m. Hence, there is a natural isomorphism between the Spin® structures on
Xeyc,e1,¢4 Which have torsion restrictions to the boundary, and Spin®(D(—m,1)).
Hence, writing sf for the Spin® structures in Lemma [I2.4] we have that

h(@;ski (663702 ) CHsICH

c2,C1) cl,c'l)
is of homogeneous grading
—mk(k+1) + 1,
which is always odd. However CF ~ (T2, c3, ¢1) = F[U] is supported in even gradings,
so we conclude that h@;s(GCS,CQ,GEZ‘f‘CI,@;C&) = 0 for all s (and in fact, there are
no rectangle classes of index —1 spanning the given intersection points). |
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CHAPTER 13

Hypercubes for changing the almost complex
structure

We now construct a 3-dimensional hypercube for changing the almost com-
plex structure. We can think of this 3-dimensional hypercube as relating the 2-
dimensional ones considered in Lemma [12.4] for different 1-dimensional families of
almost complex structures.

(413 (613
V- \ Y’
AL (Tr, Y| A
T

A) v LA
A

A s A

4 Y a\
A ! A
N (A (8

FIGURE 13.1. A 2-parameter stratified family (Js+)s,)ef0,17x[0,1]
of almost complex structures on ¥ x [ used to relate two 1-
parameter families of almost complex structures. The behavior of
Js,+ along the codimension 1 and 2 strata is illustrated. Wavy gray
lines along the interior of an n-gon indicate where the almost com-
plex structure may vary along a given strata. Wavy boundary lines
indicate non-cylindrical almost complex structures on 3 x [0, 1] xR.

123

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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LEMMA 13.1. Suppose (3, as, oo, a1, B,w, 2) is an (n,n +m,co)-surgery qua-
druple for a knot K CY, and Jo = (Js,0)sep0,1] and J1 = (Js1)sepo,1] are two
stratified families of almost complex structures on X x O, for counting holomorphic
rectangles, which are mazimally pinched along the boundary of the surgery region.
There are maps which make the following diagram a hypercube of chain complexes:

CF;(, (E, aq, :8) —_

\"uf9 """"" === Jop 8
1>a, - 1 az—a, e
7 JogB »""g =
O~y CFJU(Z,ag,ﬂ) oy —ay QJO(E7Q3’IB)
Wyo—ay AN i
N 7,
13.1 E hat ‘
( . ) ) 3 h
kN ‘N
. s
® Wyo—ay 1{“}0 W rg—p
- ~ 2
CFJI (E7a11/8) I N \QJ N
—~— *’Jf/; ““““ AN |y ..
1=a, — \ U‘l\)azﬂw:g — - \)‘j

Ny ey — CF5 (S, 8)

C’F‘;1 (Z, Qag, ,@)

Proor. We pick a family J = (Js,t)(s.)€]0,1]x[0,1] Which has the schematic
behavior illustrated in Figure [3.1] and which is maximally pinched along S.

In equation (I31)), ¥ j,_, counts index 0 holomorphic strips for a non-cylindri-
cal almost complex structure (the choice of non-cylindrical almost complex struc-
ture is determined by the value of Js; on the codimension 1 strata of [0,1] x
[0,1]). Similarly, the maps 7o=/1ff | “and o=/ | count index —1 trian-
gles which are J, ;-holomorphic for (s,t) in a particular subset of 9([0,1] x [0, 1]),
and J‘)—)thftlﬁazﬁas counts index —2, J,-holomorphic rectangles, for (s,t) €
(0,1) x (0,1).

The length 0, 1 and 2 hypercube relations are easy to verify, so we focus on
the length 3 relation. If ¢ € m(OF, ,,, 08", ,%) is a Maslov index —1 class of
rectangles on the quadruple (X, as, as, a1, 3), then we consider the 1-dimensional
moduli space of rectangles

(13.2) M5(y) = U M, () x {(s, 1)}

(s,t)€(0,1)x(0,1)
The boundary of the compactification of M 5(1)) consists of the following broken
curves:

(1) An index 1 holomorphic strip in one of the cylindrical ends, and an index
—2, J, -holomorphic quadrilateral for some (s,t) € (0,1) x (0,1).

(2) A broken curve consisting of J, ;-holomorphic curves for (s,t) in the codi-
mension 1 strata of [0,1] x [0,1]. Such a curve consists of an index —1
curve in the portion with interior wavy lines in Figure [3.1] and index 0
curves in all of the remaining regions.

The count of the ends of the moduli spaces M 5(¢) at (s,t) € (0,1) x (0,1) give
(133) I:a, JO_)thglﬁo&*)as] (X)
Ends of M 3(¢) which occur along {1} x (0,1) contribute the expression

(13.4) (78 v © L8 s + T Ry © T TR ) (0.
Ends which occur along (0, 1) x {0,1} contribute

(13'5) (@JO‘}JI © Johglﬁagg)ag + thglﬁag—)ag © \IJJOA)JI) (X)‘
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The sum of equations (I3.3]), (I34)) and (I3.1) is exactly the length 3 hypercube
relation, so it remains to show that the count of ends appearing along {0} x (0,1)
make no total contribution.

The ends appearing along {0} x (0,1/2) contribute

fOéJgZi]% (fas’az,al ( asz,asn? @Zinal) 7X) .

Proposition [[0.2] implies
(13'6) fa3,o¢2,a1 ( ag,0g? 63&2?&1) = f03>c3>cl (92;702’ 6221101) ® @aéaall’

where af = o; \ {¢;}. By Lemma [I2.3] the right side of equation (I3.6]) vanishes.
Hence the count of curves along {0} x (0,1/2) makes no total contribution.

We now consider the ends which occur along {0} x (1/2,1), which contribute
the expression

J
fa;,,oq,,ﬁ (f&]EZ;Ilazl ( as, ag,@(cjgnal) 7\IIJ0~>J1 (X)) .

We claim that

Jo—J can _
(137) fag (e} 1041 ( agz,02) @042 041) = 0.
By definition, f/o71 (©F, ., 05" ) counts index —1, matched triangles over a

1-parameter family of almost complex structures. Since the family J is maximally
pinched, the (as, a,ar)-component of the family (Jo¢)ic[o,1) has infinite neck
length along S, i.e., it is the wedge of a family (/;)c[o,1] on ¥ x A, and a family
(I})tef0,1) on T? x A, and by construction, the moduli spaces appearing along {0} x
(0,1) are fibered products over the evaluation map at the connected sum point, as
well as the parameter ¢ € [0, 1]. We claim that the matched moduli spaces counted
by f&’gzggl(@i&%, Og",,) are always empty. To see this, suppose that (i, 1) €
(01, ., 0L, ,2) X (s cp, O O, ) is a pair of classes, which have the

oo’ Mol a0 co,c1

same multlph(:lty at the connected sum point. The matched index is given by

(138) indcmb(wa 1/}03 M#) WO) + gr(@a” a? Z)

Transversality for the family I implies that if (¢,19) has a matched repre-
sentative, then p(¢y) > —1. Hence equation ([3.8)) implies that if (1, 1p) has a
representative and indemn (¢, 9o, M%) = —1, then

w(bg) = -1 and z=0O}

a’ o
However the diagram (T?, c3, ¢z, 1) has only triangles of even index, so u(tg) # —1.
Hence

Jo—J1 ( + can ) =0
Qas,q2,q1 ag,az) Yo,/ T
implying equation (I3.7), and completing the proof. a
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CHAPTER 14

Hypercubes for stabilization

We now describe 3-dimensional hypercubes for stabilization and destabilization.
Suppose that

Q:(Eaa37a25alvﬁawaz) and QOZ(EO755C7UaT7p0)

are Heegaard quadruples, such that Q is an (n,n 4+ m, co)-surgery quadruple, as
in Definition [2.0] and Qg is a multi-stabilizing Heegaard quadruple, as defined
in Chapter In this chapter, we describe a 3-dimensional hypercube of chain
complexes relating the 2-dimensional hypercubes for @ and Q# Q.

The hypercube for stabilization is constructed as the compression of two hy-
percubes:

(1) A singular stabilization hypercube, which involves stabilizing using singu-
larized almost complex structures.

(2) A desingularization hypercube, which is a combination of the change of
almost complex structure hypercube from Chapter [I3] and the transition
maps for desingularizing the almost complex structure from Lemma

14.1. Singular stabilization hypercubes

We first construct a stabilization hypercube relating Q and Q#Q, which in-
volves singular almost complex structures.

Let J = (Js)sejo,1) be a stratified family of almost complex structures on X x [,
for counting rectangles, which is maximally pinched along OF, where F' C ¥ denotes
the surgery region. Let I = (I5)s¢o,1] be a stratified family of maximally pinched
almost complex structures on ¥y x O, for counting rectangles. We write J A I =
(Js AN 1s)sefo,1) for the wedge product family. We will always assume that the almost
complex structures are split in a neighborhood of the connected sum points.

Similar to section R:2] we may define the matched moduli spaces of triangles
and rectangles. The matched moduli spaces of triangles may be defined by an easy
adaptation of the construction for disks, in ([8I). The matched moduli space of
rectangles is defined similarly, however we also require the rectangles to be matched
with respect to the aspect ratio parameter. More concretely, if S and Sg° are two
source curves for rectangles, and 1 and vy are two classes of rectangles on Q and
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128 14. HYPERCUBES FOR STABILIZATION

Qo, then we define the matched moduli space of rectangles to be

(14.1)
MMJ/\I(Sqa Sgoudju ¢0)

(772 OU)(Qz’) =D
(7 © u0)(qo,i) = Po,
=4 (u, s,u0, 50) € M (5%, ¢) x My(S5°,%0)| (moou)(q:) = (7o o u)(gio),
fori=1,...,k,
S = Sp

We write MM ja1(¢, 1) for the disjoint union of the moduli spaces in (I4.]]),
over pairs of equivalence classes of marked sources.

Recall that in Section [@.4] to a multi-stabilizing quadruple Qg, we associated a
4-tuple of integers m(Qy) = (m1(Qp), m2(Qo), m3(Qo), m4(Qp)), which we called
the index tuple.

LEMMA 14.1. Suppose Q = (X, a3, aa, a1, B, w, 2) is an (n,n + m, 00)-surgery
quadruple, with genus 1 surgery region bounded by a curve S, and Qp = (£, &,¢, 0,
T,Pg) 8 a multi-stabilization quadruple, satisfying

m4(Q0) =0.

Suppose J = (Js)sejo,1) and I = (I5)sepo,1] are stratified families of almost complex
structures on ¥ x [0 and 3¢ x O, both for counting rectangles, and J is maximally
pinched along S. The following diagram is a hypercube:

CF;(a1,B) ___ o
T TTTmm——e
f(f’HQZ hilﬂzwa e
por CF (a2, B) isny —— CF (a3, B)
1
By FET
CF;, (ayUo,BUT) Jﬁ JV
JAL e IS B Y AT
ffliz,\’( h,ﬂuu‘,ﬂ%u(ﬁu;ug Y
. _ : _
¢ CF (U, BU T)‘,A,fT> CF; (a3UE,BUT)

agUC—azUg

PROOF. We verify the hypercube relations. The length 0 hypercube relations
are immediate. We now consider the length 1 hypercube relations. For the horizon-
tal length 1 maps, the hypercube relations follow by counting the ends of moduli
spaces of triangles of index 1. For the vertical length 1 maps, the hypercube rela-
tions follow from Lemma [T0.T]

We now consider the length 2 relations. Lemma [2Z4] imples that ‘5 _ . ..
is a null-homotopy of 7f5 o’ fgl —a,- The same argument, applied to matched

g —rQ3
U .
t J/\Ihglsaaagucaagug is a null-homotopy of

IN 5:Jcaa3ug o JMf«fiJJaaazug' Additionally, we need to show that

triangles and rectangles, implies tha

¢ o J _ JAIgBU ,
F1 o f51_>0‘2 - foqua—)ozzuC o FIUT’ and
T _ JAILpBU ;
FfT o fggﬁag - " f()cgJ(—)Othf OFICT'
By hypothesis, m4(Qo) = 0. By Lemma [0.9] we have

(14.3) ma(Q) = my(Te.or) +m3(Tec.r)-

(14.2)
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Using Lemma and (I43), we obtain
0=m3(Te.or) = ma(Tec,r)-

Proposition (02l now gives (I42)).
Lastly, we consider the length 3 hypercube relation. The length 3 hypercube
relation is equivalent to

T o J _ JAI BU 13
Fl To hglﬁagﬁag - halljoﬂarzu(%agug o Fl T7
which follows from Proposition [10.6l O

Dually, we obtain the following:

LEMMA 14.2. Suppose that Q = (3, a3, az, a1, B, w, 2) is an (n,n + m,00)-
surgery quadruple, with a genus 1 surgery region bounded by the curve S. Suppose
that Qo = (X0,&,¢,0,7T,pg) i a multi-stabilizing quadruple with

m3(QQ) =0.

Suppose J = (Js)seo,1) 15 a family of almost complex structures on X x OO which
is maximally pinched along S, and I = (Is)scio,1] i a family of almost complex
structures on Yo x [, both for counting holomorphic rectangles. The following
diagram is a hypercube of chain complexes

CF;, (ayUo,BUT)

Tl e ®1Uoq,
IAT - %2 C«mygué-
¥ -l
U ~ i
W, 2 T

U CF (02 UG BUT) — o CF (3 UE, BUT)
agUC—agUé

— TN U

7

<.
Fy

F§7

- I8
- _ . h“l

CFj(a2,8) —— 7% CF}(as.)

ag—ag

T2ay

14.2. Desingularization hypercubes

In Section [M4.1] we described a hypercube for stabilization which involved
matched moduli spaces (i.e. fibered products along evaluation maps). We now
relate construct a hypercube which relates the singular almost complex structures
to ordinary ones:

LEMMA 14.3. Suppose that Q = (3, as,a9,a1,3,w) is an (n,n + m,o0)
surgery quadruple, with a genus 1 surgery region bounded by a curve S, and Qp =
(X0,&,¢,0,7,p) is a multi-stabilizing Heegaard quadruple. Suppose that J =
(Js)sepo,1] and I = (I5)sepo,1) are stratified families of almost complex structures
on X x O and X9 x O, and J is mazimally pinched along S. Suppose further that
K = (Kq)sep,1) is a family of almost complex structure on Y4Xo x O which is
maximally pinched along S. Then there is a stratified family of almost complex
structures L = (Ls,t)(s,t)e[o,l]x[o,l] on X#Xg x O, whose assoctated moduli spaces
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130 14. HYPERCUBES FOR STABILIZATION

give the following hypercube of chain complexes:

CFj,(ayUo,BUT)

N J/\I}ZHL/T
F1U
TR e
* T
N 20¢ _ T _
s Eryerar—
N e CF; (aU¢BUT) TATppUT CF, (s U BUT)
LSVNEY \\ 7’\ SN agUC—agug
N .
NS
N %, e
\/(/° S ”z\
5 5
AN 1, \\Q;%
\\i‘ VAT K \‘4;50 \i/r WIAT K
B N (2 e,

CF(a;Uo,BUT) . ‘e, 3¢
a, <
R >

Ky 6Ur g\q‘? \\\
*~—~3355:Q%U<ﬂ03u56 e
“~~-\\§ CAN
_ _
CF(aaU(,BUT) ——5— CFr(azUE,BUT)

apUC—azUE
PROOF. The proof follows from the same reasoning as the proof of Lemma[I3.1]
which covers more general changes of the almost complex structure. O

By stacking and compressing the hypercubes in Lemmas I4.1] and 043, we
obtain the general hypercube for stabilization. Dualizing, as in Lemma [I4.2] yields
a hypercube for destabilization.
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CHAPTER 15

The first 2-handle hypercube

We now construct the first 2-handle hypercube, Ca ;. For all of the complexes
appearing in this hypercube, we use the underlying Heegaard surface ©#3. We
make the following definitions:

e We write D(F) for the genus 2 subset of X# consisting of the surgery
region on ¥, and its image on X.

e We write A C EI#3 for a collection of curves which are obtained by
doubling a basis of arcs dy,...,dsy for Hi(X\ N(w),I;Z). Furthermore,
we assume that A is adapted to ag, in the sense of Definition

e We write A; and A, for the two curves of A which are in D(F'). And we
write A for A\ {A1, As}.

We consider the pentuple
P = (E#ia Qs U B/H; as U BH’ o U Bla ﬁ U 57 Av U}) ’
where 3, B/, BH, Bm are small Hamiltonian translates.

LEMMA 15.1. If B are sufficiently wound on ¥ (with the winding also performed
on B and its small translates), and Ay and Ay are sufficiently wound on D(F),
then P is weakly admaissible.

PRrOOF. Let H% denote the set of rational periodic domains on P. Let H% I
denote the set of periodic domains with boundary equal to a rational linear combi-
nation of the curves in

aU{cy,e,c3} UBUBUA.

(That is, we remove all but one curve in any collection of pairwise isotopic curves).
There is a canonical map
. 179 Q
L:115 =115 .
The map L is clearly surjective. See Figure [[5.1] for a schematic of L.

F1GURE 15.1. A schematic of the homomorphism L. The isotopic

curves denote 8, ﬁ/, ﬁ” and Bm. The numbers n and m denote
the multiplicities of a domain D. On the right is the domain L(D).
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CF~ (a1 UB,BUB)

. \‘~~‘;‘\\
. SOy S~~< p8UF
\ U Uz
2 —au >
~ 2UF
\\\ Qeu/?\) ﬂ“3u§~\\\\‘
N Te—a
N -
N g
BUB—A AN — 2 a BUB - a a
T CF (az UB.BUPB) 1275 ..5+ CF (0 UB.BUD)
N N
o .
2 %
(2N AN
E%
%(, ﬁﬁQG\ ~
N 16579 4,
=2 N BUBsA e oI BUB—A
- \ - 20 > -
CF (a1 UB,A) fa2u5 S N fuzuﬁ
\\\\\ \\ N
-- N
74 O .
10 Nl ha L
“2uz N Uz, SN
\ N Q2QE\}Q _ N
~ 3UF Tty AN

FIGURE 15.2. The hypercube C; ;. The Heegaard surface is THY,
for all Floer complexes. We have dropped the primes on the various
copies of 3, to simplify the notation.

We will show that every non-zero element of H% ;, has both positive and neg-

ative multiplicities. This will imply that any nonnegative periodic domains in H%
must be in the kernel of L. By picking the small Hamiltonian translations which
appear in the construction of P appropriately, one can ensure that any elements in
the kernel of L have both positive and negative multiplicities, which will imply the
desired result.

By applying the same argument as in Lemma [6.5], for sufficiently wound 3, 3,
A1 and A, it is sufficient to show that there are no non-zero periodic domains in
H% ;, with only nonnegative coefficients, whose boundary is a linear combination

Q

aU{er,c2,c3 JUA for the set of such

of only the curves in e U {e¢y, ca,c3} U A. Write II

periodic domains.

Note that {c1,cq,c3} are contained on a genus 1 summand of L#Y, and
a U A are contained on a disjoint, genus 2g — 2 summand. Hence the subspace
Span([c1], [c2], [c3]) € H1(E#X;Q) has trivial intersection with each of Span([a] :
o € a) and Span([A] : A € A). Furthermore, the subspaces Span([a] : o € a) and
Span([A] : A € A) have trivial intersection in Hy (S#; Q) by the definition of a
doubled diagram. Since Span([a] : @ € ) and Span([A] : A € A) each have dimen-

sion || and |A], it follows that an element of 1% + must have boundary
aU{ci,ca,c3 JUA
equal to a linear combination of the curves ci, co and c3, so ng{c e2.05)UA is nat-
1,€2,C3
?Cl carca}’ The main claim now follows from the fact that the
diagram (T2, c3, ca, 1, w) is weakly admissible, as can be seen by explicit examina-

tion of the diagram in Figure [12.2] |

urally isomorphic to II

Using the pentuple P, we build the hypercube C3 ,, as shown in Figure [5.2]

PROPOSITION 15.2. The diagram Ci ., is a hypercube of chain complexes.
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PRrROOF. The hypercube Czl_h may equivalently be described as the pairing of
the following two hypercubes of attaching curves:

(15.1)
(e 3] UBI
+ —
La:= O UB" ayUB' Ls:= BUB — 22 A

+ _ _
agUB”',aZUB”

Qs U BH s U B///

Using Lemma [B.I0 it remains only to show the hypercube relations for £, and
Lg. The only non-trivial relation is the length 2 relation for £, which follows from
Lemma [[2.4], completing the proof. O
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CHAPTER 16

The central hypercube

In this chapter, we construct the central hypercube. We construct three hy-
percubes, Céé%, Cézg and Cég’%, which we stack and compress to obtain a hypercube

Ceen- In Section [I6.6] we describe how to modify Ce,, to obtain the hypercube Ceey,.

16.1. Almost complex structures

Let S; and S5 be the two closed curves on Y43 shown in Figure [6.1l The
curve S bounds the surgery region of X, and S; bounds this region as well as its
image on . Throughout this section, we assume that all almost complex structures
are maximally pinched along S; and Sy (Definition [B4)).

16.2. Standard curves in the surgery region

We will encounter the curves ¢y, c3 and c3 on X, as well as their images on 3.
We label the curves on ¥ by ¢, ¢ and 3, as shown in Figure [6.2l Note that to
achieve admissibility, we do not pick ¢; to be an exact mirror of ¢;, but instead to
have the configuration shown in Figure

Let Pp(ry denote the set of rational 2-chains D on D(F) which have boundary
equal to a linear combination of the ¢; and ¢; curves, and which have n,, (D) =
0. The following lemma is helpful to achieve admissibility on the multi-diagrams
appearing in the central hypercube:

LEMMA 16.1. All non-zero domains Pp(r) have both positive and negative co-
efficients.

PROOF. The proof is by direct inspection. The set of triply periodic domains in
Pp(ry is isomorphic to Z @ Z. The first Z summand is supported on the left side of
D(F), while the second Z summand is supported on the right. Furthermore, both

O

S

O

Sa

FIGURE 16.1. The closed curves S; and Sy, along which we assume
all almost complex structures are maximally pinched (Defini-

tion B)).
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136 16. THE CENTRAL HYPERCUBE

FIGURE 16.2. The curves ¢y, cs, c3, ¢1, C2 and ¢3 in the genus 2
region D(F'). (Notice the slight asymmetry between the left and
right hand sides). The basepoint w is the solid dot on the left, and
z is the open dot on the right.

generators have both positive and negative coefficients, so any linear combination
does as well. 0

16.3. The hypercube Céél)]

We begin by constructing an auxiliary hypercube, Cé&, shown in Figure [16.3]
which is built from a pentuple (X#X,~”,4’,~,8,8"). In the notation of Figure (.3]
the attaching curves of P(1) are as follows:

evy=0,UB, v =a;UB, and v = a3 U B.

e J coincide with the curves A, described in Chapter

e &' coincides with small translates of A outside of the special genus 2 region
D(F), and is equal to small translates of c¢3 U3 in the special genus two
region.

Recall that we write A; and A, for the two curves of A appearing in D(F).
We assume that the curves, ¢1, ca, ¢3 and @3 are in standard position in D(F), i.e.
they appear with the configuration of Figure [2.Il The curves A; and Ay will be
wound in D(F), so in general will not be in a simple configuration. Note that we
will usually omit the winding of Ay and As from the figures.

The maps labeled in Figure [[6.3] count all triangles, quadrilaterals and pen-
tagons which have special inputs equal to cycles which induce the top graded or
canonical elements of the Floer homology of L(m, 1)#(S! x $2)#* or (S x §2)#k.
For (v,4') and (v',~"), the top graded and canonical cycles are each represented
by a unique intersection point. For (8,4’), this will usually not be the case, since
we wind A1, Ay C D(F') to achieve admissibility.

LEMMA 16.2. If B are sufficiently wound on ¥, and A1 and Ao are sufficiently
wound in D(F), then the tuple (S#2,4",~',~,8,8 ,w) is weakly admissible.

PRrROOF. Following the proof of Lemma [I5.1] if we wind B, A; and A, suf-
ficiently, we reduce the main claim to showing that every non-zero rational pe-
riodic domain with boundary equal to a linear combination of the curves in o U
{c1,¢a,c3, Eg}UA has both positive and negative multiplicities. Since A are adapted
to o, it is easy to see that this is equivalent to showing that any non-zero domain
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FiGURE 16.3. The auxiliary hypercube c.fnﬁl( A W along a curve
indicates that it is wound.

with equal to a linear combination of ¢y, ¢o, ¢3, and ¢3 has positive and negative
coefficients. This follows immediately from Lemma [I6.1] O

We may equivalently think of CE(LB( as the pairing of alpha and beta hypercubes
of attaching curves shown below:

~
.
(16.1) Ly = |emm PO SNy
. e} . 'Y/:’Y /8 .

LEMMA 16.3. The diagram Célll)x s a hypercube of chain complexes.

PrOOF. Given the description of ik as the pairing of the two diagrams in
equation (I6.]), by Lemma B0 it remains only to show that the diagrams £
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!
UFJf&H&

/
’Y*”Y —!!

UF3P

FI1GURE 16.4. The hypercube ). The character W indicates winding.

and E/(Bl) are hypercubes of attaching curves. The only non-trivial relation is

f7//77/7’y(®'y/' ’)’/’ ecan ) — O,
which follows from Lemma O

Let X denote X with the surgery region removed, and let 7y, denote the curves
obtained from ~4’ by removing the surgery region. Let 8y denote the curves on X
obtained from & by removing the surgery region. There is a stabilization map on
the twisted complexes

g Qi(EO#ia Yo 60) — Qi(z#ia 7/a 6/)3

defined in the same manner as on the untwisted complexes. The hypercube Cc(ér)l is
shown in Figure [16.41

LEMMA 16.4. The diagram cld) in Figure [[6.4] is a hypercube of chain com-
plezxes.

PROOF. Before proving the hypercube relations, we make the following claim:

(16.2) O'F?,f,;;/g),\/// = idgf(,yl’(s/)
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Equation ([I6.2]) is proven by using Proposition [] to identify the composition
oF;3 f 'y, With the count of triangles after destabilizing the triple for
Proposmon [Tl identifies this count with a nearest point map.

We now verify the hypercube relations. The length 0 and 1 relations are
straightforward. The length 2 relation along the left and back faces are trivial.
The length 2 relation along the top face follows from Lemma [[2Z4l The length 2
relation along the bottom face is a consequence of the hypercube relations for Célll)x

We now consider the length 2 relation for the front face. The desired relation
reads

£

(16.3) (0.0 BsnS75 | = o B fi f 4 7
To establish (I6.3]), we note that associativity of holomorphic rectangles gives
(164) [3 h,(.sy_ié,)///:| == ,), ~>’y” fg_ﬂ; fé_)é ,[3*},),//.

We compose ([I6.4]) with o F5, and then apply (I6.2), and immediately obtain (T6.3]).
Next, we verify the length 2 hypercube relation along the right face. The
desired relation is

(16.5) [a, o Fshy f;”“’} £

To prove ([I6.3), we begin with by the associativity relations, applied to the map

hy:=ho which read

Y=y =y
(166) [8, h/l} = f'(j,_>7//f'7_>'7

We now postcompose ([I6.6) with o F5, and precompose with f,‘ys%‘s' to obtain
(16.7) (0.0 Fsh f377 | = By 3l f3 137
Applying [I62) to [IE1) gives the desired (I6.3).

Finally, we note by post-composing the length 3 hypercube relation of Céllg(
with o F3, we obtain

5 5—6'
UF3f’Y/—>’)’”h’)’—>"Y
’Y‘}’Y -

+0'F3f6//
(16.8) +aF3h7 2 f
+O'F3h f5—>5’

Y=y =
= |:av O-F3pfy~>'y’~>'y” )
which is exactly the desired length 3 relation for Céé,?l (we remind the reader that

h(S/ "= hl) U

Yy =y

16.4. The hypercube céﬁ%

We consider the attaching curves v/, ~, 8, &', 5, and ", shown in Figure (6.5
We build an auxiliary hypercube Cé?&, shown schematically in Figure [[6.5 Using
the maps therein, we build the hypercube céiﬁh shown in Figure [6.71
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FiGure 16.5. The auxiliary hypercube Ca(fg( The character W
indicates winding.

LEMMA 16.5. If B C ¥ and A1, Ay C D(F) are sufficiently wound, then the
tuple
(S#Y, 7’,’776,6'75,,6“,11))
is weakly admissible.

PrOOF. The proof is not substantially different than the proof of Lemma [16.2
O

We will define Céi)x as the pairing of two hypercubes of attaching curves, taking
the following forms:
N

S
8,87
§ —>— &

N
N

(16.9) £ = va " and L2 = |er N e +
. a =Y il B 5,8 N O 1
+ oy
:S// 5,8 6”
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FIGURE 16.6. Manipulating the triple (S#X,5,68",6”,w,2). The
arrow indicates that we move the bottom right handle (light gray),
across the bottom left handle (dark gray), via a sequence of han-
dleslides.

We now explain how to pick the chains appearing in (IG.9]). First, we pick cycles

can + + + + +
PR 65,5" 65',(5”’ 65,3’, 63’,5”, and 66,6/"

each representing the top degree or canonical elements of their homology groups.
Note that since we wound the curves A; and As, the chains @j{é,, @;g, and 9;5,,
may not be represented by a canonical intersection point. For these chains, we pick
a cycle which represents the top degree or canonical class arbitrarily.

LEMMA 16.6.
(16.10) (55000 (045, 05.50) = [Fs550 (07502 )] = [0F00] -

In ([IGIQ), the brackets denote the induced elements of the homology group
HF~(5,8").

PROOF. The triple (X#X,68,8’, 8", w) may be interpreted as corresponding to
the link cobordism obtained by attaching a 2-handle to ((S! x §2)#29~1 U), (where
U denotes an unknot), which cancels one of the S* x S? summands, and is unlinked
from the unknot. This can be seen by handlesliding curves and manipulating the
diagram as illustrated in Figure A similar manipulation works for the triple

(S4%,6,8,8"). 0

Lemma [[6.6] implies that there is a chain A\s s € CF™(8,8"), with grading 1
higher than @;5,,, such that

(1611) 6()\575//) = f(S’(S/’(S” (@:{6" @;:75//) + f(;)g/?(;// (6;5,; 6;,)5,/) .

The chain As s~ satisfying equation (I6.I1)) is the one which features in the hyper-
cube 13(52) in (I6.9). We define the maps in ¢ 2 to be the ones obtained by pairing

£? and EE;), via (B.7).

LEMMA 16.7. The diagram Ca(fg( in Figure [[6.0] is a hypercube of chain com-
plexes.
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58"
oo F3P
038 57

FIGURE 16.7. The central hypercube ci2).

Lemma [I6.7 follows immediately from the hypercube relations for L((f) and
,Cg), as well as Lemma (.10

We now give a more concrete description of the maps appearing in Céﬁz( All of
the length 1 maps are elementary triangle maps. For example,

157 = Fr65 (=05 5)

The length 2 maps hfsyji/,, hfsyj‘fy/,, hfsyj‘f;, and hg/j,f,” are each given by a single
quadrilateral counting map.
The maps H)™° and HS7°" are more complicated. They are given by the

formulas

55" 55" 68" 53" 68" 55"
H = Iy +h T

where fg_g” = fy.5,6 (=, As,5). The map HST"S// is defined similarly.
Finally, the length 3 map is given by

56" _ 535" 5" 50" —5" 568"
Py2se =055 70 s H e,

"
where hii‘if = hy 5,8, (O, = As.e7)-
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In Figure I6.7 we define Cégl)] using the maps from cgﬁlc The map F3 is the
3-handle map, and oy is the lens space stabilization map. Also, II1°®" denotes pro-
jection onto the canonical Spin® structure of the L(m, 1) summand. More explicitly,

it
(16.12) [ (x x ) = 4 % <4 i=0
0 otherwise,

extended equivariantly over T" and U.

LEMMA 16.8. The diagram CC(S% in Figure 6.5 is a hypercube of chain com-
plexes.

PROOF. There are two main inputs to the proof. The first is, naturally, the
hypercube relations for Cﬁz( The second input consists of several results concerning

the simplicity of the maps appearing along the bottom face of the hypercube ng(
More precisely, we claim

~ ~, ~/
UOF?)ffcys—)'y’ = Hcan: CF?(’Y? 6,) — CF?(’% 6 )a

(16.13) 9 . ) S
UOF?)fry—yy’:H :Q (776 )%Q (7)6 )7

(16.14) 177 0 Fy = oo By f570": CF~ (v, 8') = CF™(v,8"),

and

(16.15) Fshl 70 =

Equation ([I613) is proven by using Lemma [I0.8] to relate the triangle counts for

f,‘; . and f,‘j;,y, with triangle counts on the destabilized complex. Proposition [[1.1]
identifies the destabilized triangle counts with nearest point maps, giving the stated
formula. Equation ([6I4) is similarly proven by applying Lemma [[0.8 and Propo-
sition to the genus 1 region bounded by the curve S; to identify both com-
positions with a triangle count on the same genus 2¢g(X) — 1 Heegaard triple. Fi-

nally, (IG.TH) is proven by using Lemma[I0.0l to identify the map Fj hi/jf,” with the
count of quadrilaterals on the quadruple obtained by removing the genus 1 region
bounded by S;. Note that outside of the genus 1 region bounded by S, the curves
~ and 4’ are pairwise Hamiltonian isotopic (they coincide with small translates of
a U B). Hence Proposition implies that the count is zero, for v and 4’ chosen
to be suitably small translates of each other outside of the surgery region.

We now prove the hypercube relations. The length 0 and 1 hypercube rela-
tions are immediate. The length 2 relations along the top and back faces follow
immediately from the hypercube relations for Ca(fg( The length 2 relation along the
front face follows by taking the length 2 relation along the front face of Cn(fl)X and
post-composing with oo F3.

The length 2 relation along the bottom face follows immediately from the re-
lation

(1616) f’§/—>5”Hcan _ Hcan]p}j’—)&’/’

which follows because the map ffj'ﬁ‘;” is the cobordism map for a 2-handle whose
~1

attaching cycle is disjoint from the L(m, 1) summand of (v, d ), and hence we may
use the lens space stabilization result for triangles in Lemma [[0.8
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We now consider the length 2 relation along the left face. The desired relation is
(16.17) [a oo F5h? S ] = aoFgfjﬁé ffj—w’ + Hcanfaﬂs
To prove equation ([I6.I7T), we begin with the relation
(16.18) 00820 | = p3 T p 4 5 5
Post-composing with oo F3, (I6.18)) becomes
{8 O'OthA/*),in = 00F3f$/_>6 f’(YSHV/ —|—O’0F3fgﬁv/f:j_>6 .

