
Exam 1 Solutions

MTH 327H

1. (a) For any px, yq in R2, we see that

d1ppx, yq, px1, y1qq2 � px� x1q2 � py � y1q2
¤ px� x1q2 � 2|x� x1||y � y1| � py � y1q2
� p|x� x1| � |y � y1|q2
� d2ppx, yq, px1, y1qq,

so d1ppx, yq, px1, y1qq ¤ d2ppx, yq, px1, y1qq. Moreover,

d3ppx, yq, px1, y1qq2 � suptpx� x1q2, py � y1q2u
¤ px� x1q2 � py � y1q2
� d1ppx, yq, px1, y1qq2,

so
d3ppx, yq, px1, y1qq ¤ d1ppx, yq, px1, y1qq ¤ d2ppx, yq, px1, y1qq.

Now observe that

d1ppx, yq, px1, y1qq �
a
px� x1q2 � py � y1q2

¤
a

2psupt|x� x1|, |y � y1|uq2
�
?

2d3ppx, yq, px1, y1qq.

Moreover clearly d2ppx, yq, px1, y1qq ¤ 2d3ppx, yq, px1, y1qq. So in general we have

d3ppx, yq, px1, y1qq ¤ d1ppx, yq, px1, y1qq ¤
?

2d3ppx, yq, px1, y1qq
d3ppx, yq, px1, y1qq ¤ d2ppx, yq, px1, y1qq ¤ 2d3ppx, yq, px1, y1qq
d1ppx, yq, px1, y1qq ¤ d2ppx, yq, px1, y1qq ¤ 2d1ppx, yq, px1, y1qq

(b)If we have two metrics d and d1 on a space X, in order to show that if a set U
is open in pX, dq then it is open in pX, d1q, it suffices to show that any neighborhood
Nd
r ppq � tq P X : dpp, qq   ru contains a neighborhood Nd1

r1 ppq � tq P X : dpp, qq   r1u.
For then if U � X and p is an interior point of U with respect to the metric pX, dq,
then p is also an interior point of U with respect to the metric d1.

So if there exist 0   α   β such that αdpp, qq ¤ d1pp, qq ¤ βdpp, qq, this implies that
for r P R, we have Nd1

αrppq � Nd
r ppq and Nd

r
β
ppq � Nd1

r ppq. Hence strongly equivalent

metrics induce the same topology.



2. (a) Since we already know R is a field, it suffices to check that Qp?2q is closed under
addition and multiplication, is closed under taking additive and multiplicative inverses,
and contains 0 and 1. Clearly 0, 1 P Qp?2q. Moreover pa � b

?
2q � pc � d

?
2q �

pa � bq � pc � dq?2 and pa � b
?

2qpc � d
?

2q � pac � 2bdq � pad � bcq?2. Since the
rationals are closed under addition and multiplication, we see that Qp?2q is as well.
Finally, if a� b

?
2 P Qp?2q, then its additive inverse �a� b

?
2 is also in Qp?2q, as is

its multiplicative inverse, a
a2�2b2

� b
a2�2b2

?
2.

(b) Let h be an order on Qp?2q which gives it the structure of an ordered field. First,
we know that there is exactly one way of making Q into an ordered field, so for numbers
of the form a � a� 0

?
2, we must have a   bô ah b.

Now we observe that if 0h p, q are distinct positive numbers and p2 h q2, then ph q.
For if q h p, then q2 h qph p2 after applying Proposition 1.18(b) twice.

Suppose that 0 h
?

2. Then for any rational b such that 0 h b, we have 0 h b
?

2, and
pb?2q2 � 2b2 is rational with 0 h 2b2. Since we know how to order the rationals, and
we know how to order any positives if we know how to order their squares, we conclude
that for numbers x, x1 each of which of the form a � 0

?
2 or 0 � b

?
2 for a, b ¡ 0, we

must have x h x1 ô x   x1. Taking additive inverses implies that the same is true of
all elements of the form a� 0

?
2 or 0� b

?
2 such that a, b P Q.

Now, consider a�b?2 and c�d?2. We see that a�b?2hc�d?2 ô a�chd�b?2 ô
a� c   d� b?2 ô a� b?2   c� d?2. So we have ordered all elements of Qp?2q, and
the order is the order inherited from R.

The second case is
?

