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2. (20 points). Compute, using the method for surface area of a solid of revolution, the
surface area of a sphere of radius R.

Solution We can take the function f(z} = +R?—z? on the domain [—R, R]. "When
rotated this gives a sphere of radius K. The derivative of this function is ——=F—=. Let 5
denote the surface area. We have .

R
S = 2%[Rf(x)\/1+f’(m)2dm

R 2
z
=27r/ 1+ ———Vh?—22dr
—R\/ ,/32_5822
R ,
= 27r/ VR — 2%+ 22dx

_271'/ Rdx

= o Rz{%,
= A R

3. (20 points). Compute the indefinite integral

| f _EHT
| Sz )

Solution First, we write the integrand as a partial fraction

z+7 _A‘+B+ C
2z +2) z 0 22 42



where we determine A, B, C now. Clear denominators to obtain
z+ 7= Az(z +2) + Blz +2) + Cz® = (A+ C)2* + (24 + B)z + 2B.

This yields the system of equations

A+C=0
244+ B =1
2B =1.

Solving, we see that B = %, A :'wg, and C = 2. Thus, the integral is

z+7 5 7 5
/mQ(w-i-fB)dx f(_—m+§m_+ iz +2)) dz
: ___/dx da:+§/ dz

- 4] z+2

=—~1n|:n[——--~|»~h}|$+2|-i—0

4. (20 points) Find an interval {a, b| containing 0 such that if z is in [a, b], the error of the
5th Taylor polynomial for f(z) = e* (with a = 0) is less than or equal to 107.

Solution The error bound is

Kﬁ({L‘ — O)G

[ T5(z) — €| < ———

where K is an upper bound for f®(z) = ¢® on some interval as yet to be determined. So we

solve for ¢ in the inequality
Ksil?

< 10718,

Let by = 1, so that €% = e. We have by > 0 and on the interval (—o0, i), €* < e. So, for
any z in the interval (—o0, bg], the error is at most

exd _ ez’

6! 360
Since e < 3, £ < 1. Thus,

ez’ _ a°

360 — 120

Set
z® < 12010778,

We can require even more strictly that

2% < 25,107 =64 . 10718,



Then, we see that

lz| < 2-107°
has the indicated error. Thus, on the interval [_";ﬁv ﬁ}, the error

|Ts(x) ~ €|
is less than or equal to 10718,

5. (20 points). Compute the value of In2 to an error of at most 107°. You should use
Taylor polynomials, but you do not have to actually simplify the final approximation 75,(2).

Solution We use the Taylor polynomials T, (z) for f(z) = Inz centered at ¢ = 1. The
general form for the error bound is then,

Kn;}-l(z - 1)n+1

where K, ;1 is an upper bound for f™+1(z) on the interval [1,2]. The first few derivatives
of f(z) are
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The absolute values of these derivatives are all decreasing on the interval [1,2], so we can
take their values at z = 1 as upper bounds. In fact, we can take

Kn—!—l S
for n > 0. Now, we have that |f"+9(z)| < Kp41 on the interval [1,2]. Thus, we can take

nl 1
(n+1)! n+1

IT.(2) —In2| <

Thus, .
ingg(z) —1In 2| S 10_3.

The corresponding approximation is

1 11 1 1
Too(2) = ZR (1) = 1— ok g = g2 —

k 23 4 "+ 590