Applying (IE:B]) immediately gives (I6.17)). The length 2 relation along the right

face of Ccen is proved entirely analogously.
We now consider the length 3 relation. The desired relation is

(0,00 B PIZE | = 17 oy Fyhd 2T,

Y=’ et
+ aoFgf‘S'*“”hii‘i'

(16.19) + Hcaanﬁt;”
+ooFHS F0,

8 =68 p6—68"
+00F3h'y—)'y/ P

To obtain (I6.19]), we post-compose the length 3 relation of {2 with oo Fy to obtain

(0,00 PI2E | = 00 B 2 BT, + oo B 3,0 152

+ oo FhS 0 197 4 oo Fyhd 0 3

oo Fs T I

+ooFH FO .

The equivalence of ([[620) and ([I6I9) follows quickly from ([IEI3), (M)
and (I614).

(16.20)

16.5. The hypercube céi?l

In this section, we construct the hypercube céé& We first construct an auxiliary
hypercube Céﬁ)x, shown schematically in Figure 16.8l

LEMMA 16.9. If B are sufficiently wound on 3, and Ay and Ay are sufficiently
wound on X, then the diagram

(E#i7 Y 5, 6/7 6//5 5/7 61a 62) 637 ’LU)
is weakly admissible.

The proof of Lemma is essentially the same as the proof of Lemma [16.2]
so we omit it.

The hypercube CamX is the pairing of the 0-dimensional hypercube E((S) of alpha
attaching curves consisting of «, as well the following 3-dimensional hypercube of
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. \ ~ 7
P \ CF (7,8 15, W _CE- (80
¥ N AN St \ \\5
\ \\) S a7
@
AY \\ \\ x’d‘
\\ \\ \ =
\ \\ \ &m
\ 5 s AN N\ ¢ 55
\ f. 2 AN \ fw s
___________ \ \\ \\
r 3 \ A \
| N \
H | \ ~ \
H I \ N \
! H \ N \
| | “ o \
H | \ N \
I~
H ° [t P \ \\ \
| J Y
L_CF (1) ING Nl AN
———————————— i I \, - hl1—s, SO
\* ~——_ 2. \“ y
ro----=-----=  TTeel F--—-----T--3

FIGURE 16.8. The auxiliary hypercube Céiz(

beta attaching curves:

6/
~ N
N s \\ T As,6 —— @5/75//
\ - ~/ N -
. + - "
\\ (s 65/75// — (s
\\\ . \\\
+ \ - ~
95,51 \ g AN
3) . : RN
(16.21) Ly = V. SN
N ws,53 N
\ can can
N 5,89 57,83 57,83
\ N
N\ AN
61 \\ . AN
\ N
can \ )
O5 50 Y, e
+
S —

We now describe the chains appearing in Egg). First, we pick a collection of cycles

@+

+ + + —+ can can can —+
575/, 6575/, 65’,6"’ o7 @5,517 5,625 65”,637 @5 520 and @52,537

7§
) 1

which each represent the top degree generator or canonical generator of their ho-
mology groups. We use these cycles for the length 1 cycles in (I6.21)).
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LEMMA 16.10. Suppose 4, 5/, &', 8", 81, 62 and 83 are the attaching curves
appearing in C(Bg). Then

e (035-050)] = 03]

f5’,5”15 ( 1.8 g/a;n(;s) O
[féﬁ'ﬁ” ( 5,67 o5 5//)} [ 55”}
can _ can
[fg’ﬁ”,és ( 51,500 0" 53) - [@5/ 53}
_ + can _ can
{f&é’,é? (@ 5/’65/ 52) - [ 662] ’
3 @gan _ can
|:f5’752,53 ( 8,85 52,53) B [@6’ EJ
can . can
fs.616: (O35, 057, )| = [05%]
an
f51’52753 (@51 527 952 53) 0

where the brackets denote the induced elements of homology.

Proor. First, recall that all almost complex structures in this section are
maximally pinched along S; and Ss. Furthermore, outside of the genus two region
pictured in Figure[I6.8] all of the attaching curves appearing in the statement coin-
cide with small translates of the A curves. Hence, we can view all triples appearing
in the claim as being stabilizations of the genus two region shown. Furthermore, the
stabilizations have index tuple (0,0,0). Hence, using Proposition [0.2] it suffices
to prove the claim for the corresponding genus 2 triples.

The computations are handled by one of three cases.

The first case occurs when the associated Heegaard triple represents surgery on
SUx {pt} C S' x 2, yielding S®. The triples (8,8, 8"), (8,9 ,d2), and (8,9 ,4")
have this configuration. By invariance of the cobordism maps under index 1 and 2
handle cancelations, the top degree generator is preserved, on homology. The triple
(6,6',8") is shown in Figure

The second case occurs when the triple represents surgery on S! x {pt} C
(St x S?)#L(m,1). By the same argument as in the first case, the element ©°" is
preserved. The triples (5/, 8",83), (8,681,02) and (5/, d2,d3) satisfy this configura-
tion.

The third case is when the triple represents —m-framed surgery on an unknot
in S3, giving L(m,1). The triples (&1, 82,d3) and (&8',8”, 83) satisfy this condition.
Furthermore, these triples are in standard position (i.e. the triples are not wound),
so holomorphic triangles cancel modulo 2 by Lemma [12.4] (Il
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=0 | ® O | o |
R CIIRCIOIRL IO}
6T 9T [97E
" 96 ©0 v
) o 03
e o | o o
o o 03
s @0 80 be
:

FiGure 16.9. Examples of the triples and quadruples from
Lemma [[6.100 (a) The triple (8,4d’,8"), which represents surgery
on S' x {pt} C S' x S2. (b) The triple (& ,48”,d3) represents
surgery on S! x {pt} C S x S2#L(m,1). (c) The triple (§', 8", d3)
represents surgery on a knot in L(m, 1) which gives S%. (d) The
quadruple (8,68,8",83).

Lemma [I6.T0 implies that there are chains A5 s, Az, 5y and A5 s, satisfying
_ + + _ _ o+
O(Ass) = fs.50,67 (95,5/795/,5”) + Is5 60 (@5,5/7 93,75,,) ;
. — f + - +
(16.22) N5 5,) = T30 5, (65/,5~’ 3%?53) t 15 6285 <®§?,I}27952,53) ,

_ _ + can + can
INs52) = 5515, (@55,7@5,52) + f5.61.62 (@5,51’ 51,52) :

Furthermore, since all of the triangles maps in (I6.22) are homogeneously graded

with respect to the Maslov grading, we can assume these chains live in Maslov

grading one greater than Of%. , @j{é,, and @%‘?‘(‘5 . We use the chains from ([I6.22])
: ; 03

for the length 2 chains in L(BS), appearing in (I6.21]).

Next, we describe how to construct the length 3-chain ws s, appearing in £
To make our analysis of gradings easier, we will define ws s, as an infinite sum

(3
5 -

oo
(16.23) W55 = Zwm;ﬁt,
k=0
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where each wy Saist is homogeneously graded. Here, 52 denotes the element of
Spin®(D(—m, 1)) defined in Lemma[I23l We think of w; bassy B also being defined,

but being 0. We write uy for {s; s, }.

Consider the four-ended 4-manifolds constructed from the genus 2 surgery re-
gions of the Heegaard quadruples (8,48",68",d3), (5,5/,5”,53), (5,51,52,53) and
(8,01,02,03). Note that outside of the special genus 2 subregion, the attaching
curves are all small translations of A. It is a straightforward exercise to see that
each of the aforementioned 4-manifolds is obtained by attaching two 2-handles along
a 2-component unlink in S3, with framings 0 and —m, and then removing the neigh-
borhood of two 4-dimensional genus 1 handlebodies. Phrased another way, each of
the 4-manifolds above have 2 boundary components equal to S x S2, such that when
we fill in those components with 3 and 4-handles, we obtain the 2-handle cobordism
described above. In particular, Spin© structures on the 4-manifolds above, which
restrict to the torsion and canonical Spin® structures on the boundary, are naturally
identified with Spin® structures on the disk bundle D(—m, 1) which restrict to the
canonical one on the boundary.

LEMMA 16.11. For each k > 0, the chain
Cosoaiu =hs,5.5 a1 (@f{au@}rf,am 35‘/[353) 055 50 635 (@[{ 5 0% 5 gfafl?as)
+ h&g’,ézﬁs;uk (@;E/’ 9?;152’ 6(?;,53) + h5751’62’639u’< (@;51’ g??tb’ 9;_2,53)
 fa (507,035 + T, (05 05.5,)
+ f5.65.65u1 (Aa,az, @3;753)
is a boundary in CF™(§,43).

PROOF. First, note that using our stabilization formulas for triangles and
quadrilaterals in Proposition and [I0.6] it is sufficient to show the claim for
the genus 2 regions shown in Figure [[6.8 Next, we claim Cs s,.y, is a cycle. This is
proven by an easy associativity argument, together with the definition of the chains
Asors g g, and Ass, in [[6.22). The absolute grading formula of [OS03] implies
that Cjss,;u, has grading

—mk(k+1) + 1.
(Compare Lemma[[2:3)). However HF ™ (4, d3) = F[U] ® F[Z/m] is non-trivial only
in even gradings. Hence Cs .y, must be a boundary. |

Let W 58t € CF ™ (9,05) be any chain satisfying
(16.24) 6(w6763;5z) = C5,55:u5»

which has homogeneous grading 1 greater than Css,..,. As indicated in (I6.23),
we define wss5, to be the sum over k& > 0 of w; Saisy We use ws.s, as the length 3

chain in the construction of E(ﬁ?’).

LEMMA 16.12. The diagram C(;) is a hypercube of beta attaching curves. Fur-

thermore, Cé‘& is a hypercube of chain complexes.
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PROOF. The length 1 relations for E/(B are immediate. Lemmal[l6.T0land (16.22])
together give the length 2 relations. Lemma [[6.11] and ([I6.24) give the length 3

relations of L(BS), concluding the proof. O

REMARK 16.13. Our construction of the chains appearing in E(ﬁ?’) is similar to
the procedure of filling an empty S-hyperbox, in the terminology of Manolescu and
Ozsvéith [MO10| Section 8§].

Next, we modify Caux slightly, and construct a hypercube c®

aux,

The hy-

[ean has the same complexes as Caux, except the maps along the top

HC&H .
percube C, (3)

aux,
face are composed with II°*", as in the bottom face of 2. We claim that Ciil,n«an

is also a hypercube of chain complexes. To establish this, we note that Cgi)x ITean

coincides with the hypercube obtained by stacking Caux with the hypercube shown
in (I625), and then compressing. Hence, it is sufficient to show the hypercube
relations for the diagram in (IG.25]). The length 1 relations are clear. The length
2 relations along the back, front and bottom faces are also clear. The length 2
relation along the top face follows from (I6.16). For the length 2 relations on the
left and right faces, we note that the intersection points in the non-canonical Spin®
structures are in the kernel of fﬁj/_"52 and f‘sﬁ_ﬂsf“. Indeed these two maps count
holomorphic triangles on Heegaard triples which have a genus 1 lens space sta-
bilizations, and by construction they have the intersection point in the canonical
Spin® structure as a special input, so there are no homology classes which could be
counted unless the other input is also in the canonical Spin® structure. The length
3 relation follows from the same argument, applied to the rectangle counting map
for the front and back face.

~/

CF™(v,6) 3= CF™ (~,8")
\\ —~ ~ 5
~ Trcan Trcan
\\\ rd ‘ =/ " e
P (,8) 570 CF~ (v,8")
@ o> N ‘
> Ny, .
5 —68o N ~ f6”~>63
¥ AN Y
(16.25) . N
ff{ =33 . L }d,\({? ff{”*és
- .
CF?(’% 52) 7f’$2H53 — CF (77 63) \\
—. ~—. \\\
1d\) 1d\ ~(
CF—(’Ya 62) ffyzﬂég @_ (’Ya 63)
Next, we construct the additional hypercube C’Cen 3, Shown in Figure [6.10

Note that Ccen 3.1, is a hypercube for destabilization, as constructed in Section [T4l

Finally, we define Cce][l by stacking and then compressing ¢t
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FIGURE 16.10. The 3-handle hypercube Co, 5 .

16.6. Constructing Ccep

We now stack and compress cééﬁh éi& and 65221 Let us write (fcen for the
hypercube obtained by stacking Cc(ér)l, cﬁiﬁl and céi’&, and then compressing. The
hypercube Ceen has the form shown in Figure T6.111

In the cube écen, we would like to delete the extra complex labeled CF ™ (a; U
B, A) along the top face. If we remove this complex, the length 0, 1 and 2 relations
are preserved, though the length 3 relation may not be. However if FE is itself null-
homotopic, i.e. E = dH + HO, for some H, then H may be added to the length 3
arrow of Ceen, and the hypercube relations will be satisfied. By examination of the
compression operation, the map Eis given by

E= F3f$”%6300F3f$:H5”0F3h1f§H6,
(16.26) + F3f$//_)53 O'OthQf,f_NS/
58’

+ F3ha f37°.

Equation ([I6.26]) can be simplified as follows. Note first that (I6.2]) is equivalent to
6/ 6// o

(16.27) Fafs =" o = id,
since o is a chain isomorphism. Similarly (I6.I3]) implies

(16.28) FsfS %00 = id.
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CF (o1 UB, &) - CF (B, A)
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FIGURE 16.11. The hypercube Ceep.

Hence ([6.26]) simplifies to
(16.29) E = (Fshy + Fshy + F3hs) 77
It turns out that the most natural object of study is the map
E := F3hy + F3hy + F3hs.
In Chapter [I9 we will construct a map Hg satisfying
E =0Hg + Hgo,

which, of course, also gives a null-homotopy H = Hg fﬁf_"sl of E. We define Ceen
to be the hypercube obtained by deleting the extra copy of CF~ (a; U3, A) from
Cecen, and adding H to the length 3 map of Ceep.

16.7. Compatibility with the involution

In this section, we verify the following;:

LEMMA 16.14. The vertical maps in the central hypercube coincide with the
change of diagram maps from naturality.

PROOF. Let us write &1, &3 and P for the vertical maps (in the same order
as the central hypercube). By construction,

¢, = F3ffj_)6/
(16.30) By = Fy [0 025,y f577
Oy = By f2 =000 Py 3,20 o Py 570

We first consider ®,. Note that fgﬁ‘;l represents the cobordism map for a
0-framed unknot, so the formula for ®; consists of the cobordism map for surgery
on a 0-framed unknot, followed by a canceling 3-handle. Hence, ®; represents the
map from naturality.
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Next, we consider ®5. Firstly, we claim that Fj fglﬁ‘h oo = id, which is proven
by using Lemma [[0.8 and Proposition [T} similar to equation (I6.13]). Hence the
formula reduces to B

Dy = By 277
As with @4, this expression for ®5 represents the cobordism map for surgery on a
0-framed unknot, followed by the 3-handle map. Hence ®5 coincides with the map
from naturality.

Finally, we consider ®3. Using ([I6.27) and (I6.2])), the expression for Pj
in (I630) reduces to

Oy = Fy 57,
which similarly represents the cobordism map for a canceling pair of index 2 and 3
handles. The proof is complete. O
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The second 2-handle hypercube

We now construct the second 2-handle hypercube, C3,. We first describe the
Heegaard diagrams that appear therein, and then subsequently define the maps,
and prove the hypercube relations.

17.1. Heegaard diagrams for C%_h

All of the complexes used to construct C3, use the Heegaard surface
EO#§7
where ¥ denotes the surface obtained by removing the genus 1 surgery region from

3. We define the following sets of attaching curves:

e a C Xy denotes the original alpha curves which are outside of the genus
1 surgery region of X.

o« A C Yo#X, denotes the curves obtained by taking the curves A con-
structed in Chapter [[5, and deleting the two curves which intersect the
surgery region of 3.

o We define

A, =AUz,

where ¢; denotes the image of ¢; on X.
e a’’ denotes the curves obtained by handlesliding each curve in @ over the
corresponding curve in . Furthermore, we choose each curve in @'’ to

be a small translate of a curve in A.
o We define

all .=a” ug,.

See Figure [[7.Tlfor a schematic of the curves A;, o and all outside of the genus 1
surgery region of Yo#X.

LEMMA 17.1. If the B curves are sufficiently wound, then the tuple
(So#Z, aUB, A1, Ay, Az, &' Ual o’ uad o uak  w)

is weakly admissible, where &, &” and o'’ are appropriately chosen, Hamiltonian
translates of o.

The proof of Lemma [I7.1lis an easy adaptation of the proof of Lemma [I5.11

153
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aval

FIGUFLE 17.1. A generic genus 2 region of the quadruple
(20#27A17A2,A3,aua§").

17.2. Constructing C%_h

We first construct a diagram L3, 5 of beta attaching curves:

Ay
Q )San
\
®+
+ Ag,Az
eAl,aua{I A2 A3
2
Lo g =
—H + +
aUaj Oca, A auwdl ag,avadl
Wz
N
ot u
_ auakl auak _
avall —2"", aual!

Here, we are omitting writing primes on the various curves labeled a.
A generic, genus 2 region of the quadruple (Zo#X, A1, Ag, As, a0 U @) is
shown in Figure [T.11

LEMMA 17.2. The diagram E%_h’ﬁ is a hypercube of attaching curves.

PrOOF. The length 1 relations are equivalent to each length 1 class being a
cycle, which is straightforward from the construction.
There are four length 2 relations to verify, which follow from the relations

fA17A2,A3 <®A1,A27 Ay, As

f o - — @can
aUay” ,aUay’ ,aUay aUall auall aUa2 ,auak

+ can can

(17 1) fAl,aua{f,auaf (eAl,aUEH ’ @aua ,aU ) Al,aUa
’ + can
fAl,aUE{{,auag <®A1,QUEH790¢U0¢1 Jauad! )

@can

Al,aUQQ

fA27A37aU0‘3 <6A2 Az’ Ag aUall Az,aUaH’

+

fA27aUa§7aua§ (®A2,aua§“ aUal aual! Az,aUas
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The first two lines of (I7.1) follow from Lemma [2.4 We now focus on the third
equation. The triple (So#%, A, aUa;, aUal) is a genus 2g(3) — 2 stabilization
of the genus 1 triple (T2,¢, c1,c2) (where ¢ denotes an isotopic copy of ). The
index tuple of this stabilization is (0, —g(X3¢), 0), by Lemma [0.7 and Figure By
Proposition [0.2] it suffices to show the claim for the destabilized, genus 1 triple.
For the genus 1 triple, the count is immediate. The fourth through sixth model
computations are proven similarly.
The length 3 relation fo the diagram L3, ; is reads

_ can + +
0= hAl;A27A37aUE§I ( Aq,An @Az,As’ ®A3,aU6§1)

can + +
(17.2) + hay,as,0usl aual < Al,Az’®A2,aua§v@aua§,aua§)

+ hAl,auafI,auaf,auagf (@Zl,aua{“ Zi?a{i,auag ) @Iuag’aua?) .
To prove (I7.2), we will show that each quadrilateral count vanishes. We focus on
the count which occurs on (Zo#%, A1, Ao, Az, UE?). This quadruple is a genus
2g(X) — 2 stabilization of the genus 1 quadruple (T?,cy,c,c3,c3). Furthermore,
the index tuple of this stabilization is (—g(Xp), —¢(%0),0,0), by Lemma and
Figure By Proposition it is sufficient to show that the associated count
of quadrilaterals on (T2, cy,ca,c3,c3) vanishes, which is proven in Lemma
The other two quadrilateral counts are proven by an easy modification of this
arguement. |

We define C3,, as the pairing of the E%_}L 5, and the 0-dimensional hypercube of

alpha attaching curves consisting of a U 8. The hypercube is schematically shown
below:

fos s
aUB
.
N
S 6«1@ pAzrauTy
\OQ ~ aUp
N2
NSRS
ecs
aUuzH \\
/t{w;l SauglN
L 2 Taupg
-~ N
Tt AN

CF (aUB,auad)

- 3 —H
avall s auak CF (a Ug,au @3 )

aUB

Ficure 17.2. The hypercube Cg_h. We omit writing the primes
on the various copies of c.
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CHAPTER 18

The tautological and flip-map hypercubes

18.1. The tautological hypercube
The bottom face of the hypercube Cs}, reads

~o @ —ag—ag
(18.1) faﬁaﬂ \\\hﬁ

The diagram in (I81]) is very similar to the top of the main hypercube, as described
in Chapter There are two subtle differences:

(1) The point z is now the special basepoint of the third complex, whereas at
the top of the main hypercube, w is the special basepoint

(2) To achieve admissibility for triangles and rectangles, the curves ¢, ¢; and
¢3 must have slightly different position than ¢, ¢o and c3. (Compare the
two sides of Figure [[6.2]).

We will assume that ¢; and ¢y are the mirrors of ¢; and co, but that ¢3 differs
slightly from the mirror of c3. We write €3 for the image of ¢3 on X. We may view

€3 as being obtained by sliding c3 across the intersection of ¢; and c;. Compare
Figure [16.21 We will write

a3 = o Ucs.

As defined in Section 22] there are tautological isomorphism

Mt CF—(§73761) — CF—(Euah/B)
T2 CF7(§7ﬁ762) — CF7(25a27/6)
Qg: Q7(§7376372aw) - Qi(zaﬁ37ﬁvwa2)'

Furthermore, the following diagram is tautologically a hypercube of chain com-
plexes:
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m Iz

72 Eg

> _
CF—(Eaa27B) — Q_(Eaa?nﬁ:w?é)

FIGURE 18.1. The tautological hypercube C,,.

18.2. The flip-map
In this section, we investigate the flip-map
Z—>'LU: @7(27537 IB’ w7 2) _) Q7 (27 a37ﬁ7 lz]’ Z)7

in detail. Note that the distinction between a3 and s makes no difference to
the complexes described above (if ¢3 is sufficiently close to c3), however it will
make a difference for the triangle and quadrilateral maps appearing in the flip-map
hypercube. (Compare Figure [[6.2]).

We recall from (2Z.I0) that the flip-map §.— is the composition

Fomw =0, 0 (U (2.5.8.0) (S, @ T") 002,

where \I](E,Eg,ﬁ,z)*}(z,ag,ﬁ,w) is the naturality map induced by moving z to w along
a fixed subarc of K.

For the purpose of constructing the flip map hypercube, it is helpful to have a
concrete model for the naturality map \Il(E F0,8,2) = (T, Bow) Let us write (2, af,
B, z) for the diagram obtained by moving cs over the basepoint z (this may be
achieved by a sequence of handleslides, away from z). There is a canonical diffeo-
morphism

¢*: (Evaéaﬁaz) — (Zaa37ﬂ7w)a
which may be identified with the diffeomorphism map which moves z to w, along
a subarc of K.
The map W(E,ﬁs,ﬁ,z)ﬂ(&as,ﬁ,w) is equal to the composition

_ _ 8
V(558,20 (Sias,b0) = 95 0 Vg 0

where \IIQS_N%: CF (3,a3,8,z) » CF™(X,a4,3,2) is the ordinary map from
naturality.
The map \Ilg ., cannot in general be computed using a single triangle count,
3

3
because of admissibility issues. Instead, we pick an intermediate choice of alpha-
curves, ay’, by winding o in the genus 1 surgery region along a curve which is
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= W
CF~ (a3,B,2) Qaz—rag
=
, @
|
fadl ~ W
az—al — < i ia?)
: ®1
' :
__________ , Lo
lfa};v%ag

\_ L.

B iy B
ag—ar, 89 the composition fa‘sN—m.g o

FI1GURE 18.2. Decomposing ¥

fﬁ w- We continue our convention of denoting wound curves
Qz—Qg

with a W.
dual to c3. We decompose vl , as
Q3 —Qg
B _ B B
‘Ilﬁg—m.’s - fa}{"aag © fﬁg—mg’v’

where ff W osal and fég_}ag\, are holomorphic triangle maps. See Figure[I821 Com-

pare [MO10, Section 8.7]

18.3. More hypercubes with twisted coefficients

In this section, we describe a construction of hypercubes with twisted coeffi-
cients, which is similar to the one from Section 5.7l but appears in the flip-map
hypercube.

Let ¥ be a compact, oriented surface, equipped with two points, p,q € X, as
well as a special basepoint w (which may be different from p and ¢). Suppose that

Q, ..., 01 is a collection of attaching curves on X, and suppose that ~,,...,71 is
a collection of integral 1-chains in U, , ..., U,,, respectively, such that dy; = p—q.
The 1-chains ~,,...,v1 determine a relative 2-cycle

S’an“v'Yl € 02(X0¢n;~'~>0¢1 ) 6Xan>“'7a1)'

The 2-chain S,,, ... -, is the sum of v; x [0,1] C Uy, x [0,1], as well as {p, ¢} x D,, C
¥ x D,,. If ¥ is a homology class of n-gons on (¥, ayy, . .., a1, w) and S € Hy(X; Z),
we define

crlsu(®)), [8]) ~ 18- [9]
5 .
Note that m(w, S, 1) is an integer, since ¢1(s,, (1)) is a characteristic vector.

m(w, S, 1) = <
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We say L, is a hypercube of alpha attaching curves with a cube of singular
twisting chains on (X, p,q,w), if L, consists of the following:

(1) For each € € E,, a set of curves a° on .

(2) For each pair ¢’,¢ € [, such that ¢’ > ¢, a choice of chain ©,./ ,. €
CF~ (%o, af,w) ® F[Z/m).

(3) For each € € E,,, a choice of integral 1-chain v¢ C U, such that 9+¢ =
p—q

(4) For each pair ¢, € E,, such that ¢ > &, a choice of integral 2-chain
Cere €=U, s UUgye such that 0Cy ¢ = v U —7,.

Furthermore, there is a compatibility condition, as we now describe. Write

Foen o for the map which counts holomorphic n-gons of index 3 —n, weighted by

U"w(w)Tm(w’ng-Wl W) Here, :5'\%,“”1 is the closed, integral 2-chain
S’an“y’yl =5 _Cﬁn,Enfl - _062,61 +C€n,€1'

s V1

We assume that the twisted polygon counting maps satisfy (5.0]) (the compatibility
condition for a hypercube of attaching curves). A hypercube of beta attaching
curves with a cube of singular twisting chains is defined by the natural modification.

Suppose L, and Lj are two hypercubes of attaching curves on (¥,p,q,w)
which are equipped with cubes of singular twisting chains. If we additionally pick a
collection of 2-chains C, ,, ranging over ¢ € E,, and v € E,/, we may pair them to
form a hypercube CF™(L,,Lg). The complex at any (e,v) is the Floer complex
CF™ (a®,3") @ F[Z/m]. The hypercube maps are defined as in (51)), but using the
twisted polygon counting maps.

Suppose additionally that whenever ¢’ € E,, has the property that the homology
class of §5j7,_,,€1 is trivial for all sequences €1 < - -- < &; such that e; < &', the chain
B4’ oe 18 In CF (a®,af) ® T°, for all ¢ < &. We assume a similar condition
holds for the beta-chains. In this situation there is a subcomplex CF ™ (L,,Ls) €
CF ™ (L,,Lg), as follows. If (¢,v) € E, x E,, has the property that

~

Soci,ac1,p,.p7 =0 € Hy(Xoei asr g, 5v5)s

whenever €; < --- <¢g; <eand v; <--- <v; <v, then we set
Qi(éa;éﬂ)(&y) = CF (a®,3").

Otherwise, we set CF~ (éa,éﬁ)(”’) = CF™ (a%,B") ® F[Z/m]. Tt is straightfor-
ward to see that CF~ (Qa,éﬁ)(s”’) is a subcomplex of CF™ (L, Lg)-

For hypercubes of dimension 3 and lower, we use the following analog of the
notation from Section .8 We use lower case letters f, h and p to indicate triangle,
quadrilateral, and pentagon counting maps, which are weighted using by the quan-
tity U™ @) T™(w.5%) - We use the upper case letters $ and 9B to indicate length
2 and 3 maps in a hypercube, when they involve more than just a single count of
quadrilaterals or pentagons.

18.4. The flip-map hypercube
In this section, we construct the flip-map hypercube, shown in Figure [18.3]
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CF?(Evalaﬁaw)

hBiz

@
Y —a, =
Sz

> —
CF_(E7a2,ﬁ7U)) 52—> @_(27637ﬁ7w72)

id \\\ Zag—ag
id ' L \\\\ Fzow
CF™ (¥,a1,3,2) D RN
. —thf{?fQ\n B »_\\\\
T -3 R
CF7(27a2757Z) f—> CF (2,0437,6,’12),2)

—ag—ag

FIGURE 18.3. The flip-map hypercube Cz. A superscript contain-
ing w or Z indicates which basepoint contributes the power of U.

We define the hypercube Cz as the compression of a hyperbox of size (1,1, 5),
outlined in Figure[I84l We explain presently the maps and complexes therein, and
then will prove that the diagram satisfies the hyperbox relations.

Let W, 4., denote the 2-handle cobordism from Y to Y, ., (K), and let W,
denote the cobordism from Y, 4., (K) to Y, obtained by reversing the orientation.
Let Spym € W), denote the induced link cobordism from (Y},4,,(K),U) to
(Y, K). We orient Sy, 1, so that the chosen orientation of K C Y coincides with
the boundary orientation of 0Sy,4,,. Write §n+m C W), for the closed surface
obtained by capping S, 1., with Seifert surfaces on both ends.

We now describe the maps appearing in the hyperbox in Figure I84l The

maps fi “’_}as and fi ’:: are the ones which count triangles weighted by

Unw(@)ne () =nw(®) -~ and U"ZW’)TW( )=nw(¥) - respectively. These are the maps
we have already encountered in the exact triangle.
We view the hyperbox in Figure[I84las being obtained by stacking 5 hypercubes

Cél), . ,Cé‘%), ordered from top to bottom. We now explain in more detail the maps

which appear in Cé2) and Cég). The maps appearing in Céz) are easiest to define if
we define them as a pairing of slightly generalized hypercubes of alpha and beta
attaching curves, which are equipped with singular twisting chains. We write down
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CF—(E7alaﬂ) R s
e . AN _
1=a, \) 3 T T ——— SRR
CF—(E3a27IB) 7£Z;4a3 — CF—(E7E37/87w72)
id
id "6,
CF—(Evalwg) o
““““ e _pB
\ff QQI‘)(QQ‘E .
. 1\)Q2 \ 3 | Tt em——o . 5
. CF—(Eva27ﬂ) 77u2~>§3*> CF_(E763,ﬁ,Z)®]F[Zm}
id : -3}/9 \\\\\
1\‘}3”/‘ \\\\\\
e
u \Qe . fg_ﬁaw ®id
_ i -
CF (Z7ala/8) — . . \\\\
B T Y. N
B Ny
: 1=ay — Tl o \ REREN
CF™(2,0,8) —layay — CF™(Z,aY, 8,2) @ F[Z/m]
id 'i}?lf \\\\
1\Q§ \\\\\\
S 6
id \Qe\ fjg’vaw!a®1d
CFf(E,al,B) ______ , 7 ‘\\\\\
\f(fi ‘<~—“ﬁ;1$02‘_’(2/ o . \f\\\
Ty — A R o R “ru
CF—(Z7a27ﬂ) 7iig~>a:’3 CF—(Eaagv/37z)®F[Zm}
id
id ¢ ®id
CF7(270175) —
— (;/5*; <<<<< 201 sy ray <[ o
Tray — TTme—— RN
CF?(Z7a2>ﬁ) 7ii2~>a3H CF?(E7a37IBaw)®F[Zm]
id
id 0.t
CF (27a17/6) —
— ‘/;1‘ ————— _511:%‘)“ o
Tay — sy T ——— L

CF (3, a5,8) — 57, —3 CE (%, a3, B, 0, 2)

Sag—ag

FIGURE 18.4. The hyperbox of chain complexes whose compres-
sion is Cz. We write C(l), . ,Cg) for these hypercubes, ordered
top-to-bottom.
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the following non-admissible diagram of alpha attaching curves:

(831
@;aa
L ey
o a, —O &

. 2 3,00 3

. \

. N

Od1a RN
. .
e
(18.2) L2 .= N,
’ Q +
2. (C] —
. >
N \
a]_ S~ - \\\
\@C\a;\ aW '\\\
QQ»Q 3 sa; T~ AN
i Te—a AN

o oy — O = alV
2 (xgv,ag 3

Equation (I82]) is not a genuine diagram of attaching curves, since a; and o
are both repeated. In particular, the classes ©f , and ©F . are not genuine
elements of a chain complex. Nonetheless, we may still define polygon counting
maps which have them as inputs, by adopting the strict unality convention that a
triangle map with input @L,ai is the identity map, and a quadrilateral or pentagon
map with @L,ai as input vanishes. (Alternatively, one could just replace the second
copies of a1 and ay with small Hamiltonian translates).

We now wish to promote £2 to a hypercube of attaching curves with a cube of
singular twisting chains, as follows. We consider the diagram (¥, as, aa, ag, w, 2).
Each set of attaching curves determines a 1-chain 3, 72 or 71, as follows. Pick
an embedded arc on ¥ which avoids a3, a or ey and connects w to z. Then ~;
is obtained by pushing the interior of this arc into the handlebody U,,, U,, or
U,,. For o; and o, we pick the canonical short path on ¥. We pick the 2-chains
Cas.a; to be a disk in the neighborhood of the canonical short path. The choice of
Cas.a, and Cyy o, is not important, though we assume they are supported in the
summands of Y, o, and Y,, o, corresponding to the special genus 1 region of the
Heegaard triple. Additionally, we construct 2-chains Co, a,, Cay,ap a0d Coy oy, 88
follows. Since the arc ~; is obtained by pushing an arc off of ¥, we may push this
arc off in both directions to obtain a disk in Yy, 4.

To equip £2 with a cube of singular twisting chains, we use the arcs 4; whenever
a set of attaching curves is related to a; by a sequence of handleslides and isotopies.
For example, we decorate a3 and @y both by 73. Similarly, if § and £ are a pair
of attaching curves in the cube, we use the 2-chains Cy, o, if § (resp. §) is related
to o (resp. a;) by a sequence of handleslides and isotopies.

We now pick the length 1 chains in Equation ([I82) arbitrarily, so that they are
homogeneously grades cycles and represent the top degree or canonical elements of
homology.

LEMMA 18.1. The cycles in Equation [I82) satisfy

tag,az,01 (

ot (©
Loy (©

+

w
A3

+

+ _
95370(2’ a2>061) =0

a3

b

can

+

as,az

can

ay oy’ T a2,01

)=

?

