Math 350
Abstract Linear Algebra
Homework Set #4

Rank-Nullity

1. Prove that if T : R* — R? is linear and
null T = {(z1, 29, 23, 24) € R* | 21 = 224 and 5 = Ta3},
then T is surjective.
2. Let T € L(R*,R) be a nonzero linear map.
a) Prove that dim(null7T") = 2.
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)
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Prove there exists a,b,c € R such that T'(z,y, z) = ax + by + cz.
Show that null 7" is a plane in R®. Give the equation for this plane.

(c
(d) Let 77 be the normal vector to the plane you found in part c¢). Show that T :
span(7i) — R is bijective.

3. For this problem let V' and W be finite-dimensional vectors spaces and assume {vy, ..., v,}
is a basis for V.

(a) Fix vectors z1,...,x, € W. Define a function
T:{v,...,vn} = {x1,..., 20}
by Tv; = x;. Show that the “extended” function T': V — W given by
T(ayvy + - apvy) = aTvy + - -+ a,Tv, = a1y + -+ - apx,

is a linear transformation.

(b) Let V and W be finite-dimensional vector spaces. Prove there exists a surjective
linear map from V to W iff dim V' > dim W. (Hint: Use part (a).)

4. Assume V is a finite-dimensional space and 7' € L(V, V') such that
null?” N ranT = {0y }.

Prove that
V =nullT ®ranT.