2h 0. We can repeat the argument above using �?2 in place of?
2 to show this uniquely determines a second order on Qp?2q.(This corresponds to

the fact that 2 has a positive and a negative square root and the construction of this
field doesn’t notice which one we chose.)

3. (a) Let A � txu and B be closed. Let S � tdpx, yq : y P Bu and α � dpA,Bq � inf S.
For all n P N � t0u, α � 1

n
is not a lower bound for S, so we can choose yn such that

dpx, ynq   α� 1
n
. Then tynu � Nα�1pxq, so tynu is a bounded sequence in Rk, implying

that tynu has a convergent subsequence ynk Ñ y. Since B is closed, y P B. Given any
m ¡ 0, choose K such that k ¡ K implies dpynk , yq   1

m
. Then for nk ¡ maxtnK ,mu,

we have dpx, yq ¤ dpx, ynkq � dpynk , yq   α � 1
m
� 1

m
� α � 2

m
. As m was arbitrary,

dpx, yq � α.

(b) Let A be compact and B be closed. Then let S � tdpx, yq : x P A, y P Bu and
α � dpA,Bq � inf S. For all n P N � t0u, pick xn P A and yn in B such that
dpxn, ynq   α� 1

n
. As A is compact, some subsequence xnk converges to a point x in A.

Then for any m P N�t0u, there exists K such that k ¥ K implies that dpxnk , xq   1
2m

.
For k ¥ maxtK, 2mu, we have dpx, ynkq   dpx, xnkq�dpxnk , ynkq   1

2m
�α� 1

2m
� α� 1

2m
.

Since B is closed we are now in a position to repeat the argument from part (a) to
conclude there is a point y P B such that dpx, yq � α.

(c) Consider the sets A � N�t0u and B � tn� 1
2n

: n P N�t0uu. These sets are both
closed (neither of them have limit points), and AXB � H, but dpA,Bq � 0.



4. (a) No; consider the sequence sn � n. I claim this is Cauchy. For given ε ¡ 0, choose
N such that 1

N
  ε. Then if n,m ¥ N , we have dpsn, smq   | 1

n
� 1

m
|   1

N
  ε. So

this sequence is Cauchy. However, suppose it converges to some x P r1,8q. Then let
ε � 1

k
for some k a positive natural. By assumption, there exists N such that n ¥ N

implies 1
k
¡ dpx, snq � | 1

x
� 1

n
|. For n large enough, this implies that 1

k
¡ 1

x
� 1

n
¡ 0,

and therefore 1
k
¥ 1

x
. Hence x ¥ k. But k was arbitrary, so no such x exists.

(b) No; consider r1,8q itself. Notice for any x P r1,8q, dp1, xq � |1 � 1
x
|   1, so

r1,8q � N1pxq and r1,8q is bounded. Morever it is closed as a subset of itself, as all
metric spaces are. But it is certainly not compact, since by part (a) it is not complete.

(Identifying this space with p0, 1s with the standard metric and solving the problem
that way is also a fine solution.)

5. (a) Let px, yq P X � Y . Then

Nrppx, yqq � tpx1, y1q : dppx, yq, px1, y1qq   ru
� tpx1, y1q : suptdXpx, x1q, dY py, y1qu   ru
� tpx1, y1q : dXpx, x1q, dY py, y1q   ru
� tpx1, y1q : x1 P Nrpxq, y1 P Nrpyqu
� Nrpxq �Nrpyq.

(b) Since compactness is not relative, it suffices to prove the statement for X � K and
Y � L. First, observe that for any E � X and y P Y , if px, yq and px1, yq are points in
E�tyu � X�Y , then dppx, yq, px1, yqq � dXpx, x1q. So the inherited metric on E�tyu
is exactly the metric on E. Similarly if F � Y , the inherited metric on txu �F agrees
with the metric on F for all x.

First suppose X � Y is compact. Pick some y P Y . Then X � tyu is a copy of X in
X�Y . Moreover I claim X�tyu is closed, since if px1, y1q R X�tyu then NdY py,y1qpx1, y1q
contains no point of X � tyu. Ergo X � tyu is a closed subset of a compact set, hence
compact. We conclude that X is compact. Likewise Y is compact.