0ty

Q3,02

) o

]
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PROOF. The second equality follows since ayV are isotopic to @3, so the corre-
sponding transition map preserves the top degree generator. We turn our attention
to the first equation. Equation [2.3] implies that triangle classes appear in pairs
which have the same U power, and represent conjugate Spin® structures. It re-

mains to see that the T-powers coincide, for each pair. The surface S

— 1S
asz,02,001

~

Sm, a sphere of self-interestion —m. Using the notation of Lemma I23] the dif-
ference of the T-powers representing s, and s, is £(c1(s;), Sm) = £(2k + 1)m,
which is divisible by m. The third equation follows from the first, together with
the well-definedness of the cobordism maps. |

We pick A,w o, and Aqw ,, so that

;02 ;01

Oayt ) = fay 7o (O 2 OF ) + Oy

= = )
Qg3 ,a3 asz,02 3 102

O ) = F (Ol O )

Q3" (e,

(18.3)

Furthermore, we assume that /\axszvﬂz is of homogenous grading one higher than
©fw .- This is not possible for A,w

Q3,02
Spin® structures. Instead, we assume that Aagv

;1)

ince m er infinitely man
S jay7a21a1 sums ov y y

is decomposed as a sum

;1

oo
Aa\ngal = Aa},’v,auﬁk*’
k=0
where s} is the Spin® structure on X, ol az,0, defined in Section [2.3 We will think

of )‘a},,"/ onisy 38 also being defined, but being 0. (The asymmetry is somewhat
arbitrary, but makes our discussion of gradings in Section [20] simpler). Write
w, := {s;, 5, } C Spin°(X,

+ is chosen so that
k

o a0 )

We assume )‘ag"/ s

— +
(184) 0 (Aagv,al;ﬁz) - ia};’v,ag,o{l;uk (eagv,az’ G)Za;vlal) ’
and also so that )‘a},,"/ onst is of homogeneous grading one greater than the expected
grading of the right hand side of (I84]).

Next, we construct the length 3 cycle WaW,
map

a;- Note that there is a restriction

. . c e
r: Spin (Xagv,ia,amal) — Spin (Xagvﬂz’al),

which is an isomorphism on the set of Spin® structures which have torsion restriction
to the boundary. Abusing notation slightly, write uy also for r(uyg).

LEMMA 18.2. For each k > 0, the chain

C w . h o + @Jr can
Q3 13Uk Zay oy, a0,00 5y a¥. as’ Tas,an’ 42,1
can
+ AW o, O F AW, ot
ia;‘{v,az,m;uk ( Q3,2 0‘2’0‘1) Oz, 0138y

is a boundary in CF~ (ay,ay ) @ F[Z/m)].

PRrROOF. The proof is similar to the proof of Lemma [I6.11] An easy compu-
tation using associativity shows that Cag"’@ Ly, 18 @ cycle. Note also that since we
use almost complex structures which are maximally pinched along the connected
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sum neck, it is sufficient to consider the case then g(3) = 1, by Propositions [[0.2]
and [10.6l In the genus 1 case, each chain Cag"’,al;uk is of homogeneous grading
—mk(k +1) + 1 in a chain complex whose homology is F[U] ® F[Z,,], which is

supported in even gradings. Hence Cag",a L:u,, 18 @ boundary. ([l

For each k, we let Waw
than Cj,w such that

aist be a chain of homogeneous grading one higher

;iU

9 (waf{v,al;ﬁz> - CO‘\3N7al§uk'

Finally, we define

o0

0‘3 o ” Z a3 ,al,sk

k=0

(18.5)

Finally, we define the maps in C; by pairing Eaz with the 0-dimensional hy-
percube of beta attaching curves consisting of 3 (using the strict unality convention
to adapt the construction from Section [B.6l). The pairing also requires a choice of
2-chains Cy, g, Ca,,g and Cy, 3. We pick C,, g and C,, g to be the disks traced
out by push-offs of the canonical short paths on the diagram. We pick C,, g to be
a Seifert surface for K.

Concretely,
Do = D ooy + Iy
(18.6) s oy —giﬁaﬁawﬂﬁﬁay,
U SO NI AR S A
In the first line of ([IRG), B’ counts rectangles weighted by

Zay—az—ray

U"w(IZ’)T“"‘(7““’§’L+""71")7 with special inputs ©%" — and @+ W ooy The map labeled

Q2,01

fi Law in the first line counts triangles with special mput Ao W
- 3

U () Tmw,Snim %) where Sy 4m denotes the connected sum of S, € W/ (K) and
Sm € D(—m,1). We note that there is a minor ambiguity in our notation, because
the map labeled fﬁ ¥ on the bottom line counts triangles with special input

weighted by

,a 0

Wal ;> and the same T and U weighting as the top line.

The maps for Cé are constructed analogously.

PRroOPOSITION 18.3. The diagram shown in Figure 084 forms a 3-dimensional
hyperbox of chain complezes of size (1,1,5).

PRrROOF. It is sufficient to show that each of Céi) is a 3-dimensional hypercube,
for i € {1,2,3,4,5}.

Firstly, the diagram ng is obviously a hypercube. Next, the diagrams Céz)
and Cé?’) are hypercubes because they are obtained by pairing two hypercubes of
attaching curves with cubes of singular twisting chains, as in Section

Next, we consider C(l) and C(5). We claim

S

—Qig— Q3 az—)ag

(18.7) T" 0.0 % _ =4 and 607 of?

g —a3 —Q2 *}Oé
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Equation ([I87]) follows similarly to [OSO8b] pg. 18], as we now describe. For the
equation involving 6., it suffices to show that if ¢ € wz((ﬂgs Oéz,x,y) is a class of
triangles, then

(18.8) (N2 — 1) () + Aw 2 (y) = m(2, Spsm, 1) — n.

Equation (I838) can be verified by interpreting the triple (X, a3, as, 8, w, z) as de-
termining the link cobordism (W}, |, Snm) from (Y, 1., (K),U) to (Y, K). Noting
that A, .(x) = 0 for all x € T,, NTg, since (X, a2, B, w, z) represents an unknot in
Yit+m (K), the left hand side of (I88) is the Alexander grading change of the link
cobordism map, which coincides with m(w, §n+m,1/1) by [Zem19bl Theorem 1.4].
On the other hand,

(18.9)

- - (er(ou(®)) — e1(s=(¥)). [Suem])
m(w, Spym, V) — (2, Snpm, ) = .

The first equality of (I89) is from the definition, while the second follows from

~

the relation s, () — 5.(¢) = PD[Sp+m]; see [OS08b, pg. 11] or more generally
[Zem19b) Lemma 3.9].

The equality involving 6,, in (I87]) is proven by the same reasoning. Similarly,

=—(n+m).

T"-0.0 hi;éaa SEs i —as—a and
1o —a3 —on—raz—ag
(18.10) 9;10[)6 :hgﬂb_) .
—Q] — Q2 —a3 —01—az—ag

Equations (I87) and (I8I0) imply the length 2 and 3 hypercube relations for Cél)
and Céf’). The length 0 and 1 relations are easy to verify, so we conclude that Cél)
and Cé5) are hypercubes. The proof is complete. |

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



CHAPTER 19

Constructing the null-homotopy Hg

In Section [I6.6] we showed that to finish the construction of the central hyper-
cube, it is sufficient to construct a map
E: Q_(E#ia v, 6/) - ﬂ_ (Eo#i al Ba A3)
satisfying
[6, HE] = F3hy + F3hy + F3hs.
We recall that the domain and codomain of Hg are both complexes for CF™(Y').
In this section, we describe the construction of the map Hg.

19.1. The endomorphism F

In this section, we describe a more general way to organize the maps hi, ho and
hs from the central hypercube. We consider genus 1, doubly pointed quadruples

QY = (T2, ¢3, o, ¢1, Ch,wo, 20), Q9 = (T, ¢, c1, Ch, Ch, Wo, 20)
and QY = (T?, ¢y, ¢4, ch, ¢}, wo, 20)-
The quadruple QY is shown in Figure I9.1] and Q9 and QY are obtained similarly.
The doubly pointed quadruple QY determines a properly embedded surface
Sesenernc, © Xegen,er,eys s described in Section The 4-manifold X
has four boundary components. Two of these boundary components are S, one is

S1x 52 and the other is L(m, 1). The surface Seyca,01,¢, INtersects each component
of 90X, cp.00,e, in an unknot. Upon attaching 3- and 4-handles to 90X,

/
€3,C2,C1,C3

/
3,€2,C1,C3)

FIGURE 19.1. The Heegaard quadruple QY.
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and filling in 8563162761@; with disks, we obtain a sphere of self-intersection —m
in the disk bundle D(—m,1). The quadruples Q9 and QY determine surfaces and
4-manifolds with the same description.

Suppose that (¥, e, B, w, z) is a doubly pointed diagram for (Y, K). We form
the connected sum Y#T? near the points wg € T? and z € ¥. We define the
following sets of attaching curves on N#T?:

a; =aU{c}, ay=ad U{c}, az3=a"U{cs},

By =BU{cs}, Bo:=pU{c}, and B,:=p"U{d}.
Here o/ and o’ are small Hamiltonian translates of a. Similarly @' and B” are
small Hamiltonian translates of 3, and ¢, denotes a translate of ¢;.
We define the quadruples

Q1 = (S#T?, a3, g, a1, B3, w, %)
Qs := (SH#T?, az, a1, B, Ba, w, %)
QS = (E#T27a17ﬁ37/827/817w720)'

We view Q; as being obtained by taking the connected sum of QY with the quadru-
ple (X, ", o, o, B, w, z) at points py and p, very near wg and z, respectively. Then
we delete the basepoints wg and z.

In this general setting, we define maps hi, ho and hs as rectangle counts

(19.1) hy := b ho :=hP7202 and  hg = WP

a1 —>Qa2—ag)? a1 — )

where we weight a rectangle class by U™ () T(720=7w)(¥)  Here, we also use almost
complex structures which are maximally pinched along a circle bounding the genus
1 region shown in Figure The maps labeled hy, he and hz in Section
coincide with the maps defined in (I9.]), for a particular choice of Heegaard diagram
3, o, B,w,2).

The maps hi, ho and hz fit into the diagram of chain complexes shown in
Figure In fact, this diagram satisfies all of the hypercube relations except for
the length 3 relation. (To see the length 2 relations along the bottom and right
faces, we use Proposition to destabilize the triples, and Proposition [[1.1] to
identify the resulting triangle maps with nearest point maps).

We now define

EZ:F3Oh1+F30h2+F30]’L3,

where F3 denotes a 3-handle map. In light of the discussion in Section [16.6] to
finish the construction of Ceen, it is sufficient to show the following:

PRrROPOSITION 19.1. The map E is chain homotopic to zero. Equivalently, there
is a length 8 map Hg which makes the diagram in Figure 192 into a hypercube of
chain complezes.

In the remainder of this section, we construct a null-homotopy of F, via a
holomorphic deformation.

19.2. Vector fields for deformations

In this section, we define several vector fields on [0, 1] x R, A and O, which we
will use in our proof of Proposition [[9.1l We will use these vector fields to deform
the quadrilateral maps appearing in the definition of the map FE.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



19.2. VECTOR FIELDS FOR DEFORMATIONS 169

_________

(a3,,63) H

Hyp

__________

F

(a1,84)

Ficure 19.2. A null-homotopy Hg of E gives a length 3 arrow
which makes this diagram a hypercube of chain complexes.

We begin by defining two vector fields on [0, 1] x R, for which we write vy and
vg. Let f: R — R be a smooth function, such that f(0) =0, f(1) = 0and f(s) >0
for s € (0,1). We define vy to be

(19.2) (Vi) (s,t) = f(s5) - 0/ 0s.
Next, we construct a vector field vy on [0,1] x R which satisies the following:
vy-1) vy is invariant under the R action.
) vy is 0 on {0,1} X R, and is non-zero on (0,1) x R.
vy-3) vy extends smoothly to a vector field on R x R.
) There is an R-invariant neighborhood of the line s = 1/2 such that

(19.3) vy =0/0t+ (s —1/2)-0/0s.
(vy-5) The closure of each flowline of vy, except for s = 1/2, has one transverse
intersection point with {0,1} x R.

Equation (I93) is useful in controlling the level structure of degenerations
of matched combs. The two vector fields vy and vy are schematically shown in
Figure 193

We now discuss two important vector fields for deforming the holomorphic

triangle maps. We call these va 1 and va 2. These are shown in Figure [9.41 We
assume that va 1 satisfies the following:
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]

FIGURE 19.3. The R-invariant vector fields vy (left) and vy
(right) on [0,1] x R.

FIGURE 19.4. The vector fields va 1 (left) and va o (right).

( ) va vanishes on OA and extends to a smooth vector field on C.

( ) va,1 is non-vanishing on int(A).

(va,1-3) va 1 is R-invariant on each of the cylindrical ends of A.

( ) va,1 coincides with vy on two cylindrical ends, and —vy on the remain-
ing end.

(va.1-5) The closure of all but one flowline of v 1 has two transverse intersection
points with JA. The remaining flowline has just one intersection.

We construct the vector field va o shown in Figure [[9.4] except we require va o
to coincide with vy in all three ends of A. Furthermore, all but two flowlines have
closures with exactly one transverse intersection with A, while two flowlines have
closures which are bounded away from JA.

We now describe three families of vector fields on . To meaningfully deform
the quadrilateral maps, we need to describe pairs consisting of families of vector
fields and almost complex structures on [J. We think of these families as being
associated to the Heegaard quadruples Qq, Qs and Qjs.

For i € {1,2,3}, we pick smooth families of vector fields v; := (v; s)se(0,1) and
almost complex structures j; = (jis)se(0,1), on O, which have the configuration
shown in Figure We assume v and j; satisfy the following:

(v1-1) In each cylindrical end of O, vy ¢ and ji s are constant in s and vy 4
coincides with vy or vy.

(v1-2) Near s = 0, the vector field vq 5 is obtained by inserting copies of ([0, 1] x
(=R, R),vy), for increasing R, into the (a1, ags)-subregion. Similarly,
J1,s is obtained by inserting copies of [0, 1] x (=R, R), equipped with the
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standard almost complex structure. The limiting vector field consists of
one copy of va 1 and one copy of va 2.

(v1-3) Near s = 1, vy, is obtained by inserting copies of ([0,1] X (=R, R),vg),
for increasing R, into the (aw,35)-subregion. The analogous statement
holds for j;. The limiting vector field consists of two copies of +va ;.

(v1-4) v1s]lo = 0 for each s.

We assume that the families (vq, j2) and (vs, j3) satisfy the analogous condi-
tions.

REMARK 19.2. Families v; and j; satisfying |(vi-1)H(vi-4)| may be constructed

as follows. We may identify the moduli space of complex rectangles with the space
of configurations of two marked points along {1} x R C [0, 1] x R (with the constant
family of almost complex structures j;). The family v; may be constructed by
rescaling the vector field 9/9s on [0, 1] x R, similar to (I9.2).

REMARK 19.3. Many of the vector fields have one or two non-generic flowlines.
For example, vy has a single flowline (s = 1/2) whose closure is bounded away
from {0,1} x R. Similarly va ; has one flowline whose closure intersects OA only
once. We refer to these flowlines, and their natural analogs on va 2 and v;, as the
special lines.

19.3. Local degree theory

In this section, we frequently obtain algebraic relations by counting the ends
of 1-dimensional matched moduli spaces. A natural strategy for such an argument
is to show that each point in the boundary of the 1-dimensional moduli space in
question has a neighborhood modeled on [0,00). Proving such a claim usually
requires defining a smooth structure on the compactification of the moduli space of
unmatched curves, and proving that the relevant evaluation maps extend smoothly.
Instead we opt to use degree theory argument of [LOT18], which is sufficient for
the purpose of determining algebraic relations. In this section, we collect several
background results which we will subsequently use.

We refer the reader to [LOT18| Definition 5.36] for the definition of a stratified
space which we use. We now recall [LOT18| Definition 5.37):

DEFINITION 19.4. Let X be a stratified space so that the top stratum is a
smooth m-manifold, and suppose that f: X — [0,00)™ is a stratified map so that
F71((0,00)™) is the top stratum of X. Let p € [0,00)™ and assume f is proper
near p. We say that f is odd degree near p if there is an open neighborhood U of
p such that for any regular value p’ € U N (0,00)™, the set f~!(p) consists of an
odd number of points.

In practice, we will say a broken holomorphic curve appearing in the boundary
of a 1-dimensional moduli space makes odd algebraic contribution, if the closure of
the 1-dimensional moduli space admits a stratified map to [0, o), which is locally
proper and odd degree near 0, such that the preimage of 0 is the broken curve.

The following lemma is a helpful criterion for constructing stratified spaces as
fibered products which have an evaluation map to [0, o) which is odd degree near 0:

LEMMA 19.5. Suppose that X7 and Y* are topological manifolds without bound-
ary, and suppose X x [0,00) and Y x [0,00) are given the structure of stratified
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FIGURE 19.5. The l-parameter families (v1,71), (v2,j2) and (vs, j3).
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spaces (i.e. giwen a choice of smooth structure on {0} x X, (0,00) x X, {0} x Y
and (0,00) x Y ). Suppose that

f:]0,00) x X = [0,00) x RIT* and g:[0,00) x Y — [0,00) x RITk

are proper, stratified maps (i.e. continuous maps which are smooth on the interior
of each strata). Furthermore, suppose that f~1(0x RIT*) = 0 x X and similarly for
g. Finally, suppose that floxx and gloxy have transverse intersection at a single
point 0 = 0 x 0 € 0 x RItF C [0,00) x RIT* and that f and g are transverse on
the top strata. Then projection onto [0,00) of the fibered product of f and g is odd
degree near 0.

PROOF. Let m;: [0,00) x R7** — [0, 00) denote projection onto [0, 00), and let
7o denote projection onto RIt*. We first claim that the map

E:=(mofmogmof—mog):[0,00)>x X xY = [0,00)% x RIT*

is odd degree near 0. To see this, note that E|oxoxxxy is proper near 0 and also
odd degree near 0, since f|oxx and gloxy are transverse, and hence E|jg o0)x0x x xv
is also odd degree near 0 by [LOT18, Lemma 5.38 (2)]. The proof of [LOT18|
Lemma 5.38 (2)] implies that F is odd degree near 0 on [0,00)? x X x Y. Transver-
sality on the top stratum to AxRIT¥ where A C [0, 00)? is the diagonal, guarantees
that the fiber over A x 0 C [0, 00)? x R/**_ with its projection to [0, 00), is proper
and odd-degree near zero. But that is equivalent to the projection onto [0, c0) of
the fibered product of f and g being odd-degree near zero. O

19.4. The connected sum formula by deforming the matching

As a warmup to the holomorphic degeneration we use to analyze E, we de-
scribe a deformation of the matched moduli spaces in Section B which gives the
connected sum formula for CF~. The deformation is inspired by the time-dilation
degeneration described in [LOT18], as well as Ozsvéath and Szabdé’s bordered ver-
sion of knot Floer homology [OS18] [OS19] [OS04], and the forthcoming minus
version of bordered Floer homology [LOT]. Our argument deforms the matching
in the [0, 1]-direction.

We are interested in the following two connected sum operations:

(#-1) Suppose H1 = (X1, 1,8, w1) and He = (X2, g, B4, ws) are two singly
pointed Heegaard diagrams. Let p; and ps be two points on ¥; and 3o,
in the complement of the alpha and beta curves, and suppose that ps is
immediately adjacent to ws. Let Hi1#Ho denote their connected sum,
taken at p; and ps. In forming Hi#Hs, we delete wo, and leave wy.

(#-2) There is a version of the previous operation for knots, as follows. Suppose
Hl = (21,(11,,31,’(01721) and HQ = (227a2’182’w2722) are two doubly
based knot diagrams. We take the connected sum H;#H- at z; and ws.
We delete z; and ws, but leave w; and zs.

We now describe a deformation of the matched complexes from Section [[3l If
T € R, let p,: [0,1] — [0, 1] be the flow of vy. Note that p, fixes {0,1} for all T,
but has no fixed points on (0,1) for 7 # 0.

The map p, determines a diffeomorphism

R7:[0,1] xR — [0,1] x R,
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given by
(19.4) R7(5,1) = (pr(s), ).
The diffeomorphism R™ also gives a map
R™: ([0,1] x R)* — (]0,1] x R)*,
given by
(19.5) R (x1,...,z,) = (R"(x1),..., R (z1)),

which fixes the fat-diagonal setwise.
Similar to the matched moduli spaces from (1)), if S and S5 are two k-
pointed source curves, we define the 7-matched moduli spaces as
(19.6)
MM, g, (ST, 557, 61, 62)

(ms, ou1)(q1:)=p1,
)

= ) M 55 00) X M 02) o ) o) )

fori=1,...,k

We define a 7-matched differential on the complex CF~ (H1,Hz) from Sec-
tion [82] via the formula

97 (x1 X x2) = > H(MMT, 1, (61, 62)/R) - U1 D) - (y) x ).

$1E€m2(%1,y1)
P2Em2(X2,Y5)
Npy (¢1):np2 (¢2)
indemb (¢1,¢2, Mz )=1
We weight the counts by n., (¢1) since we delete ws in the operation [(#-1)| Note
that if we instead used the construction in |(#-2), we would use w; and 23 to form
the weights.

LEMMA 19.6.

(1) The endomorphism 07 is a differential.
(2) If my, 72 €R, then (CF™ (Hy1,Hz2),0™) ~ (CF~ (H1, Hz2),0™).

PrOOF. The proof that 97 squares to zero is not substantially different than
the proof of Lemma [R11

The proof of the second claim is similar to the proof of [LOTI8| Proposi-
tion 9.22], and follows by defining an appropriate continuation map, as we now
describe. Let #: R — R be a monotonic, smooth function such that there are
a,b € R such that 6(t) = m if ¢t < a, and 6(t) = 72 if ¢ > b. The map 0 determines
a diffeomorphism

RY:[0,1] x R — [0,1] x R, defined by R%(s,t) = (pa(s)(s). 1),

where p, denotes the time 7 flow of the vector field v in (I2.2). The map R’ induces
an automorphism of ([0, 1] x R)*, which fixes the fat-diagonal, setwise.
We define a transition map

U772 (CF™ (Hy, He),0™) = (CF™ (H1,Hz),0™)
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by counting index 0 holomorphic curves which are #-matched, i.e., counting ele-
ments of the moduli spaces

(19.7)
MM?}l NJo (‘S'](.:11 9 332? ¢17 ¢2)

(ms, our)(qi:) = p1,
o aQ 9 (ms, 0 u2)(q2,:) = p2,
= (2 €M 0 M55 02 9 (g0 (42,0)) = (moous) (a0,
fori=1,...,k

when indemp (61, 2, M%) = 0.

To see that Y™ 772 is a chain map, one counts the ends of the ¢-matched
moduli spaces for pairs (¢1, ¢2) with indemb (@1, P2, Mx) = 1. It is easily checked,
using expected dimensions, as in Proposition [[.3] that for generically chosen almost
complex structures, the ends of index 1 moduli spaces correspond exactly to broken
curves with two stories, where one story has index 1 and is 71 or 75 matched, and
the other story has index 0 and is ¢-matched.

To see that ¥ 772 is a chain homotopy equivalence, one argues that U277 ig
a homotopy inverse, by showing that U277 o W™ 72 and W 7720 W71 are chain
homotopic to the identity. The chain homotopy is constructed by counting index
—1 curves which are matched over a 2-parameter family of matching conditions. O

We now show that the 7-matched complex is chain homotopic to the ordinary
tensor product complex CF~ (H1) ®gj) CF ™~ (Ha), by letting 7 — oco. Write

6® = 81 ®id+id®32

for the differential on CF™(H1) ® CF™ (H2).
If 59 is a marked source, and g € q, then we define stable and unstable evalu-
ation maps

evi': My(S9,¢) = {1} xR and evy®: M;(5%,¢) = {0} x R,
via the formulas

evi(u) = lim (R"ompou)(g) and evi(u):= lm (R"omou)(q)

where R™ denotes the flow of vy.

DEFINITION 19.7. An oo-matched holomorphic disk representing (o1, d2) €
m2(X1,¥1) X T2(X2,y5) consists of a pair (U;,Us) of 1-story holomorphic combs on
‘H, and Hs, respectively, satisfying the following:

(1) Uy = (u1,a), where u; € My, (ST, #;) satisfies[[M-T)H(M-7)| and a is the
disjoint union of n boundary degenerations aq,...,a,, which each have
Maslov index 2. Furthermore ¢1 = ¢} +n - [¥1], and n = n,, (¢2).

(2) Uy = (b,uz) where uy € My, (552, ¢b) satisfies [(M-1) and b is the
disjoint union of m beta-boundary degenerations by, ..., b, which each
have Maslov index 2. Furthermore, ¢3 = ¢4 + m - [X2], and m = n,, (¢1).
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H1 Ha
) °
° ° T-matched
) ] >0
Uy Ug

(o) °
o oo-matched
e °
ul UQ

FIGURE 19.6. A schematic of a 7-matched curve (top), and a
nearby oo-matched curve (bottom). The dots represent the im-
age under of the marked points under the evaluation map to

[0,1] x R.
(3) The collection q; consists of m marked points (g1 1, ..., ¢1,m) and g, con-
sists of n marked points (¢21,...,¢2,n). Furthermore, for all ¢ and j,

(75, 0 ui)(qi,5) = pis
(75, © u2) ((m oup) ! (ev};;{j (ul))) —ev>®(b;), and
(s, 0 u1) ((WD oup)”! (GVZZJ (Uz))) = ev™(a;).

A schematic of a 7-matched disk and a nearby oo-matched disk is shown in
Figure If (U1,Us) is an co-matched disk, we define the trimming of (Uy,Uz)
to be the pair (u1,us2).

Given two classes ¢1 and ¢o, on H; and Ha, respectively, satisfying n,, (¢1) =
Np, (¢2), we write MM, ; (#1, ¢2) for the moduli space of co-matched disks rep-

resenting (o1, ¢2).
We write Mg, for the matching condition

Mg = (([0,1] x R)* x ([0,1] x R)*>,(0,...,0)).

Note that being Mg-matched is a vacuous condition: any two curves are Mg-
matched. Also, Mg depends on the integers k1 and ko, though we suppress this
from the notation.

We define a formal expansion map

& 7T2(X17YI) X 7T2(X27YQ) - 71—2(X15yl) X 7T2(X27YQ)7

via the formula
(19.8) E(P1, 92) = (61 + np, (d2) - [E1], d2 + 1p, (01) - [Z2]) -
If (¢1,¢2) € ma(x1,¥1) X m2(X2,¥5), then

indemn (01, P2, Mg) = indemn (£'(¢1, ¢2), M#)'
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The tensor product differential 0¥ = 9; ® id +id ®9s coincides with the map
obtained by counting #(M s, (¢1) x M s, (¢5))/R for all pairs (¢}, ¢5) € ma(x1,¥1) X
Uy (Xg, y2) with

indemb(¢/1) ¢/2’ M®) =1L
On the other hand, the count of boundary degenerations from Proposition [7.9]
implies that if ¢1 € ma(x1,y1) and ¢o € m2(x2,y,) are classes which have the same
multiplicity at the connected sum points, and indemn (¢1, 2, My) = 1, then
(19.9)

# (MM 5, (61, 62) /R) = > # (M, (61) x M, (5)) /R.
(91,05)Ema(x1,y1) XT2(%X2,¥2)
E(1:05)=(1.62)

In particular, (I9.9) implies that 9% coincides with the differential obtained by
counting co-matched holomorphic disks representing pairs (¢}, ¢5) with indemp (67,
b, My) = 1.

We define a transition map

YT (CF~ (Hy, Ha), 07) — (CF~ (Hy) @ CF~ (Ha),8%),

as follows. Pick a smooth function #: R — R such that 6'(¢) > 0 for all ¢t € R,
O(t) = 7 for all t < 0, and 0(t) — oo as t — oco. We define a moduli space
MM (¢1,¢2) as in ([O7). The map ¥~ counts elements of the f-matched
moduli spaces ranging over pairs (¢1, ¢2) satisfying indemn (@1, ¢2, My) = 0 and
Np, (91) = Ny, (P2). We may similarly define a map ¥°°~7 in the opposite direction.

LEMMA 19.8.

(1) The map U™ is a chain map.
(2) The map V™7 is a chain homotopy equivalence.

PROOF. The first is proven by counting the ends of index 1 families of -
matched flowlines. Using transversality, the ends are constrained into the following
2-story holomorphic combs:

(1) A 7-matched holomorphic disk with indempb (1, P2, My) = 1, and a 6-
matched holomorphic disk with indemb (¢1, ¢2, M%) = 0.

(2) An oo-matched disk, whose trimming represents a pair (¢}, ¢5) with
indepn (), ¢5, Mg) = 1, and a 6@-matched holomorphic disk with
indemb(dﬁv ¢27 M#) =0.

We claim that in the latter case, the matched moduli space admits a map
to [0,00), defined on a small neighborhood of the broken curve, which is locally
proper and odd degree near 0. We sketch the argument, which is very similar
to [OS04], Section 7.8]. Suppose (u1,us) is such a limiting comb, and suppose
further that u; consists of an index 1 disk with k£ marked points, and us consists
of k index 2 boundary degenerations, as well as a constant flowline. Let ¢; <
cy < --- < ¢ denote the R-values of the marked points of u;. Let Vy denote
(c1 —&,¢14+¢€) X x (¢ —eg,cp +¢), and let V denote the image of V' under the
diagonal R-action. For some small € > 0, gluing gives a map

71 [0,6)" X V = M(¢a),

which is a homeomorphism onto its image. Let U denote the image of 7. The (c; —
g, ¢; +¢) components correspond to the height at which a boundary degeneration is
glued, and the [0, ) components are the gluing parameters. There is an evaluation
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map &vo: U — [0,1)F x R*. Similarly there is an evaluation map evy: M(¢;) —
(0,1)* x R*. The #-matched moduli space is the fibered product of M(¢;) and
M(¢2) under ev; and RY o evs.

If ¢; is an arbitrarily chosen marked point of u;, then the map evg: M(¢p1) — R
given by u — mr(u(g;)) restricts to a diffeomorphism on a neighborhood of u;. Fur-
thermore, we may view the map as extending to a continuous map evg: M(@) —
[—00,00]. We claim that on the #-matched moduli spaces, the map evg is locally
proper and odd degree near co. To see this, we note that a small modification of
[LOT18] Lemma 5.38 (2)] implies that the map &V, is proper and odd degree near
0 X ¢; X -+ X cg. In particular, if ¢ € R is fixed, and u; = evy ' (t) € M(¢1), and
R evy(ug) is a regular value of evg, then there are an odd number of curves in
the #-matched moduli space which have evg = t. It follows that evg is locally odd
degree near co. In particular, combs satisfyingmake odd algebraic contribution,
SO

\I]T—N)O o 87' + 8® ° \IIT—M)o _ 0,

where we are identifying ° with the map which counts co-matched holomorphic
disks, using (I9.9]).

The second claim follows from the same reasoning as the corresponding claim
of Lemma O

19.5. Deformed stabilizations

In our construction of Hg, we will encounter some additional variations of the
matching deformation considered in Section [[9.4 Suppose Hi and Hs are two
Heegaard diagrams with chosen connected sum points, and v is an R-invariant
vector field on [0,1] x R which vanishes on {0,1} x R. We may define a (v, 7)-
deformed differential 8;’_[17 A, Py counting holomorphic disks which are matched by
the time 7 flow of v.

We will need the following fact:

LEMMA 19.9. Suppose that H = (X, «, B, w) is a Heegaard diagram with a
special point p € X\ (aUB), and v is a vector field on [0,1] x R, as above.

(1) Suppose Ho = (T?,a, B) is a standard diagram for S® or L(m,1) and
r€anp. If T € R is generic, then

Daippg, (X X ) = Oy (%) @ .

Furthermore, if ¢ and ¢o are a pair of classes of disks such that indemb (&,
¢o, My) =0, and

MMUTETETN (g, o) # 0,

then ¢ and ¢g represent constant classes.
(2) Suppose Ho = (T? «a,B) is a standard diagram for S' x S%.  Write
{6%,0=} =anp. Then, for generic T € R,

Mgy, (X X 0F) = Oy (x) @ 0%, and

Oy, (XX 07) =0p(x) @07+ Y Cyy-y x0T,

yeT, ﬁTﬁ

for some Cx y € F[U]. Furthermore, suppose ¢ and ¢g are classes of disks,
such that indem, (@, do, My) = 0. Write ¢ € ma(01,602), for 01,02 € anp.
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If gr(61,02) > 0, and
MMPTERT (g, o) £ 0,
then ¢ and ¢o both represent constant classes.

PROOF. The computation of the differential follows from the same argument as
the ordinary proof of stabilization invariance [0S04bl, Section 10]. See Lemma [I0.7]
for details in our present context.

We now consider the claim about index 0 classes. We focus on the claim when
Ho is a diagram for S x S?, since the other cases follow a similar argument. If
oo € m2(01,02) is a class on Hp, then

w(do) = 2nyp, (o) + gr(61, 02).

Hence, if ¢ is a class on H, then

indemp (¢, P, My) = (@) + p(Po) — 21y, (d0) = p(@) + gr(1,62).

If MMUTEMT2l (g ¢g) # 0, then pu(¢) > 0 by transversality. Hence, if gr(y,62) >
0 we must have u(¢) = 0. By transversality, ¢ must be the constant class. It is
straightforward to see that this also implies that ¢g is a constant class. |

19.6. Deformed stabilizations and holomorphic triangles

We need several results about deformed stabilizations and holomorphic trian-
gles, similar to those stated in Section for disks.

We now consider deforming the triangle maps using a smooth vector field v on
A which vanishes on OA and is R-invariant on the cylindrical ends of A. (We only
have need to consider the vector fields va 1 and va 2 from Figure[I9.4). Suppose that
T = (%, a,8,v,w) is a Heegaard triple with a distinguished point p € X\ (@UBU~),
and suppose that 7o = (T2, a, 8,0/, po) is a genus 1 lens space stabilizing triple, as
in Section If ¢ and vy are two classes of triangles on T and 7y, then we may
define their 7-matched moduli space MM (89, S5°, v, 10g) by adapting ([L6).

We define a matched triangle map f7,, by counting 7-matched triangles repre-
senting pairs (1, ¥2) with indemp (Y1, Y2, My) = 0. Given 71,72 € R with 7 < 7,
we may also count representatives of pairs (¢, o) with indemp (¥, %) = —1, which
are T-matched for some 7 € [71, 7). We write f7!.572 for this map.

