
582 PS1 Solutions

1. This becomes more or less trivial if we think of starting at the other end,
i.e. with Πn, since the number of ways to move from Πi to Πi−1 is always

(
i
2

)
(namely, we can combine any two of the i blocks of Πi). Thus the number of
sequences is

∏n
i=2

(
i
2

)
(= (n!)2/(n2n−1)).

2. For k ∈ {0, . . . , n},
(
x+k
k

)
=
(
x+k
x

)
is the number of (x+1)-element subsets

of [x+n+1] with largest element x+k+1 (so the sum is
(
x+n+1
x+1

)
=
(
x+n+1

n

)
).

3. With ai := |{j : xi = max(Aj)}|, the key observation is

v is determined by (a1, . . . , an). (1)

This is enough: a1, . . . , an is a weak n-composition of m, so the number of
possibilities for the ai’s is at most

(
m+n−1
n−1

)
. (Of course it can be less, since

weak compositions needn’t correspond to legal v’s.)

For (1) (one way) we proceed by induction on n, with n = 1 trivial. Choose
i with ai = |{j : xi ∈ Aj}|, i.e. with max(Aj) = xi for each Aj containing xi
(which is true, e.g., if xi is maximum under ≺). Now delete xi and all Aj’s
containing it and say induction.

4. Let XI = {x ∈ X : x ∈ Ai ⇔ i ∈ I} and let YI ⊆ Y be the analogue for
the B’s. Inclusion-exclusion applied to the universe AI and subsets AI∪{j}
(j ∈ [m] \ I) gives

|XI | =
∑

J⊇I(−1)|J\I||AJ |.

(and similarly for the YI ’s). Combining this with our hypothesis we find that,
for each I,

|XI | =
∑

J⊇I(−1)|J\I||AJ | 6=
∑

J⊇I(−1)|J\I||BJ | = |YI |.

It follows that either at least half of the XI ’s or at least half of the YI ’s are
nonempty, so |X| ≥ 2m−1.

[For the exercise: Fix ε, δ ∈ {0, 1}m with even and odd weight respectively,
let X be the set of even weight strings from {0, 1}m and set

Ai = {x ∈ X : xi = εi}, Bi = {x ∈ X : xi = δi}.

Then |AI | = |BI | = 2m−1−|I| if I 6= [m], but A[m] = {ε} and B[m] = ∅.]

1



5. Let A =
(
V
k

)
and for i ∈ [k] let Ai = {E ∈ A : E ∩ Vi = ∅}. Then

A \ ∪Ai = {transversals} and

nk = |h(A \ ∪Ai)| = |
∑
I⊆[k]

(−1)|I|h(AI)| ≤ 2k max
I
|h(AI)|,

which, since h(AI) = h(∪i 6∈IVi), gives the desired result with ck = 2−k.

6. We have P(X = 0) =
∏

(1− pi)→ e−µ and

P(X = 1) =
∏

(1− pi)
∑ pi

1−pi → µe−µ,

whence ∑
pi/(1− pi)→ µ (2)

and ∏[
(1− pi)epi/(1−pi)

]
→ 1. (3)

Since (1 − x)ex/(1−x) is 1 when x = 0 and is strictly increasing on [0, 1], (3)
implies max pi → 0, and then (2) gives

∑
pi → µ.

[Alternate: with qi = pi/(1 − pi), P(X = 2) → e−µµ2/2 gives
∑

i<j qiqj →
µ2/2, which with (2) gives

∑
q2i → 0, max qi → 0, etc.]
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