In the other direction, suppose that X is compact and Y is compact. Let tUαu be
an open cover of X � Y . Given y P Y , the set X � tyu is compact, so we can pick
finitely many Uy

1 , . . . , U
y
ny which cover X � tyu. Indeed, for any x P X, there is a

neighborhood Vx � Nrxppx, yqq � Nrxpxq � Nrxpyq contained in Uj for some j. Since
X � tyu is compact, we can choose finitely many Vx1 , . . . , Vxm which cover X � tyu.
Then if ry � mintrx1 , . . . , rxmu, we see that X�Nrypyq � Ym

i�1Vxm � Yny
i�1U

y
i . But Y is

compact, so we can choose finitely many y1, . . . , yk such that the neighborhoods Nrypyjq
cover Y . Then X � Y is covered by the finite subcover tUyj

` : 1 ¤ j ¤ k, 1 ¤ ` ¤ nyju
of tUαu. Since tUαu was arbitrary, we conclude that X � Y is compact.

[There is also a faster proof of this using subsequences. Exercise!]

6. (a) Let xn � n
1
n � 1. By Theorem 3.3(a), it suffices to check that xn Ñ 0, since then



n
1
n � xn � 1 Ñ 1. Now observe that xn ¥ 0, and furthermore

n � p1� xnqn

�
ņ

k�0

n!

pn� kq!k!
xkn

¡ n!

pn� 2q!2!
x2n

� npn� 1q
2

x2n

We conclude that 0 ¤ xn ¤
?

2n� 1. Now for ε ¡ 0, choose N such that N ¡ 1� 2
ε2

, so

that
?

2N � 1   ε. We see that n ¥ N implies that |xn � 0| � |xn| � xn  
?

2n� 1  ?
2N � 1   ε. So xn Ñ 0 as desired.

(b) Let sn Ñ 0 and ptnq be bounded, say |tn|   M . Then for any ε ¡ 0, choose N
such that n ¥ N implies that |sn| � |sn � 0|   ε

M
. We see that if n ¥ N , we have

|sntn � 0| � |sntn|   |sn|M   ε
M
�M � ε. As ε was arbitary, we have sntn Ñ 0.

7. (a) Consider the set S � t0u Y t 1
n

: n P N � t0uu Y t 1
m
� 1

n
: n,m P N � t0u, n ¡ mu.

Clearly 0 and 1
m

for all m P N�t0u are limit point of S. We must check it has no other
limit points. Certainly if x P R has x   0 or x ¡ 2, then x has some neighborhood
containing no point of S and is therefore not a limit point of S. Furthermore, if
x P r0, 2s is not 0 or 1

m
for some m, then choose m such that 1

m�1
  x   1

m
. Then

pick ε � 1
2

mintx � 1
m�1

, 1
m
� xu. Then the neighborhood Nεpxq about x has finite

intersection with S, consisting only of pairs 1
m
� 1

n
such that 1

n
¡ 1

2
px � 1

m�1
q. Hence

x is not a limit point of S. So S is closed; since it is also bounded and is a subset of
R, S is compact.

(b) Consider the set of points in r0, 1s with only 4’s and 7’s in their decimal expan-
sions from class. We translate this set by adding .10100100010000100000 . . . to all
of its elements. The result is a set of elements whose decimal expansions never be-
come repeating. This set is still perfect, since we did not change its topology via the
translation.

8. (a) Let x � px1, x2, . . . q be an element of S. Let r ¡ 0, and let k be the largest integer
such that 1

2k
  r. Then Nrpxq � tpy1, y2, . . . q : yi � xi@i   ku. Moreover, if y is any

element of Nrpxq, we see that Nrpxq � Nrpyq. Now suppose the intersection of two
neighborhoods Nrpxq and Nspzq is nonempty. Wlog let r ¡ s. Choose some y in the
intersection. Then Nrpxq � Nrpyq and Nspzq � Nspyq, and therefore Nspzq � Nspyq �
Nrpyq � Nrpxq.
(b) Let txiu � tpxi1, xi2, . . . qu be a sequence which converges to some x in S. Then
for any k ¡ 0 an integer, there exists N such that n ¥ N implies that dpxn, xq   1

2k
,

implying that xnj � xj for all 1 ¤ j ¤ k. Since n was arbitrary, any xn and xm for
which n,m ¥ N have the same first k entries. So the convergent sequences in S are
exactly those sequences such that for all k, there exists N such n,m ¥ N implies that
xnj � xmj for all 1 ¤ j ¤ k.