We have the following analog of Lemma T0.8t

LEMMA 19.10. Suppose that T = (¥, ¢, 8,7, w) is a Heegaard triple with a
distinguished point p € ¥\ (a U BU=), and Ty = (T?,, B,a',po) is a triple such
that (T%, a, B) is a standard diagram for L(m,1), and o’ is a small Hamiltonian
translate of a satisfying |a N a/| = 2. See Figure 1011

(1) If T € R is generic cap € N f and cg o € BN, then

f';-’/\’ﬁ, (X X Ca,B,y X Cﬁ,oz’) = fT(Xa Y> Y @;10/ + Z O;{—,y,z z® @;aH
z€ToNT

for some CL, , € F[U].

x,y,z

(2) If 1,72 € R are generic, and cop € aN S and cg o € SN, then

TP (X X Carpy ¥ X Car)
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) + ; —
Z C’[‘Tv;’;ﬂ "Z® @a,o/ Zf 5170 (00115) - 51’?0 (0/5701’)7
= § z€ToNT,
0 otherwise,

for some C,[:;,’,TZQ] € F[U].

PROOF. The first claim is proven no differently than Lemma[[0.8] using (I0.14]).

The second claim is proven as follows. Suppose ¢ is a class on (3, o, 3,~) and
Yo € m2(Caps Cp.0r, ©) isaclass on (T2, o, B, ), where © € ana’. Adapting (I0.15)
to our present situation, we obtain

(19.10) indemp (¥, Yo, Myg) = u(p) + gr(@(;a,, 0)-1.

Note that any holomorphic curve counted by f;}/\_}; 2 contains an ordinary holo-

morphic triangle on 7. In particular, if (), ) is a pair of classes which admit a
7-matched representative for some 7, then u(v) > 0, by transversality for curves on
T. Combined with (I3I0), we see that if © = O, o and (1,10) has a T-matched
index —1 representative, then u(y)) = —1, which violates transversality. Hence we
may only have representatives if © = @;a/, proving the stated formula. (]

19.7. Deforming F

In this section, we describe our null-homotopy of E, by deforming the holo-
morphic quadrilateral maps using the families of vector fields vy, v and vz on OJ
described in Section

The time 7 flow of v; ; gives a 2-parameter family of diffeomorphisms,

Rl :0—0,
for each i € {1, 2, 3}.
Suppose v; and j; satisfy the analogs of |(vi-1)[{(vi-4)} If JAT = (Js A Ls)seo,1]

is a stratified family of almost complex structures on (X A T?) x O, which covers a
family j; on O, we define the (v;, 7)-matched moduli space of rectangles as follows:

(19.11)
MM?;\’}(S(?Ov Sqa 1/}03 'l/})
(ms 0 u)(q;) = p,
(12 0 u0)(qo,5) = Po,
= (U, S, U, SO) EMJ(Sqa 1/}) XMI(S(?O ) 1/}0) R;r,s((WEIOUO)(QO,j)) = (WDOU)((]J-)?
forj=1,...,k,
S = Sp
We define maps h], h3 and h% with the same domain and range as hi, he and
hs, by counting (v;, 7)-matched quadrilaterals on Qq, Q> and Q3. We define

E™ = F30h71—+F30h72—+F30h§.
LEMMA 19.11. For generic T > 0, the map E” is a chain map.

PRrROOF. The proof follows by counting the ends of index 0, (v;, 7)-matched
rectangles, representing classes (1, 1) in

72 (OF O xxax,yx07), m(O2" xxx,@%rsﬁyyxﬁ_),

Qgz,a2? Yo, Q2,001

(19.12)

can

and mo(x X z, 6—52762’ Gag Y X 07).
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Here, {z} = ¢1 N ¢4, and 6~ denotes the bottom generator of either ¢; N ¢}, ca N ch
or c3 N ch.

We claim that for generic, fixed 7 € [0, 00), the moduli spaces of index 0, (vq, 7)-
matched quadrilaterals on Q; have ends corresponding exactly to the following
2-story combs:

(h1-1) s € (0,1):

e Anindex 1, (v, 7)-matched holomorphic disk in one of the four cylin-

drical ends, where v € {vg, vy}, and

e a (v1,, 7)-matched holomorphic rectangle on Q; of index —1.
(h1—2) s=0:

e A (v10,7)-matched triangle on (X A T?, a3, a1, B3) of index 0, and

e a (v1,0,7)-matched triangle on (X A T?, a3, ctg, 1) of index 0.
(h1-3) s=1:

e A (v11,7)-matched triangle on (X A T?, e, vz, 33) of index 0, and

e a (v, 7)-matched triangle on (X A T?, aa, ey, B3) of index 0.

Similarly, the ends of the moduli spaces of (v, 7)-matched quadrilaterals on
Q- have one of the following forms:

(ho-1) s € (0,1):
e An index 1, (v, 7)-matched holomorphic disk in one of the 4 cylin-
drical ends, where v € {vg, vy}, and
e a (vgs, 7)-matched holomorphic rectangle on Qs of index —1.
(h2-2) s=0:
e A (v2,0,7)-matched triangle on (X A T?, aa, B3, 35) of index 0, and
e a (v, 7)-matched triangle (X A T2, aa, a1, B5) of index 0.
(h2—3) s=1:
e A (v21,7)-matched triangle on (X A T?, ata, 1, 35) of index 0, and
e a 7-matched triangle on (X A T2, ay, B3, B,) of index 0.

Finally, the ends of the moduli spaces of (vs, 7)-matched quadrilaterals on Qs
take one of the following forms:

(hs-1) s € (0,1):

e An index 1, (v, 7)-matched holomorphic disk in one of the 4 cylin-

drical ends, where v € {vg,vy }, and

e a (v3 s, 7)-matched holomorphic rectangle on Qg of index —1.
(h3—2) s=0:

e A (v30,7)-matched triangle on (X A T2, oy, B3, 35) of index 0, and

e a (v, 7)-matched triangle on (X A T2 ay, 85, 3;) of index 0.
(h3-3) s=1:

e A (v31,7)-matched triangle on (X A T?, a1, 35, 3;) of index 0, and

e A (v31,7)-matched triangle on (X A T2, B35, B,, ;) of index 0.

Furthermore, an argument similar to the one in Lemma [[9.8 implies that each
broken curve labeled (h;-j) makes odd algebraic contribution to the count of ends
of its moduli space.

The ends of the moduli spaces in ([[9I2l), of type |[(h1-1)} |(ho-1)| and |(h3-1)]
where additionally the index 1 disk occurs in the (a1, 33) end or the (e, 8;) end,
give the y component of

(OE™ + E70)(x).
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The remaining ends of type((h1-1)} [(ho-1)|and |(hs3-1)have a disk component which is
+(vy, 7)-matched and occurs in one of the ends labeled (s, 1), (a3, a2), (85, 35)

or (By,81). The total count of these ends is zero, since ©5",, @2;37&2, @%?%2 and

@f@; 5, are cycles in the +(vy, 7)-matched complexes by Lemma

Next, the moduli spaces |[(h1-2)| and |(h3-3)| make total contribution zero, by
Lemma [I2.3] and a 7-matched version of Proposition

We now claim that the ends labeled cancel the ends labeled This
follows since both ends feature a count of triangles on (a2, a1, 33), and a count on
either (a3, az, 33) or (ag, a, Bs). The counts of triangles on (X A T2, as, s, B3)
and (XA T2, ag, a1, B35) coincide, since we may destabilize using Lemma [[0.8] and
then identify both destabilized counts with nearest point maps by Proposition [TT.11
Hence, the counts of the ends cancel those of as claimed. The ends
cancel the ends of |(h3-2)[in a similar manner.

Summing over all of the above ends, we obtain OF™ + E70 = 0, completing the
proof. O

We now describe a candidate limiting map, E°°, which has the same domain
and range as E7. We define

E> Z:FgohTO—FF:;Ohgo—'—FgOhgo,

where h$® counts aspect ratio matched, holomorphic quadrilaterals on Q; of index
—1, i.e. E* counts elements of the moduli spaces

MMLC;O/\’E;r(Qp7¢O) = {(’LL, S, Uo, SO) € MJ('(/}) X M[(Qbo) LS = S()}7
ranging over pairs with

indemb(z/}v’(/}()v M®) = M(Qb) + /1’(’(/}0) =-1

Note that in the definition of MMT7" (1,10), we do not require n,(¢) =
Mo (10), and also there is no matching condition at the connected sum points.
In the map h$°, an aspect ratio matched pair (u,ug) representing (v, vy) is

[

counted with a factor of

(]_9]_3) U™mro (o) +1w (w)Tnp("/’)+nz0 (wﬂ)fnpo (o) —mw () .

The weight in (I913)) is the ordinary weight of the formal expansion & (1, 1),
as in (T9.8).

We will show the following:
PropOSITION 19.12. If 7 is generic, then E™ ~ E*°.

The proof of Proposition is technical, and is delayed until Section I9.8
The proof is in the same spirit as the proof of Lemma [[9.8 Before embarking
upon the proof of Proposition [9.12] we prove the following, which, together with
Proposition [[9.12] implies Proposition [9.11

LEMMA 19.13. The map E*° satisfies E*° ~ 0.

ProOF. The proof follows by deforming the aspect ratio matching. For T' € R,
we consider the deformed moduli spaces

MM (W, 400) 1= {(u, 5,00, 50) € M (1) x My (¥o) : pr(s) = so} .
where pr: [0,1] — [0, 1] denotes the time T flow of the vector field from ([T9.2l).
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We consider the ends of the parametrized moduli spaces

(19.14) MM TR g gy = | ) MM (4, 90) x {T,

T€[0,00)

ranging over the classes in (T912)), with indem (¥, o, Mg) = —1.
Firstly, there are ends at T' = 0, which contribute

E>(x).

We claim that any end at T' € (0, 00) must have s € (0,1). Indeed, an end with
T € (0,00) and s € {0,1} would necessarily contain four holomorphic triangles, as
well as potentially a collection of holomorphic disks and boundary degenerations.
By transversality, every holomorphic triangle, disk or boundary degeneration must
have nonnegative Maslov index. However, the total Maslov index must be —1,
since such a curve appears in the boundary of the moduli space of Maslov index
—1 rectangles, leading to a contradiction.

Hence, the ends at finite T" are restricted to consist of holomorphic strips break-
ing off into the 4 cylindrical ends. Furthermore, strips breaking off into the ends la-

beled (a3, az), (a2, 1), (B3, Bs) or (By, B,) cancel modulo 2, since @;F&OQ, (S

@;37 5, and OF"s, are cycles. Hence, the ends at finite 7" contribute
(Ho0+ 0o H)(x),

where H counts index —2 curves (u, s, ug, So), which satisfy pr(s) = so for some

T € (0,00).

Finally, it remains to count the ends appearing as T" — oco. By transversality,
these ends consist of two holomorphic triangles, and one holomorphic rectangle.
Furthermore, since there is no matching condition, the triangles must have index
0, and the rectangle index —1.

More concretely, the broken curves appearing on Q; as T'— oo have one of the
following configurations:

(h$7°-1) s € (0,1), T — oo

e An index 0 triangle on (T2, c3,¢1,c4),

e an index 0 triangle on (T2, c3,co,¢1), and

e an index —1 rectangle on (X, a”, &/, e, B3).

(h19%°-2) s =10, T — oo

e An index —1 rectangle on (T?, c3, ¢, c1,¢5),
e an index 0 triangle on (X, a”, at, B), and

e an index 0 triangle on (X, a”, &/, ).

Similarly, the broken curves arising on Qs have one of the following configurations:

(hs?°-1) s €(0,1), T — oo:

e An index 0 triangle on (T2, ¢y, c}, cb),

e an index 0 triangle on (T2, ca,c1,ch), and

e an index —1 rectangle on (3, o/, o, 3, 3").
(hy™°-2) s =0, T — oo

e An index —1 rectangle on (T?, ¢y, c1, ¢}, ch),

e an index 0 triangle on (¥, &/, e, 3), and

e an index 0 triangle on (3, o, B, 3').

Finally, the curves appearing on Q3 consist of the following:
(h3%°-1) s € (0,1), T — oo:
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e An index 0 triangle on (T?, ¢y, 5, c}),

e an index 0 triangle on (T2, ¢}, ch, c}), and

e an index —1 rectangle on (¥, x, 3,3, 8").
(h37°°-2) s =0, T — oo

e An index —1 rectangle on (T?, ¢y, c, ch, c}),

e an index 0 triangle on (3, o, 3, 3'), and

e an index 0 triangle on (¥, e, 8, 37).

Furthermore, we claim that each of the above broken curves labeled (h;"°°-7) makes
odd algebraic contribution to the count of ends of the moduli spaces in (T9.14]). By
this, we mean that in a neighborhood of a broken curve, the matched moduli spaces
admit a continuous, proper map to [0, c0), with the preimage of 0 being the broken
curve, which is odd degree near 0; see Definition [[9.41

The total count of curves satisfying each of the configurations (weighted by
powers of U and T'), ranging over classes in (I9.12]), vanishes modulo 2, by Lem-
mas and 2.3

Counting up all ends, we obtain F* = [0, H]|, completing the proof. O

19.8. Proof of Proposition [19.12]

As a warmup to proving Proposition [[9.12] we prove the following;:
LEMMA 19.14. If 7,75 € R are generic, then E™ ~ E™2.

PrOOF. We count the ends of the parametrized moduli spaces

MMSTETT2 (4 4h) = U MMP=T(ah,9hg) x {7},

TE[T1,72]

ranging over pairs of classes (¢,1) as in (I912), which have index —1. These
parametrized moduli spaces have ends similar to those described in Lemma [[9.111
For example, in addition to the ends at 7 and 79, the moduli spaces on Q; =
(X AT?, as, as, ai, 33) have the following ends:

(1) s € (0,1), 7 € (r, )
e An index 1, 7-matched holomorphic disk in one of the four
cylindrical ends, and
e an index —2, (vq s, 7)-matched holomorphic quadrilateral.
(h[lTl’T2]—2) s€(0,1), 7 € (11,72):
e An index 0, 7-matched disk in the four cylindrical ends, and
e an index —1, (vy s, 7)-matched holomorphic quadrilateral.
(h[lTl’T2]—3) s=0,7 € (11,72):
e A (v1,7)-matched triangle on (¥ A T?, a3, a1, 35) of some
index k € {—1,0}, and
e a (v1,0,7)-matched triangle on (X A T?, a3, 2, 1) of index
-1 —k.
(h[lTl’TZ]—4) s=1,7€ (m,2):
e A (v11,7)-matched triangle on (¥ A T?, a3, ag, B3) of index
ke {—1,0}, and
e a (v11,7)-matched triangle on (X A T?, e, 1, 35) of some in-
dex —1 — k.
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Furthermore, a gluing argument similar to Lemma [I9.8 implies that each of the
ends labeled (h[ln’m]-j ) makes odd algebraic contribution to the ends of its moduli

space.

The only ends which did not have a counterpart in Lemma [[9.11] are the ends
labeled above. Note that simple index considerations do not prohibit a
similar end consisting of an index —1 rectangle, and a finite collection of index 0
disks. Nonetheless, for generically chosen almost complex structures, the set of 7
which support a 7-matched, index 0 disk is discrete, and hence in each end where
an index 0 disk appears, we may assume that just one appears. Lemma[19.9implies
that the count of the ends of type for curves representing the classes
shown in (I9.I2), vanishes.

Part of Lemma implies that & = 0 in the ends of type |(h; " ™-3)

tion (i ™'-3)l By the previous reasoning, such an end would contain a (v g, 7)-
matched triangle on (X A T?, a3, @z, 1) with index —1 — k. If ¢#1)g is the under-
lying homology class, this implies that

ind(Yttho, My) = p(¥) + pltho) — 2np () = —1.
0}, ,z). By Lemma[0.6 we have pu(¢) =2n,(¥)+gr(0}, , z),

o o o' a0

and Furthermore, we claim that there are no ends with the configura-

Write i € o (6;:,,@,,
and hence

p(tho) + gr(0F r2) = —1.
In particular, u(¢) < —1. However a (vq0,7)-matched representative of #q
contains an ordinary representative of 1y, which would violate transversality for
curves on (T2, ¢3, ¢, c1) with respect to a fixed almost complex structure.

The ends of the moduli spaces MMV 7€Ml (4 4hg) on Qp = (B AT?, g, a1,
Bs,85) and Q3 = (X AT?, e, B3, B4, 3;) have a similar description. A cancellation
pattern occurs similar to how, in Lemma [[9.1T] the ends canceled the ends
and the ends labeled [(75-3)] canceled the ends 1abe In particular,
the ends labeled !h[]ﬁ’m]—élf cancel ends on Qs, and another family of ends on Qs
and Q3 cancel. Counting all the ends, we obtain

E" 4+ E™? =00H" 7™ 4+ H" 7™ 09,

where H™ 7 counts index —2 rectangles which are (v;, 7)-matched for some 7 €
(7'1, 7'2). O

We now move on to prove Proposition The proof consists of carefully
analyzing the ends of index —1 moduli spaces of rectangles which are (v;, 7)-matched
for some 7 € [r9,00). The ends appearing as 7 — oo are more complicated than
those which appeared for 7 € [r1,72]. Unlike in Lemma [[9.8 which concerned
holomorphic disks, the ends which appear as 7 — oo do not correspond exactly to
the map E°.

Before moving on to consider the ends appearing as 7 — oo, we first record the
ends of (v;, 7)-matched moduli spaces which are easy to understand. The ends at
T = 79 contribute the term

E™(x).
As in Lemma [[9.I1] there are ends at finite 7 € 79, 00), similar to|(hy""-1)|...,
and their analogs on the quadruples Qs and Qs. The total count of
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these ends gives the term
(80 H‘rg—)oo + HTO—>OO ° a)(x)’

where H™ 7 counts (v;, 7)-matched, index —2 rectangles, for 7 € [rg, 00).
The ends of the (v;, 7)-matched moduli spaces which appear as T — oo may be
partitioned into two sets:

(e-1) Ends where 7 — oo and s € (0, 1).
(e-2) Ends where 7 — 0o and s =0 or s = 1.

To analyze the ends labeled and we introduce a new type of evalu-
ation map. We first introduce a version of this evaluation map for disks, and then
move on to an analog for triangles and quadrilaterals which is relevant to |(e-1)|
and

Consider the vector field vy on [0,1] x R, shown in Figure [3.3] Suppose S
is marked Riemann surface, ¢ is a homology class of disks, and |q| = k. Write
R*/R for R* modulo the diagonal action of R. There is an unstable asymptotic
evaluation map

evy : M;(59, ¢) — R*/R,
defined as follows. Write q = (q1,...,qx). Let R™ denote the flow of vy. If
u € M;(59,¢), we consider the tuple

(19.15) EIEI ((mr o R™ o mp o u)(q1), ..., (mr o R™ omp ou)(qx)) € £°/R.

Since vy is R-invariant, and £ is a flowline of vy, we obtain a canonical identification
of £ with R. We define evy®(u) to be the image of the tuple in (I9.I5)) under the
canonical identification of ¢¥/R with R¥/R. Note also the existence of the limit
in (I9.13) follows from (I9.3).

Similarly, if ¢ denotes the line {1} x R, and M ;(S9,¢,¢) denotes the set of
holomorphic disks u such that (mpou)(q) C ¢, there is a stable asymptotic evaluation
map

evflt: M (S, p,0) — RF/R,
st

defined similarly. (In fact, in our present setting of holomorphic disks, evy is
induced by the ordinary evaluation (mg ou)(g;), though this will not be the case for
triangles or rectangles).

We now consider analogous evaluation maps for holomorphic triangles and rect-
angles. Suppose that S9 is a marked Riemann surface, and u: S — 3 x A is a
holomorphic triangle for the Heegaard triple (X, 1,74, s, w). Let v denote one of
the limiting vector fields on A shown in Figure (The cyclic identification of
(Y1,72,7v3) with (e, B8,7) is unimportant for our present purposes). If v coincides
with vy on the (7;,7;,)-cylindrical end of A, then we write write £,, -,,, for the
line {2} x [0,00) C [0,1] x [0,00) in the (7;,7;41) cylindrical end of A. Note that
v, ~ipq 18 a flowline of the vector field v. We refer to /., ,,,, as the special line.
We write Wy (€, ~,.,) and (resp. WY (L, 4.,,)) for stable (resp. unstable) sets of
Ly, ~iy1» Dy which we mean the set of points of A whose positive (resp. negative)
flow under v asymptotically approaches the line £, ,, ;. We may similarly define
stable and unstable sets associated to other subsets of A.

If w is a holomorphic triangle with marked source S9, and q, C q is a subset
of the marked points such that

(1916) (ﬂ—A o u) (qO) < WS(K“H,%‘JAL
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then there is a well defined element
eviy (u) € RI%I/R,

defined similarly to (I915). The map evfllt0 determines a continuous map on the
subspace of M ;(S9, ¢) consisting of curves u satisfying (I9.16). The above termi-
nology adapts easily for holomorphic quadrilaterals.

With this notation in place, we can now describe the ends of the moduli spaces
MMPTE0:20) (3 4). We have the following analog of Definition [9.7t

DEFINITION 19.15.

(h§°-e-1) We say a pair U and Uy of broken J, A I,-holomorphic quadrilaterals
on Qp is a simple, (v1,00)-matched quadrilateral, if it satisfies the
following:

(a) U consists of exactly one Js-holomorphic rectangle ue M (59,
P on (X, a”,a, e, 3), as well as a collection of index 2 bound-
ary degenerations by, ...,b,. Furthermore ¥ = ¢’ + [b1] + -+ +
)

(b) Uy consists of exactly one Is-holomorphic rectangle ug €
M, (55°,48) on (T2, 3,2, c1,c4), as well as a collection of in-
dex 2 boundary degenerations dy,...,d,;,. Furthermore, ¥y =
G+ (] + -+ [

(c) np(¥') =m = |q| and ny, (¢)) = n = |qy|. Furthermore,

(m 0 u)(@) € Wi, (ar Uew Uea) and  (r0y0 1) (dp) € WE (e ),
(d) The following matching conditions are satisfied:
(m2 o u)(g;) = p,

(2 0 uo)(qo,5) = Po,
(72 0 ug) ((7('[:’ ougp)t (evg?(u))) =ev™(d;), and
(s 0 u) ((m ou)”! (erfo,j (“0))) = ev>(by).

(h$°-e-1) A pair (U,Uy) is a simple, (ve,00)-matched quadrilateral on Qg if it
satisfies the analog of |(h$°-e-1)| for Qs.
(hg°-e-1) A pair (U,Uy) is a simple, (vs,00)-matched quadrilateral on Qg if it

satisfies the analog of |(h{°-e-1)|for Q.

Examples of simple, (v;, 00)-matched quadrilaterals are shown in Figure 9.7
Note that [(h$°-e-1)] |[(h5°-e-1)| and |(h$°-e-1)| are natural analogs of Definition [[9.7]
for rectangles.

LEMMA 19.16. The ends of the moduli spaces MMUViTE0:20) (4 ahq) which
appear as T — oo and s — so € (0,1) (labeled above) generically corre-
spond to simple, (v;, 00)-matched holomorphic rectangles. Furthermore, each such
broken curve makes odd algebraic contribution to the ends of the moduli spaces

MM’Ui,TE[TD,OO) (¢7 ¢0)

PrOOF. We focus on the curves appearing on Q;. We can view the moduli
space MMV TET0:%9) (4 ay) as consisting of holomorphic curves mapping into (XL
T?) x [, and hence limiting curves may be described in terms of holomorphic combs,
via an extension of Definition to handle holomorphic polygons. Since we are
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g o -
NE=C —

- R \ ~—— I
[ ]
B3 %al ‘
[ ] ©
o 8, “
(h§-e-1) (h$°-e-1) (h5%-e-1)

FIGURE 19.7. Simple, (v;, 00)-matched quadrilaterals from Defini-
tion The open dots denote the images of the marked points
mapping to p € X, and the solid dots denote the marked points
mapping to pg € T2.

restricting to the case that sy € (0,1), the limiting collection of curves consists of
a pair of holomorphic rectangles (one on each of T? x [J and ¥ x ), as well as a
collection of holomorphic curves in the four ends, and also boundary degenerations.
Let us write Uy, ..., U, for the disk levels appearing in the (a2, a3) end. Let us
write V1, ...,V for the disk levels appearing in the (a1, ) end. (These are not
shown in Figure [[9.8) For ease of notation, we group any boundary degenerations
into the disk or rectangle level that they originate from.

As a first step, we will show that generically n < 1 and m < 1, and that there
are no disk levels in the (a1, 83) or (ag, B5) ends. To simply the notation, we first
show that if m = 0, then n € {0,1}. The same argument applies to show that more
generally, n,m € {0,1}. Similarly, it is easy to use index considerations to show
that generically no curves can appear in the (e, 33) or (a3, 83) ends (since here
any disks are vy-matched).

Write Uy for the curves in the quadrilateral level (as well as any boundary
degenerations branching off of this level), and let Ui,. .., U, be the disks in the
(a2, ae3) levels, as above. We can further partition these curves into collections
Us,...,U> and UJ,..., U, depending on whether they map to ¥ or T2 See
Figure [9.8

We now trim off any boundary degenerations from the collections U] and U
(and we call the remaining collections ;" and U;*, abusing notation slightly). This
leaves two types of marked points on the remaining curves. We say a marked point
is coupled if it is matched to a marked point which remains after trimming boundary
degenerations. We say a marked point is decoupled if it was matched to a marked
point in a boundary degeneration.

For i € {0,...,n}, let d; > 0 denote the number coupled marked points on
the curves in Z/{Zjr . The marked points of Z/[zjr must be mapped to the special line
of [0,1] x R or the special line of 0 which extends into the (a2, a3) end. There
is an injection f: {i : d; > 0} — {1,...,n}, which sends an 4 to the index j such
that the d; marked points of Z/[zjr2 are matched with marked points of Lljz. Note
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FIGURE 19.8. A non-generic degeneration appearing in [(e-1)]

that if d; > 0, then the curves of U] are matched with the curves of I/{f(i) via the

asymptotic evaluation map evs"/" applied to the coupled marked points. We write

(19.17) d:=> d.
=0

Write ¢3,...,¢> and ég,..., ¢~ for the homology classes of Uy, ..., U> and
UT,...,UE. Here, ¢§ is a class of rectangles, while ¢ is a class of disks, for i > 0,
and similarly for the classes on . By assumption, we are considering curves which
appeared in the limit of a 1-parameter family of (v;, 7)-matched curves representing

a pair (v, 1) satisfying
(19.18) w() + (o) = 2np(¢) =1, and  np(1h) = ny, (Yo).

Since we have trimmed off boundary degenerations, we obtain

n

(19.19) (@) + (o)) =2d — 1.

=0

Write n” and n* for the number of non-trivial disk levels amongst the & and U},
respectively, ranging over ¢ > 0. We define

q)T = (¢gu-.,7¢57d0""’dn)’

an ordered tuple of classes, counts of coupled marked points. We define an ordered
tuple ®* similarly.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



190 19. CONSTRUCTING THE NULL-HOMOTOPY Hg

We can consider the collection Uy, ..., Us, U, ..., U as living in their own
moduli space MM (®*, ®T) ), consisting of such collections of curves which are
matched under the asymptotic evaluation map. The expected dimension of this
moduli space at embedded curves is given by

(19.20)  dim MM (=, ®T, f) =1+ Z )+ w(¢7) — di — max(0,d; — 1)).

n [[@20), Y7 o (1(¢F) + pu(¢})) is the expected dimension of the unconstrained
moduli space, for a fixed almost complex structure. The +1 in (I9:20) comes from
the parameter s, the summand —d; is the result of the constraint that the coupled
marked points on the T?-side must lie on the special line, and the summand of
—max(0,d; — 1) given by matching condition involving the asymptotic evaluation
map.

The moduli space MM (®* ®T, f) has a free action of R”E*‘"T, where each
component acts by translation on one of the n* + nT non-trivial disk components
of MM(®*,®T, f). In particular for MM (®*,®T, f) to be non-empty, it must
have dimension at least n* + n". Hence (I0.20) gives

1+Z (1(67) + (¢} ) — di — max(0,d; — 1)) > n” +n".

Applying ([9.17) and ([2.19) and rearranging, we obtain that if MM (®*, &7, f)
is non-empty, then

(19.21) d—n"—n" =) max(0,d; — 1) > 0.
Since for each ¢ with d; > 0, the level Llfz(i) is non-trivial, we obtain that

n
n* + Zmax((),di —1)=d+nj,

i=0
where nd’ denotes the number of non-trivial levels of U, ...U> which have no
coupled marked points. Hence, from (I3.2I) we obtain —n® — nd > 0, which
implies that nT = n§ = 0. It follows that n = n* € {0, 1}, since all coupled marked
points must be matched with the rectangle Uj, and at most one level can match
this level. This completes the proof of the subclaim under the assumption that
m = 0. Furthermore, the argument easily extends to handle the case that m and n
are both allowed to be non-zero, and implies that n,m € {0, 1}.

It follows from the above argument that, after trimming boundary degenera-
tions, the limiting curve consists of up to four levels. There are two holomorphic
quadrilaterals, v* and v", as well as potentially two holomorphic disks, ua o and
Uqar.o o0 T2 x [0, 1] x R, which occur in the (a”, ') and (¢, @) ends, respectively.
The curves u, o and uy o are matched to oT via the asymptotic evaluation map.
See Figure

Up until now, we have not used any particular facts about the quadruple Q;.
The key observation that prohibits degenerations like those in Figure 9.9 is that
if ¢ € m(©1,0) is a class of disks on (X,a”,a’) or (X, a/, a), then then

(19.22) p(9) = 2np(¢) +8r(07, 0) > 2n,(9).
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FIGURE 19.9. A more generic configuration, which is still prohib-
ited for Q;.

Write dy o and dos o for the number of marked points mapped to the two
special lines of [, by the holomorphic rectangle on 3 x [J of a curve appearing in a
limiting configuration. Since this curve was obtained in a limit of a path of curves

representing a pair (¢, 1) satisfying (I9.I8]), we obtain, similarly to (I9.19), that

(1923) M(UZ) + /L(’UT) + ,u,(ua//)a/) + M(ua/7a) = 2da”,a/ + 2da/,a — 1.
Combining (I9:22) and (I9:23)), we obtain
(19.24) (™) + p(’) < —1.

However, (I9:24) implies that generically there are no representatives of the pair
(v, v"), ranging over s € (0,1), if vT has one or more coupled marked points which
are sent to the special line, since this adds a constraint of codimension at least 1.
This completes the proof for Q. The proofs for the quadruples Qs and Qs follow
from similar arguments. ]

The count of index 2 boundary degenerations in Proposition [.9]lets us identify
the count of curves of type |(h$°-e-1)| |(hs°-e-1)| and [(h3°-e-1)| with the map E°.
We now consider the ends labeled |(e-2)| above, which appear as 7 — oo and
s =+ 1l ors — 0. We consider the following two types of broken curves (see
Figure [[9.10):
(h$°-e-2) A pair of broken holomorphic rectangles V and Vy on Q;, satisfying
the following:
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(a) V consists of a holomorphic triangle vy o g on (X, a”, o, B) and
a holomorphic triangle vy 4o on (X, 0", a/, ), as well as a
collection of index 2 boundary degenerations dy, ..., d,.

(b) Vo consists of a holomorphic triangle v, c, ¢, on (T?, c3, 1, %)
and a holomorphic triangle ve, ¢,,c, ON (TQ, cs, Ca,c1), as well as
a collection of index 2 boundary degenerations ey, . .. €.

(c) The source of the holomorphic triangle vy o3 has two disjoint
collections of marked points Ao’ 085 qi,,)aﬁ, which we call the
coupled and decoupled marked points, respectively. The other
three holomorphic triangles have analogous collections of marked
points.

We have g, , 5| +19% o o =m and |qf

) €3,C1,C4 ‘ + |q(013702701 ‘ =n.

(€) Vo ,p and Vey ¢y, have no coupled marked points.

(f) v, .o has no decoupled marked points.

) |qg”7o¢’,o¢| - ‘qg3,01,0:’3|'

) The coupled marked points of Veg,er,¢, Map to the special line of

A.

(i) The coupled marked points of vy o/, and Vey 1 ¢, are matched
under the asymptotic evaluation map ev®®/" which takes values
in R¥/R, where k = |q% o ol

(j) The decoupled marked points of vy o3 are matched to the
boundary degenerations eq,...,e,,, similar to part @ of
in Definition Similarly the decoupled marked
points of vy c,c; and vg, ¢, o are matched to the boundary de-
generations dy, ..., d,.

(h$°-e-2) A pair of broken holomorphic rectangles V and V; on Qs, satisfying
the analogs of |(h{°-e-2)|

The argument from Lemma [19.16] adapts to show the following:

LEMMA 19.17. The ends of MM STV () ) labeled [(e-2)] above (i.e. ap-
pearing as T — o0 and s — 0 or s — 1) correspond generically to broken curves
which satisfy either |(hi°-e-2)| or [(h3°-e-2)| Furthermore, any such broken curve
makes odd algebraic contribution to the count of ends of its moduli space.

Write X7° and X$° for the maps which count the elements of 0-dimensional
moduli spaces of broken curves satisfying |(h7°-e-2)| or |(h3°-e-2)} respectively. Com-
bining Lemma[I9.T7 with the proof of Lemma[l9.T4] by counting the ends of |7y, 0)-
matched moduli spaces, we obtain the relation

(19.25) E™ 4 B 4+ X + X3 = QH™® 4 (1075,
We may trim off the boundary degenerations in the definitions of the maps X

and X35°, as in (19.9). Hence X{° may be identified as the counts of quadruples of
holomorphic triangles

(1926) (va”,a,ﬁ, Ues,e1,cy> Vo' o s UCS>C2701)ﬂ

which are equipped with marked points and satisfy the matching conditions of

which furthermore represent a quadruple of triangle classes (Yo a,g,
’(/}03’01,6/3 shar ol as ’(/}63’02,61) satisfying

(19.27) N(¢a’/,a,ﬁ) + N(wcmcl,cg) +1(Yarr ara) + /‘L(¢53702701) = 2ny, (¢a’/,a’,a) - L
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FIGURE 19.10. A schematic of configurations
and Open dots indicate marked points which map
to . Solid dots indicate marked points mapped to T?. Boundary
degenerations have been trimmed.

The map X$° has an analogous description. The maps X{° and X$° assign U and
T weights to quadruples of triangles similarly to (I9.13).
Proposition I3 T2 now follows from ([T9.27]), together with the following lemma:

LEMMA 19.18.
(1) Xe°=0.
(2) X§° ~0.

Lemma [I9.18 is slightly involved, so we prove the two subclaims separately.
We begin with the proof for X{°:
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PROOF OF PART oF LEMMA [I9.18. We focus on the trimmed description
of X7°, which counts 4-tuples of marked holomorphic triangles, as in (IT9.24]).

