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4. Let tsnu be a sequence of real numbers, and let S � R Y t�8u be the set of subse-
quential limits of tsnu. Let EN � tsn : n ¥ Nu.

We check the statement for the two definitions of lim sup; lim inf is similar. Suppose
that t � limNÑ8 supEN . Then we claim t is exactly supS.

First we do the case where t is a real number. Recall that to show t is a subsequential
limit of tsnu, it suffices to show that any neighborhood pt � ε, t � εq of t contains
sn for infinitely many n. Now, for any ε ¡ 0 we see that there exists N such that
N0 ¥ N implies that suptsn : N0 ¥ Nu   t � ε, implying in particular that tsup sn :
N0 ¥ N0u   t � ε. Indeed we see that for n ¥ N0, sn   t � ε. Furthermore,
suppose that there are only finitely many m1, . . . ,mk for which smi

¡ t � ε. Then for
n ¡ N1 � maxtm1, . . . ,mku, we have that sn   t � ε, implying that for N0 ¡ N1,
suptsn : n ¥ N0u ¤ t� ε, contradicting supEN Ñ t. So there must be infinitely many
n for which sn is in pt� ε, t� εq. We conclude that t P S.

We now wish to show that t � maxS. But let r be another subsequential limit, say
of the subsequence tsnk

u. Then r � lim snk
� lim sup snk

� lim suptsnk
: nk ¥ Nu ¤

lim suptsn : n ¥ Nu � t. So t is maxS.

Now let t � �8. This implies that for every m   0, there is an N such that N0 ¥ N
implies that suptsn : n ¥ N0u   m. In particular for n ¥ N , sn   M . So sn Ñ �8
has exactly one subsequential limit, namely t.

Now let t � 8. Certainly if t P S then t � supS. Now pick N1 such that for N0 ¥ N1,
suptsn : n ¥ N0u ¡ 1. In particular suptsn : n ¥ N1u ¡ 1, implying that there exists
an sn1 ¡ 1 in the set. Now pick N2 ¡ n1 such that suptsn : n ¥ N2u ¡ 2, and pick sn2

in this set. Iterate to get a subsequence tsnk
u of tsnu converging to 8.

5. Let sn � 1� 1
2
�� � �� 1

2n
. The sequence psnq is increasing bounded above; it’s not hard

to satisfy myself inductively that sn   2. So tsnu converges. Therefore, by Theorem
3.3, the sequence t2sn � snu converges to 2s � s � s. But 2sn � sn � 2 for any n. So
s � 2.

In the case of tn � 1� 2� � � � 2n, Theorem 3.3 does not apply.