The map X{° counts 4-tuples of holomorphic triangles, representing 4-tuples
of classes

(’(/}a”,oc,ﬁv w03,cl,cé7 wa”,a’,av ’(/}03,02,01)-

We write S9”.a.5 for the marked source of the holomorphic triangle va» o g). The
marked points q,~ , g are partitioned into coupled and decoupled marked points,
Ao o 5 and qi/,’a’ﬁ, respectively, as in The same holds for the other
three holomorphic triangles, and we use the analogous notation for their marked
sources.

Define

N

= ‘qi&cl,c:’} |a
which we note coincides with |qg, /|- Note that ver o s and ve, e, have no
coupled marked points. We recall from ([[9.27) that

(1928) N(dja",a,ﬁ) + M(qpc;;,cl,cg) + M(qpoc”,a',a) + M(qpc:;,cz,cl) =2N —1.

The matching condition only involves ta o/, and e, ¢, ¢, and it imposes a
codimension 2N — 1 condition, by Proposition [Z.3l More explicitly, the restriction
that qc, ., o, Map to the special line of A imposes a codimension N condition, while

the matching of v, ¢, ¢, and var o o under the evaluation maps evst/un which take
values in RV /R, gives an extra codimension N — 1 condition.

Hence, for a 4-tuple of marked sources and homology classes to have holomor-
phic representatives for generic almost complex structures, it is necessary that
(19.29)

/J('(/)a",aﬁ) >0 M(w03,02,cl) >0, and /”'(wa”,a',a) + M(w03,cl,cg) = 2N -1

Equations (I928) and ([9:29) imply that if a 4-tuple of homology classes and
marked sources have matched representatives, then

(19.30) p(¥ar,a,8) = 1(Yesco,e.) =0 and  p(tar,ara) + N(¢cs,01,0’3) =2N -1

In particular, the curves counted by X on (T2, c3,ca,c;) are exactly the Maslov
index 0 triangles, with no constraints. Consequently, the equality X{° = 0 fol-
lows immediately from Lemma [I2.3] the ordinary count of index 0 triangles on
(T?, c3,c2,c1). O

The computation for X5° is slightly more involved. As in the proof of part of
Lemmal[T9.T8] we focus on the trimmed description of X$°, which counts quadruples
of marked holomorphic triangles

(Vety e Ve el s VB BB s Vo 8,67 )

such that the evaluation under evst/un

Va, 8,8’ coincide.
For the map X3°, the triangles ve; ; ~ have only coupled marked points, and
hence the classes counted by X3° satisfy

(19:31) p(Wey eh,er) + 1(Yp.50.57) + 1(Va,p.67) + (Ve ep.e0) = 21pg (Vg g ,er ) — 1

The matching condition satisfied by va g, and ve ¢ o consists of the follow-
ing. Both triangles have exactly n,, (¢cg,c’2,c’1 ) coupled marked points. The coupled

on the coupled marked points of v, o, . and
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marked points of v, g g~ occur along the special line of A. Furthermore,
_ un
quc, ~ (’Ucévcévc/l) - evqivﬂrﬂ// (Ua7/67/6//)'

See Figure [[9.10] for a schematic.

To define our null-homotopy of X5°, we investigate expected dimensions fur-
ther. Let S9 and Sg° denote two marked sources for 1, 5,5+ and Vet ey et » TESPEC-
tively. Generically, the fibered product

M(SY, Ya,5,6m) Xeystron M(SG, Yoy e o)
will be a manifold, whose dimension near any embedded curve is given by
dim (M(SY, Ya,5,87) Xeystrom M(SG" ey ey ;)
=1(Ya,p.57) + 1(he cp.er) = 2po (Ve ep.cr) + 1.
We now deform the evaluation map. Given r € [1,00), we define
M(SY,Ya,8,8) Xpeyetrun M(SG, Yoy e )

to be the set of pairs of marked holomorphic triangles (ve, e, va,,67) Which
satisfy

(19.33) roevge, | (Vegepe) =evge  (vagpr).

c
ch.chy.ch Ao, 8,6"

(19.32)

In ([333), r acts diagonally on R*/R by multiplication.
Furthermore, the parametrized moduli space

MMT'eVst/un,TE[LOO) (89, S(glo7 V8.6 wcé,cé,c’l)
19.34
(19.34) = | MY tapsn) Xpeprtson MSE, ey 0 0) % {r}

rell,00)

will generically be a manifold, whose dimension near any embedded curve is
dim (MMr.evst/un,Te[l,oo) (Sq7 S(‘)lo , 7/’@,,8,,8”’ 1}[}0{370,270,1 ))
= (Ya,p.57) + M(?/ch,c;,c;) - Q”p(ﬂ’cg,c;,cg) +2.

(19.35)

[1,00)

We define our homotopy H;~'"">” to count quadruples of marked triangles

(Ves ey s Ver el ch s VBB B/ Vo, 8,67 )

satisfying
1(Vey et ) = w(vpprpr) =0 and  pu(va,p,6m) + (Ve ep.cr) = 20p0 (Ve ep.0p) — 25

and such that va,p g and ve ¢ o are 7 - ev*"/" matched for some r € [1,00). A
quadruple of triangles is assigned U and T weights similarly to (I9.13).
Part of Lemma [[9.18] is a consequence of the following lemma:

LEMMA 19.19. The maps X§° and Hgo’[l’oo) satisfy
X3 = [o, Ho ).

The proof of Lemma [19.19] follows from a careful analysis of the ends of the
moduli spaces in (I934)), which we do in the subsequent Lemmas [[9.20] and [9.23
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FIGURE 19.11. The union of the moduli spaces MM™"""" ()
over different configurations ¥. The r-regular subset is shown using
thin-solid lines. The r-flat subset is shown with bold-solid lines.

First, we introduce some notation. Suppose ¥ is a tuple consisting of four homol-
ogy classes of triangles (Vey cp cts Yoy cf .t V887,875 Va,p,57 ), as well as four marked
sources; r > 1 is fixed. Write

MM (D),
for the moduli space of quadruples of marked triangles (vey ) ¢, Ve, e ¢, VB,67,6 5
Va,p,67) such that ve, o o and va g g7 are matched under r - evst/1  Similarly, we
write
(19.36) MM releo) ()

for the parametrized moduli space, consisting of such quadruples, which are r-
matched for some r € [1,00).

Note that the number of coupled marked points in the four homology classes
of W is fixed. Namely, the sources of v, ; o and va g g both have n,,(cs,c5, c})
coupled marked points. All other marked points are decoupled. We note that ¥
also contains the information of a bijection between the coupled marked points of
UCQVC'QVCQ and Va,B,8" -

We wish to count the ends of the moduli spaces ./\/l/\/lr'evdt/un”"e[l’oo)(\ll), rang-
ing over configurations ¥ which satisfy
(19:37) (e ch ) F1(Wer chp)F (8,7, 87) +1UWa,8,87) =2 (Yo e ;) +1 = 0-

These are exactly the configurations ¥ where ([9.36) has expected dimension 1.
Using (I9.30)), we see that there are two ways a tuple ¥ can have a 1-dimensional
moduli space:

(r-1) r-regular:

1(Wey,ep,er) = 1Y) =0 and  p(ta,s,87) + (e ,ep.er) = 2np (Vey e,eq) — 1.
(r-2) r-flat:

M(#’cl,cg,cg) + ﬂ(wﬁﬁ/ﬁ”) =1 and M(wmﬁvﬁ”) +M(¢cg,c;,c;) = 2ny, ('l/}Cé,C’z,C’l) -2

For r-flat configurations ¥, projection onto r of /\/l./\/lr'ekun7re[1’°°)(\1/) is locally
constant. A schematic is shown in Figure [9.111

We now enumerate the ends of the moduli spaces MM7-eV™/"" r€lL,00) (¥) which
occur at r € [1,00):
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8

]
C3

FIGURE 19.12. A collision of evaluation (center) appearing
in the boundaries of two families of r-matched moduli spaces (left
and right).

LEMMA 19.20. Suppose that ¥ is a configuration of homology classes, decorated
sources, and marked point matchings which satisfies ([337), and has incoming
intersection points at a fivzed x € Ty, N Tg,, as well as the canonical inputs, as
in ([912). Let k denote np, (Ve e ¢, ). Generically, the ends of

MMr-evSt/““,re[Loo) (\I’)

occurring at finite v € [1,00) correspond to the following configurations:

(¢-1) The curves atr = 1.

(c-2) (Disk breaking) A 5-tuple of the form (u,vg g 7, Va,,67s Vel ch.chs Vey o)
where u is a holomorphic disk of Maslov index 1, in any of the twelve
cylindrical ends of the 4-manifolds corresponding to the triple diagrams
(,8,8,8"), (Z,a,8,8"), (T2,c;,ch,¢4) and (T2, ¢1,¢5,¢,). The disk u
has no coupled marked points, while vey o, o and va,p,57 each have ezactly
k coupled marked points. Furthermore, v, o r has no decoupled marked
points. Finally,

wgprpr) = e, ef ) =0 and (Ve e o) + 1(Va,p.57) = 2k — 2.

(¢-3) (Collisions of evaluation) A quadruple (vgﬁz,gu,v;ﬁﬁ,/,b, Vel ch ) 5
U0170'3761)’ where vg g1 g1, Vel oy o 5 Vey el e, are holomorphic triangles satisy-
ing the triangular analogs of [((M-V)H(M-T)l The curve v, 5 ., satisfies
(M-1)H(M-T7), except that it has one additional interior puncture, which
matches p € X to first order. Furthermore (ma o vy g,87)(q) is contained
in the special line of A, and also corresponds with the image of the con-
stant bubble b. The asymptotic evaluations of the coupled marked points
of (v&’ﬂ’ﬂ,,,b) and v, o o coincide, and furthermore have exactly one re-
peated entry. Furthermore, the tuple (ma o UC’svc’va’l)(ch,cg,c’l) congsists of k
distinct points. Finally,

wgprpr) = (e, ef o) =0 and  p(ve, e ¢ ) + 1(Va,p.57) = 2k — 1.

PROOF. The degenerations labeled |(c-1)} [(c-2)| and |(c-3)| occur in the correct
codimension, so it suffices to prove that there are no additional ends. To prove this,
we first describe which degenerations occur generically in the ends of 1-dimensional
r-matched moduli spaces, and then use several facts about Qs to prohibit degen-
erations beyond those in the statement.
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We consider a degeneration at some r € (1,00), consisting of a pair of combs,
which together consist of two curves on ¥ x A, two curves on T? x A, as well as a
collection of boundary degenerations and curves in the cylindrical ends. To analyze
the limiting curves, it is helpful to combine the level structures in the (¢4, c¢5) and
(ch,c¢}) ends into a single level structure. We view limiting curves in this end as
mapping into T? x ([0,1] x RU[0,1] x R).

We may assume that a comb is the limit of a r-regular family, since r-flat
families involve only degenerations of the curves vq,5,57 and v, o, o+. For an r-flat
family, one of vq,5,47 and ve, o o has Maslov index 1, while the other has index 0.
Hence, all degenerations correspond to an index 1 disk breaking off, which contains
no coupled marked points; this is a special case of Hence, it is sufficient to
consider limiting combs involving only degenerations of Vel eh,c, and va,g .

Next, we note that any holomorphic disk appearing in the (a,3) or («, 3")
end has no coupled marked points, by definition of the vector field v3, and hence
must have Maslov index 1 (as the remaining components would otherwise violate
transversality). It is easy to see that the resulting configuration satisfies

We now consider degenerations which involve non-trivial holomorphic disks
breaking off in the (3, 8"), (c4,ch), (ch,c}) or (c,c}) ends, or non-trivial boundary
degenerations. Suppose that ¢ and V are the combs appearing in such a degener-
ation, and let I/ be on the T?-side, and V be on the ¥-side. As described above,
we may assume that this degeneration was the limit of an r-regular family. For
notational convenience, we trim v, and vg g g~ (which are index 0 triangles)
from U and V. Write Uy, ...,U, for the levels of U, and Vy,..., V), for the levels
of V. See Figure [9.13

Let d; denote the number of coupled marked points of U;, and let

d= Zn:di.
i=1

Define
I'={i:1<i<m, d;>0}
The matching of marked points descends to an injection
f:I={1,...,n}.

When neither U; nor Vy(; is a boundary degeneration, the curves U; and Vy;
are matched under r - ev$"/". (When one or both of U; or V(i) is a boundary
degeneration, there is still a matching condition which is satisfied, though it is
more subtle and not important for our purposes).

Write @], ..., ¢L for the homology classes of Uy, ..., Uy, and ¢7, ..., ¢> for the
homology classes of Vi,...,V,,. For each i € I, we define

ki = u(d]) + u(df ) — 2di.
Since U and V are the limit of a family of curves representing a pair (¢.s.3",
Veyep.c;) With
1(Ya,p,67) + (Ve eh,0;) —2d = —1,

we obtain the formula

(19.38) Domit Y wleD)+ Y ule)) =1

i€l ie{1,...,n}\I JE{1,.... m}I\f(I)
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FIGURE 19.13. An evs"/""-matched pair (Va,p,85 Vel eh.c; ) (tOD)
and a nearby comb (bottom). The pictured degeneration occurs in
high codimension.

By transversality, if i € {1,...,n} \ I and ¢, is a non-trivial homology class of
gF-gons, then
(19.39) w(oi) >3- g;.

An analogous lower bound holds for each j € {1,...,m}\ f(I).
We now claim that for each i € I, if U; is a holomorphic g} -gon and Vi is a
g--gon, then

5—gf —gF—0(i) if gf>1 and g¢gF >1,

19.40 o 3—gr +d; if gf=1 and g¢F >1,
( ° ) Ki =2 3_ T .f T >
95 if g;>1 and g =1,

2d; if g-=g =1

for some function ¢: I — {0, 1}, satisfying
> (i) < 1.
icl
We note that the bound in ([9:40)) is not dependent on the quadruple Qs in any
way.
We now prove ([[2.40). Suppose first that g7,g” > 1. If r is fixed, then
the moduli space of 7 - ev®*/"-matched pairs of holomorphic curves representing
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the classes ¢, and ¢?(i) has expected dimension k; + 1. The expected dimension

ranging over r € (1,00) is greater by 1. If an r - evst/"_matched moduli space is
non-empty for some 7, then it must have dimension at least (3 — g°) + (3 — g7 ),
since the map ev®"/" is invariant under the translation action on the moduli spaces
of disks.

Note that if k; +2 = (3 —gF) + (3 — g} ), such configurations do not appear for
generic r. It follows that there is at most one i € I such that (U, Vy(;)) contains
no boundary degenerations and the r-matched moduli space generated by the ho-
mology classes of U; and Vy(;), parametrized by r € (1,00), has expected dimension
6 — g — g:. This pair corresponds to the 7 € I with (i) > 0. The remaining i € I
such that (U;, Vy(;)) has no boundary degenerations must live in r-matched moduli
spaces (with r ranging over (1,00)) which are 1-dimensional. Since k; + 1 is the
expected dimension, this immediately gives the first line of (I9.40).

Suppose now that g; = 1 while g > 1, so that if; is a boundary degeneration.
By definition, k; = u(qb?(i)). On the other hand, the curve Vy(; contains a disk
or triangle where the d; coupled marked points are mapped to the special line.
The subspace of M(¢) which satisfies this constraint has expected dimension
u(qﬁ?(i)) — d;. Hence, for a representative to exist, we must have k; = u(¢F) >

(3 — gF) + d;, as claimed. This gives the second line of ([3.40).
Suppose now that g = 1. In this case, ; = u(¢; ). Since ¢, has a holomorphic
representative, we know that u( 1}(1.)) > 3—gr. This gives the third line of (I9.40).

If g7 = g = 1, then the fourth line of (IZ.40) is in fact an equality.

In the setting of a general Heegaard quadruple, (I9.40) implies that the generic
degenerations of 1-dimensional 7 - ev®/""-matched moduli spaces which are para-
metrized over r € (1,00), and also involve a non-trivial disk or boundary degener-
ation, must consist of one of the following (see Figure [9.14)):

(g-1) A pair of holomorphic triangles which together have k; = —2, as well as a
Maslov index 1 disk in the (cf, ¢} )-end, whose coupled marked points are
matched to the coupled marked points on a (X, &) boundary degeneration.
The disk and boundary degeneration together have x; = 1.

(g-2) A pair of holomorphic triangles which together have k; = —1, as well as
a pair of disks with a non-zero number of marked points, which together
have k; = 0. One disk occurs in the (cj, ch)-(ch, ¢})-end (recall we have
collapsed the level structure over these two ends), while the other occurs
in the (3, 3")-end.

(g-3) A pair of holomorphic triangles which together have k; = —2, as well as
an index 1 disk in any end, which contains no coupled marked points.

We remark that in we have not ruled out the boundary degeneration from
containing further ghost curve levels (e.g. resulting from the collision of two marked
points).

We claim that the degenerations and are non-generic for Q3. The
necessary extra fact is that any class of disks i on one of the three ends of

(T2, ¢4, ch, c}) satisfies
(19.41) (1) = 20, (1),

We consider first|(g-1)} Suppose a limiting comb had a matched level (U, Vy(;))
such that U; is a holomorphic disk, and Vy(;) is a boundary degeneration. From
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FIGURE 19.14. Codimension 1 degenerations in Lemmall9.20/that
are prohibited for Qs.

(O41)) and the definition of k;, we obtain
Ri = 2d7,7

which can never be 1.

Next, we consider Suppose a limiting comb had a matched level (U;, V()
consisting of a holomorphic disk in the (c§, ¢5)-(ch, ¢})-end, matched to a disk in
the (3, 8")-end. Furthermore, suppose that x; = 0. Combining the definition of ;
with (I941]), we obtain x; = u(¢f( ), which must be at least 1 for ¢E 7(iy to have a
holomorphic representative. We obtam a contradiction, so ends of the form |(g-2) -
are prohibited. Hence,|(g-3)|is the only generic degeneration for Q3 which involves
non-trivial disk or boundary degeneration levels. We notecorresponds to

We now consider limiting combs which do not involve a holomorphic disk or
boundary degeneration breaking off. Such a limiting comb must contain a ghost
curve (i.e. a curve which has constant value), or the formation of a double point.
Limiting combs containing a ghost curve and double points on the T-side occur
in codimension at least 2, and hence do not feature in codimension 1 degener-
ations featuring in the statement. This is proven as follows. A standard argu-
ment [LOTI18, Lemma 5.57] implies that double points and ghost curves which
do not contain a marked point occur in codimension at least 2. Ghost curves
containing one coupled marked point are prohibited by identical reasoning. Ghost
curves containing more than one coupled marked point are prohibited by combining
[LOT18l Lemma 5.57] with the expected dimensions of moduli spaces with tan-
gency constraints using Proposition [Z.3l Double points on the Y-side are prohibited
by similar reasoning.

Ghost degenerations on the -side are slightly more subtle, since the coupled
marked points are already matched to the special line. Ghost curves containing
0 or 1 marked points are prohibited by identical reasoning to the T-side. More
generally, suppose U; and Vy(;) are a matched level, as above, and Vy(;) contains a
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ghost curve with £ > 1 marked points. Suppose further that V(;) is not a boundary
degeneration. We can trim off the ghost curve, and fill in the remaining puncture
with a marked point, to obtain a curve with a marked point which matches p € ¥
to order £—1, and also matches the special line. An easy computation using (I[3.40)
shows that we may increase the lower bound of k; appearing in (I9:40) by ¢ — 1.
There is exactly one configuration which satisfies this modified ([[9.40), which is
the case that U; and Vy;) are both triangles, £ = 2, and there are no more levels.
We restricted above to the case where the topological source of the ghost was a
sphere. Ghost curves with more topologically complicated sources can be seen to
live in codimension at least 2, by adapting [LOT18| Lemma 5.57]. |

The ends labeled correspond to the expression
X5°(%).

Amongst the ends labeled [(c-2)| disks breaking into the ends (a, 3) and (a, 3")
correspond exactly to

(8H§°’[l’°°) + H§°’[17°°)8) (x).

We claim that the remaining ends occuring at finite r € (1,00) make vanishing
total contribution:

LEMMA 19.21. The total weighted count of the broken curves labeled |(c-2)|, not

occuring in the (a,B) or (a,B")-cylindrical ends, as well as the broken curves

labeled vanishes.

PrOOF. The total count of broken curves with the configuration where
the disk occurs in one of the cylindrical ends labeled (3,3"), (8',8"), (c4,ch),
(ch,ch) or (c1,c5) or (c1,¢}) vanishes since the special inputs (i.e. O, o, @Eﬁ,,
etc.) are cycles.

The remaining configurations from corresponds to a Maslov index 1 holo-
morphic disk, with no coupled marked points, breaking off in one of the (3, 3")
cylindrical ends. These degenerations occur in canceling pairs: if U = (vqa,g,87,
VB,B7,8'" Vel b )y » Ver el ) » u) is such a limiting comb, then we may glue u to either
vg,p/,8" O Vg g g to obtain a 1-dimensional moduli space with ¢/ in its boundary.
(Note that such ends correspond to transitions between the r-flat and r-regular
moduli spaces).

We now consider Suppose the punctures ¢; and g2 bubble off in a once
punctured sphere, denoted Tj"%. We write v&’ s, for the holomorphic triangle
on (X, a, 3,3") obtained by trimming off the bubble, and we write q for the set
of coupled marked points on this level (including ¢; and ¢2). We write Ves e e, for
the holomorphic triangle on (T2, c}, ch, c}), and q, for the coupled marked points
if Vel e ¢, - Lhere are two marked points, 41,95 € qg, which are matched with ¢;
and ¢, respectively. In the formation of the limiting comb, we may rescale the
Y-component near p, and also rescale the A component, to obtain a limiting curve
vo: T ® — C x C. We view S? x S? as the compactification of C x C. Note that
we can complete vg to a map from S? into S? x S2.

Let us write m: C x C — C for projection onto the first factor, and 7y for
projection onto the second.

The following two properties of vy are immediate:
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(vo-1) vy maps ¢; and g2 to {0} X R (here we view R C C as the image of the
special line in A after rescaling).
(v0-2) wo maps the puncture of Ty to (00, 00) € S% x §2.
We claim that generically vg will also have the following properties:
(v9-3) The map 72 o vy has degree 1.
(vo-4) If we identify (7o, qo,q1) with (C, —1,1), then the map m o vy takes the
form

(mpowvg)(2) =a(z+1)(z—1)
for some a € C*.

Property [(vo-4)| follows from [(vp-3)} as well as (vp-2)| and basic complex

analysis. Property |(vo-3)| is proven as follows. We can view the source of ”:1, 8.3
as having a marked point ¢, which is mapped to a point (p,d) € ¥ x A, which is
the same point where the ghost bubble maps. If the degree of ms o vy was greater
than 1, then vy, 5 5, would have the property that (7s o vy, 5 5.)(¢) = p to order
1, (a0 v;ﬁﬁ,,)(q) is in the special line, and wa o U;,ﬁ,ﬁ” has vanishing derivative.
Using the dimension counts of Proposition [[3] we see that the expected dimension
of the moduli space of such curves is too small (it drops by 3 instead of by 1), so
does not appear in codimension 1 degenerations.

Let us write U’ for the four triangular components of the limit (with the ghost
trimmed off). We view (U’,vg) as being in the compactification of the moduli
space MMrev™/ " reLe0) (®), for some collection of homology classes with marked
sources and matching data, which we denote by ®. There is exactly one other
configuration ® which contains a canceling broken curve of the form (U’,v). The
curve v}, is the same as vy, except with the matching of (g1, ¢2) and (qi, ¢5) switched.

O

It remains to show that each of the broken curves described above make odd
algebraic contribution to the count of the ends of the matched moduli spaces.

LEMMA 19.22. Near a broken curve labeled or there is a neighbor-
hood in the compactification of the matched moduli spaces which admits a proper
continuous map to [0,00) which is locally odd degree and proper, such that the
preimage of 0 is the broken curve.

PrOOF. We focus on the ends labeled since the ends labeled can
be handled by a similar argument. Let us write (U’, vg) for a broken curve satisfy-
ing

Since the source of vg is a once punctured sphere, the map vy achieves transver-
sality for any split almost complex structure; see [MS12| Lemma 3.3.1]. (Compare
[LOT18| Proposition 5.16]).

We first establish some notation. First, trim off the curves vg g g and ve, ¢; ¢/,
since they are index 0 and have no constraint. Write vg’ s, for the limiting triangle
on (X, e, 3,3") with the bubble trimmed off. By filling in the order two Reeb orbit
with a marked point, we can view v(’l’ 5.5 as being an element of the moduli space
of holomorphic triangles representing 1, g g, which have n—1 marked points, n—2
of which are order 1 at p, and 1 of which is order two, but which have no constraint
with regards to the special line. We write W, for a small neighborhoof of v;“ 8.8
in this moduli space.
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We write N for the moduli space of holomorphic maps vg: Ty — S? x S? with
2 marked points, and one puncture, which satisfy the following conditions. We
assume that 7 o vg is asymptotic to oo with order 2 at the puncture of Ty, and
(m1 0vp)(g;) = 0 for i € {1,2}. Finally, we assume that 72 o vy is degree 1.

We write G for the group of transformations of C given by {z — az+b:a >
0,b € C}. We write N for the quotient of A% by G (where G acts on the second
factor of a map). Note that complex analysis identifies N, with S

Standard gluing results imply that the above neighborhood Wy of v(’x’ 5,5 May
be chosen so that there is a map

v Wo x Ny x [0,6) = W,

which is a homeomorphism onto its image. Here, W denotes a neighborhood of
(v(’l) 8.6 vg) in the compactification of holomorphic triangles which have n marked
points which each match the point p € ¥ to order 1. We write W for the interior
of W. The factor [0,¢) is the gluing parameter.

Write U for a neighborhood of v o o, inside the moduli space of triangles
representing ¢ o, which have n marked points which match po € T? to order 1.

Let r¢ denote the value of r where the bubble forms. Note that we can view the
evaluation map ev®® on U as taking values in A" /R, where R acts diagonally by the
flow of v3 1. We can pick a diffeomorphism of A with C, such that the time ¢ flow
of vz 1 coincides with the map z — 2z 4 t. Hence, we will view the evaluation map
as taking values in C" /R, and we assume the special line is the real axis. Similarly,

r - evs® can be thought of as having values in the same space, but taking values in

R"/R C C"/R.

Define

Vg1,q2 T Re(eVQ2) - Re(eVQ1)7

and write &vg, 4, for the continuous extension to the compactification. Note that
near (U',vg), 4, 4, is either nonnegative or nonpositive (depending on the ordering
of the marked points along the special line), and the only zero is (U’,vy). For
concreteness, assume evy, 4, > 0. We will show that the map evg, 4, is locally
degree 1 near (U’,vg), which will prove the main claim.

Consider the diagram

RxU RxWﬁRxWoxﬁgx[O,a)
(19.42)

R x C"/R

where
evi(r,u) = (r,r-ev®(u)) and eva(r,v) = (r,ev(v)).
Near (U, vg), the moduli space ./\/l/\/lr'ekun7re[l’°°)(<l>) is the fibered product of
evy and evy. We define Igo (resp. Z;" or IY) to be subset of Rx U where evg, 4, > 0

(resp. evg, g, > 00r evg, 4, = 0). For generically chosen almost complex structures,
the following two statements follow from an adaptation of Proposition [.3t
e The maps evy and evy are transverse, when restricted to 150 and R x W,
respectively.
e The maps evy; and evy are transverse, when restricted to Ig and R x W,
are transverse, and have U’ as an intersection of their images.
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Finally, we note that MMT'eVSt/u"TE[L"O)((I)) is identified with the intersection of
the images of Igo and Rx W. Lemma[[3.5 can be used to show that the map &v,, ,,

is locally proper and odd degree near 0 on MMrev™™ r€[L,20) (@), completing the
proof. O

It remains to count the ends which appear as r — oo.

LEMMA 19.23. The ends appearing as r — oo consist exactly of 4-tuples of
curves
(Vety e Ve ey s VBB, 8" s Vo 8,67 )
as follows.

(1) The curves Vel ey et s Vey ey s V8,87 all have Maslov index 0, and have
no marked point constraints.

(2) If k = npy(vey,e.c0) > 0, then v, g has Maslov index 2k — 1. Further-
more, Va,3,57 has exactly one coupled marked point (and any number of
decoupled marked points). This marked point projects to the special line,
and matches p to order k — 1. If k =0, then v, 3,37 has Maslov index 0
and no constraint.

Furthermore,

(g-1) The total count of such broken curves, weighted by their appropriate powers
of U and T, is 0.

(g-2) Each of the above broken curves has a neighborhood in the compactification
of 7 - evS!/ "™ _matched curves which admits a map to [0,1) which is degree
1 near 0.

PROOF. Similar to Lemma [[9.20] we first give a general description, and then
specialize to the quadruple Q3. The argument therein adapts without substantial
complication to show that the limiting curves as r — oo consist of the following
configurations:

e An index 0 triangle on (3, 3,3, 8”), with only decoupled marked points.
e An index 0 triangle on (T?, ¢1, ¢}, ¢}), with only decoupled marked points.
e An index 0 triangle on (T2, ¢}, ch, ¢} ), with only coupled marked points.
e A collection of Maslov index 1 disks in the (c},c5) and (4, ch)-(ch, c))-
cylindrical ends of (T?, ¢}, ch, c;). (An index 1 disk in the (cf, ch)-(ch, c})
consists of an index 1 disk in either of the (¢4, ¢5) or (ch,c}) ends, and a
constant disk in the other). All marked points here are coupled. Suppose
there are n > 1 levels here, and write k1, ..., &k, for the number of marked
points in each level.
e A broken holomorphic triangle on (X, a, 3, 3") of Maslov index 2(k; +
-+-+k,) — 1, with n interior punctures, which each project to the special
line. Furthermore, the i* puncture matches the point p € ¥ to order k;.
Additionally, there is one ghost component for each ¢ € {1,...,n} such
that k; > 1. This ghost component consists of a sphere with one puncture,
and k; marked points.
See Figure for a schematic. We note that in the limit, we can rescale any
ghost bubble to obtain a map of a once punctured sphere into C x C, as we did in
Lemma For the component corresponding to i € {1,...,n}, the k; marked
points of this rescaled curve are mapped to {0} x R C C x C. If we identify the
source with C, we may identify the marked points with numbers a,...,ax, € R.
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Furthermore [(av, . . ., a,)] € R¥ /R coincides up to an overall scalar factor with the
asymptotic evaluation map, applied to the corresponding holomorphic triangle on
(T, ¢, ¢, ¢}) or holomorphic disk mapping into one of its cylindrical ends. Gluing
gives an identification of a neighborhood of such a configuration with (0, 1].

In the present case, that Maslov index formula from (I9.47]) implies immediately
that n = 1, since there are no holomorphic disks in the ends of (T2, ¢}, ¢, ¢;) which
have Maslov index 1.

Claim the count of such broken curves, follows from Lemma [I2.3] since
the holomorphic triangles on (T?, ¢}, ch,c}) are unconstrained. Some care is re-
quired to verify that the weights of the curves cancel, since Lemma [[2.3] holds with
the algebra weights U"»o (1g)T"#0 (¥0)=7wo(¥0) “and for the curves in the limit, the
punctures at pg do not contribute any U-weight or T-weight. Instead, a class ¥y
is given T-weight T"=0(¥0) and no U-weight. We observe that the index 0 triangles
on (T?,c}, ¢y, c}) may be indexed by s € 2Z + 1. The triangle u; has

m((s+2)% —1)
— 5

2
Ny (Us) = M and  ng,(ug) =

In particular,
Nz (Us) =Ny (u—s) (mod m).

In particular, the two triangles us and u_, have the same multiplicity at wy and
contribute the same U and T-weight. Hence, the curve quadruples appearing as
r — oo will cancel when counted with U and T weights.

We remark that it is in this model computatation that we use the choice of
the involution described in Remark [6.3 Indeed if we had taken the connected
sum at zp € T? instead of wg, then the curves u, and u_s_4 would have the same
multiplicity at the puncture zy, but these curves contribute different U-weights
since the exponent of U is not taken with values modulo m.

We now consider claim The proof is very similar to the proof of Lem-
ma We let N,, denote the moduli space of once punctured spheres with n
marked points, which map to C x C, have an order n puncture mapping to (0o, 00),
whose projection to the second factor is degree 1. We further assume that each
marked point projects to 0 in the first factor. The group G of transformations of
C given by {z = az+b:a > 0,b € C} acts on N, and we write N, for the
quotient. We let ¢; and g2 be two of the coupled marked points of the curve on
(3,0, 8,8"), and let ¢} and ¢} be the corresponding marked points of the curve
of (T?,¢c},ch,c)). Write (v, .55 v0) for the limiting triangle and marked bubble
on (X, ,3,8"). Let Wy denote a neighborhood of v;ﬁﬁ/, in the moduli space
of holomorphic curves representing 1. g g+ which have an order n marked points
which match p € ¥ to order 1, but which do not necessarily map to the special line.
Standard gluing results give a homeomorphism

v Wo X Ny, x [0,¢) = W,

where W is a neighborhood of (v5, 55> v0) in the compactification triangles on
(3, e, 8,3"), with n marked points which each match p to order 1.

We let U denote a neighborhood of the limiting representative of 9, o o . In
the present case, U consists of a single point, since ¢, o, » has Maslov index 0.
In particular, we may assume that Re(ev, —evy ) is non-zero. Let V' denote a
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C1

FIGURE 19.15. A curve appearing as r — oco. For Qs, the only
generic configuration occurs when there are no disk levels.

neighborhood in ./\7n of the bubble curve vy. We assume that on V, any curve

satisfies Re(evy, —evg,) > 0. Let Wy denote the image under  of Wy x V x [0, ).
It is helpful to consider the parameter r € (0, 00] as instead taking values in

[0,00), which we do by the change of variables s = 1/r. We consider the diagram

(19.43) 0oe = Rx Wy ¢ Rx Wy x V x [0,¢)

1]R x C"/G xR x [0, 00)
In (19.43),
evi(s,u) = (s,ev®(u),0, s Re(evy, (u) — evy,(u))),
and
eva(s,v) = (s,8v(v),im(evy (v)), Re(evy (v) — evy (v))).

The images of the codimension 1 facets {0} x U and R x Wy have a trans-
verse intersection point corresponding to (vcs,‘cé‘c,1 ,Va,8,8", Vo), S0 Lemma [[9.5] im-
plies that the map Re(evqi - evqé) is locally proper and odd degree near 0 on the
fibered product of the diagram in (I3.43)), which one may easily show coincides with
%/lm’re[l*o")(@) near the limiting curve. O

MMr-ev*

Lemma [[9.19 now follows from Lemmas [[9.20] and [3.23] As a consequence,
Proposition [I9.12 follows, and hence from Lemma [[9.13] we obtain Proposition I9.11
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CHAPTER 20

The involutive mapping cone formula and surgery
exact sequence

In this chapter, we prove Theorem [[.4] of the introduction. Let

A:HAS and B::HBS.

SEZ SEZL

Ozsvéth and Szabé describe a map D,,: A — B so that CF ™ (Y,,) is quasi-isomor-
phic to X, := Cone(D,,: A — B).

It is also helpful to consider a smaller model of the mapping cone. If b € N, we
define the horizontal truncation of X,,, denoted X,,(b), to be the submodule

(20.1) P Ao P B.

—b<s<b —b+n<s<b

We endow X, (b) with a differential D,, by viewing X,,(b) as a quotient of X,, if
n > 0, and viewing X,,(b) as a subcomplex if n < 0. We write A,,(b) and B,,(b) for
the two summands of X, (b).

If n > 0, then for large b, the quotient map

II: X,, = X,,(b)

is a homotopy equivalence. For n < 0, the inclusion from X, (b) to X,, is a homotopy
equivalence for negative n. See [OS08b), Lemma 4.3].
In this chapter, we prove the following:

THEOREM 20.1. Suppose n € Z \ {0}, Y is an integer homology 3-sphere,
and K C Y is a knot. The involutive Heegaard Floer homology CFI™(Y,) is
homotopy equivalent over the ring F[U][Q]/Q? to a complez F[Q]/(Q?) @r (A & B)
with differential specified by some F[U]-linear maps as below:

Q-A——bD,— Q- B.

In fact, the t-complex (CF ™~ (Y,,),t) is t-homotopy equivalent to the complex X,, :=
Cone (D,,: A — B), with involution vx := 1p + H + 1g. Furthermore, the following
hold:

(1) D,, =v+ h, where v sends A to Bs, and h sends Ag to Bgip,.

209
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(2) 1a sends Ag to A_s. Furthermore, 1 coincides with x — U® - 1 (x),
where L 1s the knot involution.
(3) H=Fk+j, where k maps A to B_sy,, and j maps A to B_g.
The analogous claims hold for the truncated complexes XI,,(b), provided b is
sufficiently large.

REMARK 20.2. It is an easy consequence of Theorem 0. Tlthat the uncompleted
complex CFI™ (Y, (K)) is t-homotopy equivalent to the truncated complex XI,, (b),
taken with coefficients in F[U, Q]/Q?. This holds since every free, finitely generated,
relatively Z-graded chain complex C over F[U] is chain isomorphic to C' ®g[ F[U],
for some free, finitely generated, relatively Z-graded chain complex C’ over F[U].
Furthermore, the chain complex C” is unique up to chain isomorphism. Indeed, if C
and D are free, finitely generated, relatively Z graded chain complexes over F[U],
then C and D are homotopy equivalent over F[U] if and only if the corresponding
complexes C’ and D’ are homotopy equivalent over F[U].

The complex XI,, splits over conjugacy classes of Spin® structures, as we now
describe. Suppose w = {s,5} is a conjugacy class of Spin® structures on Y;,. Using
the standard identification Spin®(Y;,) & Z,,, we write w; := {s;,5;}, which consists
of either one or two elements. We define

A{i,—i} = H A,

SEZL
s=+i modn

and we define By; _;; similarly. The complex XI,, splits as
XL, = @ Xﬂn;{i,fi}w
{i,—i}€Z, [conj
where XI,,;(; _;} has underlying group F[Q]/Q* ® (A(; —;} ®By;,—}). Furthermore,
X]In;{i,fi} ~ CFIi(Yn, wz)
20.1. Truncations

Following [OS08b] and [MO10], we define several truncation operations.

DEFINITION 20.3. Suppose (C,0) is a finitely generated, free complex over
F[U] or F[U] and § € N. The wvertical trunction of (C,d) is the complex C% :=
C @p() FU]/U?, with differential induced by 9.

The following algebraic lemma is a variation of a standard result (see [OS0O8b),
Section 4.1], [MO10l, Section 10.2]):

LEMMA 20.4. Suppose R is F[U] or F[U]. Suppose that (C1,01) and (Cq,02)
are two chain compleres over R or R[Q]/Q?, which are homotopy equivalent to
finitely generated, free chain complexes over R or R[Q]/Q?, which are relatively Z-
graded. Then (Cy,01) and (Cy,dy) are homotopy equivalent if and only if (CF,8°)
and (03,632) are homotopy equivalent for all §.

We have also encountered the horizontal truncation operation in (20.1)), denoted
X, (b). We will use the following result:

LEMMA 20.5. If € is an vx-complex, equipped with a choice of flip-map, then
X, (€)(b) and X,,(¥) are homotopy equivalent over the ring F[U], for sufficiently
large b.
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Ozsvath and Szabé prove that X,,(%)(b) and X,,(%) are quasi-isomorphic, by
exhibiting a quasi-isomorphism from X, (%) to X, (%)(b) if n > 0 (projection),
and a quasi-isomorphism from X,,(%)(b) to X, (%) if n < 0 (inclusion) [OSO8b)
Lemma 4.3]. For bounded, free complexes, being quasi-isomorphic is equivalent to
being homotopy equivalent (cf. [Wei94] Lemma 10.4.6]). However, X,,(%) is not
free (it is an infinite direct product), and the set of gradings of the generators is
not bounded. Nonetheless, it is not too hard to construct homotopy inverses by
hand, using the fact that vs and (resp. hs) admits a homotopy inverse if s > 0
(resp. s < 0). In slightly more detail, if n > 0, one first constructs a map
from X, (€)(b) to X,,(€)(b+ 1), which is a homotopy inverse to projection, and
which is furthermore a genuine one-sided inverse to projection (such a map may
be chosen to have a similar shape to Figure B.4]). By composing, we obtain a map
Xn(€)(b) = X, (€)(b+ k), for any k. This construction naturally gives a limiting
map, from X, (%)(b) to X,,(¥), which is a homotopy inverse to projection. We
leave the details to the reader.

20.2. Filling hypercubes

A key lemma for passing from the involutive hypercube to the involutive map-
ping cone formula is the following algebraic lemma;:

LEMMA 20.6. Suppose that we have a diagram of chain complexes

OOOO — 0010
N, 100 Te-al
Y Dooo RS
\\ AN > ‘ ‘\“ —-—_
\ . (100 4 0110
\\ \\\ \\
\ N \
\\ \\
(20.2) \ \
\ AN \
\\ \\ \\
\ AN \
\ " \
001 _ - 011 \
\“““\\ \\
\ \
\ ~——__ \
\ -~ \
\ . \\\‘ y
0101 2 0111

consisting of the maps shown and the internal differentials of the complexes, with
maps denoted as in Definition 5.1l Suppose that all faces, except for the front face,
satisfy the 2-dimensional hypercube relation. Further, assume that

D00, 000 _, (100
is a chain homotopy equivalence. Then there exist maps
DOLL . o100, o1t
DL . go00 _, i
which make (C,D) into a three dimensional hypercube. In particular, if Guack,
Ghottom; and Giop are the filtered maps

Gpack: Cone (C’OOO — 0010) — Cone (C’OOl — C’OH)

Ghottom: Cone (C% — C1) — Cone (C1° — ')
Giop: Cone (C° — C°'%) — Cone (C'*? — C'1Y)
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and Geont 18 the induced filtered map
Gfront: Cone (CIOO — 0110) — Cone (0101 — Clll) ,

then the compositions Gont © Gtop and Ghottom © Ghack are chain homotopy equiv-
alent.

PROOF. Let E : C1% — (€Y% be a homotopy inverse to D). Choose homo-
topies
H:C" — ", and
J. 100 _y 100

such that 0H + HO = 1d + E o D{J9 and 0J + Jd = 1d + D3 o E. Observe that
the sum f = D{)f o H + J o D} is a chain map, since

0f + f0 = 0(Dypg o H + J 0 D) + (Dogg © H + J © DyG)d
= Do 0 (0H + HO) + (9J + J9) o D39
= Dy (Id + E o Dygq) + (Id + Dygg © E) o Do
=0
Let K denote the sum of all of the length two compositions of maps from C° to
C!1 appearing in the diagram (20.2)), so that
K = DY o DY+ Difh o DR + DY o DB + DYRY o DI + DY DI
Observe that
OK + K0 = (Di; o Digg + Ditg © Digp) © Do
Using this notation, we claim that the following maps complete the hypercube
DYgy = K o E + (Dig1 o Diog + DY © Digg) o J.
Dy = Ko + Dl o
There are two relations to check: the 2-dimensional hypercube relation on the front
face and the 3-dimensional hypercube relation for the entire cube. We see that

0DYg0 + Diggd = (0K + K0) o E + (Dig) © Digg + Ditg © Digg) © (97 +J0)
= (Do o Digg + DYy 0 Digp) © Dogp © B
+ (Dioy o DYgg + Difg © Digo) © (Id + Do o E)
= Dio1 © Digo + Dio © Digo
which confirms the length 2 hypercube relation on the front face. We also have
that
0D + Diss0 = (0K + K0) o H + K o (OH + HO) + (9DI5 + DY350) o f
(D1 © Digg + Dy © Digg) © Dogo) o H
+K o (Id+ E o Dggp) + (Dior o Digg + D3t © Digg) © f
= K + K o E o Dyg; + (Dot © Digg + Dilg © Digo)
o (Dgoo © H + f)
= K + K o E o Dog + (Dot © Digg + Ditg © Digo) © (7 © Dogp)
= K+ Dl o D}
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This is exactly the length 3 hypercube relation. ]

REMARK 20.7. If the map D}J9 is a chain isomorphism, then the maps D9}
and D{{} have a particularly simple form. In this case, D%} = K o (D{39)~! and
Dt = 0.

REMARK 20.8. Lemma can also be viewed as a consequence of the fact
that F[U]-chain complexes form an infinity category in the sense of Lurie [Lur09].
The defining property of an infinity category C is that diagrams on “inner horns”
A7 for 0 <4 < n in C extend to diagrams on the standard simplex A™. There is a
precise sense in which cube (or other diagrammatic) extension problems are related
to extension problems along simplices: this is the idea of anodyne extensions. From
this perspective, the diagram in Lemma [20.6]is not analogous to an inner horn, but
to a horn AJ C A3. However, an early result in the theory shows that
if the “first arrow” in a horn Af is an equivalence, then the horn extends. The
proof of Lemma can be viewed as writing down the map explicitly that Joyal
constructs (inductively), slightly modified to treat cubes in place of simplices.

20.3. Gradings

In this section, we describe how the maps in the involutive surgery hypercube
decompose with respect to Spin® structures, and their associated gradings. Consider
the vertical truncation of the main hypercube:

)
CF (ah/@)
\ Tl
N Te~as
\\\ ' -('/;0 - (/l/g
. @
\\ 4 \,QD)J 1 \}QQ\)QS)J
\ R T~
\ \\“‘\\
0 "\CFCS 2 ag) — CF?
o \\\ CF° (a2, B) — (faysay)” — CF (a3, B)
% SN
3& 'Co/,\\\
Y . N
- ) e,
\ .
N W3 ) P
CFi (e, B) L ., :
T=~ \ .
N RN
RN \ - BN
a. ) \ g, . TN
¢ \ N \)YQ\)O‘B)A\\‘ RN
v -~

-~ 2
CF%(ag, B) —— (f2,ay)® — CF% (a3, B)
FI1GURE 20.1. Vertically truncating the main hypercube.

We give the complexes in Figure 20. T the absolute grading induced by CF~ (Y),
CF™(Y,) and CF™ (Y,4m). For @6(013,,6), we give T grading 0. (Ozsvéth and
Szabé refer to these as the old gradings in [OS08b]).

We write

Wn:Y = Yo (K),
Wiman: Yn(K)#L(m,1) = Y1 (K), and
Wn+m: Y — Yn—‘,—m(K)
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K

g@()m

FIGURE 20.2. The cobordism W,,: Y, (K)#L(m,1) = Y,im(K)
is obtained by attaching a 2-handle along the 0-framed unknot.

for the standard 2-handle cobordisms. We write W : Y,,(K) — Y (and so forth) for
the cobordism obtained by turning around and reversing the orientation of W,,. We
note that W,, ;1. is obtained by attaching a 0-framed 2-handle to Y,,(K)#L(m, 1),
which clasps K and an m-framed unknot corresponding to the L(m, 1)-summand.
See Figure

A straightforward computation (see, e.g. [MO10, Lemma 11.1]) shows that
Hy(W, m+n; Z) is free, of rank 1, and is generated by a surface ¥ with
(20.3) 2 o _mnlmEn)

ged(m,n)?

Note that W), coincides with X, o, 3, after filling in Y, o, with 3-handles and
a 4-handle. Similarly, W), ,4, is obtained from X, o, g by filling in the St x §2
summands of Yy, «,, and removing a neighborhood of an arc connecting Y,, g and
Ya,.a,- Finally, the 4-manifold X, «, o, s may be identified with W), #D(—m, 1),
after filling in S x S? summands.

The maps in the main hypercube are not homogeneously graded, but instead
decompose as sums of homogeneously graded maps, indexed by Spin® structures.
The following lemma describes how the maps in the main hypercube decompose
into homogeneously graded maps:

LEMMA 20.9.
(1) The maps f51_>0’2 and H£1—>0¢2 decompose as
B _ E B B _ E B
fa1—>a2 - fa1—>a2;5 and Ha1—>a2 - Ha1—>(x2;5'
sESPIn®(Wh,m4n) s€SpIn® (Wi, m+n)
S| L(m,1)=5%0 S| L(m,1)=50

Furthermore, ffjl%az;s and Hgﬁow are of homogeneous degrees

2 2
ci(s 5
i(s) +m and 01()4‘7774_17
4 4
respectively.
(2) The maps f5, .., and HS, .. decompose as
f(fz*)ag, = Z faﬁg—)ag;ﬁ a’nd Haﬁgg)ag = Z Héfz*}()ég;ﬁ'
s€Spin® (W) ) s€Spin® (W, ,,..)
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Furthermore, f,f,zﬁas;g and Hffﬁ%s have homogeneous degree

2 1 2 1
ci(s) + and ci(s) + +1,
4 4
respectively.
(3) The maps h§1—>az—>a3 and Pgl_>O¢3 decompose as
h§1—>0’2—>0’3 = Z hgl—ﬂlg—}(lg;ﬁ and

s€Spin®(W,, #D(—m,1))
5‘L(7n,1)=50

Pgl—)az = Z Poi—»ag;s'

s€Spin® (W, #D(—m,1))
5|L(m,1)=50

Furthermore, hglﬂoézﬁ,%;5 and Po'(fl%%;s are of homogeneous degree

A (51w, ) +cElslwy, ) +m+1

ntm + 2’

4
ASlw, i) +E(6lwr, J+m+1
and 1

respectively.

PROOF. For the maps along the top and bottom of the hypercube, the claim
is immediate. The proof is slightly more subtle for the maps HS .., HS _,.. and
ngl oy a8 they are not defined via a single count of holomorphic polygons. These
maps are defined via the compression operation for hyperboxes, and hence involve
many different maps.

We focus our attention first on the map H, 52 “yas- This map is the diagonal
map in the compression of a hyperbox of size (1,d) for some large d > 0. The
compression operation for such hyperboxes is illustrated in Figure 5.l FEach of
the vertical maps represents either a change of diagram map, the cobordism map
for a collection of 1-handles which are canceled in a later step by a collection of
2-handles, or the cobordism map for surgery on O-framed unlink which is canceled
by a collection of 3-handles in a later step. Each summand of H? | —a, contains
exactly one length 2 map from a constituent hypercube. Each of these length 2
maps counts holomorphic triangles or rectangles on a triple or quadruple which
topologically represents the 2-handle cobordism W) tm: Ymin — Y, or a small
modification of this cobordism. For example, the corresponding length 2 map in
Cégl)l counts holomorphic triangles and rectangles on diagrams which represent a
cobordism from L(m, 1)#Y,,1n to St x S2#Y, obtained by surgery on the dual of
K inY,,1,, as well as a knot in L(m, 1). By direct inspection, the maps decompose
over Spin® structures on W), ., into a sum of maps which have the stated grading.
The claim for H _,,. is not substantially different.

The argument for the length 3 map P(fl g0 18 similar, but is slightly more
involved. The compression operation for hyperboxes of size (1,1,d) is illustrated
in Figure The summands of PJ _, each consist either of a composition of
numerous length 1 maps and exactly two length 2 maps, or numerous length 1 maps
and exactly one length 3 map. For the summands of Pfl —a5; Which contain two
length 2 maps, the argument is not substantially different than the above argument

for the length 2 maps H” and H” For the summands containing a length

a1 —ag Qa2 —ag”

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



216 20. INVOLUTIVE MAPPING CONE FORMULA; SURGERY EXACT SEQUENCE

3 map, the situation is similar, but in principle there are more checks to be done,
as we now describe. Most of the length 3 maps which contribute to P(fl ey COUNb
pentagons on a Heegaard pentuple which represents surgery on the dual knot in Y,,,
as well as a —m-framed unknot which is unlinked from K (the associated 2-handle
cobordism is W) #D(—m, 1)). There are also additional triangle and quadrilateral
counts which arise from the higher compositions in a pairing of hypercubes of
Lagrangians. For example, in the construction of Céi’r{ in Section [I6.5] the length
3 map has summands which count rectangles with one input labeled A and one
input labeled ©, and also a summand corresponding to counting triangles with
the special input wss,. There is a small subtlety in that the triangle map with
special input wss, counts triangles on a triple representing the cobordism W).
However we constructed the chain wss, to decompose over Spin® structures on
D(—m, 1) (see (I6:23)), and hence the corresponding triangle map decomposes over
Spin®(W/)#D(—m, 1)), as claimed. Finally, as described in Section [[6.6] the length
3 map of Cee, has an additional contribution of Hg f,‘;”‘sl. The map f,‘ys%‘s' is the 2-
handle map from Y,, to Y, while Hg counts more complicated holomorphic curves
on quadruples which themselves represent ([0,1] x Y)#D(—m,1) (followed by a
cobordism for O-surgery on an unknot). Hence, it is straightforward to verify that
Hpg decomposes over Spin®(D(—m, 1)) into summands of the expected grading. O

Ozsvath and Szabd additionally proved several strong restrictions on some of
the vertically truncated maps appearing in Figure 0.1l when m is sufficiently
large. To state their results, and how they adapt to our present situation, we
first recall some background and notation. There is a standard identification
Spin®(Yi4n(K)) = Z/(m + n), as follows. Let F be a Seifert surface in Y for
K, and let F C W), 4+ (K) be the surface which is capped off by the core of the 2-
handle. If i € Z/(m +n), we define s; € Spin®(Y,,4n(K)) to be the Spin® structure

which admits an extension t; over W} . (K) satisfying

(er(), [F]) =n+m+2i mod 2(n+m).

We write ¢, and y, for the two Spin® structures on W,

(K) which satisfy

(20.4) (e1(ts), [F]) =25 —m—n and  (c1(vs), [F]) = 25+ m +n,

respectively. If —(m+n)/2 < s < (m+n)/2, then ry and b, are the Spin® structures
with maximal and second to maximal ¢3. (See [OS08b, Lemma 4.4]).

PROPOSITION 20.10. Suppose § is fized.

(1) If m is sufficiently large, then for each t € Spin®(Y,+m ), there is at most
one Spin® structure 5 on Wy, min, which restricts to t on Y, 1m, for which
the map (fglﬁa%g)‘; is non-trivial. This is also the only Spin® structure
for which (Héflﬁomg)‘S may be non-trivial.

(2) There is an integer b > 0 with the following property. If m is sufficiently
large, and —(m +n)/2 < s < (m +n)/2, then the maps (fa,—as:s)’ are
non-vanishing on CF~ (aw, B, [s]) only if s = ts or s = 9s. Furthermore,
if s > b, then (fgz_m?,;g)‘S s non-vanishing only if s = rs. If s < —b, then
(f£2_>a3;5)5 18 non-vanishing only if s = ys. The same statements hold
for the maps (ngﬁas;s)‘s.
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CF(02,8) —— (2, 2ay)” — CF’ (a3, B)
\\\\\ \F(j T -9 ___‘ \00
SN e I T~
S T A o == B (p)
\ %5 AN
N % s
\ N ~
I \ %o o g
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N N AN
\\\ \\) \\\\
CF° (g, B) = (18,0’ \— |—— CF’(a3, B)
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FIGURE 20.3. A hypercube which relates the 3-manifold com-
plexes with the knot Floer complexes. There is a length 3 map,
which is not shown.

(3) If m is sufficiently large, then (B, oy sass)® is non-vanishing only if
S| W,y and 5|W,'L+m are contained on the list of Spin® structures described

in parts and . The same holds for the maps (Pfl_m@;g)‘s.

Proposition is proven by Ozsvith and Szabd for the maps ( fflﬁaz;ﬁ)‘s,
(f2 —anis)®s and (RS, ay—aqis)® when n > 0. See specifically Lemma 4.4,
Proposition 4.6, and Lemma 4.8]. Note that Ozsvath and Szabé focus on the case
that m = nk, for k € N, which simplifies equation ([20.3]), though their proof extends
to the more general case. They argued by showing that for sufficiently large m,
the maps (ffﬁaz;s)(;, (f£2ﬁa3;5)5 and (hglﬁazﬁaw)‘; land outside of the range of
gradings supported by the vertically truncated complexes appearing in Figure 0.1
except for the Spin® structures described in the statement of Proposition
Using the grading change formulas described in Lemma[20.9] it is easy to check that
Ozsvath and Szabd’s argument implies the same statement for the maps H, glﬁaz;ﬁ,
HZ,aps and Pl ayie

For negative n, Ozsvéth and Szabd’s proof does not immediately apply (the
main challenge being part note that for negative surgeries they instead built a
map from Cone(D,,) to CF~ (Y,,) whose grading properties are easier to analyze).
We delay our proof for negative n until later, where we cover it in greater generality
in Chapter See specifically Lemmas 22.1] 22.2] and

20.4. Proof of Theorem [20.7]
In this section, we prove the mapping cone formula, as stated in Theorem 20.1]

Proor oF THEOREM [20.1l Proposition implies that if § > 0 is fixed,
and m is sufficiently large, then the maps (f&aas;s)‘s and (H&Hag;s)(; will be non-
zero only if s is one of rs or y, for some —(m—+n)/2 < s < (m+n)/2. We consider
the hypercube in Figure 20.3] which relates the 3-manifold complexes to the knot
Floer complexes.

We now explain the terms appearing in Figure The truncation A(b) is
the direct sum of the complexes A, ranging over —b < s < b. Similarly B(b) is the
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direct sum of complexes B, ranging over —b+n < s < b. We are assuming here
that

(20.5) 0<b< (m+n)/2.
The map I is the direct sum of the maps
Is: CF™ (a2, B, [s]) — As,

described by Ozsvath and Szabé [OS04al Theorem 4.4] [OS08b, Theorem 2.3],
ranging over —b < s < b. The map I'y counts holomorphic triangles on (¥, a3, aa,
B, w, z) which satisfy s,,(¢) = .

Note that if m + n is even and positive, then Y, ., (K) has two self-conjugate
Spin® structures, corresponding to s = 0 and s = (m + n)/2. The condition
in (20.3]) ensures that the one corresponding to s = (m + n)/2 is sent to zero by
Y. Similarly, in the map 62, we are implicitly projecting CF? (a3, 3,[s]) to zero
unless —b+n < s <b.

We recall from [HMT17] Section 6.6] that there is a map Jo making the following
diagram a hypercube:

r

CF~ (0, B,[0]) — 20—+ A
(20.6) t2 \\\JO th,0
o, *

CF™ (a2, 3,[0]) ——— Ao,

where 14 ¢ is the map induced by the knot involution tx. Applying the same
argument, but to other Spin® structures, gives a map J, which makes the following
diagram a hypercube of chain complexes:

CF (a2, B, [s]) ——=——— A,

(20.7) L2 s Lhs

CF~ (2, B, [—s]) ——— A_,,
where ¢4 s: A; = A_; denotes the map
= U® k().

We define J to be the direct sum of the maps J;, and define the map .J° appearing
along the left side of Figure20.3lto be the truncation, summed only over s satisfying
—-b<s<b.

In Figure 20.3] we define D,,, L and H as follows. Let Is be a homotopy inverse
of I'y. We defined D,, on A, via the formula
(20'8) Dngs = ew o (faﬁgg)ag;;s + faﬁgﬁag;t)s) o IS‘
To construct L, we pick a homogeneous null-homotopy h of id +1 oI, and set

L=86,0° f(fQ*)&g o h.

Along the right face, we define 15 to be 6, 0:t300,%, so that the right face commutes
as well.
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CF°(as, B, [s]) —————— CF’(as, B, {[s],[s +n]})
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FIGURE 20.4. A subdiagram of Figure

We define the map
Hy,: Ap(m) — B,(m)
appearing along the front face of Figure to be similar to the one constructed
in Lemma The only caveat here is that the map labeled I'? is not in general
a homotopy equivalence, because of the projection maps. However, Lemma
may be applied to a restricted version of the hypercube, shown in Figure
Lemma [20.6] also gives a length 3 map, which turns the diagram into a hypercube,
though we have omitted this from the figure.

We claim that the resulting diagram in Figure is a hypercube of chain
complexes. This mostly follows immediately from the hypercube relations in Fig-
ure For positive surgeries, the hypercube relations are actually satisfied on
the full minus version (i.e. with no vertical truncations), as long as we restrict each
map on the back face to the Spin® structures of the form rs and n,. For negative
n, the hypercube relations will only hold on the vertically truncated complexes.
The possibility that requires checking is if s > b but s +n < b. In this case, the
hypercube relations follow from the fact that fgvns vanishes if s is sufficiently large,
relative to 4, by Proposition

Note that claims and hold for D,, and H,,, since by construction we are
only using the contributions from the Spin® structures r, and v,.

We stack and compress the hypercubes shown in Figures 20.1l and The
maps along the top and bottom faces of the resulting hypercube coincide. Hence,
we may add the identity to each vertical map, and the hypercube relations are
preserved. We obtain a hypercube of the form shown in Figure

The diagram in Figure determines a F[U, Q]/Q?* equivariant map from
CFI 6(Yn) to the chain complex associated to the 2-dimensional hypercube on
the front side of Figure The maps along the top and bottom faces coin-
cide with Ozsvath and Szabd’s homotopy equivalence between CF 5(011,5) and
Cone(D? : A% (b) — A2 (b)).

We now claim that we can obtain from the diagram in Figure both finite
and infinite models of the involutive mapping cone, with maps which satisfy the
conditions outlined in Theorem

The required m, necessary for a hypercube as in Figure to exist, depends
on §. We let §; be a sequence approaching +oo, and we m; be a sequence of
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FIGURE 20.5. A hypercube relating CFI°(Y,) and a truncated
mapping cone.

integers, such that m; is sufficiently large for the hypercube in Figure to exist.
For convenience, take b = [ 42=1 | which ensures 201) is satisfied.

Since we are working over F = Z/2, the set of elements of A; and By in each
grading is finite. Consequently, by picking a subsequence, we may assume that
H,,,(z) is eventually constant, for each = € A,. Consequently, we obtain a hmltlng
map, which we call H which we extend F[U]-equivariantly. The map H clearly
makes the untruncated analog of the front of the hypercube in Figure ol into a
2-dimensional hypercube of chain complexes. Analogously, we may assume that
the maps labeled D,, are eventually constant on each x € A, for each s. Hence,
we obtain a limiting map, for which we write ﬁn

Let us write XI,, for the infinite involutive mapping cone, constructed with the
maps INDn and H. There are also several horizontal truncations to consider, namely
the one appearing in Figure 205 constructed for m,, for which we write XI,,(m;)
(it is easy to check that the hypercube relations are satisfied without vertically
truncating). We may also horizontally truncate XI,. We write XI, (m) for this
complex.

We make the following subclaims:

(t-1) If m is large, then XI,, and XI,, (m) are homotopy equivalent over F[U][Q]/Q2.
(t-2) If m; is large, then FAS/]IMmi) and XI,,(m;) are homotopy equivalent over
FlUTQl/@>.

The proof of claim |[(¢-1)| is as follows. Let us assume n > 0, for the sake of
demonstration. In this case, projection from XI, to XI, (m) is an F[U][Q]/Q*-
equivariant chain map. Furthermore, the map obtained by setting @ = 0 is a
homotopy equivalence, by Lemma Hence, Lemma implies that the in-
volutive version is an F[U][Q]/Q?-equivariant homotopy equivalence. The proof
for negative ,Cvoefﬁcients is essentially the same, except one instead considers the
inclusion of XI,,(m) into X]In7 which is a homotopy equivalence for large m.

The proof of claim |(-2)|is similar. Fix an 1nteger b. For sufficiently large m;,

the complex XI,,(m )<b> is equal to X1, (b) (since XI,, is obtained as a limit). As
before, let us focus on the case that n is positive. Hence if b is sufficiently large, and
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m; is chosen sufficiently large, relative to b, then the projection for §§\]/In onto ﬁln@)
is an F[U][Q]/Q?-equivariant homotopy equivalence, and projection of XI,,(m;)
onto XI, (b) is also an F[U][Q]/Q%equivariant homotopy equivalence. Claim
now follows.

The diagram in Figure induces an F[U, Q]/Q?-equivariant chain map be-
tween CFI% (Y, (K)) and XI%(m;), for each i, which we see is an F[U,Q]/Q>-
homotopy equivalence, by combining the fact that the @ =0 spe(nahzmg is an F[U]-
equivariant homotopy equivalence w1th Lemma 55l By claims |(¢-1)| and - we

obtain also that CFI°(Y,(K)) and XH are homotopy equlvalent over F[U, Q]/Q?,
for all §. Lemma now implies the clalm for the complexes without the vertical
truncations. (]

20.5. Proof of Theorems and
We now prove the exact sequences described in the introduction:

Proor oF THEOREM [[L3l The front face of the involutive surgery hypercube
of Theorem [[L.T4] determines an F[U][Q]/Q?-equivariant chain map

: CFI™ (Ypim(K)) - CFI™(Y).

Furthermore, the remaining maps in the hypercube determine an F[U][Q]/Q?-
equivariant chain map

Fy: CFI™ (Y,,(K)) — Cone(F3).

Furthermore, Fy is a homotopy equivalence of F[U][Q]/Q?*-modules by Lemma [5.5]
since Ozsvath and Szabd proved that the map obtained by setting @Q = 0 is a
homotopy equivalence of F[U]-modules [OS08b, Theorem 3.1]. The long exact
sequence of a mapping cone now gives the exact sequence

.= HFI (Y,(K)) > HFI (Yoim(K)) — HEL (V) —

It remains only to prove the description of HFI™ (Y) stated in (L2). The map
0. gives a chain isomorphism CFI™(Y) = CF™(Y) ® F[Z/m]. The map t; sends
CF (Y)®T? to CF~(Y)® T~*t" but otherwise coincides with the involution
on CF™ (Y) by Proposition and Lemma [[6.T4l It is also important to check
the path of the basepoint w in the corresponding loop of Heegaard diagrams. We
observe that our model of tx moves w to Z negatively along K, while the flip
map moves z to w in the positive direction along K, so the overall path of w is
null-homotopic.

Hence,

HFI™(v) = @ HFI(Y) & @HF~(Y)[-1] & HF~(Y)),

where N is the number of subsets {s, —s+n} C Z/m which consist of one element,
and M is the number of subsets {s, —s + n} which consist of two elements. Note
that {s,—s + n} consists of one element if and only if 2s = n mod m. If m is
odd, then the map x2: Z/m — Z/m is a bijection. If m is even, then x2 has
image exactly equal to the even numbers, and the fiber of each even number has
cardinality 2. Hence, if m is odd, then N =1 and M = (m — 1)/2. If m is even,
and n is odd, then N = 0 and M = m/2. If m and n are even, then N = 2 and
M= (m-2)/2. O
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ProoF oF THEOREM [[L2l The proof is very similar to the proof of Theo-
rem We build a hypercube similar to the hypercube in Theorem [.14] but
which has m = 1. The construction is essentially the same as Figure [6.3] except
we only keep track of the basepoint labeled with a hat, and we use no twisted
coefficients. With this hypercube in hand, the proof follows no differently than the
proof of Theorem a
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CHAPTER 21

The strong cone formula for L-spaces

In this chapter, we prove the strong version of the mapping cone formula, for
knots in L-spaces:

THEOREM 21.1. Suppose n # 0 and K is a knot in an L-space integer homol-
ogy 3-sphere. Then CFI~ (Y, (K)) is homotopy equivalent over F[U][Q]/Q?* to a
complex of the form

A D, B

XIn(Y, K) i= Q(id+uw) QHT  Q(id+w)

N
N
N
N
N
\\
A

Q- A—p,— Q-B,

for some F[U]-equivariant maps Dy, ta, tg and H. Furthermore, the following
hold:

(1) H sends B, to B_,.

(2) D,, = v+ §v, where v denotes the inclusion of Ay into By, and v denotes

inclusion of A into By.

(3) g = %LK,

(4) ta coincides with the conjugation of vk by the shift isomorphism in ([B.1).
In particular, (CF~ (Y, (K)),t) is t-homotopy equivalent to XI*8(CFK>(Y, K),
LK),

Interestingly, our argument does not seem to work unless Y is an L-space. See
Remark 212

21.1. Overview of the proof of Theorem 21.7]

We begin by outlining the proof of Theorem BTIl We describe more de-
tails in the subsequent sections. We begin by considering a vertical truncation
of the involutive surgery hypercube involving Y,,(K), Y,4m(K) and Y, as shown in
Figure It follows from Lemma that for sufficiently large m, the only
Spin® structures which contribute to the front face are ps; or ys, ranging over
—(m+n)/2 < s < (m+n)/2. Here t; and b, are characterized by ([20.4)).

The key technical step of our proof of Theorem 2I.1] is to construct two 3-
dimensional hypercubes, Ky, and K, , for each s € Z. After restricting Spin®
structures and vertically truncating, the back faces of the hypercubes K, and K,
match the front face of the main involutive surgery hypercube in Figure The
hypercubes Ky, and K, are shown schematically in Figure 2I.Tl The maps labeled

223
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CF™ (Ynim,[s]) Faies CE(Y,[s])
\\\ \\\\\\ - ~ 0o
\ \\\\\‘ e
\ \\AS(KK) Vs BS(Y7K)
\ S
\\\ \\\
Lo \\ N L3
\ \\\\
Js N
A\ Ha;y
\\\ LA ~ LB
% N
% >
CF™ (Y yms [=5]) —\— | — 20, —— CE~(Y, [~ +n])
U N ~
I'_g \ T L_g _ 0w
~ Y e
AVK) — §io— X B (V. K)
CF—(YVL+77L) [S]) N f2ins CF~ (K [S + n])
\\\ \\srﬁ ‘»“\“—‘—"Ls.>“ ‘ \ew
\ N I - ‘u““‘*»—‘*
N N A(YK) Ferwbe Bsn(Y, K)
\\\ \\‘ \\\\
\ ~
Lo \ . SN L3
\\ \\\ Hyv,
Js NN
\\ 1_12;1;‘5 \\\
\ Lp \\\ AN LB
\\\ \\\A 4:\\\\
COF ™ (Vi [8]) —\— |~ fore ——> CF(V,[-31.
~ \\ >~ \\\
T_g \ O O~
~ Y e
A—@(KK) Vs B—S(YaK)

FIGURE 21.1. The hypercubes K, (top) and K, (bottom). The
length 3 arrows are not drawn. The maps labeled Lg coincide in
the two diagrams, and similarly for the maps Js; and I';. Both
cubes have a length 3 map which is not shown.

L coincide in the two diagrams, and similarly for Js and I's. Therein, the indexing
of the maps is consistent with notation in Theorem [[.T4] of the introduction, so fo,,
denotes f£2ﬁa3;ps, and similarly for the other maps.

We now prove Theorem 21T} assuming the existence of the hypercubes K.,
and Ky :

Proor orF THEOREM 2Tl We construct hypercubes Kx(b) by taking the di-
rect sum of the hypercubes Ky, ranging over —b < s < b. We define Ky (b) similarly
by taking the direct sum of the ICy, for —b < s < b. We now combine Kx (b) and
Ky (b) to construct a new cube, Kyx 91(b), the vertical truncation of which is shown
in Figure Here, b is an integer satisfying

0<b< (m+n)/2.
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FIGURE 21.2. The hypercube IC‘E36 QJ}<b>. There is a length 3 map
which is not shown.

The maps along the left face of Kyx 9)(b) coincide with the ones in Kx(b) (which
themselves coincide with those of Ky (b)). The maps along the top, front, bottom
and back faces of K‘{;xm} (b), except for the purely vertical maps (i.e. the involu-
tions), are defined to be the sum of the maps from Kx(b) and Ky (b). The map
along the right face of ’C?x,m}<b> is zero. The construction of Kix g9y (b) is essen-
tially the same as the operation of gluing hypercubes, described by Manolescu and
Ozsvath [MO10, Proposition 12.10].

By a slight abuse of notation, we define I'; L and J in Figure to project
to 0 any summands corresponding to [s] € Spin®(Y,,+,,) for s satisfying |s| > b.
Similarly, in the map labeled 6,, we are also implicitly post-composing with the
map which projects By to 0 unless —b+n < s <b.

For s satisfying —b < s < b, the map I'y coincides with the large surgery map,
and hence is a homotopy equivalence. Hence, the same argument as at the end

of the proof of Theorem (with K?%,@}<b> replacing the cube in Figure 20.4])

shows that (CF~ (Y, (K)),t) is t-homotopy equivalent to XI*&(CFK*>(K), k),
completing the proof. O

We now outline the construction of the hypercubes K;, and Ky, which will be
described in more detail in the subsequent sections. The main involutive surgery
hypercube of Theorem [[.14] is constructed as the compression of the hyperbox of
size (1,1,7) shown in Figure The hyperbox therein is constructed by stacking
the seven hypercubes

(21.1) Cl—h; Czl_h, Ccem Cg-hv Cg_h, C»,, and Cg

The hypercube K., is built as the compression of a hyperbox of size (1,1,7),
composed of seven 3-dimensional hypercubes

1 2
(21.2) Kin., IC2—h;pS’ Keense.s ]C2-h;psa Ksny., Kyp, and Kgy.

The back face of each of the hypercubes in ([ZI.2]) matches a Spin® restriction of
the front face of the corresponding hypercube in (2LI). The hypercube K, is
constructed similarly as the compression of a hyperbox of size (1,1, 7), consisting
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of seven hypercubes
(21~3) ’Cl-h;l)57 K;-h;gsu Kcen;ny K%-h;ny K3-h;‘)s> IC’I;‘JS and ICS;‘)S-

We now introduce some additional notation which will be helpful in this section.
Recall that the description of twisted Floer complexes from Section 23] involved a
choice of orientation o for K. In this section, we fix an orientation o on K, which
never changes in the course of the argument. We will need to frequently change
the special basepoint. To simplify the notation, if H = (£, ¢, 8, w, z) is a doubly
pointed diagram for (Y, K), we write H,, for H, equipped with the enhanced orien-
tation (0, w). Similarly, we write H, for H equipped with the enhanced orientation

(0,2).

21.2. The hypercube K,

We now describe the construction of I, in detail. This amounts to constructing
the seven hypercubes shown in ([21.2)).

First, suppose that C, is one of the first five hypercubes in (2LI). We will
describe the construction of the corresponding hypercube in [2I.2), which we will
denote by Ko.,,. Let Hy, H3, and H3 denote the diagrams appearing along the top
face of Co, and let Hi, H? and H3 denote the diagrams appearing along the bottom
face. We will abuse notation slightly and write w and z for the basepoints on H3
and H3, even though they trace a half-twist along K in the doubling model of the
involution; see Sections and

The cube Ko, is illustrated schematically in Figure T3l The cube K, has no
length 3 map. The maps W2_,; and W3 _,; appearing along the back face are the same
ones which appear along the front face of C,. The maps labeled W3 _,, appearing
along the front face are defined using the same sequence of Heegaard diagrams
as for the map W}_,, along the back face, as well as the same holomorphic curve
counts, but instead using the weights % ™= (¥)%"=(¥)_ Since the map constructed
in this manner preserves the Alexander grading (by explicit examination of the
construction of each hypercube), we conclude that there is an induced map, also
denoted W} _,,, which sends A,(H3) to As(H3), and similarly for the B, complexes.

The map Ty is the composition of the the shift isomorphism between A, and
Ay, together with the map from CF~(H3, [s]) to As(H2), which counts holomorphic
triangles representing classes which satisfy s,(¢)) = rs, weighted by a factor of
")y n=(¥) - This map counts the same triangles as fg;z3. Similarly, we define
Jo—1;s by composing the shift map from As to A, with the analogs on A, of each
constituent map of H373. . For example, if H37? . had a factor or summand
which counted holomorphic rectangles representing classes satisfying s,,(v) = s,
then the map Jy— 1,5 would also have a constituent map which counted rectangles
weighted by % ™)y =),

To prove that I'y and Jy_1,s have codomain in A;, as claimed, one needs
to check that the maps I's and Jy_,1,s change Alexander grading by s (viewing
CF~(H3,[s]) and CF~(H3,[s]) as being concentrated in Alexander grading 0).
This follows from [Zem19bl Theorem 1.4] (compare [OS11] Proposition 2.2]).

Next, we verify the hypercube relations for Ko.,,. The length 2 relations along
the left, back, right and front faces are straightforward. The length 2 relation along
the top and bottom faces, as well as the length 3 relation, follow from the fact
that I's and Jy_,1,s are both given as a map which changes Alexander grading by
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CF~(H2,[s]) 23 CF™ (H§ , [s])

—1

2—3

\

\ HO—»l;gs
—1 ~

~
\ ~

\ >
CF™(H3,[s)) N | =S CET (MY, [5])
- \ o,
~N ~
As('H?) v Bs(rH%)

FIGURE 21.3. A schematic of the hypercube K, ., which is one of
the first five hypercubes of ([ZL2). There is no length 3 map.

CF~(H,s]) £ CF™(H,[s])
\Frs;z ‘ \92
3 e 3
AS(H ) v ‘ BS(H )
72 s
U°ni Ung
CF~(H? [=s]) ——— |- fiZl: —— CF ™ (H2,[-3])
T o,
sit g ~ ‘
A_s(H?) g B_s(H?)

FIGURE 21.4. The hypercube K. There are no length 2 or 3 maps.

s, followed by the shift isomorphism, as well as the fact that they both count the
same holomorphic curves as f§;7® or f£%, and Hg 7., , respectively.

We now describe the hypercube /C,,.;,, which is shown in Figure 2I.4] Therein,
we have added some decoration to the map I'y to disambiguate terms. We write
Iy, for the map which counts holomorphic triangles satistying s,,(¢) = s, which
are weighted by a factor of %™ (¥)¥7=(¥)  composed with the shift isomorphism
between A and A;. The map I'y in Figure2T 3l coincides with Ty .,,. The hypercube
relations therein are easily checked.

We now describe a helpful conjugation relation for the maps labeled by I'. We
claim that for all s € Z,

(21.4) Piw =Ty, 02 and I, =9,

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



228 21. THE STRONG CONE FORMULA FOR L-SPACES

P~ (H%, [—s]) —— 2% —— CF~(H3,[-s]) id—— CF~ (H3,[—5])
i N It
~ ~
NOF™ (M2, [s]) —— S CE (M2, [ ) T CE~(H2,[-s))
i N Fabw S
2 L
i \\\ \‘\ id Szbrw
Ny \

P2, =) 7 | G (i [=s +nl) = [-a— GF~ (33, [=s + n))

~. Rl P R -

i Tee= H(z:sz\_\_ifiazﬂ Y RS e id
CF™(H2,[-s]) — 22— CF~(H3,[—s]) —®=w— CF (H3,[-s+n))

CF~(H?, [-s]) —— 22— CF (H3,[-s]) id—— CF~ (H3,[—5])

in_v;w, ‘ \925‘ B \923 B

A_ (H?) B B_ (H?) id— B_ (H?)
id id Fzbw
id id Sebow

CF~ (Ha,[s]) ——|—# 22— CF~ (H3,[-5]) —F==w— CF (H,[—s+n])

Pesgiw \923 \9“’\)

A (H?) B_,(H?) Fomw—— B_ o n(H?)
FIGURE 21.5. The hyperbox whose compression is Kz.... The top

two cubes each have a length 3 map, which is not shown, while the
bottom two have no length 3 map. We stack the top and bottom
hyperboxes along the gray faces. We think of this hyperbox as
being made of four hypercubes, Ké;;s, .. 'K%;rsv which are the top-
left, top-right, bottom-left, and bottom-right hypercubes, respec-
tively.

The second part of ([ZI.4]) is immediate from the definition of rs and ys in (204).
The first part follows from the relation

(21.5) s0(¥) — 5.(¥) = PD[S)],

where S is the class in Hy (W}, ' +m(K)) obtained by capping the core of the 2-handle.
Equation (2LF) follows from [Zem19b, Lemma 3.9]. Hence I'y ., and T'y_., count
the same triangles, with the same powers of % and #. (Note that the choice of
basepoint in the map I'y_., affects only which classes are counted, via the choice of
Spin® structure, but not the % or ¥ weight). Equation [2I.4) follows.

We now construct Kg... by stacking and compressing four hypercubes, IC% e
. .,IC%.ch7 as shown in Figure We begin by describing the hypercube ICS .
which is the top left hypercube in Figure 2TL.Al Let ¢: ¥ — ¥ denote the diffeomor-
phism which moves z to w along the canonical short path in the Heegaard diagram.
We construct Ké;;s as the compression of a hyperbox of size (1,3,3). This hyperbox
is shown schematically in Figure 2I.6l Therein, we assume that o is a sufficiently
wound copy of ag, which we additionally assume is wound so as not to intersect
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(a2,B) —————— ey (3,8, 2)
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FiGure 21.6. The hyperbox whose compression is Ké;xs' The
solid arrows count holomorphic triangles, while the dashed arrows
count holomorphic quadrilaterals and holomorphic triangles. Many
arrows from the left-side to the right-side are not drawn.

the boundary of the surgery region. We view this hyperbox as consisting of nine
hypercubes. Each of these hypercubes may be constructed by pairing a hyperbox of
alpha attaching circles with the 0-dimensional hypercube consisting of 3. We also
compose some of the maps appearing in these hypercubes with one of the tautolog-
ical maps ¢, or ¢, !. When a single attaching curve appears at different locations
in the hyperbox, one would need to replace certain copies with small Hamiltonian
translates. Furthermore, we are implicitly using Proposition [[T.1] to identity the
maps labeled by id with the corresponding small triangle maps.

We now construct the hypercube IC%;;S, which is the top right hypercube shown
in Figure2ZT.Al The length 2 map along the left side of IC%M is constructed in Ké;;s'
The map along the bottom is constructed similarly. A length 3 map may be defined
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by noting that every complex appearing at a vertex of IC%M is homotopy equivalent
to F[U], since Y is an L-space. The expression

M = 'SZ*)’LUHZSHQU%Z + Hgﬂzﬁw%;ﬁw

is an F[U]-equivariant chain map, which is +1 graded and hence is chain homotopic
to zero. We let the length 3 map in K%;ps be any null-homotopy of M which
is homogeneously graded. (Alternatively, one could define IC?ws by building a
hyperbox of size (3, 3, 3), similar to the one used to build lCé%, but with two more
layers).

Finally, we consider ’C%;rs and K%;ps’ the bottom two hypercubes in Figure 2.5l
We note that the hypercube relations for these cubes are automatic, since all faces
commute on the nose, so no length 2 or 3 arrows are necessary.

21.3. The hypercubes Kiny,, Ky, s K3y, and Kz,

In this section, we describe the construction of the hypercubes Ky, , K%—h;ny
Kg—h;ns’ and sy, . Let Koy, denote one of these hypercubes. We will construct
Koy, by stacking and compressing four hypercubes ICZ,;US for i € {1,2,3,4}. The
hypercubes K., and Ké;ns are schematically illustrated in Figure 2.7

In the doubling model of the involution, each of the factors of the involution
moves the basepoints slightly, resulting in a cumulative half-twist along K (see
Section [6.3]). As a consequence, the basepoints on the top faces of some of the hy-
percubes in (L)) differ from the basepoints on the bottom face. In this section, we
abuse notation slightly, and denote every basepoint by w or z, with the convention
that K intersects the Heegaard surface positively (resp. negatively) at z (resp. w).

Let H}, H2 and H{ denote the Heegaard diagrams appearing on the top face
of Coyy,, and let Hi, H? and H3 denote those appearing along the bottom face.
For i € {0,1}, let 7; denote the Heegaard triple used to compute the maps from
CF™ (H2?) to CF~ (H3). We have the following cases, depending on the hypercube
Koy,:

(K-1) Tp is obtained from 7y by a stabilization or destabilization with index
tuple (0,0,0) (i.e. 77 is obtained by attaching or removing a collection
of 1-handle stabilizations from 7). This configuration appears in KCy_p,y,
and Ks.py, -

(K-2) To = (Z,02,a2, 8y, w,2) and T; = (X,a?,a? B;,w,2). Furthermore,
for j € {2,3}, the triple (X, a?, 3,3, w, 2) represents surgery on an /-
component link in

(Y \ N(K))#(S" x 5%)#
which cancels the S x S?-summands. This configuration corresponds to
’Cé'h;ns : .
(K-3) To = (%, o, ,Bg,ﬂg, w,z) and T; = (%, a, ,6%, ,Bi’, w, z). Furthermore the
triples (3, a,ﬁg,,@%, w) and (X, a,ﬁg,ﬁi’,w, z) both represent surgery on
a 0-framed unlink in Y\ N(K). This configuration corresponds to IC%_hms.
Note that the notation of the alpha and beta curves in configurations [(£-1)} [(K-2)]

and |(K-3)| does not coincide with the notation of Figure We have condensed
it for convenience.
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FIGURE 21.7. A schematic of the construction of a hypercube
Kow., € {Kinw.: Ky s Kony. Kan, ). We construct Koy,
(top) as the compression of the hyperbox obtained by stacking and
compressing the middle and bottom hyperboxes along their gray
faces. We write lCcl,ms, ’Cg;ny ngms and ICglms for the middle-left,
middle-right, bottom-left and bottom-right hypercubes, respec-
tively.
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FIGURE 21.8. The hypercube ’C;}l};ns (i.e. case|(K-2)). Thereis a
length 3 arrow which is not shown.

We describe the construction of K3 ;. . (i.e. case since the other two con-

figurations are handled using similar reasoning. The hypercube IC2 hiy, 1S depicted
schematically in Figure2T.8l We think of this cube as relatlng 2- dlmensmnal faces of
the flip-map hypercubes for the two triples (3, a?, a?, By, w, 2) and (2, a3, a2, B,
w, z), which appear as the top and bottom faces of Figure

We begin by describing the maps appearing on the back and front faces of
IC2 A pick cycles 6) 2 and @2507 5, representing the top degree generators.
The length 1 maps appearlng along the back face are the holomorphic triangle
maps with inputs @:3,012 and @2{0) 8- In the case of f 2 a0t WO further restrict

Bo—f
The length 2 map Hag%g -
rectangles with the two special inputs 923 o2 and ot fo.5, > AgAIN with the restriction

that s,(¢) = p,. Along the back face, we use the weights U™ ()7 () =nw(¥),
The maps along the front face are defined similarly, but instead use z as the special
basepoint, and are weighted by U= (¥)T7=(¥)=nw(¥),

The remaining maps in the hypercube Kéi-ns are constructed by stacking and
compressing 5 hypercubes, mirroring the construction of the flip-map hypercube
in Chapter I8 In analogy to the construction therein, the five hypercubes are as
follows:

to triangles where s,,(v¥) = ps. similarly counts

(K-2-1) One hypercube involving the map 6,, and T ™.

(K-2-2) One hypercube involving the tautological map for a diffeomorphism ¢
which moves w to z.

(K-2-3) Two hypercubes for changing ¢(a?) to a®.

(K-2-4) One hypercube involving the map 6,.

The hypercube labeled [[K-2-1)} involving 6.,, is shown in Figure BI.9, and the

hypercube |(K-2-4)| involving 6. is similar, though with no weight by a power of T'
on the 6, arrows.
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FIGURE 21.9. The hypercube labeled |[(/£-2-1)[in the construction
of KJ1

2-h;y, -

The hypercube involving the tautological map ¢., labeled is straight-
forward to construct, and has the map ¢, in the direction which comes out of the
page, and no length 2 maps except on the front and back faces.

We now describe the two hypercubes which move ¢(a?) to a3, and are la-
beled above. We construct these two hypercubes by pairing a hyperbox
of alpha attaching curves L, with a hyperbox of beta attaching curves, as shown
in (2ZL0). Therein, a® denotes a small isotopy of a®. The curves a3 are ob-
tained by winding a® to achieve admissibility, in a way which does not intersect
the boundary of the 1-handle region.

(67 \* ez(as),az — ¢(03)

N
N
\\
N
\\
+ +
eaz’,ar" D‘%N’a2 Qa%}v,d)(a3)
\\
N
\\
\\J
-—— o— +
(21.6) Lo:= 2 GZ%V,OR' oy Lg:= By — Ok — B
N
\\
\\
N
®+2 5 Aa3 a2/ er
’ 3 a3
oa“,a N « aw
\\
N
2 + 3
a? —o; »— «a

Next, we discuss the hypercube K;:ims, which is schematically shown in Fig-

ure PT.T0 The hypercube IC;Z}QWS is defined as the compression of a hypercube of
size (5,5,1). The top face of this hypercube is shown in Figure R2I.TIl The bot-
tom face is similar, but has @, instead of 3,. We leave the remaining details of
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FIGURE 21.11. The top face of the hyperbox used to construct
’Céifrns' The bottom face has 3, in place of 8,. A gray, unmarked
arrow indicates the identity map.

the construction of IC2 hins to the reader, since the construction is similar to the

descrlptlon of Ké;xs in Figure 1.6l Similarly, we leave the construction of IC2 his

and IC2 hiy, O the reader, since they are similar to K&;xs and ICS;;S, respectively.

21.4. The hypercube IC.EQWS

We now construct the hypercube IC,(JQI;US. The back face of /C‘(:é;)a;gs will match
a Spin® restriction the front face of the hypercube Céég from Chapter The
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hypercube lcgéli;.,s is constructed as a compression of four hypercubes ICS;QIJ‘,, for

Jj € {1,2,3,4}, which fit into a similar configuration as the hypercubes IC;PU] in
Figure 2T.7l As in the previous section, we write w and z for the basepoints on the
diagrams in the central hypercube, even though they have moved in the doubling
operation from their original positions on H3 (see Section [6.2)).

. 01 . 02 . .
We focus on the construction of IC((;ezl’;‘,s, since ’Cgezﬁns is simpler, and further-

more the hypercubes IC((;,le%?, and IC‘E}%])O% involve only the maps which appeared on
IC&%}, and ICSE{;QUS, as well as canonical isomorphisms and inclusions. The hyper-

cubes IC,EQll‘,S and IC&Z{FUS take the schematic form shown in Figure 21.12]

We first describe the construction of IC((;,lezll‘J The length 1 and 2 maps along

the back face are constructed the same as in Céé%; see Figure[I6.4l The length 1 and
2 maps along the front face are similar, except they use z as the special basepoint,
instead of w.

The remaining maps in ICSEZ{;I‘,S are obtained by constructing IC((;Q{;},S by stacking
and compressing two hypercubes yl“) and yﬁ”, which we stack and compress along
the left face of yﬁ” and the right face of yl“). The hypercube yﬁ” is shown in

Figure 2I.T3] The hypercube yl(” is shown in Figure 2T.14

We now describe the top hypercube of Figure BI.13, which features in the
construction of y,(l). This hypercube is constructed similarly to the flip-map hy-
percube. There is a new subtlety in that the canonical short path between w and
z now intersects both an alpha curve and a beta curve. Hence, we define yﬁ” as
the compression of a hyperbox of size (1,7,1). The first constituent hypercube
corresponds to 6,,, the second corresponds to the canonical diffeomorphism moving
w to z. Next, there are four hypercubes: two for changing the alpha curves,and
two for changing the beta curves. Finally, there is a hypercube involving 6,,.

Next, we describe the bottom hypercube of Figure 2I.T3l All of the maps except
X and Z have already been constructed. Our construction of X and Z requires Y
to be an L-space, as follows. Firstly, we pick X to be any homogeneously graded
map which is a homotopy between o F33,_,, and §,_.0F3. Such a map X exists
by the following reasoning. Let V' = F @ F[1] (i.e. two copies of F, with the grading
of one copy shifted down by 1). For all s, there are homotopy equivalences

(21.7)  CF~(+,8',,2,[s]) ~F[U] and CF (v",8' ,z2,[s]) ~FU] @V,

and similarly when z is the special basepoint. We note that Homgy)(F[U] ®
V,F[U]) has rank 1 over F in non-positive gradings (and is (0) in positive grad-
ings). Hence, if two F[U]-equivariant chain maps from CF~(v",d' 1, z, [s]) to
CF~(",8 1, 2,[s']) have the same homogeneous grading, and induce non-zero
elements of Homgy)(F[U]® V, F[U]), then they are chain homotopic. This gives the
map X.

We now construct Z. Let M denote the sum of compositions of length 1 and 2
maps appearing in the length 3 relation of the cube:

w—z°

M= X[ ., +oFHS

The map M maps CF~ (v/,8, 1, z, [s+n]) to CF~ (v, 8", w, 2, [s]). Equation ZL1)
implies that these chain complexes, which are clearly homotopy equivalent as abso-
lutely graded chain complexes via the map §.,—, ., are also both homotopy equivalent
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FIGURE 21.12. The hypercubes ICS,B{;},S (top) and ICEQI% (mid-
dle). Both cubes have a length 3 arrow which is not drawn. The
cubes are stacked along the gray faces. On the bottom are the
attaching curves in the surgery region.

to F[U]. Since M is a chain map and has grading +1, it must be chain homotopic
to 0. We let Z by any homogeneously graded map satisfying

0, 2] = M.

Finally, we consider the hypercube yl(”, which is shown in Figure ZI.14l In
this hypercube, we use the same length 2 map along the right face as along the
bottom face. This map was constructed in y@.
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FiGure 21.13. The hypercube y,ﬁ” is the compression of these
two hypercubes, stacked vertically.

REMARK 21.2. The construction of the maps X and Z in yﬁ”, shown in Fig-
ure 2T.T3] is unusual in that we used the fact that Y was an L-space to algebraically
determine the existence of two maps. It does not seem possible to construct these
maps by compressing a hypercube analogously to our construction of the flip-map
hypercube. The challenge is that the map §,—. on the top right of the bottom
cube in Figure RT.13] involves moving w to z along a path which goes through a
3-handle region. See Figure The natural algebraic relation involving the
3-handle map does not follow from the framework of stabilizations in Chapter [0

2
21.5. The hypercube ICEEBWS

(2).4

We construct Kg%;ns by stacking and compressing 4 hypercubes, Keenty,, for
Jj € {1,2,3,4}, similarly to Figure 2I.71 As in the previous section, we focus on
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FI1GURE 21.14. The hypercube yl(l). The length 2 maps along the
bottom and right side coincide, and there is no length 3 map.

. @ O | . @ O |
i e | |
VY ,0,w, 2 ! H Y ,0,w,z !

FIGURE 21.15. Moving w to z through the 3-handle region, in the
hypercube yﬁ”. See Remark

the hypercubes Kgizl}, and Kgizl% We illustrate these two cubes schematically in

Figure

The hypercube Kﬁifll,, is constructed as the compression of the hyperbox shown
in Figure 2L.T7l We write y(§2) for the top hypercube, therein, and y{” for the bot-
tom. The hypercube yé” is defined as a compression of a hypercube of size (1,5, 1),
similar to the flip-map hypercube. In the hyperbox for )J(gQ), there is one hypercube
built using 6,,, one using the tautological diffeomorphism map, one hypercube for
winding 6", one cube for unwinding 8", and a final hypercube involving 6.,.

The hypercube yf2) is defined by stacking and compressing several hypercubes
for destabilization, as we now describe. Since the hypercube yé” is the compression
of hyperbox of size (1,5, 1), the bottom face of yé” is the compression of a hyperbox
of size (1,5). Each of the 3-dimensional hypercubes comprising y(gz’ has along
its bottom face only complexes which have a special genus 1 region representing
St x 82, 83, or L(m,1). Furthermore, since the canonical path connecting w
and z does not cross any of the curves in the special genus 1 region, we may
assume that the special genus 1 region is standard for each complex appearing in

the construction of the bottom face of y(§2). For each cube used to build yé”, we
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FIGURE 21.16. The hypercubes Kég%}, and IC.EQ% Both have a
length 3 arrow (not shown).

build a corresponding hypercube of destabilization in y{”. The maps along the
top face of each of these cubes for y{” coincide with the maps appearing along the
bottom of the corresponding hypercube used for yéQ). The maps along the bottom

are given by the same set of moves used for yé”, but applied to the diagram
obtained by removing the 3-handle region and adding a lens-space stabilization.
The length 1 vertical maps are all o¢F3. Propositions and imply that the
resulting diagram satisfies the hyperbox relations. Finally y{” is defined as the
compression of this hyperbox of size (1,5, 1).

The construction of ICg%%, shown on the bottom of Figure BT.16] follows from

a similar construction. The hypercubes ICEQ% and /C&ﬁ?;j},s are not substantially
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FIGURE 21.17. A hyperbox whose compression is Keeny,. The

hypercube yé” has a length 3 arrow (not shown), whereas y{”
does not.

different than the corresponding hypercubes of K;jim and ’C;frns’ shown in Fig-

ure 271

21.6. The hypercube IC.E‘ZEWS

Similar to IC&Z];US and ICgZ];US, the hypercube IC((QWS is defined by stacking

and compressing four hypercubes ICS%]US, for j € {1,2,3,4}. The construction is

similar to ICE,QI;US, so we focus on ICSZ;;%)S, and leave the other three hypercubes to
the reader. Recall that Cég’r)l is defined by stacking c® ean and a hypercube for

aux,
destabilization Cézr)l s+ The hypercube Kég%ﬁ,s is the compression of the hyperbox
shown in Figure PLIS

The hypercubes in Figure 2118 are each constructed as the compression of
a hypercube of size (1,4, 1), similar to the ones appearing in the construction of
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FIGURE 21.18. The two hypercubes used to build lCcen ... Lhe
cubes are stacked along the gray faces.

the cube IC(@‘{, The construction of the hypercube ICCCn %y, follows from the same
line of reasoning used to construct the hypercube Kcen ‘.- Hypercubes lCcen -y, and

lCcen .y, are constructed similarly.

21.7. The hypercubes K, and Kj,,,

We now construct the hypercube K., We define it to be the compression of
the hyperbox of size (2,2,1) shown in Figure

Next, we consider the hypercube Kg,, . It is obtained by compressing the
hyperbox described schematically in Figure

We now explain the maps appearing in Figure The length 2 maps in
the top left cube are constructed in the flip-map hypercube. The map along the
top and the map along the back are equal. The hypercube relations are clearly
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FIGURE 21.19. The hypercube K., is obtained by compressing
the above hypercube. The gray faces indicate how the hyperboxes
are stacked.

satisfied. The length 2 and 3 maps in the top right cube are constructed in the

same manner as those appearing in K%;ps' See Figure 2I.5l The bottom left and
right cubes of Figure 21.20] are tautological.
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FI1GURE 21.20. The hypercube Kz, is obtained by compressing
this hyperbox. The gray faces are stacked. The hypercube IC%;US
has a length 3 map, which is not shown, while the other three
hypercubes do not.
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CHAPTER 22

Rational surgeries and 0-surgeries

In this chapter, we prove a version of the involutive surgeries formula for Morse
surgeries on rationally null-homologous knots, and as an application, for rational
surgeries on knots in S3. We begin with some basic topology, then state the invo-
lutive mapping cone formula in these cases and describe how the proofs differ from
the arguments for null-homologous knots. In Section 22.9, we describe a version of
the mapping cone formula for 0-surgeries.

22.1. Rationally null-homologous knots

In this section, we describe a few basic topological notions related to rationally
null-homologous knots.

Suppose Y is a rational homology 3-sphere and K C Y is a knot, which has
order d > 0 in Hy(Y;Z). A rational Seifert surface for K is an integral 2-chain F’
satisfying

OF =d - [K].
We now describe Hy (Y \ K;Z). There is a Meyer-Vietoris exact sequence
(22.1) 0725 H(Y\K)— H(Y) =0,

where o(n) = n - u and p is a meridian. Using a rational Seifert surface F, we
obtain a map

(:H(Y\K)—>Q
given by {(z) = #(xz N F)/d. Note that £ o o gives the standard inclusion of Z into
Q. We obtain an embedding of groups

(22.2) (6,i): Hy(Y \ K) = Q& Hy(Y),

where ¢ is the inclusion of H; (Y \ K) into H1(Y). We can explicitly describe the
image of (¢,7). If h € H1(Y), let h € H1(Y \ K) be any lift. We define

(22.3) A(h) == [#(hNF)/d] € Q/Z.

The quantity A(h) is well defined in Q/Z, since h is well-defined up to addition of
an integral multiple of u, and ¢(x + p) = ¢(x) + 1. The image of (¢,4) consists of
all pairs (¢, h) where t € A(h) viewed as a subset of Q.

Next, we discuss surgeries on rationally null-homologous knots. We say a fram-
ing is Morse if it is induced by a simple closed curve on N (K) which intersects the
meridian exactly once. For null-homologous knots in an integer homology sphere,
there is a canonical identification of the set of Morse framings with Z. For ra-
tionally null-homologous knots, the set of Morse framings is canonically identified
with A([K]), viewed as a subset of Q. The correspondence is given by

(22.4) A #(ANF)/d.

245
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Suppose A is a Morse framing. Write Wy (K): Y — Y, (K) for the correspond-
ing 2-handle cobordism, and write W} (K): Y5(K) — Y for the 2-handle cobordism
with the opposite orientation. Applying Mayer-Vietoris to the attaching region in
Y, we obtain an exact sequence
(22.5) 0—7Z— H*(W{(K)) = H*(Y) = 0,
where Z acts by the Poincaré dual of the co-core of the 2-handle. Similar to [22.2)),
we obtain an embedding
(22.6) HA(W}(K)) > Q& H2(Y),
by combining the restriction from H?(W5(Y)) — H?(Y) with the map H?(W{(K))
— Q given by

1= (1, Xaq)/d.
Here, 34 is the surface obtained by taking d copies of the core ¥ of the 2-handle
and capping using a rational Seifert surface.

Since W} (K) is also obtained by attaching a 2-handle to Yy (K'), we analogously
obtain an exact sequence
(22.7) 0—=7Z— H*(W{(K)) = H*(Y\(K)) = 0,
where Z now acts by the Poincaré dual of the core of the 2-handle which is attached
to K. Combining (22:6) we obtain the description

H*(Yx(K)) = H*(W{(K))/(=A, PD[K]),
where we view H?(W{(K)) as being a subgroup Q & H?(Y).

22.2. Spin‘ structures

Similar to (220, there is an exact sequence of affine spaces
(22.8) 0 — Z — Spin®(W{(K)) — Spin“(Y) — 0.

The fiber of the map from Spin®(WJ(K)) to Spin“(Y") is generated by the Poincaré
dual to the co-core of the 2-handle. There is a natural map A: Spin®(WJ(K)) — Q,
given by

c1(s), [Ea)) — [£] - [Sd]
2d ’
where X denotes the core of the 2-handle, and 3, denotes d[%], capped off using a
rational Seifert surface. We obtain an embedding
(22.10) Spin®(W{(K)) — Q x Spin®(Y),

where s — (A(s), sly).
We write

(22.9) A(s) = <

H(Y, K) C Q x Spin°(Y)
for the image of the above embedding. We can describe H(Y, K') more explicitly.
There is a map

(22.11) A: Spin‘(Y) - Q/Z,

obtained by lifting s to an element u € Spin®(W}(K)), and setting A(s) = A(u).
Since adding the Poincaré dual of the co-core of the 2-handle changes L by £1, the
coset A(s) is well-defined. The image of the map in (2ZI0]) consists of all pairs (¢, 5)
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where t € A(s). We write u; ¢ for the Spin® structure on W} (K) corresponding to
the pair (¢,5) € Q x Spin®(Y).

The set H(Y, K) is independent of the framing A. In fact, from the construction
of the absolute gradings on CFK™ (Y, K) (cf. Section P21, it is immediate that
the Alexander grading on CFK™ (Y, K, s) takes values in in ¢y + Z, where ¢y is any
element of Q in the fiber over s in the exact sequence of ([22:8)). (A purely topological
proof of this fact may be given by tracing through the proof of the well-definedness
of the absolute gradings in [OS03]).

Similar to [228)), there is an exact sequence

0 — Z — Spin“(W;(K)) — Spin“(YA(K)) — 0,

where now Z acts by the Poincaré dual to the core of the 2-handle attached along
K C Y. In terms of the embedding in (2ZI0), the Poincaré dual of the core
acts on Spin®(Y) by PD[K], and on Q by (PD[X],34)/d = #(K N —F) = —A.
Hence, Spin®(Y)(K)) is isomorphic to the quotient of H(Y, K) by the action of
(=X, PDIK]).

The first Chern class has a simple description in this framework. Namely, if
(t,s) € H(Y,K) and u; s € Spin®(Wy(K)) is the corresponding Spin® structure,
then we can rearrange ([ZZ.9)) to obtain

(22.12) 7@1(““2)’ [ZaD) _ oy
Hence
(22.13) A (uys) = M.

A

In terms of the embedding in (22.I0)), the conjugation action on H(Y, K) has
the following description:

(22.14) (t,5) — (—t + \,5).

There are two families of Spin® structures on W{(K): Y\(K) — Y which we
are interested in when X is large. Each element t € Spin®(Y)\(K)) = H(Y, K)/(=,
PD[K]) has a unique representative (tg, $g), where —A/2 < t; < A\/2. Furthermore,
any other Spin® structure on W (K) which restricts to t has the form (o + kX, 59 —
kPDI|K]), for an integer k. We define

Ly = (to,ﬁo), and Dy = (t0+)\,50—PD[K]).

The following is a restatement of [OS11l Proposition 4.2] using our present
notation:

LEMMA 22.1. Suppose that K is a rationally null-homologous knot in 'Y, and
C is a fired number. The following hold:

(1) If X is a sufficiently large Morse framing on K, then the Spin® structures
t¢ and vy realize the mazimal and second mazimal squares over all Spin®
structures on W{(K) which restrict each t € Spin®(Y\(K)). Furthermore,

¢1(3)? < max{ci(x), cf(n)} — C,

whenever 5|YA(K) =tandj & {re, 9¢}-
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(2) There is a number b such that if to < —b or b < ty and X is sufficiently
large, then

C < max{ci(x), ¢t (9)} — min{ci(x0), i ()},

whenever (tg,s) € H(Y, K) is the unique representative of t with —\/2 <
to < A\/2.

PROOF. Suppose t € Y (K), and let (¢p,s) be the unique extension to Wj(K)
with —\/2 < tg < A/2. Any other Spin® structure on W which restricts to t may
be written as (to + s\, s+ s- PD[K]), for some s € Z. Equation ([22.13) implies that
(2tg + (25 — 1)N)?

3 .
Ranging over all real x, the function —(2tp+2))? is a quadratic which is maximized
at x = —2tp/A, which by assumption lies in the half open interval (-1, 1]. Ranging
only over odd integers z, the quadratic function —(2tg + x\)? will take on its two
largest values at © = —1 and « = 1, which correspond to s = 0 and s = 1. These
two values themselves correspond to r¢ and 1y, respectively.

For the stated inequality, suppose first that ¢ty < 0. Then the Spin® structures
with maximal and third to maximal squares are (to,s) and (to — \,s + PD[K]).
Using ([22.13)), the drop in ¢? between these two Spin® structures is

2 2
(22.15) (2 A_ A (2 _Aw =8(A—1p) > 4A.
Similarly, if g > 0, then the maximal and third to maximal Spin® structures are
(to + \,s — PDIK]) and (to + 2\, s — 2PD[K]), the difference of whose squares is
2 2
(22.16) (2 :\L A Bl T\M) = 8(A+1o) > 4\
Combining [2ZTH) and 2210) easily gives the stated inequality, for sufficiently
large A.

If ty > 0, then the maximal square is achieved by 1, and the second maximal
is obtained by gy.

Hence,

i (to + s\, s + sPD[K]) = —

o1 i) - eie) =20 AT Bl

=8t

If tg < 0, then the maximal Spin® structure is r¢, and the second maximal is
p. Arguing as in [ZIT) shows that c3(z¢) — c3(9;) = —8tg. Combining these, we
obtain
max{ci (r), ¢ ()} — min{cf (o), ¢f (v} = 8Jtol.
Setting b = C'/8 gives the main claim. O

22.3. The cobordism Wy x1m

Suppose K is a knot in a rational homology 3-sphere Y, and let K’ and K"
denote two unknots, so that K’ is unlinked from K, but K" links both, as in
Figure20.21 Let L = KUK'UK" and let A = (A, m,0) denote a Morse framing on
L, where m is a positive integer. We can view the cobordism W) x4, as going from
YA(K)#L(m,1) to Yy;m(K), and being obtained by surgery on K", after already
having performed surgery on K and K'.
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Let D’ and D” be Seifert disks of K’ and K”, and let I be a rational Seifert
surface of K. Let d > 0 be the order of K in Hy(Y;Z).

We obtain classes F', D, and D" in the surgery cobordism W (L) by capping
F, D', and D" with the core of 2-handles. These form a basis of Ho(Wx(L);Z).
The intersection form is clearly

d’\ 0 d
Q=10 m 1
d 1 0

The homology of Ha (W x+4m;Z) is the orthogonal complement (over Z) of the span
of the first two basis elements. The orthogonal complement is spanned by the vector
X m/g
Y=\ d\g |,
—d m/g
where g = ged(m, d)). Clearly,
$2_ _ ddm(dm + d\) .
2
We now wish to consider gradings on the cobordism map, which will be helpful

to prove that the vertical truncation of the main hypercube is homogeneously graded
for both positive and negative framings .

LEMMA 22.2. There is a C, such that for all large m and all s € Spin®(Y 4., (K)),

the homogeneous elements of CF?(Yxym(K),t) have gradings which lies in the in-
terval [-C, 22 4 C].

PRrOOF. Using the large surgeries theorem [OS11l Proposition 4.2], it follows
that there is a C' > 0 such that the homogeneous elements of CF%(Yy m(K),t)
have grading which fall within C' of

— rnax{(cl(u)2 +1)/4:ue Spinc(VV)’\er(K),u|yHm = t}.

The Chern classes with maximal and second to maximal square are r¢ and v, which
have squares
2 2
i (x)? = —W and  c1(ny)? = —W7
where —(A+m)/2 < to < (A+m)/2. Assuming m is sufficiently large, the maximum
of these two quantities always lies in the interval [—(X + m), 0], implying the main
statement. O

The following is very similar to [OS11) Lemma 6.7] (the only difference is that
it is stated for negative surgeries as well as positive):

LEMMA 22.3. Suppose A # 0 and C is some fized number. For all m sufficiently
large, each Spin® structure on OW x4m has at most one extension u to Wx xym (K)
such that (c3(u) +m)/4 lies in the interval [—C, (A +m)/4 + C].

PROOF. The proof is naturally broken into cases, depending on the sign of .
We consider negative A first. If A is negative, the cobordism Wj x4, is positive
definite, so it is sufficient to show that for each Spin® structure on OW) xim (K),
there is at most one extension u with

(22.18) Au) <A+ C.
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We can write ¢;(u) = o - PD[Y] for some o € Q, and (22ZI8) implies

o < /S22
22

For sufficiently large m, we may assume that |a| < 1/2 for all u satisfying 221I8])). If
v’ is another Spin® structure on W) x4, which has the same restriction to OW) x4m,

then we may write u' = u+ jPD[X], for some j € Z. We compute that
AW) = ) = 4j{cr(w), [3]) + 45757
=45222(a/j +1).

By letting m be sufficiently large, the inequality (22I8]) will be violated for u’.
The case when A is positive is similar (cf. [OS11, Lemma 6.7]). O

22.4. Negative surgeries

The involutive hypercube we have constructed gives a morphism from
CFI°(Y\(K)) to XI3. For positive A, the analysis performed by Ozsvath and Szabé
[OS11], Section 6], together with the obvious analog of Lemma 20.9] show that the
map is homogeneously graded, with respect to a relative Z valued grading on X]I‘;.
For negative coefficients, our argument thus far shows only that the hypercube
determines an (-homotopy equivalence, but we have not shown it to be homoge-
neously graded. Note that Ozsvath and Szabd construct a different 2-dimensional
hypercube to prove the statement about gradings in the case of negative surgery
coefficients. Instead of building another involutive hypercube to mirror Ozsvéth
and Szabd’s approach, we opt to to show that the vertical truncation of the main
hypercube is also homogeneously graded for negative surgery coefficients, when m
is sufficiently large.

The following is the key new lemma for handling gradings in the main hypercube
for negative surgeries:

LEMMA 22.4. Suppose C' is fived. For sufficiently large m, the following holds:
if t € Spin®(Y\(K)) and s € Spin®(Y), then for each t € Q, the set of real numbers

u € Spin® (W} (K)#D(—m, 1))
u‘Y/\(K) =t
Gw(t,s,t) == < gry, (u) uly =s
u‘L(m,l) = Scan
A(u) —t € mZ
contains no two elements which have distance less than C.

PRrROOF. Each Spin® structure on Wj(K)#D(—m,1) decomposes as a con-
nected sum w3 where w € Spin“(W3(K)) and 3 € Spin®(D(—m,1)). With this
notation,

A(m#g,) — <cl(m)’ Zd;d_ [Z} ) [Zd] + <cl(3)’ §> — 527
where 34 C Wi (K) is d copies of the core ¥ of the 2-handle capped off with a
rational Seifert surface, and S is the 2-sphere in D(—m, 1) of self-intersection —m.
Suppose that ug = wo#j30 satisfies A(tog#30) = so (mod m). Any other Spin®
structure with the same boundary restrictions may be written as

u;j = (o +iPD[S4))# (30 + j PD[S)),
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for integers i and j. Note that adding PD[S] changes A by m, and adding Sa
changes A by [$4]?/d = —d\. Hence A(ug) — A(w; ;) € mZ if and only if id\ = 0
(mod m). We compute that
ci(ui;) — ci(uo)

4
= i{c1(wo), [Ba]) +*[Xa]® + j{c1(30), [S]) + j5°
= i<cl(m0 ) [F]> - Z2d>‘ +jkm - jzma
for some k € Z. Note that since idA = 0 (mod m), the integer i is divisi-
ble by m/ged(m,d)). Hence Gy (t,5,t) is a subset of a lattice of the form a +

(m/ ged(m, dX)) - Z), where a € Q. The main claim follows, by picking m so that
m/dX\ > C, since |m/ ged(m, dA)| > |m/dA|. O

grw(uiyj) — frw (uo) =
(22.19)

 —

22.5. Knot Floer homology and rationally null-homologous knots

In this section, we consider the Floer homology of rationally null-homologous
knots. We focus on knots in rational homology 3-spheres, to simplify the presen-
tation. However, our discussion holds more generally if we focus on torsion Spin®
structures.

Suppose K is a rationally null-homologous knot in a rational homology 3-sphere
Y, and s € Spin®(Y). We pick a Heegaard diagram (X, e, B, w, z) for (Y, K), and
define the full knot Floer complex CFK™ (Y, K,s) to be the free F[%, ¥ ]-module
generated by x € T, N Ty satistying s,,(x) = s.

The module CFK™ (Y, K, s) admits two gradings, gr,, and gr,, for which % and
¥ having bigradings (—2,0) and (0,—2). These gradings are obtained from the
absolute Maslov gradings on CF~(Y,s) and CF~ (Y,s — PD[K]), via the canonical

isomorphisms
CFK™(Y,K,s)F|%,V]|/(¥ —1) = CF (Y,s) and
CFK™(Y,K,s)F|%, V(% —1) = CF~ (Y,s — PD[K]).

The difference in Spin® structures on the right hand side arises from the relation

(22.20) 54 (x) — 5.(x) = PDIK].
We take as the definition of the absolute Alexander grading the following:
1
(22.21) A= i(grw —gr,).

The equivalence with other formulations is verified in [HL24l Lemma 2.10]. An
alternate approach for null-homologous knots may be found in [Zem19bl Theorem
2.13 (e); Proposition 8.1]).

The Alexander grading takes values in Q, but is relatively Z valued. If s € Q,
we define A(; (Y, K) to be the subset of CFK™ (Y, K, s) in Alexander grading ¢, and
we set B, 5)(Y, K) to be the subset of ¥ ~1.CFK™ (Y, K,s) in Alexander grading .

The construction of an involution on knot Floer homology described in [HM17]
extends to rationally null-homologous knots. However, there is a new subtlety due
to (2Z20), in that the involution has the form

vk CFK™ (Y, K, s) — CFK~ (Y, K,s — PD[K)).

To streamline the presentation, we find it helpful to consider the grading
changes associated to link cobordisms, similar to the presentation of [Zem19b].
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The Alexander grading formulas therein are stated for null-homologous links. We
now describe how to quickly derive the Alexander grading changes for cobordisms
between rationally null-homologous knots from [Zem19b]. More generally, one
could easily adapt the line of reasoning in [Zem19b] to handle cobordisms be-
tween rationally null-homologous links, but we will not do so here.

Suppose (W, %): (Y1, K1) — (Y2, K2) is an oriented, genus 0 knot cobordism
between two rationally null-homologous knots. Further, suppose s € Spin®(W) has
torsion restriction to Y¥; and Y,. We consider the link cobordism map Fyy s s for
(W,%). (The cobordism maps of [Zem19c| also require a decoration on X; here
we assume it consists of two parallel arcs running from K; to K3). According to
[Zem19bl Theorem 1.4], the gr,, and gr, grading changes are given by

ci(s) — 2x(W) — 30(W)
4 Y
(s — PD[S]) — 2(W) = 30(W)
4

Here, we are viewing [X] as a class in Ho (W, 0W). From [2221]), we obtain
ci(s) — (s — PD[Y])

5 .
If N is an integer such that N - [Ki] = 0 and N - [K3] = 0, as elements of H;(Y7)
and Hq(Y2), then it is easy to rearrange (22.23)) to obtain

{r(s), [En]) — ] - [E]
2N ’

gl (FW,E,S (X)) - grw(x) =
(22.22)

8, (Fws,s(x)) — gr,(x) =

(22.23) A(Fws,s(x) — A(x) =

(22.24) A(Fwyss(x)) — Ax) =

where ¥y denotes a class in Ha (W), which is a preimage of N - [£] under the map

Note that given the construction of the absolute gradings in [0OS03], as well as
our definition in (2Z2I)), we see that that A(s) is exactly the subset of Q that the
Alexander grading on CFK™ (Y, K, s) takes values in.

22.6. Ozsvath and Szabd’s mapping cone formula for rationally
null-homologous knots

We now restate Ozsvath and Szabd’s mapping cone formula using the notation
from Sections 22.1] and P22l We set

AV, K)= [ Aws(VK) and BV, K)= [ BuoK),
(t,5)EH(Y,K) (t,5)€EH(Y,K)

where A o) (Y, K) denotes A (Y, K) Q) F[U], and similarly for B, 4 (Y, K).
The differential D) is the sum of two maps, v and h. The map v restricts to
the inclusion of A (Y, K) into B (Y, K). Similarly,

hit,5) = Fzsw © Vt,5),
where 7 4) is the inclusion of A;(Y, K, s) into Z~3t(Y, K,s), and

Foow: Bi(Y.K,5) = Bia(Y, K, s — PD[K)),
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is the the canonical homotopy equivalence, as follows. Write w and z for the two
basepoints of K. We consider the canonical isomorphisms

0.: By o (Y. K,w,z) — CF~(Y,2,5 — PD[K])®@T" and
0w Biirs—popr)) (Vs K, w,2) = CF~ (Y, w,s5 — PD[K]) @ T*"".
The change in Spin® structure appearing in the definition of 8, is due to the relation
Su(x) —5.(x) = PD[K].
We let ¢ be a diffeomorphism which moves z to w along a subarc of K. We define
Femvw =05, 0 (¢ @T?) 00

REMARK 22.5. We have defined h, q) to take A o) (Y, K) to B1x,s—ppk)) (Y,
K). The sign of PD[K] in our formula differs from Ozsvéth and Szabd’s [OS11].
This is due to inconsistencies in the literature regarding the string orientation of
a knot associated to a doubly pointed Heegaard diagram. A discussion may be
found in [HL24| Section 2.2]. Note that our convention on string orientation is
opposite to the one advocated for therein. Our reason is that when considering knot
cobordisms, it is natural to define the Alexander grading using a Seifert surface
whose oriented boundary is —K, so that one can cap off the knot cobordism to
obtain a class Ho(W;Z). In [HL24], the authors define the Alexander grading
using a Seifert surface whose boundary is K.

Ozsvath and Szabd’s mapping cone formula can be restated in our notation as
saying that
CF™ (Y)\(K)) ~ Cone(Dy: A — B).

We now sketch the proof of Ozsvath and Szabd’s mapping cone formula, stated in
terms of our notation. Understanding the proof will allow us to efficiently under-
stand the proof of the involutive version.

We consider the Floer complexes CF ™ (Y)\(K)), CF™ (Ya1m(K)) and CF ™ (Y),
as before. Here the twisted complex CF ™ (Y') has coefficients in Z[Z/m], exactly as
in the proof for null-homologous knots. The proof that CF~ (Y, (K)) is homotopy
equivalent to the mapping cone of

f2: CF~ (Yy\4m(K)) — CE~(Y)

is no different than the proof for null-homologous knots. Taking vertical truncations
presents no additional complications.

One now claims that there is a natural grading on Cone(f3) with respect to
which the homotopy equivalence is homogeneously graded. Ozsvath and Szabd
proved that for positive A, the map from CF°(Yy(K)) to Cone(f$) is homoge-
neously graded, and for negative surgery coefficients, the map from Cone(f9) to
CF?(Yy(K)) is homogenously graded. When we consider the involutive version, it
is helpful also to know that the map from CF°(Yy(K)) to Cone(f) is also homo-
geneously graded for negative A\, whenever m is sufficiently large, compared to §.
To this end, Lemma 22.1] and 2.3 imply that the length 1 maps are homoge-
neously graded, and Lemma 227] implies that the length 2 map is homogeneously
graded, when m is sufficiently large compared with . We note that the argu-
ment for the length 1 maps is not substantially different than Ozsvath and Szabd’s
argument, though the argument for the length 2 map is new to our present work.
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Next, one builds a 2-dimensional hypercube which relates Cone(fJ) with a
horizontal truncation of the mapping cone complex. To this end, we first note that
0., should be viewed as an injection

6,: CE~ (V) — CF~(Y) @5 FIQ/mZ).
The image of 6,, consists of the F[U]-span of elements of the form x ® T where

t € A(s,(x)), where A is defined in 2ZI)).
The hypercube one builds has the following form:

CF (Yagm(K)) — 13— CFY(Y)

‘ ~

(22.25) B s

S —— %5 <b>

We now explain the expressions in ([22:28). First, the complex 4(b) is the direct
sum over all A ¢ (Y, K) where —b <t < b, and B(b) denotes the direct sum over
all B(; 5y where —b+ A <t < b. Similar to ([20.5), we assume

0<b< (A+m)/2.

Next, we describe . There is a canonical map from the image of 6,, to B89 (b), which
sends CF~ (Y)®T“ to By, (Y, K), where [-],: Q/mZ — Q is the map which sends
an element ¢ to its unique representative ¢y in Q which satisfies —m/2 < to < m/2.
We write

ki CE~(Y) = B~ (V. K)(b),
for the composition of 6, with this map, followed by projection onto B~ (b). Con-
cretely
(22.26)

o i i [ A, 2 (%) — A, 2 (%) if — <y <
H(TJUZ.X)—{%V X, if b+)\7[‘7+vaz(X)}m*b

0 otherwise.

In @225), the map I’ counts holomorphic triangles representing the Spin®
structures of the form y; 5, where —b <t < b. Note that, essentially by definition,
the triangle-counting map, restricted to the Spin® structure r; s induces Alexander
grading change ¢ (viewed as a knot cobordism map from the unknot in Y4, (K)

to K in Y), and hence has image in A‘(St75).

By LemmaPZ] the only Spin® structures which contribute to f3 for sufficiently
large m are of the form ¢ or b, s, for —(A+m)/2 <t < (A+m)/2. Furthermore,
0. © foy, , has image in CF~(Y,s)®T", since A(rys) =t, and 0,0 fa, . has image
in CF~(Y,s — PD|K]) ® T***, since A(y;s) =t + A+ m. The map L° appearing
in ([22.29) is constructed similarly to the analogous map in Figure

Since b < (A+m)/2, the truncations 2°(b) and B°(b) are not themselves homo-
topy equivalent to CF° (Yagm(K)) and CF? (Y), since I'? projects Spin® structures
outside of the range —b < ¢t < b to 0, and a similar statement holds for £°. Nonethe-
less, it follows from part @] of Lemma P21l that the map determined by I'?, L° and
K% is a homotopy equivalence. Compare the proof of Theorem Letting m and
6 become sufficiently large, we obtain, in the same manner as mapping cone for
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null-homologous knots, a homotopy equivalence between Cone(f2) and the infinite
mapping cone Cone(Dy: 2 — B). Compare the proof of Theorem

Finally, we make one comment on gradings. Ozsvath and Szabé proved that the
map from CF°(Yy(K)) to Cone(f$) is homogeneously graded when X is positive.
When ) is negative, they instead showed that the homotopy equivalence, which
goes from Cone(fJ) to CF?(Yy(K)), is homogeneously graded. We note it follows
from Lemma P24 that the map from CF°(Yy(K)) to Cone(fS) is homogeneously
graded, even when A is negative, provided m is sufficiently large.

22.7. The involutive mapping cone formula for rationally
null-homologous knots

Given our sketch of Ozsvath and Szabd’s mapping cone formula for rationally
null-homologous knots in Section 22.6] it is clear that our proof of Theorem RO.1]
extends without any complication to prove the following:

THEOREM 22.6. Suppose A is a Morse framing on a rationally null-homologous
knot K in an rational homology 3-sphere Y (we view A as an element of Q), such
that Y)(K) is also a rational homology 3-sphere. The involutive Heegaard Floer
homology CFI~(Yy\(K)) is homotopy equivalent over the ring F[U][Q]/Q* to a
complex F[Q]/(Q?) @r (A& B) with differential specified by some F[U]-linear maps
as below:

A D B

XIx = Q(d+w)  QH  Q(d+w)

N
N
N
N
N
\\
A

Q- A —Di— Q- B.
In fact, the t-complex (CF~ (Y\(K)),t) is t-homotopy equivalent to the complex
Xy := Cone (Dy: 2 — B),
with involution vx = ts + H + tg. Furthermore, the following hold:

(1) Dx = v + h, where v sends A to Bs), and h sends Aggq) to
B(t4xs—PD[K])-

(2) ta sends A5y to A 54pp(K])- Furthermore, 1y coincides with the knot
involution.

(3) g sends B sy to B(_iyr5), and coincides with the map induced by tp,
composed with §,_s-

(4) H = k + j, where k maps A q) to B_yyrz) and j maps Ay to
B(_t5+PDIK])-

Given an knot K in a rational homology 3-sphere Y, which is also an L-space,
the construction of Proposition B.15] carries over without substantial change to give
an algebraic involutive mapping cone

XIYE(CFE™ (Y, K), k),

whenever A is a non-zero Morse framing on K, which is well-defined up to ¢-
homotopy equivalence. The t-complex Xﬂilg is characterized by the property that
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()q/r

FIGURE 22.1. Left: The knot O/, inside of —L(g,r). Right: A
Heegaard diagram for Os /5. The knot Oj 5 is shown (dotted), with
the orientation from the Heegaard diagram.

h and H factor through the inclusion map of A 4 (Y, K) into g(m)(Y, K). The
proof of Theorem 21.7] adapts with only notational changes to give the following:

THEOREM 22.7. Suppose K is a rationally null-homologous knot in a ratio-
nal homology 3-sphere Y, with non-zero Morse framing. If Y is an L-space, then
XIYE(CFK™(Y, K), 1) is t-homotopy equivalent to CFI~ (Yy(K)).

22.8. Rational surgeries

We now apply Theorem to compute rational surgeries. By using the in-
volutive connected sum formula for knots, the proof follows from the same line of
reasoning as [OS11], Theorem 1.1]. We now describe the proof, using our present
notation.

Suppose that A = p/q is a non-zero rational framing on K C S3, such that
ged(p,q) = 1. Let n denote |p/q|. Define r/q = p/q —n. We will take the
connected sum of K with the knot O/, € —L(g,r). See Figure Ozsvéth and

Szabé call Oy, a U-knot, since HFK has rank 1 in each Spin® structure.

We write xq,...,24—1 for the intersection points, ordered left to right (for
some choice of starting points). It is easy to check that e(z;, xsy,) = PD[Oy/,],
where O/, is oriented as in Figure 22.1] and e is defined in [OS04b) Section 2.4].
According to [0S04b), Lemma 2.19], 6., (%i4r) — Su(2:) = €(xi, Zivr) = PD[Og/y].
On the other hand s.,(z;) — 5.(2;) = PD[Og/,], so gr,(x;) = gr,,(z;—).

We have

1 1

(2227) Alwi) = 5(gr (o) — g @) = 5

According to [LLO8|, Proposition 5.3] (cf. [OS03| Proposition 4.8]), there is an
identification of Spin®(—L(q,r)) = Z/q, such that if r <i <r+ ¢ — 1, then

(gr,, (z:) — gy, (Tier)).

1
(22.28) gr,(z;) —gr,(zi—r) = a(q —1—24q),
(with subscripts taken modulo ¢). Combining (2Z27)) and [2Z28)), it follows that
1
Alzi) = Z(q —1-2i),
for 0 <i < gq.
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On the Heegaard diagram for O,/ C —L(q,r), the B curve satisfies [3] =
q-Og4p + 1 - [a]. This relation gives a rational Seifert surface, by taking a 2-chain
F which satisfies 0F = q- O/, +1-a — 3, and capping with compressing disks for
a and (. Furthermore, O/, pushed into the alpha handlebody, has intersection
number r with this 2-chain, and hence O/, has rational self-linking number 7/q.

The framing p/q on K corresponds to a Morse framing on K#0O,,, as follows.
Let n = |p/q| and r/q = p/q — n, as above. We view K as having integral framing
n = |p/q] and the knot Oy, as having the Morse framing induced by the 0-framing
in (2229), if we ignore the —¢g/r-framed unknot. These two choices induce a Morse
framing on K#0, /. € —L(q,r), which corresponds to the rational number p/q,
under the map in

In particular, the intersection points have Alexander gradings

q/r

(22.29) —gtl —qt3 a=3a-1
2q 2q 29 2q
Now, if z; is the intersection point in Spin® structure s;, then A o) (K#0,/,) ~
At~ A(z)(K), by the connected sum formula. Note that the projection map from
Spin®(W{(K)) — Q is an injection (i.e. all Spin® structures on —L(g, r) have differ-
ent values under A), so we lose no information in writing just A;(K#0,/,) instead
of A(t,5,)(K#0y,,). By the Kiinneth theorem, we have

(22.30) A(K#0y,,) = Ap(S%, K),

where [t] denotes the closest integer to ¢. The value of [t] on half-integers is not
important, since we never need to apply it there. Note also that the knot involution
L #0,,, coincides with ¢k under the isomorphism in ([22.30), by the connected sum
formula for involutive knot Floer homology [Zem19a] as well as the fact that O/,
is a U-knot (so the maps ® and ¥ thereon vanish).

We define
AP/Q(K) = Ql(—L(q, T)v K#Oq/r) = H A[Q—J%;*l] (K) and
(22.31) s€z
Bp/q(K) = %(_L(qu ’f'), K#Oq/r) = H B[q+§;+1] (K)
SEL

We think of each A[q+§s+1](K) as actually being A[q+§s+1](K) x {qg+2s+1} (so

as to remember index s), but we suppress this from the notation.

Of course, there are canonical isomorphisms A (K) = A4(K) and Bs(K) =
B, (K), so we may translate (2231]) into the more familiar versions of complexes,
as in [OS04al].

Applying Theorem 22,6 we obtain the following:

THEOREM 22.8. Suppose that K is a knot in S3, and p and q are relatively

prime integers, neither of which is 0. Then C’FIf(Sg/q(K)) is homotopy equivalent

over the ring F[U][Q]/Q? to a complez F|Q]/(Q?) @5 (A q ®By/q)[—1], where A,
and B, are as in 2231)), with differential specified by some F[U]-linear maps as
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below:

XLp/g = Q-(id+u) Q-H O-(id +15) -

Q- Apjg —DPria— QB

p/qs

Equivalently, the .-complex (CF~ (Ss/q(K)), L) s t-homotopy equivalent to the com-

plex X,,,4 := Cone (Dp/q: Ay — Bp/q), with involution tx = tp + H + 1g. Fur-
thermore, the following hold:

(1) Dpjq =v+h, where v sends Ay (K) to Bpy(K), and h sends Ay (K) to

Biiip/q)-
(2) ta sends Ap) to Aj_y. Furthermore, 1y is the map induced by the knot
involution under the isomorphism A,(K) = A, (K).

(3) g sends By to Bi_1p/q, and coincides with the map induced by tp,

composed with §, -

(4) H =k+j, where k maps Ay to Bi_ip/q and j maps Ap) to B_y).
There is an algebraic t-complex X]I;l/gq(CFKOO (K), k), characterized by the property
that the maps H and h factor through v, which is well-defined up to t-homotopy
equivalence. Furthermore

(CFI™(S},,(K)), 1) ~ XL (CFK™(K), k).

We make several basic comments about the rational surgeries mapping cone.
Our rational surgeries involutive mapping cone is indexed slightly differently than
Ozsvéth and Szabd’s mapping cone [OS11]. In their notation

Apjq 1= HA(S/tﬂ x{s} and By, := HB(S/QW x {s}.
SEZL SEZL

That is, A/, and B/, each consist of ¢ copies of each A and Bs. In the differential
Dy/q == v+h, the map v sends Ar,/q1 X {5} to Brs/q) % {s}, and h sends A, /41 % {s}
to B(S_,_p/q] X {S —|—p}.

Next, we discuss the decomposition of the two cones over Spin® structures. We
have Spinc(S;’/q(K)) 2= Z/p. In Ozsvath and Szabd’s indexing, the cone decomposes
over Z/p congruence classes of the s index.

The conjugation action on Spin® structures is a bit more natural with respect
to the description in Theorem 22.8] Define

2 1
H = {u se Z}.
2q

There is an isomorphism Spinc(S;’/q(K)) >~ H/(p/q), and analogous to [22I4) the
conjugation action sends « € H/(p/q) to —z. Each element (¢+2s+1)/2q € H/(p/q)
has a representative in the interval [—p/2q,p/2q]. The representative is unique,
unless p and ¢ differ in parity, in which case the Spin® structure corresponding
to —p/2q has two representatives in the inteveral (the other being p/2¢q). The
self-conjugate Spin® structures are as follows:
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e If p and ¢ are both odd, then there is one self-conjugate Spin® structure,
which corresponds to 0 € H.

e If g is odd and p is even, then there are two self-conjugate Spin® structures,
which are the ones which correspond to 0,p/2q € H

e If ¢ is even and p is odd, then there is one self-conjugate Spin® structure,
which corresponds to p/2q.

The techniques of Section[B. 7 extend without complication to compute the local
class of rational surgeries on knots, as follows:

PROPOSITION 22.9. Suppose that K is a knot in S3, and p,q are relatively
prime, positive integers.

(1) Ifp and q are both odd, then there is only one self-conjugate Spin® structure
on Si/q, corresponding to 0 € H. Moreover, CFI_(Sg/q(K)7 [0]) is locally
equivalent to (Ag(K), k).

(2) If q is odd and p is even, then there are two self-conjugate Spin® struc-
tures, corresponding to 0 and p/2q € H. Then, CFIf(S;’/q(K), [0]) s
locally equivalent to (Ao(K), k), while CFI_(S;’/q(K), [p/2q]) is locally
equivalent to

Alp/2q) Alp/2q)
(22.32) N W

Y Y

Bip/2q)
equipped with the involution which interchanges the two copies of Ap,/2q)
and fizes By, 2q)-

(3) If q is even and p is odd, then there is one self-conjugate Spin® struc-

ture, which corresponds to p/2q € H. Moreover, CFI_(S;’/q(K), [p/2q])
is locally equivalent to the complex shown in (2232).

The proof of Proposition 229 follows the same strategy as the proof of Proposi-

tion 3221 Namely, that proof implies that the local class of X]Izl/gq (€) coincides with
the minimal truncation of X]I;l/gq (€¢), which is exactly the claim of Proposition 229
As a corollary of Proposition 22.9] together with the proof of Proposition [3.25 we
obtain the following (stated as Proposition [[7in the introduction):

PROPOSITION 22.10. Suppose that p,q > 0 are relatively prime integers and K
is a knot in S3.

(1) If p and q are odd, then there is one self-conjugate Spin® structure [0] on
S3, (K), and furthermore

p/q
d(Sy,(K), [0]) = d(L(p, q), [0]) — 2V o(K),
d(Sy,(K),[0]) = d(L(p, q), [0]) — 2V o (K).

(2) If p is even and q is odd, there are two self-conjugate Spin® structures,
which we denote [0] and [p/2q]. The correction terms for [0] are the same
as the previous case, while

d(S;y,(K), [p/2q]) = d(S;,,(K), [p/24)),
(S5, (K), [p/24]) = d(L(p, ), [p/24))-
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(3) If q is even and p is odd, then there is just one self-conjugate Spin® struc-
ture [p/2q], and

d(Sp/4(K), [p/24]) = d(Sy,(K). [p/24]),
d(Sp,4(K). [p/24]) = d(L(p, q), [p/2q))-

22.9. O-surgeries

As a final variation on the surgery formula, we discuss 0-surgeries. Suppose
K is a null-homologous knot in an integer homology 3-sphere Y. It follows from
[OS08Db], Section 4.8] that CF~(Yy(K),[0]) =~ Cone(vy + ho: Ag — Bg). There
is also a simple analog of Theorem which holds for 0-surgeries. The proof of
Theorem carries over to show that CFI™ (Yy(K), [0]) is homotopy equivalent
over the ring F[U, Q]/Q? to a chain complex of the form

A

Dy —— By

(22.33) QGd+us)  QHy  Q(id+)

Q- Ay Do—— Q- By
where
Do = vo + ho,
LA = UK,
tp = Solk-

Mirroring this, if ¢ is an tx-complex of L-space type, we can construct an al-
gebraic version of the involutive mapping cone complex X]Iglg (€¢), with underlying
chain complex as in (22:33), which is characterized by the additional requirement
that hg = §ovy and Hy = Hv, for an F[U]-equivariant map H: By — By. Theo-
rem 2T.1] extends into this setting to show that if K is a knot in S3, then

CFI~(S3(K),[0]) ~ XI2'8(CFK*®(K), 1k ).
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